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We investigate the structural and conformational properties of solutions containing semiflexible
polyelectrolyte chains using a self-consistent integral equation theory approach. A one-component
system is considered where the polyelectrolyte chains interact with each other via a Deblyel-Hu
potential. Nonelectrostatic interactions among the polymers are taken into account by a
self-consistently determined solvation potential. The conformational properties of the polymer chain
are determined from a variational calculation with a semiflexible reference chain. The finite chain
extensibility is taken into account by constraints for the bond lengths and bond angles using
Lagrangian multipliers. The scaling relation for the size of an isolated semiflexible chain with
respect to chain length exhibits a transition from rodlike to excluded volume type for a given Debye
screening length. For flexible chains in solution, the theory provides conformational properties
which are in excellent agreement with computer simulation results. The bare chain stiffness has a
pronounced influence on the conformational and structural properties of the solution. In the
semidilute regime a pronounced liquidlike order is obtained for flexible polyelectrolyte chains
which diminishes with increasing bare persistence length. This process is accompanied by a shift of
the structural peaks to smaller length scales2@3 American Institute of Physics.
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I. INTRODUCTION tion of renormalization group theories and scaling ideas,
which proved to be very successful for neutral polynmérs®
Polyelectrolytes are polymers consisting of monomersComputer simulations provide valuable insight into the struc-
with ionizable groups. These ionizable groups dissociat@ural properties of polyelectrolyte solutions but require spe-
when the polyelectrolytes are dissolved in a polar solvential techniques to treat the long-range Coulomb interaction,
such as water. The remaining charged particles, i.e., large.g., Ewald summatiolf and hence are often limited to
polyions and small counterions, interact via long-range Cousmall systems with short chains and/or low densitie8®
lomb interactions. This leads to a wide variety of effectsscattering experiments, on the other hand, suffer from trace
which are not present in solutions of uncharged polymersimpurities and very low scattering intensities encountered in
Polyelectrolytes play a fundamental role in our everyday life djlute solutions. Therefore, experimental data for the proper-
For example, two of the most well known polymers, DNA ties of single chains are lacking®-3°Moreover, often con-
and RNA, are polyelectrolytes. Furthermore, many othekroyersial results are reported when using different experi-
biopolymers like proteins are polyelectrolytes. In addition, amental method?2.
large class of synthetic polyelectrolytes exists as well, which Liquid state theory based upon the polymer-reference-
are utilized in a wide range of technical applications such agteraction-site modePRISM)3%%7 offers another theoretical
water purification, stabilization of gels, or superabsorbets. approach to polyelectrolyte solutions. PRISM theory is an
Despite significant experimental and theoretical effortsaytension of the Ornstein—Zernike equatfaf atomic sys-
over the last decadé§;5‘7 many properties of polyelectro- tems to molecular systems by taking the connectivity of the
lytes are, In comparison to neutral polymers, still poorly sites of a molecule into account by the chain structure factor.
understood:®~**The coupling of various length scales intro- The chain conformations and all intramolecular interactions
duced by the long-range nature of the Coulomb interactiongpnear in this theory solely via the chain structure factor.
counterion condensation, and screening effects render po'buring the last years, PRISM has successfully been used to
electrolytes difficult to study both from the theoretical and .5racterize the properties of systems composed of rodlike
e.xperimental point of view. In pa_rticular the coupling of the polyelectrolyte$®-*2Particularly Shew and Yethiraj contrib-
different length scales poses major problems for the applicaieq o the understanding of polyelectrolyte solutions and
demonstrated that the results of the PRISM approach are
dElectronic mail: r.winkler@fz-juelich.de usually in good agreement with results from computer simu-
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lations or experiment¥~*¢ Polyelectrolytes cover the whole A. Chain model

range of stiffnesses from flexible to rodIi_ke polymers d.e' The PRISM equations use a site representation of a poly-
pending upon the chain length or the solution properties IIkEFner chain. To be consistent, we will use a discrete semiflex-

the salt concentration. As a consequence, the structure OfiB‘Ie chain modef?

solution and the conformations of the polyelectrolyte chains The chain is considered as a one dimensional arrange-

are strongly coupled. To account for this coupling, the solu-ment ofN+1 mass points with equal masses The posi-

tions of the PRISM equations and the corresponding conforﬁons of the points are denoted by, i =0,...N. To remove

mations of the polyelectrolytes have to be determined 5|mul-he translational degrees of freedom, the poipts fixed at

tar:eou_sly. f-l;r]'s PEI Sz;;:?;]ev?g"‘?tngHa retchently de_ve!ope he origin of the reference frame. The other mass points are
extension of the eofy: ere, the nonpairwise nsubject to the constraints

intermolecular many chain interactions of a particular chai
are cast into an effective pairwise intramolecular solvation  n-1
potential which is determined self-consistently. This so 2 <Ri2>=(|\|_2)|2, )
called medium induced potential can be expressed by corre- =2
lation functions calculated with the PRISM thedfy®°

