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After many unsuccessful efforts, the structure of solid CD4 III finally has been solved. In this paper,
we examine if the known tunneling spectra are consistent with the orientational potentials at the two
sites with different symmetries. To this end, we study the rotational kinetic energy of the molecules,
construct appropriate pocket states for the tunneling problem, and set up a model potential.
Approximate energy levels are obtained from the Ritz variational principle. The agreement between
the experimentally determined tunneling frequencies and the calculations is rather good,
corroborating the findings of the structural analysis. A continuation of this paper will deal with the
partly deuterated methanes. © 2008 American Institute of Physics. �DOI: 10.1063/1.2822293�

I. INTRODUCTION

Coherent tunneling of a single atom in a double mini-
mum potential, i.e., the tunneling through the barrier be-
tween two equivalent potential pockets, is one of the stan-
dard problems in a beginners course of quantum mechanics.
Yet, when you look for cases of single atom tunneling in
solid state physics, where this knowledge is applicable, then
hydrogen in metals is about the only example you find.1,2

The reason is that in solids, the distances between
equivalent sites typically are a few angstroms, while the po-
tential differences �i.e., energy barriers� are measured on the
eV energy scale. Consequently, the tunneling splitting ��t

normally amounts to a few �eV at most. Any lattice imper-
fection, in the vicinity of the double well, might spoil the
symmetry and render the pockets inequivalent. The energy
asymmetry ��a may easily exceed ��t, i.e., 10−4 of the bar-
rier height. Then, the atom becomes localized and tunneling
is suppressed.

This is, however, rather different in the rotational tunnel-
ing of highly symmetric molecules.3–5 It differs from single
atom tunneling in an important aspect: Groups of atoms ex-
change places. The orientations of minimum potential energy
are related to each other by an exchange of identical par-
ticles. These particles are indistinguishable and so are the
corresponding orientations. There is no agent that might de-
stroy the symmetry—the pockets are identical under all cir-
cumstances. The asymmetry ��a is zero identically, and
therefore the tunneling in the �eV regime is observable.

There is yet another difference between single atom tun-
neling and rotational tunneling: The atom distorts the lattice
and the distortion is different in the two positions. The atom
drags this distortion around, as it moves, and it thus acquires
an effective mass, larger than its bare mass. This greatly
reduces the splitting ��t which depends exponentially on the
mass. In rotational tunneling of CH4, also this effect is ab-
sent, but it comes back for partly deuterated molecules, e.g.,
CH3D.

The examples for rotational tunneling can be classified
according to the symmetry of the molecule under study. Fa-
mous is H2,6,7 where the enormous energy difference be-
tween ortho- and parahydrogen is a consequence of the ex-
change symmetry of the two hydrogen atoms. Methyl groups
or ammonia ions are examples for one-dimensional rotations
around a single axis in a potential with a threefold symmetry.
Here, we are concerned with the rotations of methane mol-
ecules in a three-dimensional space of angles. In this space,
there are 12 equivalent potential minima or pockets.

Quaternions8–11 are a very efficient tool for the formula-
tion of three-dimensional rotations. We shall use them very
extensively. Therefore, some of their properties, as far as
these are needed in this paper, shall be recapitulated in Sec.
II.

The operator of the rotational kinetic energy for a spheri-
cal top, e.g., CH4 in terms of quaternions is well known. Its
generalization12 to symmetric tops �CH3D or CHD3� or an
asymmetric top �CH2D2� will be given in Sec. III.

The determination of the rotational ground state tunnel
splitting of molecules in strong orientational potentials is a
notoriously difficult problem. For the highly symmetrica�Electronic mail: m.prager@fz-juelich.de.
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problem of a tetrahedral XH4 or XD4 molecule, in a potential
of tetrahedral symmetry, calculations with increasing
sophistication13–16 have, some time ago, produced reliable
values for the tunnel splitting.

If the molecular symmetry and the site symmetry are
low, as it is the case for the partially deuterated molecules in
phase III of methane:17 The problem is even more difficult.
Therefore, we were forced to use the pocket states which
have nonzero amplitude only in one pocket.16 They are well
adapted to the problem and their employment is essential for
our analysis. The advantages of this method will be recapitu-
lated in Sec. IV. For pedagogical reasons, the method will
first be explained for the much simpler case of one-
dimensional methyl rotation in Sec. IV A and then be applied
to three-dimensional rotations in Sec. IV B. The Ritz varia-
tional principle will be used to calculate the tunneling split-
ting from the energy differences in the ground state multi-
plet. As these differences are extremely small, the Ritz
method necessitates very good test wave functions. These are
introduced in Sec. V. It is rather amazing that a simple r−n

atom-atom potential explains the experimental findings for
the orientational order of the molecules in phase III rather
well. As long as n is larger than 2.2, its precise value is rather
unimportant. This is demonstrated in Sec. VI. The same in-
teraction, supplemented by a strength factor, is used in Sec.
VII for the determination of the tunneling frequencies in the
orientational potential.

II. QUATERNIONS

In the following, we use two alternative ways to denote
quaternions,8–11 either by

� = ��1,�2,�3,�4� �1�

or by

� = �i�1 + j�2 + k�3 + �4� , �2�

with the multiplication rules

ii = j j = kk = − 1 �3�

and

ij = − ji = k ,

jk = − kj = i , �4�

ki = − ik = j .

