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Polymer depletion interaction of small mesoscopic particles: Effects
beyond leading order and anisotropic particles
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We discuss the depletion interaction between a wall and a mesoscopic pargtlipsiidal shape
induced by long, flexible, nonadsorbing polymer chains. Both a force &ordaeare exerted on the
particle. We concentrate on the case in which the particle size is much smaller than typical polymer
lengths, such as the radius of gyratiliy, where a rigid polymer approximation of the Asakura—
Oosawa-type cannot be applied. Expliaitalytical results are obtained fadeal polymers. For
particle—wall distances large compared t®&, an orientation of the ellipsoigerpendicularto the

wall is favored. Forz small compared t®, (butz still large compared to the particle sjzparallel
orientation is favored. The perturbation of the polymer system due to the small particle is
represented by a series of point-operators in the corresponding field theory, with
next-to-next-to-leading anisotropic derivative-operators characterizing the particle orientation. For
the interaction betweensphericalparticle and a wall the simple analytical results predicted by the
proposed small particle expansion beyond leading order display an interesting structure which is
confirmed by direct numerical computation. )03 American Institute of Physics.

[DOI: 10.1063/1.1565101

I. INTRODUCTION polymer solution. Recent computer simulations investigated

Colloid science covers a broad class of substances eﬁbe effective depletion interaction between small spherical
compassing milk, blood, and paints. A major goal is to un-particles® or between a sphere and a wWaih the presence

derstand the effective interactions between mesoscopic coff the excluded volume interaction between chain mono-
loidal particles. These can be tuned in various ways byners: In Refs. 15—18 it was pointed out that_the pert_urbatlon
manipulating the solvent. One way is by adding nonadsorb©f the polymer system due to a small spherical particle can,
ing free polymer chains. For entropic reasons nonadsorbing leading order, be viewed as&unction potential repelling
chains avoid the space between two particles, leading to af€ chain-monomers with an amplitude that equals a univer-
unbalanced pressure which pushes the two particles towarggl number times the particle radius raised to a universal
each other. Depletion forces for an isolated pair of inmerse@xponent. The exponent fshe scaling dimensiod—1/» of
particles or for a single immersed particle near a wall wer¢he monomer density witkl the dimension of space and
measured in recent experimehts.The polymer depletion the Flory exponent. This is an operator relationship similar in
interaction is also of relevance for the separation ofSpirit to operator-product expansions in field thebrgince
proteins?—° the amplitude is independent of distant perturbations, such as

The polymer depletion interaction depends on the degreether particles or a wall, the same power of the radius and
of inter-chain overlap and on the size ratio between the colthe same universal number appear in the free energy of im-
loidal particle and the polymer chains. For a dilute solutionmersing a particle in bulk polymer solution and in the effec-
of polymer chains with radius of gyratioRy; much smaller tive interaction between two particles or between a particle
than the particle size, a qualitatively correct description isand a wall. Moreover, replacing the mesoscopic particle act-
obtained by viewing the polymer coils as nondeformableing via boundary conditions on the polymer system by a
hard sphere§,with a radius of the order oRy. This ap-  simple density operator considerably simplifies the evalua-
proach has been applied both to large spherical colloidal pation of these interactions, by relating them to the density—
ticles and to anisotropic particles such as disks or platéfets. density correlation function in bulk polymer solution or to
However, for particle size much smaller th&)y (but much  the density profile in a polymer solution in the half space
larger than the polymer persistence lenggiolymer confor-  pounded by a walt”'® Similar point-operator representa-
mations coiling around the particle are important, and th&jons or “small particle expansions” have proven useful in
above Asakura—Oosawa treatment does not apply. other examples of boundary critical phenomena, such as me-

Polymer depletion near small mesoscopic particles is 0§pscopic particles immersed in a critical fluid mixté?e?®
interest for (g)rotejn solutions and has first been discussed byor a discussion of the close relation between long flexible
de G?””fé- Odijk has given a mean-field discussion for polymer chains and critical behavior, in particular, between
sphericat' and ellipsoidaf® small particles in a semidilute polymers near surfaces and boundary critical phenomena, see
Refs. 24-27, respectively. Boundary critical phenomena are
¥Electronic mail: e.eisenriegler@fz-juelich.de reviewed in Refs. 28 and 29.
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s l and a wall which are of ordé®, R?, andR?, respectively, in
the sphere radluR: The predptmns are compa_lred WIFh the
numerical calculation of the interaction for arbitrary size ra-

! @ I s tio R/R4 in Ref. 17. Since each order of the interaction in-

volves a different nontrivial functional dependence on
zs/Ry, with zg the particle—wall distance, this is an inter-
esting and important check of the operator expansion. The
expansion Yyieldsanalytic expressions for the numerical
resultd’ of the higher order distance-dependencies of the
particle—wall interaction. Finally we consider the interaction
between two spher&sand calculate the next-to-leading con-

tribution for small particle radii.
In Sec. lll we discuss the expansion for small prolate

and oblate ellipsoidal particles. Again we determine opera-
needle circular disk tors and amplitudes frorsingleparticle properties and we

FIG. 1. Prolate(cigar-shapedand oblate(pancake-shapecellipsoids of ﬁnd_that the p'_artiCIe_Wa” interac_tion erends on b(_)th the
revolution with long axid and short axis. Fors<| the cigar reduces to a  particle—wall distanceg and theorientationof the particle
needle and the pancake to a circular disk. with respect to the wall. Interestingly, the preferred orienta-
tion changes from perpendicular to parallel to the wall on
decreasingzg from large to small values compared to the
nQolymer Siz€Rg.

cigar pancake

s << {:

