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We compute the strangeness and light-quark contributions As, Au, and Ad to the proton spin in ny = 2
lattice QCD at a pion mass of about 285 MeV and at a lattice spacing a = 0.073 fm, using the
nonperturbatively improved Sheikholeslami-Wohlert Wilson action. We carry out the renormalization
of these matrix elements, which involves mixing between contributions from different quark flavors. Our
main result is the small negative value AsMS(1/7.4 GeV) = —0.020(10)(4) of the strangeness contribution
to the nucleon spin. The second error is an estimate of the uncertainty, due to the missing extrapolation to

the physical point.
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Introduction.—The proton spin can be split into a quark
spin contribution A3, a quark angular momentum contri-
bution L, and a gluonic contribution AG (including spin
and angular momentum) [1]:

L=IAS +L, + AG. (1)

In the naive nonrelativistic SU(6) quark model, AY, = 1,
with vanishing L, and AG. In this case, there will be no
strangeness contribution, As to A =Au+ Ad+As+ -+,
where, in our notation, Ag = A q contains both the spin of
the quarks ¢ and of the antiquarks g.

Experimentally, As is obtained by integrating the
strangeness contribution As(x) to the spin structure func-
tion g; over the momentum fraction x. The integral over
the range in which data exist agrees with zero; see, e.g.,
new COMPASS data [2,3] for x = 0.004 or HERMES
data [4] for x = 0.02, while global analyses give values
[5-7] As = —0.12, suggesting a large negative As(x) at
very small x. Pioneering lattice simulations of discon-
nected matrix elements also indicated values [8,9]
As = —0.12. However, the errors given in these studies
are quite optimistic while the global fits rely on an
extrapolation of the integrated experimental A2, to small
x and constrain the axial octet charge ag to a value
obtained from hyperon B decays, assuming SU(3) flavor
symmetry. Some time ago, employing heavy baryon chi-
ral perturbation theory, Savage and Walden [10] pointed
out that SU(3)r symmetry in weak baryonic decays may
be violated by as much as 25% and hence As(x) could
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remain close to zero also for x < 0.001; see also [11].
SU(3) symmetry is, however, supported by lattice simu-
lations of hyperon axial couplings [12-15], albeit within
non-negligible errors.

In this Letter, we directly compute the matrix elements
that contribute to the Ag, including quark line discon-
nected diagrams. Preliminary results were presented at
conferences [16-18].

Simulation details and methods.—We simulate n;, = 2
nonperturbatively improved Sheikholeslami-Wohlert fer-
mions using the Wilson gauge action at 8 = 5.29 and
Kk = K, = 0.13632. Setting the scale from the chirally
extrapolated nucleon mass [19], we obtain the lattice
spacing a~' = 2.71(2)(7) GeV, where the errors are
statistical and from the extrapolation, respectively.

We realize two additional valence « values,
K, = 0.13609 and k; = 0.13550. The corresponding
pion masses are mpg,; = 285(3)(7) MeV, mpg,, =
449(3)(11) MeV, and mpg, = 720(5)(18) MeV. k,; was
fixed so that the mpg, value is close to the mass
of a hypothetical strange-antistrange pseudoscalar
meson: (my. + my, — mii)l/2 ~ 686.9 MeV. We inves-
tigate volumes of 32°64 and 40°64 lattice points, i.e.,
Lmps ., = 3.36 and 4.20, respectively, where the largest
spatial lattice extent is L =~ 2.91 fm.

The quark polarizations are extracted from the large-
time behavior of ratios of three-point over two-point
functions. We create a polarized proton at a time f, = 0,
probe it with an axial current at a time ¢, and destroy the

© 2012 American Physical Society


http://dx.doi.org/10.1103/PhysRevLett.108.222001

PRL 108, 222001 (2012)

PHYSICAL REVIEW LETTERS

week ending
1 JUNE 2012

zero momentum proton at ;> 1t >0. Quark line con-
nected and disconnected terms contribute

(Cof Ch(ey, 1)

con _
) = ey
RIS(1, 1) = <F§£C§pcf(ff)z Trly;ysM ™' (x, 1;x, 1)])
| <F3£ol Cfpof (t5))
(@)
Here M is the lattice Dirac operator, Funpol 1 L(1 + y,) is

a parity projector, and I'y,; = iy;ysI'uppor Projects out the
difference between the two polarizations (in direction j).
We average over j = 1,2, 3 to increase statistics. For the
up and down quark matrix elements we compute the sum
of connected and disconnected terms while only R%S
contributes to As.

For disconnected contributions we fix the time distance
between the source and the current insertion ¢ = 4a =
0.29 fm and vary 7,. Both 7 and the distance between
current and sink 7, — 7 should be taken large, to suppress
excited state contributions. Using the sink and source
smearing described in [20], we find the asymptotic limit
to be effectively reached for 7, =~ 6a—7a; see Fig. 1 for an
example. The saturation into a plateau at 7, = 27 and the
convergence of the point sink data toward the same value
demonstrate that # = 4a was reasonably chosen. To be on
the safe side, we only fit the 7, = 8a ~ 0.58 fm smeared-
smeared ratios. Building upon previous experience [21],
the connected part, for which the statistical accuracy is
less of an issue, is obtained at the larger, fixed value
t;p = 15a, varying t.