In this paper we apply the self-consistent PRISM theory ~ (R)=(Rg)=1?, (2
to semiflexible polyelectrolyte solutions taking into account
the finite chain extensibility by constraints for the bond 5 5
angles and bond lengths. At infinite dilution, our results for ;1 ((Ri=Ri4+1)9)=2(N=D)I%(1~1). )
the dependence of the mean square end-to-end distance on
the Debye screening length of fully flexible chains are inygre theR,=r;—r,_, are bond vectors antl is the bond

excellent agreement with computer simulations. Consideringangth, Equationgl) and(2) capture the connectivity of the

the scaling behavior of the mean square end-to-end distan¢gass points along the chain contour and guarantee the finite
with chain length at a fixed Debye screening length, we fincthain extensibility. The chain ends have to be taken into
a crossover from a rodlike to self-avoiding-walk behavior ataccount explicitly to obtain correct results in the rod liffit.

low salt concentrationS. Including the medium-induced po- Equation(3) describes bond angle restrictions which result in
tential, we again find excellent agreement between computgyy, intrinsic chain stiffness. The paramettés proportional to
simulation results and our calculations for the density depenme average cosine of the angle between successive bonds,
dence of the chain conformations. In this context, we conyherehyt=0 corresponds to a totally flexible chaiGauss-
clude that the observed contraction of the chains with injan chain andt=1 describes a rigid rod. Using the maxi-
creasing density is dominated by the screening of thenym entropy principle, we find the configurational partition
Coulomb interactions and packing effects are almost neglitynction z= [ exp(— BHq)d®x with the Hamiltonian

gible. At dilute solutions, an increase of the Bjerrum length

leads to a rapid increase of the chain size up to rodlike con- N-1 eVt

formations. In contrast, at high densities the chain size is BHo=v >, R?+ro(R2+R2)+ = > (Ri—Ri;1)%
independent of the Bjerrum length due to screening effects. =2 =1

For semiflexible chains we find results which contradict the @)
findings of Ref. 54. Our calculations revegl thfat the (_:ha'nThe Lagrangian multipliers, »,, ande take into account the
conformations not only depend on the chain stiffness in d"constraints(l)—(3) and are given H?

lute but also in semidilute solutions. In particular, the chains

contract to the size of the corresponding uncharged semiflex- 31—t 3 1 3t
ible chain for high densities. Chain stiffness is also reflected v= Zire VTP irr ST Rioe
in the structural properties of a solution which we discuss

using the pair correlation function.

N-1

®)

Th £ th . ed as follows: In' S IIIn the continuum limit, the model is identical to a path inte-
© restr? the _paper(;slorggnlzel_ as ho ows. 1n lec. gral representation of a semiflexible chain as proposed by
we present the chain model and outline the variational Prog,yiq;s author§2-% The above values of the Lagrangian

geduri o ;alcu:?te thg chalrllalg?g:;?rnr:atlonshln Slec. i Wqﬂultipliers are correct only as long as there are no other
escrl gt € se —consgtent ; t eory. Resu IS are Preqieractions present. Additional interactions, like external
sented in Sec. IV for single chains and in Sec. V for many,

hai i Einallv. in Sec. VI . it electric or flow fields or forces acting at the chain ends to
chain systems. Finally, In Sec. VI we summarize our reSUltSqyetch a chain, require the adjustment of the Lagrangian

multipliers to fulfill the constraintg1)—(3).6”~"°
Il. POLYELECTROLYTE CONFORMATIONS Smt_:e the Hamiltoniam is qugdranc in the bond vec-
tors various averages can be obtained analytically. In particu-
The self-consistent solution of the PRISM equations redar, the mean square end-to-end distance is given by
quires knowledge of the conformations of a polyelectrolyte

chain. We will use an analytical approach to derive the nec- o\ o o1t 2t tN—1

essary expressions. Alternatively, simulation results can be (Re)=((rn—ro))=NI 1—t'N (t—1)2 ®)
exploited to obtain the required inptitin this section, we

