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Influence of electric current on the Casimir forces between graphene sheets
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We investigate the dependence of the thermal Casimir force and the Casimir friction force between
two graphene sheets on the drift velocity of the electrons in one graphene sheet. We show that the
drift motion produces a measurable change of the thermal Casimir force due to the Doppler effect.
The thermal Casimir force as well as the Casimir friction are strongly enhanced in the case of
resonant photon tunneling when the energy of the emitted photon coincides with the energy of
electron-hole pair excitations. In the case of resonant photon tunneling, even for temperatures
above room temperature the Casimir friction is dominated by quantum friction due to quantum
fluctuations. Quantum friction can be detected in frictional drag experiment between graphene
sheets for high electric field.

PACS: 42.50.Lc, 12.20.Ds, 78.67.-n

In the late 1940s Hendrik Casimir predicted1 that two macroscopic non-magnetic bodies with no net electric charge
(or charge moments) can experience an attractive force much stronger than gravity. The existence of this force is one
of the few direct macroscopic manifestations of quantum mechanics; others are superfluidity, superconductivity, and
the black body radiation spectrum.
Casimir based his prediction on a simplified model involving two parallel perfectly conducting plates separated by

vacuum. A theory of the van der Waals and Casimir forces between parallel material plates in thermal equilibrium and
separated by a vacuum gap was developed by Lifshitz (1955)2. Lifshitz’s theory describes dispersion forces between
dissipative media as a physical phenomenon caused by the fluctuating electromagnetic field that is always present
in both the interior and the exterior of any medium. Outside the medium this field exists partly in the form of
the radiative propagating waves, and partly in the form of nonradiative evanescent waves whose amplitudes decay
exponentially with the distance away from the medium. To calculate the fluctuating electromagnetic field Lifshitz
used Rytov’s theory3–5. Rytov’s theory is based on the introduction into the Maxwell equation of a “random” field
(just as, for example, one introduces a “random” force in the theory of Brownian motion). Both quantum and
thermal fluctuations give contributions to the total Casimir force. A general theory of Casimir and van der Waals
forces was developed in Ref.6 using quantum field theory. This theory confirmed the results of Lifshitz’s theory.
Quantum fluctuations dominate at small separation (d < λT = ch̄/kBT ) and thermal fluctuations dominate at large
separation (d > λT ). Casimir forces due to quantum fluctuations have been studied experimentally for a long time7,8.
However the Casimir forces due to thermal fluctuations were measured only recently, and the results confirmed the
prediction of the Lifshitz theory9. At present the interest in Casimir forces is increasing because they dominate the
interaction between nanostructures and are responsible for the adhesion between moving parts in small devices such as
micro- and nano-electromechanical systems10,11. Due to this practical interest and the fast progress in force detection
techniques, experimental9,12–15 and theoretical16,17 investigations of Casimir forces have experienced an extraordinary
“renaissance” in the past few years. At present a great deal of attention is devoted to the study of the Casimir forces
in graphene systems18–26.
Graphene, isolated monolayer of carbon, which was obtained very recently, consists of carbon atoms densely packed

into a two-dimensional honeycomb crystal lattice. The unique electronic and mechanical properties of graphene are
actively studied both theoretically, and experimentally because of their importance for fundamental physics, and
also possible technological applications27–30. In particular, the valence band and conduction band in graphene touch
each other at one point named the Dirac point. Near this point the energy spectrum for electrons and holes has
a linear dispersion. Due to this linear (or “conical”) dispersion relation electrons and holes near this point behave
like relativistic particles described by the Dirac equation for massless fermions. Because of the unusual electronic
properties of graphene, the Casimir forces in graphene also have unusual properties. Contribution to the Casimir
force due to thermal fluctuations for normal materials dominates for d > γT = h̄c/kBT but for two graphene sheets
thermal contribution dominates for much shorter distances26 d > ξT = h̄vF /kBT , where vF ∼ 106 m/s is the Fermi
velocity in graphene. At room temperature the parameters ξT and γT are 25 nm and 7.6 µm, respectively. This
property makes it possible to measure the thermal Casimir force using an atomic force microscope or other force
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measuring techniques. Tailoring the thermal Casimir force using Fermi level tuning by gate voltage was discussed in
Ref.24.
Alternative method of tailoring the thermal Casimir force consists in driving an electric current in a graphene sheet.

