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Pion charge radius from charged pion electroproduction
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We analyze a low-energy theorem of threshold pion electroproduction which allows one to determine the
charge radius of the pion. We show that at the same order where the radius appears, pion loops induce a
correction to the momentum dependence of the longitudinal dipole amplitudeL01

(2) . This model-independent
correction amounts to an increase of the pion charge radius squared from the electroproduction data by about
0.27 fm2. It sheds light on the apparent discrepancy between the recent determination of the pion radius from
electroproduction data and the one based on pion-electron scattering.

PACS number~s!: 25.30.Rw, 14.40.Aq, 12.39.Fe
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The charge~vector! radius of the pion is a fundamenta
quantity in hadron physics. It can essentially be determi
in two ways. One method is pion scattering off electrons~or
electron-positron annihilation into pion pairs!, which leads to
a pion root-mean-square~rms! radius of@1#

^r p
2 &V

1/25~0.66360.006! fm, ~1!

if one insists on the correct normalization of the pion cha
~vector! form factor, Fp

V(0)51 ~in units of the elementary
chargee). A more recent determination of the pion vect
radius from low-momentum spacelike and timelike form fa
tor data based on a very precise two-loop chiral perturba
theory representation@2# gives

^r p
2 &V

1/25~0.66160.012! fm, ~2!

consistent with the value given above. This number can
semiquantitatively understood in a naive vector meson do
nance picturêr p

2 &V
1/25A6/M r.0.63 fm. The second metho

is based on charged pion electroproductiong!p→p1n.
Here, g* ,p,n, and p1 denote the virtual photon, proton
neutron, and positively charged pion, in order. The unpo
ized cross section in parallel kinematics decomposes in
transversal and a longitudinal piece.1 While the former is
sensitive to the the nucleon axial radius, the latter is qu
sensitive to the pion form factor, i.e., to the pion radius
small momentum transfer. A recent measurement at
Mainz Microtron MAMI-II led to a pion radius of@4#

^r p
2 &V

1/25~0.7460.03! fm, ~3!

which is a sizably larger value than the one obtained fr
pe scattering. It was hinted in Ref.@4# that their larger value
for the pion radius might be due to the inevitable mod
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1For a textbook discussion on this issue, we refer the reade

Ref. @3#.
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dependence based on the Born term approach to extrac
pion radius. It was also stated that there might be an a
tional correction obtainable from chiral perturbation theo
as is the case for the nucleon axial radius. Such a correc
based on pion loop diagrams had been predicted in 1992
the axial radius@5# and was verified by the MAMI experi-
ment to a good precision. A list of references pertaining
previous determinations of the nucleon axial radius fro
~anti!neutrino-proton scattering and pion electroproduct
can be found in Ref.@4#. Here, we show that there is indee
a similar kind of correction for the pion radius. This ne
term modifies the momentum dependence of the longitud
S-wave amplitudeL01

(2) and leads one to expect an eve
larger pion charge radius than the one given in Eq.~3!. It is
conceivable that higher order corrections yet to be calcula
or contributions from higher multipoles will completely re
solve the discrepancy between the pion radius determ
from pe scattering on one side and from charged pion el
troproduction on the other.

Chiral perturbation theory allows one to make mod
independent statements based solely on the spontane
and explicitly broken chiral symmetry of QCD.S-matrix el-
ements and transition currents are systematically expande
external momenta and quark~meson! mass insertions, collec
tively denoted by a small parameterq. Based on the under
lying power counting, to a given order, one has to consi
tree as well as pion loop graphs. Of particular interest are
so-called low-energy theorems, which give predictions to
certain order expressed entirely in terms of measurable q
tities ~a detailed discussion about this issue can be foun
Ref. @6#!. Our starting point is the low-energy theorem f
the longitudinal dipole amplitudeL01

(2) , accessible in charged
pion electroproduction.2 It has been derived from baryon ch
ral perturbation theory to third order in the chiral expansi
and reads@7#

to

2We use standard notation for the multipoles, the superscript
fers to the isospin, the subscripts arel 6, with l the orbital angular
momentum of the pion-nucleon system and the total angular
mentum is j 5 l 61/2. For a detailed discussion of the kinemati
and multipole decomposition in pion electroproduction see R
@3,7#.
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L01
(2)~m,n!5E01

(2)~m,n!1
egpN

8pm
~m22n!H kv

4
1

m2

6
^r A

2&1
A~21m!22n

2~11m!3/2~n22m22m3!

1S 1

n22m2 2
1

n D ~Fp
V~m2n!21!1

m2

8p2Fp
2 J4~2nm22!J 1O~q3!, ~4!

