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Mechanical and thermal stresses in multilayered materials
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A general solution for elastic deformation of monolithic and multilayered materials due to external
loads and moments, mismatch in thermal expansion, and temperature gradients is derived. Special
consideration is given to materials with stress dependent stiffness or gradient in elastic modulus. The
relationships can be used to determine the stiffness, thickness, thermal expansion coefficient, or
thermal gradient. The fracture of a monolithic material with stress dependent stiffness and the
temperature dependence of the elastic modulus and thickness are considered as well as the
possibility to use the change in curvature in the case of delamination to determine the fracture
energy. ©2004 American Institute of Physic§DOI: 10.1063/1.1642289

I. INTRODUCTION momentM are related to the axial normal, and transverse

. . , . . ._shear stress, , as
Multilayered materials find widespread use in electronic, Y

magnetic, optical, and structural components. Such compo- th

nents can be subjected to residual stresses due to intrinsic N+Na:WJ oxdz (1)

processes or mismatch in thermal expansion coefficient and 0

mechanical loading. Theories to relate stress, strain, and cur- t,

vature to the mechanical and thermal loading have been es- M +Ma=wf oyzdz (2
0

tablished for isotropic materialsbilayered® multilayered
composites,and materials with different stiffness in tension .
and compressiofiHowever, the solutions usually given are Q:Wf "TX ydz 3
only a special case of the relationships for the mechanical '

and thermal stresses in monolithic and multilayered . . .
materials wherez= position relative to the surfad&ig. 1) andN, and

The purpose of the present study is to formulate the soM«=axial force and bending moment due to the difference

lutions for the relationship between stress, strain, and curvg? theérmal expansion. The parameteris the width of the
ture for multilayered materials due to the mechanical and€am- In gener_aM, N, andQ can be a functlc_)n of the in-
thermal loading. The equations derived in the following Canplane, thex position. At the positiorz .perpendlcular to the
be used for materials with any dependence of the stiffness ofit€"face be_tweeg the layers the strajry , and stresr, j
the stress/strain or layer thickness. Hence, materials witf! the layer] are’

stress dependent stiffne§ise., thermal barrier coatingor Ty

rock®) as well as functionally graded materials can be ana- Ex,j2=&xoT ZK—J' ! a;(T,2)dT(z) (4)
lyzed. The determined stiffness is not just an average value, 0j

it is a representation of a discrete strain and/or position
within a material, where it is assumed that the bending mo-
ment is applied perpendicular to the interface between the
layers.

O-X,],ZZ EJ

J.n
ex 0t ZK— a;(T,2)dT(z) (5

TO,j

wheree, o= strain atz=0; «=curvature of the beam, and in

the case of a two-dimensional geomefy: E/(1— v?). The
II. MULTILAYER SYSTEMS parameterr is the thermal expansion coefficient, which can
be a function ofz and the temperatur€. The temperature
An elastic multilayer is schematically shown in Fig. 1, T, is the initial andT,; the final temperature in the laygr
wheren layers with individual thicknest; are bonded. The For simplification it is assumed thatdoes not change with
subscrip§ denotes the layer number and is ranged from 1 toapplied stress and shear stresses are (hio beam. How
n. The coordinate system is defined such that the surface @he current approach can be extended to non-negligible shear
the layer 1 is located at=0. stresses is presented in the literatlifiéhe resulting relation-

The applied forces and moments can be linked to thghips between the force, moment, and beam deformation
stresses using Euler-Bernoulli beam theGtydence, the re- 548

sultants of the axial forcl, shear forceQ, and the bending

N + N a A B 8X,O (6)
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FIG. 1. Schematics of a multilayer composite with co-ordinate system.
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The resulting expressions for the deformation are

~D(N+N,)+B(M+M,)
8X,0: BZ_AD (17)

_ B(N+N,)—-AM+M,)
B BZ2—AD '

K (18

The expressions simplify if no difference in thermal expan-
sion exists and if, as in the case of three- or four-point bend-
ing testsM is not a function oix andN=0. The neutral axis

where the symbolsA, B, and D denote the extensional, s then

flexural-extensional coupling, and flexural stiffness coeffi-

cients, respectively, and are defined a8

A=El ' w;(2,T)E;(z,T)dz @)

= tj—l

B=21 ) w;(z,T)E;(z,T)zdz 8
1= tjfl
n { o

D:EJ w;(z,T)E;(z,T)Z%dz (9)
=1 Jt4_,

The force and momeritl, andM , for the layersj=1 ton
are’1?

