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Shear-induced displacement of isotropic-nematic spinodals
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The shear dependent location of the isotropic-nematic spinodals in suspensions of bacteriophage fd
is studied by means of time resolved birefringence experiments. The hysteresis in the birefringence
on increasing and subsequently decreasing the shear-rate allows the determination of the location of
points in the shear-rate vs concentration phase diagram between the isotropic-to-nematic and the
nematic-to-isotropic spinodals. Experimental hysteresis curves are interpreted on the basis of an
equation of motion for the orientational order parameter tensor, as derived from the N-particle
Smoluchowski equation. The spinodals are found to shift to lower concentrations on increasing the
shear-rate. Above a critical shear-rate, where shear forces dominate over thermodynamic forces, no
spinodal instability could be detected. ©2001 American Institute of Physics.
@DOI: 10.1063/1.1372510#
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I. INTRODUCTION

Early experimental observations of isotropic-nema
phase coexistence in systems of rodlike colloidal partic
were made by Zocher1 and Bernal.2 In later experimental
studies,3–8 other colloidal systems were found to exhib
isotropic-nematic phase coexistence as well, and in so
studies9–13 the kinetics of isotropic-to-nematic phase sepa
tion has been addressed. The isotropic-nematic phase tr
tion has also been studied in an externally applied magn
field.14 An exact theoretical result for the isotropic-nema
phase boundaries for very long and thin, rigid rods with e
cluded volume interactions was obtained some 50 years
by Onsager.15 More recent theoretical developments on t
isotropic-nematic phase transition can be found in Refs. 1
18. Orientational order parameter dynamics in systems
rodlike colloids with excluded volume interactions have be
considered theoretically by Doi and Edwards.19 Their ap-
proach is extended by Shimadaet al.20 and very recently by
Winters et al.,21 to include inhomogeneities, in order to d
scribe phase separation kinetics during the initial stage
spinodal demixing. Issues still open in this area are c
cerned with the role of attractive interactions and phase s
ration kinetics, especially beyond the initial stage~see van
der Schoot18 and Winters21!.

Phase coexistence and phase separation kinetics in
tems of lyotropic rigid rods under shear flow are less w
understood. For wormlike micelles, experiments on ph
separation and coexistence under shear flow are describ
Ref. 22.

Shear flow tends to align rod-shaped colloids along
fluid flow direction. Rod-shaped particles that would cons
tute an isotropic system in the absence of shear flow
slightly align in the presence of shear flow. Such a she
aligned system is referred to as ‘‘paranematic’’ instead
‘‘isotropic.’’ At sufficiently high concentration, coexistenc
10150021-9606/2001/114(22)/10151/12/$18.00
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under shear flow conditions between a paranematic an
nematic phase may occur. The nematic phase has a hi
degree of alignment than the paranematic phase. Of cou
shear flow~when sufficiently weak! increases the degree o
alignment of the nematic phase as compared to its unshe
state.

The only work on rodlike systems in this respect
which we are aware is due to Olmsted and co-workers.23–25

This work is partly based on thermodynamic consideratio
where driving forces are assumed to be generated by gr
ents in free energy. Olmstedet al. assume local equilibrium
and one of the phase coexistence conditions is equality
chemical potential in both phases. Although strictly speak
a free energy and chemical potential cannot be defined f
system in a nonconservative external field like the sim
shear flow, this work predicts interesting features. Olms
addresses the shear-induced shift of spinodals and bino
the existence of a log-rolling phase, where the director of
aligned rods is parallel to the vorticity direction, and th
occurrence of a hydrodynamic instability commonly referr
to as the shear-banding instability. As far as we know, th
are no experimental results on the shear-induced shif
phase coexistence boundaries or spinodals. In the pre
paper we present experimental results on the shear-ind
shift of the isotropic-nematic spinodals for suspensions
bacteriophage fd. The experimental technique that we use
time resolved birefringence measurement, where the hys
esis in birefringence on increasing and subsequently decr
ing the shear-rate is measured.

This paper is organized as follows. In Sec. II B we sh
present the theoretical background that is necessary to in
pret experiments. In particular, we shall define the notion
spinodals in systems under shear flow, derive an equatio
1 © 2001 American Institute of Physics
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10152 J. Chem. Phys., Vol. 114, No. 22, 8 June 2001 Lenstra, Dogic, and Dhont
motion for the orientational order parameter tensor, star
from the N-particle Smoluchowski equation for rigid rod
and use this equation of motion to calculate hystere
curves. In the experimental Sec. III, we shall first descr
the colloidal system and the birefringence equipment,
then proceed with presenting the experimental results
discussion. Section IV contains a summary and conclusi

II. THEORY

A. The suspension flow field

The flow considered here is chosen in thex-direction,
with its gradient in they-direction. That is, the flow velocity
is equal toU5G"r , whereG is the velocity gradient tensor

G5ġS 0 1 0

0 0 0

0 0 0
D , ~1!

with ġ the shear-rate. The direction of the incident las
beam is along the gradient direction, as depicted in Fig
while the polarization state of the light is characterized
the anglea of the electric field with thez-axis.

