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Self-consistent integral equation theory for solutions of finite extensible
semiflexible polyelectrolyte chains
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We investigate the structural and conformational properties of solutions containing semiflexible
polyelectrolyte chains using a self-consistent integral equation theory approach. A one-component
system is considered where the polyelectrolyte chains interact with each other via a Debye–Hu¨ckel
potential. Nonelectrostatic interactions among the polymers are taken into account by a
self-consistently determined solvation potential. The conformational properties of the polymer chain
are determined from a variational calculation with a semiflexible reference chain. The finite chain
extensibility is taken into account by constraints for the bond lengths and bond angles using
Lagrangian multipliers. The scaling relation for the size of an isolated semiflexible chain with
respect to chain length exhibits a transition from rodlike to excluded volume type for a given Debye
screening length. For flexible chains in solution, the theory provides conformational properties
which are in excellent agreement with computer simulation results. The bare chain stiffness has a
pronounced influence on the conformational and structural properties of the solution. In the
semidilute regime a pronounced liquidlike order is obtained for flexible polyelectrolyte chains
which diminishes with increasing bare persistence length. This process is accompanied by a shift of
the structural peaks to smaller length scales. ©2003 American Institute of Physics.
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I. INTRODUCTION

Polyelectrolytes are polymers consisting of monom
with ionizable groups. These ionizable groups dissoc
when the polyelectrolytes are dissolved in a polar solv
such as water. The remaining charged particles, i.e., la
polyions and small counterions, interact via long-range C
lomb interactions. This leads to a wide variety of effec
which are not present in solutions of uncharged polyme
Polyelectrolytes play a fundamental role in our everyday l
For example, two of the most well known polymers, DN
and RNA, are polyelectrolytes. Furthermore, many ot
biopolymers like proteins are polyelectrolytes. In addition
large class of synthetic polyelectrolytes exists as well, wh
are utilized in a wide range of technical applications such
water purification, stabilization of gels, or superabsorbers1–5

Despite significant experimental and theoretical effo
over the last decades,1,2,5–7 many properties of polyelectro
lytes are, in comparison to neutral polymers, still poo
understood.5,8–12The coupling of various length scales intr
duced by the long-range nature of the Coulomb interact
counterion condensation, and screening effects render p
electrolytes difficult to study both from the theoretical a
experimental point of view. In particular the coupling of th
different length scales poses major problems for the appl

a!Electronic mail: r.winkler@fz-juelich.de
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tion of renormalization group theories and scaling ide
which proved to be very successful for neutral polymers.13–15

Computer simulations provide valuable insight into the str
tural properties of polyelectrolyte solutions but require sp
cial techniques to treat the long-range Coulomb interacti
e.g., Ewald summation,16 and hence are often limited t
small systems with short chains and/or low densities.17–25

Scattering experiments, on the other hand, suffer from tr
impurities and very low scattering intensities encountered
dilute solutions. Therefore, experimental data for the prop
ties of single chains are lacking.5,26–35Moreover, often con-
troversial results are reported when using different exp
mental methods.5

Liquid state theory based upon the polymer-referen
interaction-site model~PRISM!36,37offers another theoretica
approach to polyelectrolyte solutions. PRISM theory is
extension of the Ornstein–Zernike equation38 of atomic sys-
tems to molecular systems by taking the connectivity of
sites of a molecule into account by the chain structure fac
The chain conformations and all intramolecular interactio
appear in this theory solely via the chain structure fac
During the last years, PRISM has successfully been use
characterize the properties of systems composed of rod
polyelectrolytes.39–42Particularly Shew and Yethiraj contrib
uted to the understanding of polyelectrolyte solutions a
demonstrated that the results of the PRISM approach
usually in good agreement with results from computer sim
4 © 2003 American Institute of Physics
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lations or experiments.42–46Polyelectrolytes cover the whol
range of stiffnesses from flexible to rodlike polymers d
pending upon the chain length or the solution properties
the salt concentration. As a consequence, the structure
solution and the conformations of the polyelectrolyte cha
are strongly coupled. To account for this coupling, the so
tions of the PRISM equations and the corresponding con
mations of the polyelectrolytes have to be determined sim
taneously. This is achieved by a recently develop
extension of the PRISM theory.43,47–56Here, the nonpairwise
intermolecular many chain interactions of a particular ch
are cast into an effective pairwise intramolecular solvat
potential which is determined self-consistently. This
called medium induced potential can be expressed by co
lation functions calculated with the PRISM theory.57–60