The disconnected contribution is computed with the
stochastic estimator methods described in [17,22], employ-
ing time partitioning, a second order hopping parameter

0.05 _—

FIG. 1 (color online). The disconnected ratio RYS versus tron
the 40364 volume at k., = K., = K, for smeared-smeared (SS)
and smeared-point (SP) source-sink combinations.

expansion, and the truncated solver method. We compute
the Green functions for four equidistant source times on
each gauge configuration. We also construct backwardly
propagating nucleons, replacing the positive parity projec-
tor 1(1 + y4) by (1 — v,), seeding the noise vectors on
eight (4 times 2) time slices. In addition to the 48 (4 times
spin times color) solves for smeared conventional sources,
which are necessary to construct the two-point functions,
we run the conjugate gradient algorithm on N; = 730
complex Z, noise sources for n, = 40 iterations. The
bias from this truncation is corrected for [22] by N, = 50
BiCGstab solves that are run to convergence. We analyze
a total of 2024 thermalized trajectories on each of
the two volumes where we bin the data to eliminate
autocorrelations.

Renormalization.—Nonsinglet axial currents renormal-
ize with a renormalization factor Z%(a) that only depends
on the lattice spacing. This was determined nonperturba-
tively for the action and lattice spacing in use [23]:
Z = 0.764 85(64)(73).

However, due to the axial anomaly, the renormalization
constant of singlet currents, Zf_‘(,u, a), acquires an anoma-
lous dimension. To first nontrivial order this reads [24,25]
vi(a,) = —6Crnla,/(4m) . Z; deviates from Z start-
ing at O(a?) in perturbation theory. Both factors have been
calculated to this order, with the result for the conversion
into the MS scheme at a scale u [26]

Z5\(w, a) — Z3¥(a)

= Cpn/[15.8380(8) — 6ln(a2,u2)]<j—7‘;)2, (3)

2w, a) =

where we have set the Sheikholeslami-Wohlert parameter
csw = | to be consistent to this order in perturbation
theory. To this first nontrivial order, no scale enters the
coupling parameter «,. Since perturbation theory in
terms of the bare lattice parameter ay = 6/(47B) is
known to converge poorly, we substitute «, by a coupling
defined from the measured average plaquette o, =
—31n{U)/(47) = 0.14278(5), where we have used the
chirally extrapolated value [27] (Ug) = 0.549 88(11).

No dimension-four operator can be constructed that
mixes with the relevant forward matrix element of
47v .59 and that cannot be removed, using the equations
of motion [28]. This also holds for the singlet case [29],
such that we only need to replace

ng — ZB‘S(I + bAam)’ Zi‘ — Zz(l + bj‘am), “)

to achieve full O(a) improvement. The factor b, is known

to O(ay) [28]: by = by + 0O(a?) =1+ 18.025 39CF%.
We obtain the values

1.0324(3)(47 » k= 0.13550
wam:{ (3)47)  (m,, x )

1.0041(3)(5)  (m,g, k = 0.13632),
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where the first error is due to the uncertainty in the quark
mass and the second error corresponds to 50% of the one-
loop correction. Considering the small size of this correc-
tion, it is unlikely that the (two-loop) difference between
singlet and nonsinglet b, factors will result in any notice-
able effect, and, in particular, not at the light-quark mass
m,, where it will be needed [see Eq. (11) below].
For ny = 2 we get

2(v/7.4 GeV) = 0.0055(1)(27), (©6)

at the renormalization scale u? = 7.4 GeV? = 1.01(5)a 2.
We again include a 50% systematic error to allow for higher
order corrections. Because of the small anomalous dimen-
sion that only sets in at O(a?), the difference between
singlet and nonsinglet renormalization constants remains
small, also at other scales. For instance, we obtain
z(+/10 GeV) = 0.0049(25) and z(2 GeV) = 0.0082(41).

Inthe ny = 1+ 1 + 1 theory the matrix elements renor-
malize as follows:

gy = ATy = (Au — ADMS = 7%(a)(Au — Ad)*(a),

(7
ag = ATy = (Au + Ad — 2As5)MS
= Z"(a)(Au + Ad — 2A5)"%(a), €)
ap = ASMS(1) = (Au + Ad + As)MS(p)
= Z5(p, a)(Au + Ad + As)(a). 9

We remark that for nonequal quark masses the nonsinglet
combinations, Egs. (7) and (8), also receive contributions
from disconnected quark line diagrams.