B. Definition of spinodals in systems under shear
flow

A spinodal is defined as the set of control variables~like
temperature, concentration, and shear-rate! where the system
in the homogeneous state becomes absolutely unstable.
is, the spinodal separates the~meta-! stable region from the
unstable region in the phase diagram, where demixing is
tiated by order parameter fluctuations of arbitrary small a
plitude. On the~meta-! stable side of the spinodal, phas
separation is induced only by fluctuations with an amplitu
that exceeds some minimum, finite amplitude. Without sh
flow, the spinodal can be obtained from thermodynamic c
siderations: by definition the spinodal is the set of variab
where the free energy barrier for phase separation beco
equal to zero. Such a thermodynamic approach is no lon
feasible for systems in a nonconservative external field,
a simple shear flow. The spinodal must now be obtain
from equations of motion for the relevant order parame
By definition, the location of the spinodal can now be o
tained by a linear stability analysis of the equation of motio
The set of control variables where the equation of mot
becomes absolutely unstable defines the spinodal. This
netic definition of the spinodal should reduce to the us
thermodynamic definition in the absence of shear flow.
case of the gas–liquid transition for attractive spherical c

FIG. 1. Definition of the flow geometry.
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loids, the relevant order parameter is the density. The eq
tion of motion for the density, as derived from the Smol
chowski equation for spheres, is indeed shown in Ref. 26
reproduce the gas–liquid spinodal as obtained from ther
dynamic considerations, when shear-rate contributions to
equation of motion are neglected. For the rodlike syste
under consideration here, the equation of motion for the
entational order parameter becomes unstable beyond s
concentration. This equation of motion will be derived in t
next subsection.

Experimentally, the location of a spinodal cannot
principle, be detected to within arbitrary accuracy. Close
the theoretical spinodal, on the~meta-! stable side, the am
plitude of order parameter fluctuations necessary to init
demixing is small, but nonzero. When the change in f
energy on creating an order parameter variation of s
small amplitude is less than aboutkBT, demixing will occur
without any time delay, as if one quenched into the unsta
region of the phase diagram. There is thus a gradual cha
of nucleation dominated demixing to spinodal demixin
This prevents a sharp experimental determination of the
cation of the spinodal.

C. An equation of motion for the orientational order
parameter tensor

The reason for deriving an equation of motion for t
orientational order parameter is twofold. First of all, a line
stability analysis of such an equation renders the shear-
dependent location of the spinodals. Second, this equatio
motion will be used in Sec. II F to analyze the experimen
procedure used here to detect the location of the spinod

The equation of motion we will derive here from th
N-particle Smoluchowski equation for rigid rods is ve
similar to that obtained from the Doi–Edwards equation19

The assumptions involved in the derivation of the equat
of motion for the orientational order parameter tensor
most clearly revealed by starting from the N-particle Smo
chowski equation. We shall therefore discuss the deriva
of this equation of motion, starting from the N-partic
Smoluchowski equation, in some detail below.

The central quantity is the orientational order parame
tensor, which is defined as

S[^ûû&, ~2!

whereû is the unit vector along the long axis of a uniaxi
rod, the ‘‘orientation’’ of the rod, and the brackets deno
ensemble averaging. The eigenvector of this tensor with
largest eigenvalue is commonly referred to as ‘‘the dire
tor,’’ and points into the preferred orientation of the rod
Equations of motion forS have been considered before b
Hess,27 and Doi and Edwards.19 Hess’s derivation is base
on thermodynamic arguments, while Doi and Edwards s
from their equation of motion for the probability densi
function ~pdf! of the orientations of a rod. Here we will sta
from the N-particle Smoluchowski equation for the pdfP of
the positions (r1 ,r2 ,...,rN) and orientations (û1 ,û2 ,...,ûN)
of all N rods in the system under consideration. In analyz
this equation of motion we will recover the equation of m
 license or copyright, see http://jcp.aip.org/jcp/copyright.jsp
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10153J. Chem. Phys., Vol. 114, No. 22, 8 June 2001 Shear-induced displacement of isotropic-nematic spinodals
tion used by Doi and Edwards, which is known to reprodu
the Euler–Lagrange equation that complies with Onsag
free energy functional without shear flow.28 The Smolu-
chowski equation is a continuity equation for translation
and rotational motion and reads

]P

]t
52(

j 51

N

@¹ j•~vj P!1R̂j•~Vj P!#, ~3!

with vj the translational velocity of rodj andVj its angular
velocity, ¹ j is the gradient operator with respect tor j , and
R̂j is the rotation operator which is defined as

R̂j~ ...!5ûj3¹uj
~ ...!,

with ¹uj
the gradient operator with respect to the orientat

ûj of rod j.
On the Brownian time scale, where there is a force a

torque balance, the translational and rotational velocities
the rods can be expressed as functions of positions and
entations. To this end, a rod is represented as a strin
spherical beads, and Faxe´n’s theorem is applied to each o
the beads. Faxe´n’s theorem relates hydrodynamic forces a
velocities of spherical objects immersed in arbitrary flu
flow fields.29 Analyzing the resulting relation between th
bead velocities and the hydrodynamic forces on the bead
very long, thin rods~similar to Ref. 29!, the following ex-
pression for the translational velocity is obtained:

vj52DtD~ ûj !•@b¹ jC1¹ j ln P#1U~r j !, ~4!

with b51/kBT, and

Dt5
kBT ln~L/D !

4ph0L
,

which is proportional to the orientationally averaged trans
tional diffusion coefficient for a free, noninteracting ro
with L the length andD the diameter of the rod, andh0 the
viscosity of the solvent. Furthermore,

D~ û![ Î1ûû,

while C in Eq. ~4! is the total potential energy andU is the
suspension flow velocity. The rotational velocity is foun
similarly and equals

Vj52Dr@bR̂jC1R̂j ln P#1ûj3@ ûj•¹ jU~r j !#, ~5!

with

Dr5
3kBT ln~L/D !

ph0L3

the rotational diffusion coefficient for a free, noninteracti
rod.

