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In collinear magnets lacking inversion symmetry, application of electric currents induces torques on the
magnetization and conversely magnetization dynamics induces electric currents. The two effects, which both
rely on spin-orbit interaction, are reciprocal to each other and denoted direct spin-orbit torque (SOT) and
inverse spin-orbit torque (ISOT), respectively. We derive expressions for SOT and ISOT within the Kubo
linear-response formalism. We show that expressions suitable for density-functional theory calculations can be
derived either starting from a Kohn-Sham Hamiltonian with time-dependent exchange field or by expressing
general susceptibilities in terms of the Kohn-Sham susceptibilities. For the case of magnetic bilayer systems we
derive the general form of the ISOT current induced under ferromagnetic resonance. Using ab initio calculations
within density-functional theory, we investigate SOT and ISOT in Co/Pt(111) magnetic bilayers. We determine
the spatial distribution of spin and charge currents as well as torques in order to expose the mechanisms underlying
SOT and ISOT and to highlight their reciprocity on the microscopic level. We find that the spin Hall effect is

position dependent close to interfaces.
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I. INTRODUCTION

In ferromagnetic materials, Faraday’s law of induction
needs to be generalized to include so-called spin-motive forces,
i.e., electric fields induced by the magnetization dynamics
[1-3]. The spin-motive force can be interpreted as the
reciprocal of the current-induced torque: A moving domain
wall induces a spin-motive force and conversely an applied
current drives domain-wall motion. Thus, the electric fields
induced by magnetization dynamics generate a feedback effect
on the magnetization via the current-induced torques which
they produce [4].

Spin-motive forces do not only occur in noncollinear mag-
netic structures such as domain walls [5] and skyrmions [6],
but can arise also in collinear magnets due to the inter-
play of spin orbit interaction (SOI) with bulk or struc-
tural inversion asymmetry [7,8]. Spin-orbit torques (SOTs)
[9-17], i.e., current-induced torques originating from SOI in
inversion-asymmetric collinear magnets, are the reciprocal
to the electric fields induced by magnetization dynamics in
collinear magnets [18,19]. Thus, we will denote the latter as
inverse spin-orbit torques (ISOTs) in the following. ISOTs
constitute a special case of spin-motive forces.

While earlier experiments on SOTs estimated the current-
induced torques indirectly from the onset of nucleation of
reversed domains [20] or magnetization switching at critical
current densities [21-23] direct measurements of SOTs have
been performed recently in bilayer systems and the SOT has
been determined as a function of magnetization direction
M [24-26]. Two qualitatively different SOT components
are found in these experiments on bilayer systems: the first
one is an even function of M , the second one is an odd
function. Denoting the applied in-plane electric field by E
and the unit vector in the out-of-plane direction by é_, they
are given by T = T<"M x [(&, x E) x M] and T°% =
7°4(&. x E) x M to lowest order in M.
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In bilayer systems based on 5d transition metals with large
spin Hall effect (SHE), such as AlO,/Co/Pt, MgO/CoFeB/Ta
and CoFeB/W, the dominant contribution to 7" arises
from the SHE [22,23,27-31]. Conversely, in NigygFe,o/Pt the
spin current pumped into Pt by exciting the ferromagnetic
resonance (FMR) of NiggFe,o induces an electric field via
the inverse spin Hall effect (ISHE) [32-34]. Rashba SOI
provides an important contribution to 7°% in these bilayer
systems [14,15]. Due to the reciprocity between SOT and
ISOT, an additional ISOT is expected as well from the Rashba
SOI at the bilayer interface [7,8]. This theoretical prediction,
that the ISOT in bilayer systems should not arise purely from
the combination of spin pumping and ISHE, is supported by the
experimental observation that for the reciprocal phenomenon,
the SOT, T°% can be as large as or even larger than T°"
[24-26].

So far, only the dc voltage due to FMR-driven ISOT has
been studied intensively in bilayer systems [34—38]. However,
after the theoretical prediction [39] that the ac component is
expected to be much larger than the dc one, several recent
experiments have been devoted to its measurement [40—42].
As will be discussed in this work, it is expected from the
reciprocity of ISOT and SOT that the dc voltage generated
by the FMR-driven ISOT is proportional to 7", while
the ac voltage is determined by both T¢'" and T°%. Since
the ac voltages associated with T¢" and T°% exhibit a
phase difference of +90°, a nontrivial phase relationship
between ac signal and magnetization trajectory is expected.
Phase-sensitive measurements of the ac ISOT signal induced
under FMR can thus be complementary to experiments
on the SOT phenomenon. Both types of experiments, i.e.,
measuring the induced voltage under FMR on the one hand
and measuring on the other hand the current-induced torque
on the magnetization, can thus serve to determine 7" and
T°Y and from them the parameters needed to model them,
notably, spin-diffusion length, spin-mixing conductance, SHE
angle, as well as Rashba and Dresselhaus parameters.

This paper is organized as follows: In Sec. II we discuss the
Kubo formalism expressions for both SOT and ISOT. In the
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case of the SOT phenomenon, the torque on the magnetization
is given by T = t E, which defines the torkance tensor ¢. We
show that also the ISOT can be captured conveniently in terms
of ¢, which is a consequence of the reciprocity between SOT
and ISOT. In Sec. II B we show that expressions for both ISOT
and Gilbert damping can be derived consistently based on
Kohn-Sham theory with a time-dependent exchange field. In
Sec. II C we show that these expressions can also be obtained
by expressing general many-body susceptibilities in terms
of the corresponding Kohn-Sham susceptibilities. Exploiting
the reciprocity between SOT and ISOT we then predict in
Sec. III the angular dependence of ISOT in magnetic bilayers
from the angular dependence of SOT recently measured
in these systems. In particular, we derive and discuss the
FMR-induced currents for various magnetization directions
in bilayer systems. In Sec. III B a minimal model to describe
even SOT and ISOT in bilayers is discussed. In Sec. III C we
consider odd SOT and ISOT within the Boltzmann formalism.
In Sec. IV we investigate SOT and ISOT for a magnetic bilayer
composed of a Co layer on Pt(111). Computing spin currents,
ISOT-induced charge currents and torkances layer resolved
we make contact with phenomenological models and extract
model parameters. We conclude by a summary in Sec. V.

II. RELATIONSHIP BETWEEN DIRECT SOT
AND INVERSE SOT

A. Induced currents under time-dependent magnetization

Reciprocity between current-induced torques and spin-
motive forces has been discussed in detail in the framework of
phenomenological modeling [18,19,43,44]. In this section, we
revisit this reciprocity on the basis of the Kubo linear-response
formalism, which is well suited to study SOT and ISOT from
first principles.

Within the local spin density approximation (LSDA), the
interacting many-electron system is described by an effective
single-particle Hamiltonian of the form

H(r,t) = Ho(r) —m - M()Q*(r), (1)

where the time-independent Hj contains kinetic energy, scalar
potential, and SOI, while the second term on the right-hand
side describes the exchange interaction. M (t) is a normalized
vector which points in the direction of magnetization. In
order to describe the electronic system at the ferromagnetic
resonance we assume that M(r) is precessing. The time
dependence of the Hamiltonian arises from this precession of
magnetization. m = —upgo with the Bohr magneton g and
the vector of Pauli spin matrices ¢ = (O’x,O'y,O’Z)T is the spin
magnetic moment operator. 2*°(r) is the exchange field, i.e.,
the difference between the potentials of majority and minority
electrons Q*(r) = 2% Lpvett - (r) — Ve (r)]. Around the

minority majorlly
time ¢ we can approximate the motion of M by
dM(t) dM (1) sin(wAt)

M(t+A)—M(t) ~ At ~ 2
(t+Ar) () 7 7 - )

for small time changes At and a small but arbitrary fre-
quency o with wAr < 1. Likewise, the Hamiltonian can be
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approximated as

dM(t)
dt

e, Sin(wAt)
Q(r) - E)

H(r,t+ At)~H(r,t) —m -

The At-dependent term

dM(t) sin(wAt)

d QXC()
>:| o, Sin(wAft)
xM(1)) | (r) ————
w

- —m~|:M(f) <J
=20 () 0 70
» dt

acts as a time-dependent perturbation on the eigenstates
of H(r,t). Here, T (r,t) =m x M(t)QXC(r) is the torque
operator.

Within linear response, the current density in « direction j,
induced by the time-dependent perturbation Eq. (4), is given
by

V(r,At) = —

ImGR , [ho, MWD/ gf1
jol0) Z—hm T éwmx df”) G
B

where e > 01is the elementary positive charge, V is the volume,
and G‘j 7, (hw,M) is the Fourier transform of the retarded

velocity-torque correlation function, i.e.,

Gy, 1 (ho, M) = —i / dt & ([ve (1), Tg(O)] ), (6)

0

evaluated for the time-independent Hamiltonian

Hy(r) = Ho(r) —m - MQ*(r) 7

of a system with magnetization in direction M=M (1).
Equation (6) describes the correlation between the polar vector
v and the axial vector 7 . This polar-axial correlation is nonzero
only when inversion symmetry is broken.

Next, we compare Eq. (5) to the expressions describing
SOTs. Within linear response to an applied electric field E
the SOT on the magnetization is T(M )= t(M )E, where the
torkance tensor t(M ) is given by [31,45]

_ ImGRvaﬂ(hw,M)
—e lim —~*% (8)
w—0 hw

in terms of the Fourier transform of the retarded torque-
velocity correlation function

tup (M) =

G% vﬂ(hw,M)=—i/ dt &' ([ To(1),05(0)]-) (9

0
of the system with Hamiltonian (7).

The spectral densities of the Green functions defined in
Egs. (6) and (9) are given by
Sy, 1, (8,1 M) = ([Ua([) Tp(t)]-),

(10)

87,0, (1,1, M) = —ﬂ([%(z),vﬂa’)]f)
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and their Fourier transforms satisfy the relations

ST, (ho, M) =[Sy, 7, (heo, MD)]",
Re[S,, 7, (hw,—M)] = —Re[S,, 7, (hw,M)], (1)
Im(S,, 7. (hw,—M)] =1m(S, 7. (ho,M)),

from which follows

81,0, (hw, M) = =S, 1, (hw,—M) (12)

and thus

G} Uﬂ(hw,]f/l) -Gy 7 (ho, —M). (13)
This identity allows us to rewrite the magnetization-dynamics-
induced current density [Eq. (5)] in terms of the torkance tensor
as

Jot) = — Ztﬁa(—Ma))(M(t) ()). (14)
B

Equation (14) is the central result of this section. It shows that
it is very convenient to discuss the ISOT in terms of the very
same torkance tensor ¢ as the SOT. We note in passing that
the torque-velocity correlations, which the torkance measures,
govern also the Dzyaloshinskii-Moriya interaction [45,46].