In the present paper we extend the small particle expa
sion toanisotropicparticles of ellipsoidal shape in a polymer
solution. The anisotropic effects of small particles, such as
the prolate or oblate ellipsoids of revolution shown in Fig. 1,1l. DEPLETION EFFECTS FOR A SMALL SPHERICAL
are related to operators containing anisotropic spatial derivePARTICLE BEYOND LEADING ORDER
tives. These have a higher scaling dimension than the mono- ) ] ) )
mer density operator, which is isotropic, and thus are accom- H€ré we consider mesoscopic particles spherical
panied by the particle size raised to a greater power than th&'aPe. Besides single spherical particle interacting with a
exponentd— 1/v of de Gennes. In order to consider anisot-"°nadsorbing ideal polymer chain, we discuss the polymer-

ropy, the small particle expansion must be extended beyoniﬂ‘duced depletion inter_action between a_particle_and a wall
the leading order. and betweep two par_ucles and_gen(_arallze Pprevious results
Here we study the simplest case of an ellipsoidal partidé)eyond leading order in .the partlclg size. ThIS. also serves to
in a solution ofideal polymers. This is a first step toward the Introduce the “small particle expansion”in its simplest form.
more realistic case of “real” polymers with excluded volume A basic quantity in the conformational statistics of ideal

interaction between chain monomers or the marginal behaRClymMer cha}lins_ is the partition functiod(L;ry,r;) of a
single chaif* with the two ends fixed at;,r,. Here the

ior with “logarithmic corrections” of polymers at the theta B g )

point24-2 As we shall see, for ideal nonadsorbing ponmersI‘?”gth of the cha_ln, i.e., the number of monomers, is speci-

the scaling dimension of the leadimgisotropicoperators is  11€d by the quantity

d, and thus the anisotropic effects of, e.g., a small circular LzRgJ(Zd)zgng/d, (2.1

disk in three dimensions, are proportional to the third power . .

of the radius of the disk. There are alsotropic operators WhereR . is the mean-square end-to-end distance, R{d

beyond the leading density operator. The dominant operator§ the mean-square radius of gyration of the fluctuating chain

are the next-to-leading operator with a scaling dimensiodn the absence of boundaries.

2(d—2), a higher operator with dimension &¢2), and Our goal is to determin& in the presence of impen-

two others with dimensiom. Thus ind=3 there are three €trable and nonadsorbing mesoscopic particles. If the poly-

next-to-next-to-leading isotropic operators of scaling dimen/Mer sizeRq and the particle sizes are much larger than the

sion 3. These higher isotropic operators survive, even in th@olymer persistence length and the extrapolation lengths of

special case of aphericalparticle, in which the amplitudes the particle surfaces, the partition function of the random-

of the anisotropic operators vanish, and describe correctiony@lk like ideal polymer satisfié$ the diffusion equation

in the physical properties which are of higher order in the

radius of the sphere. ((9_L_Ar1
In Sec. Il we first consider ainglespherical particle and

determine the above-mentioned higher isotropic operatorahereL plays the role of time, with “initial condition”

and their amplitudes. In addition we find a “contact term” ) _

between the polymer ends and the particle. Corresponding Z(Liry,ra)=a(ry=ry) for L—0, 23

terms are also known from operator-product expansions. and boundary conditions

From this we then predict, in three dimensions, the leading,

next-to-leading, and next-to-next-to-leading contributions to

the polymer-induced interaction between the small spheren the nonadsorbing surfacesof the particles.

Z(L;rq,ry)=0, (2.2

Z(L;rq,r,)—0 for ry—o or ry,—o, (2.9
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The small particle expansion is stated most easily inof the operators. The dimensionless amplitudesire given
terms of the “magnetic”(or field theory analogue of the by
polymer systeni? The Laplace transform
(ALALAIAY Ay, - )

G(t;ry,r =foche*“Z L;rq,r 2. di2 dr2
(12)0 (Liry.ra) (2.9 :(477 _2A|2ﬂ.(1+1>
. . . . . r ' T +1 -1/
of the ideal chain partition functio@ with respect toL, (a) () “
which satisfies an “Ornstein—Zernicke equation” 2792 .
F ’ 8A| [EER N (2.14)

(t=A,)G(tir1,12) = (11— 1), 26 al(a)
equals the order-parameter correlation function in ads we show in Sec. Il A belovl is the Gamma functioh
Ginzburg—Landau field theory. With the notation and

®12=P(r)D(ry) 2.7 a=(d—2)/2, (2.15

for the product of Ginzburg—Landau fields ) ) ) )
i.e., the amplitudes only depend on the space dimengion

G(t;r1,r2) =(e12- (28 The brackets )p s and( )p on the left and right sides of Eq.

In the case of ideal polymers the angular brackets denote d-10 denote averages with two particlesand S present

average with a Gaussian thermal weight exB{®]), where and with only one particl® present, respectively. The quan-
H is the quadratic Hamiltonian tities (¢1,-0j)p on the right-hand side denote Wick-

decompositions into factoksbd), which correspond to con-
H= f dr

nected diagrams. For example,
OV =8P (r)d(r D(ry)d(r
Here [ dr is an integration over the volume outside the par- (¢12Ov)p=a(P(r) P(r5))p({D(r) P (rs))e

ticles, i.e., the volume accessible to the polymers, and the ><(<<I>(rs)<I)(rS)>p)2. (2.16
integral [ do extends over the surfaces of the particles, with
the limit c—c taken so that ¢, ,) vanishes ifr; or r, ap- ~ Finally it is understood that ultraviolet-sensitive quantities
proaches a particle surface. such as the “closed loops®(rg)d(rg))p are to be evalu-
The small particle expansion allows one to express th@ted in dimensional regularizatidf.
correlation function in the presence of a small particle in ~ The partition functiorZp g(L;ry,r) for a chain with the
terms of correlation functions without the particle. For ex-two ends fixed and with two particle,S present follows
ample, consider two particle® and S, whereS is a sphere  from (2.10 by inverting the Laplace transform in E(.5).
centered atg with a radiusR large on a microscopic scale Volume-integralof the partition function are also of interest.
but much smaller thak, (i.e., R much smaller than ) For example, the bulk-normalized density profile of chain
and the smallest distance betwerpand the surface oP.  ends in the polymer solutiodp 5 in the presence of two
We also assume that the distances pfindr, from rg are  particles is given by
much larger thafk. However, no restrictions are imposed on
the length ratiogr; ,—rg|/Rq4 or on the ratio ofRy and the
smallest distance betweegand the surface d?. Similar to
operator-product expansidristhe perturbationS of small
spatial extent can be represented by a series of poinhere ther,-integration extends over all space except the

