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A generic approach to study the stochastic field lines formed near the magnetic separatrix of poloidal
divertor tokamaks due to nonaxisymmetric magnetic perturbations is proposed. The method is based
on the determination of the so-called Poincaré integral [S. S. Abdullaev, Phys. Rev. E 70, 046202
(2004)] defined as an integral over the vector potential of the perturbation field taken along the
closed field lines orbit. This integral allows us to obtain the analytical estimations for the
characteristics of chaotic field lines near the magnetic separatrix, like the Chirikov parameter, the
widths of the stochastic layer and magnetic footprints, also the statistical characteristics of chaotic
field lines, the quasilinear field line diffusion coefficients, and the Kolmogorov lengths. These
estimations are in good agreement with the direct numerical calculations of corresponding
quantities. A field line convection coefficient is introduced to describe the preferential outward drift
of open chaotic field lines near the separatrix. © 2008 American Institute of Physics.

[DOL: 10.1063/1.2907163]

I. INTRODUCTION

Recent encouraging experimental investigations on sup-
pression of the edge localized modes (ELMs) in tokamaks,
Doublet IIT D (DIII-D), and Joint European Torus (JET) (see,
for example, Refs. 1-5) by applied external resonant mag-
netic perturbations have intensified the study of magnetic
stochasticity in poloidal divertor tokamaks as given in Refs.
6-21. In ideal axisymmetric poloidal divertor tokamaks the
magnetic separatrix sharply separates inner field lines of the
confined plasma region from open field lines of the scape-
off-layer (SOL). Any small nonaxisymmetric magnetic per-
turbations split the magnetic separatrix into a pair of stable
and unstable manifold intersections of which result in com-
plex chaotic behavior of field lines (see, for example, Refs.
22 and 23).

The study of magnetic stochasticity in fusion devices
goes back to the 1960s (see, e.g., Ref. 24, and references
therein). The stochastic behavior of magnetic field lines near
the magnetic separatrix due to its splitting has been, perhaps,
first found by Melnikov (see Refs. 25 and 26). Destruction of
magnetic surfaces near the stellator separatrix and the di-
vertor separatrix, and the properties of the stochastic layer
have been studied in Refs. 27-35.

In the early studies of magnetic stochasticity near the
separatrix analytical models of the plasma had been used,
and the criteria of stochasticity and the width of the stochas-
tic layer has been found on the qualitative (Chirikov) criteria
of overlapping of magnetic islands. The present studies of
this problem given in Refs. 7-15, 17, and 19-21 are mostly
based on the numerical field line tracing codes for the real-
istic magnetic configurations of the equilibrium plasma and
the external perturbation coils. Although these approaches
allow one to consider specific fusion devices, for instance,
DIII-D or JET, it would be useful to an approach which
reveals the generic features of the stochastic field lines near
the separatrix.
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In the present paper we intend to describe the universal
features of chaotic field lines near the magnetic separatrix of
poloidal divertor tokamaks. Since magnetic field lines are
equivalent to the 1+1/2 degrees-of-freedom Hamiltonian
systems, we will apply for our approach the general results
of the dynamics of Hamiltonian systems near the separatrix
(see, e.g., Refs. 24, 36, and 37, and references therein).
Based on these results, in particular, in Refs. 6, 38, and 39,
we show that the properties of perturbed field lines near the
separatrix are mostly determined by one quantity. This quan-
tity is the generalized Poincaré integral R, (h) defined as the
integral from the toroidal component of the vector potential
corresponding to the toroidal mode n taken along closed un-
perturbed field lines.

The determination of only one function R,(k) (for a
given toroidal mode n) is sufficient to estimate the main
characteristics of field lines in a stochastic layer near the
separatrix: the Chirikov parameter, the width of the stochas-
tic layer, the quasilinear diffusion coefficients. They also al-
low us to estimate the Kolmogorov lengths, and the width of
magnetic footprints on the divertor plates. It is important that
in contrast to the conventional approaches developed in Refs.
7-10, 12-14, 17, 19, and 20 one does not require the calcu-
lation of the whole poloidal spectrum of modes H,,, to esti-
mate these quantities.

As was shown in numerous publications (see, e.g., Refs.
40-44) the description of open chaotic field lines at the
plasma edge only by the diffusion coefficients of field lines is
not complete, since the transport of particles and heat along
these field lines becomes more convective, rather than diffu-
sive. To quantify this property of open field lines we intro-
duce the so-called field line convection coefficient, ug; . The
latter describes the average outward drift of open field lines,
and it gives the contribution V, =vug to the convection
velocity53 in transport equations, where v, is a sound
velocity.

© 2008 American Institute of Physics
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FIG. 1. Schematic view of poloidal divertor tokamak in the presence of
external coil perturbation.