It is convenient to decompose the torkance tensor
into two components that are even and odd with re-
spect to magnetization reversal, respectively [31]: ¢t(M) =
V(M) + t°%(M), where " (M) = [t(M) + t(—M)]/2
and t°4(M) = [t(M) — t(—M)]/2. Separating j, into the
components due to £¥<"(M) and ¢°Y (M) yields

M(t))
B
°),

When the electronic system is perturbed due to the time
dependence of the exchange field direction, a current density
is induced according to Eq. (5). This induced electric current
is not the only response of the electrons to this time-dependent
perturbation: Additionally, the torque —V A(M x %) acts on
the magnetization, where

1 ImG} 7, (hew, M)
Agp = ——lim - . 16
op V o—0 hw (16)
The sum of all torques on the magnetization has to be zero
from the point of view of an observer that rotates together with
the magnetization:

e = Zr”e“(M(r»(M(r)
(15)

* O 1 [o]
Jo) = ‘V;t M (1)) (M(t)x

B. Completing the response matrix

A

dM
0=tE — VA(M X d—) + uoMVM x H.  (17)

Here, the first term on the right-hand side is the SOT. Torques
such as the Gilbert damping torque, which are exerted on
the magnetization due to the magnetization dynamics, are
described by the second term. The third term summarizes
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torques due to external magnetic fields and due to magnetic
anisotropy. M in the third term is the magnetization, i.e., MV
is the magnetic moment. In the presence of SOTs, the extended
Landau-Lifshitz-Gilbert equation runs
dM dM |y|tE
dr dt poMV’

where y = guous/h is the gyromagnetic ratio and « is the
Gilbert damping tensor. Comparison of Eqs. (18) and (17)
leads to

= —|y|M x H® + aM x

(18)

1

Y ZMOM

ZeaﬁSAaﬂ Ms, (19)
[7:1)

where €5 is the Levi-Civita symbol, and
| y | ACVen
Moy

It is straightforward to show that Eq. (20) combined with
Eq. (16) reproduces the Gilbert damping expressions used
within ab initio calculations [47]. In the absence of SOI, it is
found that [48]

(20)

Odd - - Ze(xﬂy (21)

Inserting this result into Eq. (19) leads to the expected
nonrelativistic value of y = —2’“’% and g = —2.

If we consider the coupled problem where both the electric
field and the magnetization dynamics drive both the electric
current and induce torques, the even torkance ¢'*" determines
the off-diagonal elements of the symmetric part A% of the
corresponding linear-response matrix, while the odd torkance
¢°4 determines those of the antisymmetric part A*:

J AS(M) + A*(M E
TV =[A"(M) + ()]Mx%’

R even M even M T
AS(M)=<0 (L )]/V), .
teven(M)/ V _Aeven(M)

A oMM [NV
A*(M) = . . .
( ) (todd(M)/ \% _Aodd(M)

Here, o is the tensor of electrical conductivity. The torque T in
the first equation, i.e., T =tE — VA(M X ‘2—?), is the torque
on the magnetization due to the response of the electrons to
the two perturbations E and dM . According to Eq. (17), the
sum of this torque and the torques due to magnetic anisotropy
and external magnetic fields is zero. Due to the Onsager
relation o,8(M) = 0, (—M) the even part of the conductivity
tensor is symmetric, i.e., oj}’f“(M) = agve“(M) while the
odd part is antisymmetric, i.e., o;’gd(M) —aﬁdd(M) [49].
Similarly, A;V;“(M) = A;f“(M) and AOdd(M) A;;g‘f(M).
Consequently, AS(M) is indeed symmetric and additionally
even with respect to magnetization reversal. Likewise, A*(M)
is indeed antisymmetric and additionally odd with respect to

magAnetizationAreversal. :Fherefore, the linear-response matrix
A(M) = A*(M) + A*(M) satisfies the symmetry

(AM))" = A(-MD), (23)
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which summarizes the Onsager relations of , A, and £ in a
compact form.

Equations (16) and (22) are the central results of this
section. They show that Gilbert damping « [Eq. (20)],
gyromagnetic ratio y [Eq. (19)], as well as ISOT [Eq. (5)]
can be extracted coherently and consistently from time-
dependent perturbation theory, where the perturbation due to
magnetization dynamics is given by Eq. (4).

From the point of view of adiabatic electron dynamics in
a time-dependent Hamiltonian (1), it is natural to consider
the precession of the exchange field as perturbation. The
electronic system responds to this perturbation by the ISOT
current [Eq. (5)]. Additionally, it responds by the torque
T = —VA(M X %) described by Eq. (16). However, when
the Onsager reciprocity principle is used to relate SOT and
ISOT in a phenomenological approach, typically a different
point of view is taken: The effective magnetic field H°T is
considered as a thermodynamic force and the time derivative of
magnetization plays the role of the associated thermodynamic
flux [19]. Instead of considering the response of (j,T/ V)T
to the perturbation (E M x %)T as we do in Eq. (22), one
considers then instead the response of the thermodynamic
fluxes (“X,j)T to the thermodynamic forces (H",E)'.

Interestingly, % appears then as a response rather than as
a perturbation. However, both formulations of the reciprocity
between SOT and ISOT are equivalent.

C. Many-electron response functions

In the previous two subsections we discussed SOT and ISOT
based on the effective single-particle Hamiltonian defined in
Eq. (1), where the exchange field 2*°(r) needs to be obtained
self-consistently within LSDA. In this section, we consider
SOT and ISOT from the interacting many-electron point of
view.

When a small static electric field E is applied to a magnet
with broken inversion symmetry, its magnetization will assume
a new direction M +8M due to the action of the SOT.
We assume that E is sufficiently small to ensure that the
magnetization is not switched and that M + §M is time
independent. Within linear response the relation between 8 M
and E is given by

SM =

2y EODE (24)

with
S (0 = lim -5 GR ;
Bap(M) = lim —-Gp\ , (heo, M), (25)
where
G, o, (heo M) = —i / dt e ([m,(1).v(0)]-)  (26)
« 0

is the retarded spin-moment velocity correlation function.
While the correlation functions defined in Egs. (6), (9),
and (16) are evaluated based on the Kohn-Sham eigenfunctions
of the effective single-particle Hamiltonian (7), Eq. (26) has
to be evaluated based on the interacting many-electron wave
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functions of the system, i.e.,

G, v, (heo M) = Zh[

n

(“IJ0|mot|qJn)<\Ijn|vﬂ|\y0)
Eo— &+ hw+in

<\p0|vﬁ|\pn) (lpn |mot|\y0>

- . Q7
E — &+ ho+in } @7

where W, is the ground state and W, with n > 0 are the excited
states. The energies of the ground state and of the excited states
are & and &,, respectively. We use the symbol GR to denote
the retarded many-electron response functions while we use
GR to denote the retarded Kohn-Sham single-particle response
functions.

We can quantify the SOT that gives rise to the rotation of
magnetization M in Eq. (24) in terms of the magnetic field
H5OT that would need to be applied perpendicular to M to
achieve the same tilt § M without applied electric field E. The
relation between 8 M and H5°T is described by the transverse
magnetic susceptibility x:

MSM = y(M)YH", (28)
where

o Mo g P
Xop(M) = thma,,nﬁ(ﬁw—O,M). (29)

The static transverse magnetic susceptibility x (M) contains
the information on the magnetic anisotropy [50]: When the
magnetization is tilted away from the easy axis due to the
applied transverse magnetic field H5°T, the additional internal
magnetic field

HMAE — —M[x (M) '8 M (30)

due to magnetic anisotropy acts on the magnetization. The tilt
8M is such that HMAE + HSOT — 0. Equating the right-hand
sides of Egs. (24) and (28) we obtain an expression for the
magnetic field H5°T:

HST = %[X(M)]"E(M)E- a1)

This magnetic field exerts the torque oM VM x HSOT on the
magnetization. Exactly the same torque acts on the magnetiza-
tion when the electric field E is applied instead of the magnetic
field H57, i.e., the SOT is given by uoM VM x H5T, The
corresponding torkance can be written as

E(M) = oMM x [ (M) E(M). (32)

The applicability of Eq. (8) is restricted to LSDA because it is
based on the torque operator 7~ and hence on the exchange field
Q*(r). In contrast, Eq. (32) provides a general formulation of
the torkance.