Quaternions of unit length, with

�
i=1

4

�i
2 = 1, �5�

are very convenient for the description of the rotations of a
rigid body. Here, we mention only those of their properties
which will be needed in the following. For example, we do
not need and mention their relation to the Euler angles. For
a more comprehensive account, we refer our readers to
Refs. 10 and 11.

The rotation of the body by an angle � around an axis
parallel to the unit vector e= �e1 ,e2 ,e3� is described by the
quaternion

� = ��1,�2,�3,�4� = �e1 sin
�

2
,e2 sin

�

2
,e3 sin

�

2
,cos

�

2
� .

�6�

From this relation, it is immediately clear that �
= ��1 ,�2 ,�3 ,�4� and its antipodal point −�= �−�1 ,−�2 ,−�3 ,
−�4� on the four-dimensional unit sphere indicate the same
rotation of the rigid body. The latter denotes a rotation
around e by the angle 2�+�, i.e., also by �. Note that
sin��2�+�� /2�=−sin�� /2� and also that cos��2�+�� /2�=
−cos�� /2�.

The quaternion multiplication rule follows from Eqs. �3�
and �4�. For the product �=��, one obtains

�1 = + �1�4 + �2�3 − �3�2 + �4�1,

�2 = − �1�3 + �2�4 + �3�1 + �4�2,

�7�
�3 = + �1�2 − �2�1 + �3�4 + �4�3,

�4 = − �1�1 − �2�2 − �3�3 + �4�4.

Finite rotations do not commute and this, of course, is re-
flected by the quaternion multiplication rules: �����. The
back rotation is expressed by �−1= �−�1 ,−�2 ,−�3 , +�4� with
�−1�=��−1=�0. The quaternion �0= �0,0 ,0 ,1� denotes the
identity transformation, i.e., no rotation at all. Let us, by
convention, agree that the tetrahedron is in its standard ori-
entation, which is shown in Fig. 1, if �=�0.

III. THE KINETIC ENERGY OF FULLY PROTONATED,
DEUTERATED, AND PARTIALLY DEUTERATED
METHANES

For the description of the rotations of a rigid body �here
of a molecule� in terms of quaternions, we use three coordi-
nate systems �see Fig. 1�. One is fixed in space, it is denoted
by capital letters �X ,Y ,Z�. The second one is fixed in the
molecule and rotates with it. The coordinate axes of the latter
are denoted by the lower case letters �x ,y ,z�. In this frame,
the tetrahedron is in its standard orientation. The third system

FIG. 1. A CHD3 or CH3D tetrahedron in a surrounding with a twofold
symmetry. The �X ,Y ,Z� coordinate system is fixed in the crystal and the Z
axis is the twofold rotation axis. In the �x ,y ,z� coordinate system, the mol-
ecule is in its standard orientation and the axes of the �a ,b ,c� system are
parallel to the principal axes of the moment of inertia.
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also rotates with the molecule, its axes �a ,b ,c� coincide with
the principal axes of the moment of inertia �
= �	a ,	b ,	c�. Relative to the coordinate system �x ,y ,z�, the
direction cosines of �a ,b ,c� can be chosen as

a = �+ 1, − 1, 0�/�2,

b = �+ 1, + 1, − 2�/�6, �8�

c = �+ 1, + 1, + 1�/�3

for both CH3D and CHD3, with �= �11,11,8�ma2 /3 and
�= �13,13,16�ma2 /3, respectively. Here, m is the proton
mass and a the C–H distance.

For CH2D2, the direction cosines are

a = �+ 1, + 1, 0�/�2,

b = �− 1, + 1, 0�/�2, �9�

c = �0, 0, + 1� ,

with �= �12,10,14�ma2 /3.
For the spherical rotors CH4 and CD4, the axes �a ,b ,c�

may be chosen parallel to �x ,y ,z� with the three components
	a=	b=	c= =8ma2 /3 and 16ma2 /3, respectively.

For the calculation of the potential energy, the relative
orientation of the standard molecular frame �x ,y ,z� with re-
spect to the space fixed coordinate system �X ,Y ,Z� will be
denoted by the quaternion �. For the calculation of the ki-
netic energy, we use the molecular frame �a ,b ,c�. Its orien-
tation with respect to �X ,Y ,Z� at time t is expressed by the
quaternion �= ��1 ,�2 ,�3 ,�4�. At the instant of time t, the
molecule rotates with an angular velocity �= ��a ,�b ,�c�
around its principal axes �a ,b ,c�. Therefore, an infinitesimal
time span dt later, the molecule is found in the orientation

� + �̇dt = �� , �10�

where �= ��̇1dt , �̇2dt , �̇3dt ,1−
�= ��adt /2,�bdt /2,�cdt /2,1
−
� is the quaternion for three joint infinitesimal rotations
around the principal axes �see Eq. �6��. 
= ��a

2+�b
2

+�c
2�dt2 /4 is of order dt2 and will be dropped.
We solve Eq. �10� for � with the result

� = �� + �̇dt��−1 = �0 + �̇�−1dt , �11�

where �−1= �−�1 ,−�2 ,−�3 ,�4� and �0= �0,0 ,0 ,1� is the unit
element of quaternion multiplication.