E01
(2)~m,n!5

egpN

8pm H 12m1Cm21nS kv

4
1

1

8
1

m2

6
^r A

2& D1
m2m2

8p2Fp
2 J3~2nm22!J 1O~q3!, ~5!

with

J3~r!5A11
4

r
lnSA11

r

4
1

Ar

2 D 12E
0

1
A~12x!@11x~11r!# arctan

x

A~12x!@11x~11r!#
, ~6!

J4~r!5E
0

1

dx
x~122x!

A~12x!@11x~11r!#
arctan

x

A~12x!@11x~11r!#
, ~7!
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and
in terms of the dimensionless quantitiesm5Mp /m and n
5k2/m2, with Mp ~m! the charged pion~nucleon! mass and
k2<0 the photon virtuality. Furthermore,kv5kp2kn
53.71 is the isovector anomalous moment of the nucle
Fp592.4 MeV the weak pion decay constant,gpN513.4 the
pion-nucleon coupling constant, andC.0.4 depends on
some low-energy constants. Its precise form is not of inte
here but can be found in Ref.@7#. We remark that these
expressions have been obtained in a relativistic version
baryon chiral perturbation theory and that some of the ki
matical prefactors have not been expanded. However, s
we are only after a leading order pion loop effect, the res
will not be different from a heavy baryon analysis@8,9#. For
calculating higher order corrections consistently, one eit
has to use the heavy baryon formalism or the recently p
posed infrared regularization@10#. Note also that the depen
dence ofL01

(2) on the axial radius is very weak because t
terms;n^r A

2& cancel~that is why the axial radius discrep
ancy discussed before resides in the electric dipole ampli
@5#!. As announced, the pion vector form factorFp

V(k2) ap-
pears in the expression for the longitudinal multipole. T
pion form factor has the following low-energy expansion:

Fp
V~k2!511

1

6
^r p

2 &V k21O~k4!. ~8!

Consequently, to separate the pion radius, one should
sider the slope of the longitudinal multipole. For doing th
one has to expand the functionsJ3,4(2nm22) in powers of
k25nm2 and pick up all terms proportional ton. This gives

]L01
(2)

]k2 U
k250

5
egpN

32pm H 1

Mp
2 2

1

mMp
1

13

8m21
1

3
^r p

2 &V

1
1

32Fp
2 S 16

p2 21D1O~Mp!J . ~9!
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The first four terms are standard@11#, they comprise the
conventional dependence on the pion vector radius, re
effects and the dominant chiral limit behavior of the slope
the longitudinal multipole. The strong 1/Mp

2 chiral singular-
ity stems from thek2 derivative of the pion-pole term which
appears already at leading order in the chiral expansion.

The last term in Eq.~9! originates from the so-called tri
angle and tadpole~with three pions coupling to the nucleo
at one point! diagrams which are known to play a promine
role in pion photoproduction and electroproduction~see Fig.
1!. The formal reason for the appearance of this mod
independent contribution at orderk2 is that one cannot inter
change the order of taking the derivative atk250 and the
chiral limit Mp→0. Consequently, all determinations of th
pion radius from electroproduction~based on tree-level am
plitudes including nucleon and pion form factors! have
‘‘measured’’ the modified radius

^ r̃ p
2 &V5^r p

2 &V1
3

32Fp
2 S 16

p2 21D . ~10!

The term on the right-hand side of Eq.~10! amounts to 0.266
fm2, a bit more than half of the squared pion rms rad
^r p

2 &V.0.44 fm2. Therefore, from the longitudinal multipole
alone, one expects to find a larger pion radius if one analy
pion electroproduction based on Born terms

FIG. 1. Relevant one-loop diagrams. The solid, dashed,
wiggly lines denote nucleons, pions, and photons, in order.
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^ r̃ p
2 &V5~0.4410.26! fm25~0.83 fm!2, ~11!

which is even larger than the result of the Mainz analysis,
Eq. ~3!. We point out, however, that the contribution of th
pion radius to the derivative of the longitudinal multipole
a factor of 10 smaller than the one from the first three ter
in the curly brackets in Eq.~9!. Therefore, a fourth orde
analysis is certainly needed to further quantify the ‘‘pi
radius discrepancy.’’ Furthermore, the pion form factor co
tribution to the longitudinal cross section is also presen
higher multipoles. In fact, it is known that the convergen
rg

tt.

02820
e

s

-
n

of the multipole series for the pion pole term is slow. O
should therefore also investigate such effects for these hig
multipoles or directly compare the predictions of comple
one-loop calculation with the data of the longitudinal ele
troproduction cross section. For the purpose of demons
ing the significance of chiral loop effects thek2 slopes@con-
sidered here in Eq.~9! and in Ref. @5# for E01

(2)] are,
however, best suited. What we have shown here is that a
the case of the nucleon axial mean square radius, the
loops, which are a unique consequence of the chiral sym
try of QCD, modify the naive Born term analysis and shou
be taken into account.
s.
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