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We have studied the solubility of potassium fluoride in agueous solution at near ambient condition,
using a simple modeling for the ion and water interactions and computing the values of the chemical
potential by molecular dynamics within the framework of Kirkwood generalized thermodynamic
integration approach for the evaluation of free energy differences. We report the details of the
procedure we used, which is based—at variance with previous attempts—on the individual
determination of the chemical potential for the ions in solution. We explore a wide range of salt
concentrations up to more than 25 M and determine the solubility. The agreement with the
experimental value is reasonable, taking account of the rather crude model us2802@merican
Institute of Physics.[DOI: 10.1063/1.1498820

I. INTRODUCTION what more complex, taking into account the possible occur-
rence of crystalline hydrate phases. In spite of the simple
The prediction of ionic solid’s solubility is of prime in- definition! there are no recent attempts to define a simple
terest for environment sciences and geochemistry with retheoretical procedure to see if it is possible to gain physical
gard to rocks solubility and water contamination in soils.insight into such processes by numerical simulations, apart
However, it is advisable to distinguish solids having commonfrom an early approach for sodium chloride in supercritical
ions or elements with water as &), SiO,, etc., and the water® This approach contains somewhat restrictacehoc
others as CaF; Ca(PQy),, . ... Compounds having com- assumptions to simplify the calculation both for the solid and
mon elements with water have acid-base properties and thefhe solution phases, which are not valid if the solubility is
dissolution often requires action of acids and bases. Otheiigh. Although the various ingredients needed are rather well
ionic compounds have even oxido-reduction properties an@inown in literaturé™3 no direct attempt exists to perform
their dissolution brings about a variation of their oxidation sych kind of calculations in the case of electrolyte solutions
degree. For exampl&/UO, becomes'UO3 " in water. Even 4t high concentrations. In particular, accurate calculations of
if we envisage, in the long term, to treat these kind of sys+free energies of solvation have been attempted only for
tems, in a first approach we will content ourselves Withsimple uncharged mixtures(rare gases at finite
studying systems not presenting these difficulties. A prelimioncentratiorfs' or near infinite dilution in the case of ionic
nary study on KF solubility is the goal of the present paperso|utes’’~1%13Furthermore it is required to compute the ab-
As a next step, we will treat systems close to it, as LiF,so|ute chemical potential of the species under investigation
Cak, ThF,, MgSQ,, CaSQ, BaSQ, etc., and we plan to i, the solid phases with sufficient accuracy using rather dif-
check common ion effects, i.e., the solubility of a salt in theferent, and in any event uncorrelated, methtds.In this
presence of another salt, by calculating lithium and/or calpaper, extending established techniques for the calculation of
cium salt solubilities in the presence of a KF excess. Thgne chemical potential of ionic species both in a dense liquid
solubility of a salt in a solvent is measured by the concenyng in the pure crystalline phase we will show how it is
tration of the saturateo! solution in equilibrium with a precipi- possible to compute the solubility of an electrolyte salt dis-
tate, i.e.,, when, at a given temperatdrand pressur®, the  gq|yed in water. The test case we have chosen for our simu-
chemical potential of the solute in solution equals the chemiragions is potassium fluoride salt in water, since its solubility
cal potential of the pure salt crystalline phase. In the case qf relatively high and thus requires to explore the case of
aqueous electrolyte solutions the problem could be somesqytions at high concentrations. In Sec. Il we review the
statistical mechanical theory. In Sec. Ill we define a micro-
dElectronic mail: mauro.ferrario@unimo.it scopic model, while in Sec. IV we detail the conditions of
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the molecular-dynamics simulations and we present our resf the potassium ion as a function of the temperafliiand
sults. Section V gives some concluding remarks. pressureP and in a solution withN,, water molecule Ny
=Ng ion pairs, is given by

ILLK(T,P,NW,NK 1NF):g(TvP1NW!NK+ 11NF)

