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SUMMARY

This paper describes a general statical approach for shakedown analysis of structures of perfectly plastic
material using non-linear optimization. The developed methods may be implemented with any displacement-
based finite element code. The temperature-dependence of the yield limit is taken into account in shakedown
analysis. Temperature-dependent shakedown analysis of a pipe-junction and a thick tube are performed by
different methods.

1. INTRODUCTION

Plastic failure modes cannot be assessed from the state of stress, such that the plastic design has to
consider the characteristic development of plastic strains towards structural failure instead:

• Instantaneous collapse by unrestricted plastic flow at limit load.

• Incremental collapse by accumulation of plastic deformations over subsequent load cycles
(ratchetting).

• Low Cycle Fatigue (LCF) by alternating plasticity.

The possible structural failure may be predicted in a detailed incremental plastic analysis. In the
case of variable loaded structures the prediction of failure is based on extrapolation because a de-
tailed analysis is prohibitively time consuming. To avoid this drawback the direct computation of
the load carrying capacity is the objective of shakedown analyses. Shakedown analyses are imple-
mented into the FEM program PERMAS employing a subspace technique which can handle large
models [5], [9].

Although in general the thermo-mechanical properties of a material are temperature dependent, the
dependence is more significant for the yield stress than for other properties such as Young’s modu-
lus and coefficient of thermal expansion. For instance, an ordinary carbon steel has a reduction in
the yield stress of about 45% due to a temperature increase from 20◦C to 375◦C. The objective of
the present paper is to complete the analysis of perfectly plastic behavior by deriving an approxima-
tive method to include the temperature dependence of the yield limit. The temperature-dependent
shakedown analysis is performed by a post-processing of theresults of a temperature independent
shakedown analysis.

2. THEOREMS OF ELASTIC SHAKEDOWN FOR PERFECTLY PLASTIC MATERIAL

Static theorems are formulated in terms of stress and define safe structural states giving an opti-
mization problem for safe loads. The maximum safe load is thelimit load avoiding collapse and
the shakedown load avoiding ratchetting and LCF. The presentation is restricted to perfectly plastic
material and no elastic failure modes are considered (i.e. no elastic buckling or high cycle fatigue).
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The given structureV is assumed to be composed of material points denoted by theircoordinate
vectorsx ∈ V . For an elastic, perfectly plastic material plastic strains occur if a yield functionf
reaches the yield stressσy. The elastic domain is defined with the von Mises yield function F by:

F (σ) ≤ σ2
y (1)

with the actual elastic-plastic stress responseσ. Material stability in the sense of Drucker’s postulate
is assumed, i.e. the yield surface is convex. To avoid the possibility of plastic failure the maximum
possible plastic energy dissipation must be bounded for allpoints and instances. The stressesσ(t)
are decomposed into fictitious elastic stressesσ

E(t) = E : ε(t) and residual stressesρ resulting
from plastic deformations byσ(t) = σ

E(t) + ρ. All residual stressesρ generate a linear vector
space

B = {ρ | divρ = 0 in V,ρ n = 0 on ∂Vσ}. (2)

The time history of a loadP(t) = (q(t),p(t)) with volumeq(t) and surface loadsp(t) is often not
well-known. It can however usually be stated that the loads vary only within a certain convex setL.
The following theorem holds:

Static shakedown theorem (Melan):
If there exists a factorα > 1 and a time-independent residual stress fieldρ̄(x) with
∫

V

ρ̄ : E : ρ̄ dV < ∞, such that for all loadsP(t) ∈ L

F [ασ
E(x, t) + ρ̄(x)] ≤ σ2

y ∀ x ∈ V (3)

is satisfied, then the structure will shake down elasticallyunder the given load domain
L.

The greatest valueαSD which satisfies the theorem is calledshakedown-factor. The objective of
shakedown analyses is to find bounds to the shakedown–factorαSD. This leads to the convex
optimization problem with a continuous set of restrictions

max α

s. t. F [ασ
E(x, t) + ρ̄(x)] ≤ σ2

y ρ̄ ∈ B, x ∈ V,∀t (4)

which is reduced to a finite problem by FEM discretization. The solutionαSD of the problem (4) is
unique even if the residual stress fieldρ̄ is not in general unique. It is supposed that the load domain
L is a convex polyhedron with the verticesP(k), k = 1, . . . , NV (load vertices). Consequently,
any loadP(t) ∈ L is given by a convex combination of theP(j), j = 1, . . . , NV .