In this paper we apply the self-consistent PRISM the
to semiflexible polyelectrolyte solutions taking into accou
the finite chain extensibility by constraints for the bo
angles and bond lengths. At infinite dilution, our results
the dependence of the mean square end-to-end distanc
the Debye screening length of fully flexible chains are
excellent agreement with computer simulations. Conside
the scaling behavior of the mean square end-to-end dist
with chain length at a fixed Debye screening length, we fi
a crossover from a rodlike to self-avoiding-walk behavior
low salt concentrations.61 Including the medium-induced po
tential, we again find excellent agreement between comp
simulation results and our calculations for the density dep
dence of the chain conformations. In this context, we c
clude that the observed contraction of the chains with
creasing density is dominated by the screening of
Coulomb interactions and packing effects are almost ne
gible. At dilute solutions, an increase of the Bjerrum leng
leads to a rapid increase of the chain size up to rodlike c
formations. In contrast, at high densities the chain size
independent of the Bjerrum length due to screening effe
For semiflexible chains we find results which contradict
findings of Ref. 54. Our calculations reveal that the ch
conformations not only depend on the chain stiffness in
lute but also in semidilute solutions. In particular, the cha
contract to the size of the corresponding uncharged semi
ible chain for high densities. Chain stiffness is also reflec
in the structural properties of a solution which we discu
using the pair correlation function.

The rest of the paper is organized as follows: In Sec
we present the chain model and outline the variational p
cedure to calculate the chain conformations. In Sec. III
describe the self-consistent PRISM theory. Results are
sented in Sec. IV for single chains and in Sec. V for ma
chain systems. Finally, in Sec. VI we summarize our resu

II. POLYELECTROLYTE CONFORMATIONS

The self-consistent solution of the PRISM equations
quires knowledge of the conformations of a polyelectrol
chain. We will use an analytical approach to derive the n
essary expressions. Alternatively, simulation results can
exploited to obtain the required input.43 In this section, we
will outline the applied chain model.
Downloaded 21 Dec 2006 to 134.94.122.39. Redistribution subject to AIP
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A. Chain model

The PRISM equations use a site representation of a p
mer chain. To be consistent, we will use a discrete semifl
ible chain model.62

The chain is considered as a one dimensional arran
ment of N11 mass points with equal massesm. The posi-
tions of the points are denoted byr i , i 50,...,N. To remove
the translational degrees of freedom, the pointr0 is fixed at
the origin of the reference frame. The other mass points
subject to the constraints

(
i 52

N21

^Ri
2&5~N22!l 2, ~1!

^R1
2&5^RN

2 &5 l 2, ~2!

(
i 51

N21

^~Ri2Ri 11!2&52~N21!l 2~12t !. ~3!

Here theRi5r i2r i 21 are bond vectors andl is the bond
length. Equations~1! and~2! capture the connectivity of the
mass points along the chain contour and guarantee the fi
chain extensibility. The chain ends have to be taken i
account explicitly to obtain correct results in the rod limit.62

Equation~3! describes bond angle restrictions which result
an intrinsic chain stiffness. The parametert is proportional to
the average cosine of the angle between successive bo
wherebyt50 corresponds to a totally flexible chain~Gauss-
ian chain! and t51 describes a rigid rod. Using the max
mum entropy principle, we find the configurational partitio
function Z5* exp(2bH0)d

3Nx with the Hamiltonian

bH05n (
i 52

N21

Ri
21n0~R1

21RN
2 !1

e

2 (
i 51

N21

~Ri2Ri 11!2.

~4!

The Lagrangian multipliersn, n0 , ande take into account the
constraints~1!–~3! and are given by62

n5
3

2l 2

12t

11t
, n05

3

2l 2

1

11t
, e5

3

l 2

t

12t2 . ~5!

In the continuum limit, the model is identical to a path int
gral representation of a semiflexible chain as proposed
various authors.62–66 The above values of the Lagrangia
multipliers are correct only as long as there are no ot
interactions present. Additional interactions, like extern
electric or flow fields or forces acting at the chain ends
stretch a chain, require the adjustment of the Lagrang
multipliers to fulfill the constraints~1!–~3!.67–70

Since the HamiltonianH0 is quadratic in the bond vec
tors various averages can be obtained analytically. In part
lar, the mean square end-to-end distance is given by

^RE
2&5^~rN2r0!2&5Nl2S 11t

12t
1

2t

N

tN21

~ t21!2D ~6!

and the structure factor reads as
 license or copyright, see http://jcp.aip.org/jcp/copyright.jsp
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v~k!5
1

N11 (
i , j 50

N

expF2
k2u j 2 i u l 2

6 S 11t

12t

1
2t

u j 2 i u
t u j 2 i u21

~ t21!2 D G . ~7!