In order to determine the condition of phase equilibria ~ 9T, PNy, N, Ne). )
we need to compare the values of the chemical potential for | order to calculate the Gibb’s free energy difference,
the electrolyte in solution with that in the solid phase at thefg|lowing Kirkwood, we gradually add to the solution at
given temperature and pressure. The density of both phasgs p N, Ny ,Ng) one extra ior (I being eitheiK or F) by
is too h|gh to make feasible a direct calculation USing W|d0rncoup||ng its interaction with the paramemrvarying in the

particle insertion methotf Therefore, we adopt the scheme interval [0,1]. We can write down the Hamiltonian for the
Origina”y proposed by Kil’kWOOd in the thll’tléS)f a gener' Composite System as

alized thermodynamic integration using a coupling param-

eter to describe a path from an analytically known “refer- H(N)=IK(Ny Nk ,Ng) +Uy(Ny Nk ,Np)

ence condition” to the point of interest. We generalize the 2

original NVT Kirkwood approach for liquid solutions to the + p—'+)\u1(N Ni ,Ng,1) (4)
NPT case. For the solid phase we calculate the absolute free 2m, W

igg;gﬁ of crystals using the method proposed by Frenkel anvq/hereuo is the potential energy term for the solution alone,

U, is the term corresponding to the interaction of the extra
A. Electrolyte chemical potential in solution ion | with the solution, and witiC(N,, ,Nk ,Ng) we indicate
the kinetic energy oN,, water molecules\y potassium ions
andN¢ fluorine ions. We can now write down the expression
for the isothermal—isobaric partition function

Il. THEORY

For a generic electrolyte in solution, composed gbn-
stituents, each constituept 1, . . . r having charge number
g; and formula weight number; , the condition of electro-
neutrality imposesSjr:lqjvJ:O. Therefore, since the con- O(T,P,N,, Ny ,Ng ,\)
centrations of ionic components cannot be varied indepen-

dently, the definition of separate chemical potentials, 1
although theoretically useful, does not have operational = NW!NK!NF!f dVexp(—BPV)
significance’ In our derivation we will drop, in the sub-
scripts, the indication of ionic charges and will simply denote 1
potassium ions b instead of K and fluoride ions byF XA3NWAiNKAiNFA|3
w

instead of F, in order to increase the legibility of formulas.

For example in the case of potassium fluoride one has simpl
V= vF=fand the chemicaﬂ potential of the electrolyte is X f drMwdrkdrNedr e Ao A, ®)
defined as
; where theA’s are the thermal de Broglie wavelengths, or
= 2 T ) more gener_ally the molecul_ar contributions from the momen-
=t KT A tum space integral. The Gibbs free energy of the composite

systemG(\)=—kgT In Q(\) is now a function of the cou-

pling parametein, while the Gibbs free energy difference
between the systems with=1 andA =0 can be expressed
§n terms of the thermodynamic integration

Starting from the finite difference ratiaF/AN; = u; defin-
ing the chemical potential of specigsas the change in free
energy produced by the subtraction or addition of a molecul
of type j from the system at fixed,V,N,.;, Kirkwood

originally derived the integral definition for the chemical po- 1 G
tentials AG= Q()\=1)—Q(?\=0)=f d)\’[a (6)
0 N
S
#j=kgTIn Nj/V+j Uj(N)dN +;(T), (2)  Thanks to the linear coupling, the generalized thermody-
0 namic force ovei has the simple expression
whereU;(\") is the expected value of the potential energy
of the subtracted particle in the ensemble in which the inter- | Y _ 1 19Q(N) _
action is weighted by the parametef, and ¢;(T) is the N Fk/:_ B o)L an A:A,_Wl)%:%" ()

contribution from the momentum space intedral.