The present work is organized as follows: In Sec. II the
main magnetic field line equations in Hamiltonian form and
some general features of field lines near the magnetic sepa-
ratrix of poloidal divertor tokamaks are recalled. Particularly,
the field line equations in the presence of the nonaxisymmet-
ric magnetic perturbations are also presented. The Poincaré
integrals describing the effect of magnetic perturbations are
introduced and their general properties are studied in Sec. III.
There we also recall the so-called separatrix mapping which
describes field lines near the magnetic separatrix. The prop-
erties of the stochastic layer of field lines near the separatrix
are described in Sec. IV. Particularly, we obtain the estima-
tions for the widths of the stochastic layer, magnetic foot-
prints, field lines diffusion coefficients, the field line convec-
tion coefficients, and the Kolmogorov lengths. Conclusions
are given in Sec. V. The calculation of the Kolmogorov
length using the separatrix mapping is described in the Ap-
pendix.

Il. BASIC EQUATIONS

We consider a single-null divertor tokamak under the
influence of the nonaxisymmetric magnetic field perturba-
tions of any origin, particularly created by external coils. The
scheme of the problem is shown in Fig. 1. We suppose that
the perturbation field penetrates into the edge plasma in a
vacuum approximation without a plasma feedback.

A. Field line equations

Let (R,Z, @) be a cylindrical coordinate system where R
is directed along the major radius, Z is the vertical coordi-
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FIG. 2. Schematic view of magnetic field lines near the X-point and the
separatrix mapping (18). Dotted curves 1-3 describe the unperturbed closed
(curves 1), open (curve 2) field lines, and the separatrix (curve 3); solid
curve 4 represents perturbed field lines; the section 3 consists of two seg-
ments of the & and 7-axes; the segments X, correspond to the divertor
plates; P, (k=0,*+1,%2,...) are the sequence of crossing points of the
perturbed field line with the & and #%-axes; P, is a hitting point of the
perturbed field line with the divertor plate X, &, is a &-coordinate of the
divertor plates. The unperturbed field lines (curves 1 and 2) tranversely cross
the axes (&, 7).

nate, and ¢ is the toroidal angle (see Fig. 1). In this coordi-

nate system the equations for field lines can be presented in

the Hamiltonian form (see, for example, Refs. 6 and 45)
dz _oH - dp._ H )

de ap,  de o

The canonical variables (z,p.) are related to the coordi-
nates (R,Z,¢): z=Z/Ry, p.=In(R/R,), where R is the major
radius of the torus center. The toroidal angle ¢ plays the role
of a timelike independent variable, and the poloidal flux rep-
resents the Hamiltonian function H which is determined by
the normalized ¢-component of the vector potential

RA
H=H(zp..¢)=—25. 2
(z.p¢) BoR2 2)
The poloidal magnetic field components, Bg,B,,
are  determined by Br=-dA,/ dZ=—(BoRy/ R*)3H | iz,
B.R'I(RA,)/ R=(BoR§/R*)3H  dp..

In the axisymmetric case A,=A,(R,Z). The magnetic
surfaces are determined by contour lines of RA(R,Z)
=const. The toroidal flux ¢, normalized to R(Z)BO, as a func-
tion of the poloidal flux for the given magnetic surface can
be found as a closed integral

Y(H) = (277)"'3g p(z.H)dz, 3)
C

taken along the closed contour C of H=H,(z,p.)=const. The
safety factor ¢(H) is then given by g(#)=dis/ dH.

Consider the field lines near the X-point which are sche-
matically shown in Fig. 2. Let (z=z,,p.=p,) be the coordi-
nate of the X-point in which the null of the poloidal magnetic
field is the first order. The latter means that the expansion of
the poloidal magnetic field (Bg,B;) near this point contains
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nonzero coefficients before the first order terms, i.e., Bg, By
~a,(z-z,)+a,(p,~p,), where a, #0,a,# 0. Then by the lin-
ear transformation of coordinates (z,p.) to the coordinates

(&.7m),

§= (Z - ZS)COS @y + (pz - ps)Sin o,
4)

7=—(z-2z,)sin ay + (p. — py)cos ay,

where «j is the angle between the z axis and the ¢ axis, the
Hamiltonian near the X-point can be presented in a normal
form,
2 2
@ B
H=Hy0,0)- —&+ 7,
00.0)- 58+ 7

(5)
where a and 3 are positive constants. Unperturbed field lines
transversely cross the axis (£, 7). The poloidal magnetic field
(Bg,B,) near the X-point are linear functions &, 7, i.e.,
Bg,B;~ a;&é+a,n with nonzero constant coefficients a,a,.