It was shown by Pendry31 that the reflection amplitudes from moving metal surface are modified due to the Doppler
effect. The same modification of reflection amplitudes can be obtained if instead of motion of metal plate, a drift
motion of charge carriers is induced in it by applied voltage32. Due to the high mobility of carriers in graphene, in a
high electric field electrons (or holes) can move with very high velocities (up to 106 m/s). The drift motion of charge
carries in graphene will result in a modification of dielectric properties (and the Casimir force) of graphene due to
the Doppler effect31. If in one of two parallel graphene sheets an electric current is induced, then the electromagnetic
waves, radiated by the graphene sheet without an electric current, will experience a frequency Doppler shift in the
reference frame moving with the drift velocity v of electrons in the other graphene sheet: ω′ = ω + qxv, where qx is
the parallel to the surface component of momentum transfer. The same is true for the waves emitted by the other
graphene sheet. Due to the frequency dependence of the reflection amplitudes the electromagnetic waves will reflect
differently in comparison to the case when there is no drift motion of electrons, and this will give rise to the change
of the Casimir force.
In this Letter, we investigate the dependence of the thermal Casimir force between graphene sheets on the drift

velocity v of charge carriers in one of the graphene sheet. Let us consider two graphene sheets separated by vacuum
gap with thickness d ≪ λT = ch̄/kBT . Assume that the free charge carriers in one graphene sheet move with drift
velocity v ≪ c along the x-axis (c is the light velocity) relative to the other graphene sheet. Because a drift motion of
the free charge carriers produces a similar modification of the reflection amplitudes as in the case of moving graphene
sheet, the theory of the Casimir forces between moving bodies33 can be used to calculate the Casimir forces between
sheets (both of which are at the rest) in presence of the drift motion of the free charge carriers in one graphene sheet.
The force which acts on the surface of the sheet can be calculated from the Maxwell stress tensor σij , evaluated at
the surface of the sheet at z = 0:

σij =
1

4π

∫ ∞

0

dω

∫

d2q

(2π)2

[

< EiE
∗

j > + < E∗

i Ej > + < BiB
∗

j > + < B∗

i Bj >

− δij(< E · E∗ > + < B ·B∗ >)
]

z=0
(1)

where < ... > denotes statistical average over the random the electric E and magnetic induction B field. According
to Ref.33 the Casimir force Fz = σzz between moving media is determined by

Fz = FzT + Fz0, (2)

where the temperature dependent term FzT and the zero-temperature contribution Fz0 are given by

FzT =
h̄

π3

∫ ∞

0

dqy

∫ ∞

0

dqxqe
−2qd

{

∫ ∞

0

dω

(

ImR1(ω)ReR2(ω
+)n1(ω) + ReR1(ω)ImR2(ω

+)n2(ω
+)

| 1− e−2qdR1(ω)R2(ω+) |2

+ (1 ↔ 2)

)

+

∫ qxv

0

dω

(

ReR1(ω
−)ImR2(ω)n2(ω)

| 1− e−2qdR1(ω−)R2(ω) |2
+ (1 ↔ 2)

)}

, (3)

Fz0 =
h̄

2π3

∫ ∞

0

dqy

∫ ∞

0

dqx

{

Re

∫ ∞

0

dωse−2sd

(

R1(iω)R2(iω + qxv)

1− e−2sdR1(iω)R2(iω + qxv)

+ (1 ↔ 2)

)

+

∫ qxv

0

dωqe−2qd

(

ImR1(ω)ReR2(ω
−)

| 1− e−2qdR1(iω)R2(ω−) |2
+ (1 ↔ 2)

)}

, (4)

where ni(ω) = [exp(h̄ω/kBTi) − 1]−1 (i = 1, 2), q =
√

q2x + q2y, s =
√

(ω/c)2 + q2, Ti is the temperature of i-th

graphene sheet, Ri is the reflection amplitude for surface i for p -polarized electromagnetic waves, and ω± = ω± qxv.



