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Strang Interactions and Electromagnetism in
Low-Energy Hadron Physics

In the prcscnt work . ii-c stlldL' various aspec.ts of tlle cnt :tnglcment of thc strong and
['le( .'.tr(lllla~gil['tl(' interactions as it is manifest in loii--energy hadron pll sic'.s . In thc
frarne~vork ot' c}l i ral lfert u rlfat iorl t-lleorv, t~~ o aspeas a.re in~ estiga.ted : the test . of t-lle
s(,r- ucture of' l:)arvons as probed hY extenlal electrornagriet,rc current,s, arid c}le rnodi-
lic.at-iorl oC reactions rneciiat,ec1 by tlie strong interactions iri tlle lfreserlce of irlterrlal
(virtual) pllotons . 111 tlle flrst part of tllls work, we study tlle electrolnagnetie form
fa.ctors of nueleons and tlle ground state barvoll oetet, as well as strangeness form fac-
tors of tlie lmcleon . Elnpllasis is put an tlle cornparison of a new relativistic 5cllelne
for tlle t;tl.h;tlhttion of loop diagralns to tlle llcai y baryon formalisln, and an tlle con-
vergence of lügller Order corrections in botli scliernes . Tlle new 5cllelne ls sliown to
yield both a pllenomenologically more sur" t "essfill description of the rhl.ta and Netter
convtrgenc°.c behaviour . In tlle second pari . we stlldy lsospln Vlolatlon in pion-knon
sc.attering as nlerli~l .terl by virtual photon effects and the light quark mass different " (, .
This invest,igat,iorl is of lfartic.ular- irnlfortance for tlle extraction of scattering lengtlls
l'['or11 ineastl['erllerlts oi' lii'et , iiile arld erlergv levels lrl plorl-kaon atorns . Tlle isospir1
breakiilg correction5 are sllowi1 to be slnall a.nd sufflcieiitly well ulnler control .

Starke Wechselwirkung und Elektromagnetismus in
niederenergetischer Hadronenphysik

Trl diese[' Arbeit Ll'erderl versc.hle(lerle Aspekte (]es 7.usa.rnrnensl_riels vors sta.rkei" l]rlf_}
eleht,rorliag_netiscller- 1Vec}lseluirktrrlg studiert ; ~vie sie irl niederenergetisc}ler Hadro-
llellpllyslk studiert werden können. 1111 R:aliinen der elllralen Störuiigstlieor- ie wer-
den dabei zwei Aspekte untersucht : die Struktur Voll Baryorlen, wie sie voll äußeren
elektrolnagrletlsellen Strömen getestet werden kann, sowie die Modifikation starker
P.calctionen durch innere (virtu(2lle} Pllotonen . Irrt ersten Teil der Arbeit werden
clektrornagnetisclle FormfalCtolY .'n untersucht . sowohl die der lukleorien als at.u ;ll die
des barvoniscllen (;rt.tndziisttilldsoktetts : des weiteren analysieren wir die, sogenannten
seltsamen Formfaktoren des Nukleons. Se.llwerpunkte liegen auf dem crgle..ic°.ll eines
neuen relativistischen Rüchense'.llemas für Schleifendingranune mit dem Formalismus
schwerer - Bar ,vonerl, und aur(1er Unterstlc.hurlg der Korlvergerlz von Kor - rekcurerl Volle-
rer Ordnung irl beiden For-rrlalisrrlen . Es wird gezeigt, {-lass {-las nette Sc.herna so~~!olll
zu einer, h}1r7,TlOrTlerlOlpgISCaI erl'olgreic.hererl Pescllrellatlng führt als auch eire besseres
KonVergenzverllalteii aufweist . lin zweiten heil wird 1sosplnverletzung in Plon haon
Streuung untersuellt, Verursacht sowohl durell virtuelle Pllotonen als auch durch den
1Iassenunterscllied der leichten Quarks . Diese Recllntlng ist besonders wichtig für die
Extraktion voll Streulängen aus den Messungen Soll Lebensdauer und Eriergleniveaus
von Pion Kaon Atornen . Es wird gezeigt, dass die 1sospinb1Y.'clienden Korrekturen
klein und hinreichend gut. unter Kontrolle sind .
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Introduction

The g1.ua,1rtum field theory of clectroinalgnctism, Quantuin Elcetrodrn%inics (QED), is
one of tlle inost hr['.(.'1s['. theories in all of modern physics . C)rigillalli- formulated in
the 1940s . it has vielded calculations of higher wand higher aa,cc "llraa .c "v up to tllis very
da.y, a.nd ha.s proti-olced experimental efharts to t( "st it to in(redibl(" precision. This
theorv ha.s pr(xluced snme of the tunst stlmning algreements cver hetii-cen th("nreti(°.all
1)redictions an cl experiments. To quote l) ut cwo, tlle in agrletic. moinerlt oC the eleccrorl
arid the mtron are krlcn~!rl to t}lirt,eerl arid eleven sigrlificarlt dec.imal places [Pf7GO2],
respectively !

H(a~~Tcicr, th("

	

of the description of clec "trnmalgneti(°. propertics in particle
phvsic.s began to faa.lter a.s sonn as thev ii-cre interwoti-en wich the strong interactions .
Victor ~ eisskopC relaces the scorv (see [T)r00] and refer-erlces therein) hou C)cto Sterrl,
during a. semirlar irl G«ttirlgerl short,ly lfel''ore his Camolis measlirernent oUlie rrla.gnet.ic
mornent of the Proton, received no other prediction among die preserlt l,}leoreticiarls
than pp = 1 (as gii-en lay tlie Dirac euuation), where we toclay kllo«T pp 2-,2 .793 . The
Ineasureinent of a large anomalous 111agnetie moinent of tlle Proton (and . suhseuuelitly,
of Utller baryons) was tlle flrst slgll Uf tlle fast that tlle Proton 15 110 "ele1T1e11tairy~'
particle . lallt leas a rlch SUlaSt1'l.l( ;ta1r(' that can lae studied e .g . 1)v- electrornaa,gnetic
prolaes.

_alt .lloug}l ue t-llirlk we krlcnw toc-lay w}lat the mlderl> irlg t}leor - l''or suc}l a. strongly irl-
teracting systeln like tlle Proton is : Quantum Chrornodynannes (QCD}, and alt hougll
we t11lrik we krlow. what t11e suhstructure consists of : quarks alnl gluolls, such time
ho1n)red experirnental fllr(hlrgs als the orle al)Uut 1.c..p still pose treinendous prolalerns
to contelnporary theoretical physics . QL.'D in Borne ways closely mlrrors 1nany of tlle
propertics of QED, the great rolc nlodel for all sl.llase(ll.lently den cloped field theorics in
particle phvsic.s, bllt it often fails c.ompletely in c.oming aa,ny-uvher(" close to the aa.c " (°.llral(°

.~quotedabove for certain [_SED calculations : current results froh lattic.e [:LCD comprl-
ta.tlolls nim.im at (bot. rlo not Il['( .'.['SSal.rllL' mach) cm aa.c " (°.llral(°.~of 1()-15(1 : [L~. ;D91 . GJJf]1]
for the protorl iilagrlet-ic mornerlt . a.rlf-l als we shall see in the course of (,his work. everl
in theoretical frarne~vorks that, (-lo not, a.tiernpl to compute rrla .gnet-ic rrlorllerl(-s ab ini-
tio. 1]ut ratller relate Inoments of different hadrüns to eich Utllel' based 011 sV1111lletrti
considerations, struggle hard to get Crevond such a precisioll .
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Introduction

T}lere is another aspect to the }eist-or;y of' strong irlteractions `'Spo111ng~~ t,lle stlccesses
of Quantum Electrüdyllalnics, Even für such qua.atities Ilke tlie aboi-elnentroned Tna -
lietl[: Inoments of electrün and 1nuon that ellaraeterise tlie electrümagnetle prüpertles
of leptons. hence particles that do not lnteraet strongly, higher order correctlolls do
invülve virdual (Itlark/al,Tidi(Ii.laa,rk or hadrünic states . In fast, the uncertaindy aboud the
hadrünic contributiüns to diese correctiüns are rloiv tlle lhniding factür fr)r theoredical
predictiolls of the anomalous lnaa~~lledic moment of tlle muon (fnr a revi("iv lillked to
the r( "(°end experim("llt.a,l results [C=,2()1] . sec [Me(l1]) . Thls ls a, ncw quality of the en-
talllgl(~m('nt of hadrolllc physlcs and ['l['( .'trraillaa~~il['d15n1 : both illflucncc Bach other to
a cercain degree Via virtual efl'ects, an(--] neither ca .rl be ignored in hig}1-precision tests
oi' t,lle otller .