In our case we prefer to use the pressBras a thermo- We now specialize to the case of a gradual insertion of a
dynamic variable rather than the volurie working in the  potassium ion, i.e.l=K, in order to take properly into ac-
isothermal—isobaric ensemble whose partition function is di€ount the number counting associated with particle indistin-
rectly related to the Gibbs free energy. Specializing to theguishability (the other casd =F follows identically). The
case ofK*F~ aqueous solutions, we can easily derive anrelation between the partition functions for the systems with
expression for the chemical potentials in terms of Gibbs freéN, andNy+ 1 potassium ions and the partition function de-
energy differences. For example, the chemical poteptjal fined as a function of the parameter Eq. (5) is
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V) IF(N 1 [0Q(\
QN =0)=Q(T,P,Ny.Ny Ne)"=, ®) ( ( )) kT ( A )) 1
Ak N Q)L N
=1)=(Ng+1 T,P,Ny,,Nc+1N
Q()\ ) ( K )Q( » T N INK ’ F)a (9) __ kBT 3N13N jdrNKdrNdeNdeNF
giving in terms of Gibbs free energies Q(\") h¥ kh=TF
d K+ XU+ (1—=N)Y,
o (V) X —exp(— Ok(T ) E”
GO\=0)=G(T.P.Nyy.Nic.Ne)—ksTn| ==, (10) N 5 o
K
T =(Uo—Ug)r=p - (18
GN=D=G(T,PNo Nict LNg) kg T n(NK+1)'(11) To get the exact relation between the free energy okthe

coupled systems and the physical system we have to take
The chemical potential of the ionic componeft in the into account the difference between the localized Einstein
solution at the concentration specified by the numbersnodel, with distinguishable particles, and the physical sys-

(Ny Nk ,Ng) is tem with indistinguishable particles. From the canonical par-
(T.P.Ny, N N =GN =1) — GA=0) tition function for the Einstein crystal
wi(T, PNy, N ,Np)=G(A=1)— =
D QNV, )=V, TN QP (v, TN, (19
Vv
—kgTlIn Ls . (12 whereN=Ng=Ng
(Ng+1)Ag 312
) V [ 2akgT
Equation(12) is identical to the original Kirkwood expres- Qe’(V.T)= F NOIVZE (20)
sion, derived in the canonical ensemble, apart from the vol- K
umeV replaced by the expected value of the volume in the - V [ 27kgT 32
isothermal—isobaric ensemble witN,N ,Ng) particles. Qe ' VD == 5| (21
A7 YV

B. Chemical potential of the solid phase
P P and the canonical partition function for the physical model

We derive the chemical potential of the solid phase by
computing, first, the absolute Helmholtz free energy of the _ 1
crystal using the Frenkel and Ladd thermodynamic integra- Qo(N,V,T)= NK!A3NKNF!A3NF
tion method! in terms of a coupling parametare[0,1] : F

K+U
IF(N) derSNKdrSNFeXp(_ O)’ (22

1
]—"()\=1)=]-"()\=0)+f d)\’[ N , (13) ksT
° A= we get for the physical Helmholtz free energy
referring to a system with the Hamiltonian FIN=0)=Fz, FN=1)=F—kgTIn(N!Ng!), (23
H(Ng ,Ng ,N)=K(Ng ,Ng)+ (AMp(Nk ,N 1
(NN 2= AR, N (ol R Ne) ]—‘=}'E+kBTIn(NK!N,:!)+f IN (Up—Ue)y—yr - (24)
+(1=N)Ug(Ng ,Ng), (14 0

wherel4, is the potential energy of the physical system andBy transforming Eq(24) into the Gibbs free energy, function

. . . . f N,P,T, and dividing by the number of ion pairs, we ob-
U is that of a corresponding Einstein crystal, used as a reff[-)ain the chemical potential of the ionic crystal
erence system

G(N,P,T) FAN,P,T) PV
N BERkERES T T T TN +f\]>- (25)

Z/{EZE

i=1

L K) _TTK)\2 Al F)  T(F)2
(0= —— P2, (15

lll. MODELING THE AQUEOUS K*F~ SOLUTION
wherer® r() are the equilibrium positions angt®), 5(F)
are the force constants of the harmonic crystal. In the canoni- Solvation of ions in water is a very active field of re-
cal ensemble from the partition function search. Water is historically the system for which more com-
putational studies exist and, consequently, many effective

1 potential models have been proposed and tested for Water.
Q(N,V,T;N)= WJ drNdrNrdpNkdpte For most ions, effective potential models for the interaction
with water exist. The model parameters, optimized with ref-
K+NUy+ (1=N)Ue erence to a specific solvent model, have usually been derived
Xex;{ - kT ' (16) by fitting ab initio calculated properties of a number of con-

figurations of small clusters of water around a central ionic
we derive the simple form for the thermodynamic force solute. These potential models have been used extensively to
along the parametex characterize solvation structures, ionic mobilities, and the
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TABLE I. Potential parameters for aqueous potassium fluoride solution.