The symbol (1 ↔ 2) denotes the terms that are obtained from the preceding terms by permutation of 1 and 2. In the
first term in Eq. (4) the integration along the real axis was transformed into integration along the imaginary axis.
The reflection amplitude for a 2D-system is determined by34

Ri =
ǫi − 1

ǫi + 1
, ǫi =

4πpσi

ωε
+ 1, (5)

where p =
√

(ω/c)2 − q2, σi is the longitudinal conductivity of the sheet which can written in the form
σi = −iωe2Πi(ω, q)/q

2 where Πi is the 2D polarizability. The dielectric function of the sheet is determined by
εi(ω, q) = 1 + vqΠi(ω, q), vq = 2πe2/q is the 2D Coulomb interaction. In term of εi the reflection amplitude can be
written as

Ri =
p(εi − 1)

p(εi − 1) + iq
(6)

In the integration on the real axis p ≈ iq for d < λT . Thus, in this case

Ri ≈
εi − 1

εi
, (7)

On the imaginary axis p = is. In the finite lifetime generalization according to the Mermin approximation35 the
dielectric function is determined by

ε(ω, q) ≈ 1 +
(ω + iγ)(ε0(ω + iγ, q)− 1)

ω + iγ(ε0(ω + iγ, q)− 1)/(ε0(0, q)− 1)
, (8)

where ε0(ω, q) is the RPA dielectric function and γ is the damping parameter. In the study below we used the
dielectric function of graphene, which was calculated recently within the random-phase approximation (RPA)36,37.
The small (and constant) value of the graphene Wigner-Seitz radius rs indicates that it is a weakly interacting system
for all carries densities, making the RPA an excellent approximation for graphene (RPA is asymptotically exact in
the rs ≪ 1 limit). The dielectric function is an analytical function in the upper half-space of the complex ω-plane:

ε0(ω, q) = 1 +
4kF e

2

h̄vF q
−

e2q

2h̄
√

ω2 − v2F q
2

{

G

(

ω + 2vFkF
vF q

)

−G

(

ω − 2vFkF
vF q

)

− iπ

}

, (9)

where

G(x) = x
√

x2 − 1− ln(x+
√

x2 − 1), (10)

where the Fermi wave vector kF = (πn)1/2, n is the concentration of charge carriers, the Fermi energy ǫF = h̄vF kF ,
vF ≈ 106 m/s is the Fermi velocity. The damping parameter γ is due to scattering against impurities and acoustic
phonons in graphene sheet, and can be expressed through the low field mobility µ: γ = evF /(h̄kFµ). Scattering of
the graphene carries by the acoustic phonons of graphene places an intrinsic limits on the low-field room temperature
(T0 = 300 K) mobility, given by µ0 =20 m2/Vs at the graphene carriers density 1016 m−2 (see Ref.38), which gives
γ = 8 · 1011 s−1. At other temperatures the mobility can be obtained using the relation µ = µ0T0/T .
In addition to the intrinsic friction due to scattering against impurities and phonons, on the electrons moving in

the graphene sheet acts the extrinsic friction due to the interaction with electrons in the nearby graphene sheet.
According to the theory of the Casimir friction33, the friction force Fx = σxz = FxT + Fx0, where at d ≪ λT and
v ≪ c the contributions from thermal (FxT ) and quantum (Fx0) fluctuations are given by31,39–41

FxT =
h̄

π3

∫ ∞

0

dqy

∫ ∞

0

dqxqxe
−2qd

{

∫ ∞

0

dω

(

ImR1(ω)ImR2(ω
+)

| 1− e−2qdR1(ω)R2(ω+) |2
× [n1(ω)− n2(ω

+)] + (1 ↔ 2)

)

−

∫ qxv

0

dω

(

ImR1(ω)ImR2(ω
−)

| 1− e−2qdR1(ω)R2(ω−) |2
n1(ω) + (1 ↔ 2)

)}

, (11)

Fx0 = −
h̄

2π3

∫ ∞

0

dqy

∫ ∞

0

dqxqxe
−2qd

∫ qxv

0

dω

(

ImR1(ω)ImR2(ω
−)

| 1− e−2qdR1(ω)R2(ω−) |2
+ (1 ↔ 2)

)

. (12)
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FIG. 1: The Casimir forces between two graphene sheets with carrier concentration n = 1016m−2. (a) The dependence of the
Casimir force on the separation d between the sheets. The thermal and quantum contributions to the total Casimir force are
shown separately. The thermal contribution is shown for T = 600 K and for the drift velocities v = 0 and v = 2 · 106 m/s. (b)
The dependence of the thermal Casimir force on the drift velocity of electrons v in one of the graphene sheet at d = 1 nm.

