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SUMMARY

The mathematical theory of plasticity is applied to the problem of a thin square plate, with an elliptical
hole, yielding under loads applied at its outside edges. Lower and upper bounds to the external loads are
determined for all parameters of the elliptical hole compared to the length of the side of the plate. The
analytical bounds are compared to Finite Element calculations.

1. Introduction

Limit analysis is a structural mechanics method, which determines the load carrying capacity of
structures. It is an important input parameter of defect assessment procedures using engineering
approaches, such as the Engineering Treatment Model (ETM) developed for analysis of cracked
components [16]. Therefore, the knowledge of limit loads ofmechanical components and structures
is useful for designers to address the modes of failure associated with the loading.

Limit loads have been obtained by analytical methods (e. g. [8], [10]), numerical methods (e. g.
[18], [11], [1]) and approximation of experimental data (e.g. [16]) and the results for typical com-
ponents from engineering applications are summarized for example in [13], [15], [16]. However,
usually the analytical limit load of a component is not known.

The paper examines analytical lower and upper bound for the limit load of a thin square plate, with
an elliptical centered hole under uniaxial, equal and opposite biaxial tension of the sides. To the
authors’ knowledge, no analytical bounds for this problem are published. Until know the analytical
solution has to be estimated by the limit load for circular holes. It could be shown, that this gives
rather poor results for the suggested loading cases.

The lower bound analysis is based on statically admissible stress fields and the upper bound anal-
ysis on discontinuous kinematically admissible velocity fields. The use of symbolic computation
software was of great benefit for the solution of the corresponding nonlinear system of equations.
The new lower and upper bound solutions for the limit load differ in some cases, such that it is
of need to check which bound is preferable. Additional numerical Finite Element calculations for
a lower bound solution with a direct method using basis reduction techniques are performed and
show good agreement with the new analytical upper bounds.

2. Limit load theorems

Static theorems are formulated in terms of stress and define safe structural states giving an op-
timization problem for safe loads. The maximum safe load is the limit load avoiding collapse.
Alternatively, kinematic theorems are formulated in termsof kinematic quantities and define unsafe
structural states yielding a dual optimization problem forthe minimum unsafe load. Any admis-
sible solution to the static or kinematic theorem is a true lower or upper bound to the limit load,

1



respectively. Lower and upper bound converge to the same solution.

Let a structureV be loaded monotonously by the loadP = (q,p) with body forcesq and surface
loadsp. In limit analysis one is interested in the load factorα > 1 by whichP can be increased up
to the collapse atαP .

1. Static or lower bound theorem:
A structure does not collapse under a loadαP , if an statically admissible stress fieldσ can
be found, which is in equilibrium withαP , i. e.

F (σ) ≤ σy in V,

divσ = −αq in V,

σn = αp on ∂Vσ . (1)

for the structureV , traction boundary∂Vσ (with outer normaln), yield functionF , yield
stressσy. From now onF is chosen as the square of the von Mises yield function

F (σ) =
3

2
σD : σD with the deviatoric stress σD = σ − 1

3
(trσ)I. (2)

2. Kinematic or upper bound theorem:
A structure fails by plastic collapse if there is a kinematically admissible velocity fielḋu and
an associated strain rate fieldε̇ such that the power of the external loads is higher than the
power which can be dissipated within the structure.

Ẇin =

∫

V

D(ε̇P ) dV =

∫

V

ε̇ σ dV ≤
∫

V

q u̇ dV +

∫

∂Vσ

p u̇ dA = Ẇex (3)

ε̇ =
1

2
(∇u̇ + (∇u̇)T ) in V ,

u̇ = u̇0 on ∂Vu, (4)

with boundary∂V = ∂Vσ ∪ ∂Vu.

3. Numerical solution of the lower bound approach

A lower bound of the limit load factorαl can be calculated as the largest safety factorα which
fulfills the conditions of (1). This is in the case of the von Mises yield functionF a nonlinear
optimization problem with the unknownsα andσ.

max α

s.t. F (σ) ≤ σ2
y in V

divσ =−αq in V (5)

σ n = αp on ∂Vσ

The stressesσ can be decomposed into fictitious elastic stressesσE and residual stressesρ by

σ = σE + ρ. (6)

σE = E : ε are stresses which would appear in an infinitely elastic material for the same loading,
so that theρ result from plastic deformations. The residual stresses (eigen stresses)ρ satisfy the
homogeneous static equilibrium and boundary conditions

div ρ = 0 in V (7)

ρ n = 0 on ∂Vσ. (8)
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All vectorsρ which fulfill the homogeneous static equilibrium and boundary conditions define with
the addition and scalar multiplication a vector spaceB, the so calledresidual stress space.

The lower bound problem can be transformed into a finite optimization problem by FEM discretiza-
tion. For structures withNG Gaussian points in the FEM model one has to handleO(NG) un-
knowns andO(NG) constraints. The number of Gaussian points becomes huge forrealistic dis-
cretizations of industrial structures and no effective solution algorithms for discretizations of the
nonlinear optimization problem (5) are available. A methodfor handling such large–scale opti-
mization problems for perfect plasticity is calledbasis reduction techniqueor subspace iteration
[5], [6], [7], [17], [19] and was implemented in the general purpose Finite Element Code PERMAS
[5], [14].