will outline the applied chain model. and the structure factor reads as
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1 N K2[j—i12( 1+t Here (---)r denotes averages calculated with the reference
w(k)= mz exp{— T(E Hamiltonian Hg, whereas(---) means that the average is
h=o performed with the full Hamiltoniamd. Expanding(R2) in
2t th-il—q terms of(RZ)g and(H—Hg)r up to first order in the pertur-
+ = (t——l)z) (7)  bation (H—Hg) leads to the following equation:
To describe a polyelectrolyte, we assign a chatgeo (RE)R(H—HRr)r—(RE(H—Hg))r=0, (10
each of theN+1 monomers. Since we account for the coun-for the stiffnessy.
terions and added salt only within the Debye-kiel ap- Since the reference Hamiltonian is quadratic, the aver-
proximation, the Hamiltoniat, has to be extended by the ages of Eq(10) can be calculated analytically. The results
potential are presented in Appendix A. The structure factor, required
NNl for the PRISM calculations, follows from E€7) via replac-
BVe=Z%1g>, > ——, (8) ingt by tg.

i=0 j=i+1 |ri_rj|

wherelg=Be?/¢ is the Bjerrum lengthx= \47lgp is the
inverse Debye screening lengihis the monomer density or,
for systems with added salt, the density of the monomers and  The equation to determine the stiffndgs(A3) includes

the saltions, an@g=1/kgT with T the temperature arkk the  the Lagrangian multipliers, vo, ande of the original chain.
Boltzmann factor. The solvent is considered as a continuougs pointed out in the last section, these parameters have to
background with the dielectric constast be determined such that the constraifiis-(3) are satisfied.

In addition, other potentials, like the excluded volume Since no closed analytical solution for the partition function
potential, can be taken into account. The total Hamiltonian otan be obtained, approximation schemes are necessary to fix
our system is then given iy =Hy+V, whereV includes all  the multipliers. We tried several approximation schemes such
potential energies. as a perturbation expansion or adjustment to a stretched ref-

The presence of the potentidl requires an adjustment erence chain. The first approach fails usually, because the
of the Lagrangian multipliers. Unfortunately, the partition changes in the chain conformations are generally not small
function with the HamiltonianH cannot be calculated in as required for a perturbation.
closed form in general. Thus, we have to resort to an ap- The semiflexible chain is a coarse-grained model of a
proximate calculation. The details of the calculations will bepolymer chain and the Lagrangian multiplierdetermines
presented in Secs. IIB and 11 C. the stiffness of the chain. Without potential energyis a

A similar description of a semiflexible polyelectrolyte measure for the bare persistence length. Intermolecular inter-
chain based on a continuum model has been used in Ref. 63ctions may change the total persistence length but not the
The Debye—Hakel potential exhibits a singularity in this bare persistence length, which is an intrinsic property of a
limit, since the distance between two charges along the chaipolymer chain. Therefore, we consideto be independent
contour becomes zero. To overcome this problem a perturbarom the potentiaV. The Lagrangian multipliers and v,
tion expansion is used to remove the singuldfitr a cut-off  keep the bond lengths at their average valu@. strictly
is introducé' which determines a smallest possible lengthfulfill this condition would actually requireN Lagrangian
scale. Such approximations are not necessary for the discreggultipliers—one for every bond. Only for the Hamiltonian

C. Lagrangian multiplier

model used in this article. H, all the multipliers, except those at the chain ends, are
. . equal. In general, all multipliers are differéfit.’9 Since
B. Perturbation calculation variations of the potential energy lead to changes in the

To calculate the conformational properties of the semiond forces,y and v, have to be adjusted to prevent varia-

flexible polyelectrolyte chain, we resort to the approximationtions in the chain contour length=NI and hence over-
scheme proposed by Edwards and Siffgilternatively, ~ Strétching of the chain.
the Gibbs—Bogoliubov variational method could be 10 obtain an estimate of and»,, we use a stretched
exploited?g'”*nOur calculations show. however. that the re- Semiflexible chain as a reference chain. One way to describe
sults obtained by the Edwards—Singh approach are in bettéh€ deformation of a polymer chain is to introduce the con-
agreement with computer simulations. straint

The Edwards—Singh approach is a perturbation calcula- (rﬁ)=a2, (11
tion with respect to a reference chain. The basic idea is to _ _ . _ _ _
determine free parameters of an analytically tractable referfr the chain end pointrg). The partition function with this
ence chain in such a way that its conformational propertie§dditional constraint can be calculated. The result is pre-
agree with those of the original chain. We use the semiflexSented in Appendix B. Considering the Lagrangian multipli-
ible chain with the Hamiltoniari4), where the stiffnessis ~ €'S? and¥y of the deformed chain, we see that they depend
replaced by the reference valtig, as a reference system. To ON the extensioia]. The calculation of the desired multipli-
adjust the conformations of the two chains, we require thaf's Proceeds then as follows: Using the stiffnggebtained