Eqs. (11) and (12) were initially obtained for 3D-systems in Ref.31 at T = 0 and in39) for finite temperatures.
However, in Ref. (34) it was shown that the same formulas are valid for 2D-systems. For v < dkBT/h̄ (at d = 1 nm
and T = 300 K for v < 4 · 104 m/s) the main contribution to the friction (Eq. (11)) depends linearly on the sliding
velocity v so that the friction force FxT = Γv where at T1 = T2 = T the friction coefficient Γ is given by

Γ =
h̄2

8π2kBT

∫ ∞

0

dω

sinh2
(

h̄ω
2kBT

)

∫ ∞

0

dq q3e−2qd ImR1(ω)ImR2(ω)

|1− e−2qdR1(ω)R2(ω)|
2
. (13)

Due to the presence of an exponential factor in the expression (3) for the thermal contribution to the Casimir
force, the integration over frequency is effectively limited to ω < ωT = kBT/h̄. Thus for qxv ∼ v/d > ωT (at room
temperature and for d = 1 nm this condition corresponds to the velocities v > 105 m/s) the integrand will be modified
in the whole range of integration, which will give rise to the significant change of the thermal Casimir force. This
change will be especially large in the case of resonant photon tunneling when the integrand has sharp resonances.
The integrand in the expression for the zero-temperature contribution to the Casimir force does not contain any
sharp cut-off in the frequency integration. Thus the range of integration will be more wide and the change of the
zero-temperature contribution will be significant only for much higher velocities then for the thermal contribution.
Fig. 1a shows the dependence of the Casimir force between two graphene sheets on the separation d between

the sheets. The thermal and quantum contributions are shown separately. The thermal contribution was calculated
for T = 600 K and for the drift velocities v = 0 and v = 2 · 106 m/s. The thermal contribution becomes larger
then the quantum contribution for d > 50 nm. For d < 5 nm the thermal contribution calculated for v = 2 · 106

m/s is significantly larger then the thermal contribution calculated at v = 0. For example, at d ≈ 3 nm the drift
motion of the electrons gives rise to the increase of the thermal Casimir force by one order of magnitude, and in this
case the thermal contribution is only one order of magnitude smaller then the quantum contribution, and can be
measured experimentally. Figure 1b shows the dependence of the thermal Casimir force FzT on the drift velocity of
the electrons in the graphene sheet at d = 1 nm. Note the significant change of the thermal Casimir force for v/d > ωT

(at room temperature and for d = 1 nm this condition corresponds to the velocities v > 105 m/s). This change is
connected with resonant photon tunneling. In this case the photon emitted by the moving electron system (with
energy ωph(q) = qxv − ωeh(q), where ωeh(q) is the energy of the electron-hole pair excitation with momentum q, will
create excitation with energy ωeh(q) in other graphene sheet. In the case of graphene the energy of the electron-hole
pair excitation ωeh(q) ≈ vF q, where vF is the Fermi velocity. Resonance occurs when qxv ≈ 2vF q, which corresponds
to v > 2vF ≈ 2 · 106 m/s, in accordance with the numerical calculations.
The Casimir friction force between two graphene sheets can be measured in frictional drag experiment. Such

experiment was proposed theoretically some years ago42,43 and performed experimentally for 2D-quantum wells44,45.
In these experiments a current is driven through layer 1. Due to the proximity of the layers, the interlayer interactions
will induce a current in layer 2 due to a friction stress acting on the electrons in the layer 2 from layer 1. If the layer 2
is an open circuit, an electric field E1 will develop in the layer whose influence cancels the frictional stress σ between
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FIG. 2: The Casimir friction force between two graphene sheets at the carrier concentration n = 1012 cm−2. The finite
temperature curves show only the thermal contributions to the friction. (a) Dependence of friction force between graphene
sheets on the drift velocity of charge carriers in one graphene sheet at the layer separation d = 1 nm. (b) The same as in (a)
but at d = 10 nm.