In order to show that Eq. (32) reduces to Eq. (8) within
LSDA, i.e., (M) = t(M), we need to express the many-
electron response functions Z(M) and x(M) through the
corresponding single-particle Kohn-Sham response functions

A . e
Ehs(M.r) = lim —

w—0 iwh Gﬁa(r)’vﬁ (hw7M) (33)

and

Xalfﬁs(Mﬂrvr,) = _&GR

h mu(r),mﬁ(r’)(hw = OvM)’ (34)
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where m ,(r) is the operator of spin magnetic moment density
at position r, i.e., [d*rm,(r)=m, = —upo,. When an
electric field E is applied to the system, the transverse
component of the change of magnetization at position r, i.e.,
m(r)§ M(r), is described by the integral equation

. . 1
m(r)§M@r) =E8,rE + — / a’r'
H“o

x xS, r.rHQ S M (). (35)

The second term on the right-hand side takes into account
that within LSDA the quasiparticles respond not only to the
applied fields but also to the induced fields. In order to solve
this integral equation approximatively, we assume that the
change of magnetization direction is independent of position,
i.e., M(r) = §M. Multiplying both sides of Eq. (35) by
Q*(r)M x from the left, and integrating over position r we
obtain

QMV (M x §M)
. 1 L .
=t(M)E — - Zéac%(hw =0,M)[M x §M];.
af
(36)

The average exchange field on the left-hand side is defined as

. [ &r (rym(r) _ [ d&3r @(rym(r)

[d3rm@y MV ©7

To obtain the first term on the right-hand side of Eq. (36), we
made use of

Mx/d3 r 28M,nQCr) = ¢, (38)
which follows from comparison of Egs. (8) and (33). Solving

Eq. (36) for § M and comparing to Eq. (24) yields the following
expression for E(M):

A~

E(M)=—Mx |:Q+

R . ~ -1
GTT(Z’)V% O’M)} t(M).  (39)

In order to obtain an expre§sion for x(M) in
Eq. (28), we need to replace EX5(M,r)E in Eq. (35) by
[ @' x*S(M,r,r)H®°T, which yields the equation

SOT

. . H
m(r)sM(r) = / d’ r/xKS(M,r,r/)Q"C(r’)—QXC

1 N N
b [ @S2 o)
Mo
(40)

where we replaced the magnetic field H SOT by
H5OTQ*(r) /2% because both magnetic fields produce the
same torque on the magnetization [50]:

MOMXHSOT

o /d3rm(r)sz“(r):MOVMxHSOT. 41)
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Multiplying both sides of Eq. (40) by €2*(r)M x from the left,
and integrating over position r, we obtain
MV (M x §M)
__ Mo

Y .G g (ho = 0,M)[M x H "]
af

1 o R
-5 Y e4GY p (o = 0.8DIM x 5815 (42)

af
Comparing Eqgs. (42) and (36) leads to
N o A A
t(ME = _hTOXCGRTT(hw = 0,MD)[M x HOT]. (43)

In the absence of SOI, GX_ (hw = 0,M) is given by (see
Appendix)

GR (hw = 0,0) = —hMVXS[1 — BI' M. (44)

We assume that the magnetic anisotropy is small compared
to the exchange splitting. In this case, we can approximate
Gg—T(hw = 0,M) in Eq. (43) by Eq. (44) and obtain

5T = oM VM x H"] = t(M)E. (45)

Equation (45) shows that the description of the SOT through
Eq. (32) in terms of many-electron response functions (25)
and (29) recovers the single-particle expression (8).

Solving Eq. (42) for $M and comparing to Eq. (28) yields

A~ /_,LO A —
M) = —M Qx¢
XM= 5y g > [
G8 r(ho = 0,007 -
+—ZIT VT } GR - (ho = 0,M)M x
(46)
where M x is a shorthand for the matrix
1 0 —Ms; M, .
— M3 0 —M1 =M x. (47)
M\_m, M, 0

Assuming that the anisotropy energy is much smaller than the
exchange splitting, we can approximate the rightmost G§—T in
Eq. (46) by Eq. (44) and obtain

. . ; GR_(ho =0,M)]"" .

_ XC T7T 2
xX(M) = /LOMMX|:§2 + T } M x
(48)

The difference between the right-hand and the left-hand
sides of Eq. (44) describes the magnetic anisotropy (see
Appendix). Therefore, the remaining G5, in Eq. (48) cannot
be approximated by Eq. (44). Inserting Eqgs. (48) and (39) into
Eq. (32) leads to the identity i(M )= t(M ), showing again the
equivalence between the single-particle and the many-electron
expressions [Egs. (8) and (32)], respectively.

Using Eq. (48) we can rewrite Eq. (39) as

(M) = — x (MM x t(M). (49)

moM
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In this expression, M x t(M) on the right-hand side can
be interpreted in terms of a current-induced effective mag-
netic field H3°T = —[M x t(M)E]/(MVM()). The transverse
magnetic susceptibility x (M) describes the response of the
magnetization to HSOT

Next, we consider the generation of a current density j
due to a time-dependent applied magnetic field H*(w,t) =
H'(w)e . Denoting the corresponding linear-response
tensor by <I>(M ,w) We can write

j = ®(M,0)H> (w)e '
_d (M. 0)

do |,

d H(w,1)

= i@’(M)T’, (50)

a)Hext(w)efiwt

where ®'(M) denotes the frequency derivative, i.e., ®' (M) =
d o(M.w) |

do w=0
ISOT current and we expanded <I>(M ,w) up to first order in
frequency. Assuming that the field H*"(w,t) is transverse to
magnetization, we can use the transverse magnetic susceptibil-
ity x(M ) [Eq. (28)] to express it in terms of the corresponding
tilt of the magnetization direction. This allows us to relate j
to the time derivative of the magnetization direction:

We used that <I>(M ,w = 0) does not generate an

A

j= iM<I>/<M>[x(M>]—1dd—Af

. I o) —1 A dM
= —iM® (M) (V)] M x [M x W]' 51

We can use the retarded velocity spin-moment correlation
function

Q,’}a,mﬁ(hw,M):—i/ dr e ([v, (1), mg(O)])  (52)

0

to express ®'(M) as follows:

P, (M) = lim g}} o, (T, B). (53)

—~0dw hV
The spectral densities of the Green functions defined in
Egs. (26) and (52) are given by

1
Sy (1" B0) = 2 ([ma0). 0500,

(54)

Supm, (1,1, M) = L oarmp@)
J

and their Fourier transforms satisfy the relations

[Su, m, (heo, MD)]",

Re([S,, ., (hw, M), (55)
—M)] = —Im[S,, , (ho, M),

Sy, (hew, M) =
Re[Sy, m, (hw,—M)] =
Im[Svﬂ,mn(hcu,

from which follows

Sy vy (o, M) = S, (hew,— M) (56)
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and thus

G o, (heo, B = GY (oo, —BI) (57)

and

/(40 = lim R J(hw.—8D]".  (58)

¥yl
Using Eq. (32), [MAx]T = —M2< [see Eq. (47)] and tpe
Onsager relation ng) = [x(—=MD)]T we can relate ®'(M)
and the torkance (M) as follows:

[F(—M)]" = —iVM®' (M)[x(M)]'M x.  (59)

This allows us to rewrite Eq. (51) as

oo e dM

J—V[t( M)I'M x T (60)
in agreement with Eq. (14) derived earlier in the single-particle
formalism.

The central result of this section is Eq. (32), which provides

a general definition of the torkance that is not limited to the
framework of Kohn-Sham theory. The reciprocity between
direct and inverse SOT as discussed in the previous subsection
based on Kohn-Sham theory remains valid within the many-
electron response function formalism used in this section.

III. SOT AND ISOT IN BILAYER SYSTEMS

In the following, we discuss SOT and ISOT in magnetic
bilayer systems composed of a ferromagnetic layer (FM)
deposited on a normal metal (NM). When the electric field
E =E,e, is applied in plane along the x direction, the
torques satisfy

TS (M) = E, M x (&, x M)[A¢ + Ax(e, x M)’ +...]
+E (M xe.)(M - &,)[By + By(e.xM)* + ...]
(61)
and
T%M) = E.(¢, x M)[Co+ Ca(&, x M)* +...]

+E.M x (M x &.)(M - &)
x [Dy + Dy(e; x M)* + ... ] (62)

in bilayer systems composed of polycrystalline, disordered,
or amorphous layers with continuous rotational symmetry
around the z axis [24].

To describe the ISOT in bilayer systems, we consider
instead of the current density j, the current per length J,,
which is obtained by replacing the current density operator
—evy/V by —ev, /A, where A is the cross-sectional area of
the unit cell of the bilayer normal to the stacking direction:

amM
Jo(t) = — Ztﬁa(—M(r»(M(r) ()>. (63)
B

Since the atom-resolved current is expected to vary signif-
icantly between atomic layers in bilayer systems, J, is a
suitable definition of current density in such systems. In terms
of J, the electric current flowing in the x direction is given
by I, = J.L,, where L, is the length of the system in the y
direction, and similarly /, = J, L, is the electric current in the
y direction. Separating J, into the components due to £°V¢" (M)
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and £°Y( 1) yields
dM(r)

1 N A
Jsven(t) — Z ;t;‘&en(M(t))(M(t) X

o 1 o 1/ U
)ﬂ, T () = - Xﬂ:tﬁgd(M(t))<M(t) x
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dM (1)
= . (64)

In the following, we discuss the magnetization-dynamics-induced current density J, in the x direction. Using Egs. (61)

and (62) in (64) we obtain

A~

A

JEN () = %{M x (&, x M)] - [M x %] + %[M x (&, x M)]- [M x 2—1;4}(@1 x M)?
+ &(M x &) - [M X d—M}(M e+ &(M x e.)- [M X d—M](M ce e, x M)? + ... (65)
A dt A dt
and
J oY) = —%(éy x M) - [M x 2—7] - %(éy x M) - |:M x %}(@ x M)
Dy o o [ dM . . Dy o o [ dM . . .
_X[M X (M x é&,)] - |:M X 7](M-ex)— X[M x (M x é&,)] - [M X 7}(M~ex)(eZ x M) —.... (66)

A. Current densities induced by FMR through the inverse SOT

First, we consider the case of FMR-driven magnetization
precession around the z axis in a circular orbit, i.e.,

M(t) = [sin(0) cos(w?), sin(®) sin(wr), cos(®)]7, (67)

where 6 is the cone angle. Inserting Eq. (67) into Eqgs. (65)
and (66), we obtain

JEN(1) = _% sin(0) cos(9) sin(wt)[Ag + Az sin*(@) + ... 1,
J oY) = % sin(@) cos(wt)[Co + Ca sin*(0) + ... ]
w .2
+ n sin(@) cos(wt)[ D, sin“(9)

+ Dysin*(@)+ ... 1. (68)

For small-cone angles @ the sin?(9) factors suppress the
contributions from A,, C», D, and further higher-order terms.
In the small-cone limit, the ISOT for magnetization precession
around the z axis can thus be expressed in terms of the torkance

J

(

for magnetization along z, if Ay = t;;‘*“(M =é;) and Cy =
1°%(M = &) are used. Experiments [24,25] and ab initio
calculations [31] have found that Ay and Cy can be of the same
order of magnitude in AlO,/Co/Pt and MgO/CoFeB/Ta. The
two contributions J,7*"(¢) and Jx"dd(t) are therefore expected
to exhibit similar amplitudes. Since J ™*"(¢) o< sin(wt) while
J2%(1) o cos(wt), the even and odd parts are phase shifted
with respect to each other.