In both Eqs.~4! and ~5! the total potential energy ac
counts for direct interactions between the rods. The total
tential energy is now assumed to be pairwise additive, tha

C~r1 ,...,rN ,û1 ,...,ûN!5(
i , j

V~r i2r j ,ûi ,ûj !,

whereV is the interaction potential for two isolated rods: t
‘‘pair-interaction potential.’’ In case of excluded volume in
Downloaded 21 Dec 2006 to 134.94.122.39. Redistribution subject to AIP
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teractions this is an exact relation. Integration of the Smu
chowski equation~3! with respect to r1 ,r2 ,...,rN and
û2 ,...,ûN , after the substitution of Eqs.~4! and~5!, results in
the equation of motion for the reduced pdfP(û,t) for the
orientationû of a rod. This equation of motion depends o
the two-particle pdfP(r ,r 8,û,û8,t). In order to obtain a
closed equation of motion, let us first introduce the pa
correlation functiong. For a homogeneous system the pa
correlation function is defined as

P~r ,r 8,û,û8,t ![E dr3 ...E drN R dû3 ... R dûN

3P~r ,r 8,r3 ,...,rN ,û,û8,û3 ,...,ûN ,t !

[
1

V2 P~ û,t !P~ û8,t !g~r ,r 8,û,û8,t !. ~6!

We shall approximate the pair-correlation function as

g~r ,r 8,û,û8,t !5exp~2bV~r2r 8,û,û8!!. ~7!

This expression forg, when used to close the Smoluchows
equation, reproduces the Doi–Edwards19 equation of motion,
which is know to reproduce the Onsager free ene
functional15 for long thin rods, in the absence of shear flo
which is exact in the limit whereD/L→0. In principle, g
will be affected by shear flow. However, the effect of she
flow on the one-particle pdfP(û,t) is probably much more
important.

Substitution of Eqs.~4! and ~5! into Eq. ~3!, and then
performing the integration as described earlier, one finds

]

]t
P~ û,t !5DrR̂•~R̂P~ û,t !2bP~ û,t !T̄~ û,t !!

2R̂•P~ û,t !û3~ û•¹U~r ,t !!, ~8!

whereT̄(û,t) the average torque on a rod, which is equal

T̄~ û,t !52 r̄E dr 8 R dû8P~ û8,t !g~r2r 8,û,û8,t !

3R̂V~r2r 8,û,û8! ~9!

with r̄5N/V the number density. To within the approxima
tion Eq. ~7! for the pair-correlation function, we have, fo
excluded volume interactions,

g~r2r 8,û,û8!R̂V~r2r 8,û,û8!5b21x~r2r 8,û,û8!, ~10!

wherex is the characteristic function for core-overlap, th
is, x51 when the cores of the rods overlap and is 0 oth
wise. Since for very long, thin rods,

E dr 8x~r2r 8,û,û8!52DL2uû3û8u ~11!

the average torque is found to be equal to

T̄~ û,t !522b21DL2r̄R̂ R dû8P~ û,t !uû3û8u. ~12!

We shall expand the right-hand side of this equation
fourth order in bilinear products of the orientationsû andû8.
This Ginzburg–Landau type of expansion results in a fou
order expansion of the free energy with respect toS, in the
 license or copyright, see http://jcp.aip.org/jcp/copyright.jsp



ca
,

tia
w

-

d

gr
c
w
es
ng

lly
ies

.

u
th

i
a

n
or
t

re
nce

m
or

ho-

f-
f

nfi-
ive

al

st
s

–

ble

n

in

to
by
act
x-

t to
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case where no shear flow is applied. Such an expansion
tures the essential physics. Hence, we shall approximateuû
3û8u'12 1

2(û•û8)2, which is reminiscent to the well known
Maier–Saupe approximation for the pair-interaction poten
for two hard rods.30–32Evaluation of the average torque no
results in

T̄~ û,t !52b21DL2r̄û3@S~ t !•û#. ~13!

Multiplying both sides of Eq.~8! by ûû, using Eq.~13!, and
then integrating with respect toû, yields an equation of mo
tion for the order parameter tensorS. This result is only valid
for the homogeneous system, where the shear-rate, the
sity, and orientational order are independent of position,

]

]t
S522Dr@3S2 Î22DL2r̄~S•S2S~4!:S!#

1ġ@Ĝ•S1S•ĜT22S~4!:Ĝ#, ~14!

where

S~4!5^ûûûû&

is a fourth order tensor. To be able to evaluate Eq.~14!, S(4)

must be expressed in terms ofS. Following Hinch,33 such a
closure relation can be constructed by noting that the de
of alignment of the rods is a monotonically increasing fun
tion of the shear-rate. An interpolation between the kno
forms ofS(4) for the isotropic and the perfectly aligned stat
is therefore expected to be reasonably accurate. Assumi
second order polynomial inS for S(4), a calculation of the
coefficients from the known forms for the isotropic and fu
aligned states, and imposing trivial contraction propert
yields, for arbitrary tensorsM ,

^ûûûû&:M5 1
5@S•MS1MS•S2S"S•MS2MS•S"S

12S"MS•S13SS:MS#, ~15!

with

MS5 1
2@M1MT#

the symmetric part ofM . Using this closure relation in Eq
~14!, we finally find,

]

]t
S52ġ~ 2

5@S"Ê1Ê"S2S"S"Ê2Ê"S•S12S"Ê"S13SS:Ê#

2Ĝ"S2S"ĜT!2Dr@6S22Î2 12
5 DL2r̄~S"S2SS:S!#,

~16!

with

Ê5 1
2@Ĝ1ĜT#.

This is the equation of motion that is at the basis of o
interpretation of experimental data and the calculation of
phase diagram as far as the spinodals are concerned.

As can be seen from the above derivation, the Do
Edwards equation is obtained when assuming that the p
correlation function has the form as given in Eq.~7!, that is,
when higher order correlations are neglected. For very lo
thin rods this is probably a good approximation. Furtherm
the translational and rotational diffusion coefficients relate
Downloaded 21 Dec 2006 to 134.94.122.39. Redistribution subject to AIP
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diffusion of a single, noninteracting rod, and are therefo
independent of concentration. The concentration depende
of diffusion coefficients can in principle be calculated fro
the Smoluchowski equation, similar to calculations f
spherical colloids~see for example Ref. 29!. The extension
of the above analysis of the Smoluchowski equation to in
mogeneous systems is currently under investigation@J. K. G.
Dhont, W. J. Briels, to be published#.