	

_

lrl tlie previous paragraplls «Te llave sketclled tlie sul]ject of all of this zvürk: the inter-
play of stroTlg alld electromaglletie 1nteractlons 111 tlie low ellergy donlaln of partlele
physies. This interplai° eall he studied under tlie two different aspeets, partly outlrned
above. First . electrürnagrletisrrl ca,n be used as an r.;r,tr;r'nrx.d probe t() tost tlie structure
üf hadrons, ivhich itsclf is essendially given by tlie strong inderactions . IJxlx~rilrlerlts r)f
stlch type ca.n illvolve real or virtlml pllotons . the laa .t.der usually provided by elec.troll
scatdcrlllg, and the reaction on the target ca.n be either clastic rar inelastic . Pre..dic-
tlralls for such ("xperiments can be madc by any killd of theory rar model fnr the strong
lrlt , eralctlOTls tllat can be cotlsis(-erl(,ll cotlpled to extenlal eIPC'trOTTla.t_;Tlet1C: cturents,
obellng gatlge 1rivarlatlce et,c .

The second aspect also C üncerns seelniTlgly purely stroTlg reaetlolls such as lladron
lladrün scatter'lllg . Altllougll tlie stroTlg iTlteractlüns mati' vastly dollliilate tlie he-
llaviour of such reactions, the inclusion of electromagnetic correctiolls proves essential
a,s süürl as the experirnendal al,ccuraa,cy allows für lligll 1)re(.isiorl tests. These correc
dions can l:)e viewed a,s internal electrürnagrletic effecds, als thev a,re based an the
exchange of virtlml photons Bither bedivcen ( "halrged lladrrans, or betGVeen thc rhaa.rged
quarks Gvithin (even neutral) hadrons. The challenge fnr theory is to simrllta,neotlsly
and r:onsistently treat strong anrl ("lectrrama,gn("tic interac.tions . both in order to makc
suffieient,ly acctll-a.te predictions f''or Ifrecision Nests in hac-fron pllysics . and in orc-ler to
be üble to isola.te tlie I-rurely strong 1)a.rt oC I-rllysical observables Croril experimerlcal
daca .

The tlleoretica.l fra.lnezvork we sha.ll elnploi° to study such questlons in this work
is C"lnral Perturbation Theory (Cl1PT) . Usually apotitropllise(1 as tlie effectltie Field
dheürv r)f tlie strorng interacdions a a ,t low crlergics, it is idcally suited t() address exar(adh-
die prüblenls üf the inderplay of Q.CD aaald QFD because it is märe than just that .
_gis it is at quanturn ficld dheürv., the forrnalisrn of cüupling its (legrees üf frce(1()rn to
external r:rlrrcnt.s is w("11-("staa.blishcrl wand stric.tly cgllival.lcnt to thc coupling of [_LCD
degr( "es of freedom to such sources Le94] . Furthermore, the formalism ( .°.all
include t,}le mosc general vircual phocon efl'ects and t,llererore a~llo~~ s f''or tlie r-leslrer-l
consistent tr'eatment, oC eIPC'krOTTla.t;Tlet1C: correct,iotls to SCrorlg processes . Tlle more
fc)rma.l a.spects of' }low QM in the presence oC QFD carl be relate{-1 to `pure' QCD



ha.ve been readdresse{-1 recently an(] are not, yet f'ully underscood [Gat12] .

Th1S work is organised a.s follows: aftcr an introduc.tion to thc baslcs of Chiral Pcrtur-
ba.tirlll Thcory in Chapter 1 . all rlf Part 1 will bc dcvotcd to a. staldL' of clcr"tromaa.gnctic..
form fac.tors, thc obscrvablcs paranlctcrising tlie hadronic. struc.tnre as rcveilcd in elaa.s-
tic. electron scaal-terirlg exlaeriments . C"llalll,er 2 star'cs out ~vith a lo~~'-erlergy analysis
of the Corrn Cactors for proton all(] rleturon, Chapter 3 ex(,erl{-1s thls investlgatlon Co
the whole barvoll g_ raun{-1 staue oct.et . . T}le leading moments of' t,hese for'rrl fhctors,
inag11et1e 111oinents aild 1]otll electrie aild inagnetie radll, will feature pro1T11ilelitly 111

tllese studles . Cllapter 'l provldes all esitension in a sliglltly dlfferellt dlrectlon Tat'
(.oilsideriilri Stranrieness forin factors of the imcleon, (Min- beyond laure, ( .'l('( ;t1'oI1121ri
1lctisin .

Parc 11 SLl'Itches, focus co the second a.tiPect of l-lllotons in StY'orlo-lrlt, eraactlOrl physics
and studier their ingaact oll pion haon scatter'lllg . C"hapter "a Sulriil1arlSes tlle iilalil
Work in this Part and gl es an arnalysis of isospin violation i11 this reaction . lt is
followed hy a Inore technlcal Cllapter 6 that lnvestlgates Sorne pa.rticular aspects of
ainplitudes involving vlrtual hlloton(.'x(-,hangen.

Roc}1 parts gare sulll-rlerrlented r~y aplaendices that, collect, f''ormuhae or, teellnical {-let,ails .
_a final out-look hints at, futur'e directions Cor, r'esea.rell r'ela.ted co These results.





Chapter 1

Chiral Perturbation Theory

hl this c;llapter, we ii~i511 to give al i cry Brief introduction to tlie ideas and basic features
of tlie theory underlying all calculations in this tllesis . Chiral Perturbation Theory.

e restrict ourselti-es to tlie hasic principles for the construction cif chiral Lagrangians
and defcr all tlie higher order terrns needed for particular calculations to the lar.ter
chapters, which ii-c try to kcep as sclf-c "ontal.inc"d a .s possible .

1.1

	

Chiral symmetry of QCD
Thc widely accepted theory cif the streng interactions within the Standard Model is
al. I1ßI1- al .b('halil garllgc thcory, Quantum Chromodynamics (QCD) . It describes rluarlcs
as Clie elerneriCar,y rnaUer fields an(:] gltrons as clie ga.tige bosons of an SL;(3) colorrr
s~ rnrnetry . Tlie QCT) Lagrarlgiarl has the form

wllerc L1 cornprises all quark fla,vours, q1

	

(1. S. . . .} . chosen such tllat tlie niass
mar.trix is diagonal . JUt = di.rg(rr?. � ,., rnd. . rr7.,y, . . .) .

	

Thc" covariant derivativ-c is given
bv D'`.

	

TG«.. G« is the glnon field . Gl` the cormsponding field strengtll
tensor . Ta. a.re the SI ;(3) generators, e.g . linken to the Gell-Mann matrices by T� . _

	

- ,
arid r~ is tlie scrong couplirlg corlstant . Tlle last . terrn in Fq . (1 .1) c.ontains the [-ltlal
fiel{-l st,ren ~gtll tensor C=R`v = 1 ~2 F.Rwrk,:i G

	

arid is relaCed to the 1problern of stron s
~,

	

a.

	

rx .r.i +3

C°f' vlolatlon (für a revlew, See [Pe89]} . The paraineter 0 paraIneter1S1ng lts strength
lla.s not (y-et) beeil show11 to be non i-alnshing experllnenta.lly, so we sllall drop tliis
terln 111 eVervtlllllg that follows . Furtllerinore, we llaiVe lleglected gauge flxlllg terlns
altogctller in Lc:l . (1 .1) .
In thc limit cif the masses of Nf rluarlc flavours heing set to mro, the left- a.nd right-
handed components of thesc" N,f rluarlc fields decouple according to

-~ {1r, i/p{1r, +fin.ipdH

	

(1 .2)
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«)nlv the (:luark 1)arts of tlle Lagrangian are dislfla~yPf:l), ufiere we {:lehne the left- all( --]
rigllt handed Fields uslng the proj ection operators Pr .7 f~. .

Thls Lagranglan dlsplays a.11 additional (global) U(IN..f, } r; x (;' (_-N f) R. symnletry.

	

The
abelian subgroups are of no lnterest for what follows . orte decomposes tlle symnletry
group lnto lr1'['.C1U[.'ll)1['. stll:)grotll.)s according to

u(A ., f

	

)R -> sc

	

sc ( 1 1. )R x u(1) ti, x U (1),4

	

,

	

(1 . �,1)
V

cliiral gru ip

and rotes that

	

is r(�a.liscd in the conscrti-ed baryon number . while x'(1),1 is
anomalously brokcn a.nd is no symmetry of CCD [tHoi6] .