Ne

n tj Tl_
2 f,-JTO Bi(z Tay(z T)dT(z)dz (10

Mo=> f“ fTIEj(z,T)aj(z,T)dT(z)zdz (12)
=1 Jt_1JTg

t,=BI/A. (19)

lll. DISCUSSION

Explicit solutions for a mechanically loaded elastically
graded beafhand a trilayer material with an intermediate
layer with a gradient in elastic properties have been
reported'® The above relationships can also be used for iso-
tropic beams or multilayered beams with stress independent
stiffness. In these cases the resulting relationships will agree
with those reported in literature for mechanfcahd thermo-
mechanical bendint}:®

The equations given above can be used to determine an
unknown thickness, stiffness, or stiffness gradient. The de-
pendence of the dimensions and stiffness on the temperature,
position, or stress state can be considered. The strains in the
surface and the position of the neutral axis at different loads
can be determined via for example image procesSirdso
the load-deflection curve can be used to analyze the bending

Note that the equations take the temperature dependency behavior. An analysis of a stress dependent stiffness or gra-
the stiffness into consideration as well as the effect of temdient in ela_stlc modulu_s requires t_h_e measurement of two
perature gradients within the layers. If the temperaturgparametersi.e., the strain or the position of the neutral axis

changes linearly proportional to the thicknesE=AT=T,

(including  proportionality constant or  knowledge/

+2zT*, the axial force and bending moment due to the dif-assumption of the functional relationship of the stiffness. In

ference in thermal expansion become

[Na]_ An Bn {TOJ 12
Mo " [Byy DT
where
ooy
A= JJ E;(z.T)a;(2,T)dz (13)
=1 Jt.4
oy —
Bp= > Ei(z,T)e(z,T)zdz (14)
=1 Jt 4
oy
D=, f’ E;(2,T)a;(2,T)22dz. (15)
j:]. tj*l

In order to determine the strain the inverse matrix of €&.

has to be solved, yielding

vao_A B_l N+Na
k| |B D M+M,
1 -D B |[N+N,
"~ B?°-AD| B —A[[M+M,[" (16)

the case of a stress dependent stiffness the analysis can be
simplified since for small strains the stiffness approaches the
value of the stress free materi@r material under residual
stress.

A. Fracture of a monolithic material with stress
dependent stiffness

A special case is a bending test with stable crack growth
in the surface a monolithic material with stress dependent
stiffness. A simple analysis can be performed via the assump-
tion that the strain at the tensile surface is then zero. Then in
the above equatiortscan simply be replaced ky-a, where
ais the depth of the crack. However, this approach is only an
approximation since the strain will only be close to zero if
the fractured layer delaminates.

Although a detailed analysis requires a consideration of
the statistical nature of the defects and strerfgtkibull sta-
tistics a more accurate analysis can be based on a constant
maximum strain for tensile failure, hence the stiffness in the
fractured tensile surface has a finite value. The fracture stress
can be determined if the fracture toughness and the compli-
ance function are known. In order to determine the stiffness
value a determination of the crack length is necessary. An
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additional measurement of the crack opening displacement If the thermal expansion coefficients and the stiffness are

permits a direct calculation of the failure strain. determined from the thermoelastic curvature the respective
In the case of delamination the elastic energy release ratealues are representative for a temperature range. If a series

G far ahead of the crack tip can be calculated as the differef values for various temperature rangesually with re-

ence of the energy stored in the initial composite composedpect to room temperatyrés measured it is possible to de-

of n-layers,U, and the delaminated composite composed otermine the functional relationship and hence the values for a

i-layers,U; different temperature range or the actual value at a particular

n temperature.
d )

. 2
v [3F, [ o
2= tj_lEj(Z’T) IV. CONCLUSIONS
(1t I j‘i (_"x,J,z)ZdZ (20) Stresses, strains, and curvature are important issues for
27=1 J41E(2,T) ' the reliability of multilayer systems. An exact solution for
elastic deformation of multilayered materials due to residual
B. Temperature dependence of the elastic modulus stresses, external bending, and in-plane loading is derived in
and thickness the present study that permits a consideration of stress de-
. . pendent stiffness and gradients in elastic modulus. The rela-
In the general case O,f thermoelastic bending the eI""St'ﬁonships can be used to determine the stiffness, thickness,
modulus as well as the thickness depend on the temperatulerma| expansion coefficient, or thermal gradient. The ap-

e, E=f(T) andt="f(T). The consideration of the tempera- ,oach can be extended to consider dynamic temperature
ture dependency of the elastic modulus is more important

since these can be of the order of 0.1%/K whereas the thick\{ariations via substituting T(2) for dT(2). The time depen-
. . . .. dence of the temperature can be obtained using the Laplace
ness change is related to the thermal expansion coefﬂmer&t Lationt
and thus of the order of 0.001%/K. q '

For a linear dependency of the stiffness on the tempera-
ture simply the average stiffness can be used. However, KcKNOWLEDGMENTS
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can be expected. Singheiser is kindly acknowledged.
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