To describe a polyelectrolyte, we assign a chargeZe to
each of theN11 monomers. Since we account for the cou
terions and added salt only within the Debye–Hu¨ckel ap-
proximation, the HamiltonianH0 has to be extended by th
potential

bVC5Z2l B(
i 50

N

(
j 5 i 11

N
e2kur i2r j u

ur i2r j u
, ~8!

where l B5be2/« is the Bjerrum length,k5A4p l Br is the
inverse Debye screening length,r is the monomer density or
for systems with added salt, the density of the monomers
the saltions, andb51/kBT with T the temperature andkB the
Boltzmann factor. The solvent is considered as a continu
background with the dielectric constant«.

In addition, other potentials, like the excluded volum
potential, can be taken into account. The total Hamiltonian
our system is then given byH5H01V, whereV includes all
potential energies.

The presence of the potentialV requires an adjustmen
of the Lagrangian multipliers. Unfortunately, the partitio
function with the HamiltonianH cannot be calculated in
closed form in general. Thus, we have to resort to an
proximate calculation. The details of the calculations will
presented in Secs. II B and II C.

A similar description of a semiflexible polyelectrolyt
chain based on a continuum model has been used in Ref
The Debye–Hu¨ckel potential exhibits a singularity in thi
limit, since the distance between two charges along the c
contour becomes zero. To overcome this problem a pertu
tion expansion is used to remove the singularity61 or a cut-off
is introduce71 which determines a smallest possible leng
scale. Such approximations are not necessary for the dis
model used in this article.

B. Perturbation calculation

To calculate the conformational properties of the se
flexible polyelectrolyte chain, we resort to the approximati
scheme proposed by Edwards and Singh.72 Alternatively,
the Gibbs–Bogoliubov variational method could
exploited.38,71,73Our calculations show, however, that the r
sults obtained by the Edwards–Singh approach are in b
agreement with computer simulations.

The Edwards–Singh approach is a perturbation calc
tion with respect to a reference chain. The basic idea is
determine free parameters of an analytically tractable re
ence chain in such a way that its conformational proper
agree with those of the original chain. We use the semifl
ible chain with the Hamiltonian~4!, where the stiffnesst is
replaced by the reference valuetR , as a reference system. T
adjust the conformations of the two chains, we require t
their mean square end-to-end distances are equal, i.e.,

^RE
2&5^RE

2&R . ~9!
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Here ^¯&R denotes averages calculated with the refere
Hamiltonian HR , whereas^¯& means that the average
performed with the full HamiltonianH. Expanding^RE

2& in
terms of^RE

2&R and^H2HR&R up to first order in the pertur-
bation (H2HR) leads to the following equation:

^RE
2&R^H2HR&R2^RE

2~H2HR!&R50, ~10!

for the stiffnesstR .
Since the reference Hamiltonian is quadratic, the av

ages of Eq.~10! can be calculated analytically. The resu
are presented in Appendix A. The structure factor, requi
for the PRISM calculations, follows from Eq.~7! via replac-
ing t by tR .

C. Lagrangian multiplier

The equation to determine the stiffnesstR ~A3! includes
the Lagrangian multipliersn, n0 , ande of the original chain.
As pointed out in the last section, these parameters hav
be determined such that the constraints~1!–~3! are satisfied.
Since no closed analytical solution for the partition functi
can be obtained, approximation schemes are necessary
the multipliers. We tried several approximation schemes s
as a perturbation expansion or adjustment to a stretched
erence chain. The first approach fails usually, because
changes in the chain conformations are generally not sm
as required for a perturbation.

The semiflexible chain is a coarse-grained model o
polymer chain and the Lagrangian multipliere determines
the stiffness of the chain. Without potential energy,e is a
measure for the bare persistence length. Intermolecular in
actions may change the total persistence length but not
bare persistence length, which is an intrinsic property o
polymer chain. Therefore, we considere to be independen
from the potentialV. The Lagrangian multipliersn and n0

keep the bond lengths at their average values.~To strictly
fulfill this condition would actually requireN Lagrangian
multipliers—one for every bond. Only for the Hamiltonia
H0 all the multipliers, except those at the chain ends,
equal. In general, all multipliers are different.68–70! Since
variations of the potential energyV lead to changes in the
bond forces,n andn0 have to be adjusted to prevent vari
tions in the chain contour lengthL5Nl and hence over-
stretching of the chain.