Tf the rernainirlg sU( .'1 f),: x st

	

symmetrv (~vhic.h is of course only apl)roxi-
rmtt,e in the real w'orl{:l ais tlle {luark nlasses are not exa.c:tly zero) u-as reabse{:l in the
l~ igner \fev1 müde, we sllould expect to observe parity rloublillg of tlle low lvillg
hadron spectrurn . e.g . barvons witll Ir L]uaaturn nunlbers 2

	

(1learly) degenerate 111

rmiss Gt'I t,11

	

tlle C)1:1serVef:l

	

orles.

	

Noth i ng l lke th ls is fbu nd ex1)erlrTleTlta~ll ~' .

	

Tllere-
l'ore, there aire scrorlg 1ri(licatlons thM. the symmetr'1 is realise{ :l in the Goldstone mode,
nairnel,y via sr)ontaineous syrrlrrlet .r " breakirlg (SSR), Fielding Gol{:klone bosons thm.
ca.rry tlle salne (luantuin nurnbers as the broken generators . L1'itll the chiral group

7Drohen down to its v(" (°.toriaa.l subgroup, sl.~r(- T.r) L x .571 (~rf)1;

	

. SU(_1V'f) t% , there
sllould 1)e :V' - 1 lfseudoscalair (J' = 0- ) Goldscore bosons corresponding to the
broken axial generai(,ors . For Jl'j~ = 3, these can be identified with the pions, ihe
kaons, all( --] tlle eui . Trl C}le low-erler'gy regirrle . olle slloulf :l 1)e 2Ible to f:lescril:ae ihe
properties of tllese Coldstone bosorns alld their tnteracttolls witli tlle llelp of effectiie
Lagrangians, constructed oll the principle of chira.l symnletry as well as other gen-
eral synlrnetries of the strong interactions such aa,s Lorentz in~-aa,riatrl(~e . parity, Charge
['UIl]llria3,t1[)rl symnictry, (',t[' .

1 .2

	

The meson Lagrangian

1 .2 .1 Construction

Let us First 1)rie11v introduce the forinalisin to (1eal w'ith eflective Lagran gialls for sporl-
tatneously broken symmetries as ~=<orke{:l ota 1)y Cailla.rl . Colermin. k ess. all( --] Zumino
[CC1'%'GG9] . Consider a symlnetry group C sponta.neously broken down to a subgroup
H. Orle C Looses a. vacuum ground state , f) für tlle fiields that is 1nvarlant under
II, such that aa,n arbitrary i e(ator can be written a a ,s



1 .2 The meson Lagrangian

7-(x) E G. 7-(x) is not, unigue as 7-(x)

	

= 7-(x) h(x)

	

f''or arly h(x) E H. 1 11
the CCWG formallsIn, one plcks a set of hroken generators Xa and etlooses

-;Ader' a. global svmrrletrv transforinaCion ~: .(a') -~ ~~

	

(a'), ^(x) bell aves accordi11g co
^(x) -> il ~( :2°.) w}11ch is nom .- rlo(, nec.essarlly in tlle standar{-1 form, but, in general

for Borne h. E H and a

	

E G of ihe for'rrl (1 .6), different frorn
tranJormation of ^(') can be ~~ ritten as

where h. ' is a c.omplic.ated nonlinear filnction of j and °( .r) (and henc.c implicitly
depend i rlg an

	

v) .

111 the SU(3)1, x St--(3)R s

	

SU(3)1. , case, the generators of the full syrnrrictri- group
are T,and T,";, those of the unbroken 5ul:~groul:~ T". = Ti'. + TH' .

	

x Sl (3)£~
transformations may be represented by block diagonal matrices

where gr, C SC (3) r anrl gR E St:' (3) R. The unhroken transforlnations are of tlre form
!1T = JR. = Jf .

Olle chooses tlle brokerl s~'r7lrTletr'v operators to be X' = TT - TR . Tlle resulting
fiel{-1, acc.ording to tlle general CC"WZ l:rrescripliorl EI. (1 .6), is rlow

i.&

	

,2r

	

2.

	

(

	

Va ( :C }j -a
EZ (X) = r'

	

(,)X- r

	

= (2xl)
2F

	

fl

where

and F is a consta.nt, of mass dimension 1 introduced in order to make the
}lave mass dirnerlsion 1 like orc_lina.rv sein-zero fiel{-1s . Tlle va.ltie of' F for, the
lnterpretef1 as pll%'slca.l meson Fields will be (leter'rrline{-1 later on . The matrix rjl in
terlns of physical particles can he «Tritten as

fJ = fJa Ta =

_ g£t fl

- Ll EIL

1i D
=

	

) .

	

(1 .1[l)
( 0 1r1

21. x) =
[ i~b-(x)r,112F

Ti +

GJ .3 + .I n8` Vf
l °

Hence tlle
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wllere the Fields c+~3 an cl

	

correspon{-1 to the physica1 parcicles

	

i ° and rl uherl rleglect.
illg Sollte 1IIlxlllg (ll1duced 1]y ni� 7~ rrad, see h:q .

	

(Mixing Witl1 tlle rf', wllicll is
no Coldstone 1)oson, leas lleen 1leglected altogetller j

The transforlnation rule for -(x) . Eq . (1 .8), 11ow rends

,sieldirlg
~~.( :r.)

	

r~rz [e(:z'} Ti"

	

(rJ, z~} = Tt'(~~ : [e) u (x) BIT

	

(l .l r~)

which defines IC (,q . a:) i11 terrns of gL., glc, a11d u(X) .

Another 1Jds1S co1II1)llllng tlle 1IIeson fields 111 a ualtarti inatrlx 15 g1Ve11 1]y

11'1110:11 is seell to traliJorm lirlearly as

Tn botll ca.ses, tlle c'i-Fields trarlsfor- rrl irl a c.ornplic.a~led nonlirlea.r 11a1y .

F(lr tlle case of 5LJ(2) chiral syn11netry, al different way of cornbirling tlle pinn fields i11
a 1natrlx representatioll ls often 111()r(', col1tienient thall th(' expo11ential gauge given 5(l
far. since c.crtain vertic.e s vanish . I11 the so-cal.lled (7-lnodel gauge, one defines

which, upon expansloll in the pio11 ficlds . yields

iT =T " 7

	

Ti-

	

-hfl
( V)

	

'

1, ' 21 , 81., "c

i 7

	

21

	

i 73

	

5 7,r
u

	

=

	

1 +

	

-

	

+

	

-

	

+C(~~ 5)

	

.

	

(1.2U)
2F 81'2 161'-3 1281 - '

According to the usual procedure for low-energy effective theories . ii-c 11ow wa11t to
construct tlle most gerleral T,a~~;ra~ngia~n . irlya.ria~ni lrnc-ler SCr(3),, x SU(d) R syrrllrlet,ry
tratiJormations, als a.rl expansion irl Cerms oC (small) momerlta ., or, e(1uivalentl -. oC
derivatives of tlle Ineson fields :
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9

uhere the stiperscripts [-lenote tlle imml er oI [-ler'11'atl~'es in tlle respectlve Cerms . As
there are llo otller four veetors ava.llahle, tlle mllnber of derivatives alwat-s leas to be
even 111 order to forin a Lorelltz scalar . 111 fast, Gt,» ls Gero as U ls unltaiv alld llence
terllls llke (There denotes the trace 111 flavour spare) are just constant .
(Such ternls only plag a role when gravity is irivolve(1 .) There is just one terrn of
second order :

where the coeffic;ieTlt has been c.hosen Such as to reproduce the stanchlrd norlnallsatlon
for the kinetic ternls when Eq. (1 .22) is expanded in terrns of the nleson fields,

Z
C)~,.Ti

	

C~ [~ ~i
0
+ U[a il

	

dlaT

	

+ Oha K l Ole fi

	

+ C~~a
jL OaIr. j,0 + 9.

Olr.~ .,a[,,r.,
+ . . .