4. Finite Element calculations

A quarter of the plate with the centered elliptical hole is discretized with 3200 nine-noded quadri-
lateral plane membrane elements (QUAM9 [14]) for each loading case, i. e. uniaxial, equal and
opposite biaxial loading (see Fig. 1). The corresponding limit analysis optimization problems with
reduced basis have up to 5 unknowns and 12800 nonlinear constraints. In Fig. 4 the fictitious elastic
von Mises stresses fors=10 MPa are plotted for each loading case. All sub-figures arescaled to
the highest von Mises stress which occur for opposite biaxial loading, to compare the results. The
black regions show high von Mises stresses.

 

Figure 1: Finite Element mesh of the plate with an elliptical hole
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(a) uniaxial load

(b) equal biaxial load

(c) opposite biaxial load

Figure 2: Elastic von Mises equivalent stresses fors=10 MPa
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5. Analytical lower bound solution

A square plate with a centered elliptical hole is subjected to uniformly distributed tensile loadss
and t over the two pairs of opposing ends. If the plate is uniform, collapse will occur in simple
tension (t=0) for a loads = σy. If there is a cutout this will weaken the structure, such that it will
carry a smaller load. If the cutout is defined by a circular hole, analytic lower and upper bounds
are well known for Tresca and von Mises type of yield function[3], [10]. A lower bound of the
limit load may be constructed by considering the discontinuous stress filed shown in Fig. 3. Each
of the regions is assumed to be at constant stress, such that each region is trivially in equilibrium.
Region 7 is assumed to be stress free. It remains to satisfy the boundary conditions, the stress
jump conditions between the regions and the yield conditions (see [3], [10] for the special case of a
circular hole). The parametersx andy have to be optimized such that the lower bound of the limit
load is maximal.

1

2

3

4

5

6

7

α12

α23

α56

α45

α25

a

b

x

y

s

t

Figure 3: Definition of geometrical data and the discontinuous stressfield

If the boundary of two regionsi andj makes an angleαij with they-axis, the continuity requirement
for the exterior stresses may be written as [10]:

wi − xi cos 2(θi − αij) = wj − xj cos 2(θj − αij) (9)

xi sin 2(θi − αij) = xj sin 2(θj − αij). (10)

The stress variables can by transformed by

wj = nj + sj, xj = nj − sj, nj = (wj + xj)/2, sj = (wj − xj)/2. (11)

In the regions 1, 3, 4 and 6 the shearing stresses vanish on a boundary and hence throughout the
region, such that it holdst1 = t3 = t4 = t6 = 0 ands1 = s, s3 = 0, n4 = t, n6 = 0. From the
boundary conditions it follows for the jump conditions

Region 1 − 2 : w2 − x2 cos 2(t2 − α12) = (n1 + s) − (n1 − s) cos 2α12 (12)

x2 sin 2(t2 − α12) = −(n1 − s) sin 2α12

Region 2 − 3 : w2 − x2 cos 2(t2 − α23) = n3 − n3 cos 2α23

x2 sin 2(t2 − α23) = −n3 sin 2α23
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Region 2 − 5 : w2 − x2 cos 2(t2 − α25) = w5 − x5 cos 2(t5 − α25)

x2 sin 2(t2 − α25) = x5 sin 2(t5 − α25)

Region 4 − 5 : w5 − x5 cos 2(t5 − α45) = (t+ s4) − (t− s4) cos 2α45

x5 sin 2(t5 − α45) = −(t− s4) sin 2α45

Region 5 − 6 : w5 − x5 cos 2(t5 − α56) = s6 − s6 cos 2α56

x5 sin 2(t5 − α56) = s6 sin 2α56 (13)

The anglesαij are given by the following equations:

a12 := tanα12 = 1 − x, a23 := tanα23 =
a− x

b
, a25 :=tanα25 =

1 − a

1 − b
,

a45 := tanα45 =
1

1 − y
, a56 := tanα56 =

a

b− y
. (14)

With φ := tanαi andψ := tanαj the following equations hold

cos 2(φ− ψ) =
1 − φ2 − ψ2 + φ2ψ2 + 4φψ

(1 + φ2)(1 + ψ2)
, cos 2φ =

1 − φ2

(1 + φ)2
,

sin 2(φ− ψ) =
2(φ− ψ)(1 + φψ)

(1 + φ2)(1 + ψ2)
, sin 2φ =

2φ

(1 + φ)2
(15)

such that the jump conditions can be transformed into:

f1 := w2 −
x2(1 − t22 − a2

12 + t22a
2
12 + 4t2a12)

(1 + t22)(1 + a2
12)

− n1 − s+
(n1 − s)(1 − a2

12)

1 + a2
12

f2 :=
x2(t2 − a12)(1 + t2a12)

1 + t22
+ (n1 − s)a12

f3 := w2 −
x2(1 − t22 − a2

23 + t22a
2
23 + 4t2a23)

(1 + t22)(1 + a2
23)

− n3

(

1 − 1 − a2
23

1 + a2
23

)

f4 :=
x2(t2 − a23)(1 + t2a23)

1 + t22
+ n3a23

f5 := w2 −
x2(1 − t22 − a2

25 + t22a
2
25 + 4t2a25)