To obtain an estimate ofn and n0 , we use a stretched
semiflexible chain as a reference chain. One way to desc
the deformation of a polymer chain is to introduce the co
straint

^rN
2 &5a2, ~11!

for the chain end point (rN). The partition function with this
additional constraint can be calculated. The result is p
sented in Appendix B. Considering the Lagrangian multip
ersñ andñ0 of the deformed chain, we see that they depe
on the extensionuau. The calculation of the desired multipli
ers proceeds then as follows: Using the stiffnesstR obtained
from the Edwards–Singh approach, the mean square en
end distancê RE

2&R is calculated and set equal toa2. The
Lagrangian multipliersñ and ñ0 are then calculated by solv
 license or copyright, see http://jcp.aip.org/jcp/copyright.jsp
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ing Eqs.~B8!, ~B9!. Finally, we setn5 ñ andn05 ñ0 . Equa-
tion ~10! is then solved again to obtain an improved value
tR . With this value new multipliers are determined. The p
cedure is repeated until convergence has been achieved

III. SELF-CONSISTENT PRISM THEORY

The polymer reference interaction site model~PRISM! is
an integral equation theory for molecular systems. It follo
from the Ornstein–Zernike equation38 for atomic systems by
taking into account the connectivity of the sites of a line
molecule. This is achieved by incorporating the intramole
lar structure factorv(k) in the appropriate equations. Th
PRISM equations then relate the total correlation funct
h(r ), the direct correlation functionc(r ), and the intramo-
lecular correlation functions, represented byv(k), with each
other. Structural properties of a solution, like the pair cor
lation functiong(r ) or the static structure factorS(k), can be
obtained easily from the total correlation functionh(r ) via
g(r )5h(r )11 andS(k)5v(k)1rh(k), respectively. If all
monomers of the chain are considered to be equivalent
hence chain end effects are neglected, the structural pro
ties of the solutions can be described by a single correla
function in contrast toN2 different correlation functions
when all N monomers of the chain are treated individual
In Fourier space, the PRISM equation is given by

h~k!5v~k!c~k!v~k!1rv~k!c~k!h~k!, ~12!

wherer is the monomer density. To solve the PRISM equ
tion a relation is required which connects the total and dir
correlation function. Various such closure relations ha
been proposed.37,58,74–76In this work we use the Laria–Wu–
Chandler~LWC! closure which proved to be adequate f
threadlike polyelectrolytes and is given by

v~r !* c~r !* v~r !52v~r !* bv~r !* v~r !1h~r !

2 ln g~r !, ~13!

where the asterisks denote convolution integrals andv is the
intermolecular interaction potential.

In this theory, the chain conformations solely enter v
the intramolecular structure factorv(k). Thus, no detailed
knowledge about intramolecular potentials is necessary.

To calculate the intramolecular structure factor, the int
molecular many chain interactions are approximated b
solvation potential. This medium-induced potential (W) is
assumed to be pairwise additive and has to be determine
a self-consistent manner.43,47–56An approximate expressio
in terms of the direct correlation function and the static str
ture factorS5v(k)1rh(k) reads57–60,77as

bWi , j~k!52rc~k!S~k!c~k!. ~14!

The total intramolecular potentialV is then given by

V~r !5(
i 50

N

(
j 5 i 11

N FZ2l B

e2kur i2r j u

ur i2r j u
1bWi , j~ ur i2r j u!G .

~15!

In the following, we will consider systems with monovale
charges, i.e.,Z51.
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IV. SINGLE CHAIN RESULTS

A single chain system corresponds to the limitr→0 and
the medium-induced potential is zero. The potential energV
is then equal to the Debye–Hu¨ckel potential and the solution
of the PRISM equation is not necessary to calculated
conformational properties. Hence, our system correspond
the study of Ref. 61 aside from the fact that we conside
discrete model and a finite extensible polyelectrolyte cha

Considering the scaling behavior of the mean squ
end-to-end distance of a flexible chain (t50) with chain
length, we find various regimes depending on the Deb
screening length. Figure 1 displays^RE

2& as a function of
chain length and inverse Debye screening length forl B

50.5l . For largek, i.e., small screening lengths,^RE
2& exhib-

its self-avoiding-walk behavior (^RE
2&;N1.2) for almost all

chain lengths. This is a consequence of the fact that
Debye–Hu¨ckel potential is effectively a short range potent
when the chain length exceeds the Debye screening leng
decrease ofk leads to an increase of the screening leng
For a certain range of chain lengths, a second scaling reg
appears withRE

2;N2. ~The exponent slightly depends onk,
but the limiting value is 2.! For large chain lengths agai
self-avoiding-walk behavior is assumed. Although in the
termediate regime the scaling relation is close to the sca
behavior of a rod, the value ofuREu is significantly smaller
than for a rodlike conformation. These results are in agr
ment with the findings presented in Refs. 61 and 78.