(1 .22)

1

	

.,
+ 3F2

(1 .23)

where the ellipsis denotes ternls of higher powers in the lnesorl fields . Tlle Second terrn
ruf order r.5 l is thc loivcst ordcr contrihution to thc mcson-mcson scattering ~l.mplitiidc ;
we note that tlle mes(ln fields are derivativ-clv c.oupled, so tlle amplitude vanishes in
the lo~~-ener ;~ limic . Fiti~ill%y . we rernark tllat intro{-lucing clie chira.l vielbein

u[, =

	

-

	

= t:2L~,~[,~'[r.~ ,

	

(1 .24)

whlch behaves according to 'up -~ li u[r.hi t under chlral transforinatlons, the La-
grallglall (1.22) Inai° be rewrltten as

G4,~) =
Fz

	

[`)

The Lagrangian of fourth Order in momenta has threc c.ontributions and lrxoks like
[Gh85a]

G{;~~ _ ~1(~3[r.l't~~>r~r)' +Lz (c)~l tr`~r.l y(~3r`~-'~3"~-) + ~s(~3[r.l'tc~r`r'c~r,~rtc)"~-}

	

(l .`?~)

where the coefficients Li , the so-r:a.lled loiv-energy constants (LECs) . are not re-
strrz.inerl by svmmetries a.nd h ive to bc.. dc"termined from c"xperiment, ca,lcnlated from
lattice QCD, or estimated hv some model .

1 .2 .2

	

Power counting and chiral symmetry breaking scale
In Order fror Chiral Pcrtlirh~z .tir~n Thcory to hc a prc "dictüc cffcr:tivc ficld theorv. ivc
h,ive to c.onvinc.c (lurselves that there exists a wa,v to organise the perturbative espa.n-
slon . b~ised an the Lagrangans glven in the lasC secCion, and Co cotlslst-eIl(,ly trtlrlC:a .te
lt In Order to descrlbe lolv-etlergv processes co a cert~iin f-leslref-l acctlrac1 . Tlle Gt"rl~'

to do this was introdlxe{-l 1)~v -einberg [~Ve79] .
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Consider tlie ease of' 171ota -1-11or1 scatterlng . U-e have c.ontribtrtions l'rotra the difl'erern
teriils iIl tlie tllll'al Lagrallglall

G

	

=~G(rf]
L7 !,b

(f

wliere G{
C is of (.Utll Order in derivatives and gives a corltribution to tlie four kaioll

vertex proportional to qd . lote that d. is evell and d. > 2, tlie chiral Lagrallgiall Starts
out at Order 4

,' . aaS [115['l1sS( .'[1 in tlie previous section. In all arbitrarily complicated
loop graph, let there be L loops . I internal lines, and 1.7- vertices ruf Order r7 . The
amplitude is then ruf the form

If A is to be of ord(r q', ivc have the rclation

Using tlie topological identity für tlie nunlber of loops

to clilrlinaate I . wc obtain

(1.27)

v=-1L-21 (11t d
rf

L=I-El%a+1

	

(1.3[))

v=~1'd(d-2)+2L+'?
d

The point to note about this expression is that all die terms an thc right-hand sidc
are positiv beca.tise of' d >_ 2, and for- fixe{-1 v there is always just a finite nurnber of
cornhina.tions of T-r, and f that, obey the c.ondicion of Eq. (1 .31) . For, insta.rate, for, the
pion-pinn stattering arnplitude at hext-to-lea.dirlg Order. i .e . u = 4; one only Las to
conslder olle lüüp graplls 1nvolvlllg lüwvest Order 1nteractlons and tree graplls wltll olle
illsertion from Gs; } .

In effective field theorles wllere lleaavy particles llaa,ve explicitly been integraated out .
tlie low ellergy expansion proceeds in powern of q/.lI. ivitll Al tlie nlass of olle of tlie
partic.les eliminated from the theory. Equally. the ('ß['fl1['1['i1t5 L.;. of the terms of Order
q' ill Ect. (L2ti) for example ha,v-e to include negative powern of some dimensionfall
gtrarltil;y wlaitll we sllall call 1x . tlie thiral s,yrnmeir~- breakirag stalle . The eflec(,ive
hagrangian dien looks like

F2

	

G0) G(6)

4

	

:~z + ;
x

	

'

	

+ . . .~

	

(1 .32)
'x

het us try to find Borne hetrrist-ic arginnents l''or tlie siie cif 1,L . For this purpose. we
cornpare tlie two afbrernentioned contribtrtions of Order q' to tlie pinn-pion staUering
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amplitude : the lool_r grahhs Ll'Ith louest order irll,erac.t,ions (T = 2, Vz = 2, T = 1) gi~fe
a contrihution like

r1 1p

	

1

	

( q2 )',

	

1

	

(Lr
lo . _1 ~~

(in a. mass independent renormalisation scheine such a,s dimensional regularisatictn) .
whereas tlie tree graplrs witli orte Insertion frorrn G(") are proportional to

1,-z (14

A". I-'

1 .2 .3

	

External sources

-As the total amplitude has to be independent of the renormalisation scale A. a. shift
in A in Eil. (1-33) of order 1 has to be.. compensated for bv a shift in the c.oefficient in
Fc_l . (1 .31) ororder 1/ (4;x) 2 . Tllererore it . ~voul{-l be unnat,ural for (,bis coefficient, to be
smaller tharl the shif( . due to a c}la.rlge of' t,lle renorrrlalisat,ion scale uhich ,siehls the
condition für _1 . .,

_lx c

	

(1 .3.5)
Later on. the constant F will be idmtified wich thc hion deca.v constant FT -
92 .4 IGIev Str(°h that we obtain nnmerically Ax �:t 1161) IGIev .

A more physical way of arguing ensues fron tlre fast tha.t Chira.l 1'erturhation Theory
doe5 nett incorporate arry rneson resonances as dynarnical fields, therefore tlie vali(lity-
of the chiral cxpansiou is certainly limited to the ericrgy r(',glIrlc .' below the resonance
masses. Hcn(°.c one could argue for a. c.hiral svmmctrv brcaking scale of about thc
mass of the lowest lving resonanc.c . thc P,

.1x -.. .14,

	

77[) IGIeV .

	

(1 . .`36)

_a corlverlient ~vav to calcula.te macrix elements frorn c.hira.l T;n._;rn.ngin.ns is to use
external sources in tlre patlr integral formalisrn . a rnethod well known fr'orn otlrer
uuanturn field theories . Für this purpose, we rntroduce scala.r (s) . pseudoscalar (p),
rector (tl,rrd axial iec;tor (a.) son.rrc ;es. These are cxnrlaled to the QC"D Lagrangian

arid TTla.trlx elements catl be recrieved hv l'Llrlctlorlal derivatlotl Ll'Ith respea to the
ex cerrlal sources. Gerleralisirlg tlle cllira1 svinmeCr;y tranuformations to lo(al; i .e . ga.tlge

acc;ording to
(1 . .`37)

The ell'eetive gerleratirlg Cunctional is l-}lerl oUlle form

exp{ i O. p., s.1.t] } (1 .38)
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transforrnations, t,he left,- arad riglat-laande(-1 vec.tor' carr're11Cs (lha .t corubine vec.tor an c-1
axial rector currents) llave tlie chiral transforrnation bellas Tour,

These call be coupled to tlie chiral Lagrangian a,s gauge fields, in the form of covariant
derivatives [GL8:ia]

witll Eu . (1 .2-1) ta.king tlie new forln

7p. = `rz4 - (I.p.
.,r. =

	

V,r. + ap,

(1.353)
(1 .40)

wich the conlpensator ficld 1i deternlinc"d in Eq . (1 .1=x) . The scalar saures .s illcorpo-
rates the explic.i t synlnletry breaking ternls rlue to the noll-vanishillg quark nlasses .

ria« [l (l

[) 0 ra,,

(2)
F2

~M _ , (,x+)

(1 .47)

Tlie trarlsforrnation law Eq . (1 .44) can be inotivated by considering tlle QCD mass
tcrill

.C,,4 = - qR A4 q r + ll.c .

	

(1.-18)

written in ternls of left

	

a,nd rigllt handed duark fielcl5 . Ecl . (1 .44) ls nlade such as to
leaa,ve tlie Lagrangian Eq. (1 .48) invariarnt . Tlle loivest order Blass terin in tlle chiral
Lagranglan ls heilce,, giverl by

(1.453)

71:1) = 2 (11..t (07, - 2 7' 1,.)71. - 71, (0j, - ? Ijzl.t~ = 2?L.tCpu?L.t (1.42)

Tlae scal ar arid l-)seudoscalar, sou rces cara be cornbi ned i rato tlie Field

;y = 213(5 + i p) . (1.-13)

which ha.s to transform a,cc "ording to

(1 .44)

or furtller into frelds

tlaat obev tlie transforrnation rule

,XL ---> 1i:klh t , (1.46)
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uhich, expn.n{:lec:l in t}le meson Fields, results in t,}le lmesc orcler }la.dronic mass for-
Illulae für the Niesalls,

and for 9;3 and Qg in the mass lnatrix

,: s ( rrz �. - rrz,l }

	

( rrz-�. + rrz rl + 4rrr-5 )

(1 .50)

where the diagonal elelnents call he takell as the apprüxliIi~ite mass eigenvalues of zu
alld rf, neglectlng lnlxlllg correctlolls that are of secolld order 111 the lsüsplll vlolatloll
1aaranleter (rau - rad) . Tlle constant B is related to tlle vacnuln expectatloll vallle crf
tlle scalar gl.u3,rk density,,

(0i q{1 1ü} = -Fz B{1 + C)(rra rl } i

	

.