(1 + t22)(1 + a2
25)

−w5 +
x5(1 − t25 − a2

25 + t25a
2
25 + 4t5a25)

(1 + t25)(1 + a2
25)

f6 :=
x2(t2 − a25)(1 + t2a25)

1 + t22
− x5(t5 − a25)(1 + t5a25)

1 + t25

f7 := w5 −
x5(1 − t25 − a2

45 + t25a
2
45 + 4t5a45)

(1 + t25)(1 + a2
45)

− t− s4 +
(t− s4)(1 − a2

45)

1 + a2
45

f8 :=
x5(t5 − a45)(1 + t5a45)

1 + t25
+ (t− s4)a45

f9 := w5 −
x5(1 − t25 − a2

56 + t25a
2
56 + 4t5a56)

(1 + t25)(1 + a2
56)

− s6

(

1 +
1 − a2

56

1 + a2
56

)

f10 :=
x5(t5 − a56)(1 + t5a56)

1 + t25
− s6a56 (16)

The functionsfi, i = 1 . . . 10 have to vanish for the analytic lower bound of the limit load for the
given stress distributions. The unknowns aren1, w2, x2, n3, s4, t2, w5, t5, x5, s6. In the case of a
biaxial loading with independent magnitudest 6= s the solutions are calculated using Maple 8 a
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software package for symbolic and numeric computation [12]and are given by:

n1 =
t(1 − x) + bs

(1 − x)(1 − a)
(17)

w2 =
sb2 − tbx+ tb− sa− asx− sb+ a2s+ sx− ta+ xt

(x(1 − b) + b− a)(1 − a)

x2 =

√

(s(b2 + ax+ a− b− a2 − x) − t(bx− x− b+ a))2 + 4b2s2(1 − a)2

(1 − a)(bx− x− b+ a)

t2 =
(s(b2 + ax+ a− b− a2 − x) − t(bx− x− b+ a)

sb(1 − a)

−
√

4s2b2(1 − a)2 + (s(b2 + ax+ a− b− a2 − x) − t(bx− x− b+ a))2

sb(1 − a)

n3 =
t (x− a) − s b

(x− a) (1 − a)

s4 =
s(1 − y) + at

(1 − y)(1 − b)

w5 =
s(b− y − a+ ay) − t(b2 − b− by + a2 − a+ y)

(ay − y + b− a)(1 − b)

x5 =

√

(s(b− y − a+ ay) + t(b2 − b− by − a2 + a+ y))2 + 4t2a2(1 − b)2

(1 − b)(ay − y + b− a)

t5 =
s(b− y − a+ ay) + t(b2 − b− by − a2 + a+ y)

2ta(1 − b)

+

√

4t2a2(1 − b)2 + (s(b− y − a+ ay) + t(b2 − b− by − a2 + a+ y))2

2ta(1 − b)

s6 =
s(y − b) − ta

(y − b) (1 − b)

The von Mises yield condition for regionj is given bys2j + n2
j − sjnj ≤ σ2

y.

6. Uniaxial tension

6.1. Lower bound

With nj =
wj + xj

2 andsj =
wj − xj

2 for j = 1, . . . , 6 andt = 0 it follows from the equations
(17):

n1 =
bs

(1 − x)(1 − a)
s1 = s

n2 = s
(−b2 + a+ ax+ b− a2 − x) +

√

(b2 + ax+ a− b− a2 − x)2 + 4b2(1 − a)2

2(bx− x− b+ a)(1 − a)

s2 = s
(−b2 + a+ ax+ b− a2 − x) −

√

(b2 + ax+ a− b− a2 − x)2 + 4b2(1 − a)2

2(bx− x− b+ a)(1 − a)

n3 = − bs

(x− a)(1 − a)
s3 = 0

n4 = n5 = n6 = 0 s4 = s5 = s6 =
s

1 − b
(18)
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The von Mises yield condition for regionj is given bys2j +n
2
j−sjnj ≤ σ2

y and using the definition.

vj = 1/
√

s2j + n2
j − sjnj with

v1(x) =
(1 − x)(1 − a)

√

b2 + (1 − x)2(1 − a)2 − (1 − x)(1 − a)b

v2(x) = −(bx− x− b+ a)(1 − a)√
c

v3(x) =
(x− a)(1 − a)

b
v4(x) = 1 − b

v5(x) = 1 − b

v6(x) = 1 − b (19)

with

c = a2x2 − axb− b2x+ 4a2x− 2a3x− 2ax2 − ab+ ba2 + x2 (20)

−2ax+ 2b2a2 + bx+ b4 − 2b3 − 2a3 + a4 − 5b2a+ b2ax+ 4b2 + a2

the conditions for the lower bound are transformed intos/σy ≤ vj(x), j = 1, . . . , 6. The yield
functions dependent only on the parameterx, such that in this case the stresses in region 4, 5 and 6
are identical and the regions can be joined (see also the definition of the stress regions in [3], [10]).