1 t
- 2. - 52
5 (V)24 5@

C
+fda§¢% (2.9

5P,S(L;r1):j dryZp o(Lira,ra), (2.17

operators and the expansion reads volume occupied by the two particles. Equivalently one may
defineZp s to vanish forr, or r, inside P or insideS and
_ 1= w , 21 integrate over all space. Of particular interest is the free en-
(e12p.s <(Pl’2 EJ: ! >P (210 ergy (6sF)p it costs to immerse the sphegan the polymer
" solution in the presence of partick: This is given by’
Wi
=ARYO,
Wi =ARIO;(rs). (217 (5SF)P=pOf d"lf dro[Zp(L;ry,ro) =Zp g(Lira,ra)],
Here theO; are the local operators (2.18

(C1,01,0m O Oy, ) wherepo=nkgT is the ideal gas pressure of the ideal poly-

= (L2, L4 Ltd2 L(VD)2, LD, .. ), (2.12 ~ mer solution with chain densityn. Here ther; and
' ' r,-integrations extend over all spac&; vanishes insidé,
which are even i and spatially isotropic and tteg are the  and Zp 5 vanishes insid® andsS.

dimensions For asmall sphereS the volume-integrals appearing in
(d,,dy,dy dpy o0y, - . 2) the end-density(2.17) and the free energy2.18 can be
evaluated by means of slightly modified forfhsf the ex-
=(d-2,2d-2),d,d,3(d—-2),...) (2.13 pansion(2.10. These read
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f dr2<@1,2>P,S:f dr2[<¢’1,2'

+DP(rl1r2)]-

)

P
(2.19
for [r;—rg>R and

f d"lf dra[{e12p,s=(P12p]

:f drlf dr2[<€01,2'(_); Wj> +Dp(r1,r2)}.
P

(2.20

Here the integrations on the right hand side extend over all .

space except the volume occupied by the parfiglandD is
the contact-term

Dp(r1,r)=(e12p aR[S(ri—rgy) +8(r,—ry)]l,
(2.21
with
B 7Td/2 1 05
= @) ar 1 222
which only depends on the spatial dimensithnin the lan-
guage of magnetism the left-hand sidles) of Eq. (2.19 is
the local susceptibilityp s(t;r;) in the presence d? andS,

and the lhs of(2.20 is the change §s=(t))p in total sus-
ceptibility on introducing the spher®@in the presence oP.

Eisenriegler, Bringer, and Maassen

is recovered from the system of two particRsS by moving
particle P to infinity. For the averages in Eq&.10, (2.19,
and (2.20, this implies

Ops—=Os Op~buks (2.29

while the amplitudes\; anda remain unchanged. Here the
subscriptS denotes a system with a single embedded spheri-
cal particle and the subscript “bulk” a system in an un-
bounded volume without a particle. We choose a coordinate
system with origin at the center of the sphere.

We start with a discussion of E@2.10. Its left-hand

side is given, for arbitrary length ratioB/r,, and R\,
15,16

by
(e125= (@12 pbukT 6sG(t;rq,r2), (2.26
with
1 leen(RVD)
(rar2)® K. n(RV)

(2.27

5se<t;r1,r2>=—ngo Wi (0)

XK i n(F VK gin(r\b),

where

1
W)= sl (@)(n+ a)C!)(cosh) (2.28
depends on the anglé betweenr, andr,. Herel,K are
modified Bessel functions, ari@l, ultraspherical Gegenbauer
polynomials3!
On expanding th&-independent term=0 in Eq.(2.27

For the sake of generality and in order to disentafigle for small R\t, one finds contributions of increasing order
the contributions of the various operators, we have presente@d R4 R4 RIv, which can be identified with the terms

the expansion for arbitrary spatial dimensir 2. Our main

i=LILILV on the right-hand side(rhs) of (2.10, provided

interest is ind=3 dimensions, and for later reference we the amp|itudeg\j are chosen as in EQR.14). Here one uses

note the corresponding dimensions

(dy,dy,dy; ,dy ,dy)=(1,2,3,3,3 (2.23
and amplitudes
(ALALLALAY L AY) = (47, — 3272,
—4m/3, 47, 5127%)  (2.24

of the operator$2.12), as well as the corresponding contact

that
1 [t
<¢(0)(D(r)>bulk:m(?) Ko (rvt), (2.29
and
I'(-a)
<(D(0)(D(O)>bulk:taw (2.30

amplitudea=27/3. Thus for nonadsorbing ideal polymers ;. yimensional regularization. The term=1 in Eq. (2.27)

in d=3, the depletion properties of a small spherical particle contibytes, in leading order, an expression proportional to
such as the end density profile or the free energy it costs t@,g4 . Ridv, which can be identified with the terjn=1V on

immerse the particle, can be expandedniteger powers of
the radiusR, with the leading order contributiom R deter-
mined by the operatd®,, the next-to-leading orderR? by

0, , and the next-to-next-to leading ordeR® by the three

operatorOy,;, Oy, Oy and the contact term.

A. Single spherical particle in a polymer solution

In this simplest case the partition functidy, the end

density &, and the free energy costdF),,« have been
calculated for arbitrary size rati®/R4 in closed analytic

the rhs of(2.10), providedA,y, is chosen as ii2.14).

Next we consider the end density profile in E8.17)
and its Laplace transformg(t;r;), given by the lhs of Eq.
(2.19 with the replacement§2.25. For arbitrary®® length
ratiosR/r ;, Ry,

5)“Ka<rlﬁ) s

K. (RyY)

The R-independent leading contributiont 'n the rhs equals
the first termf dr,(¢1 2)puk in the smallR expansion on the

1
f dr2<(Pl,2>SEXS:?{1_

r

form, see, e.g., Ref. 15. As we shall see, these results confirmhs of Eq.(2.19. Expanding the second term on the rhs of

the small sphere expansiofi®.10, (2.19, and (2.20 and
allow one to obtain the results for the amplitudgsanda

(2.31) for small Ry, one finds contributions of ordeR?,
RY1, and R%, which can be identified with the termjs

given in Egs(2.14) and(2.22 above. The single-sphere case =11,V on the rhs of(2.19. There is also a contribution of
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order R? on the rhs of(2.31). This has the structure of the 1 Ay 1
j=1I term on the rhs of(2.19 but a different amplitude. .| At oea—al=z, (2.39

Here the contact-term comes to our aid, which has the same _ 5. _
structure and ensures the validity of £8.19 in orderR?,  and the factor 1/3 in front oR" in Eq. (2.39 in the form

provided the amplituda is chosen as i2.22). Note that the 1 Ay 1

derivative operato©,, in (2.12 does not contribute to Eq. E(A”' + 12872 2a|= 3 (2.37)
(2.19 in the single sphere case, since the quantity

S dro(P(rg)®(r,))puK is independent of 5. This discussion of single sphere properties has familiar-

Finally consider the free energy cost and the correspondzed us with the expansion and yielded the amplitulieand
ing Laplace transforndsZ on the Ihs of Eq(2.20 with the  a. We now use the expansion to predigwanalytic results
replacements$2.25. For*® arbitrary Ry, for the interaction between a sphere and a wall and between
two spheres.