	

(1 .52)

Note that B is ollly real if C"F ls C'üllsel'tie[1 . \`fe alZ~'d1--s assulne B : T. (standard
Chl'T) such that, hy comparlson of both sldes of the mass, forlnulae . tlle quark ina.sses
are counted as O(q2) .

111 [1 SSJ1], a different scheine (called "gelleralised Clll'T") was put up in which hoth
B ancl raq are counted als C?(q) . Because of tlle relation clf the low ellergy c.o11sttillt
B to the glu3,rk condensate in 11(l. (1-52) . this scenaricr tl.lloii~s fclr a different patterrl
ruf c.hiral symmetry hreaki11g with a Small rluark c.olldensate . This ruf c.ourse reslllts
in a. different power connting, b11t will not he regarded in what follows . althollgh thc
rlllestion ruf large icrslls Small guark condensate is of high interest for the motivation
J die investigations in Chapter 5 .

In order to determine the oranipresent dimensionful guantity F, we ha.ti-e to ca.lculate
the t~~!o-lx-)int, l'i.inction oC the axial-~fector current

See [GL83, GI,84] .

where T' are the group generators, T". = zaa. for SU(3) or 'T°' = 27'. for Si; (2) . We
find

froln whlch ~Ve 1111111edlately rea.d off that F is tlle pinn decay' constant 111 tlle chlral
linlit .

F ti SS Illev
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1 .2 .4

	

Inclusion of virtual photon efFects
In tlle last sect1on, the elnpllasis has beeil oll couphllg tlle QCI) degrees of freedolll
to static externa.l sources, whicll mav 111 practlce lae provlded (for' the ca.se of vec-
dor/axialvector Scn.lrce5) hv gt~,uge bosons of the eler;dro~vetl.lc interactions . NN-e haue
not vet allowed for dynalnically propagating gauge bosons, in particular for the prop-
agation of (virtual) photons which, duc to thclr In?1,SSI['SSn['SS . should in principle
?1,Iw?l,ys be present in any low-energy thcory. f_)ne miglit bc tempted to think that it
suihces to add tlie free La~grangian for the cler"trom~l.gneti( " field .

wIlere .=1, represents the phodon field and F�� = oF,A� - i)�A. is the converltlolnll
r "lectrr~ma,gnr "tir ficld Strengtli tensor, wich J, the gatlge fixing parameter . f_)ne then
has to couple photons to the Cxoldsdr~ne boson fields through a onrx~-mors modified
cova.ri~int, derivative,

OF l.u =

	

- i[v,,, h-] - i.C}[,=fF, . ('] - r:1 .ai,, h-}

	

(1.,57)

(w.itll Q = c dia.g(2/3 . -1/3 . -1/3) tlie SL (3) rauark eilarge lrnatrix), and tllell proceed
frone the usual lowesd order chiral Lagrangian

It lins beeil noted Since lorng thad this Lagrangian cannod possibly colrlltrise all effects
stemming from virtual photon . Suppose the rh~l.rged to neutral pion mass diffrrence
Was r "omplr"tely generated by virtual photon loops. On dimensional grounds . this mass
c:on(,ri1:~u(iorl his to be of the form

(l .56)

(l .58)

(l .59)

(wvllere d denotes the dinlension of space time} . This vanislles in tlle chira.l lilrnit
rau. = 'rr7d = fl . IIowever, a low energv theorern Linderes thad the mass of tlle charged
pion ira the chiral li irrit should be given by the integral over dlre rlifier erlce of the
vector and axial vector slar'.[.'tr~ll functlons [Dafir`] . Satt.lratirlr; diese bv the lowest
lying resonances la and rz l a.nd using the Weinberg surr rnle

-,1I2,
F,,2 = _-IIF, FF2 to link

mass and deca.v constant of the ra.l to those of the p

	

one arrives a.t. [GL82]

~, ~f?lem

	

ü2-ii F~' FF' ~IF~
lclg;

F,'2

	

~,2

F

61'Ilere rk = e-, '2 /47i ls the frTle S(Y'L1C'tLirP corlsuint . The (rlotl -v~inishillg) lo~~-energ~' llmlt,
of thlti expresslorl sllotl1d 1) e represented lrl coLiiitei"(,erms incorporating eleccroin~Igrietic.
ellects.

	

TllerelC]re, irlelt1Cl1Tlg vlrt , tl~il p11otoris vi~i in ininial Stlbst.itution irl (,11e covar'iatit
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derivacive only does not yield a.rl accurate description of' electrL~rnagrlelisrn irl the
Inesoll rector .

In C)rder to C.O11st1~llc ;t tlle nl(lst gellcral Lagrangian lrlvolv111g piC)ns and vlrtllal pliC)tC)ns .
one illtrc~dl.ux~s spurions QL.R witl1 tlle transforniation propcrties

r

	

~lr nr!li "

	

rli E SU(3)T -

	

T= T, R

[lJrS) :i . MMS9 7] . These are Cl('(h.lc['Cl frorn tlle decC)rnpC)sition c)f tlle gl.u3,rk level vector
c.urrcllt in ternis cif left

	

and rigllt handccl fields,

{1- . ` Q {1 =
(IL

.,:' nL qL + rllr

	

Qlc rllr

	

a

	

(L62)

which is intiaria.llt under SEL (3)T x SEL (3),R exactly witll tlle transforlnat1Un la«T a.s
glven 111 LCl . (1 .61) . 111 tlle elld, Olle Sets QT;,Ft

	

L7 .

Tlle leadillg order electrc~111tl.gnetic; Lagrangian cc~nstrllctecl this way reads[I;c ;8S3]

,C(2 .(-i � ) = _11.)r.i.l'I"' - A (0 . A) 2 + C (n R L;nr C,` h i

In the (T-modcl ginge fnr tlle pions. thc last. ternl of this La~grangian lends only to a.
terrtl quac:lra.tic in pion flelCls . Conseguerltly ; tlle LFC C carl be calculat,ed frorrl the
c}la .rge{:l to neutral pion mass difererlce,

1- 2
f -

	

'f?o

	

Zf ;2C - 2Z0F2	Z =
C

	

1 .64

M-c llave Z = 0.89 if Eve use for F its value in tlle chiral lirnit, F = 88 MeV .

1.3

	

Baryon Fields

t-p to now, we llave reell Ilow to (;C)11strUC ;t tlle chirally lrlvariant effec;tlvC Lagrangian
fnr tlle Goldstone lxlsC3ns, how to inc.hlde explicit symlnetry brcaking by mass terrns,
a.nd how to systenlatieally incorpora,te elertrom~l.gnet.ism . The nett thing we would
like to do is to irlchlde Fields for Oc}ler, lcn~-lyirlg llac1r .ons, especially CL~r, the fightest
ha.ryon Fields, the spirl-1/2 baryor1 octet. . ~ e sllall frroceed irl a. siini1ar way as ior tlle
TTIesotls: clloose a suitable rel)r ,esetltat,ior1 arid const,i -L]ct tlle Most general Lagrarlg_ larl
allowed 1]v sVI111lletrles .

In tlle ST-(3) rase, we niay tlllc~iv die ortet cif barvoll fields

(1 .63}

Note again recent werk [(=�1f)2] that attempt.s to pllt this formalism on a firmer thco-
retical ground.

iro
+

	

1 ,1

	

V,4-
V2

`r :

-

	

�
+

	

79.

U

	

1
- EsA
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to transforrn irl anv way tinder SU(3) r , x St-(3) n. that, redtrces to tlle ad,joirlt (ortet)
representatlon of St:'(3)i :- after spontaneous svmrnetry l)reakdown . lt turns out tllat
a pa.rticularly coni elnent transforination law is

L3 (:z:) -~ li (:z:)13(x) li t (:r:)

	

.

	

(1.66)

where l1 (;x } 15 deterlalned by Lu . (1 .15),

	

For- all St ."(3)1r transfor-inatlon wltll gr, =
gfF . = li , th15 15 lndeed tlle adjolllt transfor -inatlon law . Otller allowed representatlolls
ran lae linked to this one lav multiplying B witll ra or (- (as discussed in [Ge84]) .