Recently, computer simulation results for the me
square end-to-end distance as a function ofk have been pub-
lished for a broad range of chain lengths.79 Figure 2 com-
pares results of our analytical approach~lines! with the simu-
lation data~symbols! for the Bjerrum lengthl B5 l . As is
obvious from the figure, the theoretical approach captures
transition from the extended state of the polymer~almost
rodlike! to a collapsed state~Gaussian coil! with increasing
k. Considering the quantitative agreement between the
sets of data, the overall agreement is very good, even
longer chains.~It should be kept in mind that there is no fre
parameter in the theory.! However, for long chains we find

FIG. 1. Root mean square end-to-end distance of flexible polyelectro
chains as a function of the chain length forl B50.5l . The inverse Debye
screening lengthk varies from 0.05 to 0.8~top to bottom!. The slopes of the
two straight lines are 1 and 3/5, respectively.
 license or copyright, see http://jcp.aip.org/jcp/copyright.jsp
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discrepancies between the two approaches fork values in the
transition regime from an extended to a collapsed chain
large and smallk, the agreement is still excellent.

The increase of the chain length at a constant Bjerr
length leads to an increase of the Coulomb interacti
Hence, the observed discrepancies seem to point to a fa
of our approach at large interaction strengths. Whether th
related to the applied approximations or points to a failure
the semiflexible chain description of the polyelectroly
chain remains to be investigated.

V. RESULTS FOR MANY CHAIN SYSTEMS

In this section we will present results taking into accou
the medium-induced potential. At first we will study the co
formational properties of the polyelectrolyte chains and th
discuss the structure of the solution.

A. Fully flexible chain

Extensive computer simulations for flexible chainst
50) in solutions are available.20,43 The present theory is in
quantitative agreement with the simulation results. Figur
displays the root mean square end-to-end distance of a
flexible chain as a function of density and for various ch
lengths. Our approach is in better agreement with the si
lation data than the results of the theories of Yethiraj p
sented in Refs. 52 and 53. At low concentrations, the cha
are extended and they contract with increasing density.
very high densities, the dimension of an uncharged chai
assumed. The medium-induced potential leads to sma
end-to-end distances than obtained without such a poten
particularly for high concentrations. As is obvious from t
figure, the critical density, where the chains start to contr
moves to smaller densities with increasing chain length. T
decrease of the mean square end-to-end distance with
creasing density may be explained by two different effec
An increase of the monomer density implies a decreas
the Debye screening length. Therefore, the intramolec
Coulomb interaction is strongly screened at high densit
leading to more compact conformations. On the other ha

FIG. 2. A comparison between results of this work~lines! and computer
simulations~dots! ~Ref. 79! for the mean square end-to-end distance a
function of the inverse screening lengthk for fully flexible chains. The chain
length varies fromN564 to N5512 ~bottom to top! at constant Bjerrum
length l B51.0l
Downloaded 21 Dec 2006 to 134.94.122.39. Redistribution subject to AIP
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more compact structures may form when the overlap den
is reached or exceeded, respectively. The question arise
to which of the two effects is the dominating effect for cha
compression.

If the chain contraction is governed by the packing
fect, the chains should start to contract for densities lar
than the overlap densityr* , defined by

r* 5
N

^Rg
2&3/2. ~16!

Here, we use the radius of gyrationRg to characterize the
average volume occupied by a chain, where^Rg

2& is a func-
tion of density. Figure 4~top! depicts the dependence of th
mean square end-to-end distance on the scaled densityr/r*
for the same set of parameters as in Fig. 3. The chains sta
contract for densities much smaller than the overlap den
r* . Therefore packing effects seem to play a minor role
chain contraction. On the other hand, if the screening ef
is dominant, the chains should start to contract when
screening length, which depends directly on the density, i
the order of a typical chain dimension, e.g., the radius
gyration. This allows us to define a critical screening dens
via

k5A4p l Brc5^Rg
2&21/2. ~17!

As is obvious from Fig. 4~bottom!, chains of various lengths
start to contract when the density is close to the criti
screening density. Therefore, the screening of the Coulo
potential with increasing density is the dominant effect
the decrease of the chain size. This is confirmed by calc
tions of the mean square end-to-end distance for a sin
chain, i.e., in the limitr→0, where packing effects are irre
evant. Similar results are obtained for both systems. Onl
high densities, packing effects play an important role.