From the second term in Eq. �11�, which is first order in
dt, and from the rules of quaternion multiplication, one ob-
tains the four equations �̇= �̇�−1,

�̇1 = �a/2 = + �̇1�4 − �̇2�3 + �̇3�2 − �̇4�1,

�̇2 = �b/2 = + �̇1�3 + �̇2�4 − �̇3�1 − �̇4�2,

�12�
�̇3 = �c/2 = − �̇1�2 + �̇2�1 + �̇3�4 − �̇4�3,

�̇4 = 0 = + �̇1�1 + �̇2�2 + �̇3�3 + �̇4�4.

The last one of these equations is merely an expression
of the fact that � is restricted to the surface of the four-

dimensional unit sphere, i.e., the velocity is orthogonal on
the radius vector and the four-dimensional �4D� scalar prod-
uct of �̇ and � must vanish.

The Lagrangian form of the kinetic energy is

K =
1

2�
i=1

3

	i�i
2 = 2�

i=1

3

	i�̇i
2. �13�

The first three of Eq. �12� are inserted into Eq. �13� for
the angular velocities in order to obtain the momenta conju-
gate to ��,

p� = �
i=1

3
�K

��̇i

��̇i

��̇�

. �14�

This is evaluated with the help of Eq. �12�,

p1 = 4�+ 	1�̇1�4 + 	2�̇2�3 − 	3�̇3�2� ,

p2 = 4�− 	1�̇1�3 + 	2�̇2�4 + 	3�̇3�1� ,

�15�
p3 = 4�+ 	1�̇1�2 − 	2�̇2�1 + 	3�̇3�4� ,

p4 = 4�− 	1�̇1�1 − 	2�̇2�2 − 	3�̇3�3� .

Equation �15� is solved for the velocities �̇i by the following
linear combinations:

P1 ª + p1�4 − p2�3 + p3�2 − p4�1 = 4	1�̇1,

P2 ª + p1�3 + p2�4 − p3�1 − p4�2 = 4	2�̇2, �16�

P3 ª − p1�2 + p2�1 + p3�4 − p4�3 = 4	3�̇3.

The velocities �̇i from the right-hand side �rhs� of Eq. �16�
are inserted into K from Eq. �13� with the result

K =
1

8�
i=1

3
Pi

2

	i
. �17�

This is the Hamiltonian form for the kinetic energy of a
general asymmetric top12 in terms of the coordinates �� and
the corresponding conjugate momenta p� �Eq. �14��. In the �
representation, the momentum operators p� assume the form
p�=−i�� /���.

For a spherical top, K can be simplified to the well-
known expression

K =
1

8	
	�

�=1

4

p�
2 − 3

�

i
�
�=1

4

��p� − �
�,�=1

4

����p�p�
 . �18�

IV. POCKET STATES

A. Expedient pocket states for a one-dimensional
problem

In this chapter, we come back to the pocket states of Ref.
16 which are restricted to a single pocket. They will be mo-
tivated with different arguments. Starting point for the calcu-
lation of the tunneling frequencies is the tight binding ap-
proximation of solid state physics. Its application to

034503-3 Phase III of solid methane J. Chem. Phys. 128, 034503 �2008�



rotational tunneling will be explained for the example of the
rotation in a one-dimensional periodic potential with the
property

V�x + 2�/3� = V�x� . �19�

V�x�=−A3 cos�3x� would be a typical potential for a rotating
methyl group. There, x is the rotation angle. The stationary
Schrödinger equation for a particle of mass m in the potential
V�x�,

−
�2

2m

d2

dx2��x� + V�x���x� = E��x� , �20�

is solved for periodic boundary conditions

��x + N · 2�/3� = ��x� , �21�

where N is an integer. If x is a rotation angle and m the
moment of inertia 	, and if N=3, then Eq. �20� is the sta-
tionary Schrödinger equation for the rotation of a methyl
group in its threefold potential. In this case, the ground state
multiplet consists of three states: An A state and a doubly
degenerate E state. They represent the lowest lying band. In
the tight binding �tunneling� limit, the corresponding ener-
gies are EA=E0+2h and EE=E0−h, where h
0 is the tun-
neling matrix element. E0 is an unimportant constant which
depends on the choice of the zero point on the energy scale.
EE−EA=−3h is the tunnel splitting.

For all values of N in Eq. �21�, the ground state is at the
energy E−=EA=E0+2h. It is the lowest state in the band with
N members. The corresponding wave function �−�x� has
positive �and equal� amplitude in every pocket. Its slope
d�−�x� /dx vanishes at the barriers. This may also be called
the bonding boundary condition. In the case of the model
potential V�x�=−A3 cos�3x� with A3�0, the barriers are
found at the positions x=x�= �2�+1� ·� /3, where � is an
integer.

In order to determine the overlap matrix element h, we
need a state with antibonding boundary conditions at all bar-
riers. Such a state does not exist for methyl rotations where
the potential has a threefold symmetry. Therefore, we take
refuge to an artificial problem with an even number of po-
tential pockets.

For all even values of N, the maximum energy in the
lowest lying band occurs for the state �+ with the antibond-
ing boundary condition. In �+�x�, the sign of the amplitude
alternates from pocket to pocket and consequently �+�x� has
nodes at x=x�, i.e., at the positions of the barriers. The cor-
responding energy is E+=E0−2h.