their mean square end-to-end distances are equal, i.e.,  fom the Edwards—Singh approach, the mean square end-to-
5 ) end distanceRZ)y is calculated and set equal 8. The
(Re)=(Rg)r- (9 Lagrangian multiplier& and, are then calculated by solv-
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ing Egs.(B8), (B9). Finally, we setv=7 andvy=7,. Equa- 10° . r . . . .
tion (10) is then solved again to obtain an improved value for
tg. With this value new multipliers are determined. The pro- 104 F
cedure is repeated until convergence has been achieved.
=~ 10°F
o
I1l. SELF-CONSISTENT PRISM THEORY NE'-' 102 |
The polymer reference interaction site mo@RISM) is ;
an integral equation theory for molecular systems. It follows 10
from the Ornstein—Zernike equatiSifor atomic systems by
taking into account the connectivity of the sites of a linear 10° ! . . . . .
molecule. This is achieved by incorporating the intramolecu- 10" 102 10® 10t 10°  10® 107
lar structure factorw(k) in the appropriate equations. The N

PRISM eql_Jatlons then_relate th_e total Correlatl(_)n funCtIC'q:IG. 1. Root mean square end-to-end distance of flexible polyelectrolyte
h(r), the direct correlation function(r), and the intramo-  chains as a function of the chain length ig=0.5. The inverse Debye
lecular correlation functions, representeddsfk), with each  screening lengtt varies from 0.05 to 0.8top to bottom). The slopes of the
other. Structural properties of a solution, like the pair corre-fwo straight lines are 1 and 3/5, respectively.

lation functiong(r) or the static structure fact@(k), can be

obtained easily from the total correlation functibfr) via

g(r)=h(r)+1 andS(k) = w(k) + ph(k), respectively. If all V. SINGLE CHAIN RESULTS

monomers of the chain are considered to be equivalent and . . -
hence chain end effects are neglected, the struC(]:turaI proper- Asingle chain system corresponds to the lipit 0 and

ties of the solutions can be described by a single correlatio% e medium-induced potential is zero. The potential endrgy

function in contrast toN? different correlation functions ;t?he; gg;fg:\;oethﬁa%ﬁgyg_ﬁgfln%ﬁgg a?cc)i E:P;Tczcl)::(talgnthe
when allN monomers of the chain are treated individually. q y

: L conformational properties. Hence, our system corresponds to
In Fourier space, the PRISM equation is given by the study of Ref. 61 aside from the fact that we consider a

h(k) = o(k)c(k) (k) + pw(k)c(k)h(k), (12 discrete model and a finite extensible polyelectrolyte chain.
Considering the scaling behavior of the mean square
nd-to-end distance of a flexible chaib=0) with chain
ength, we find various regimes depending on the Debye
screening length. Figure 1 displayR2) as a function of
chain length and inverse Debye screening length Ifpr
=0.5. For largex, i.e., small screening lengthdR2) exhib-
its self-avoiding-walk behavior(R2)~N*? for almost all
w(r)*c(r)*w(r)=—o(r)* Bu(r)*w(r)+h(r) chain lengths. This is a consequence of the fact that the
“Ing(r), (13) Debye—Hukel potential is effectively a short range potential
when the chain length exceeds the Debye screening length. A
where the asterisks denote convolution integralswaiglthe  decrease ok leads to an increase of the screening length.
intermolecular interaction potential. For a certain range of chain lengths, a second scaling regime
In this theory, the chain conformations solely enter viaappears witrR§~N2. (The exponent slightly depends an
the intramolecular structure factes(k). Thus, no detailed put the limiting value is 3. For large chain lengths again
knowledge about intramolecular potentials is necessary.  self-avoiding-walk behavior is assumed. Although in the in-
To calculate the intramolecular structure factor, the intertermediate regime the scaling relation is close to the scaling
molecular many chain interactions are approximated by ®ehavior of a rod, the value ¢Rg| is significantly smaller

solvation potential. This medium-induced potenti®V)(is  than for a rodlike conformation. These results are in agree-
assumed to be pairwise additive and has to be determined ent with the findings presented in Refs. 61 and 78.