The functionsv2(x) andv3(x) are monotone increasing andv1(x) is monotone decreasing in the
interval of possible solutions ofv1(x) = v2(x) and v1(x) = v3(x). Therefore the best lower
bound is given byv1(x∗), wherex∗ = max{x1, x2} is the greater solution ofv1(x1) = v2(x1) and
v1(x2) = v3(x2). Fig. 4 and 5 are different diagrams to show the dependence ofthe limit load
on the parametersa andb. In addition, the known solution for the circular hole [3] under uniaxial
tension is added. Fig. 4 shows contour lines for constantb. For b ≤ 0.2 it can be seen, that the
limit load is the same for alla ≤ b, such that it corresponds to the solution of the circular hole with
radiusb. The limit load fora ≤ b is dominated for a large range by the solution1 − b. Fora > b
the value1 − b seems to be a bad estimate.
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Figure 4: Analytic lower bounds for constantb.
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6.2. Upper bound

This upper bound analysis of the limit load is based on assumed simple deformation mechanisms
and a rigid-plastic material model. Every deformation modewhich is compatible with the velocity
boundary conditions leads to an upper bound of the limit load[8]. The internal rate of working in a
local neck is given by [9]:

∫

k v

√

1 + 3 sin2 ψ ds (21)

wherev is the velocity with which the parts of the plate slide relative to each other andk is σ/2
or σ/

√
3 for Tresca and von Mises yield criterion, respectively.v is inclined at an angleψ to the

neck and the integral is evaluated along the neck. Therefore, the internal rate of workingWI can be
calculated with the length of the plastic mechanismlm by

WI = k v

√

1 + 3 sin2 ψ lm (22)

In this case a pair of straight necks run from the unstressed edge of the plate and meet on the edge
of the elliptical hole (see Fig. 6(a)). The remainder of the plate remains rigid (see also [3], [11])
and hence from (22) follows

WI =
4σy√

3

√

1 + 3 sin2 ψ

sin β
(1 − b)v. (23)

The external rate of workingWE is given by

WE = 4sv cos(β − ψ), (24)

such that the upper bound follows fromWI ≥WE and is given by:

s ≤
√

1 + 3 sin2 ψ√
3 sin β cos(β − ψ)

(1 − b)σy. (25)

This bound has a minimum value ifψ = sin−1(1/3) andβ = π
4 + ψ

2 and is given by

s ≤ (1 − b)σy. (26)
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Figure 6: Deformation modes for upper bound solution

The second upper bound is derived from the deformation mode in which the four quarters of the
plate rotate with angular velocityω about points(±c,±d) with local necking or bulging along the
axes (see Fig. 6(b)). There is a normal discontinuity of velocity whose magnitude is2ω(x − c)
and2ω(y − d) at the points(x, 0) and(0, y), respectively and the remainder of the plate is rigid.
The associated stress normal to the axis is±2σy/

√
3 at each point in the deforming region [3].

Therefore, the internal rate of workingWI can be calculated by

WI =
2σy√

3

[
∫ c

a
ω(x− c) dx+

∫ 1

c
ω(x− c) dx+

∫ d

b
ω(y − d) dx+

∫ 1

d
ω(y − d) dx

]

=
σy√

3
ω

[

(a− c)2 + (1 − c)2 + (b− d)2 + (1 − d)2
]

=
2σy√

3
ω

[

a2 + b2

2
+ c2 + d2 + 1 − (a+ 1)c− (b+ 1)d

]

(27)

which tends for the circular hole (a = b) to the known solution [3]:

W c
I =

2σy√
3
ω

[

a2 + c2 + d2 + 1 − (a+ 1)(c + d)
]

(28)

The external rate of workingWE is given by integration along the loaded side of the plate

WE =

∣

∣

∣

∣

∫ 1

0
sω(y − d) dy

∣

∣

∣

∣

= sω

(

d− 1

2

)

(29)

such that the upper bound follows fromWI ≥WE and is given by:

s ≤ a2 + b2 + 2
{

c2 + d2 + 1 − (a+ 1)c − (b+ 1)d
}

√
3

(

d− 1
2

) σy. (30)

The least value of the upper bound occurs when the plate is in equilibrium [3], [4], i.e. the stresses
along the boundary of the deforming region are in equilibrium with the loads. Parallel to thex-axis
it is

0 = −2σy√
3

(c− a) +
2σy√

3
(1 − c) =

2σy√
3

(1 + a− 2c) (31)

and parallel to they-axis

s =
2σy√

3
(d− b) − 2σy√

3
(1 − d) =

2σy√
3

(2d− b− 1) (32)
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and taking the moments about the center of the hole withσθ = ±2σy/
√

3

s = 2

{
∫ c

a
rσθ dr +

∫ 1

c
rσθ dr

∫ d

b
rσθ dr +

∫ 1

d
rσθ dr

}

(33)

=
4σy√

3

(

c2 − a2

2
− 1 − c2

2
+
d2 − b2

2
− 1 − d2

2

)

=
2σy√

3
(2c2 + 2d2 − (2 + a2 + b2))

From eqs. (31)-(33) it follows for the limit loads∗

s∗ ≤ 2√
3

(

√

a2 + 2b2 + 2 − 2b− 2a− b
)

σy (34)

which tends for the circular hole to the known solution (see [3]).
Fora ≥ 1− 1

2

√

−1 − 4
√

3b2 + 2b+ 4
√

3b− b2 eq. (34) gives a better upper bound than eq. (26),
for example forb = 0.8, a ≥ 0.4832 or b = 0.5, a ≥ 0.3913.