0-0 3.166 0.6502 K-K 146 455.0 0.338 1463.3 1445.3
O-K 3.250 0.5216 K-F 50562.9 0.338 1174.3 1264.6
O-F 3.143 0.6998 F-F 16 365.6 0.338 1120.1 1324.8

electrostatic contributions to the free energies of solvation in ~ Holonomic constraints present in the water model were
the so-called limit of infinite dilution. Recently, also a few treated as usual witlsHAKE.>* To simulate isothermal—
simulations at finite concentrations have appeared with a foisobaric, NPT, conditions we implemented Noskloover’s
cus on the concentration dependence of the structural artiermosta® and a variant of the Andersen’s barostat de-
dynamical properties of hydrogen bonding in solutlBi®A  scribed in Ref. 26. The barostat uses the molecular virial to
question that remains open is how far the crude, fixed chargealculate pressuféin order to decouple the constraints from
effective model description can be extended to highlythe volume fluctuations. The resulting equations of motion,
charged systems. In particular, is it well founded to computesolved with the total momenturp,,,=0, sample the phase
the ion—ion pair interaction parameters using the so-callegpace according to theN(1)PT ensemble distributioff
“standard mixing rules” starting from those optimized from Long-range Coulomb interactions were treated using the

the single ion interaction with water or blending parametersEwald summation method.

and models developed for rather different thermodynamic
conditions? For example is it justified to use the molten salt
Born—Huggins—Mayer potential with Tosi—Fumi
parameter® for the interaction of ions in solution?

In this first attempt to describe or" F~ aqueous solu-

IV. MOLECULAR-DYNAMICS CALCULATIONS AND
RESULTS

To perform successful molecular-dynamics simulation of

tion our main goal is to provide a sound method for theour model we have to define completely the conditions of
calculation of solubility, and therefore, we will be content our computations. In particular we havé) To fix the pa-
with the most simple, hopefully realistic, model. For water rameters defining the Einstein crystél) to treat the long-

we chose the simple point char¢g8PC/B modef* and for

range forces and possible size dependencies associated with

ion—water interactions the model developed by Dang andhe insertion of charged particles; finally, although a minor

co-workeré? with parameters optimized for SPC/E water

EREL
while for ion—ion interactions we choose the earlier Born—
Huggins—Mayer potential with Tosi—FurifF) parameter®

82 Z|ZJ
—, (26

Vij(rij) =4e€;; (dmeg) T,

(i)

C. D.
TR N A el ij
Vig (rij) =AjjeTihi= == —g

ij ij

92 lel
—. (27)

(4’77'60) rij

Our decision to disregard electrical polarization effects was
eased by the high rigidity*hardness” of the fluoride ion.
Nevertheless the model chosen for ion—ion interactions is
known to work only moderately well for KF. However den-
sities and energies of the crystalline phase around room tem-
perature and pressure are roughly correct and, in any event,
much better reproduced than using a Lennard-Jones potential
with parameter extrapolated back from standard mixing
rules. The parameters used in our calculations are reported in
Table I.

Extensive investigations, by molecular dynamics with
the model described, of the properties of aqueous solution of
potassium fluoride are reported elsewh&r@hey show a
slowing down of the dynamics with increasing salt concen-
tration, more pronounced than in the experimental case. The
solution is closer to a gel than to a liquid. To avoid the
statistical problems associated with the slowing down we
decided to simulate a thermodynamic point with the some-
what higher temperaturé=320 K.

issue,(iii) to get rid of the corrections needed to account for
the fact that we work in ensembles with total momentum,
Pwt,» CONstant and equal @