wherep is the monomer density. To solve the PRISM equa-
tion a relation is required which connects the total and direc
correlation function. Various such closure relations hav
been proposetf:>®’4~"%n this work we use the Laria—Wu—
Chandler(LWC) closure which proved to be adequate for
threadlike polyelectrolytes and is given by

a self-consistent mann&t*’~**An approximate expression Recently, computer simulation results for the mean
in terms of the direct correlation function and the static strucsquare end-to-end distance as a functior bhve been pub-
ture factorS= w (k) + ph(k) reads’*>""as lished for a broad range of chain lengtfisFigure 2 com-
BW, ()= — pc(K)S(K)c(K). (14  pares results of our analytical a_pproe(bhes) with the simu-
_ o _ lation data(symbols for the Bjerrum lengthlg=1. As is
The total intramolecular potentif is then given by obvious from the figure, the theoretical approach captures the
N N e KIri—rjl transition from the extended state of the polyntalmost

+BW,([ri—rD)|. rodlike) to a collapsed statéGaussian cojlwith increasing
k. Considering the quantitative agreement between the two
19 sets of data, the overall agreement is very good, even for
In the following, we will consider systems with monovalent longer chains(lt should be kept in mind that there is no free
charges, i.e.Z=1. parameter in the theodyHowever, for long chains we find

ri—rjl
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FIG. 2. A comparison between results of this wdlikes) and computer

simulations(doty (Ref. 79 for the mean square end-to-end distance as aFIG. 3. A comparison between the density dependencies of the root mean

function of the inverse screening lengttior fully flexible chains. The chain  square end-to-end distance of fully flexible chains obtained from this work

length varies fromN=64 to N=512 (bottom to top at constant Bjerrum  (lines) and from computer simulationsymbolg (Refs. 43, 81 The chain

lengthlz=1.0 length varies frorN=15 to N=127 and the Bjerrum length is fixed tg
=0.833.

discrepancies between the two approachesfalues in the

transition regime from an extended to a collapsed chain. Afyore compact structures may form when the overlap density
large and smalk, the agreement is still excellent. is reached or exceeded, respectively. The question arises as

The increase of the chain length at a constant Bjerrumg which of the two effects is the dominating effect for chain
length leads to an increase of the Coulomb interactiongompression.

Hence, the observed discrepancies seem to point to a failure |f the chain contraction is governed by the packing ef-
of our approach at large interaction strengths. Whether this ifect, the chains should start to contract for densities larger
related to the applied approximations or points to a failure othan the overlap density*, defined by

the semiflexible chain description of the polyelectrolyte

chain remains to be investigated. * N

p*= W (16)

V. RESULTS FOR MANY CHAIN SYSTEMS Here, we use the radius of gyratid®y to characterize the

In this section we will present results taking into accountaverage volume occupied by a chain, whéRg) is a func-
the medium-induced potential. At first we will study the con- tion of density. Figure 4top) depicts the dependence of the
formational properties of the polyelectrolyte chains and therinean square end-to-end distance on the scaled derigity
discuss the structure of the solution. for the same set of parameters as in Fig. 3. The chains start to
contract for densities much smaller than the overlap density
p*. Therefore packing effects seem to play a minor role for

Extensive computer simulations for flexible chairts ( chain contraction. On the other hand, if the screening effect
=0) in solutions are availabf@:** The present theory is in is dominant, the chains should start to contract when the
quantitative agreement with the simulation results. Figure 3creening length, which depends directly on the density, is of
displays the root mean square end-to-end distance of a fullihe order of a typical chain dimension, e.g., the radius of
flexible chain as a function of density and for various chaingyration. This allows us to define a critical screening density
lengths. Our approach is in better agreement with the simuvia
lation data than the results of the theories of Yethiraj pre- T o2\
sented in Refs. 52 and 53. At low concentrations, the chains 4mlepe=(Ry) ™ (a7
are extended and they contract with increasing density. FoAs is obvious from Fig. 4bottom), chains of various lengths
very high densities, the dimension of an uncharged chain istart to contract when the density is close to the critical
assumed. The medium-induced potential leads to smallescreening density. Therefore, the screening of the Coulomb
end-to-end distances than obtained without such a potentigbotential with increasing density is the dominant effect for
particularly for high concentrations. As is obvious from thethe decrease of the chain size. This is confirmed by calcula-
figure, the critical density, where the chains start to contractiions of the mean square end-to-end distance for a single
moves to smaller densities with increasing chain length. Thehain, i.e., in the limijp— 0, where packing effects are irrel-
decrease of the mean square end-to-end distance with ievant. Similar results are obtained for both systems. Only at
creasing density may be explained by two different effectshigh densities, packing effects play an important role.
An increase of the monomer density implies a decrease of Since overstretching of the chains is prevented in our
the Debye screening length. Therefore, the intramoleculamodel by adjusting the Lagrangian multipliers, it is possible
Coulomb interaction is strongly screened at high densitiesto discuss the density dependence of the mean square end-
leading to more compact conformations. On the other handp-end distance for larger Bjerrum lengths than the ones used

A. Fully flexible chain
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FIG. 5. Density dependence of the root mean square end-to-end distance for
various Bjerrum lengthsl /I =0.1-2.0). The chain lengths of the flexible
chains vary fromN=15 toN=127.

e the density where the chains start to contract is again well
L L described by the screening density.