6.3. Finite Element calculations

For comparison the direct limit analysis using the basis reduction technique is chosen, the results
are given in the following figures. The Finite Element lower bound calculations are closer to the
analytical upper bound, such that this bound seems to be the more realistic one. A rough estimation
of the lower and upper bound using the solution of a plate witha circular hole of radiusmax{a, b}
for the lower bound andmin{a, b} for the upper bound gives rather poor results (see Fig. 7(j)).
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Figure 7: Comparison of lower and upper bounds for uniaxial loading with Finite Element calculations for
constantb and rough estimation forb = 0.6
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7. Equal biaxial tension

7.1. Lower bound

A lower bound can be derived following the investigations shown in [3], [8]. In plane stress in the
plastic region the characteristics of the differential equations of stress are two families of curves
inclined at angles±(π/4 + ψ/2) to the direction of the algebraically greater principal stress [8]
with

3 sinψ =
σ1 + σ2

σ1 − σ2
, σ1 ≥ σ2 (35)

and the principal stresses are given with the auxiliary angleϕ by

σ1,2 = σy sin(ϕ± π/6), ϕ ≥ π/6. (36)

The characteristics are real if and only if|σ1 + σ2| ≤ 3|σ1 − σ2|.
A lower bound for all possible values of the parameters of theellipse is given by the stress distribu-
tion given in Fig. 8 (see [3] for a similar distribution).

a

b

1

2

3

s

s

(a) casea ≥ b

a

b

1

2

3

s

s

(b) casea ≤ b

Figure 8: Discontinuous stress field for biaxial tension

In the annulus between the hole and the circle touching the side of the plate (region 1), the stress is
assumed to be axially symmetric. For an axially symmetric plane stress distribution with stresses
σr andσθ the equilibrium equations are given by:

∂σr
∂r

=
σθ − σr

r
. (37)

With

σr =
2√
3
σy sin

(

ϕ− π

6

)

and σθ =
2√
3
σy sin

(

ϕ+
π

6

)

(38)

and

σθ − σr =
2√
3
σy cosϕ (39)

the equilibrium equations are

cos
(

ϕ− π

6

) ∂ϕ

∂r
=

cosϕ

r
. (40)
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The solution of this differential equation with a constantc is given by [8]:

r2 cosϕ = c2e
√

3ϕ (41)

In the case of a circular hole with radiusa andϕ = π/6 on the plastic boundaryr = a it holds

2r2 cosϕ =
√

3a2e
√

3(ϕ−π/6). (42)

With the condition|σ1+σ2| ≤ 3|σ1−σ2| and the definition (38) the characteristics of the differential
equations are real if and only if| sinϕ| ≤ 3| cosϕ|, i.e. 0 ≤ ϕ ≤ π/3.

On the boundaries between the regions the normal stressσr is continuous but the tangential stress
σθ is discontinuous. Region 3 is stress free (σ1 = σ2 = 0) and region 2 is uniformly stressed below
the yield point in equal biaxial stressing:

σ1 = σ2 =
2√
3
σy sin

(

α− π

6

)

(43)

with
2 cosα =

√
3a2e

√
3(α−π/6), (44)

such thatα = π/2 andα = π/6 correspond toa = 0 anda = 1, respectively.

The von Mises stresses in the regions are given by:

region1 : σvm =
√

σ2
r + σ2

θ − σrσθ = σy (45)

region2 : σvm =
√

σ2
1 + σ2

2 − σ1σ2 =
2√
3
σy sin

(

α− π

6

)

. (46)

This stress distribution fulfills the equilibrium conditions for allb ≤ a, such that a lower bound of
the limit loads∗ is given by the lower bound of the circular hole [3]:

s∗ ≥ 2√
3
σy sin

(

α− π

6

)

. (47)

By changinga andb, a lower bound for the limit loads∗ for equal biaxial loading is also valid for
b ≥ a. The results for this function are plotted together with theestimation of Amstutz & Seegers
[16] for constantb in Fig.9

7.2. Estimation from experimental data

An estimation for the limit load in plane stress for a plate with a centered crack of lengtha loaded
by s perpendicular to the crack and byλs parallel to the crack direction is given by Amstutz &
Seeger in [2], [16]:

slim =
σy(1 − a)

√

1 − λ(1 − a) + λ2(1 − a)2
. (48)

The solution results from the constant principal stress field:

σ1 = λs, σ2 =
s

1 − a
, σvm =

s
√

1 − λ(1 − a) + λ2(1 − a)2

1 − a
. (49)

This stress distribution does not fulfill the boundary condition of a stress free crack and thus gives
only an approximation and not a true lower bound for the limitload. Nevertheless the comparison
with experimental data show good agreement [16]. For the case of biaxial loading (λ = 1) and
uniaxial loading (λ = 0) this gives for plane stress:

biaxial : slim =
σy(1 − a)√
1 − a+ a2

uniaxial : slim = σy(1 − a). (50)

The results of both bounds are illustrated in Fig. (9), see also [13], [15], [16], [18], for limit load
solutions for plane structures.
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Figure 9: Analytic lower bounds for equal biaxial loading for constant a with slit solution (1−a)
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1−a+a
2
.