Next, we consider FMR-driven magnetization precession
around the y axis. In this case, the magnetization follows
an elliptical trajectory in thin bilayer films due to the
demagnetizing field [51]

N 1

M) = %[sin(é‘) sin(wt)e, cos(8), sin(8) cos(wt)]T, (69)
n

where € is the ratio of the major axis to the minor axis of

the ellipse and normalization of M(z) is assured by n(t) =

\/ 1 + [€2 — 1] sin?(wt) sin%(9). The resulting induced current

density is given by

i| we sin? 6 sin?(wt)

<202
Ao [1+ sin” 6(e 1]

(70)

n%(t) — cos*(wt) sin® 6

g b ]

n%(t) — cos*(wt) sin® O

TSN (1) = we si2n2 0 [Ao + A n(t) — cozsz(a)t) sin? 0
An=(t) n2(t)
2(t) — cos®(wt) sin® 0
X[BH&n() (o) +}
n=(t)
1— 2
J oY) = % sin” 6 cos 6 sin(zwr)[co + G,
’ 2
— ————sin(2wt) sin“ 6 cos 8| D, + D,
2400 sin(2wt) sin” 6 cos |: h+ Dy

. o

For small angles 6 the terms proportional to sin? & dominate, while terms proportional to sin* # and higher are suppressed. Thus,

we can approximate in the small-cone limit

7o) = 25 sin> [ Ag + Ay + A LW o Byt B
x =7 0 2+ As+.. ] T [1 —cosCwt)][By+ Bs+...1,

(71)

Jo%(t) = % sin® @ sinQwt)(1 — €)[Co+ Cr +...] — % sin® @ sinQwt)e’[Dy 4+ Dy + ... 1.
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J 2" is the sum of a dc component and an ac component with frequency 2w, while J x"dd consists of only an ac part with frequency
2w. The ac components of the even and odd parts are phase shifted. Compared to the induced current for precession around
the z axis [Eq. (68)], the amplitude is expected to be typically reduced by roughly a factor of sinf when the magnetization
precesses around the y axis. The dc component of the voltage — R, J™"*"L,, where R, is the resistance, has been measured for
several bilayer systems and is usually interpreted as the voltage arising from the conversion of pumped dc spin current via the
ISHE [34-36].

We turn now to the FMR-driven magnetization precession around the x axis. Again, the magnetization follows an elliptical

trajectory

M(t) = L[cos(@), sin(0) cos(wt)e, sin(0) sin(w?)]T, (72)

()

with € the ratio of major axis to minor axis of the ellipse and 7(¢) = \/ 1+ [€2 — 1] cos?(wt) sin%(#). In this case, the current

density induced by the precessing magnetization is given by

JNr) = —% sin(20) cos(a)t){Ao + %[cos2 0 + €% sin” 6 cos* (wt)] + . .. }
w . s 202 By 2 2.2 2
+ W sin(260) cos(wt)[1 + sin“ O(e” — 1)]{32 + %[cos 0 + €“sin“ 0 cos“(wt)] + ... },
(73)
Jx‘)dd(t) = — A;U;(t) sin 6 sin(a)t){Co + %[cos2 0+ €2sin’ 6 cosz(wt)] + ... }
- 6:)—6 sin @ cos® sin(a)t){Dz + ~’i[cos2 6 + €*sin” 6 cos*(wt)] + ... }
A73(1) 72(1)
In the small-cone limit, we obtain
TNy = 2 5in(260) cos(@t)[Ba + Ba+ ... — Ag — Ay — ... ] = —1" (B = &,)~ sin(26) cos(w?),
o 2A rx 2A (74)

JOdd(t)—_gesinesin( H[Co+ C D>+ D —oddepr — & [ 0
x =7 w)[Co+Co+ ...+ Dy+ Dy +...1 =15 _ex)Aesm sin(wt).

Even if A,, B, C,, and D, are nonzero, i.e., even in the
presence of anisotropic SOT, the ISOT for magnetization
precession around the x axis can thus be expressed in terms
of the torkance for magnetization along x. The even and odd
contributions are again phase shifted and the dependence on
the cone angle is o< sinf in the limit of small 6 as in the
case of magnetization precession around the z axis, promising
a significantly larger ISOT signal [39] compared to the case
with magnetization precessing around the y axis.

The main result of this section are the expressions for the
ISOT currents given in Eq. (68) (magnetization precession
around z), Eq. (71) (magnetization precession around y), and
Eq. (74) (magnetization precession around x). We stress that
these expressions have been derived without any assumptions
on the underlying mechanism (such as SHE or interfacial
SOI) and are thus generally valid in bilayer systems with
continuous rotational symmetry around the z axis. In all three
cases, the coefficients Cy, Co, ... and D,, Dy, ..., which
govern the odd torkance, give rise to an ac current, but never
to a dc current. Thus, complete characterization of ISOT in
experiments requires the measurement of the ac component.

B. Reciprocity between the even SOT and the even ISOT

In magnetic bilayer systems that involve a normal metal
(NM) layer with large SHE it is expected that an important
contribution to the even SOT arises from SHE [22,23,27,52].
In particular when the NM layer is thin, the SHE in the NM

(

layer will generally differ from the SHE in a corresponding
bulk system. Even when the NM layer is thick, close to the
interface with the magnet the electronic structure is modified
due to the hybridization of the electronic states of the NM
with those of the ferromagnet (FM). This electronic-structure
change is expected to entail a modification of the SHE in
the NM close to the interface. Furthermore, the proximity
with the FM layer induces magnetic moments in the NM at
the interface due to which the SHE is also modified [53].
Additionally, qualitatively new mechanisms for SHE are added
by the presence of the interface: When an electric field is
applied to the bilayer in the in-plane direction, part of the
in-plane electric current is carried by interface states that are
evanescent waves along the stacking direction in the NM. That
evanescent waves can also contribute to the SHE has been
discussed [54] in the context of tunnel junctions but is also
true for evanescent waves in all-metallic bilayer systems.

Rather than using the term SHE only for the bulk contri-
bution, we will in this work often denote by SHE the total
spin current generated by an applied electric field, including
the interface modifications discussed above into the term SHE.
Recently, we have shown within ab initio calculations that the
even SOT in Co/Pt and Mn/W bilayers arises from the flux of
spin current from the NM into the FM layer [31]. Within our
terminology, this spin flux arises from the SHE.

In the following, we discuss a minimal model to describe
the SHE contribution to the even SOT. We consider a bilayer
system composed of a semi-infinite ferromagnetic layer (FM)
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on a semi-infinite normal metal (NM). The interface between
FM and NM is located at z = 0. We estimate the SOT arising
from the SHE in NM, when an electric field E,é, is applied
in the x direction. Deep inside NM, i.e., for z <« 0, the spin
current density flowing in the z direction is

Q,=0)E = Z_ZU”EX tan ysug - (75)
where o7, is the SHE conductivity in NM, tan ygu is the
SHE angle, and oy, is the normal conductivity in NM. As
discussed above, the SHE is generally expected to be modified
close to the NM/FM interface. However, in order to obtain a
minimal model, we neglect this expected position dependence
of SHE and assume that the SHE can effectively be described
by a single parameter o2,. We assume that a fraction & of Q,
is transmitted through the NM/FM interface and absorbed by
FM, thereby causing a torque on its magnetization, which we
assume to point in the z direction. This SHE-to-SOT efficiency
& can be thought of as the spin-current transmissivity [55]
or transparency [56] of the NM/FM interface. In metallic
magnetic bilayer systems, & is typically of the order of
1: in experiments on NiFe/Pt, it was estimated to be & ~
0.4-0.6 [55]. In ab initio calculations of FePt/Pt, £ ~ 0.6
was found [57]. Denoting the xy cross-sectional area of
the unit cell by A, the torque per unit cell is given by
Ty = §AQy = 15" E, with

N , h
(M =e;) =§Ao), = SAZO'XX tan ysyg. (76)

Next, we consider the even ISOT arising from the combined
action of spin pumping and ISHE. The spin current density
pumped adiabatically into NM is determined by [33]

A

h Lo dM
0(z =0)=-—Reg"M x —, (77)
4 dt

where gN is the (generally complex) spin-mixing conductance
per cross-sectional area. The imaginary part of gN is assumed
to be negligible in Eq. (77). If spin transport in NM is diffusive,
a spin accumulation s(z) forms in NM due to the spins
pumped into NM. The spin current in NM is proportional
to the gradient of the spin accumulation s(z). Since the spin
accumulation decays exponentially in NM, s(z) = 5(0)e?/*,
where Ay is the spin-diffusion length, also the spin current
decays exponentially in NM, i.e., @(z) = Q(0)e¥/* [34,39].
In the case of magnetization precession around the y axis
[Eq. (69)], the dc spin current flowing in NM in the z direction
is therefore given by

hiw
0,() = —GRegN sin®(0) € /4w, (78)

Due to ISHE this spin current is converted into an in-plane
charge current flowing in the x direction:

.even _ 2e
Jx (z) = E Qy(Z) tan ysye
_ ;—:RegN sin2(0) € e/ tan iy, (79)

where tan ;g is the ISHE angle. Thus, a single characteristic
length, the spin-diffusion length Ayq, determines the position
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dependence of s(z), 0,(z), and j**"(z) within this model:

J$(2) o Qy(2) o s(z) oc e/ (80)
Integration of the current density (79) fromz = —ocotoz =0
yields the current per length flowing in NM:
even ew M oain2

J = EReg sin“(0) € Ay tan yigyg - (81)

Using the small-cone limit of Eq. (70) and assuming A, =
B, = Ay = ... =0, we obtain the alternative expression

even )
S = 1 sin“(f)e Ay. (82)

Equating the two expressions for J'*" yields
e
Ay = AZ—RegT ¥ hsa tan Vg - (83)
bid

Application of t;’:;e“(M =¢,;) = Ao leads to

2SN (M = é;)
hoa = —— = (84)
eAReg'” tan vy

Employing Eq. (76) and assuming tan yjqye = tan ygup we
can recast Eq. (84) as

Ehmoyy
Asd = —N.
e’Reg

Equation (85) relates the SHE-to-SOT efficiency & with the
parameters we use to model the ISOT current and thereby
expresses the reciprocity between SOT and ISOT.