D. The shear-rate dependent spinodals

Let us first define the effective rotational diffusion coe
ficient Dr

eff as follows. LetS0 denote a stationary solution o
the equation of motion Eq.~16!. Now write S(t)5S0

1dS(t), and linearize the equation of motion Eq.~16! with
respect todS(t). The linearized equation of motion will be
of the form

]dS~ t !

]t
52cDr

eff
•dS~ t !, ~17!

with c a numerical constant that is chosen such that for i
nite dilution and in the absence of shear flow, the effect
diffusion tensorDr

eff becomes equal toDr Î , whereDr is the
single particle diffusion coefficient. The effective rotation
diffusion tensor depends on concentration and onS0 . When
at least one eigenvalue ofDr

eff is negative, the stationary
solutionS0 is unstable. By definition~see Sec. II B! the den-
sity and the stateS0 are on the spinodal when the smalle
eigenvalue ofDr

eff is zero. The rotational dynamics are thu
extremely slow close to the spinodal~this is analogous to
critical slowing of translational diffusion in case of a gas
liquid transition!. The spinodal concentration where theiso-
tropic state without shear flow becomes absolutely unsta
can be found by linearization aroundS05 1

3Î . Hence we write

S~ t !5 1
3Î1dS~ t !, ~18!

and linearize Eq.~16! with respect todS(t). The solution of
the resulting linear equation of motion is

dS~ t !5dS~ t50!exp$26Dr
efft%, ~19!

where the effective rotational diffusion coefficient is give
by

Dr
eff5Dr S 12

2

15
DL2r̄ D . ~20!

For concentrations where2
15DL2r.1, the effective rota-

tional diffusion coefficient is negative, so that Eq.~19! pre-
dicts an exponential increase ofdS(t) with time. The spin-
odal concentration for the isotropic-to-nematic transition,
terms of the volume fractionw of rods, is thus found to be
equal to (L/D)w55.89. This number should be compared
its exact value, 4, for very long, thin rods as found
Onsager.15 The discrepancy between our result and the ex
value is primarily due to the Ginzburg–Landau type of e
pansion, and to a lesser extent, to the closure relation.

In the case where shear flow is applied it is convenien
introduce the dimensionless rotational Peclet number,
 license or copyright, see http://jcp.aip.org/jcp/copyright.jsp
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Per
05ġ/Dr ~21!

and the dimensionless time

t5Drt. ~22!

The rotational Peclet number measures the effect of the s
flow on orientational microstructure in the case where
effective diffusion coefficient is not very different from th
bare diffusion coefficientDr . The stationary state unde
shear flow around which one should linearize the equatio
motion Eq.~16! is not known analytically, but must be foun
numerically. Bifurcation diagrams, where the largest eig
value l of the order parameter tensorS for stable states is
plotted versus (L/D)w, are collected in Fig. 2 for variou
shear-rates. Diagrams of this sort are extensively discu
in Refs. 34, 35. The curves in the diagram are attractors
the equation of motion Eq.~16! for a given Peclet numbe
Per

0. The spinodal points are the points where the cur
terminate: here the attractor becomes a repellor. As can
seen, for small enough shear-rates there is a concentr
range where there are two stable solutions of Eq.~16!: a
so-called paranematic state~the isotropic state which is
slightly shear-aligned! and a nematic state. These concent
tions are within the two-phase region. Above a certain cr
cal shear-rate, corresponding to a Peclet number equa
Per ,c

0 '0.15, the paranematic and the nematic branches m
into one single curve. For these large shear-rates, therm
namic forces are too small in comparison to shear force
be able to induce a discontinuous phase transition. The n
equilibrium phase diagram, as far as the spinodals are
cerned, is given in Fig. 3.

E. The relation between birefringence and the
orientational order parameter tensor

Before describing the experimental method to obtain
shear-rate dependent spinodals, we shall have to establis
relation between birefringence and the orientational order
rameter tensor. Lete i ande' denote the dielectric constan
for polarization directions of the light parallel and perpe

FIG. 2. The largest eigenvalue ofS vs concentration. The lines represe
stable solutions of the equation of motion@Eq. ~16!#, for various bare Pecle
numbers as indicated in the figure.
Downloaded 21 Dec 2006 to 134.94.122.39. Redistribution subject to AIP
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dicular to the rod’s long axis, respectively. These values
assumed to be constant within the core of the rod. The
ference betweene i and e' comprises both intrinsic anisot
ropy of the rod material as well as ‘‘form contributions’’ du
to intra-particle multiple scattering.

By decomposing an incident electric field into a comp
nent parallel to the unit vectorû that specifies the orientatio
of the long axis of a rod and a component perpendicular to
the dielectric constanterod of the rod is found to be equal to

erod5e iûû1e'@ Î2ûû#5 ē Î1De@ ûû2 1
3Î #, ~23!

with

ē5 1
3~e i12e'!, De5e i2e' .

The dielectric constant is now a tensorial quantity. The
electric constant of the suspension is a linear combination
the dielectric constants of the solvent and the rod mate
This is a very good approximation, certainly at the very lo
volume fractions of interest for the long and thin rods und
consideration. The apparent dielectric constant of the sus
sione, relative to that of the solvent, is thus equal to~with e f

the dielectric constant of the solvent andw the volume frac-
tion of rods!,

e5werod1~12w!e f Î

5@wē1~12w!e f # Î1wDe@ ûû2 1
3Î #

[e isoÎ1wDeûû, ~24!

with e iso the isotropic part of the dielectric tensor, which
equal to

e iso5wē1~12w!e'2 1
3wDe5we'1~12w!e f .