7.3. Upper bound

Deformation mode 1

In the first mode deformation occurs only in the necks and the material is rigid on each side of the
neck. Hence with the notation of Fig. 10 the internal rate of workingWI is given with the boundary
equation of the elliptical hole

(x

a

)2
+

(y

b

)2
= 1, (51)

and the length of the plastic mechanismlm

lm =

√

a2 + b2 tan2(φ) − ab

sin(β)
√

a2 + b2 tan2(φ)
(52)

such that with the velocityv (see eq. (22)):

WI =
vσy√

3

√

1 + 3 sin2(ψ) lm =
vσy

√

1 + 3 sin2(ψ)√
3

√

a2 + b2 tan2(φ) − ab

sin(β)
√

a2 + b2 tan2(φ)
(53)

The external rate of workingWE depends on the lengthAB:

AB =
ab

√

b2 + a2 cot2(φ)
+ cos(β)lm, (54)

such that the external rate of workingWE is given by:

WE = s v
(

cos(β − ψ) − sin(β − ψ)AB
)

(55)

From eqs. (52)-(55) follows, that an upper bound for the limit loads∗ is given for allβ, φ, ψ by

s∗ ≤ lm
√

1 + 3 sin2(ψ)√
3
(

cos(β − ψ) − sin(β − ψ)AB
)σy

=

√

1 + 3 sin2(ψ)
(

√

a2 + b2 tan2(φ) − ab
)

√
3
[

√

a2 + b2 tan2(φ) sin(ψ) + ab sin(β − ψ)
(

cos(β) − sin(β)
√

a2+b2 tan2(φ)
b2+a2 cot2(φ)

])σy

=

√

1 + 3 sin2(ψ) (c1 − ab)
√

3
[

c1 sin(ψ) + ab sin(β − ψ)
(

cos(β) − sin(β)c1c2

])σy, (56)
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with c1 =
√

a2 + b2 tan2(φ) andc2 =
√

b2 + a2 cot2(φ), which tends for the case of a circular
hole (a = b) to (see [3]).

s∗c ≤
√

1 + 3 sin2(ψ) (1 − a cos(φ))√
3 [sin(ψ) + a sin(β − ψ) cos(β + ψ)]

(57)

A simple approximation of eq. (56) is given by settingβ = ψ = π/2, such that it holds

s∗ ≤ 2√
3

c1 − ab

c1
=

2√
3

√

a2 + b2 tan2(φ) − ab
√

a2 + b2 tan2(φ)
(58)

and by settingφ = 0 it holds

s∗ ≤ 2√
3
(1 − b) and also by symmetry s∗ ≤ 2√

3
(1 − a). (59)

a

b

β

φ

s

s

A B

Figure 10: Deformation mode for upper bound solution for equal biaxialloading

Deformation mode 2

An upper bound of the limit loads∗ is given by the uniform deformation of the plate (see [3]). The
external rate of workingWE is given with the normal velocityU of each edge independent of the
shape of the hole:

WE = 8sU. (60)

With the areaA = πab of the elliptical hole, the internal rate of workingWI is given by:

WI = 2σyU(4 − πab). (61)

UsingWI ≥WE an upper bound for the limit loads∗ and is given by:

s∗ ≤
(

1 − πab

4

)

σy. (62)

7.4. Finite Element calculations

In the equal biaxial loading case the solutions are symmetrical with respect toa andb, such that
the results of the lower bound are plotted only for constantb. The comparison between lower and
upper bound for parametersa andb shows, that the limit behavior is dominated by the behavior of
a plate with circular hole of radiusmax{a, b}.
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Figure 11: Comparison of lower and upper bounds for equal biaxial loading with Finite Element calculations
for constanta
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Figure 12: Comparison of lower and upper bounds for equal biaxial loading with Finite Element calculations
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8. Opposite biaxial loading

8.1. Lower bound

With nj =
wj + xj

2 andsj =
wj − xj

2 for j = 1, . . . , 6 andt = −s it follows from the equations
(17):

n1 = s
b+ x− 1

(1 − x)(1 − a)

w2 = s
a2 + b2 + bx− ax− 2b

−(1 − a)(bx− x− b+ a)

x2 = s

√

(b2 − a2 + ax+ bx+ 2a− 2b− 2x)2 + 4b2(1 − a)2

(1 − a)(bx− x− b+ a)

n3 =
s(a− b− x)

(x− a) (1 − a)

s4 =
s(1 − y − a)

(1 − y)(1 − b)

w5 =
s(a2 + b2 + ay − by − 2a)

(1 − b)(ay − y + b− a)

x5 =
s
√

(b2 − a2 − by − ay + 2a− 2b+ 2y)2 + 4a2(1 − b)2

(1 − b)(ay − y + b− a)

s6 =
s(y − b+ a)

(y − b) (1 − b)
(63)