Even though this minimal model is derived for semi-infinite
layers, it can be applied to bilayers of finite thickness when
the layer thickness is much larger than A;q. When NM has the
finite thickness D, i.e., —D < z < 0, and when D > Ay is
not satisfied, Eq. (78) needs to be replaced by [34]

(85)

h z+D

ha) sin
= —“RegMsin2(@)e — 14 86
0, 1, Res @) = h% (86)

in order to take into account that the spin current is reflected
at the boundary of NM at z = —D.

In Secs. IVB and IV C, we will compare ISOT current
and spin-current densities obtained from ab initio calculations
to the minimal model described above. We will show that
the minimal model provides a satisfactory description of the
ab initio results. We will discuss that the main shortcoming
of the minimal model is the assumption that SHE and ISHE
can be described by a single position-independent parameter,
whereby the modification of SHE and ISHE close to the
interface is neglected.

C. Reciprocity between the odd SOT and the odd ISOT

In Sec. II, we demonstrated the reciprocity between ISOT
and SOT on general grounds. The odd SOT in the bilayer
systems considered in this work arises dominantly from the
intraband contribution to Eq. (8). This intraband contribution
can also be obtained from Boltzmann transport theory within
the constant relaxation-time approximation. In this section,
we study the odd SOT and the odd ISOT within Boltzmann
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transport theory and show that the obtained expressions satisfy
the reciprocity formulated previously in Sec. II.

When an electric field E is applied, the occupation number
fin Of band n at k point k changes according to

Sf) = —etv,, - ES8(&: — &), (87)

where 1 is the relaxation time, £ is the Fermi energy, and

vy, = (Y, vy, ) is the group velocity of band » at k point k.

The change § f,iyll) of the occupancies results in the contribution

.y _ ¢ ZU Sf(l)
a kan®J kn
VN 4=

et
=N D VkanVipn B 8Er — ) (88)
knp

to the electric current density and in the contribution

1 (1)
TOE )= — ZIZ;(om(kan
kn

et
= N Z Zcom vkﬁn Eﬂ 8(51? - gk,,), (89)
knB

to the torque, where v, and 7., are the ath Cartesian
components of the group velocity v,, and of the torque
T, = (U, | T 1V, ), respectively.

When the system is perturbed not by an electric field but by
the time dependence of the magnetization direction M (), the
change of the occupancies is given by

Sfﬁ) =18 — & )T gy - [M(t) x %} (90

instead of Eq. (87). Equation (90) follows from

8fl£rzt) _ 8fkn dM _ afkn agkn dM
T M dt 3, oM dt
. A&, . dM (1)
=85 —Ekn)|:M(t)x ﬁ][M(t)x P ]
. am
= 5(& —Ekn)Tkn-[Ma)x d:’)}, 1)

where we set the temperature in the Fermi-Dirac distribution
function to zerosuch that f,, = 0(&p — &) and 9, /0&,, =
—8(& — &,,)- Additionally, we made use of

N o€ N JHy
[M(t) x ﬁ} = M(1) x <1/fkn|a—;|1/fkn> =T, (92)

Equations (90) and (91) hold under the condition that the
frequency w of the precession of magnetization is small
compared to the relaxation rate 7l ie, w <t L. If the
condition @ <« t~!' is violated, one needs to solve the
Boltzmann equation assuming an explicit time dependence
of the distribution function. The expressions valid in that
case are obtained by replacing t in Eqs. (90) and (91) as
follows:

T
T —

—. (93)
l—iowt
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For magnetic bilayers such as Co/Pt we estimate that
10 THz < 1/(27 t), which is much larger than ferromagnetic
resonance frequencies in the GHz range. Therefore, we will
always assume @ < 7! in the following.

The current density induced due to the time dependence of
magnetization can be obtained from the change of occupancies

8512 given in Eq. (90):

.2 ¢ @
]c(z ) = _W % vkom(sfkn

N dM(t)
= _%%:vkoms(gF _Ekn)Tkn : |:M(t) X dt :|
94

Similarly, the torque which damps the magnetization dynamics
is given by

1
TP == > Teandfin
N kn

4 . dM (1)
TN ; TeandE — &) T 1 - |:M(t) X — ]
95)

We can combine Egs. (88), (89), (94), and (95) in the form
of Eq. (22) as follows:

i\ (& ~iv E
(T/V) - (i/v A )(Mx @-ﬁ’) ©6)

where we defined j = j" + j® and T =TV + T®. We
use the tilde to recall that according to Egs. (88), (89), (94),
and (95), only intraband terms are considered in j and T', while
the complete expression for current density and torque contains
additional interband terms. The linear response coefficients &,
7, and A are given by

et
Gap = Y7 D Vken Ukpnd(E = Ex).
VN kn
- et
o= Tt 8 D)
kn
~ T
A =—ZT Tos 8(En — &)
af kan “kpn F kn
VN 4=

& and A are even with respect to reversal of magnetization
direction M, while 7 is odd. Equation (96) clearly shows that
the tensor # governs both the odd SOT and the odd ISOT. The
Gilbert damping & is related to A by & = Iy |A/(oM) [see
Eq. (20)], i.e.,

- lylz

O = A n Z/Tkom/];cﬂna(gF - gkn)’ (98)
MOVMN kn

which agrees with the intraband term in the torque-correlation
formula of the Gilbert damping [50,58,59]. Thus, Eq. (90)
leads to a coherent description of the intraband contributions
to both the Gilbert damping and the odd ISOT. Moreover, the
expression obtained for the odd ISOT is reciprocal to the odd
direct SOT.

064415-10



DIRECT AND INVERSE SPIN-ORBIT TORQUES

IV. FIRST-PRINCIPLES CALCULATIONS

A. Computational method

In the following, we will discuss SOTs and ISOTs for a
bilayer composed of 3 layers of hcp Co on 20 layers of fcc
Pt(111), denoted in the following as Co(3)/Pt(20). We label the
atomic layers of the Pt layer by Ptl through Pt20, where Pt20
is at the Co/Pt interface. Likewise, we label the atomic layers
of the Co layer by Co1 through Co3, where Col is at the Co/Pt
interface. We introduce a Cartesian coordinate system such
that the z axis is perpendicular to the atomic layers, i.e., along
the out-of-plane direction, and Pt20 has a smaller z coordinate
than Col. The magnetization direction is set to M = é.
in the calculation. In order to perform the linear-response
calculations of the torkance computationally efficiently, the
Wannier interpolation technique is employed [60-62]. For
this purpose, we express the electronic structure in terms
of maximally localized Wannier functions (MLWFs), using
18 MLWFs per atom. Details of the electronic-structure
calculation of Co(3)/Pt(20) are given in Ref. [31].

Within the independent particle approximation, the
torkance ¢ defined in Eq. (8) can be expressed as sum of three
terms 7,5 = t;%‘) + t;(b) tgﬂ where [31,45]

. e
;i(ﬁ) = Vi Z Tr(’]; GE(EF)U;‘}GQ(SF»’
k

e
lag = — Vi Xk: Re Tr(7, GR (Er)vs GR(Er)),

N 99
dGR(€)
oy = th / dEReTr<TGR(5) T
R

with GR(€) the retarded Green function at k point k and energy
&, GQ(S ) the advanced one, N the number of k points, and
Er the Fermi energy. We model the effect of disorder by a
phenomenological band broadening I' in the Green functions,
ie., GR(E) = h[E — He+iT]7".

We discuss the direct SOT in terms of the torkance, which
we compute according to Eq. (99). In order to obtain atom-
resolved torkances, we replace the torque operator in Eq. (99)
by an atom-resolved torque operator (see Ref. [31] for details).
We calculate the induced ISOT current in the Co(3)/Pt(20)
bilayer using Eq. (64) and the torkance obtained from Eq. (99).
However, it is desirable to determine also the spatial profile of
the ISOT current along the z direction. For this purpose, we
define the layer-resolved velocity operator

Ukcmm(L) = Ukommen(L)Qm(L)s (100)

where 6,,(L) = 1 if MLWF orbital m belongs to layer L and
zero otherwise. Here, each MLWEF is attributed to the one
atomic layer in which the center of the MLWF is located and

1

ik-R -
Vkanm = ﬁ Z e lRa(

R

Wn0|H|WmR> (101)

is the orth Cartesian component of the velocity operator at k
point k expressed in the basis of Wannier functions. Replacing
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vy in Eq. (99) by v, (L) allows us to compute the ISOT current
within the atomic layer L.

The direct SOT is a response to the applied electric field E,
which exerts the mechanical force —e E on the electrons. By
artificially switching off the force —e E for some atomic layers,
we investigate which atomic layers participate in generating
the SOT. Noting that the mechanical force is represented in
Eq. (99) by the velocity operator, we replace v, in Eq. (99)
by v, (L) in order to study the SOT generated when the force
—eE acts only on the electrons in the atomic layer L. Thus, the
replacement of v, by v,(L) in Eq. (99) provides us not only
with the information on how the ISOT current is distributed in
Co(3)/Pt(20) along the stacking direction, but additionally it
also provides us with the information in which atomic layers
action of the force —¢E is essential for the direct SOT. This
results from the reciprocity between ISOT and SOT, which
implies that the atomic layers that carry the ISOT current agree
to the atomic layers that participate in generating the SOT. In
order to describe the situation where the mechanical force is
switched off for the atomic layers Ptl through L — 1 we use

the sum of Eq. (100) for the layers L,L + 1, ..., i.e., we use
the modified velocity operator
Dkanm (L) = Vkanm Y Y, On(L1)0n(L2) (102)

LiZ2L Lr>L

in Eq. (99). Here, the functions 6,,(L) are defined as above,
below Eq. (100).

As discussed in Sec. III B, the spin current flowing in the z
direction mediates an important contribution to the even ISOT
in bilayer systems. Thus, it is desirable to determine its spatial
profile along the z direction. For this purpose, we define the
layer-resolved spin-current density operator Qs(L) for spin
currents flowing in the z direction by

1
(wkn|Qs(L)|l/fkm> = Z/; ds - (wkﬂgs(")h”km)’ (103)

where the integration is over the boundary S; between layers
L — 1 and L, A is the xy cross-sectional area of the unit cell,
and Q,(r) is the spin-current density operator at point r. SOl is
only strong close to the atomic nuclei because it is proportional
to the electrostatic potential gradient. Since the boundary Sy, is
chosen to lie in the interstitial region, where SOI is negligible,
the nonrelativistic spin-current density operator can be used:

h h
Qi(r) = ——[8(r — r)V V8(r — P)]o (104)
By replacing in Eq. (5) the current density operator —ev,/V
by Q,(L), we can determine the spin-current profile along the
stacking direction of the Co(3)/Pt(20) bilayer:

1 . . dM(t)
O,(L,t) = 1 25: wsﬁ(L,M(t))[M(t) X TL, (105)

where we defined

ImGES(U% (hew, M)

106
how ’ (106)

wes(L,M) = —A lin})
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with the Fourier transform of the retarded spin-current torque
correlation function

Gy i) = i [ e e QL) Tu(-01.