Since overstretching of the chains is prevented in
model by adjusting the Lagrangian multipliers, it is possib
to discuss the density dependence of the mean square
to-end distance for larger Bjerrum lengths than the ones u

aFIG. 3. A comparison between the density dependencies of the root m
square end-to-end distance of fully flexible chains obtained from this w
~lines! and from computer simulations~symbols! ~Refs. 43, 81!. The chain
length varies fromN515 to N5127 and the Bjerrum length is fixed tol B

50.833l .
 license or copyright, see http://jcp.aip.org/jcp/copyright.jsp
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in Fig. 3. With increasing Bjerrum length, we expect an
crease of the chain extension. This is confirmed by the
sults presented in Fig. 5, where the mean square end-to
distance is presented for various Bjerrum lengths rang
from l B50.1l to l B52.0l . The figure exhibits the sam
qualitative behavior for all Bjerrum lengths, i.e., startin
from a stretched conformation we find a decrease of
chain size with increasing density. At small densities, the s
of a chain of given length increases rapidly with the Bjerru
length and almost reaches a fully stretched conforma
with ^RE

2&5N2l 2 for the highest Bjerrum length. The differ
ences between the mean square end-to-end distances fo
various Bjerrum lengths diminishes with increasing dens
For very high densities the curves for the various Bjerr
lengths even assume the same value, which is given by
end-to-end distance of an uncharged chain. This behavior
to be expected, since for low densities the screening is
weak that an increase of the Bjerrum length leads to a st
ger repulsion between the charges and therefore to a rap
increasing chain size. For high densities, even the interac
between two adjacent charges is screened. Thus, the c
size becomes independent of the Bjerrum length and is g
by the value of an uncharged chain. We like to mention t

FIG. 4. Density dependence of the root mean square end-to-end distan
various flexible chains. The density is scaled by the overlap densityr* ~top!
and the critical screening densityrc ~bottom!, respectively. The Bjerrum
length isl B50.833l .
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the density where the chains start to contract is again w
described by the screening densityrc .

The density dependence of the Lagrangian multipliern is
shown in Fig. 6 for various Bjerrum lengths and the cha
length N563. The Lagrangian multiplier exhibits the sam
qualitative behavior as the mean square end-to-end dista
i.e., starting from a value which exceeds the valuen(0)
5n( l B50) of an uncharged chain, for all Bjerrum length
the Lagrange multiplier drops to the value of the uncharg
chain.

B. Semiflexible chains

The intrinsic stiffness, characterized by the parametet
~4!, significantly affects the conformation of a polyelectr

for

FIG. 5. Density dependence of the root mean square end-to-end distan
various Bjerrum lengths (l B / l 50.122.0). The chain lengths of the flexible
chains vary fromN515 to N5127.

FIG. 6. Density dependence of the Lagrangian multipliern of flexible chains
for various Bjerrum lengths and the chain lengthN563. n~0! is the La-
grangian multiplier of an uncharged chain~5!.
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lyte chain in solution. Figure 7 displays the density dep
dence of the mean square end-to-end distance for var
chain stiffnesses ranging from very flexible chains (t50.2)
to very stiff chains (t50.9). The chain lengths are the sam
as in Fig. 3. Qualitatively, for all values oft the same behav
ior is observed as for fully flexible chains. Considering t
critical density, at which the chains start to contract, we fi
a shift to larger densities with increasing stiffness. This h
to be expected, since in the limitt51 of rodlike chains the
mean square end-to-end distance has to be independent
the density, since no conformational changes are poss
Our recent computer simulations of semiflexible chains c
firm this shift. The above results contradict the predictio
presented in Ref. 54. The theory of Ref. 54 suggests a
crease of the critical density with increasing chain stiffne
for semiflexible chains close to the flexible chain limit.

Moreover, Fig. 7 shows that the end-to-end distance
chains of larger stiffnesses always exceed those of ch
with smaller stiffnesses. Even for the highest densities, la
variations are obtained. For flexible chains~cf. Sec. V A!, we
find that the chain sizes are similar to uncharged chain
high densities. Similarly, the mean square end-to-end
tances of the semiflexible chains approach the correspon
values of the uncharged chains at high densities. This is
played in Fig. 8, where the mean square end-to-end dista
of the charged chains are scaled by the values of neu
chains. As the figure shows, the curves for the smaller ch
stiffnesses are above those with higher stiffness, i.e.,
Coulomb interaction stretches chains with smaller stiffn
stronger than those with higher stiffness. This is explained
the fact that the chains with large values oft require a larger
force, i.e., a stronger Coulomb interaction, to change

FIG. 7. Density dependence of the root mean square end-to-end distan
semiflexible chains with stiffnesses ranging fromt50.1 tot50.9. The Bjer-
rum length isl B50.833l .
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bond angles and therefore cannot be stretched as easily a
chains with smaller stiffness.