Usingn2
j + s2j − njsj =

w2

j +3x2

j

4 , the conditions of the lower bound for the 6 regions are givenby:

s ≤ (1 − x)(1 − a)σy
√

(1 − x)2(1 − a)2 + (1 − x− b)2 + (1 − x)(1 − a)(1 − x− b)

s ≤ 2(1 − a)|bx− x− b+ a|σy
√

(a2 + b2 + bx− ax− 2b)2 + 3(b2 − a2 + ax+ bx+ 2a− 2b− 2x)2 + 12b2(1 − a)2

s ≤ (x− a)(1 − a)σy
|x− a+ b|

s ≤ (1 − y)(1 − b)σy
√

(1 − y)2(1 − b)2 + (1 − y − a)2 + (1 − y − a)(1 − y)(1 − b)

s ≤ 2(1 − b)|ay − y + b− a|σy
√

(a2 + b2 + ay − by − 2a)2 + 3(b2 − a2 − ay − by + 2a− 2b+ 2y)2 + 12a2(1 − b)2

s ≤ (y − b)(1 − b)σy
|y − b+ a| (64)

The functionsv1, v2 andv3 dependent only onx and the functionsv4, v5 andv6 dependent only on
y. The best lower bound ofs∗ is given bys∗ ≥ min{sx, sy} with

sx = min{v1(x), v2(x), v3(x)} x ∈ [a, 1]

sy = min{v4(y), v5(y), v6(y)} y ∈ [b, 1].

The valuessx andsy are given by the intersections between the corresponding functions and are
calculated using Maple 8 a software package for symbolic andnumeric computation [12].
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8.2. Upper bound

Deformation mode 1

In the first mode the four quarters of the plate rotate with angular velocityω about points(±c,±d)
with local necking or bulging along the axes (see Fig. 6(a)).

a

b

s

s

ω

d

c

x

y

λ

Figure 13: Deformation mode 1 for opposite biaxial loading

There is a normal discontinuity of velocity whose magnitudeis 2ω(x − c) and2ω(y − d) at the
points(x, 0) and(0, y), respectively and the remainder of the plate is rigid. The associated stress
normal to the axis is±2σy/

√
3 at each point in the deforming region [3]. Therefore, the internal

rate of workingWI can be calculated with the length of the plastic mechanismlm by

WI =
2σy√

3

[
∫ c

a
ω(x− c) dx+

∫ 1

c
ω(x− c) dx+

∫ d

b
ω(y − d) dx+

∫ 1

d
ω(y − d) dx

]

=
σy√

3
ω

[

(a− c)2 + (1 − c)2 + (b− d)2 + (1 − d)2
]

=
2σy√

3
ω

[

a2 + b2

2
+ c2 + d2 + 1 − (a+ 1)c− (b+ 1)d

]

(65)

which tends for the circular hole (a = b) to the known solution [3]:

W c
I =

2σy√
3
ω

[

a2 + c2 + d2 + 1 − (a+ 1)(c + d)
]

(66)

The external rate of workingWE is given by integration along the loaded side of the plate

WE =

∣

∣

∣

∣

∫ 1

0
sω(y − d) dy

∣

∣

∣

∣

−
∣

∣

∣

∣

∫ 1

0
λsω(x− c) dy

∣

∣

∣

∣

= sω

(

(d− λc) − 1

2
(1 − λ)

)

(67)

such that the upper bound follows fromWI ≥WE and is given by:

s∗ ≤ a2 + b2 + 2
{

c2 + d2 + 1 − (a+ 1)c− (b+ 1)d
}

√
3

(

(d− λc) − 1
2 (1 − λ)

) σy. (68)

The least value of the upper bound occurs when the plate is in equilibrium [3], [4], i.e. the stresses
along the boundary of the deforming region are in equilibrium with the loads. Parallel to thex-axis
it is

λs = −2σy√
3

(c− a) +
2σy√

3
(1 − c) =

2σy√
3

(1 + a− 2c) (69)
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and parallel to they-axis

s =
2σy√

3
(d− b) − 2σy√

3
(1 − d) =

2σy√
3

(2d− b− 1) (70)

and taking the moments about the center of the hole withσθ = ±2σy/
√

3

s(1 − λ) ≤ 2

{
∫ c

a
rσθ dr +

∫ 1

c
rσθ dr

∫ d

b
rσθ dr +

∫ 1

d
rσθ dr

}

=
4σy√

3

(

c2 − a2

2
− 1 − c2

2
+
d2 − b2

2
− 1 − d2

2

)

=
2σy√

3
(2c2 + 2d2 − (2 + a2 + b2)) (71)

From eqs. (69)-(71) it follows for the limit loads∗

s∗ ≤ 2√
3

λa− b+
√

2λ2a2 − 2λab+ 2b2 + 2λ2 − 2λ2a+ λ2b2 − 2λ2b+ 2 − 2a+ a2 − 2b

1 + λ2

(72)
which gives in the case of opposite biaxial loading case (λ = −1)

s∗ ≤ 1√
3

(

√

3a2 + 3b2 + 2ab+ 4 − 4a− 4b− a− b
)

σy (73)

which is symmetrical ina andb. Especially for circular holes (a = b) (see [3]) holds:

s∗c ≤
2√
3
(
√

2a2 − 2a+ 1 − a)σy (74)

Deformation mode 2

The plate is supposed to have a velocity discontinuity of magnitudev in each quarter of the plate
(see Figs. 14(a) and 14(b)), depending on the shape of the elliptical hole. The material is rigid on
each side of the neck. With the notation of Figs. 14(a) and 14(b) and the boundary equation of the
elliptical hole