For an Einstein crystal simulations at constant pres-
sure are meaningless, since the volume is by defini-
tion fixed once the equilibrium positions of the par-
ticles are chosen. Instead the best way to get the
parameters for the physical system is to work under
NPT conditions. Thus we first performediP T calcu-
lations for theK "F ~ crystal starting from the experi-
mental lattice at 298 K computing, after a suitable
equilibration, the average density of the solid. We
used a system witthN=2048 ion pairs aff =320 K
and P=0.1 MPa and found an average volume per
particle, (V)/N=238.627 B. Then we started &IVT
calculation for the same system with the volume fixed
to the average value reported above and calculated the
mean-square deviations of the ions from their equilib-
rium lattice positions (AR%,)=0.06326 A and
(ARf:)=0.07531 K. To optimize the sampling

the Einstein crystal was chosen by fixing the har-
monic constants in such a way to reproduce the cal-
culated  Debye—Waller  factors, i.e., vy
=3kgT/(ARY)), wherel stands fork™ or F~. A
total of 21 molecular-dynamics independent calcula-
tions were successively performed for the composite
system defined by the Hamiltonian in Ed4). The
values of the parametere[0,1] were taken at con-
stant separatio®\ =0.05. The molecular dynamics
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FIG. 1. A dependence of the thermodynamic fofé® — ), in the calcu-
lation of the Helmholtz free energy of the crystalline phase of potassium
fluoride. The error bars in the figure represent the standard deviation of the
instantaneous values.

(MD) averages were computed over equilibrium tra-
jectories of 100 ps. The results are shown graphically
in Fig. 1 together with their instantaneous standard
deviations. These are really only a marginal over-
estimate of the errors since, even disregarding the re-
ducing factor on the standard deviations coming from
counting properly the independent contributions to theliii)
mean values, we get the free energy value with suffi-
ciently high precision. From Ed25) we get the value
pu=—116.10 kJ/mol for the chemical potential of the
electrolyte in the solid phase at=320 K;

Solubility of KF in water 4951

To compute the chemical potential in the solution
phase we have to decide how to account for the ef-
fects of the long range interactions both for electro-
neutrality and for possible size dependencies. The ma-
jor problem in our MD simulations of the solution
phase is the insertion of charged particles. A first at-
tempt to introduce simultaneously a pair of particles
with opposite charges, maintaining overall electro-
neutrality, was unsuccessful, due to the difficulty to
obtain sufficient sampling of the relative configura-
tions for the inserted pairghe distance distribution
especially for small values of. Therefore, we had to
work with the insertion of a single ion, performing an
independent calculation of the chemical potential for
each speciesK™ and F~. The electro-neutrality of
the system was maintained by considering a neutral-
izing uniform background. It has been sugge5t8d°
that the periodicity of the system would imply a more
dramatic size dependence than desirable. Those au-
thors have suggested a size dependent correction for
this effect inversely proportional to the dielectric con-
stant. In our case the correction is small and largely
within our statistical error. Therefore, we did not in-
clude it in our results. Without such correction the
size dependence of our simulation can be seen in Fig.
2 both for the insertion in pure watgfig. 2(@)] and in

a highly concentrated solutidirig. 2(b)].

We also need to account for the fact that the calcula-
tions both in the solid phase and in the solutions are
performed in an ensemble at constant total momentum
Pwor=0. In Ref. 12, Polsoret al. have shown how to
estimate the corrections coming from this situation.

-50

-50
<U /k T> -100

-100
-150

-150
-200

2200
X 250

250 N ] . | . | . | . | X 1 ) | X | X
0 0.2 04 XA 06 0.8 10 02 04 ) 06 0.8 1

FIG. 2. Size dependence of the Coulomb contribution to the thermodynamic(tgkG&">™, in the calculation of the chemical potential for the potassium
ion in solution, for two casega) Pure water andb) 24.2 M KF solution. In both panel curves are representative of system with a given number of water
molecules:N,,= 1024 thick straight lineN,,=512 thick dotted lineN,,= 256 thin straight lineN,,= 128 thin dotted line. The change in slope is counter-
balanced by the presence of a central fixed point, so that the excess chemical potential obtained by integratishooverariations within 0.1 kd/mol, i.e.,

within the statistical errors of our calculation.