0 1
107 10° 10’ The density dependence of the Lagrangian multiplier
PP shown in Fig. 6 for various Bjerrum lengths and the chain

FIG. 4. Density dependence of the root mean square end-to-end distance flﬁng_th I\_l: 63. Th_e Lagrangian mUItIp“er exhibits the S_ame
various flexible chains. The density is scaled by the overlap depiityop) qualitative behavior as the mean square end-to-end distance,

and the critical screening densip (bottom), respectively. The Bjerrum i.e., starting from a value which exceeds the val(@®)

length islg=0.833. =p(lg=0) of an uncharged chain, for all Bjerrum lengths
the Lagrange multiplier drops to the value of the uncharged
chain.

in Fig. 3. With increasing Bjerrum length, we expect an in-g. Semiflexible chains
crease of the chain extension. This is confirmed by the re-
sults presented in Fig. 5, where the mean square end-to-e cB
distance is presented for various Bjerrum lengths ranging4
from 1g=0.1 to 1g=2.0. The figure exhibits the same
qualitative behavior for all Bjerrum lengths, i.e., starting 3
from a stretched conformation we find a decrease of the
chain size with increasing density. At small densities, the size .
of a chain of given length increases rapidly with the Bjerrum 25|
length and almost reaches a fully stretched conformation

with (R2)=N?2|? for the highest Bjerrum length. The differ- _
ences between the mean square end-to-end distances for tl9; 2
various Bjerrum lengths diminishes with increasing density. =
For very high densities the curves for the various Bjerrum
lengths even assume the same value, which is given by the¢ 15
end-to-end distance of an uncharged chain. This behavior ha

to be expected, since for low densities the screening is sc
weak that an increase of the Bjerrum length leads to a stron- 4 L i — e
ger repulsion between the charges and therefore to a rapidl 10° 10" 10° 3 102 107 10°
increasing chain size. For high densities, even the interactior. pl

b_Etween two gdjacent charges is §creened. Thus, the Chaﬁﬂs 6. Density dependence of the Lagrangian multiptief flexible chains
size becomes independent of the Bjerrum length and is givefa; various Bjerrum lengths and the chain lendth-63. 1(0) is the La-
by the value of an uncharged chain. We like to mention thagrangian multiplier of an uncharged chdB).

The intrinsic stiffness, characterized by the parameter
, significantly affects the conformation of a polyelectro-
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FIG. 7. Density dependence of the root mean square end-to-end distance pfG. 8. Density dependence of the scaled root mean square end-to-end
semiflexible chains with stiffnesses ranging from0.1 tot=0.9. The Bjer-  distance of semiflexible chains with stiffnesses ranging fitorn®.1 to t

rum length islg=0.833. =0.9. The Bjerrum length ib;=0.833. (RZ o) is the mean square end-to-
end distance of an uncharged semiflexible chain.

bond angles and therefore cannot be stretched as easily as the
lyte chain in solution. Figure 7 displays the density depenthains with smaller stiffness.
dence of the mean square end-to-end distance for various Reference 54 presents mean square end-to-end distances
chain stiffnesses ranging from very flexible chaits0.2)  at high densities which assume the same value for all chain
to very stiff chains {=0.9). The chain lengths are the same stiffnesses, i.e., the chains are compressed to a smaller size
as in Fig. 3. Qualitatively, for all values ¢fthe same behav- than given by the uncharged chain. This contradicts our re-
ior is observed as for fully flexible chains. Considering thegyts, where the medium-induced interaction balances the in-
critical density, at which the chains start to contract, we findyamolecular Coulomb repulsion leading to conformations of
a shift to |arger densities with increasing stiffness. This ha%n uncharged System at |arge densities_ The discrepancies

to be expected, since in the lintit=1 of rodlike chains the petween the results suggests limitations in the applicability
mean square end-to-end distance has to be independent frgfpthe (simple model presented in Ref. 54.