Using the Ritz variational principle, approximate values
for the energies E− and E+ can be calculated. This is highly
efficient as the test functions have to be defined only in the
range of a single pocket,16 i.e., between the barriers at x=
−� /3 and x= +� /3. The boundary condition d�−�x� /dx=0
at x= ±� /3 has to be fulfilled for the calculation of E−,
whereas �+�±� /3�=0 has to be enforced for the determina-
tion of E+.

Once E− and E+ have been found, one obtains the over-
lap matrix element h from

h = �E− − E+�/4. �22�

In order to demonstrate the usefulness of the method, we
calculate the tunnel splitting of a methyl group in the poten-
tial V�x�=−A3 cos�3x�, where A3 is measured in units of the
rotational constant B=�2 /2	. As test wave functions for the
two different boundary conditions, we use

�±�x� = exp�−
1

2

x2

�±
2� + C2

±x2 + C4
±x4. �23�

As �±�−x�=�±�x�, the boundary condition needs to be ap-
plied only at one of the two saddles.

The Gaussian in Eq. �23� enables the optimal adaptation
of the wave function in the minimum of the potential,
whereas the following two terms allow its adjustment in the
vicinity of the barrier. C4

+ is chosen such that �+�� /3�=0 is
fulfilled and C4

− is chosen such that d�−�x� /dx=0 is fulfilled
at x=� /3. The remaining two constants, �± and C2

±, for the
respective wave functions are the variational parameters in
the minimalization of

E± =
��±�H��±

��±��±


, �24�

where H=−��2 /2m��d2 /dx2�+V�x� is the Hamiltonian of Eq.
�20� and where the scalar products are obtained as integrals
over −� /3�x
� /3.

Figure 2 shows a comparison of ��t=log�−3h� from Eq.
�22� with the logarithm of the numerically exact tunneling
frequency EE−EA, as calculated from Mathieu’s equation
�Eq. �20��. There is sufficiently good agreement for 5�A3

�20. It is perfectly understandable that there are strong de-
viations for A3�5 outside the tunneling �or tight binding�
regime. It would be an easy matter to extend the range of
validity for larger A3, beyond A3=20, by including a few
more power terms into expression �23� for the wave func-
tion. It is, however, not our intention to find another nearly
exact solution of Mathieu’s equation in one dimension but to
demonstrate the merits and limitations of these pocket
states.16 In the following, the method will be applied to the
problem of the three-dimensional rotation of molecules
where no exact solutions are available.

FIG. 2. The logarithm of the tunneling splitting EE−EA=��t=−3h of a
methyl group vs the potential strength A3. A comparison of the pocket state
approximation with the numerically exact solution of Mathieu’s equation
�dashed lines�. Both A3 and ��t are measured in units of the rotational
constant B.
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B. Expedient pocket states for methane rotations

In phase III of methane which will be described below
�Sec. VI�, there are two sites of different symmetries: The m
site and the 2 site. Even permutations of the four corners
�protons or deuterons� of the CH4 or CD4 tetrahedron lead to
equivalent orientations, e.g., into equivalent minima, and this
is independent of the symmetry of the site. There are 12 even
permutations of 4 objects and thus there are 12 equivalent
minima or pockets of the potential. As the quaternions cover
the space of orientations twice �antipodal points on the 4D
unit sphere belong to the same orientation�, there are 24
pockets in quaternion space. When the tetrahedron �together
with its surrounding� is rotated such that one of the minima
corresponds to its standard orientation �0, then 8 of these
pockets are found in the positions �
= �±1,0 ,0 ,0� , �0, ±1,0 ,0 , � , �0,0 , ±1 ,0� , �0,0 ,0 , ±1�, and
the other 16 in the positions �= �±z , ±z , ±z , ±z� with z= 1

2 .
Starting in the pocket of the standard orientation, rotations
by ±120° around the four threefold symmetry axes across
saddle points at �s= �±t , ± t , ± t , +r� with t= �1 /12�1/2 and r
= �3 /4�1/2 lead into the eight closest pockets at �±z , ±z , ±z ,
+z�. Thus, the 24 pockets form a finite three-dimensional bcc
lattice which is embedded into a curved three-dimensional
�3D� space, the surface of the 4D unit sphere.

The variational wave functions �abcd��� �with a ,b ,c ,d
= + ,−� shall be exploited only on a spherical �pseudo�cap on
the surface of the 4D unit sphere. The cap is a 3D sphere, it
is centered at �0, and reaches out to the saddle points, i.e., it
is limited by �1

2+�2
2+�3

2

1
4 �or equivalently by 1��4��3

4 �.
The volume of the cap is Vc=�2 /3−�3

4��0.569 169 �see
the Appendix�. The 24 caps centered at the 24 minima of the
potential and touching each other at the saddle points would
fill 69% of the whole quaternion space of volume V0=2�2.
This comes rather close to the 68% filling factor of the infi-
nite bcc lattice in a flat geometry. One great advantage over
other pocket state approaches, where the test wave function
had to be optimized in the whole quaternion space, is that
now the procedure must no longer be applied to the full
space but only to one of the 24 caps, i.e., to only 3% of it.

The quaternions at four of the eight saddle points are
denoted by

�a = �+ t, − t, − t, + r� ,

�b = �− t, + t, − t, + r� ,

�25�
�c = �− t, − t, + t, + r� ,

�d = �+ t, + t, + t, + r� .