Fairtlrerrrlore, it is converlient for tlle corlstructiorl of tlle barvon Lagrangian to intro-
Fluce die corlnection r.,,.

rr`

	

_

	

(rx: c~z` ra t +

an c1 trse che cllira1 vieil :aein W' given before . F(_l . (1 .24) . Their respecCive trarlsforinat,ion
propert,ies trnc:ler St-(3),, x Sti() H are

Ii Wu ht .

	

(1.653)

Using (1 .68), we (-,an coilstrt.l c ;t a ccataritarlt derivative of the barvorl field taccordirlg to

tr~iilsforirlirlg as

f (1)

Dr`D = i)IID + [rr`, D]

Dr`D --> h (D'l3) KI

Tö fast Order in dei'lv~itlves/itioiilellta, the lrlost genoral bar -von Lagrangian deserll]lllg
processes wltll Ilo more than olle 1i1Colrllng alld olle outgolng l)arvon is

_

	

(F' (.i~- rrz) P) + D (F3^z`^; ; {_o. r', B}) + 2

	

[.zz�, . 3''])

	

(1 .72)

wich nr, the a,v-crage baryon mass . and D Land F thc axial icctrar coupling constants .
( . . .} a~--ain denotes the trace in fia.vour spac.c .

In the rase.. of ST-1-(2) chiral symmetry, the imcleon doul7let

tjr =

	

'

	

(1.73)
rz

collsistirlg of protorl and neutron, transforins according to tlle fundamental rel:aresen-
tation of

T-~ KT

	

.

	

(1.74)

7~
.
: ' Note that Lhe symbol D is usecl for lhe covariant derivative and for one of t.he axial coupling

ccaaistra,nts . hrorn the c oritc "xt it is . hcnv( "ver, alwa.vs olavicnrs which one is nicant . Siinilra,rlv, thc ~ixi,)l
vector cotiplinö F sliottld not be conftised with tlie pion decay consttint in the chival Limit .
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With the sa.rne defirlition of' r.1,. as befbre, t11e covarlant derivative ls now

an[I the Inost general plan nu(;lcon Lagrangian to first order in derivatives turrns otlt
to be

where the ~Lxial coupling y.=1 is related to the S1-(3) ['ouhllngs by g_, = D + F.

(1 .76)

C)ne sever[ " rlra.ivl-~~1 .[1c occ.urs in the formalism for inc.luding barvon ficlds a.s spclled
out in [,111s sectlon : tlle lntroduc[,ion da new iila .ss sca.le that, does not vanlsh in the
chiral lirnit, coinpa.ral)le irl size [,o [,he chiral svrnmecr:y 1)reaking sca.le (average nucleon
mies- M:v = 2 (m1, + rrz: .�. ) = 939 IlieV, average barvon ortet mass m,~ _ ~:~ rrz,~ _
1151 11e1 . -1<< hT = 1161 11e1 ), spoils the power counting arguinent, loop diagralns
of arbltrary order (all contrll)ute to low ener'gy processes . To relnedy thls prol)lein,
Jenkins and llanolla.r [,111-191] suggested a procedure similar to tlle olle used 111 heavy
quar1C

	

fleld theorles, Whlch conslsts 111 expanding around the, extreme, rlon
relativistic lirnit and shifting the barvon nlasS dclx~rlden[;c froh the propagator to a
seri[ "s of neGV

	

s1117pr['SS['d by powers of l/m. . Dtle to the obscrvation made iboi~-c
that ivc haue lrl. - 41-F .. it is sensible to gener~l.lise the chiral expanslon to a twofold
expanslon both in 1/(4-;~F) and 1'177. and adopt a. pr~ivcr counting schcme trcating
br)[,}l scales an an equal f()oting . This procedure was put an a more formally secure
fboting 1)v [BKKIIi92] where a general forrnalisrrl [,o construct the 1 /m: correc.tions an
the 1,agrangian 1evel was (1evelope{-1, making tise c) f

	

irl(,egra.l (-echniques-

A colnpletely different technique that avoids the Moll relativistic expansion anrl allows
for a nianifestly Lorentz irn ariant calculation in L'liPT with barvon fields has been
[leveloped in [BL!)S)] . building an work by [1JT98] and since tuen extended also to
processes involving more than olle (c.onserved) barvon line [tTr)[]1b. LP[l1] . This pro-
ce..dtlre emplovs a diff[rent regularisation sc.hernc fr)r loop diagrams involving ``llea,iy''
propagators and allows for a. neat separntlon of true low-encrgy slnglllarltles and thosr'
"regular' contributlons t11a[ . (leiv naive polier raun[, lng arguments . As tlle work pre-
serlted in Cllal)cers 2 ; 3 (arl(] also 'in Chapter 6) ls iila .lrll~' devoted to an ekploration
of [.his teeuni(lue Galle{-1 "infrarec1 regular'isat,ion`' as well as comparisons to [,}le heavv-
l)aryo1l scheine, w. e tiefer a Imre detailed deserlptlon of lt to those ellapters .

Mc only briefly rnention that tlle transforlnation 1aw L,q. (1 .74) also t111oivS to con-
Struct Lagranglans wltll more than just one irlcolrlirlg and otltgoing nucleon involved,
See e .g . 1JGM98] . Such Lagrangians haue beeil tlse[I extensively to investigate
nrlr:leon-ntlr1( "on sc.attering and properties of the deuteron . and are suhsequently ex-
tenderl to studies of thrce, four . . . Imcleon systems . In this ivav, an effective field
theor;y oUlle rmclear Torces incorl_rora.ting all constraints froin chiral svrrlrrlet.r " is sv's
ternaticall%' f-1eVe1r)l_lef_1 .

	

Tlle a.lfpli(:a .tir)n of such TTlt11t1-T1t1C'leorl Lag_ ranglans involves
Borne new Bub[,leties, 11ouever . Alreadv in the [,wo-nucleon syscern, tlle appearanc.e of'
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a bound sta.te in tlle 'S1 cllannel, tlle detiteron, as well as an urlnaturall,y ],arge 1 Sc,
seatterlrlg leagtll ((L ]] signal tlle hrea.kdowll of perturha.tiorn tlleory, allL1 olle
leas to resort to (partial) resunllrnations allcl/or to tlle collstructloll of a rloil relativlstie

~' potelltlal . Dlffereat approaelles how tllls Call be Clorle 11aiVe beeil proposed, Colll-

pare :5w98] . NN-e 511,11 liot i11ve5tigt~,te arnr rTlultl rlllcleorl svsterIrs 111 t11is work and
lleiwe do irrot [115cuss tllese aspects any furtller .



Part I

Form Factors





Chapter 2

Low energy analysis of the nucleon
electromagnetic form factors# 1

2.1 Introduction

The electroinagnetie structure of the nucleon as revealed 111 elastle eleetroll - aucleon
sc ;~.lttcrillg is pararneterlsed in tcrrns of four form factors .Thc understanding of thesc
form fa(;tors is of litlnost lrnportance 111 arly thcory (lr niodel of tllc strong lnteractlons .
Ahundarlt data oil these forrn factors over a largo, range of lnornenturn transfer already
eist, and this data base will considerably irnprove in the fcw GcV region as soon
as furthcr esperimcnts at CEBAF Grill bc c°.omplct( "d and analysed . In addltlon .
esperiments involving polarised bc~uns and/or targets are also perforrned at lower
erlergies to give becter Chica in par - l,ictilair ior the elect,ric form ihctor oC t-he Tleutroll, but
also Cor, t,}le magrleCic procorl arid neutron orles . Such h111f:1S ot' ekperinlerlts }la.ve been
perforlned or are under way at NIKHEF. MA111, ELSA, MIT Bates and otller places .
Clearly, theory leas to provide a tool to Interpret tllese data in a Irrodel independent
fashlon . For' sinall inolnentuin transfer, thls can 1]e dolle 111 the frainework of baryon
c'hlral perturbatlon thcory, which is the effective field theory of tlle Standard Model
at low erlergics . This will be thc nlaln topic of the present investigation .