Near the separatrix the safety factor has universal as-
ymptotics

L Le
al) =5 I+ O, (6)

where h=H-H,(0,0) is the relative poloidal flux, y=ap,
Q>0 are a positive constant depending on the specific mag-
netic field configuration. As seen from Eq. (6) the safety
factor near the separatrix is mainly determined by the param-
eter vy, while the dependence on Q is weak. Note that % is the
relative poloidal flux. At the separatrix 2=0; it is negative for
the field lines inside the plasma region (h<<0), positive for
the open field lines (h>0).

Consider also the second order null of the poloidal mag-
netic field at the X-point (z=z,,p.=p,) when the coefficients
@, B in the expansion of H near the X-point given by Eq. (5)
(or a;,a, in the expansion of Bg,B,) vanish, and the next
nonvanishing expansion coefficients in Hamiltonian H are in
terms of the order of O(&)), and Bg,B,~a, &+a,én
+ay,77. This kind of divertor tokamaks with the second or-
der of null of the poloidal magnetic field have been recently
proposed in Ref. 46 in order to expand the flux of heat load
over a much wider area than in the case of the standard
divertor discussed above. The expansion of the Hamiltonian
near the points (z=z,,p,=p,) then contain the third order
terms, and can be presented as

h=-A(&-3&7) +B3E - 7)), (7)

where A and B are constants. For simplicity, we suppose that
B=0. Then one can show that the asymptotics of the safety
factor near the separatrix has the form

C
q(h)=——+ah+bh*+ -+,

|Al*

where C and s are positive constants independent of £, i.e.,
C>0, s>0, and a, b are constants.

h—0, (8)
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B. Magnetic perturbation

Consider the effect of nonaxisymmetric magnetic pertur-
bations. The magnetic perturbations can be described by the
vector potential

ByR?
(per) _ 070
A‘f (R.Z,p)=¢€ R

> AR, Z)cos(ng+ x,,), 9)

where n stands for the toroidal mode number, the dimension-
less perturbation parameter, €, is introduced as €
=max|Ag’er)|/ ByRy, and Y, is the phase of the toroidal mode
n. For the model of the plasma considered in Ref. 6 the
parameter € is equal to €=1./1,.

Then according to Eq. (2) the perturbation Hamiltonian
€H,(z,p.,®) can be written as

Hy(z.p..¢) = 2 H,(z.p.)cos(ne + x,,), (10)

n

where Hn(Z ’pz) :An[R(pz) »R()Zl

The effect of any nonaxisymmetric perturbation can also
be studied by presenting the equations (1) of field lines in
magnetic coordinates, i.e., toroidal flux, ¢, and poloidal
angle, 9,

d_’ﬂ — ﬁ d_l’b — ﬁ (1 1)
de oy de 39
with the Hamiltonian function written in the form
dy
H(¢,ﬁ,¢)=f ——+ el (4,9,9),
q(¥)
(12)

H] (l/}, 733 QD) = E Hmn(l/I)COS(WH?— ne+ an) .

mn

The strength of resonant magnetic perturbations which de-
stroys the magnetic surfaces #,,,, ¢(i,,,)=m/n, is given by
the Fourier components H,,,(#), resulting in the formation of
magnetic islands chain.

Furthermore the main statements will be illustrated for
the three-wire plasma model of the plasma described in Ref.
6. The parameters of the model are chosen close to the ones
of the JET: the major radius Ry=3 m, the toroidal field B,
=2 T, the plasma current /,=2 MA. The magnetic perturba-
tions are created by N pair of loop coils with opposite flow-
ing currents *1, (see Fig. 1, and Fig. 7 in Ref. 6). For this
model we have the values of the parameters a=0.713,
=0.620, y=0.442. A numerical integration of field line equa-
tions are performed using the accurate mapping method de-
scribed in Refs. 6 and 24, unless it is noted.

ll. POINCARE-TYPE INTEGRALS

The so-called Poincaré integrals play an important role
in the dynamics of motion near the separatrix (see, e.g., Ref.
22). The generalization of these integrals has been intro-
duced in Refs. 24, 38, and 39 for construction of canonical
mappings for description of motion near the separatrix. The
latter, R,(h), is defined as the integral,
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R,(h) = K, (h) +iL,(h)

mq(h)
= J H,(z(h,@),p.(h,¢))e"¢d, (13)
~mq(h)

taken over the functions H,(z,p,) along the closed field line
z2(h, @), p.(h,¢). At the separatrix 2=0 this integral coincides
with the Poincaré integral as given in Ref. 22. The 1ntegrals
R,(h) can be presented as a sum of regular, R reg) (h), and

oscillatory, R“?(h), parts, i.e., see Refs. 24 and 39
R, (1) =R (k) + R,™(h). (14)