The values of the wave functions at the other four saddles are
related to these by symmetry �see the remark immediately
below Eq. �23��.

The indices a ,b ,c ,d= + ,− in �abcd��� differentiate be-
tween the bonding “�” and antibonding “�” boundary con-
ditions at the respective saddle points. If, e.g., the index a is
�, then �abcd��a�→�+bcd��a�=0.

If a is �, then the directional derivative

�abcd
d ��� = �

i=1

4

�i
��abcd���

��i
�26�

of �abcd��� along the direction from �0 to � is zero at �=�a:
�−bcd

d ��a�=0. �−−−−��� is the ground state with energy E−−−−

and

E+bcd − E−bcd = − 4ha �27�

permits the calculation of the tunneling matrix element ha for
rotations around the �+1,−1,−1� axis and, respectively, for
the indices b, c, and d. The maximum splitting between the
highest level �E� and the lowest level �A� level totals −3�ha

+hb+hc+hd�.

V. THE VARIATIONAL WAVE FUNCTIONS

The variational wave functions �abcd��� which are used
in the following for the determination of the tunnel splitting
in the ground state multiplet do not depend explicitly on �4

but only on �1, �2, and �3. They depend only implicitly on �4

as the four components of � are interconnected via their nor-
malization condition �Eq. �5��.

In order to render the ansatz for �abcd��� as flexible as
possible in the directions toward the saddle points, where the
potential is softest and where the most important overlap
occurs, we introduce a new four-component variable T
= �T1 ,T2 ,T3 ,T4� by

T1 = + �1 − �2 − �3,

T2 = − �1 + �2 − �3,

�28�
T3 = − �1 − �2 + �3,

T4 = + �1 + �2 + �3.

Any one of the wave functions �abcd��� is expressed in terms
of T :����=��T����, where

��T� = exp�−
1

2�
i=1

4
Ti

2

�i
2� + �

i=1

4

�AiTi
K + BiTi

L� . �29�

Typical values of K and L�K are 4, 6, 8, etc. In order to
avoid some of the clumsiness of the notation, we have omit-
ted the indices abcd for the moment. These will be reintro-
duced when the boundary conditions are discussed.

Inserting the saddle point coordinates �a ,�b ,�c ,�d from
Eq. �25� into the rhs of Eq. �28�, one obtains

Ta = �3t, − t, − t, − t� ,

Tb = �− t, 3t, − t, − t� ,

�30�
Tc = �− t, − t, 3t, − t� ,

Td = �− t, − t, − t, 3t� .

At the saddle point at Ta, the value of Ta1
K in Eq. �29� by

far exceeds the other three terms: Ta1
K �Ta2

K ,Ta3
K ,Ta4

K when
K=4 or larger. Therefore, a large value of A1 in Eq. �29�
favors a pronounced lobe of the wave function in the vicinity
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of the saddle point at Ta, i.e., a high amplitude for angular
excursions of the molecule around the �+1,−1,−1�-rotation
axis. In the same way, the coefficients A2, A3, A4 are respon-
sible for the amplitude of � for rotations around the other
threefold rotation axes of the molecule.

A little bit of algebra shows that

�
i=1

4

�i
�����

��i
= �

j=1

4

Tj
���T�

�Tj
−

1

2
��

k=1

4

Tk���
m=1

4
���T�
�Tm

� .

�31�

As �k=1
4 Tk=0 at the four saddle points, the boundary

condition �d���=0 can be replaced by �d�T�=0 for x
=a ,b ,c ,d, i.e., at the positions of the four saddle points.
�d��x� is the left-hand side of Eq. �31� and �d�Tx� is defined
by the first term on the rhs.

The four parameters Bi are adjusted such that the four
boundary conditions in the directions of the saddle points are
fulfilled. The four �i and the four Ai are the eight variational
parameters in the search for the minimum expectation value
of the energy.

VI. A MODEL POTENTIAL

The structure of phase II of solid methane has been pre-
dicted by James and Keenan18 on the basis of the electro-
static octopole-octopole interaction of the molecules, using
the Ornstein-Zernicke approximation. There, the fluctuations
are considered to be independent of each other. The orienta-
tional fluctuations in the orientationally disordered phase I
are the precursors of the structure which becomes stable
when the temperature is lowered below 20.4 K. At the tran-
sition temperature, they condense into the static distortion
which amounts to the order parameter of the new phase II.
The predicted structure,18,19 the geometrical nature of the
fluctuations,20 and their critical slowing down21 have later all
been verified experimentally.

All attempts to predict the structure of phase III of heavy
methane by the same kind of interaction have failed,23,24 but
in 2003, this structure has finally been determined
experimentally.17 It is orthorhombic with space group Cmca
�lattice parameters a=11.7079 Å, b=8.1893 Å, and c
=8.1842 Å�, with eight molecules in the unit cell. Groups of
four molecules are related by symmetry. While the phase III
structure is not a subgroup of that of phase II �Fm3c �Refs.
18 and 19��, the center of mass structure still can be consid-
ered as a distorted fcc lattice. It is convenient to approximate
the methane molecules by rigid tetrahedra: Of course, minor
distortions at the sites of low symmetry are permitted. The
carbon atoms in the molecular center are displaced with re-
spect to a fcc lattice, with two independent vector compo-
nents at the m site and just one at the 2 site. This is probably
the reason why there was no successful theoretical
prediction23,24 of the structure of phase III. In order to be
successful, it seems obligatory to include these center of
mass �c.m.� displacements.