J’ drlf dro[{¢1,2s™ (®1,2buid

% 1 Ka+1(R\ﬁ) (2.32 B. Interaction between a sphere and a wall

d ’ . .
d t 32K (R Here we evaluate the free energ§sE),y it costs to im-
merse a small sphere with its center at a distarickom a

where planar wall which is much larger than the sphere radius. We
0 2792 (233 concentrate o= 3 dimensions, where
ra2) | (8sF)w/Po=Rg1+RPg,+Roga+-+-. (239

is the surface of the-dimensional sphere with radius unity. The term of ordeRR is known’ and we calculate the con-
The first term on the rhs of Eq2.32 is proportional to the tributions of orderR? and R3.
volumeof the spherical particle and dominates if the particle  The expansion of the free energy follows from
is large. The second term arises from the depletion layer
around the particle. It dominates in the small particle case  (54F),,/p,= _ﬁf drlf dro[ (@1 s—{(P1n]
and, apart from contributions of ord&®, R%, and R,
which are identical to th¢=1,11,V terms in the small radius (2.39
expansion on the rhs @R.20), also contains a contribution on substituting Eq(2.20 on the right-hand side. To obtain
of orderRY. The sum of the twdR%-contributions in(2.32 Eq. (2.39 we have used Eq$2.18 and(2.5), (2.8). Here L
can be identified with the sum of thie=IIl term and the denotes the inverse of the Laplace transform(drp). The
contact term on the rhs of E@2.20. Again the derivative planar wall atz=0 can be viewed as the surface of a huge
operatorO,, does not contribute to the rhs (£.20. particle P which occupies the entire half spaze:0. The

We give more details for the cask=3, in which the volume available for the polymers is the entire half space
expansion proceeds in integer powersRofTher?* the end  with z>0, if the sphere is absent, and the half space minus
density profile &g(L;r;) equals X (R/ry)erfc(f;—R)/  the volume occupied by the sphet®S, if the sphere is
(2R4)), and its Laplace transform, the local susceptibility onpresent. We have changed the notation
the right hand side 0f2.32), is given by

Ops—=Ons: (p—=Ons (2.40
Xs=£ 1— Ee—(rl—R)J} correspondingly.
t ry Substituting this version of the small sphere expansion
1 1 1 (2.20 on the rhs 0of(2.39 and applying Wick's theorem
=7 1—r—e*f1v‘T R+R2\/f+§R3t+... } (2.34 leadsto
1
=A L[ xn(z9)]?, 2.4
In the change of total susceptibility 9= ALlxn(zs)] 249
1 92= (A /2) Len(z9)[ xn(zs) 12, (2.42
o
5SE=—t—2 R+R2\/f+§R3t), (2.35  and
03=093m+93 vt 93vtIsp. (2.43

which, apart from the sign, is the Laplace transform of
the free energy costésF/p, equal®®® to 477RG§(R with
+ (2 TR R+ (L3RR ), the terms of ordeR3(~2)

— 2
andR from Eq.(2.32 cancel, and there are no contributions 93 =Aun L xn(29) 1% (249
higher thanR®. The R®-contributions on the right hand sides g5 y=Ay L[4, xn(29) 1%, (2.49
of Egs.(2.34 and(2.35 arise from the linear combinations s
of terms due t@,, , Oy, and the contact term in the opera-  9av=(Ay/8)L[en(Zs) xn(2zs) 1, (2.49
tor expansions on the right-hand sides of E(s19 and B
(2.20 as follows: The factor 1/2 in front dR® in Eq. (2.34) 9sp=—2aLxn(Zs). (2.47
is reproduced in the form Here
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1 r
Xo(29= [ dry( @ b(ry =g (1-e 50, (249

where ther ;-integration extends over the half spdgeis the
local susceptibility in the half space, and

Vt

eh(ZS)E<q)(rg)(D(rS)>h: — E

1+

1 e~ 2zg\t
275\t
(2.49

is the contribution from the closed loop in dimensional regu- —

larization. Forzg— <« the quantities¢,, ande,, approach their
bulk expressions 1/and — \ﬁ/(47r), see Eq(2.30. Insert-
ing the expressiong.48 and(2.49 for xy, ande,, into Egs.

(2.41), (2.42), and(2.44—(2.47) and performing the inverse

Laplace transforms leads to the known result

g1=47R My, (2.50
where
Mp=1+4[—2€,(y/2) + €,(y)] (2.51

is the bulk normalized monomer density profile in the half

spacé’ and to the new results

1
g2= SWRQ[ \/_;_ 2€1(y/2) + €1(y)

1
+ g[fz()’) —2€,(3y/2) + €5(2y)] (2.52
and
2 10
g3=2m 3~ 2¢€o(yl2)+ 3 €(y)
4
+ y[el(y) —2€1(3y/2)+ €,(2y) ]
2
+ F[ez(Zy) —2€,(5Y/2)+ €,(3y)] . (2.53
Here we have introduced the scaled distance
y=2s/Ry (2.54)

of the sphere center from the wall and the notation
en(x)=i"erfa(x) (2.55

for the n-fold iterated complementary error functidni-or
smally

gs— 27{5/2—31y/(6ym)+ ...}
Our results imply the finite limif

(6sF)w/Po— mTRZA[ 4+ 2R/zg+5(R/zg)?+ -++] (2.57)

(2.5

of the immersion free energy fG,— . The expansion on
the right-hand side of2.57) applies for smalR/zg and is in
agreement with the finite limit expression for arbitrdRyzg
given in Egs.(2.3), (2.143, and (2.14b of Ref. 17 where
(6sF)w, po, and zg have been denoted by, p, and D
+R, respectively.
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1.0

85F)y /(4nkp TRRYR)
o
3]

0 — - T T T T
0 0.5 1.0 1.5

zs /\/iRg

FIG. 2. Free energy costF),y of immersing a small spherical particle at
a distancezg from a planar wall. In the case shown, with the particle radius
smaller by a factor twenty than the polymer radius of gyration, the sum
(squarey of the leading order contribution proportional ko (circles and

the next to leading order contribution proportionaR®which follow from
Egs.(2.38 and(2.50—(2.52) is nearly indistinguishable from the complete
result(full line), obtained numerically by the multiple scattering method of
Ref. 17.