P(t) = λ1(t)P1 + . . . + λNV (t)PNV , 0 ≤ λj(t) ≤ 1. (5)

For the FEM the structureV is decomposed inNE finite elements with theNG Gaussian pointsxi.
The restrictions of the optimum problem are validated only in the Gaussian points. The discretized
shakedown analysis is given by

max α

s.t. F [ασ
E
i (j) + ρ̄i] ≤ σ2

y i ∈ [1, NG], j ∈ [1, NV ], ρ̄ ∈ B. (6)

Imposing the yield condition at the Gauss points only, instead of continuously everywhere inV
leads to a maximumα value which is an upper bound to the theoretical valueαSD, because of
the less strict optimization problem. The time discretization (5) is without effects on the optimal
valueα of (6) due to the convexity ofL. The unknowns of the problem areα and the residual
stresses̄ρi. For structures withNG Gaussian points one has to handle1 + NG × NC unknowns
whereNC is the number of stress components andNG× NV constraints. A method for handling
such large–scale optimization problems for perfect plasticity is calledbasis reduction techniqueor
subspace iteration[5] for the linear space of residual stressesB. The number of unknowns are
reduced in a subspaceBd ⊂ B such that the final iterative convex optimization problem has only a
few unknowns.
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3. SHAKEDOWN ANALYSIS WITH TEMPERATURE-DEPENDENT YIELD STRESS

If the structureV is subjected to a thermal loadT , and the yield stressσy changes during the loading
cycle being the yield stress temperature-dependentσy = σy(T ). For simplicity of presentation it
is assumed, that the form of the yield condition does not varywith temperature and only the yield
stress depends on it. When considering the yield stress temperature-dependent, the lower bound
property of the shakedown solution is assured if the yield functionf

f = F (σ) − σy(T ). (7)

is convex in the stress-temperature space [2]. The yield function f(σ) provides a potential for the
plastic strain rates (associated flow rule) [8]

ε̇
p = λ̇

∂f

∂σ
with

{

λ̇ ≥ 0, if f = 0 and ∂f
∂σ

σ̇ + ∂σy(T )
∂T

Ṫ = 0 (loading)

λ̇ = 0, if f < 0 or f = 0 and ∂f
∂σ

σ̇ +
∂σy(T )

∂T
Ṫ < 0 (unloading)

(8)

This implies that, in special cases, plastic flow may occur (i.e. λ̇ ≥ 0) even if all the stress com-
ponents decrease(∂f/∂σ)σ̇ < 0 during the loading [8]. The energy dissipated depends thus not
only on the plastic strain ratėεp but also on the instantaneous temperature. Since the von Mises
functionF (σ) is convex,σy(T ) is required to be concave or linearized for an appropriate lower or
upper bound statement [1], [8], [12]. This condition may be satisfied by many metal and alloys for
a rather wide range ofT [2], [8]. The shakedown analysis by which only the vertices of L need to
be considered is restricted to yield function which are convex in the stress-temperature space [2].
As an approximation the Young’s modulusE, Poisson’s ratioν and thermal expansion coefficient
αt are considered as temperature-independent.

Borino [2] considered a material model with internal variables obeying thermo-plastic yielding laws
to introduce a consistent formulation of the shakedown loadfactor. In [12] Yan and Nguyen used
a nonlinear programming method to solve the kinematic shakedown problem. In this approach the
yield function is updated during the iteration and the obtained upper bound becomes an approxi-
mation if the yield stress function is convex. Khoi [7] derived a dual formulation for a linearized
temperature dependent yield stress function.

Let the yield stressσy(T ) be defined by a concave, monotone decreasing function0 ≤ g(T ) ≤ 1
and with the abbreviationσ0 = σy(T0) for the ambient temperatureT0 andg(T0) = 1 it is defined

σy(T ) = g(T )σ0. (9)

The following sections introduces methods to calculate thetemperature at initial yielding and at
shakedown which do not need an extra FEM calculation. The temperatures are approximated only
with the results of the shakedown analysis for the temperature independent yield stressσ0 and the
structure of the functiong, such that different yield stress functions need only different simple
transformations.

3.1. Initial yielding

For temperature dependent yield stress plasticity starts at αeT whereαe solves

max α

s. t. F [ασ
E
i (j)] ≤ σ2

y(αTi,j) i ∈ [1, NG], j ∈ [1, NV ] (10)

with the elastic stress fieldσE(j) corresponding to the temperatureT(j) at initial yielding for the
temperature independent yield stressσ0. From optimization theory [3] follows, that in the solution
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of (10) equality holds for at least one constraint, such thatan approximation of the solution is given
by

αe = min







αi,j
e

∣

∣

∣

∣

∣

∣

αi,j
e =

σ0g(αi,j
e Ti,j)

√

F (σE
i (j))

, i ∈ [1, NG], j ∈ [1, NV ]







. (11)

In general there is no proportional relation between the temperatureTi,j and the corresponding
stressF (σE

i (j)). For a linear functionσy(T ) = σ0(1 − λT ) condition (11) can be written for all
i, j as:

αe = min
i,j

αi,j
e = min

i,j

σ0

σ0λTi,j +
√

F (σE
i (j))

(12)

such thatαm = 1/(1 + λTmax) is an upper bound. If the locationm of the highest stressesσE
m

corresponds to the highest temperaturesTmax the bound is best possible and it holdsαm = αe.