0
(107)

Within the independent particle approximation Eq. (106)
becomes w 4(L) = wI(a)(L) + wl(b)(L) + w (L) with

wyy (L) = f; Y TH{QuL)GR(ENTGR(ER)),
p
wye (L) = f\% ; Re Tr{Q,(L)G (&) T3 G R (Ep).
wyy (L) = /% Z /_ ; d& Re Tr<QS(L)G§(5)7jg d(i;;g)
—ow)? R(g) T,SG,‘}<5>>, (108)

where we suppressed the M dependence for notational
convenience. Comparison of Eqgs. (77) and (105) yields the
following expression for the spin-mixing conductance:
Reo™ = an —

eg'y = h_Awyy(L = Col), (109)
where w,,(L = Col) is proportional to spin current flowing
between the layers Pt20 and Col. In Co/Pt bilayers ¢y arises
almost entirely from the spin flux into the Co layer [31]. The
extraction of Reg't from wyy is therefore meaningful in this
case despite the presence of SOI in the calculation.

Similarly, as discussed in Sec. IIIB, SHE provides an
important contribution to the even SOT in bilayer systems.
The spin currents of the direct SHE are generated by the
applied electric field rather than by spin pumping. In order
to investigate the layer-resolved spin-current profile of these
spin currents in Co(3)/Pt(20), we define the coefficients

Imva(L),vﬂ(hw,M)
haw

qsp(L. M) = Ae lim (110)
For example, ¢,,(L) quantifies the linear response of spin
currents flowing in the z direction with spin pointing in the
y direction to the electric field in the x direction. Within
the independent particle approximation, g,g(L) is expressed
similarly to the torkance [Eq. (99)]: only 7, has to be replaced
by —A Q,(L) in the expressions.

For a given atomic layer, the difference between spin current
flowing in and spin current flowing out is the spin flux into that
atomic layer. In Co/Pt bilayer systems, the even SOT arises
dominantly from the spin flux into the Co layer [31]. The
linear-response coefficient of spin flux into layer L is given by

ACIyx(L) = qu(L)

where according to Egs. (103) and (110), g, (L) describes spin
current flowing between layers L — 1 and L towards layer
L and —g,,(L + 1) describes spin current flowing between
layers L and L + 1 towards layer L.

— gy (L + 1), (111)
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FIG. 1. (Color online) Triangles: layer-resolved even torkance

137" for broadenings of I' = 25 meV (upper graph) and I" = 100 meV

(lower graph). Circles: linear-response coefficient of the layer-

resolved spin flux Agyi* [Eq. (111)]. Solid lines serve as guide to the

eye.

B. Even SOT

We first discuss the even torkance tf}’f‘;SmeV determined
from Eq. (99). AtI" =25 meV, we obtain teze%mev 0.68 eqay
per unit cell, where eaq is the atomic unit of torkance,
which amounts to eay = 8.478 x 1073 Cm. A slightly smaller
value of tf;zeloo mev = 0.53 eqay is calculated at I' = 100 meV.
Dividing these torkances by the magnetic moment per unit
cell of u=5.78ug we compute the effective fields per
applied electric field of 7775, v/ = 0.011 mTcm/V and
15y 100 mev/ 1 = 0.0084 mT cm/V.

In Fig. 1, we show the layer-resolved even torkance,
i.e., the linear-response coefficient of the torque acting on
the magnetization of a given layer, and the linear-response
coefficient of spin flux into layer L [Eq. (111)]. For the
Co layers, layer-resolved torkances and spin fluxes coincide
approximately. Thus, the even torkance in Co(3)/Pt(20) arises
dominantly from the spin current flowing into the Co layer,
consistent with the discussion in Sec. III B and with previous
work on Co/Pt bilayer systems [31].

In Fig. 2, we show the linear-response coefficients of the
layer-resolved spin current ¢y (L) as diamonds for two values
of broadening I' = 25 and 100 meV [see Eq. (110) for the
definition of q‘we“(L)] Evaluating the SHE-to-SOT conversion
efficiency deﬁned in Eq. (76) from the ratio of torkance to
maximal spin current we obtain &ys, . = 1;¥"/[¢7y" (L =
Pt11)] = 0.74. At I' = 100 meV, the value is slightly lower:
&100 mey = 0.57. These values of & resemble the experimentally
determined spin-current transmissivities in Pt-based magnetic
bilayer systems [55].

Computing the electric conductivities based on the same
formalism as used for SOT and ISOT, we obtain 02> ™V =
1.26 x 10" S/m and o' !9°™mV = 0.34 x 107 S/m. From these
conductivities and the spin currents at the center of Pt, which
are given by ¢7;™(L = Ptll), we obtain the following SHE

angles: tan yszﬁg‘ev 0.029 and tan yslg%mev =0.109. The SHE
angle increases thus by a factor of 3.8 as I is increased from
25 to 100 meV. This increase of the SHE angle with increasing

disorder is expected for the intrinsic SHE because the intrinsic
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FIG. 2. (Color online) Diamonds: linear-response coefficients
qy"(2) of the layer-resolved spin current for I' = 25 meV (upper
graph) and I' = 100 meV (lower graph). Circles: linear-response
coefficients g5,*"(z) but with the mechanical force switched off for
layers Ptl through Pt12. Solid lines: exponential fits according to

Egs. (112), (113), (115), and (114).

SHE conductivity o2, [see Eq. (75)] depends only weakly on
disorder, while the normal conductivity o,, decreases with
disorder. Indeed, the increase of the SHE angle by the factor
of 3.8 is well explained by the ratio 022 ™V /g 100meV — 3.7,
At I' = 100 meV, the line of blue diamonds illustrating
gyy "(z) in Fig. 2 is constant in the central region between Pt5
and Pt15 because the primary spin current generated by SHE
is constant in this region and because secondary spin currents
arising from the reflections of spin current at the surfaces and
interfaces decay strongly spatially and therefore do not reach
the central region between Pt5 and Pt15. One reason for the
suppression of the spin-current profile in the region between
Ptl and Pt5 and in the region between Pt15 and Pt20 is the
interference of the primary spin current from the SHE with
secondary spin current reflected, respectively, from the surface
and the interface. Additionally, as discussed in Sec. III B, we
expect that the primary spin current generated by the SHE
is itself dependent on position in these two regions and not
constant as in the central region. In particular, for the higher
broadening of I' = 100 meV the spin-current profiles from
our ab initio calculations shown in Fig. 2 exhibit exponential
behavior in the regions Pt1 through Pt5 and in the regions Pt15
through Pt20. At I' = 100 meV, the spin current in the region
between Pt12 and Col is well described by the exponential fit

meV

4o (z) = [0.97 — 0.35¢C7 A0 eqy,  (112)

where zp,,, is the z coordinate of layer Pt20 and A" =

0.46 nm. In the region from Ptl to Pt10, the spin current is
approximately given by

g(z) = [0.92 — 0.63e—<z—zm>/x;%°{rv]eao (113)

with Agy Y = 0.32 nm. At the smaller broadening of I' =
25 meV, we find )%%%ZV = 0.15 nm, but due to oscillations the
first-principles data are less well described by the exponential
fit.

The length )»é%’{'}fv describes the decay of spin current

close to the vacuum boundary at Pt1, while the length A5y

describes the decay of spin current close to the Co layer.

PHYSICAL REVIEW B 92, 064415 (2015)

In order to investigate whether )»é?f{‘jfv and )»é(())OT‘geV simply

describe the decay of secondary reflected spin current or
whether they additionally exhibit a modification due to a
potential position dependence of the primary spin current, we
divide the Pt layer into two regions: In the atomic layers Ptl
through Pt12 we switch off the mechanical force —eE that
the electrons would otherwise experience due to the applied
electric field E. Only the atomic layers Pt13 through Co3
are subject to the mechanical force —eE in this modified
calculation, which is based on Eq. (102). Thus, only Ptl13
through Pt20 generate sizable SHE spin current (SHE in Co
is small). The corresponding linear-response coefficients are
shown in Fig. 2 as circles for two values of broadening, I' =25
and 100 meV. Switching off the mechanical force significantly
perturbs the spin-current profile in the region Pt1 through Pt14
while from Pt15 onwards, the two spin-current profiles merge.
Approaching the region with mechanical force switched off,
i.e., approaching Pt12, the spin current (red circles in Fig. 2)
in region Pt13 to Pt17 is suppressed according to

100 meV

45" (z) = [0.84 — 0.52¢~ /M50t eqy,  (114)

where A"V = 0.31 nm. We find a slight ' dependence:
Aég’{‘gv = 0.28 nm. In the region from Pt1 through Pt12, the
spin current is well described by
even = E=zpu) /M1

Gyx (z) = 0.33¢ 2 eay, (115)
with )Lé((’)o{"zev = 0.85 nm. At I' = 25 meV, the spin-current
profile in the region Pt1 through Pt14 cannot be described well
by an exponential fit.

Comparing the lengths obtained from the exponential fits

in Egs. (112), (113), (115), and (114), we find that 24297V

is substantially larger than the other three lengths: ¢y >

)»é(();)T’geV ~ Aé&’?{‘}fv ~ Aég’{‘gev. The length Aé%’{“;v describes
the decay of spin current in Ptin a region of space where no spin
current is generated (because the mechanical force is switched
off in the regions Pt1 through Pt12). This spin current, which
is injected into the regions Pt1-Ptl2, originates only from
the SHE in the regions Pt13-Pt20. In contrast, the lengths
AoV, AsoreY, and Ag"eY describe the suppression of the
total spin current close to interfaces and surfaces. The total
spin current is the sum of spin current generated by SHE and
spin current from the reflection at interfaces and surfaces. This

reflected spin current is expected to be described by AL %Y.