The orientational order of phase III is more important for
our consideration. With respect to the orthorhombic unit cell,
fictitious high symmetry tetrahedral orientations can be taken

as a reference. Then, the actual orientations can be described
as deviations from these high symmetry orientations by the
introduction of rotation angles. Only one free parameter
�angle� for each of the two sites is needed; �i� the angle � for
rotation around the normal to the mirror plane �through the C
atom� at the m site and �ii� the angle � for rotation around
the twofold axis at the other site.

All five parameters have been determined by neutron
diffraction17 but of course with a non-negligible statistical
error.

Now that the structure has been determined, the question
if there exists a model potential that is consistent with this
structure and which at the same time explains the tunneling
splitting25 of the molecules at the two sites with different
symmetries is self-imposing.

Let us start from a modified Coulomb potential for the
atom-atom interaction,

V =
1

2�
i,j

QiQj

�Ri − R j�n
, �32�

where V is the orientational potential energy of the crystal.
Here, Ri and R j are the positions of the nuclei �in different
molecules�. If n=1 and if the charges are chosen as Qi= +1
and Qi=−4 for hydrogen and carbon, respectively, it would
be the Coulomb case. It will turn out that higher values of n
are needed for a satisfactory agreement with experiment.
This indicates that it is the short range repulsion of the elec-
tron shells which is responsible for the orientational order.
For large values of n, only the shortest intermolecular H–H
distances are of importance, but we retain the form of Eq.
�32� with the same “charges” in order to also include the
Coulomb case.

The interaction in Eq. �32� lacks the attractive dispersion
forces and hence it is by no means adequate for predicting
the center of mass structure. The carbon positions are there-
fore taken from the experiment and then we look for the
equilibrium orientations of both molecules.

After all these considerations of a more general nature,
now comes the application, namely, the calculation of the
molecular orientations in the experimentally determined c.m.
lattice.

Using the interaction in Eq. �32�, we calculate the �ori-
entational� potential energy V� for one molecule of each
kind,

V���,�� = �
i=1

5

Qi�
j=1

60
Qj

�Ri − R j�n
, �33�

with �=m or 2, distinguishing the two sites of different sym-
metries. The first sum in Eq. �33� runs over the five atoms of
the central molecule, and the second sum runs over the 60
atoms in the shell of its 12 nearest neighbor �nn� molecules.

The angles � and � of the central molecule are varied in
steps of 1° while, at the same time, the 12 molecules at the m
and 2 sites in the nn shells are rotated correspondingly. We
look for the minima of the energy per molecule,
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S��,�� = �Vm��,�� + V2��,���/4, �34�

among the 360�360 values on the grid of angles � and �.
There are quite a few local minima with rather similar
S�� ,��. For all values of n�1, there is one minimum in the
immediate vicinity of the experimentally determined values
�x=5.2° and �x=40.6°. In the Coulomb case �n=1�, this is
not the absolute minimum. Its position does not move a lot
when n is varied, but it becomes the absolute minimum for
all values of n�2.12. This is a rather strong indication that
the orientational order of phase III is a result of the short
range repulsion or steric hindrance of the molecules.

A consecutive minimization procedure for S�� ,�� im-
proves the values �n and �n on the grid. For n=8, one ob-
tains �8=9.5° and �8=41.9°. Attempts to gain even better
agreement with the experimental values �x and �x by a varia-
tion of the c.m. displacements, within their error bars, did not
show clear trends and have therefore been abandoned. When
the angles �n and �n have been determined, the orientational
potential can be calculated for arbitrary orientations of the
central molecule while its 12 nn’s are kept fixed in their
equilibrium orientation.

VII. THE GROUND STATE MULTIPLET

Having collected all the ingredients, we can finally pro-
ceed to calculate the energy levels in the ground state multi-
plet. The Ritz variational principle shall be applied to mini-
mize

Eabcd =
��abcd�H���abcd


��abcd��abcd

. �35�

The wave functions �abcd have been introduced in Sec.
V. The Hamiltonian for the two sites with �=m and �=2 is

H���,p� = K��,p� + sV���� , �36�

where K�� , p� is the kinetic energy from Sec. III. In the
Coulomb case �n=1�, an estimate for the strength parameter
s might be provided from effective charges Qi somewhat
smaller than the bare charges �screening by the electron
shells�, but for the heuristic 1 /rn potential, there is no chance
for guessing its value: s is an adjustable fitting parameter. For
CH4 and CD4, the coordinate systems �x ,y ,z� and �a ,b ,c�
coincide and �=�, K�� , p� can be taken directly from Eq.
�17�, but for the partially deuterated molecules one has to
substitute � by the appropriate linear combination �=����
and the derivatives in the momenta pi �Eq. �16�� by

��

��i
= �

j

��

�� j

�� j

��i
. �37�

The strength parameter s of the potential was not needed
in Sec. VI where the determination of the equilibrium orien-
tations �n and �n was the only goal.