where R(reg)(h) represents the smoothly varying part, and
R(O“)(h) describes the rapidly oscillating part. Near the sepa-
ratrix the leading term of the asymptotical expansion of
Rflosc)(h) in series of powers |h| is described by the formula

type,

R(h) = A|h|"? sin(mng(h)) + O(h), (15)

where the constant parameter A is not dependent on s. The

R(OSC)(h) has zeros at the primary resonance values of A,

q(h,,,)=m/n: R(OSC>(hmn) 0. The amplitude of oscillations

R(OSC)(h) also ceases when approaching the separatrix 71— 0
R(osc) (h) o<| |12,

A typical dependence of the R, () on the relative poloi-
dal flux & for the toroidal mode n=1 is shown in Fig. 3(a):
solid curve 1 describes the integral R, (k) itself, dashed curve
2, the regular part R"™(h). As seen from Fig. 3(a) R,(h) is
oscillating around Rnreg)(h). Figure 3(b) shows the depen-
dence of R,(0) on the toroidal mode number 7.

Near the separatrix and at the separatrix #=0 the inte-
grals Rflreg)(h) decay exponentially with the toroidal mode
number n. Analytical and numerical calculations show that
R,(0)cexp(=Cn/7y), where C is a constant parameter inde-
pendent of .

There exists the important relation between the Fourier
coefficients H,,, (i) in Eq. (12) taken at the corresponding
resonant magnetic surfaces, ¢,,,, and the Poincaré integrals
R,(h) (see Ref. 39),

1
Hmn(l;bmn) R (hmn) 2 (1 6)
TG (Y) "
where h,,,=h(i,,). This relation allows us to write the width
of the magnetic island through only one function, Rflreg)(h),
for a given toroidal mode number n,

172 172

dgldy

eq( lvllmn)Rn(hmn)

W, =4

(17)

Therefore, instead of evaluation of the spectrum of per-
turbation, H,,,, for all poloidal mode numbers m at the given
toroidal mode n, it is sufficient to determine only one func-
tion, R;reg)(h).

Phys. Plasmas 15, 042508 (2008)
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FIG. 3. (a) Typical dependence of the integral R, (k) on the relative poloidal
flux & for the toroidal mode n=1: curve 1 describes the function R,(h);
curve 2 describes its regular part qureg)(h). (b) Exponential dependence of
R,(0) on the toroidal mode n at the separatrix 2=0.

A. Separatrix mapping

The separatrix mapping is a very efficient tool to study
field lines near the separatrix and X-point. It allows one to
obtain the qualitative and quantitative characteristics of cha-
otic field lines such as the formation of a stochastic layer in
the plasma region and the structure of magnetic footprints on
the divertor plate (see Refs. 6 and 24).

The scheme of the separatrix mapping is shown in Fig.
2. Let P, be the kth crossing point of a perturbed field line
with the section X consisting of segments along the axes
&, m. The separatrix mapping relates the point P, with the

next crossing point Py, Py =MPk. For the full description
one should introduce a forward and backward mapping,
which maps the field line along the positive and negative
direction of the toroidal axis ¢, respectively. The crossing
point P, is defined by the canonical variables: the toroidal
angle, ¢, and the relative poloidal flux, &;. The simplified
form of the separatrix map for the single-null divertor toka-
mak is given by

hio = hy F €2, n[K,(0)sin (I),(f) +L,(0)cos CIDf)],

(18)
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1 =@ = mq(hy) + q(hiey) ],

where @i:)=n[goki 7q(hi)]+x,. The upper (lower) signs
correspond to the forward (backward) mapping.

The following rules are applied to the mapping given by
Eq. (18). It is supposed that a field line is inside the plasma
region when the relative poloidal flux % is negative at the
crossing point of a field line with the upper branch of the
g-axis, h,<0. If h >0 it is supposed that the field line
crosses the 7-axis and then hits the divertor plate X, (see
Fig. 2). This assumption works practically well for the suf-
ficiently small values of the perturbation parameter €, which
is confirmed with the numerical computations in Refs. 39.

To determine magnetic footprints on divertor plates 2.,
one needs to map field lines from the sections 2, to the
sections X, Since these sections are located close to the
X-point these field lines can be traced along unperturbed field
lines starting from its coordinates Py=(¢y,h;) at 2, until they
reach the divertor plate 3,; at the point P;=(¢y,h,) (see Fig.
2). The toroidal angle, ¢,, and the relative poloidal flux, &g,
on the divertor plate are determined as

ha=hi, o=@+ Ag(hy), (19)

where Ag(h) is the increment of the toroidal angle ¢ neces-
sary to reach the plate 3,; along unperturbed field lines on the
magnetic surface of constant h=h(z,p.).