the density, since no conformational changes are possible.
Our recent computer simulations of semiflexible chains con-C Correlation function
firm this shift. The above results contradict the predictions™
presented in Ref. 54. The theory of Ref. 54 suggests a de- Insight into the structure of a polyelectrolyte solution
crease of the critical density with increasing chain stiffnesan be gained by the pair correlation functigpfr). Figure 9
for semiflexible chains close to the flexible chain limit. depicts the monomer pair correlation function for various
Moreover, Fig. 7 shows that the end-to-end distances odflensities and a chain length=63. The stiffness ranges
chains of larger stiffnesses always exceed those of chairfsom a total flexible chaint(=0) to a rodlike chaint(=1),
with smaller stiffnesses. Even for the highest densities, largeand the Bjerrum lengths alg=0.9 [Fig. 9 (top)] and Ig
variations are obtained. For flexible chaigé Sec. VA, we =1.9 [Fig. 9 (bottom], respectively. Semiflexible chains
find that the chain sizes are similar to uncharged chains axhibit a pronounced liquidlike order with a peak, which
high densities. Similarly, the mean square end-to-end disshifts to smaller distances with increasing density, similar to
tances of the semiflexible chains approach the correspondirtge structure of rodlike system$:*® For the lowest density
values of the uncharged chains at high densities. This is dig= 10" °) the peak position and peak height are almost in-
played in Fig. 8, where the mean square end-to-end distanceiependent from the chain stiffness despite the fact that the
of the charged chains are scaled by the values of neutrahain size is very sensitive to the stiffness in this density
chains. As the figure shows, the curves for the smaller chairange, as discussed in Sec. V B. This is explained by the fact
stiffnesses are above those with higher stiffness, i.e., ththat the structure of the liquid in this density range is domi-
Coulomb interaction stretches chains with smaller stiffnessiated by electrostatic interactions and not packing effects,
stronger than those with higher stiffness. This is explained byvhich would depend on the chain size. With increasing den-
the fact that the chains with large valuestakquire a larger  sity the peak sharpens and its height changes. Moreover, the
force, i.e., a stronger Coulomb interaction, to change thg@eak height decreases with increasing stiffness. Figure 9

Downloaded 21 Dec 2006 to 134.94.122.39. Redistribution subject to AIP license or copyright, see http://jcp.aip.org/jcp/copyright.jsp



J. Chem. Phys., Vol. 118, No. 14, 8 April 2003 Finite extensible semiflexible polyelectrolyte chains 6631

1.6 T o T T lyte chains in solution using a self-consistent integral equa-
14 n=10® n=10 ] tion theory. We have extended the standard self-consistent
theory by taking finite chain extensibility into account using
121 7 Lagrangian multipliers.
1At e The single chain results of our approach for the depen-
?é os L ! ' = | dence of the mean square end-to-end distance on the Debye
& screening length or the density, respectively, are in excellent
06 - . agreement with computer simulations. Considering the scal-
04 b 1 ing behavior of the mean square end-to-end distance with
' | respect to chain length, we find two different scaling re-
02 . gimes, corresponding to rodlike behavior and short-range ex-
0 cluded volume interactions, respectively. The range of chain
0 250 lengths, where we observe nearly rodlike behavior, depends
on the screening length and decreases with decreasing
1.8 screening length. By increasing the density, the chains dis-
16 L ] play a continuous transition from a stretched state to a col-
lapsed state. We find that the collapse is governed by charge
t4r i screening effects rather than packing effects, since the chains
12 - y start to contract already at densities much smaller than the
= 1t overlap density.
E 08 L | The calculation of the density dependence of the mean
@ = square end-to-end distance of flexible chains for various
06 i Bjerrum lengths shows that the end-to-end distance increases
04 r . rapidly with the Bjerrum length for low densities. For high
o2 b i densities, however, the end-to-end distance is independent
o from the Bjerrum length due to the efficient screening and is
0 250 similar to the value of an uncharged chain. Moreover, chain
r/l stiffness plays an important role for the size of the chains at

_ _ _ _all densities. The end-to-end distance is always larger for
FIG. 9. Monomer—monomer pair correlation functions of semiflexible . . . . . .
chains of various stiffnessdsand densities;. The chain length iN=63 chains with Iarge stlfanS§ ,than for chains with IOYV stiffness.
and the Bjerrum lengths arg=0.8 (top) and =15 (bottom, respec- ~HOwever, at large densities, the end-to-end distances ap-
tively. proach the values of the corresponding uncharged chains.
The presence of chain stiffness is also noticeable in the

shows that this effect is more pronounced for higher densistructural properties of a polyelectrolyte solution. Consider-
ties. Therefore, an effect of the chain size should only pbdng the pair correlation function, we find that semiflexible
noticed for densities where packing effects have to be takefhains exhibit the same qualitative behavior as rodlike
into account, i.e., for densities close and above the overlaphains, but the typical peaks are shifted to larger distances
density. For flexible chains, the peak maximum is a|Way5and the height of the peaks increases with decreasing chain
located at larger distances than for stiffer chains. At the samgtiffness. This effect is more pronounced for lower densities
density, the coils of the flexible chains exhibit a smaller over-and smaller Bjerrum lengths.

lap and hence a stronger Coulomb interaction.