(2.52 and(2.53 for the free energy cod®.38 in next-to-

and next-to-next-to-leading order in the particle size with a
numerical calculation using a multiple scattering formafism

in order to solve the diffusion equation. The agreement is
excellent and indicates that the proposed operator expansion
is a reliable and useful tool to describe the small particle
behavior even beyond the leading order. Note the interesting
nonmonotonic dependence @f on zg/Ry. In the next
chapter we apply the operator expansion approach to the case

g3/ (2m)

FIG. 3. Next-to-next-to-leading contribution of the free energy cégEjy

of immersing a small spherical particle near a planar wall, which is propor-
tional to R® and characterized by the functigg in Eq. (2.38. The analytic
prediction (2.53 of the operator expansioffull line) is compared with a
direct numerical evaluation of the free energy express$8a9 following

the method of Ref. 17 for size rati®R 4= 0.05(squarep 0.0125(circles,

and 0.0031(asterisks For R<zs,Rq the data convincingly collapse onto
the predicted curve. Note that the ranges of numerical data shown shrink
proportional toR. This is due to subtraction errors which begin at a constant

In Figs. 2 and 3 we compare the analytic expressionsatio R/zs.
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of small anisotropic particles, where numerical results are

not available.

C. Interaction between two spheres

In this section we consider the free energy of mteracuonalJr On— — 64\/—R R —2

Fint Of two small spheresS and S’ with radii R and R’,
which is induced by ideal,
chains and evaluate the next correction to the kriwn
leading-order result. These are the contributions

a'|=—ﬁj drlf dr (@1 2 Wy Wy )puik

(RR’)Z"AZZE Gy(r) (2.58

and

On=— ﬁf drlf dra( e - [Wi- Wi Wi - Wi 1) ouik

—(RR)2*(R?*+(R")**)A/AIL

1
G(r){®P(0) P (0))puint 5 GH(r)

(2.59

to

(2.60

Herewj’ follows from w; in Eq. (2.11) on replacing the ra-
diusR by R’ and the sphere centeg by rg,, where

r=rg—rg| (2.6

Fint/Po=o01+ 0+ -+

is the distance between the sphere centers which is much

larger thanR andR’ and

(1) =(P(ro)P(re))pui (2.62

free, nonadsorbing polymer

Depletion interaction of small mesoscopic particles 8099
R3[  1R+R’
oton——8mRR—|1— = (2.66
r 2
for r<R4 and
5
1(R+ROI] L, 2
+= —r2/(4Ry)
[ 2~ rZ |° !
(2.67

for r>Ry. Note thatoy,, which is of third order in the
particle radu changes sign on increasingRy. Thus the
next-to-leading contribution weakens the attraction between
spheres for <R, and strengthens it far>7R, .

Equation(2.66 provides the first two terms in an expan-
sion for R,R’<r of the finite limit of Fi,/(poR3) for R
—oo, For R=R’ the expansion is in agreement with the
finite limit expression for arbitrarR/r given in Eqs.(3.13),
(3.15, (3.183, and(3.18h of Ref. 16 whereF;,;/py andr
have been denoted byf{?} and rug, respectlvely
Ap pR° YR Y in Eq. (3.13 of Ref. 16 equals 4RR  for
ideal polymers ind=3 dimensions.

IIl. DEPLETION FOR A SMALL ANISOTROPIC
PARTICLE

Consider a particle with the shape of a prolate or oblate
ellipsoid of revolution ind=3 dimensions, as shown in Fig.
1. We introduce the interfocal distancd 2which is related
to the long and short axdsands of the ellipsoid by

12—s?=(21)?, (3.1
and a dimensionless parameter
éE=(l,s)/(2f) for (prolate, oblate (3.2

characterizing the degree of shape anisotropy of the particle.
For ¢— o the prolate or oblate ellipsoid becomes a sphere of
radius1/2=s/2, for &—1 the prolate ellipsoid becomes an

is the order parameter correlation function in unboundednfinitely thin needle of length=2 f, and for{§—0 the ob-

bulk. Equations2.58 and(2.59 can be derived from Egs.
(2.18 and(2.20 by replacing the particl® by the second
sphere S',
S'-averages (P(r )P (rg))s and (O (rg)P(rg))s for
smallR" in a small sphere expansion f&f.

In the case ofl=3 dimensions, where

—ryt

Gy(r)= 4y

, (2.63

3277 r
r 272g
for the leading contribution, known from Eqgd..163, (3.9),

and (3.10 in Ref. 16, and for the next-to-leading contribu-
tion the new result

(2 65
with the error functionse, defined in Eq.(2.55 above. We
give the limiting behavior

one obtains

o= —-RRR{— (2.64

RS [r
+_2—€2 R

r
2Ry

Ry
on=RR (R+R’ )1%[—761(

late ellipsoid becomes an infinitely thin circular disk of ra-
dius I/2=f. The parameteg also appears on introducing

using Wick’s theorem, and expanding the spheroidal coordinate systerils.

For asmallellipsoid with| ands much smaller than the
other mesoscopic lengths, a small particle expansion again
applies. Howeveranisotropicoperators such as

Oy =3(0®)% Oy =30(sP), (3.3
with dimensions
dy; =dy =3, (3.4
also contribute. Here
3
9= aZl Pala 3.9

is a derivative along the axis of revolution of the ellipsoid
characterized by the unit vectgr Note that other uniaxially
anisotropic operators such a%sbz or @A, ® can be reduced
to combinations oD, andO,,, or of Oy, and an isotropic
operator. Withf as the length unit for the particle size, the
weightsw;, which are the counterparts for the ellipsoid of
the expression§2.1]) for the sphere, take the form
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W]:Bj(g)fdj O;(rg), (3.6) where Eqs.(3.1) and(3.2) have been used in the last step.

The anisotropy amplitudes follow in the same way from Egs.

with amplitudesB which are functions of the anisotropy pa- (3.8) and(3.9) and are given by
rameteré.