For the calculation of the potential energy V����, we use
the atom-atom interaction of Eq. �33� for a given n and de-
termine the angles �n and �n, as explained in Sec. VI. When
the equilibrium has been found, we rotate the whole crystal
rigidly into such an orientation that the molecule in the cen-
ter is its standard orientation �=�0. Then, its surroundings

are kept fixed, while the potential energy V���� of the central
molecule is determined for 106 equally distributed random
values �i of � on the 3% cap described in Sec. IV B, i.e., for
106 random orientations within the potential pocket.

When the potential is plotted along the directions toward
the saddle points �that is, for �= �±� , ±� , ±� ,�� with �
= 1

�3
sin � /2 and �=cos � /2, one realizes that its shape is al-

most independent of the exponent n. So, n is not really an
adjustable parameter. Of course, the strength parameter s var-
ies strongly with n. The same s should apply for both sym-
metries.

The expectation value �Eq. �35�� of the energy is ap-
proximated by

Eabcd =
�i��abcd��i��H���abcd��i�


�i��abcd��i���abcd��i�

, �38�

where the sums over i run over the 106 random values of �i.
With a ,b ,c ,d= ±1, there are 16 values of Eabcd for the dif-
ferent boundary conditions at the four saddle points. The
eight variational parameters �i and Ai are varied for each one
of the Eabcd until their minima have been found. From their
differences one obtains the tunneling matrix elements �Eq.
�27��.

The first example for a particle in the potentials V2��� or
Vm��� is a regular tetrahedron, be it CH4 or CD4. As a start,
we calculate

�� = �
i=1

4

hi = �E++++ − E−−−−�/4. �39�

In Fig. 3, the logarithms of the two sums �2 and �m, for
either symmetry, are plotted as functions of the strength pa-
rameter s. Horizontal lines cut the graphs at the experimental
values of log��2� and log��m� and yield the corresponding
values of s. The five examples of Ref. 25 have been included.
The corresponding strength parameters for the two symme-
tries do not differ by more than 8% from each other. This
rather good agreement is better than anticipated. It must not
be expected from such a rough model for the potential. The

FIG. 3. The sum �ihi of the four overlap matrix elements yields the total
width of the tunneling multiplet EE−EA=3�ihi. The figure shows the calcu-
lated values of this sum for both sites on a logarithmic scale as a function of
the strength parameter s of the potential. The horizontal lines show the
experimentally determined values �Ref. 25� for different pressures and for
CD4. Ideally, the strength parameter for the two symmetries should be the
same, i.e., the broken lines should be vertical. As all energies are measured
in units of B, the value of sCD4

should be roughly 2sCH4
.
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same is true for the comparison of the strength parameter for
CD4 and for CH4 in CD4. In units of B�CH4�=654 �eV and
B�CD4�=327 �eV, the value of s should differ by a factor of
2 for the two cases, which is almost perfectly fulfilled. This
means that the potential strengths are equal in absolute units
�e.g., �eV�.

Thus, the overall tunneling splitting of fully protonated
and fully deuterated methane in phase III is rather well de-
scribed in terms of the simple interaction model, but when it
comes to the individual tunneling matrix elements, the agree-
ment is less convincing.

In the Tables I and II �for CH4 and CD4� the row which
is denoted by “model potential” shows that relatively large
discrepancies occur for the smaller matrix elements. The lat-
ter do not contribute appreciably to the overall splitting and
furthermore small variations of the barrier heights entail no-
ticeable modifications of the overlap.

In order to acquire an idea how large the error in the
potential barriers might be, we take refuge to a surrogate
potential. This potential should be as simple as possible and
it should depend on the minimum number of parameters.
Observing the requirements of the respective site symmetry,
the surrogate potential is constructed such that it yields the
tunneling splitting for CH4 under a pressure of 1 kbar with
good precision. The result is denoted by “surrogate poten-
tial” and it is shown in Table I.

The surrogate potential is constructed as follows:
There are four centers of repulsion at the positions
R j = �−a ,a ,a� , �a ,−a ,a� , �a ,a ,−a� , �−a ,−a ,−a� with a
=2.8 Å /�3. Each one of these four centers of repulsion in-
teracts with each one of the four protons of the methane
molecule �see Eq. �40��. In order to retain a little bit of simi-
larity with the original, �Rj�=2.8 Å is chosen to be equal to
the distance from the central carbon to the nearest protons of
neighboring molecules in the real crystal. The interaction
potential of the four centers with the four protons of the
central methane molecule is taken to be

V = �
i,j=1

4

Aj�R j − ri�−8, �40�

where the ri are the positions of the protons of the methane
molecule at the origin and the dimension of A j is �eVÅ8.

In the case of the 2 site, the strength parameters Aj are
pairwise equal: A1=A3 and A2=A4. For the m site, only A1

=A2 applies. For any choice of the Aj �0, the minimum of
the potential is at �0 the normal orientation of the tetrahe-
dron. The choice Aj = �5159,3172,5159,3172� for the 2 site
and Aj = �6101,6101,1394,9761� for the m site leads to the
barrier heights shown in Table III.

The most pronounced error �by a factor of 2� occurs for
B1, the highest rotational barrier at the m site, where the
overlap is smallest. Nevertheless, we consider the discrepan-
cies between the calculations and the experiments accept-
able. First, the uncertainty in the experimental value of such
small overlap matrix elements certainly is rather large. Sec-
ond, the carbon positions have been taken from the experi-
ment. Small uncertainties of these might have an appreciable
effect on the barriers. Finally, as has been repeated several
times, we do not expect a better agreement for our crude
model.