We assumed, in Eq.~24!, that all rods are identical in optica
properties. The apparent dielectric constante(n̂) for a given
polarization directionn̂ of the light is equal ton̂"e"n̂. The
corresponding macroscopic refractive index is equal

FIG. 3. Nonequilibrium spinodals. The lower solid line is the spinod
where the nematic phase becomes unstable on lowering the concent
~the nematic-to-paranematic spinodal!, while the upper solid line is the spin
odal where the paranematic phase becomes unstable on increasing th
centration~the paranematic-to-nematic spinodal!. The dotted line is the pre-
dicted experimental curve as obtained from birefringence hyster
experiments, as calculated from the equation of motion Eq.~16! ~see Sec.
II F!.
 license or copyright, see http://jcp.aip.org/jcp/copyright.jsp
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nm(n̂);^Ae(n̂)&, where the bracketŝ...& denote ensemble
averaging with respect to orientation. To leading order
De/e iso we thus find

nm~ n̂!5nisoF11
1

2
w

De

e iso
n̂"S"n̂G , ~25!

whereniso;Ae iso is the refractive index corresponding to th
dielectric constante iso. The assumption here is that the ma
netic susceptibility of the fluid and the rods are both equa
that of vacuum.

The birefringenceDn8 is defined as the maximum dif
ference in the refractive indexnm(n̂) on varyingn̂ within the
plane perpendicular to the propagation direction of the li
beam. In our experiments, the light beam propagates a
the gradient direction~the y-direction, see Fig. 1!. Since for
the geometry used here we haven̂5(m,0,A12m2), with
0<m<1, it is found thatn̂"S"n̂5m2(S112S33)1S33 ~note
that S1350, due to symmetry with respect to thexy-plane!.
Hence the maximum and minimum values of the refract
index are taken bym50 andm51, that is, forn̂ along thex-
andz-direction, respectively. We thus find that

Dn8;cuS332S11u, ~26!

with Si j the i j th componentS andc the concentration. This
is a special case of the formula given by Fuller~Ref. 36, p.
113!, with S1350.

F. The experimental procedure

The intuitive idea behind the procedure used to obt
the shear-rate dependent spinodals is the following. Cons
a homogeneous system of rodlike particles with a concen
tion below the nematic-to-isotropic spinodal concentrat
(L/D)w55.24, and above the critical concentration~see Fig.
3!. Suppose the system is subjected to a ‘‘shear-rate swe
as depicted in Fig. 4: the shear-rate is increased with t
during 0.5 to 1 s up to avalue between 1–7 s21, which is
then maintained for some time, after which the shear-rat
decreased to zero. On increasing the shear-rate, the con
tration where the paranematic phase becomes unstable
creases, as can be seen from the bifurcation diagram Fi
At a certain shear-rate~ġ1 , say!, the paranematic-to-nemati
spinodal concentration will be lower than the actual conc
tration. The system will then, initially very slowly, evolv
toward the stable nematic state. On decreasing the shea
after some time, the nematic state will become unsta
again at a certain shear-rate~ġ2 , say!. The system will then

FIG. 4. A shear-rate sweep. The shear-rate is increased linearly in
during a time interval of 0.5 to 1 s, after which the shear-rate is kept c
stant for 10 s~varying from 1 to 7 s21! and then decreased linearly in tim
to 0 within the same time span.
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return to the paranematic state. Sinceġ1.ġ2 , as can be seen
from the bifurcation diagrams in Fig. 2, there will be a hy
teresis in the measured birefringence during such a shear
sweep. The shear-rate where the maximum hysteresis in
refringence occurs will be in between the two shear-ratesġ1

and ġ2 where the paranematic and nematic phase bec
unstable, respectively. On variation of the concentration,
procedure provides a line in the nonequilibrium phase d
gram that is in between the two spinodals. Since rotatio
dynamics close to the spinodals are very slow, the form
the hysteresis curve will probably depend on the shear sw
rate, that is, the rate of change of the shear-rate. The effe
the very slow dynamics near the spinodal points can
eliminated by extrapolating hysteresis curves to a sweep
equal to zero. For concentrations above the nematic
isotropic spinodal concentration (L/D)w55.24, the system
will tend toward the stable nematic state above a cer
shear-rate, and will not return to the isotropic branch ag
on subsequent decrease of the shear-rate. There may b
exception when the system is not allowed to actually att
the stable nematic state before decreasing the shear
again, that is, when the state of the system remains in
basin of attraction of the paranematic branch during the
tire experiment. These intuitive ideas will be quantified b
low on the basis of the equation of motion Eq.~16!.

There are two assumptions made in the above reason
First of all it is assumed that phase separation under s
does not occur during a shear-rate sweep. For the fd sys
this was tested and no phase separation under shear flow
observed over a period of 2 days, while the birefringen
experiments take about 5 min. Second, it is assumed tha
orientational order parameter is independent of position,
is, the possible existence of domains with different direct
is ignored. In the absence of shear flow such domains
certainly exist, while in the presence of strong shear flow t
is probably a reasonable assumption.

The shear-rate sweep that we employed in our exp
ments is as follows. The shear-rate is increased linearly
time during 0.5 to 1 s up to acertain final shear-rate. Thi
time interval and the final shear-rate determine the sh
sweep rate. The final shear-rate is maintained for 10 s, a
which the shear-rate is decreased again to 0 within the s
time span~see Fig. 4!.

To relate the shear-rate with the bare Peclet number@see
Eq. ~21!# and time with the dimensionless time@see Eq.
~22!#, we used the bare rotational diffusion coefficient
20.9 s21 as reported in Ref. 37. Hysteresis curves can
obtained from Eq.~16!, where the shear-rate is now a pr
scribed function of time. Figure 5 shows plots of the hyst
esis in birefringence, as obtained from Eq.~16!, as a function
of the actual bare Peclet numberPer

0 during a shear-rate
sweep.