47/3 E

The most important amplitudes are those of the leading 3 3T
BV| f - - (315}
isotropic operatolO, in (2.12, with d,=1 given in(2.23, L 2 1 6 In(21/s)—1
and of the leading anisotropic operatddg, and Oy, in 2 ng 1
(3.3), for which one finds
and
47/3 T |
B=47 ——, ——— 3. 3 s o
' ”(Qo@) Qo(lf)) (3.7 Bui == = g nars) (3.16
=In——+
and 2 &-1
pl - PL(] Note that theB; vanish logarithmically as/| tends to zero.
Bvi= ( 1(5) 1(5), [ P1(|.§) i 1“_5) , The reason is that an infinitely thin needle does not affect the
Q1(§) Q1(&€)"  Qu(id) Q1(i¢) polymer conformations in three spatial dimensions. This is

(3.8 different for the case of an infinitely thin disk, to which we

Bvi=3(B,~B) (39 ~nowwm. o _
(iii) For a circular disk, i.e., foE—0 in the oblate case,
in the (prolate, oblatecases, respectively, as we show in Sec.Eqg. (3.7) implies
[l A below. Here P andQ are Legendre functions of the first

and second kind, as defined in Chap. 8 of Ref. 31. We give By-1—8- 18Ry, (3.17
the simple representations and Egs(3.8) and (3.9 vyield
1 §+1 1 I s By 3= — % 3= — PRi (3.18
47/B,= 2 g 1 arctané; AI’COShg,arCCOﬁ- and
(3.10
By f3——§-f*— - §Riq0 (3.19

of the positive amplitudeB, . . ]

We note important special cases of Eq8.7)—(3.9. WhereRusis the radius of the disk.
(i) In the limit é&—« of a weakly deformed sphere of - L
(prolate, oblatgshape, Eq(3.7) yields A. Asingle ellipsoid

We first describe how the resulf3.7) and(3.8), (3.9) for

Bi-f—4m§(1,1) - f—47R(1,1), (3.1)  the amplitudesd, and By, By, can be obtained from the
order-parameter correlation functidep; ,)¢ outside a single
ellipsoid E. In this subsection it is convenient to use a coor-
dinate system with the origin at the center and thexis
along the axis of revolution of the ellipsoid. For the two
pointsry, r, with Cartesian coordinat&s

where in the last step we have used that the raRiug the
sphere equalgf, see Eq.(3.2). Comparing Eq.(3.6) with
(2.11) shows that this is consistent with the valig=4 in

Eq. (2.24 of the small sphere expansion in Sec. Il. In the

limit £é—o EQs.(3.8) and(3.9) give

_ 1o re=(re. COSey, re, Singy, z); k=12, (3.20
BV,-f3—>?§(l,— 1)-f3—>TR2(I -s)(1,—1) we introduce spheroidal coordinatég and 7, which are
(3.12 related to the distanceg ; from thez axis and thez com-

ponentsz, as in Ref. 37. For the prolate case with the foci

and located on the axis atz= = f,
B .f3 4775(1 1). 2 471'R2(I Y(1-1) 2f&=ry+ -, (3.2
. _ 7 . —_ —S T
o 3 3 2fme=r s =Tk, (3.22
(3.13 )
with
for the amplitudes of the anisotropic operators, where Egs. 5
(3.1) and(3.2) have been used in the last steps. As expected, k== Ve T (ze= 1) (3.23

the couplings to the anisotropic operators have oppositgqr the oblate case
signs for weakly deformed spheres of prolate and oblate

shape and vanish in the spherical lirhits. 2fV1+ &=y, (3.29
(ii) For a thin needle, i.e., fof—1 in the prolate case, B
Eq. (3.7 leads to 2INI= =T =T 329
with
4 27l
Bt sy (314 e = VZe+ (T £ )2 (3.26
fln &1 The form of
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(¢1,20e=(P12buit G, (3.27

which satisfies the Ornstein—Zernicke equati@rg) outside
the ellipsoid, i.e., foi€;> &, £,> ¢, and vanishes far; orr,
on its surface, i.e., fo€;=¢ or &,= ¢, can also be obtained
with the help of Ref. 37. In order to determilBg and B, ,
By it is sufficient to considef ¢, 5)e right at the critical
pointt=0, where

SeG= —mZn Yun s (3.28
with
mn=Cm.nPr(71) P(72)codm(e1—¢7))- 8. (3.29
Here
B= PE;(@ Qn'(£1)Qn'(&2) (3.30
Qn(é)
in the prolate case, while
B= Polid) e Qn(1€1)Qn(i &) (3.30
Q (i&)

in the oblate case. The double sum in E828 is over all
integer valuesn,n obeying 0<=m=n, P andQ are Legendre
functions?! and the coefficientg,, , are given by

1 (n—m)!\?2n+1
Cn= f( )m nvmi| 2m (3.32
for m=1,2,3,... and
12n+1
on=F . (3.33
for m=0.

The amplitudesB, and By, , By, follow from 6gG for
small f/rq, flr,, i.e., for small

1 f f2

_ = J’_
£ 17 22(1 cos 6,)

(3.39

Depletion interaction of small mesoscopic particles 8101
—— ! ! 1-3cog 0,]+(1—2
(i pergypey r_f[ —3cos 0;]+(1—2)
=(®1,2 Ovii)buik- (3.39
Moreover,
Yo1— (B +By) 37y, (3.40
and
71,1HB|vf37, (3.41)
with
1 1/;
m (P&  Pi(id)
Vil =y apnell o= ey (3.42
3 1Qu(é) " Q(ié)

for the (prolate, oblatecase and,, given in Eq.(3.8), and
with

cosf, cosb,

= amZam? = (@12 Ovi)buik (3.43
and
sind, sinfd, cog ¢1— ¢7)
T= gy gy =(¢1,2' (O —Ow)buik-
(3.49

By in (3.42 is indeed the amplitude in E¢3.6) correspond-
ing to the derivative operatdD,, in (2.12), since the sum
Yot v11 €qualst3(¢q o (Byy O +ByiOvi) Ypuik-

For t>0 the expansion of¢; )¢ also contains contri-
butions from the operato®,, O, , andOy, in Eqg. (2.12),
and one finds, for example, thaf = — 2B2. For most of the
guantities of interest considered below we only discuss the
leading isotropic and anisotropic contributions, for which
By, ...,By and the counterpati(&)f2 for the ellipsoid of
the quantityaR® for the sphere in the contact-ter® in
(2.21) do not contribute.