Most of the observed crystallographic and of the tunnel-
ing features are well represented by the model.

VIII. CONCLUSIONS

Despite of the fact that CH4 is the simplest one of all
organic molecules, solid methane exhibits a rich phase dia-
gram. The structural modifications differ mainly in the ori-
entational order of the methane tetrahedra. The pattern of
ordering depends on the temperature, on the external pres-
sure, and on the isotopic composition. Above 20.4 K �27 K
for CD4�, the CH4 crystal is orientationally disordered �phase
I�. Below, as a consequence of the interplay between the
orientational forces and the thermal and quantum fluctua-
tions, it is partially ordered �phase II�. The center of mass
structure in both phases is fcc as would be expected for sol-
ids composed of globular molecules. At even lower tempera-
tures, CD4 �and CH4 under pressure� undergo a further tran-
sition into the fully ordered phase III whose structure was
recently determined. There, the molecules occupy sites of
two different symmetries �m site and 2 site�. The center of
mass structure departs from the ideal fcc structure but the
displacements of the carbon atoms are small; they amount to
a few percent of the lattice spacing.

The aim of the present paper was the verification of the
orientational structure of phase III by an explanation of the
rotational tunneling of the methane molecules at the two sites
and that for both CH4 and CD4. Given the center of mass

TABLE I. Tunneling matrix elements for CH4 �1.0 kbar� in �eV.

Matrix element

2 site m site

h1=h3 h2=h4 h1 h2 h3=h4

Expt. −20 −12 −2.7 −16.5 −7.4
Model potential −19 −14 −0.6 −23.8 −2.9
Surrogate potential −20 −12 −2.6 −16.4 −7.3

TABLE II. Tunneling matrix elements for CD4 in �eV.

Matrix element

2 site m site

h1=h3 h2=h4 h1 h2 h3=h4

Expt. −1.116 −0.524 −0.167 −0.733 −0.532
Model potential −1.06 −0.82 −0.01 −1.52 −0.08
Surrogate potential −1.63 −0.78 −0.10 −1.05 −0.40

TABLE III. The barrier heights for both potentials in �eV.

Barrier height

2 site m site

B1=B3 B2=B4 B1 B2 B3=B4

Model potential 19 500 17 800 51 400 32 200 15 300
Surrogate potential 16 900 14 400 27 500 21 600 17 000
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structure, short range repulsive forces between the hydrogen
atoms can indeed succeed with both goals. Considering the
fact that the tunneling frequencies depend exponentially, i.e.,
very sensitively, on the moment of inertia and the potential
strength, this is rather reassuring.

It would be highly desirable to find a �quantum chemi-
cal� potential which also explains the center of mass struc-
ture. Such a potential must include the attractive forces be-
tween the molecules. This goes far beyond our intentions.

In the course of these calculations, we have extended the
pocket state method to include also the tunneling of the par-
tially deuterated methanes. The corresponding matrix ele-
ments are needed for the explanation of the existing data for
CHD3 and they can be used for predicting the tunneling
splitting of CH3D and of CH2D2. A complication arises from
the translation-rotation coupling, i.e., from the fact that in a
rotation of the X2Y triangle, the carbon also moves. These
questions are reserved to a forthcoming paper on the partially
deuterated methanes.

APPENDIX: VOLUME OF THE CAP

In order to determine the volume of the cap �of the
pocket� on the surface of the four-dimensional unit sphere, a
change to convenient variables is performed: The 4D Carte-
sian coordinates �= ��1 ,�2 ,�3 ,�4� are replaced by the 4D po-
lar coordinates �r ,��= �r ,�1 ,�2 ,�3�,

�1 = r sin �1 sin �2 sin �3,

�2 = r sin �1 sin �2 cos �3,

�A1�
�3 = r sin �1 cos �2,

�4 = r cos �1,

with 0
�1
�, 0
�2
�, and 0
�3
2�. An integral J4

over a 4D region R in � space is calculated as

J4 = �
R

F���d�1d�2d�3d�4 = �
R

F���r,���

�� ���1,�2,�3,�4�
��r,�2,�2,�3�

�drd�1d�2d�3, �A2�

where

���1,�2,�3,�4�
��r,�1,�2,�3�

= r3 sin2 �1 sin �2 �A3�

is the Jacobian of the transformation.
If the integration is restricted to a 3D volume S on the

surface of the 4D unit sphere, one inserts the Dirac � func-
tion ��r−1� on the rhs of Eq. �A2�, performs the r integra-
tion, and obtains the integral J3,

J3 = �
S

F���1,���sin2 �1 sin �2d�1d�2d�3. �A4�

For the determination of the volume Vcap of a cap of
variable size q with 1��4�q, the function F is set equal to
1, identically, and the integration over �1 is restricted to 0

�1
� with �=arccos q,

Vcap = �
0

�

sin2 �1d�1�
0

�

sin �2d�2�
0

2�

d�3, �A5�

=2��� −
1

2
sin�2��� . �A6�

The volume Vc=�2 /3−��3
4 of the pocket is obtained for q

=�3
4 , i.e., for �=� /6. The volume V0=2�2 of the complete

surface of the 4D unit sphere is obtained for q=−1, i.e.,
when �=� is inserted into Eq. �A6�.
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