Our finding that A&V, 4¢3, and A0V are all much
smaller than A{™" can only be explained if we assume that
the primary spin current generated by SHE is itself modified
close to surfaces and interfaces.

In Fig. 3, we show the torkance as a function of the region
where the mechanical force is set to zero. If the mechanical
force is switched off in all Pt layers and only active in the Co
layers (data points at L = Col), ;y™" is very small because
the even torque arises dominantly from the SHE in Pt which is
switched off when the mechanical force is set to zero. When
the mechanical force is set to zero in the region from Ptl
through layer L — 1, the torkance is well described by the fit

225 meV

153 (z) = [0.65 — 0.68¢~ Ceor =9/40t Jeay, (116)
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FIG. 3. (Color online) Triangles: torkances for broadenings of

I' =25 meV (upper graph) and I' = 100 meV (lower graph). For

a given layer L (L is specified on the horizontal axis), the mechanical

force is switched off in the region from Pt1 through L — 1 according

to Eq. (102) and the resulting total torkance is shown by a blue

triangle. Solid lines: exponential fits according to Eq. (116).

where A55T¢Y = 0.76 nm. We find a weak I' dependence:

)»é(())(){"fv = 0.71 nm. At ' = 100 meV, the spin current

generated in a given atomic layer of Pt decays on the length

scale of Ay Therefore, the SHE from layers L that are

further away from the Co layer than A0V

even 100 meV ~_ 4 100 meV : L
to 777" Thus, we expect Agor'| =~ Agors - Which is indeed

the case.

One main conclusion of this section is that for a sufficiently
large broadening I' = 100 meV, the ab initio spin-current
profiles behave as expected from diffusive spin-transport
models. In particular, at I' = 100 meV, the decay lengths of
spin current extracted in various ways are found to be similar,
namely, A¢"Y = 0.71 nm and A" = 0.85 nm. Similarly
short but slightly longer length scales of roughly 1.5 nm have
been observed in Pt in recent experiments [22,38,63,64]. A
second conclusion from this section is that close to interfaces
and surfaces, the SHE conductivity is position dependent.
Therefore, close to interfaces and surfaces, the spin-current

profiles do not decay on the scale of )»é(())OTme ~ ké(();)T'geV but

instead significantly faster, namely, according to A0 meV ~

SOT.3
hsors "~ hsgrs© A 0.3 nm.

cannot contribute

C. Even ISOT

When the magnetization precesses in a circular orbit around
the z axis in the small-cone limit, the current density

Jeven t A
Jesmev® _ 872" sin(9) sin(wr),
Jeven “ (f) IES (117)
Do 100meVl 58P Gh6) sin(wr)
) m

is induced due to the even torkance tyeff" according to Eq. (68),
where we used Ag = 75" and A = 23.8.ag.

As discussed in Sec. IIIB, the ISOT current /7" =
JYML, arises dominantly from the combination of spin
pumping and ISHE. Since the spin current pumped into Pt
decays, the layer-resolved ISOT current /5V*"(L) is expected
to reflect this spatial decay. Replacing v, in Eq. (99) by v, (L)

PHYSICAL REVIEW B 92, 064415 (2015)
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FIG. 4. (Color online) Layer-resolved ISOT current /°*(L) in-
duced in Co(3)/Pt(20) by magnetization dynamics. The total ISOT
current is 1" =Y, I*"(L). The relative contributions of the
layers, i.e., I**"(L)/1>", is shown for two values of broadening, I
=25 and 100 meV. Solid lines: exponential fit according to Eq. (118).

[Eq. (100)] yields the layer-resolved ISOT current /5*"(L)
shown in Fig. 4. Inside the Pt layer, I5V*"(L) is well described
by an exponential function

Ixeven(z) = Ixeven(ZPtZO )e(z_zmo )/ Msor,1 , (118)

where zp,,, is the z coordinate of layer Pt20. Fitting Eq. (118)
to the I7"(L) profile obtained from first principles yields
Asor) = 0.58 nm and A{§3SY = 0.70 nm.

In order to compare the sp;atial profile of the layer-resolved
ISOT current I7¥*"(L) with the spatial profile of the pumped
spin current Q,(L,t) given by Eq. (105), we calculate the
coefficients w,, (L), which are defined in Eq. (108). w,, (L)
describes spin current in phase with /" and with spin
pointing in the y direction. Within Pt, the L dependence of
w,, (L), shown in Fig. 5, is approximately given by

100 me’

wy, (2) = 0.087 el Frar)/ 563", (119)

where Ag5s" = 0.89 nm. At smaller broadening I' = 25 meV,

the pumped spin current reaches the vacuum boundary at
Ptl and the resulting reflection of spin current needs to be
considered according to Eq. (86). When A{35F is much larger

than the thickness of Pt, the sinh function can be approximated:

. —Z
sinh /\fssé“?g Z— Zpy
Wy, (2) & — X , (120)
sinh 222 Zppg — Zpy
)"ISOT,Z

which explains the roughly linear profile of w, (L) at I' =
25 meV.

The ISOT currents shown in Fig. 4 decay faster in Pt than
the spin currents in Fig. 5. Thus, Eq. (80), which predicts spin

® 100 meV n
— 100 meV (fit)

PO PtIl PtI3 Dtl5 PtI7 DP9 Col o
Pt8 Ptl0 Pt12 Ptl4 Ptl6 Ptl8 P20 Co2
Layer L

t Pt5  Pt7
Pt2 P4 Pt6

FIG. 5. (Color online) Layer-resolved spin current induced by
magnetization dynamics for two values of broadening, I' = 25 and
100 meV. The coefficient w,, describes spin current flowing in z
direction with spin pointing in y direction and in phase with I.>"(¢).
Solid line: fit according to Eq. (119).
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current and ISHE current to be proportional, is violated, in
particular at I' = 25 meV. However, Eq. (80) is approximately
satisfied at I' = 100 meV, where both the ISOT current and

the pumped spin current decay exponentially with A}gg{‘?v ~

AoomeV The small difference AjoomsY — )Lllgg%‘fv = 0.19 nm
amounts to less than one Pt interlayér distance. Additionally,
this spin-current decay length A ;907" ~ A 90ms" is very
similar to the one extracted in the previous subsection, i.e.,
MOV~ 100V 5 100m 3 10mV This consistency
between the various methods used to extract the spin-current
decay length implies that the model of Sec. III B provides a
satisfactory description at sufficiently high broadening I".

In Eq. (79), the ISHE angle tan y;q; is proportional to the
quotient of ISOT current density and pumped spin-current
density. The different decay of ISOT current and pumped
spin current described by A0 and A§01SY, respectively,
therefore implies that tan y;q is not constant but dependent
on position. For large broadening, we obtain tan ylls(f_(l)EmeV(L =
Pt20) = 0.16 and tan 5"V (L = Pt11) = 0.077, while for
small broadening we obtain tan ygn¢" (L = Pt20) = 0.27 and
tan y eV (L = Pt11) = 0.031. Even for large broadening,
the ISHE angle is significantly enhanced at the interface. The
ISHE angles at the center of Pt, i.e., tan yIlS(ﬁJEmev(L = Ptll)
and tan ymeV(L = Ptl1), are similar to the SHE angles
determined in the previous section from the spin current
in the center of Pt: tan yslg%meV(L =Ptll) = 0.109 and
tan ygar<V (L = Ptl1) = 0.029.

From Eq. (109), we obtain the spin-mixing conductance
RegZTémeV = 1.8 x 10" m™2 and for I = 100 meV a slightly

larger value of Regl,. . = 2.0 x 10'° m~2, Equation (84)
provides an alternative way to extract the ISHE angle:

even
_100meV _ 2ty

tan yigng = 0.15,

(121)
eARegl?OiO meV)‘Ilé)g’lI}:lgv

where the in-plane area of the unit cell is A = 23.8a} and
the parameters Ajgo1s" = 0.89 nm and 757" oy = 0.53 eag
have been discussed above. In contrast to the layer-resolved
ISHE angles, Eq. (121) describes an average over all those Pt
layers that lie within the distance of A{$0s" from the Co layer.

The result of tan ylls(f?EmeV = 0.15 is very similar to the layer-

resolved ISHE angle close to the interface of tan y,mV (L =
Pt20) = 0.16.

Finally, we can also put Eq. (85) to a test using the
parameters determined above:

hno,lOOmeV
plo0mev _ "3100':"/" - = 1.25 nm. (122)
e"Reg 40 mev

While 2)3°™V is larger than A{Of"SY, the agreement be-
tween these two values is still satisfactory, corroborating
the conclusion that the model of Sec. IIIB provides a
satisfactory description for sufficiently large broadening. For
small broadening, Eq. (85) yields A2 ™V = 6.7 nm, which
is thicker than the Pt layer in our calculation and therefore
justifies the linear approximation in Eq. (120).
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FIG. 6. (Color online) Triangles: torkances for broadenings of
I' =25 meV (upper graph) and I' = 100 meV (lower graph). For
a given layer L (L is specified on the horizontal axis), the mechanical
force is switched off in the region from Pt1 through L — 1 according
to Eq. (102) and the resulting total torkance is shown by a blue
triangle. Solid lines serve as guide to the eye.

D. Odd SOT
We obtain torkances per unit cell of 294\ =0.17 eaq
and 129 v = 0.15eay at broadenings of I' = 25 and

100 meV, respectively. Dividing these torkances by the
magnetic moment per unit cell of © = 5.78 up we calculate
the effective fields per applied electric field of t;fszs mev/ M =

0.0027 mT cm/V and tfgflloo mev/ M =0.0024mT cm/V.

In Fig. 6, we show the odd torkance as a function of the
region with mechanical force switched off. If the mechanical
force is switched off for Ptl through Pt20 such that only the
layers Col, Co2, and Co3 are subject to it (see the data points
at L = Col in the figure), the corresponding odd torque is not
very different from the one with the mechanical force switched
on everywhere (see the data points at L = Pt1 in the figure). If
the mechanical force is applied only to layers Co2 and Co3 (see
data points at L = Co2 in the figure), the resulting torkance is
much smaller compared to the situation where all three Co lay-
ers are subject to it. Thus, the perturbation of the Col layer by
the mechanical force is essential for the odd SOT in this system.