To put (lur work hresented liefe, into a betten perspective, let us recall what is already
known forin chiral perturbation thcory studies of tlle ( .'l('( ;tl'oI1l21grl( .'tl(' forin factors .
alrendy a lang time ago it was establlshed that tlle isovector (Dirac and Pauli) charge
radii divcrge in the c.hiral limit of vanishing pion mass [BZi2] . The first s~Tstcma,tic°.
investigation irl tlle Cra.rne~~ork oC relati~fistic har "on ChPT was giverl in [GSS88] ; in
pa.riicular, it sllo~~!rl tllat the analv(,ic s(,r -ucture oC tlle orte-lool) rel)resentail,iorl of'
the isovector spectral l'urlctions is in agreernent witl1 the one deducPCa I'rom tlrlitaieity
(in the low. ellergy region, that is an the left wieg of the rho resonance), Tha.t
approach, llowever, suffers forin tlle fast that due to the use of stalldard d1111ellslonal

*` 1The contents of this chapter have heen puhlished in [KMQla] .
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regularisation, tlle one-to-orte correspondence beWeen the expn.nsion irl loops an(:]
tlle olle 111 slnall Inolnenta was upset . lf olle considers tlle nucleon as a very lleavy
static source, a consistent power counting is possible, tlle so called heavy barvoll
clliral perturhation theory (HBC11P'1`) . Witllill that approacll, the electrolnaglletic
form factors were studied in [BIiIilGI92 . BFIIMS)8], thc latter also ['(1I1t211111I1g tlle
extension to an elfective field theorv including the delta resonance . It was found that
the chiral descrlptlon already fails for vahies of the four-momentum transfer squared
of about C)' - [] .2 (T V2 . In [BIiM9(ic] . the isovec.tor and isosc.alar spectral func.tions
were investig,l.ted in the h( " c1 .vv-nll(1( "on approach . It was pointed out that dlle to
tlle heavy-rna.ss expansiorl, the ana.lvlic structure of' tlle isovector speccral Cunction
is {-1isior't,e(l ; rnakirlg the chiral expansion Nil to converge irl c.er- l,airl regions oI' srnall
lnolnentuln transfer . This can he overconle in the recently proposed Lorentz lnvarlant
forlnulatlon of [BL99] lnaklng use of the so calleLl "111fI'~il'e(1 1'eguhirlsatloll'~ . Being
relativistic, this approach lea.ds by constructlon to the correct bellaviour of tlle spectral
functions in tlle low energy donlain . Furtllernlore, it is expected to lnlprove, tlle
c(ulvergence of tlle clliral expansion . This Grill be olle of tlle nlain isslles to be addressed
leere . NN-e perform a cornhlete olle loop analysis of tlle form factors . i .e . ttllcirlg into
account all t('rms up to fourth Order .

	

Mc will demonstrate that one (.°.an ac.hieve a.
g(~od des(°.ription of the neutron c.harge form factor for momentum transfer sguared llp
to ab out. V = U .4 Gei''-' . The other three I'c-)rrn faccors cannot, l :) e precisely relfro(luce{-1
r~y the pion cloud plus local cont,act tenns to this Order . The source oI' l,}7is dellclency
iti rea(Iil%y locaCed - it. sCerns frorn the cont,ril)ut,ion of veccor, rnesons . ~ e sho~~ how
to lncorporate tllese in a chira.lly sy111111etr1C lnanner without 1ntrodueing additional
free paralneters (the new paralneters relate(l to tlle veetor lnesons are takele frolll
dlsperslon theoretical analyses of the form factors, see [Ho76, 1111ll96 . Hl1IL)96]),
within that franlework, we obtain a very precise description of the berge "dipole .
like'' form factors witllollt destroving the good result for tlle neutron form factor
ohtained in the pure (°.hiral exp.1175ion . It is also important to stress that tlie r('Slilts
ohtained in the heavy-haryon approach ( .°.an hc straightforwardly dedll( "cd from thc
framework employed fiere, sliedding 5(1171(' more light an previous HBChPT results .

This chapter is or-ganise(1 as I'c~llo~~s . Trl SecCiorl '? .'? ; sorne basic delirlit-ions corlcerrlirlg
tlle electronlagnetlc form factors are collected . '1'he olle loop representatlon of tlle
nucleon form factors 15 glven 111 Sectioll 2.3 . The effective Lagrangian oll which oul -
lllvestlgatloll ls based is briefly rei iewed i11 Section 2.3.1 . 111 partlcular, illfrared
regularisation and the treatnlent of loop integrals are discussed 111 solle( .' detail in
Sectioll 2 .3 .2 . Tlle pertinent results based an thls comhlete onc loop representation
arc presented and discussed in 5ections 2 .3 .3 and `? . .`3 .4 . Particular elrllrlltisis is put
an a . direct comparison with the reslllts obt~l.ined in heavy-barvon chiral perturbation
theory. which is a. limiting c.ase of the procedllre employed fiere . Sec.tion 2 .3 . - c.ontains
a hrief discussiorl oC higher-or-(ler scale (1 er) en(1erlce irl t}lese res u1ts . The ineltision oC
vector rnesons irl harrnorly wich chiral syr71r77etrv is presented in Sec.t .lorl 2.4 . ~ e give
Borne tec}7nicalities irl Section 2 .4 .1 an(l display the results Cor, tlle I''orrn fhctors lrl 2 .4 .2,
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followed r~y some rernarks an resonance sa.tura~liorl in 2 .1.3 . Conclu{-fing rerrlarks ar'e
given i11 Section 2.5 . Sohle further techlncal a.spects a.re relega.ted to App . A .

2.2

	

Nucleon form factors

The st,r- ucture of die nucleon (denoced hy

	

as probed bY virtual photons is pa-
ra.rneterised in tenns of I'bur form facCors .

1 =1' (p)

	

~r (p)

	

-~' ~~(p')
_

	

_

	

^}.~ F1~
(t) +

	

F"'
(t)

	

fit: (tJ) ,

	

r
=

	

7 . '!"~, ,

	

(2.1}
2 X77 ,~r

with t = qE,,q" = (Pf - p) 2 the inv,l.riant momentum tral.nsfe..r sgual .r e..d . ~T.,, the i5niectr~r
vcctor quark cllrrcnt . J . ,. = qQ-~z,q (C7 is the quark charge matrix) . and r7z. ;v thc mein
nueleon mass . In electrorl scaLterlng, 1.. is rlegat-ive a.rlf-l it. i s orten c.onvenient Co define
the positive quantity Q2 = -f. > L} . Fi and F2 are ca.lled die Dirac a.n{-l die Pauli I'c~rrn
factor, respectivelv, wlth the norInallsations F'(O) = 1, 1'li (O) = 0, 1'p(0) = K2, a11d
1'2 (0) = N, llere, Pi denotes the anolnalous Inagnet1e 1110111ellt . Olle also uses tlle
electrie a11d 1nagnetie 5achs for1II factors,

Gh~'(t) = F i ( 1, ) +

	

`,,

	

F2 ([} ,

	

G,}	(1,) = F[ (1) + F2 (i) . (2.2)

In t,}le Breit-l'rarrle, G F; an(] G ;7,i a .re nothing buc the Fourier-trarlsforrns oUlie charge
an(] the rnagnetisation distribution, resl_rec.tivel~ . Tn a relativistic frarne~vork, as it is
used throughout this text, the Dirac anrl Pauli form factors arise if orne constructs tlle
Inost genoral nucleonie Inatrix eleinent of the electroIllagIletlc cu1T'ent conslstent wltll
Loreritz i1n ariance, parity and charge conjugation . In tlle non relativistic lirnit an the
otller hand, i11 wllich the nl.lcleon (:an be (.olisi(Iere(1 as a verv llcavy static source . one
naturally dcals witll the Sachs form factors . Therefore, als first stressed i11 [BKKM!)'-)] .
thesc arlse in the heal.v -balryon approach to chiral perturhation theory. Since we will
fregucntly compare our results to those oht,l.ined in that framework, we will consider
both Pauh and Dirac and the Sachs form factors . For thc theorctical analysis . i t is
advantageous co work in t,}le isospin basis,

F"r~ (t) =
F"

(t) ± F` (t)

	

.

	

( .i. = 1 . 2) .

	

(2..3)

since the photon leas an isosca.lar (1 = 5) anrl all isovector (1 = .c,) coniponent (and
silnilarly für the 5achs form factors) . lt ls 11nportaat to rote that tlle lowest ha.drolnc
states to which tlle isovector anrl lsoscalar photons couple a.re tlle two and three ploll
systenis . reslx~cti~-ely. These are the corresponding thresholds for tlle absorptive Parts
of die isovector and isoscalar 1rilcleoll form factors .

Tlle slope of the form factors at t = [) is converitionally expressed in ternis of al lul~;lecul
radius (r 2 ) 1 ;~ 2 .