Downloaded 21 Dec 2006 to 134.94.122.39. Redistribution subject to AIP license or copyright, see http://jcp.aip.org/jcp/copyright.jsp



4952 J. Chem. Phys., Vol. 117, No. 10, 8 September 2002 Ferrario et al.

TABLE II. Electrolyte chemical potential: Individual contribution vs salt molar concentration. For complete-
ness we also include the average volume and the number of ion pairs in each system.

c[M] (V) [A®] Ng=Ng u&[kdmoll u& [kdimoll w® [kdI/moll w® [kI/moll u [kI/mol

0.0 15300 0 —39.5 -75.1 —114.6 -11.0 —125.6
5.28 10061 32 —42.5 —73.7 —116.2 -8.1 —124.3
8.40 12 686 64 —44.0 —715 —115.5 -7.8 —123.3
11.6 12 905 90 —45.5 —69.6 —115.1 -7.5 —122.6
141 13213 111 —46.9 -67.5 —114.4 —7.4 —-121.8
17.9 13925 150 —48.3 -64.1 —-112.4 -7.2 —119.6
24.2 17 148 250 —49.4 —-61.4 —110.8 —7.0 —117.8
26.5 12 029 192 —51.8 —56.8 —108.6 -6.9 —115.5

We have checked that in our case the corrections arproperties as a function of concentration, separating ideal
definitively small and there is no need to include and excess contributions defined as
them.

wY=KkgT log (28)

(Ni+ DA}
A number of systems at different concentrations were set m) '
up by choosing the tripletN,, , N, Ng) corresponding to a wKerE
s_eft of p_reo_lefined molal C(_)ncentrati_ons ranging from the “in- Mfex>=g()\= 1)—G(\=0), (29)
finite dilution” to very high molality. The systems were
equilibrated using a series bfP T molecular dynamics runs where the average volumes in E@8) were computed in
with heating—cooling cycles until we reached a satisfactoryseparateN P T runs of the various concentrated solutions.
equilibrium at the desired value= 320 K. For each concen- One, for us unexpected, feature of the individual excess
tration the individual chemical potentials of the two ionic chemical potential for the ions is shown in Fig. 3. While the
components were calculated using the method discussed. Axcess chemical potentia for the fluorine ion increases
before the values of the paramelet [ 0,1] were taken with  with salt concentrationgk behaves in the opposite way, that
the uniform spacing\ =0.05, and 20 independent MD runs is potassium ion is preferentially solvated in concentrated
at constanNPT for each ion were performed. In this case solution, while the fluorine ion has a high affinity for water,
the valuen=0 is not directly computable. The dependent probably related to its capacity to make strong hydrogen
thermodynamic forces were averaged over equilibrium trabonds. As a result, the variation of the electrolyte chemical
jectories of 100 ps. Individual results for the chemical poten{potential is the sum of two, large, opposite contributions, and
tial are listed in Table Il with the relevant thermodynamic has a relatively smooth behavior, rising slowly with concen-

-114.0
-50.0 -116.0 - 1 solid ..,‘?
/
.'J
1180 |- / L4
4
-60.0 H s
-120.0 |- -~
l‘.."
-",
—1220 | ‘{/f
-70.0 f,.
-1240 ﬁ..-
.-‘f
. 3
-80.0 260 | | ! !
PRI R RN BRI RPN R 0 5 10 15 20 25 30
0 5 10 15 20 25 c[M]

c¢[M]

FIG. 4. Graphical determination of KF solubility in water. The horizontal
FIG. 3. Behavior of the individual contributions to the electrolyte chemical line shows the value of the electrolyte chemical potential in the solid phase,
potential. The values of{ and u&* are shown. Lines represent a simple while the diamonds are those in the solution. As a guide to the eye we
polynomial (degree=3) fit to the data. In the inset the individual ideal include the fit with a polynomial of degree 3 and a vertical arrow showing
chemical potential are shown: Their behavior with concentration results simthe extrapolated molar concentration of the saturated solution, starting from
ply from the variation of the ion density, with the line showing the analytical an experimental value of 24.4 for the molalifgef. 31) which is very close,
log-dependence. for our model, to the solution witk=17.9 M.
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1.6 o different approaches, such ab initio simulations. The im-
portant point we want to stress is that the statistical mechan-
5L . ics theory of solubility does not present numerical or concep-
’ tual difficulties.
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