IV. THE PROPERTIES OF THE STOCHASTIC LAYER
A. The generic structure

It is known that any small nonaxisymmetric perturba-
tions of Eq. (9) destroy the magnetic separatrix forming the
region of chaotic field lines near the unperturbed separatrix
(see, for example, Refs. 23 and 36). These field lines are not
confined anymore in the plasma region, and they leave the
plasma region hitting the divertor plates after a certain num-
ber of toroidal (or poloidal) turns.

Actually the structure of the stochastic layer near the
separatrix is not uniformly chaotic, but it consists also re-
gions of regular field lines, the so-called Kolmogorov—
Arnold-Moser (KAM) stability islands (see, e.g., Refs. 24
and 47). It is most convenient to present the structure of the
stochastic layer in the (¢, #) and (9, ¢) planes. Particularly,
the presentation in the (¢, 1) allows one to elevate the toroi-
dal mode content. A typical stochastic layer created by a
magnetic perturbation with toroidal mode n=3 is shown in
Figs. 4: (a) in the (9, ¢) plane; (b) in the (¢, ) plane; (c) the
Chirikov overlapping parameter o [see its definition below
given by Eq. (20)] versus the toroidal flux ¢.

As seen from Figs. 4(a) and 4(b) one can distinguish
between three different regions of the stochastic layer. The
first outer region, #,<<i,, adjacent to the unperturbed
magnetic separatrix consists of long stripes, the so-called fin-
gers, along which field lines from the inner region of the
plasma leave the system. In the inner region, i, <¢<ify
where the Chirikov parameter of overlapping neighboring
islands o is of order 1, the chaotic field lines fill the region
more uniformly, except tiny size KAM islands. The lower
part of the stochastic layer, . <<, bordering with the

Phys. Plasmas 15, 042508 (2008)
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FIG. 4. Poincaré sections of field lines near the separatrix in the (9, ) plane
(a) and (¢, ¢) plane (b). (c) Chirikov parameter o vs the normalized flux .
The perturbation parameter €=0.01.

last intact magnetic surface, consists of KAM stability is-
lands. The sizes of the latter increases towards smaller .

The outermost region of field lines bordering with the
unperturbed separatrix can be conveniently presented by the
so-called laminar plot, i.e., a contour plot of lengths of field
lines connecting the inner divertor plate with the outer di-
vertor plate. Such a plot is shown in Fig. 5 where the con-
nection lengths are measured in a number of poloidal turns.
The minimal number of poloidal turns of field lines entering
into the plasma region is equal to 2 shown in the figure by
dark blue areas. As seen from Fig. 5 the field lines with a
large number of connection lengths may go deeper into the
plasma along three pairs of stripes.

FIG. 5. (Color online) Contour plot of wall to wall connection lengths of
field lines in the (¢, ) plane, obtained by the separatrix mapping (18). The
corresponding Poincaré sections were shown in Figs. 4(a) and 4(b).
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Field lines in the laminar zone are predominantly di-
rected outward. This gives rise to the nondiffusive (convec-
tive) contribution to the heat and particle transport from the
inner regions of the plasma. Such a transport has been found
and extensively investigated in the Dynamic Ergodic Di-
vertor (DED) of the Tokamak Experiment for Technology
Oriented Research (TEXTOR) tokamak (see, for example,
Refs. 42-44). See below for a quantitative description of this
transport where a field line convection coefficient is intro-
duced (see Sec. IV D).

B. Width of the stochastic layer

To estimate the width of the stochastic layer usually the
Chirikov’s criteria of overlapping of neighboring magnetic
islands is used. As we see below (see also Ref. 4) this ap-
proach does not give an estimation for the width of the entire
stochastic layer, but for its highly ergodized outer part bor-
dering with the unperturbed separatrix as shown in Figs. 4(b)
and 4(c).

To estimate the width of the stochastic layer we use the
relative poloidal flux & instead of the toroidal flux . Reso-
nant magnetic surfaces, h,,,, defined by ¢(h,,,)=m/n, near
the separatrix become dense, i.e., the distance between
neighboring resonant magnetic surfaces, Sh=|h,.,1,—hu,l,
goes asymptotically to zero with increasing the poloidal
mode number m, or equivalently with decreasing |h|. Using
the asymptotics of the safety factor near the separatrix given
in Eq. (6) and the width of the (m,n) magnetic island in the
h variable, Ah=W,,,/q(h,,,), one obtains the Chirikov crite-
ria of overlapping of neighboring islands

(AR 4n’elR,(h)| _
Ol(h)_<5h> =2 - (20)

The condition Eq. (20) is satisfied for the motion near the
separatrix with || <h,, where h, is the boundary value of the
stochastic layer determined by the equation, o(h,)~ 1,

c 772'}/ .