To produce a sizable odd torque in Co(3)/Pt(20), it is
therefore not crucial to switch on the mechanical force in
the Pt layers but it suffices to apply this perturbation to the
Co states. As a combined effect of broken inversion symmetry
and SOI, the spin of a given wave function |Wy,) is correlated
with the velocity vg,, [65]. As a result, the nonequilibrium
spin density induced by an applied electric field combined
with the exchange interaction gives rise to the odd component
of the torkance [9,10,66]. Application of the mechanical force
to Co, i.e., perturbation of the system via the velocity operator
within the Co layer, produces therefore the dominant part of
nonequilibrium spin density from which the odd torque arises
in Co(3)/Pt(20). This stands in marked contrast to the even
torque in this system, which is mainly driven by SHE from Pt
and thus very small if the mechanical force is turned off in all
Pt layers, as shown in Fig. 3.

In Fig. 7, the layer-resolved odd torkance and the linear-
response coefficient of spin flux into layer L, i.e.,

AGPY(L) = (L) — ¢%(L + 1), (123)

XX XX
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FIG. 7. (Color online) Triangles: layer-resolved odd torkance
124 for broadenings of I' = 25 meV (upper graph) and I' = 100 meV
(lower graph). Circles: linear-response coefficient of the layer-
resolved spin flux Ag%¥ [Eq. (123)]. Solid lines serve as guide to
the eye.

are shown for two values of broadening, I' = 25 and 100 meV.
For the layers Col through Co3, the layer-resolved torkances
coincide approximately with the spin fluxes as in the case of
the even torque. This approximate agreement between odd
spin fluxes and odd torques is not generally found in bilayer
systems, for example, they differ considerably in O/Co/Pt and
Al/Co/Pt [31]. For I' = 100 meV, the magnetization of layer
Pt20 experiences a torkance of 0.085eay. At the same time,
there is a spin flux out of layer Pt20 characterized by the
coefficient —Ag%¥(L = Pt20) = 0.087eay. This spin flux is
transferred to the Co layer where it exerts a torque on the Co
magnetization. The sum of torkance and spin-flux coefficient
of Pt20 amounts to 0.172eap and approximately accounts
for the total odd torkance of 0.15eay at I' = 100 meV. The
angular momentum that gives rise to the odd torque on the
magnetization is thus picked up from the lattice at Pt20 and
roughly 50% of it is directly transferred to the magnetization
of the Pt20 layer while the rest is transported to the Co layer via
spin current. Above, we have shown that the mechanical force
on the Col layer is crucial to produce a sizable odd torque.
Since the pickup of angular momentum from the lattice by
the spin system happens in Pt20, the hybridization of the Col
states with the Pt20 states is thus essential.

E. Odd ISOT
According to Eq. (68), the current density

295 mev(®) A
ﬂ —pPAs sin(0) cos(wr),
a) m

JOIOOmeV(t)
®

is induced due to 724 when the magnetization precesses around

the z axis in the small-cone limit. Here, we used Cy = 1% and
A = 23.843. This contribution from %3¢ is thus —90° phase
shifted with respect to the contnbutlon from 773" given in
Eq. (117), i.e., it lags behind by a quarter perlod

Since the mechanical force on the Col layer is crucial for
the odd SOT according to Fig. 6, we expect that the odd ISOT

(124)
pAs .
= 19— sin(0) cos(wt)
m
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B 25 meV
® 100 meV

PtT__PB3_ Pt5_ Pt7_ P9 PIl PtI3 Ptl5 PtI7 PtI9 Col Co3
P2 P4 Pt6 P8 Ptl0 Ptl2 Ptl4 Ptl6 PtI§ P20 Co2

FIG. 8. (Color online) Layer-resolved ISOT current /°%(L) in-
duced in Co(3)/Pt(20) by magnetization dynamics. The total ISOT
currentis /°% = 3, 1°%(L). The relative contributions of the layers,
ie., 1°%(L)/1°%,is shown for two values of broadening, I' = 25 meV
(squares) and I' = 100 meV (circles). Solid lines serve as guide to
the eye.

current induced by magnetization dynamics flows mainly in
the Col layer because of the reciprocity between ISOT and
SOT. This is indeed the case, as Fig. 8 shows. In particular,
at I' = 100 meV, the currents flowing in Co2, Co3, and
the Pt layer are almost negligible. At the smaller broadening
I' = 25 meV, the induced ISOT currents in Co2, Co3, and Pt
are larger, especially in the Co2 and Co3 layers, but the Col
contribution to the ISOT current still strongly dominates.

V. SUMMARY

SOT and ISOT are reciprocal effects. Both of them can be
expressed conveniently in terms of the torkance tensor ¢(M),
which depends on the magnetization direction M . In the case of
the SOT phenomenon, the torque T'(M) on the magnetization
due to the application of an electric field E is given by T'(M) =
t(M YE. If M changes as a function of time, the reciprocal
effect, the ISOT, can be observed. It consists in the generation
of a current density j(r) = {t( — M(t))}"[M(r) x dM(t)]/V
where V is the unit-cell volume. Magnetization- dynamlcs—
driven effects, such as ISOT and Gilbert damping, can be
consistently derived in time-dependent perturbation theory
using a time-dependent exchange field. The same expressions
are obtained by rewriting general many-body susceptibilities
in terms of the Kohn-Sham susceptibilities. On the basis of
the SOT-ISOT reciprocity relations and recent experimental
results for the SOT in bilayer systems, we predict the angular
dependence of the FMR-driven ISOT in bilayers. We find that
measurements of the dc voltage associated with the FMR-
driven ISOT are insufficient to determine #(M) in general
and that additionally the ac voltage needs to be measured
phase sensitively to determine ¢(M) completely. Within the
Kubo linear-response formalism, we investigate SOTs and
ISOTs in Co/Pt(111) magnetic bilayers using the electronic
structure provided from first-principles density-functional
theory. Magnetization-dynamics-induced charge currents and
spin currents are resolved on the atomic scale to extract
model parameters and to expose the mechanisms underlying
the ISOT. Likewise, the spin currents accompanying the SOT
are resolved on the atomic scale for the same purposes. It is
found that SHE and ISHE are modified close to interfaces and
surfaces. Comparison of the various currents accompanying
SOT on the one hand and ISOT on the other hand highlights
the reciprocity of the two phenomena on the microscopic scale.
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APPENDIX: MAGNETOCRYSTALLINE ANISOTROPY
AND THE STATIC TORQUE-TORQUE
CORRELATION FUNCTION

The torque due to the field HMAE [Eq. (30)] is given by

STMAE — | oMV M x HMAE

GR (how = 0,M)7 ~ .
TT(A;“VH )}MxéM,

(AD)

= —MV[QXC +

where we used Eq. (48) to express x in terms of the torque-
torque correlation function G%-. Equation (A1) can be related
easily to anisotropy constants. For example, in the case of
uniaxial anisotropy, i.e., E(0) = VK, sin? @, one obtains

M -
Kl — ?[QXC_’_

G% 1 (hw = 0,M = éz)]

MVh (42)

In the following, we show that Eq. (A1), which was obtained
within the many-electron response formalism of Sec. IIC,
can also be obtained directly from the torque exerted on
the magnetization by the Kohn-Sham electrons. Denoting the
Kohn-Sham wave functions by |y,) and the occupancies by
frn We can write

1
STMAE — —a{ﬁ > fkn(wmﬂwkn)}

- Z Fion (Wien 8T 1Y)

kn
- N > 8 fin W T [Wken)
kn
~2Re Z SonWin| TS| ). (A3)
From 87 = m x § M we obtain for the first term
1 = e .
Y kan(l/fanSTIwkn) =-MVQ*M x M. (A4)
kn
Using for the remaining terms
Ykom) (Vi | T | Vkn) B
S| Vin) = (M x5M A5
Vkn) ,,; o g WXl (A3
and
8fin = —8(Er = Ekn)(Vkn| T |Wkn) - (M x M) (A6)
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and

R %ZZf Re (Vten| T\ Viem) (Yiem | T | V)

kn m#n 5 o gkm

- ¥ Z«S(&: = Eion) Wten| T Wten) (Wken | T | ¥rken)
kn

(A7)
one can easily show that Egs. (A1) and (A3) agree.
The Kohn-Sham Hamiltonian can be decomposed as
H(r) = Han + V() —m - MQ¥(r) + Hsor,  (A8)

where Hgn describes the kinetic energy, V(r) is the spin-
independent part of the effective potential, and Hgoy describes
the spin-orbit interaction. Using [ Hxin,08] = 0, [V (r),04] =
0, and [0y,08] = 2i€qp,0,, one can show the following
identity for the torque operator:

i
Tg = E[H — Hsor,08]. (A9)

Substituting 74 in Eq. (A7) by Eq. (A9) and inserting the
resulting expression for GRTﬂﬁ into Eq. (A1) we obtain

S TMAE

=-—— Z(M x §M)g

kn/S

X fanmZ wkn|T|I/fkm <wkm| HSOI’Gﬂ |I/fkn>

m=n - gkm

+ %3(51: = &) Vi T 1Yken) (Wien| [ Hso1,081[Wen)

(A10)

Equation (A10) is well suited for the calculation of the
magnetocrystalline anisotropy within Kohn-Sham density-
functional-theory codes. In contrast, the direct application
of Eq. (Al) in practice would suffer from the following
disadvantage: Since the magnetocrystalline anisotropy energy
is usually much smaller than the average exchange field Q*,
one would need to calculate both *¢ as well as the torque-
torque correlation function G7R;z, with very high precision if
one wanted to use directly Eq. (A1) for the determination of
the magnetocrystalline anisotropy.

In the absence of SOI, we have Hsor = 0 and Eq. (A9)
simplifies to 7g = i[H,04]/2. Since |{,) is an eigenstate of
H it follows that (Yx,|7g|¥ks) = 0 and therefore the last term
in Eq. (A7) vanishes. Thus, in the absence of SOI, Eq. (A7)
can be written as

h
Gr, =37 > finIm (Wi | To g | Wken) - (A11)
kn

Using 0,08 = 84 + i€upy0,, one can derive Eq. (44)
from (A11).
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