Four different concentration regimes may be dist
guished: concentrations below the critical concentrat
((L/D)w,5.07), concentrations in between the critical co
centration and the nematic-to-isotropic spinodal (5.
,(L/D)w,5.24), in between the nematic-to-isotropic spi
odal and the isotropic-to-nematic spinodal (5.24,(L/D)w
,5.89), and larger concentrations ((L/D)w.5.89). We

e
-
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FIG. 5. Birefringence hysteresis curves@as calculated from Eq.~16!# for concentrations in the four different concentration regimes as defined in the main
Plotted is the birefringence hysteresisD(S112S33) @see Eq.~26!# vs the actual shear-rate during a shear-rate sweep, for different shear sweep rates. Th
sweep rates are indicated in the figures, and are defined here as 1/tend, with tend the dimensionless time interval during which the maximum shear-rat
achieved in the acceleration period of the sweep~see Fig. 4!.
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shall refer to these concentration regimes as regimes I, II,
and IV, respectively. Figures 5~a!–5~d! relate to these con
centration regimes. As explained above, a clear maximum
the hysteresis curve is expected in regime II, and is ind
found in Fig. 5~b!, since during a sweep, first the paran
matic state becomes unstable on increasing the shear-rat
then the nematic state becomes unstable on decreasin
shear-rate. The maximum becomes much less pronounc
regime III @see Fig. 5~c!#, since then the system attains th
nematic state on increasing the shear-rate and remains in
state when the shear-rate is decreased, in accordance
our intuitive reasoning above.

Below the critical concentration, in regime I, the magn
tude of the hysteresis goes to zero as the sweep rate i
minished, as can be seen in Fig. 5~a!. For a finite sweep-rate
there is a finite hysteresis because of the slow rotational
namics close to the spinodals. At very small sweep-rates
upward and downward measured birefringence curve
overlap, so that the birefringence hysteresis will disapp
Note, however, that the extrapolated shear-rate where
maximum hysteresis occurs still extrapolates to a fin
value, which is indicative for the location of the critica
shear-rate. For lower concentrations, further away from
spinodals, where rotational dynamics is relatively fast for
shear-rates, the magnitude of the hysteresis rapidly decre
to a value that is probably too small to be measured.
concentrations above the isotropic-to-nematic concentrat
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I,

in
d

-
and
the
in

hat
ith

di-

y-
he
ll
r.
he
e

e
ll
ses
r
n,

regime IV, the amplitude of the hysteresis remains lar
However, its maximum value extrapolates to a zero she
rate, as can be seen in Fig. 5~d!. This is due to the fact tha
one starts with a paranematic state, while after the sweep
system remains in the nematic state, similar to what happ
in regime III.

The Peclet number at which the hysteresis maximum
observed is plotted as a function of the sweep-rate in Fig
for various concentrations. The values of this Peclet num
extrapolated to zero shear-rate, are plotted in Fig. 3~the
dashed line!. As can be seen, this line lies in between the t
spinodals, and is therefore an indication of how the locat
of the spinodal changes with shear-rate. Note that the crit
shear-rate coincides with the shear-rate obtained from
above described experimental method.

On increasing the shear-rate during a sweep, one m
expect a sudden increase in the birefringence once
paranematic-to-nematic spinodal point is crossed, an
subsequent sudden decrease on lowering the shear-rate
crossing the nematic-to-paranematic spinodal again. It tu
out that the dynamics close to the spinodal points are so s
that an unambiguous identification of the shear-rate wh
the expected sudden increase or decrease occurs ca
be made accurately enough to really distinguish these f
the shear-rate where the maximum in the hysteresis cu
occurs.
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What is neglected in the above analysis is the existe
of distinct nematic domains, which might be important f
lower shear-rates. The order parameter tensorS is assumed
to be the same everywhere in the system. It is unclear w
the influence of the formation of inhomogeneties is on
measured birefringence.

III. EXPERIMENTAL METHODS AND RESULTS

A. The colloidal system

The system used in this study consists of the fd vir
These biopolymers have a contour length ofL5880 nm and
a diameterD56.6 nm, as obtained with electron micro
copy. The persistence length of these molecules isP
52000 nm, which is about twice the contour length.37 Fd
virus is therefore somewhat flexible. The solvent is a 10 m
Tris~hydroxymethyl!-aminomethane buffer (pH58.15) with
25 mM NaCl added. ThepH was adjusted by adding a dilut
solution of hydrochloric acid~HCl! to the fd solution.

Fd virus molecules are charged, resulting in an effect
diameter that is larger than the above mentioned thicknes
6.6 nm. From Onsager’s expression for the effective dia
eter of a charged rod15 we obtain a diameter of 14.8 nm. Th
effective aspect ratio is thus equal toL/D560. Experimen-
tally, the two binodal concentrations without shear flow a
found to be equal to 13.0 mg/ml and 14.5 mg/ml, resp
tively. These corresponds to values of (L/D)w of 4.5 and
4.8, respectively~using a molar mass of 1.643107 g!.37

These numbers are higher than the respective predicted
ues of 3.3 and 4.2 by Onsager.15 This discrepancy is prob
ably due to the slight flexibility of fd virus and the tenden
of the rods to acquire mutually perpendicular orientatio
due to their charges.37

B. Experimental setup

The home-built birefringence setup is based on the
sign by Fuller.36 The rotating half-wave plate is mounted o
a dentist drill, which can achieve a rotational speed of ab
4 kHz. The shear cell is a home-built optical Couette c
with a gapwidth of 2.47 mm, which is placed in a therm

FIG. 6. The bare Peclet number at which the maximum hysteresis is fo
as a function of the sweep rate, withtend the dimensionless time during
which the final shear-rate is reached. The numbers in the figure refer t
various concentrations in terms of (L/D)w.
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stating, optical matching bath. The largest shear-rate tha
applied is 7 s21. The acceleration and deceleration times d
ing a shear-rate sweep varied from 0.5 s to 1.0 s~see Fig. 4!.
The direction of the laser beam relative to the shear geom
is depicted in Fig. 1.