The comparison of Fig. 9top) and Fig. 9 (bottom
shows that the shift of the peaks and the increase of the pea
height as a function of stiffness is less pronounced in the The authors gratefully acknowledge the financial sup-
system with a larger Bjerrum length, especially for low andport by the Deutsche Forschungsgemeinschaft within the
moderate densities. This results from the rodlike structureschwerpunktsprogramm 1009.
even of flexible chains at large Bjerrum lengths. Hence, the
stiffness dependence of the correlation function disappears
with an increasing Bjerrum length. However, this appliesAPPENDIX A: EDWARDS-SINGH APPROACH
only as long as the screening length, which increases with
increasing density, is not too small. The chains behave Ilkeefe
uncharged chains for small screening lengths and hence e
hibit again a dependence on the chain stiffness. Therefore 5 ) )
we still find large differences between the curves for theSH —VE R+ vo(RE+RR) +5 IEl (Ri=Ri11)“+BV(r),
various stiffnesses at the highest densigy=(10"3). (A1)
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N—-1 N 1

VI. CONCLUSIONS N-1

. . . Hg= R2+ R2+R2)+ R R—R
We have studied the conformational behavior and thé R VRi=§:2 it ror(Ri+RY) 2 ( 1%,
structural properties of flexible and semiflexible polyelectro- (A2)
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respectively.V(r) is given by the potentia(15). Inserting
these terms into Eq(10), the evaluation of the integrals
yields the result

OZ(V_VR)IZA‘I‘(VO_VOYR)IZB‘F %(E_ GR)|2C+ D,

(A3)
with
2 2 N
Azmz —N((1+tR) +2thR)
(1—tN)+ 2tg(1+tg+t2)
+2(1-th) —=F 1—th ROR (A4)
R
4(th—1\?
B=-3 1) (A5)
:3(1—_,[%)((N—1)(1_t2R)tg+(t2RN_té)), (AB)
N 2 n
I 1+tg 2tg tg—1
Xn§=:1 ex 6n| 1-tg  n (tg—1)?
1+tg\2 sinkf an
2/N R 2 2Na
x{n(N n+1) 1_tR) +8tge (ta=1)?

Aty
t2cosha(N n)sinha(N—n+2)
R

X[ (N=n)—7

—16n 3’21+—te asinhansinha(N—n+1){. (A7)
R (1 t )4 .

V(q) is the Fourier transformed potentid(r).

APPENDIX B: STRETCHED SEMIFLEXIBLE CHAIN

Stretching a semiflexible chain is achieved by the con-

straint
(r3y=a2, (B1)

for the chain end pointrg). Applying the maximum entropy
principle®”"98%nd taking into account the constrairtid—
(3), (B1), as well as the normalization condition of the dis-
tribution function yields the partition function

3N/2
Z:(wsinhﬁ)g”z(z;)

—3/2

N N —3/2
> A-;) |
n=1 m=1

X (B2)
with the abbreviatiorfg
209+ €\? 2Vp+ e
= sinh(N—1)9—2 sinh(N—2)9
+sinh(N—3) 9, (B3)

Hofmann, Winkler, and Reineker

1 2 2’170"‘6 i 1 ﬁ i 2 ﬁ
"= e Sinhd sinhin—1)9—sinh(n—2)
2o+
X smr(N m)d—sinl(N—m-—1)9|,
(B4)
V+e
coshd= (B5)

[In Eq. (B4) n<m.] The Lagrangian multipliers follow from
the conditions? In Z/oN=— ¢, where\ € 7,7y, 7 and ¢ is the
corresponding expectation valfe e (N—2)I2,1%,a%). Ex-
plicitly, we find for #,

3/1 1
T2\ar <R>o)

where (R2), is the mean-square end-to-end distance of a
nonstretched chain given by

3(N+2 6 2
€ V

smr(N 1)9—sin(N—2)9

A/

The Lagrange multiplier® and 7, have to be calculated
numerically from the following equations:

(B6)

3%
T2

(RE)o=——

27+

+sinhd

(B7)

N—-1

- N 21
Apn— ———————| > Ain| |=5(N=2)I2
Z n,n 1+ %7]<RE>O(Z:]_ |,n) 3( ) 1
(B8)
7 N 2 2
- 1] ==1%
fe 1+%n<Ré>o(i=ElA") 3 .

Detailed results for a totally flexible chain=0) are pre-

sented in Ref. 67.
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