The width of the stochastic layer is linearly proportional to
the perturbation parameter |/, €. Using the relation Eq. (5)
one can obtain the width of the stochastic layer along the
spatial coordinate X=R& X,=\2|h.|/ ax €. As seen from
Figs. 4(b) and 4(c) the condition o= 1 is satisfied only in the
outermost region of the stochastic layer.

Consider the case of the poloidal divertor with the sec-
ond order null of the poloidal field mentioned at the end of
Sec. IT A. Using the asymptotics of the safety factor in this
case given by Eq. (6) one can obtain the following estimation
for the width of the stochastic layer:

8 2ER 0 1/(1+s)
|hc| z( n 7T|Cn( )|> o E”“”). (22)

(21)

Using Eq. (7) we have the estimation for the spatial width of
the stochastic layer X.=~ (|h |/A)"3oc €30+ Therefore, the
stochastic layer formed near the separatrix due to nonaxi-
symmetric magnetic perturbations in these types of poloidal
divertor tokamaks would have significantly larger extension
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FIG. 6. Magnetic footprints on the inner divertor plate. AR is a width of the
magnetic footprint along the major radial coordinate R. The divertor plate is
located at the distance |X,|=|Ry&,/=0.2 m from the X-point along the &-axis
(see Fig. 2). The perturbation parameter €=0.05.

than for the standard X-point divertor tokamaks with the first
order null of the poloidal field at the X-point.

C. Width of magnetic footprints

The heat and particle deposition patterns on the divertor
plate are closely related to the magnetic footprints, i.e., the
hitting points of open field lines with the divertor plates (see,
for example, Ref. 11). The typical pattern of a magnetic foot-
print obtained by the Runge—Kutta integration scheme of
field line equations is shown in Fig. 6 in the (¢,R) plane on
the inner divertor plate. As seen there, it consists of three
spiral-like stripes.

The radial extension of magnetic footprints can be ana-
lytically estimated using the separatrix mapping given by Eq.
(18). A field line with the initial coordinates (¢y,h), (A
<0) in the plasma region leaves the plasma when it crosses
the axis 7, i.e., i;_; <0 and i, >0 (see Fig. 2). According to
the first equation in Eq. (18) the maximal value of the poloi-
dal flux h; carried by these field lines can reach the value

Boax < €1R,(0), R, (0) = VK2(0) + L2(0). (23)

This estimation is in good agreement with the direct numeri-
cal calculations of the magnetic footprints. For example, for
the perturbation parameter e=0.05 from the numerical calcu-
lation one has /,,,, ~3.5X 10™* which is close to A, ~4.2
X 107 obtained by the mapping. The numerical calculations
show also a linear dependence of h,, on the perturbation
parameter €. The latter is plotted in Fig. 7: curve 1 describes
the h,,, versus e, curve 2 corresponds to the fitted linear
function h=ae with a=6.920 69X 1073,

We estimate the radial width AR for the simple divertor
geometry shown in Fig. 2. Using the relation R=R, exp(p,)
and the expansion given Eq. (5) for the case when the di-
vertor plates are sufficiently close to the X-point one can
obtain



042508-7 On the description of magnetic stochasticity...

x10™
35 |
3 L
25 |

g
g I
< 15t
1 L
05 27

0 . , L | 1
0 0.01 0.02 0.03 0.04 0.05

€

FIG. 7. Dependence of the A, on the perturbation parameter € obtained by
the numerical integration: curve 1 describes the A, vs €, dashed curve 2
corresponds to the fitted linear function h=ae with a=6.9 X 1073,

AR = RO{eXp[pz(hmam gd)] - eXP[Pz(O, fd)]}’ (24)

where p.(h,&)=p,+cos a2/ B\h+a?X2/2R2, X =Ro&, is
the &-coordinate of the divertor plate (see Fig. 2). For
hpaxRo! |aX,| <1, we have

cos agh . R2  enR (0 R?
~ ’,_0 max’ ‘() < n( ) cos a /_0 ) (25)
V2[Xly Y V2X,

Using the values y=0.442, R,=3 m, |X,/=0.2 m for our
model of the plasma according to Eq. (24) we have the ap-
proximate value AR=3.1 cm for the radial width of mag-
netic footprint for the perturbation parameters e=0.05, which
is close the value AR=2.6 cm obtained from the numerical
calculations (see Fig. 6). Usually the width of the magnetic
footprints does not exceed the estimation given by Egs. (24)
and (25).

D. Diffusion and “convection” of field lines

To study the transport of particles and heat in the sto-
chastic magnetic field one requires the estimation of field
line diffusion coefficients and the Kolmogorov lengths (see,
e.g., Ref. 48). Below we derive an quasilinear formula for
the field line diffusion coefficients near the magnetic separa-
trix.