Reference 54 presents mean square end-to-end dista
at high densities which assume the same value for all ch
stiffnesses, i.e., the chains are compressed to a smaller
than given by the uncharged chain. This contradicts our
sults, where the medium-induced interaction balances the
tramolecular Coulomb repulsion leading to conformations
an uncharged system at large densities. The discrepan
between the results suggests limitations in the applicab
of the ~simple! model presented in Ref. 54.

C. Correlation function

Insight into the structure of a polyelectrolyte solutio
can be gained by the pair correlation functiong(r ). Figure 9
depicts the monomer pair correlation function for vario
densities and a chain lengthN563. The stiffness range
from a total flexible chain (t50) to a rodlike chain (t51),
and the Bjerrum lengths arel B50.5l @Fig. 9 ~top!# and l B

51.5l @Fig. 9 ~bottom!#, respectively. Semiflexible chain
exhibit a pronounced liquidlike order with a peak, whic
shifts to smaller distances with increasing density, similar
the structure of rodlike systems.39–46 For the lowest density
(h51025) the peak position and peak height are almost
dependent from the chain stiffness despite the fact that
chain size is very sensitive to the stiffness in this dens
range, as discussed in Sec. V B. This is explained by the
that the structure of the liquid in this density range is dom
nated by electrostatic interactions and not packing effe
which would depend on the chain size. With increasing d
sity the peak sharpens and its height changes. Moreover
peak height decreases with increasing stiffness. Figur

ofFIG. 8. Density dependence of the scaled root mean square end-to
distance of semiflexible chains with stiffnesses ranging fromt50.1 to t
50.9. The Bjerrum length isl B50.833l . ^RE,0

2 & is the mean square end-to
end distance of an uncharged semiflexible chain.
 license or copyright, see http://jcp.aip.org/jcp/copyright.jsp
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shows that this effect is more pronounced for higher de
ties. Therefore, an effect of the chain size should only
noticed for densities where packing effects have to be ta
into account, i.e., for densities close and above the ove
density. For flexible chains, the peak maximum is alwa
located at larger distances than for stiffer chains. At the sa
density, the coils of the flexible chains exhibit a smaller ov
lap and hence a stronger Coulomb interaction.

The comparison of Fig. 9~top! and Fig. 9 ~bottom!
shows that the shift of the peaks and the increase of the p
height as a function of stiffness is less pronounced in
system with a larger Bjerrum length, especially for low a
moderate densities. This results from the rodlike struct
even of flexible chains at large Bjerrum lengths. Hence,
stiffness dependence of the correlation function disapp
with an increasing Bjerrum length. However, this appl
only as long as the screening length, which increases w
increasing density, is not too small. The chains behave
uncharged chains for small screening lengths and hence
hibit again a dependence on the chain stiffness. Theref
we still find large differences between the curves for
various stiffnesses at the highest density (h51023).

VI. CONCLUSIONS

We have studied the conformational behavior and
structural properties of flexible and semiflexible polyelect

FIG. 9. Monomer–monomer pair correlation functions of semiflexi
chains of various stiffnessest and densitiesh. The chain length isN563
and the Bjerrum lengths arel B50.5l ~top! and l B51.5 ~bottom!, respec-
tively.
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lyte chains in solution using a self-consistent integral eq
tion theory. We have extended the standard self-consis
theory by taking finite chain extensibility into account usin
Lagrangian multipliers.

The single chain results of our approach for the dep
dence of the mean square end-to-end distance on the D
screening length or the density, respectively, are in excel
agreement with computer simulations. Considering the s
ing behavior of the mean square end-to-end distance w
respect to chain length, we find two different scaling r
gimes, corresponding to rodlike behavior and short-range
cluded volume interactions, respectively. The range of ch
lengths, where we observe nearly rodlike behavior, depe
on the screening length and decreases with decrea
screening length. By increasing the density, the chains
play a continuous transition from a stretched state to a
lapsed state. We find that the collapse is governed by ch
screening effects rather than packing effects, since the ch
start to contract already at densities much smaller than
overlap density.