C. Shear alignment of fd virus

Before discussing the shear induced shift of spinodals
obtained by the above described hysteresis measurem
flow alignment experiments will be presented in the follo
ing subsection. As will be seen, there is qualitative agr
ment between experiment and theory, which validates
use of Eq.~16! for the interpretation of the experimenta
results to obtain the shear-induced shift of spinodals. Du
the Ginzburg–Landau type of expansion that was emplo
to derive the equation of motion Eq.~16!, and the neglect of
defects, there is only qualitative agreement.

Flow alignment experiments are performed on susp
sions of fd virus for shear-rates varying from 1 and 7 s21,
and concentrations varying from 3.5 mg/ml~the overlap con-
centration is 0.076 mg/ml!, up to 14.05 mg/ml, which is
close to the binodal nematic concentration. Figure 7 sho
typical birefringence curves, where the shear-rate is linea
increased from 0 to its final value within the time interval
to 6 s, and linearly decreased again to 0 in the time inter
16 to 17 s.

As expected, birefringence increases with increas
shear-rate and increasing concentration. In Fig. 7, numer
results obtained from Eq.~16! are plotted in the insets. Th
proportionality constant in Eq.~26!, is chosen so as to matc
the birefringence level for the highest concentration. T
proportionality constant that appears on the right-hand s
of Eq. ~26!, is found to be equal to 0.3331024, when the
concentrationc is expressed in mg/ml. Mapping of the con
centration in mg/ml onto (L/D)w can be done by relating th
spinodal concentrations found from Eq.~16! and the experi-
mentally found binodal concentrations with Onsager’s ex
results. Since the coexistence region for fd virus suspens
is much narrower than predicted by Onsager, there is
unambiguous choice for the proportionality constant betw
values of (L/D)w and concentrations in units of mg/ml. W
chose a value of 0.38 ml/mg for the proportionality consta
so as to have an optimum match between the experime
shear alignment experiments and the theoretical predic
based on Eq.~16!. For the calculation of the bare rotation
Peclet number and the dimensionless time we used a
rotational diffusion coefficient of 11 s21. This value of the
rotational diffusion coefficient is found by comparing th
critical shear-rates as obtained from Eq.~16! with the experi-
mentally obtained critical shear-rate~see Fig. 12!. The dif-
ference with the value of 20.9 s21 that was found in Ref. 37
is probably due to the approximate nature of our theory a
differences in contributions from electrolyte friction.38 As
can be seen, the experimental birefringence curves ar
qualitative agreement with theory, except that for the high
concentrations, theory predicts no decay of the birefringe
to 0. For these higher concentrations the system remain
the stable nematic state after cessation of the shear flow.
experimentally observed relaxation of birefringence is pro
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ably due to the formation of domains with different directo
The formation of such inhomogeneities has been negle
in our theory. No more than qualitative agreement can
expected, due to the approximate nature of the Ginzbu
Landau type of expansion that was used.

Note the overshoot in birefringence in Figs. 7~a! and
7~b! that occurs only for concentrations which are close
the nematic binodal concentration. This effect is more p
nounced for larger shear-rates. It is unclear what the pre
microscopic origin of the overshoot is. As can be seen fr
Fig. 7, this overshoot is not predicted by theory.

The concentration dependence of the stationary valu
the birefringence for four different shear-rates is shown
Fig. 8. A strong nonlinear increase of the birefringence in
neighborhood of the binodal concentration~14.5 mg/ml! is
found. For these larger concentrations, thermodyna
forces assist the shear forces to align the rods. Note the
most linear increase of birefringence with concentration
the lowest shear-rate of 1 s21, up to about 13.00 mg/ml
beyond which thermodynamic forces render a rapid incre
The inset in Fig. 8 is the theoretical prediction from Eq.~16!
for the same shear-rates as in the experiments. Theory

FIG. 7. Birefringence as a function of time, where the shear-rate is line
increased between 5 and 6 s, and decreased to 0 again between 16 an
after the start of the measurement. In the time interval 6 to 16 s, the sh
rate is kept constant.~a! is for a final shear-rate of 1 s21 and ~b! for 7 s21.
The numbers in the figures refer to concentrations in mg/ml. The inse
both plots are numerical results as obtained from the equation of motion
~16!. The proportionality constant in Eq.~26! is determined from the sta
tionary experimental birefringence level for the highest concentration.
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derestimates the birefringence at somewhat lower concen
tions. The critical shear-rate for the fd virus suspension is
s21 ~see the subsequent subsection!. Only the smallest shear
rate in Fig. 8 is below this critical shear-rate. For larg
shear-rates the birefringence is therefore expected to ch
continuously as a function of concentration. For the smal
shear-rate, the theoretically found concentration depende
exhibits a discontinuity where the paranematic state beco
unstable, and the systems jumps to the nematic state.
resolution in concentration for the data points in Fig. 8 is t
crude to really see this discontinuity.

The shear-rate dependence of stationary birefringenc
shown in Fig. 9 for various concentrations. The inset sho
theoretical results obtained from Eq.~16!. For the two high-
est concentrations, theory predicts a jump discontinuity
low shear-rates, where the system jumps from the para
matic branch to the nematic branch.

In all the above described experiments, we found qu
tative agreement between experiment and theory. This v
dates the use of the theory described in Sec. II C for
interpretation of the experimental procedure described

ly
17 s
ar-

in
q.