For the Hamiltonian system given Egs. (11) and (12), the
quasilinear diffusion coefficient Dw(h)=<(A¢)2)/ 2A ¢ along
the toroidal flux coordinate, ¢, is given by

e ) { m }
D) === 20 lmH, (D0 s =n . (26)
The diffusion coefficient of field lines, Dy =((AS)%)/2Al,
along the spatial coordinate (S) normal to the magnetic sur-
face, ¥(R,Z)=const, can be expressed through D ,(h). To be
specific consider the diffusion along the X=Ry¢ axis (see
Fig. 2). Then near the separatrix according to Eq. (5) we
have A= (dy/ dh) Ah=R;'q(h)alh|">AX. On the other hand,
the element of the field line length is equal to Al=RyA¢.
Using these relations and Egs. (16) and (26), we have
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FIG. 8. Field line diffusion coefficients at the different amplitudes of per-
turbations calculated numerically (curves 1-3) and according to the quasi-
linear formula (27) (curves 4-6): curves 1 and 4 correspond to €=0.01;
curves 2 and 5 correspond to €=0.02; curves 3 and 6 correspond to €
=0.05.
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For the validation of this quasilinear formula we have
also directly calculated the field line diffusion coefficients
Dy, using the procedure described in Refs. 24, 49, and 51.

The dependencies of Dy on the toroidal magnetic flux
obtained by the numerical calculations and the quasilinear
formula are plotted in Fig. 8 for the three different values of
the perturbation parameter e: curves 1 and 4 correspond to
€=0.01, curves 2 and 5—€=0.02, curves 3 and 6—€=0.05.
The numerical diffusion coefficients are described by curves
1-3, the quasilinear formulas, by curves 4—6. For example,
the magnetic field line diffusivity Dy for the perturbation
parameter €=0.05 takes the value 3.66 X 10 m at the nor-
malized toroidal flux ¢/ ,=0.95. For the plasma discharges
in the ELMs mitigation experiments by the resonant mag-
netic perturbation in DIII-D reported in Ref. 1 the sound
velocity is v,=5.5X 10° m/s. The corresponding stochastic
particle diffusivity x,=v,Dg_ has the value 2.01 m?/s, which
is of order of the anomalous particle diffusivity.

As seen from Fig. 8 the quasilinear values of the diffu-
sion coefficients Dy closely follow the numerical values,
although they slightly exceed the numerical one. The latter
fact is due to the remnants of islands in the stochastic layer
(see Fig. 4).

However, in the laminar zone where stochastic field lines
have a short connection lengths the transport of field lines
cannot be described as a diffusive process similar to the
laminar zone in the ergodic divertors (see Refs. 4244 and
49). Therefore the quasilinear formula is not valid in this
region (see Fig. 8).

In order to describe the transport of field lines in the
laminar zone we introduce statistical characteristics of cha-
otic field lines related to the convection velocity in the trans-
port equations. For simplicity we consider low-collisional
plasmas. Let v, be a component of a test particle velocity
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FIG. 9. Field line “pinch” coefficients, ug;, at the different amplitudes of
perturbations: curve 1, €=0.01; curve 2, €=0.02; curve 3, €=0.05.
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directed along the coordinate X normal to the magnetic sur-
faces. It can be presented as v, =dX(r)/dt=(dl/dt)
X[dX(r)/dl]=v,[dX(t)/dl], where v is a velocity of the par-
allel motion of the particle, d! is a length element on the field
line. The averaging of v | over the magnetic surface gives the
pinch velocity V| =vjug, where the quantity

_ (a0
L= < dl >‘z//=const’ (28)

describes the average drift of field lines in the stochastic
layer, and it can be called a field line convection coefficient.
The averaging (- --) is performed over field lines on the given
magnetic surface .

In the case of highly ergodized stochastic zones with the
long wall to wall connection lengths one expects that the
coefficient up; is negligibly small since field lines equally
cross the unperturbed magnetic surface in both the inward
and outward directions. However, in the laminar zone where
field lines have the short connection lengths the convection
coefficient up; may have reached significant values since
particles following the open field lines which left the plasma
region are terminated on the divertor plates and do not come
back to the plasma region. Such an outward drift of chaotic
open field lines may contribute significantly to the convec-
tional outward transport of heat and particles at the plasma
edge.