the layers. In one experiment44 the drift velocity v ∼ 102 m/s. According to the theory of the Casimir friction34,39, at
such velocities the thermal fluctuation give the dominant contribution to the friction, and the theoretical predictions
are in an agreement with experiment.
Frictional drag between graphene sheets was measured recently in Refs.46,47. This study has fueled the recent

theoretical investigations of frictional drag between graphene sheets mediated by a fluctuating Coulomb field48–54. All
these investigations assumes that the friction depends linear to the current density (or drift velocity v of the charge
carries). Thus only the thermal contribution to the frictional drag was included. In the linear approximation the
electric field induced by the frictional drag depends linearly on the current density J = nev (or drift velocity v of
the charge carries), E = ρDJ = FxT /ne = ΓJ/(ne)2, where Γ is the friction coefficient, ρD = Γ/(ne)2 is the drag
resistivity. For ω < vF q and q < 2kF the dielectric function of graphene has the following form37

ε0(ω, q) ≈ 1 +
4e2kF
h̄vF q

(

1 + i
ω

vF q

)

, (14)

and the reflection amplitude

R0(ω, q) =
ε0(ω, q)− 1

ε0(ω, q)
≈ 1 + i

h̄ω

4e2kF
, (15)

and Eqs.(15), (13) give the known result48

ρD =
Γ

(ne)2
=

h

e2
πζ(3)

32

(

kBT

ǫF

)2
1

(kFd)2
1

(kTF d)2
, (16)

where kTF = 4e2kF /h̄vF is the Thomas-Fermi screening wave vector. The frictional drag force is much higher for
high drift velocities (∼ 106 m/s), where it depends nonlinearly on the drift velocity, and is dominated by the quantum
friction, existence of which was recently hot debated55–60. For v < vF Eqs.(15), (12) give the following result for
quantum friction

Fx0 =
h̄v

d4
15ζ(5)

128π2

(

v

vF

)2
1

(kTF d)2
. (17)

In linear approximation E = 5 × 10−4v (SI-units) for T = 300 K and d = 10 nm. For a graphene sheet of length
1 µm, and with v = 100 m/s this electric field will induce the voltage V = 10 nV.From Eqs.(16) and (17) the ratio of
quantum and thermal friction Fx0/FxT = Fx0/(ne)

2ρDv ≈ (15/8π2)(v/vT )
2, where vT = ωTd. Thus, for v > vT the

friction is dominated by quantum friction (at d = 1 nm and room temperature: vT ≈ 4 · 104m/s),
Figures 2a and 2b show that much larger electric fields can be induced at d = 1 nm (a) and d = 10 nm (b) at large

velocities. In these figures the contributions to friction from thermal and quantum fluctuations are shown separately,
where the friction force is related to the electric field: Fx = neE. For v < 105 m/s the frictional drag effect for the
graphene sheets strongly depends on temperature, i.e. it is determined mainly by the thermal fluctuations. However,
for v > 106m/s it will be dominated by quantum fluctuations. Strong enhancement of friction occurs in the case of
resonant photon tunneling. As discussed above, resonant photon tunneling occurs for v > 2vF ≈ 2 · 106 m/s. For



such velocities and d = 1 nm quantum friction dominates over the thermal contribution even at room temperature
(see Fig.1a). For d = 10 nm quantum friction dominates at low temperatures (see Fig.2b). As discussed in Ref.41

quantum friction can be also detected by measuring the transport properties of non-suspended graphene on a SiO2

substrate.
Concluding remarks.–We have calculated the dependence of the thermal Casimir force between two graphene sheets

on the drift velocity of the charge carriers in one graphene sheet. We have found that the drift motion of the charge
carriers in graphene produces changes in the thermal Casimir force which can be measured experimentally. The
thermal Casimir force, as well as the Casimir friction force, are strongly enhanced in the case of resonant phonon
tunneling. For resonant photon tunneling and small d, even for temperatures above room temperature, the Casimir
friction is dominated by quantum friction due to quantum fluctuations. Quantum friction can be detected in friction
drag experiment between graphene sheets. Another way to detect quantum friction consists in measuring of the
transport properties of nonsuspended graphene on an SiO2 substrate in the high electric field.
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