We employ n; = 2 sea quarks so that our singlet current
is Au + Ad rather than the AY, of Eq. (9). This modifies
the renormalization pattern:

M\ (Zp(a)+ 80 o
s | =| e g
o S S
Au(a)\ 't
X | Ad(a) | . (10)
As(a)

AsMS receives light-quark contributions but the AuMS and
Ad™S remain unaffected by the (quenched) strange quark.
Obviously, unitarity is violated, due to this quenching. The
combination ATy still transforms with Z}° [Eq. (8)] while
Eq. (9) is violated, as it should be; instead, the n;, = 2
singlet operator Au + Ad renormalizes with Z}. We re-
mark that the above renormalization pattern is similar to
that of the scalar matrix element in the ny = 2 theory
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FIG. 2 (color online). Volume and valence quark mass depen-
lat

dence of the unrenormalized As™.

[20,30,31]. Note that in spite of the quenched strange
quark, the mismatch between directly converting the result
into the MS scheme at a scale u, using z(n; = 2)/2,
and first converting into the MS scheme at another scale
u' and subsequently running within the MS scheme with
In(ue/ )y (ny = 3)/3 to the scale u is tiny.

Results and systematics.—In Fig. 2 we display the vol-
ume and (light) valence quark mass dependence of our
unrenormalized As'®. There are no statistically significant
finite size or mass effects.

Using Egs. (10) and (4) we can renormalize

z(u)

Aqm(,u,) =Z%(1+ bAamq)Aqlat + - (Au + Ad)™

an

for g € {u, d, s}. As discussed above, we omit the O(a)
improvement factor (b4Z} — byZ)am,, of the (Au +
Ad)"™ term. This is of O(a?am,,) and numerically negli-
gible. We display the bare lattice numbers for the con-
nected and disconnected contributions to the proton spin
and the renormalized O(a) improved values in Table I for
the two volumes. The AuMS and Ad™S values are reduced
by about 0.035, due to the sea quark contributions while

AsMS increases by 0.002 ( < 10%), due to the mixing with
light-quark flavors.

The uncertainties associated with the renormalization
are much smaller than the statistical errors. Below we
will only quote large volume results, with statistical and
renormalization errors added in quadrature. Error sources
that have so far not been accounted for are the missing
continuum limit extrapolation, the quenching of the
strange quark, and simulating at a light sea quark mass
value that is 4 times bigger than the physical one. There are
no indications of radical quark mass effects: the flavor
mixing effects within the renormalization are small in spite
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TABLE I. The connected and disconnected contributions to
Ag"™ as well as the renormalized spin content at a scale u =
V7.4 GeV. (The AT, are scale independent.) The first error is
statistical; the second is from the renormalization. In addition, an
overall 20% systematic error needs to be added.

q V,L Agl, Agl AgMS(u)

u 1.065(22)  —0.034(16)  0.794(21)(2)

d —0.344(14)  —0.034(16) —0.289(16)(1)
s V=324 0 —0.031(12)  —0.023(10)(1)
Ty L~233fm 1.40924) 0 1.082(18)(2)

Ty 0.721(26)  —0.006(18)  0.550(24)(1)

) 0.721(26)  —0.098(42)  0.482(38)(2)

u 1.071(15)  —0.049(17)  0.787(18)(2)

d —~0.369(9)  —0.049(17) —0.319(15)(1)
sV =40%4 0 —0.027(12)  —0.020(10)(1)
Ty L~291fm 1.439(17) 0 1.105(13)(2)

Ty 0.702(18)  —0.044(19)  0.507(20)(1)

) 0.702(18)  —0.124(44)  0.448(37)(2)

of the comparatively large Au and Ad values. The depen-
dence on the valence quark mass is small too; see Fig. 2.

Nevertheless, having simulated only at one lattice spac-
ing and sea quark mass, we cannot extrapolate our results
to the physical point. Consequently, we underestimate the
value [32] g4 = 1.2670(35) from neutron B decays by
13% and find AT; = 1.105(13) instead. Our prediction
ATg = 0.507(20) differs by the same 13% from the phe-
nomenological estimate [32] ag = 0.585(25). We take this
as an indication of the size of the remaining systematics
and add an additional 20% error to all our results.

Conclusions.—We determined the first moments of
proton flavor singlet and nonsinglet polarized parton dis-
tributions from n, = 2 lattice QCD, at a pion mass of
285 MeV, at a single lattice spacing a = 0.073 fm. We
found A3 = Au + Ad + As = 0.45(4)(9) and a small
negative As = —0.020(10)(4), in the MS scheme, at a
scale u = /7.4 GeV. We underestimated both g4 and ag
by similar factors =~ (0.87 and this may suggest that some of
the systematics cancel when considering ratios of matrix
elements. Nevertheless, we emphasize that there is a con-
siderable uncertainty in the ag value [10] and our AZ, is
already relatively large, due to the small difference ATy —
A3 = —3As = 0.059(29)(12).

Interestingly, our results are in remarkable agreement
with the cloudy bag model prediction of [11]. The small
(unrenormalized) As'® value obtained recently in [31] is
also consistent with our study. Our A3, value is larger than
previously expected; however, it is compatible with the
latest COMPASS number [2] ay(+v/3 GeV) = 0.35(3)(5).
The experimental number may increase further once
smaller x values become accessible. We suggest relaxing
the weak hyperon decay SU(3), constraint on ag in deter-
minations of polarized parton distribution functions [5-7],
and including our As prediction instead.
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