Figure 9 shows the radial profiles of the field line con-
vection coefficients, ug;, in the stochastic layer formed at the
three different perturbation coefficients: €=0.01 (curve 1),
0.02 (curve 2), and 0.05 (curve 3). The value of ug grows
radially when it approaches the unperturbed separatrix. For
instance, at the perturbation amplitude €=0.05 it reaches the
value up =3X 107 at the normalized toroidal flux /i,
=0.95. The sound velocity is v,=5.5X 10° m/s and the cor-
responding convection velocity V| =vug has the value
~16.5 m/s, which is of the order of the anomalous convec-
tion velocity in tokamaks (see, for example Ref. 50, p. 196).
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FIG. 10. Kolmogorov lengths of field lines at the different amplitudes of
perturbations: curves 1 and 4 corresponds to €=0.01; curves 2 and 5 corre-
spond to €=0.02; curves 3 and 6 correspond to €=0.05; curve 7 describes
the connection length L.=2mgR,,. Curves 1-3 are obtained by integration of
field lines Eqgs. (11) and (12); curves 4—6 are obtained by separatrix mapping
(18).

E. The Kolmogorov length

The Kolmogorov length, L, is a decorrelation length of
chaotic field lines. This statistical characteristics can be
found by averaging the maximal Lyapunov exponents o of
field lines in the stochastic layer. The latter characterizes the
inverse of mean length of exponential divergency of chaotic
field lines. The procedure of calculations of (o ()) using the
mapping technique of integration of the Hamiltonian equa-
tions given by Eqgs. (11) and (12), is described in Refs. 51
and 52. The Kolmogorov lengths are also determined using
the separatrix mapping (18) which is described in the Appen-
dix.

In Fig. 10 the profiles of the local Kolmogorov lengths
are plotted for the three different values of the perturbation
parameter €: €=0.01 (curves 1 and 4), €=0.02 (curves 2 and
5), and €=0.05 (curves 3 and 6). Curves 1-3 are obtained
using by the integration of field line equations (11) and (12);
and curves 4-6 are obtained by separatrix mapping given by
Eq. (18). As seen from Fig. 10 the Kolmogorov length has an
order of a connection length L.=2mq()R, (curve 7 in Fig.
10). Although the Kolmogorov lengths calculated by the
separatrix mapping exceed the corresponding values calcu-
lated from the direct integration, both values have the same
tendency; they monotonically decrease when one approaches
the separatrix.

V. CONCLUSIONS

We have described a generic method to study the sto-
chastic field lines formed near the magnetic separatrix of
poloidal divertor tokamaks in the presence of nonaxisymmet-
ric magnetic perturbations. The method is based on the in-
troduction of the generalized Poincaré integrals, R,(h), de-
fined as an integral taken over the toroidal component of the
vector potential of the perturbation field along the closed
magnetic fields. This integral alone (for a given toroidal
mode n) is enough to calculate the quantitative characteris-
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tics of the stochastic layer of field lines, the Chirikov param-
eter, the widths of the stochastic layer, and the magnetic
footprints on the divertor plate. It allowed one to estimate the
statistical characteristics of chaotic field lines, quasilinear
diffusion coefficients of field lines, and the Kolmogorov
lengths. For these estimations one does not need the deter-
mination of the set of poloidal spectrum H,,, of the magnetic
field perturbations.

We have introduced new statistical characteristics of
chaotic field lines near the separatrix, a field line convection
coefficient, quantifying a preferential outward drift of open
field lines. Together with the field line diffusion coefficients
this quantity allows one to estimate the stochastic transport
characteristics, the additional contributions to the diffusion
and the convection velocity due to open chaotic field lines. It
is shown that the convectional velocity of particles due to the
outward drift of chaotic open field lines may reach the values
of order of anomalous convection velocity.
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APPENDIX: LYAPUNOV EXPONENTS

Below we calculate the Lyapunov exponents and the cor-
responding Kolmogorov lengths using the separatrix map-
ping given by Eq. (18). Consider the Jacobi matrix,

sy Iy
o oh J
Jo= U (A1)
IPrr1 IPrs
ohy dgy
Since det|J|=1, the eigenvalues of this matrix \, , are given
by
M = 2(Tr J, £ N Tr J, - 2). (A2)
From the separatrix map Eq. (18) follows that
TrJ, =2 + wen(K,, cos (I),(f) —L, sin (I),(f))
dq(h dq(h
> q(hy) + q (1) . (A3)
ohy Oy

The finite time (or finite step N) Lyapunov exponent is de-
fined as (see, e.g., Ref. 51),

N
1
oy=—In[[ AW, (A4)
N

where A\ is the largest eigenvalue, i.e., A(k):max()\(lk),)\(zk)).
The local Kolmogorov length, Ly is determined as an inverse
of averaged oy,

Phys. Plasmas 15, 042508 (2008)

M
L, 1 .
Li(y) = oo (op) = MEl o), (A5)

where L.=2mq(#)R, is the length of a field line over one
poloidal turn, &y is the averaged value of oy taken over all
M field lines with initial coordinates on the magnetic surface
with a given .
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