The calculation of the density dependence of the m
square end-to-end distance of flexible chains for vario
Bjerrum lengths shows that the end-to-end distance incre
rapidly with the Bjerrum length for low densities. For hig
densities, however, the end-to-end distance is indepen
from the Bjerrum length due to the efficient screening and
similar to the value of an uncharged chain. Moreover, ch
stiffness plays an important role for the size of the chains
all densities. The end-to-end distance is always larger
chains with large stiffness than for chains with low stiffnes
However, at large densities, the end-to-end distances
proach the values of the corresponding uncharged chain

The presence of chain stiffness is also noticeable in
structural properties of a polyelectrolyte solution. Consid
ing the pair correlation function, we find that semiflexib
chains exhibit the same qualitative behavior as rodl
chains, but the typical peaks are shifted to larger distan
and the height of the peaks increases with decreasing c
stiffness. This effect is more pronounced for lower densit
and smaller Bjerrum lengths.
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APPENDIX A: EDWARDS-SINGH APPROACH

The Hamiltonians of the polyelectrolyte chain and t
reference system are given by

bH5n (
i 52

N21

Ri
21n0~R1

21RN
2 !1

e

2 (
i 51

N21

~Ri2Ri 11!21bV~r !,

~A1!

bHR5nR(
i 52

N21

Ri
21n0,R~R1

21RN
2 !1

eR

2 (
i 51

N21

~Ri2Ri 11!2,

~A2!
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respectively.V(r ) is given by the potential~15!. Inserting
these terms into Eq.~10!, the evaluation of the integral
yields the result

05~n2nR!l 2A1~n02n0,R!l 2B1 1
2 ~e2eR!l 2C1D,

~A3!

with

A5
2

3~12tR!2 S 2N„~11tR!212tRtR
N
…

12~12tR
N!

~12tR
N!12tR~11tR1tR

2 !

12tR
2 D , ~A4!

B52
4

3 S tR
N21

tR21D 2

, ~A5!

C5
4

3~12tR
2 !

„~N21!~12tR
2 !tR

N1~ tR
2N2tR

2 !…, ~A6!

D5
l 2

18p2 E
0

`

dq q4Ṽ~q!

3 (
n51

N

expS 2
q2

6
nl2S 11tR

12tR
1

2tR

n

tR
n21

~ tR21!2D D
3H n2~N2n11!S 11tR

12tR
D 2

18tR
2e2Na

sinh2 an

~ tR21!4

3S ~N2n!2
4tR

12tR
2 cosha~N2n!sinha~N2n12! D

216ntR
3/2 11tR

~12tR!4 eNa sinhan sinha~N2n11!J . ~A7!

Ṽ(q) is the Fourier transformed potentialV(r ).

APPENDIX B: STRETCHED SEMIFLEXIBLE CHAIN

Stretching a semiflexible chain is achieved by the c
straint

^rN
2 &5a2, ~B1!

for the chain end point (rN). Applying the maximum entropy
principle67,70,80and taking into account the constraints~1!–
~3!, ~B1!, as well as the normalization condition of the di
tribution function yields the partition function

Z5~p sinhq!3/2S 2p

e D 3N/2

3V23/2S 11h (
n51

N

(
m51

N

Anm
21D 23/2

, ~B2!

with the abbreviations62

V5S 2ñ01e

e D 2

sinh~N21!q22
2ñ01e

e
sinh~N22!q

1sinh~N23!q, ~B3!
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Anm
215

2

eV sinhq F2ñ01e

e
sinh~n21!q2sinh~n22!qG

3F2ñ01e

e
sinh~N2m!q2sinh~N2m21!qG ,

~B4!

coshq5
ñ1e

e
. ~B5!

@In Eq. ~B4! n,m.] The Lagrangian multipliers follow from
the conditions] ln Z/]l52f, wherelP ñ,ñ0 ,h andf is the
corresponding expectation value„fP(N22)l 2,l 2,a2

…. Ex-
plicitly, we find for h,

h5
3

2 S 1

a2 2
1

^RE
2&0

D , ~B6!

where ^RE
2&0 is the mean-square end-to-end distance o

nonstretched chain given by

^RE
2&05

3~N12!

2ñ
2

3ñ0

ñ2 1
6

e S ñ0

ñ
21D 2

3F2ñ01e

e
sinh~N21!q2sinh~N22!q

1sinhqG Y V. ~B7!

The Lagrange multipliersñ and ñ0 have to be calculated
numerically from the following equations:

(
n52

N21 FAn,n2
h

11 2
3 h^RE

2&0
S (

i 51

N

Ai ,nD 2G5
2

3
~N22!l 2,

~B8!

A1,12
h

11 2
3 h^RE

2&0
S (

i 51

N

Ai ,1D 2

5
2

3
l 2. ~B9!

Detailed results for a totally flexible chain (t50) are pre-
sented in Ref. 67.
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