Next we consider the bulk-normalized denssiy(L;r,)
of polymer ends around a single ellipsoidal particle. This is
given by the inverse Laplace transform of Eg8.19, with

Here the upper and lower signs apply in the prolate andhe average$)p s and()p replaced by( )g and( ), and

oblate cases,

(3.39

determines the azimuthal anglég, and Egs.(3.21) and
(3.24 have been used to deriv@.34. The two factors
Qn'(&) or Q(i &) in (3.30 or (3.3) must be expanded for
large argument?! and the order$ andf® of 5.G which we
need are contained in the three contributiogg, vy 1, and
v11- On using

cosby=z/ry

7= COSO, + (3.36
which follows from(3.22 and(3.25, the expansion yields
Yo,0—Bif 7+ By f2run (3.37)
with B, andB,,, from (3.7) and(3.9),
1
TI:W:<QD1,2' O buik (3.38
and

the amplitude#\;R% andaR® in w; andD by B;f% andbf>.
The leading contribution

[Ee(Lirqy)— 1]Ieading isotropic- e

(3.495

is isotropic and determined by the operafr, and the lead-
ing anisotropic contribution

l,s<rq,Rq

By f°

[Ee(L; r1)]Ieading anisotropic. S K, ls<ry iRg

(3.46

is determined only by,,, , since the contribution dd\, to
&g vanishes. Here

1 r
— erfc—l) }

2
=|d
alry 2R4

=\ cog 6,

anisotropic

(3.47

with
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1 4 , 31 B. Interaction between an ellipsoid and a wall
=— | = — e © i . .
(2Ry)*? Qgerfcgﬁ \/;e 11+ 2 Q%) . (348 The evaluation of the free energydF)\ required to
immerse the small ellipsoid with its center at a distange
N 34 from a planar wall proceeds as in Sec. || B. First consider the
Ql_ZRg’ (349 leading contribution

and 6, is the angle between, and the axis of revolution as [(8eF)wlieading/ Po= fBiLL xn(ze)1?
in Eqg. (3.35. We note the limits
g-(339 = 1B/R 2My(2e/Ry), (3.55
s 33 1— 8 o5+, L e o which is of first order in the particle size and arises from the
r 157 2\7R ] isotropic operatoO,. The right-hand side of3.55 equals
the contributiorR g, in (2.38 except thaRA — fB, and M,

for (ry<Rg.r1>Ry). (350 is the monomer density in the half space of Eg51), with
Since By, is (positive, negative for the (prolate, oblate  Zs replaced byzg .
cases, Eq(3.46 implies thatée in these cases ismaller, The free energy CO4togF Jicading to immerse the small

largen on the axis of revolution witl#; =0 than in the plane ellipsoid in unbounded bulk is given b{8.55 with My,
6,= /2 perpendicular to the axis and intersecting it in the=1. Explicit results for the special cases of a weakly de-
center of the particle. Thu&: is smaller along those direc- formed sphere, a needle, and a circular disk follow by sub-
tions 6, for which the particle surface is further away from stituting the expressions féB, from Egs.(3.11), (3.14), and
the particle center. Sinc&: vanishes on the particle surface, (3.17). Note that the free energy cost for a dislsisaller(by

this is a plausible result. a factor of 2fr) than for a sphere with the same radius, as
Equations (3.45 and (3.46), which apply for I,s  expected since the polymer depletion is weaker in the former
<r1,Rg, can be compared with the expressions case. A small prolate ellipsoid in a solution in unbounded

bulk was considered in Ref. 12 whef8, was denoted by

Qo(£1) | Qolié&y)

Ee(L=cory)=| 1 1 . 35) 87E.
8 ! Qo(é) Qo(ié) The leading anisotropic contribution taS¢F),, arises
for the (prolate, oblate cases, which apply for,s,r;<R,. from the two anisotropic operato@,, andO,,, . The calcu-

Equations(3.51) follow since the finite limit on the left-hand lation is similar to that of the terngsy in Eq. (2.45 and
side due to (2.2 satisfies the Laplace equation, and'eads to

(Qo(£1),Qu(i€1)/i) with &; defined in Egs.(3.2) and [(8eF)wlieadi 4 Po=f3L{Bw[dxn(2)]?

(3.24 are indeed solutions of the Laplace equation which £ JWleading anisotropiio {Buld) h2

vanish for £&—~ and have constant valuesQg(¢), +Buixn(2) 9 xn(2) 1} 22
Qo(i&)/i) on the surface, = ¢ of the (prolate, oblatgellip- - 3

soid. A more explicit form ofg(«;r,) follows by inserting = (cos’ 9)f A(zelRg), (3.56
Egs.(3.10 into (3.51), see also Ref. 12. In particular f&  with y, given in(2.48, and

equal to the circular disk with radilRyq=f,

2 f A=(By,+ By, )erfc;—E— Bwii erchZTE. (3.57
Ehisd*3(0,29))=1—— arctan - (3.52 9 9
4 ! Here ¥ is the angle between the axis of revolution of the
along the axis of revolution and ellipsoid and the surface normal of the wall a:0, as
2 f shown in Fig. 4. The factor ca% arises from the derivative
Egis(;(r1,,0))=1— —arcsin— (3.53 g, defined in(3.5) via d,¢(z) = p,¥' (2), with p,=cosd the
4 Fi. component ofp perpendicular to the wall.

along the radial direction within the plane of the disk. These  The function.A has the limits
expressions also determine the bulk normalized monomer

density M, since Mg=£2 for Ry— . Expanding(3.51) A(ze IRy —1 By 1— 2+M e
for I,s<r, with the help of(3.34) and using the expressions £ v Bu /7 Ry)’
(3.7 and(3.9) for the amplituded3, andBy,,, one obtains
Bf By,f3 - By 2Ry e <ZE/2Rg>2}, (3.58
Ee(=ir) =1 g+ g g (13 cod 6y); Vmze
for (ze/Rg<1,ze/R¢>1), and in the intermediate regime
l,s<ry. (354 changes sign at a scaled distazgéR = {o(I/s) which de-