3.2. Shakedown condition

The static shakedown theorem for temperature-dependent yield stress is given in [8], such that the
shakedown analysis is formulated by

max α

s.t. F [ασ
E
i (j) + ρi] ≤ σ2

y(T ) i ∈ [1, NG], j ∈ [1, NV ], ρ ∈ B. (13)

In practical applicationsσy(T ) corresponds to the highest possible temperatureTmax in L to guar-
antee a conservative formulation of (13). In this case all constraints of (13) have an unique right
hand side, and the left hand side is similar to the temperature-independent formulation. Therefore
it is reasonable to transform (13) with a concave, monotone decreasing function0 ≤ g(T ) ≤ 1 into

max α

s.t. F [α(σ̂E
i (j) + ρ̂i)] ≤ g2(αT s

i,j)σ
2
0 i ∈ [1, NG], j ∈ [1, NV ], ρ̂ ∈ B (14)

The stress fieldŝσE andρ̂ are the solutions of the temperature-independent problem with the yield
stressσ0 and the temperatureTs. For temperature dependent yield stress shakedown is limited
to the temperatureαsT

s whereαs solves (14). From optimization theory [3] follows, that in the
solution of (14) equality holds for at least one constraint,such that an approximation of the solution
is given by

αs = min







αi,j
s

∣

∣

∣

∣

∣

∣

αi,j
s =

σ0g(αi,j
s Ti,j)

√

F (σ̂E
i (j) + ρ̂i)

, i ∈ [1, NG], j ∈ [1, NV ]







. (15)

This is solved using the FORTRAN subroutine RPOLY for findingthe zeros of a real polynomial
[6].

3.3. Example

To demonstrate the thermal actions in structural safety an elementary example is analyzed [8].
A straight bar, clamped at both ends at the temperatureT = T0 is heated and cooled cyclically
within the limitsT0 ≤ T ≤ T1. It is assumed that the bar is sufficiently thick to prevent buckling
and that the temperature dependence of the yield stressσy(T ) is a monotone decreasing function.
The temperatureT0 = 0 is fixed and the task is to evaluate the highest temperatureT1 to prevent
alternating plasticity. As clamping makes the bar inextensible the total strain must vanish and
with Young’s modulusE, the thermal expansion coefficientαt and∆T = T − T0 = T it holds
σ = −Eαt∆T − Eεp = σE(T ) + ρ.
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3.4. Analytical solution

The maximum temperatureTE which does not cause plastic deformations (initial yielding) is the so-
lution of |σE(T )| = σy(T ). If shakedown takes place there must exist a time-independent residual
stressρ̄ satisfying the condition|σ(T )| ≤ σy(T ) for all temperatures0 ≤ T ≤ TS . An appropriate
ρ̄ exists only if the following condition holds:

max [−σy(T ) + EαtT ] ≤ min [σy(T ) + EαtT ] , 0 ≤ T ≤ TS . (16)

The maximum is reached atTS and the minimum at0, such thatEαtTS − σy(TS) ≤ σ0 and the
following equations have to be solved depending onσy(T )

TE =
σy(TE)

Eαt

and TS =
σ0 + σy(TS)

Eαt

. (17)

For a linear functionσy(T ) = σ0(1 − λT ) from (17) follows

TE =
σ0

Eαt + λσ0
and TS =

2σ0

Eαt + λσ0
= 2TE . (18)

3.5. Application of the proposed method

With condition (11) and the initial yielding temperatureT 0
E for temperature independent yield stress

σ0 plasticity starts atTE = αeT
0
E , such that with (16) it followsT 0

S = 2σ0

Eαt
= 2T 0

E . The solution of
(15) is given by

αs = min

{

αj =
σ0g(αjTj)

| − EαtTj + ρ̄|
, j = 1, 2

}

= min
{

α1 = g(α1T0), α2 = g(α2T
0
S)

}

= min
{

1, α2 = g(α2T
0
S)

}

. (19)

such that the proposed method gives a lower bound to the analytic shakedown factor

T l
S = αsT

0
S =

2σ0g(αsT
0
S)

Eαt

=
2σy(TS)

Eαt

≤
σ0 + σy(TS)

Eαt

= TS . (20)

For the linear caseσy(T ) = σ0(1 − λT ) it is

TE =
σ0

Eαt + λσ0
, αs =

1

λT 0
S + 1

, T l
S =

2σ0

Eαt + 2λσ0
<

2σ0

Eαt + λσ0
= TS = 2TE . (21)

This shows, that the proposed method gives a lower bound to the analytic shakedown temperature.
For example for a mild steel the corresponding material dataare σ0 = 235MPa,E = 20.6 ·
104MPa,αt = 2 · 10−5T−1 andλ = 0.0004T−1 [8], such that the proposed approximation results
in an error of 2 %.