(x

a

)2
+

(y

b

)2
= 1, (75)

the length of the plastic mechanismlam andlbm of mode (a) and (b), respectively can be calculated:

lam =

√

a2 + b2 tan2(φa) − ab

sin(βa)
√

a2 + b2 tan2(φa)

lbm =

√

b2 + a2 tan2(φb) − ab

sin(βb)
√

b2 + a2 tan2(φb)
(76)

The internal rate of workingWI in each quarter for both modes can be calculated withlam andlbm

W a
I = v

σy√
3
lam =

√

a2 + b2 tan2(φa) − ab√
3 sin(βa)

√

a2 + b2 tan2(φa)
v σy

W b
I = v

σy√
3
lbm =

√

b2 + a2 tan2(φa) − ab√
3 sin(βb)

√

b2 + a2 tan2(φb)
v σy (77)
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The external rate of workingWE depends on the lengthAB with:

ABa =
ab

√

b2 + a2 cot2(φa)
+ cos(βa)l

a
m,

ABb =
ab

√

a2 + b2 cot2(φb)
+ cos(βb)l

b
m (78)

such that the external rate of workingWE is given by:

W a,b
E = s v

(

cos(βa,b) + sin(βa,b)ABa,b

)

(79)

and an upper bound and is given bymin{sa, sb} for all β, φ with:

sa,b =
la,bm√

3
(

cos(βa,b) + sin(βa,b)ABa,b

)σy. (80)

From eqs. (77), (79) and (80) follows that the boundsb can be obtained by exchanging the parame-
tersa andb in the definition ofsa. Therefore an upper bound of the limit loads∗ is given by (using
the abbreviationβ = βa andφ = φa):

s∗ ≤
√

a2 + b2 tan2(φ) − ab
√

3
(

sin(2β)
√

a2 + b2 tan2(φ) − ab sin(β)
[

cos(β) − sin(β)
√

a2+b2 tan2(φ)
b2+a2 cot2(φ)

])σy, (81)

which becomes independent ofb for a = 0 with β = π/4 andsa = 1/
√

3. In the case of a circular
hole (a = b) the solutions give the same results [3].

a

b

s

-s

AB βa

φa

(a) Deformation mode 2 a

a

b

s

-s

A

Bφb

βb

(b) Deformation mode 2 6

Figure 14: Deformation modes for the upper bound solution

8.3. Finite Element calculations

For comparison the direct limit analysis using the basis reduction technique is chosen (see the
previous section). The results are given in the following figures. In this loading case the solutions
are symmetrical with respect toa andb, such that the comparison is plotted only for constantb.
The Finite Element lower bound calculations are closer to the analytical upper bound, such that this
bound seems to be the more realistic one. Forb > 0.4 the difference between the lower and the
upper bound is minimal for the case of a circular hole (a = b) and for the degenerated casesa = 0
anda = 1.
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Figure 15: Comparison of lower and upper bounds for opposite biaxial loading with Finite Element calcula-
tions for constantb

23



 1
 0

 0.2

 0.4

 0.6

 0.8

 1

 0  0.2  0.4  0.6  0.8  1

upper bound

lower bound

S
 / 

σ
y

 a

FEM

(a) b = 0.7

 1

 0

 0.2

 0.4

 0.6

 0.8

 1

 0  0.2  0.4  0.6  0.8  1

upper bound

lower bound

S
 / 

σ
y

 a

FEM

(b) b = 0.8

 0

 0.2

 0.4

 0.6

 0.8

 1

 0  0.2  0.4  0.6  0.8  1

upper boundlower bound

S
 / 

σ
y

 a

FEM

(c) b = 0.9

 1
 0

 0.2

 0.4

 0.6

 0.8

 1

 0  0.2  0.4  0.6  0.8  1

upper bound

lower bound

S
 / 

σ
y

a

FEM

(d) b = 0.6 (rough estimation)

Figure 16: Comparison of lower and upper bounds for opposite biaxial loading with Finite Element calcula-
tions for constantb and rough estimation forb = 0.6
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9. Conclusions

Plastic limit analysis for a square plate with a centered elliptical hole under uniaxial, equal biaxial
and opposite biaxial tension loading has been presented. The load limits and possible collapse
modes have been examined. As far as we know, no such detailed analytical limit analysis for this
problem has been given before. The approach can be considered a straight forward development of
the respective one of plastic limit analysis for plates withcentered circular holes (compare [3], [8],
[10]). The procedure appears useful in solving engineeringproblems for plates.
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Kurven auf bauteilähnliche Strukturen. DFG-Report FD-1/1995 (1995).

3. F.A. Gaydon, A.W. McCrum: A theoretical investigation onthe yield point loading of a square plate with a central
circular hole,Journal of the Mechanics and Physics of Solids2 (1954), 156-169.

4. F.A. Gaydon: On the yield–point loading of a square plate with concentric circular hole,Journal of the Mechanics
and Physics of Solids2 (1954), 170–176.

5. M. Heitzer: Traglast– und Einspielanalyse zur Bewertungder Sicherheit passiver Komponenten.Berichte des
Forschungszentrums JülichJül–3704, 1999.
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