FIG. 8. Birefringence as a function of concentration for four shear-ra
which are indicated in the figure. The inset shows the theoretical predic
according to Eq.~16!.

FIG. 9. Birefringence as a function of shear-rate for various concentrati
as indicated in the figure. The inset shows theoretical results as obta
from Eq. ~16!.
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FIG. 10. Left column of figures: birefringence as a function of the actual shear-rate during a sweep~solid lines! and the hysteresis~dotted line!, for four
concentrations:~a! 5.84,~b! 11.18, and~c! 13.88 mg/ml. The rate of change of the shear-rate is 7 s22 ~corresponding to the theoretically defined sweep r
1/tend50.335, for a bare rotational diffusion coefficient of 20.9 s21!, while the highest shear-rate is 7 s21 ~corresponding to a bare rotational Peclet numb
of 0.33!. Right column of figures: hysteresis curves for three different sweep rates. The numbers in the figure refer to sweep ratesdġ/dt in units of s22.
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Sec. II F in order to obtain the shear-rate induced shift
spinodals.

It might be that there is a connection between slow
down of effective rotational diffusion and shear thinnin
This is a subject of further research.

D. Hysteresis experiments

The experimentally applied time dependence of
shear-rate during a sweep is sketched in Fig. 4. The co
Downloaded 21 Dec 2006 to 134.94.122.39. Redistribution subject to AIP
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sponding time dependence of the measured birefringe
during a sweep~solid lines! and the difference between th
two ~dotted line! is plotted in Fig. 10 for three different con
centrations; 5.84, 11.18, and 13.88 mg/ml.

For the lowest concentration@Fig. 10~a!#, the amplitude
of the hysteresis curve is found to be much smaller than
the higher concentrations. This is in accordance with the t
oretical prediction in Fig. 5, pertaining to the concentrati
regime I as defined in Sec. II F. The experimentally obser
 license or copyright, see http://jcp.aip.org/jcp/copyright.jsp
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FIG. 11. The sweep rate dependence of the shear-rate where the maximum hysteresis is found, for the concentrations:~a! 5.84,~b! 10.59,~c! 11.18, and~d!
13.88 mg/ml. The solid lines are linear fits, where data points for very small sweep rates are omitted.
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sweep rate dependence of the shear-rate where the maxi
in the hysteresis curves occurs, however, is experimen
found to be more sensitive on the sweep rate as compare
theory. The form of the hysteresis curves in Fig. 10~b! re-
sembles the theoretical curves in Fig. 5~b!, corresponding to
the concentration regime II. The predicted gradual disapp
ance of a clear maximum in the regimes III and IV@see Figs.
5~c! and 5~d!# is also observed in the experimental Fi
10~c!.

The sweep rate dependence of the shear-rate where
maximum hysteresis occurs is plotted in Fig. 11 for fo
different concentrations. For small sweep rates, the end s
rate is not large enough to actually cross the spinodal, so
hysteresis is expected. In the extrapolation procedure to
sweep rate, we omitted data points for the very small sw
rates, where the sharp downward bend occurs. The shea
that is found from a linear extrapolation to zero sweep r
remains finite below the critical shear-rate. This ‘‘bac
ground’’ is independent of concentration and seems to
equal to a similar offset at very high concentrations. T
discrepancy is not yet understood, and it cannot be expla
by assuming that other kinds of structures~like lamellar
structures! are formed, since the discrepancy is related to
low shear rate regime. The shear-rates found from linear
trapolations to zero sweep rates are plotted in Fig. 12.

The data in Fig. 12 should be compared to the dotted
in the nonequilibrium phase diagram in Fig. 3. The critic
shear-rate that follows from Fig. 12 is 1.6 s21. Comparing to
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the theoretically predicted critical Peclet number in Fig.
gives a bare rotational diffusion coefficient of 11 s21. This
value has been used in the previous subsection to com
experimental shear alignment curves with theoretical pre
tions.

IV. SUMMARY AND CONCLUSIONS

Time resolved birefringence measurements have b
used to probe the shear dependent location of isotro
nematic spinodals in a suspension of fd virus. The shear-

FIG. 12. The experimentally obtained nonequilibrium phase diagram. T
plot corresponds~in part! to the dotted line in Fig. 3. The pointss mark the
binodal concentrations without shear flow. A dotted line is plotted to gu
the eye.
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where the maximum hysteresis occurs during a shear sw
where the shear-rate is first increased and subsequently
creased, lies in between the paranematic-to-nematic and
nematic-to-paranematic spinodals in the shear-rate vs
centration phase diagram. The critical shear-rate bey
which no distinction can be made between the nematic
paranematic states is found to be equal to 1.6 s21. The cor-
responding critical concentration of fd virus is 10.9 mg/m
which should be compared to the binodal concentration
the absence of shear flow of 13.0 mg/ml and 14.5 mg/
There is thus an appreciable shear-induced shift of the s
odals, since the spinodal concentrations without shear fl
are in between the binodal concentrations.

The birefringence hysteresis curves are calculated f
an equation of motion for the orientational order parame
tensor, which is derived here from theN-particle Smolu-
chowski equation for rigid, lyotropic rods. This equation
motion is believed to be only qualitatively correct as a res
of a Ginzburg–Landau type of expansion that is employed
its derivation, and due to the use of an approximate clos
relation for a fourth order ensemble average. A very sim
equation of motion has been considered by Doi a
Edwards.19 There is one experimental observation which
not accounted for by the abovementioned equation of m
tion. There is a ‘‘background’’ shear-rate outside the sp
odal region, that is, the shear-rate where the maximum h
teresis occurs at zero sweep rates is found to be nonz
This discrepancy is not yet understood. In addition, sh
alignment suspensions lose their birefringence on cessa
of shear flow, where the equation of motion predicts a sta
nematic state. This is probably due to the formation of inh
mogeneities.
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