4. APPLICATIONS

The shakedown analyses are performed for perfectly plasticmaterial with a temperature dependent
yield stress. Two different yield stress functions are investigated. For a kind of 316L(N) steel the
yield stress is written in the following explicit nonlinearform [12]

σa
y(T ) = 230.65 − 0.5599T + 0.00096T 2 − 6 × 10−7T 3 [N/mm2]. (22)
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The yield stress functionf = F (σ) − σa
y(T ) is concave in the temperature range0◦ − 533◦, such

that the methods give approximations instead of strict bounds of the solution [12]. For a mild steel
the yield stress function is written in the following explicit linear form [8]

σb
y(T ) = 235(1 − 0.0004T ) [N/mm2]. (23)

The nonlinear functionσa
y(T ) decreases much faster then the linear functionσb

y(T ) in temperature.
The other material parameters are chosen temperature-independentE = 210000[N/mm2 ], αt =
2 · 10−6deg−1, ν = 0.3. Two different applications are performed which show different failure
modes, i.e. alternating plasticity and ratchetting.
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Figure 1: Different temperature dependent yield functions

4.1. Pipe-junction subjected to internal pressure and temperature loads

The dimensions are based on a pipe benchmark problem of PERMAS [9], the FE-mesh and the
dimensions are given in Fig. 2. The pipe-junction is subjected to an internal reference pressure
P0 and inner reference temperatureT0 with a linear distribution to the zero outer temperature.P0

andT0 vary independently (two-parameter loading), i.e. the reference load domainL has four load
verticesP(1) = (0, T0), P(2) = (P0, T0), P(3) = (P0, 0), P(4) = (0, 0).
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Figure 2: FE-mesh and dimensions of the pipe-junction
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4.2. Thick tube subjected to constant internal pressure andtemperature loads

The second application is a closed thick tube with inner radius Ri = 10mm and outer radius
Ro = 20mm which is subjected to a constant inner pressureP0 and a temperature fieldT (r) with

T (r) = Ti
ln(Ro) − ln(r)

ln(Ro) − ln(Ri)
. (24)

The tube is discretized by 5 axisymmetric 9-noded ring elements (QUAX9) over the thickness of
the tube. The inner reference temperatureT0 varies, i.e. the load domainL has two load vertices
P(1) = (P0, 0), P(2) = (P0, T0).

4.3. Comparison of direct and proposed method

In the direct method the yield stress functionσy(T ) is updated during the iteration with the load
factor αk. All load vertices use the updated yield stressσy(Tmax) with the highest temperature
Tmax = αkT0 in the corresponding load domainαL. For the approximative solution the shakedown
analysis is performed with the unique yield stressσ0 = σy(T0). The results are post-processed with
the proposed method.

Fig. 3 and 4 show the comparison of the direct and the proposedmethod for both applications. The
temperature independent shakedown results are significantly reduced in the temperature dependent
case, e.g. forσa

y(T ) the shakedown range for pure temperature load is halved. Theshakedown
limit of the pipe-junction is determined by alternating plasticity due to local stress concentrations at
the inner nozzle corner [10]. The shakedown limit of the thick tube is determined by ratchetting if
the pressure is predominant and by alternating plasticity elsewhere (horizontal part of the diagram)
[11]. For both failure modes the results of the proposed method correspond well with the results of
the direct method.
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Figure 3: Comparison of direct and approximative solutions for the pipe-junction

5. CONCLUSION

The paper describes a general non-linear statical approachfor shakedown analysis of structures of
perfectly plastic material subjected to thermal and mechanical loading. The influence of the temper-
ature dependence of the yield stress of the material on the shakedown behaviour is investigated. As
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Figure 4: Comparison of direct and approximative solutions for the tube

the yield stress depends on the current temperature different possible updating schemes are tested
in the shakedown analysis of a pipe junction. These schemes are compared to the results of a direct
post-processing of the temperature independent shakedownanalysis and the results are similar. Ob-
viously the proposed method has the advantage, that only onetemperature independent shakedown
analysis has to be performed, for all possible temperature-dependencies.
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