This is consistent with the leading isotropic and anisotropid®&nds on the aspect ratits. For the special case of a cir-
contributions(3.45 and (3.46 in the regimel,s<r;<R,,  cular disk with a radiuRyg=f, the quantity

for which both types of expressions are valid. zz 1 e

We defer a discussion of the free energy césF to A=A49=8 —erfcﬁJr §erfcﬁ (3.59
immerse the ellipsoid in the polymer solution to the next 9 9
subsection. is shown in Fig. 5.
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9 rod is at a distance from the wall that lsrger thanZORg
\ (but smaller tharZ“ORngI/Z), it is advantageous to turn the
_____________________ prolate rod around its center perpendicular to the wall since then a

part of the rod enters the regiarKZoRg which is already
polymer depleted. Conversely, if the distance of the center of

the rod from the wall ismallerthan,R, (but larger than

25 ~goRg—IIZ), turning the rod perpendicular to the wall is un-
favourable, since then a part of the rod enters the region

\19 >7oR4 Which is not depleted by the wall.
______________ _____ oblate
IV. SUMMARY AND CONCLUDING REMARKS

We have considered polymer depletion effects for meso-
scopic colloidal particles with a size much smaller than the
‘"nesoscopic polymer lengths, such as the polymer radius of
gyrationRy. Extending the small particle expansion which
applies in this “protein limit” beyond the leading order has
enabled us to evaluate the orientation-dependent effective

SinceBy, andBy, are both(positive, negativefor (pro-  depletion interaction, mediated by a solution of free nonad-
late, oblate ellipsoids, the free energydgF),, for larger  sorbing ideal polymer chains, between a small ellipsoidal
particle-wall separations: /Rq> ¢, is lowest if the ellipsoid  particle and a wall. Effects beyond leading order in the in-
is aligned perpendicular to the wall with=(0,7/2), and for  teraction between a spherical particle and a wall and between
the smaller separatiors: /Rq<{, if it is aligned parallel to  two spherical particles have also been discussed. Here is a
the wall with 4= (7/2,0). summary of our main results:

This behavior is suggested by the following crude argu-  For ideal polymers interacting with a smapherical
ment: First consider the situation without a small particle andparticle in three dimensions, we have derived the small ra-
replace the bulk-normalized monomer density profile in thedius expansion up to third order in the particle radius. Up to
half spaceM,, with its point of inflection by a step function this order the perturbation of the polymer system due to the
0(2—2’0729) which jumps from 0 to 1 on increasing the dis- particle corresponds to the five local operators given in Eq.

tancez from the wall beyond a certain vall&R,. Then  (2.12 of the Gaussian C;anburg—Landau field theory that is
insert a small uniaxially anisotropic particle such as a rod othe “magnetic analogue®™ of the polymer system. The op-

lengthl and align it parallel to the wall. If the center of the €rators are multiplied by the particle radius raised to the scal-
ing dimensiong2.13 or (2.23 and by the universal ampli-

tudes (2.14 or (2.24, which are independent of the

FIG. 4. Particles of prolate and oblate ellipsoidal shape near a planar wal
The ellipsoid is oriented parallel to the wall fér= /2 in the prolate case
and for =0 in the oblate case.

Adisk particular lattice or off-lattice realization of the random-walk
like ideal polymer chains and of distant perturbations such as
1 a wall or other particles. For quantities involving an integra-

tion over the polymer end positions, such as the end density
profile (2.17) or the free energy?2.18) it costs to immerse the
particle, there is a contact-terfsee Eqs(2.19-(2.21)], in
third order, with amplitud€2.22), that is also universal and
independent of distant perturbations.

This expansion not only reproduces known resoifté3®
for the polymer partition function, the density profile of
chain ends, and the free energy of immersion for the case of
a single spherical particle, see Sec. Il A, but also allows us to
predict the form of the interactions between a particle and a
wall (Sec. I B and between two particlgsec. 11 Q.

Our analytical result$2.38), (2.52—(2.55 for the next-
FIG. 5. The amplitude4 which specifies the dependen@56) of the free to-leading and next-to-next-to-leading contributions to the
energy of immersion gF)y, on the orientation of the small ellipsoidal 5 ticle—wall interaction show an interesting dependence on
particle with respect to the planar wall. The caée Ay Of a circular disk . . .
of radiusR .= f with Ayq, given in Eq.(3.59 is shown. On decreasing the the particle—wall distance and are in excellent agreement
distancezg between the center of the disk and the wally passes through ~ With a direct numerical calculation based on the multiple
a maximum value of 0.501 arg/R,=1.55, changes sign atg/R, scattering method of Ref. 17, see Figs. 2 and 3.
={o4is=0.99, and drops to a value of 16/3 for z /Ry<1. Forze /R, We have checked that the new rest52), (2.53, and
jgovdisk and <o s the most favorable orientation of the disk is perpen- ; g o the polymer-induced interactions between a sphere
icular and parallel to the wall with ca$=0 and 1, respectively, see Eq. . .
(3.56 and Fig. 4. For a general prolate or oblate small ellipsoid the quali-2nd & wall and between two spheres beyond leading order in
tative form of A is that of — Ay, or Agisk, respectively. the sphere radiufR show for R, much larger than the

. ZE/Rg
4
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sphere—wall and sphere—sphere separations the correct limyixture. Computer simulations of anisotropic particles of ar-
iting behaviors that are known from Refs. 17 and 16,bitrary size in solutions of flexible polymers would be valu-
compare the discussions near EB.57 and at the end of able.

Sec. IIC.

The small particle expansion can be generalizedrto
isotropic particles by including anisotropic derivative-
operators. For a small particle of prolate or oblate ellipsoidal The authors thank T. W. Burkhardt for useful discus-
shape with large axi$ and small axiss, as in Fig. 1, the sions.
leading operators are the two given in Eg&.3. It is conve-
nient to use half of the interfocal distance as the length unit

. . . . 1
for the particle sizdsee Eq.(3.6)]. The corresponding uni- gi\fégqﬁljég% Crocker, T. C. Lubensky, and A. G. Yodh, Phys. Rev. Lett.
versal amplitudes, which depend on the aspect fdsoof 2y, N. Ohshimaet al, Phys. Rev. Lett78, 3963(1997).

the ellipsoid, are given in Eq$3.7)—(3.9) for the leading  °D. Rudhardt, C. Bechinger, and P. Leiderer, Phys. Rev. I84it.1330
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