F(t) = F([]) ( 1 +

	

(r2} t + . . .}

	

(2.4)
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~vIlich is rooted in the non-relativistie deseription of the scal-terirlg lfrocess in uh ich a
point like charged particle intera.cts with a g1ven charge distribution p(r) . The lnean
squa.r e radius of this cha.rge distribution is given hy

Ect . (2 .5}) can he used fror all form factors cxc°cht G', and F," which vanish at t = 0 .
Tn these cases, one sirnply drops the norrnalisa.tion faccor, 1IF(Q) and defines e .g . the
neucron Charge ra.dius via

Tl. i s irnportant to noce tllat tlle slopes JG" and Fy' a.re rela.ted via

(IG ,(n)

	

_ dFi (Q')

	

Fz
'.
(fl)

dn

	

->-o

	

dn

	

r~z-a

	

,1rrrN.~ Q

(2 .5)

(2 .7)

where the second turn in Eq. (2 . 1 ) is called the F'oldy term . l t gives the dominant
contribution to the slope ruf G'F' .
The large Body of electron scattering da.ta spannlag rnornenturn transfers frorn n~
fl to n, ^_- .`3:i GeV' can be analysed in a largelr 111odcl independent fashion using
dispersion relations [IIo7fi, 1IMD9fi, IIMD9fi] . IIere, we are interested in the region
of small momentum transfer, Q- C_ [] .5 GeV2 . Nevertlleless, sinc.c there is Still sornc
substantlal sca .t.ter in the dato. in this ringe ruf momentuni transfu, ive will also Ilse
the results of the dispersive Analysis for comparison to the nies obtained in tlle chiral
expansion . _a recent, revie~v an the tlleory of the form factors is given in [IlieDo], the
status of t,}le dato as of 1999 is discussed in [F'e0L}] .

2 .3

	

One-loop representation

2 .3 .1

	

EfFective Lagrangian

nur starting poirlt ls all effectlve field theory of asymptotica.lly observable relatlvls-
tic sein 1/2 fields . tlle rlucleorls, chirally coupled to tlle pseudo C oldstone hosons of
(LCD. the pions, and external sources (like e .g . tlle hhoton field) . The theorr shares
tlle synlnnetrics of QCD (spontaneously and explicitly broken chiral synlmetry, parity .
Charge con]ugatlon, tlnle reversal 1nvarlance . and IJor.'ntz covarlance) and can be for-
mula.tc..d in Such a, way as to obey systematic power counting, which Grill bc.. disr"rlssed
at length in the following section . Extunal momenta and quark (pinn) mass inser-
tions are trea.ted as srnall quantities 'in cornpa.rison to tlle scale of chiral syrnrrlet.ry
breaking, 1,L - 1 Gei' . Tlle rnosl . direct link of' die efl'ective Field theor,y to t,lie under-
1 .ving one, (LCD . cornes frorn tlle analysis of tlle cblral ~'c7rCl ic_lerll,ities as scressed bv
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1,eut.wyler, [T,e94] . _any contribution to S-matrix elements or, transition ctlr- rerll-s }las
the forrn

= r~
vf

C~~

uhere d is a generis. Symbol

	

Cor, an ,v sln all quanti c;y .

	

f a. i'tl rlcl-iorl of order, one,

	

A
a regul arisation sc:a .le,

	

and g a collection

	

of' coupl i ng constants .

	

Clr i ral

	

syrrl rnel,r .v
(1eman(1s tllat t,}le posier v is l)oun(1ed f'roln 1)eloLl' . Tlle exrninslorl in lrlcreas1ng 1_) owers
of thls parameter is ca.lled the C'1ii'ral expanslon. _-t a glven order, olle has to conslder
tree as well as loop diagrarns, tlle la.tter ones restoring unitarity in a perturbative
fashion. The, rnachinery to perforrn thls ls laased an all effective Lagrangian, ivhich
corlsists of a, string of terrns of increasirlg (chiral) dinlension .

Grlr = r- (,-,» + G i 11- + G~~~- + G{3) + .C(4) + . . .

where the ellipsis denotes terrns of higher rüder not necded here . NN--e nute that ivc
perrorrn a complece one-loop anal ysis, i .e . takirlg tree graplls wich insertions frorn all
terrns irr{lica .ted in Fg. (2 .9) an( --] o7aFloop diaigrairrrs insertions frorn G(1

,) - aind at
rncast canc inscrtican fron G(2)

M-e will now consider t,}le terms relevaint, to our problern (ior a more deta .llef_l c_lescril_r-
tio11, we refer tlle reader to [131ü1I95a]} . The chiral effective pinn Lagranglan, which
to leading order contains two pararneters, the pion decay- constant (in the chiral lilnit)
1' arld the pinn rnass (lts leadlng terrn 111 the uuar'k rnass expanslon) Al, ls glven l)y

uhere t,}le criplet oi' 1)ion Fields is collected in the SU(2) va.lued ma~t,rix ('(x)
an(] the chiral viell)ein is related to u. via u, ' = i{u.The covar- i, .riC derivative
VR, as well as the sca.lar field . + contalnlng the quark rnass matrlx correspond to thelr
definltlons 111 Sectlon 1 .2.3 . ~ . . .) agaln denotes the trace 111 flavour spac'e .

The pinn-ntlc1("on Lagrangian at lending order rends

GT1.~_ = a1~ ~i

(2.9)

where the bi spirlor T collects the proton and neutron fields and g.i is the axial
vector ccalpling constant Ineasured in neutron 3 decay, g.i = 1 .26. Strictly speaking,
the nuc.leon mass aa.nd the aasiaa.l coupling should he.. taken at..t their valtles in the two
IL.vour chiral limit (m,, = m,j = 01 . rn,y fixcd a.t. its physical value) . To this order,
the photon Field only couples to t,}le charge oC the rmcleon . Tt, resides in the cllirail
covar- i, .rl(, derivative, Dp.~P = d,,,'1'

	

wich the chiral conneccion given l=),- r�
1 [tat ; 9

	

z1 a.(t~ - )~~.' .
2

	

<<

	

i ~. ~~

	

.,
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Tlle r711r1Ir71al I:agratlglatls ac second a.rlf-l thlrCl orf-ler' have beeil givell Irl [F~'[S98] . M-e

on1V sllow the terrns needed for' tlle calculatron of tlle forrn factors .

G{3)

Here. F

	

= trtFr,,~, tr + tr Fr ,� trt, a.rl{-l F�,

	

is the c.onventional photon fielt-l

strength tensor. f'ur'tllerrllore, we llave adoptecl the notatron Mrtr'oduced in [F11S98]
for traceless operators in S U (2) . :=1 = :=1-' (A~ . The ci and di are low energt- constants
that errcode infourration about the rnore rrnassive states not corntained in the effecti~-e
field theory or other shorl distance effects . These paranlcters haue to be pinned down
fronr data . In or.u ct~se . the LFCs r.' 1 , c z , (.'4, which only appear in lool) diagrarns,
can bc.. talcen from analyses of

	

whercas

	

r,, parametcrise thc lcading
m.rgnetif°. photon coupling to the nucleon, a.nd df;, r1 ;

	

to be fitted to the c.harge
raclii of frr'oton arid neutron .

Thc minimal pinn-rrilf "lcon Lagrangian to fourth order has bcen workerl out in
[FÄIMSI)[l] . Of the 118 terms giti-en there, ii-c only Show the four which are of in-
tcrest for this c.alc.ulation .

~3rr~,z

	

{D I', D'} + lr.c.) + tC4 crr42" Pilg . zr, .]

8rri 8rri

i'6

	

i d.
2rn

([Dr `, F,+]D� + h .c .} +

	

([D~'. (F,~~i]Dr. + h.f°. .}

	

T

	

. (2.13)}
2rn ~

,,U

	

e i as

	

, I
(T

	

(T

Two mors terms (rnlmbered 1[}7 and 1l)8 respectiti-(,ly in [FÄIMSI)[l]) only r "ontriblltc
when talcing into account effects rlue to n?., *

	

We shall disregard these in what
I'bl1ous .

	

e also rloce chat t-lle terrrls - e", 1 ü5, C'IOB on1v alnourlt to a quar'k mass renor-

inalisation of C}le leaf-lieg inagnetie couplirlgs -� c S , c7 .

cf3

	

-~

	

Ce, = cf3 - 16 rr a --1 ,1 2 E° as

When it comes to numerical cia:hr~l.tirln . ii-c will just use the renorm~l.liscd constants
('g a.rld C%7 ailf-l will not el()5 and eloc, as ~~dClIt :1C~r1rll l)aranleter's to be llttecl . Thls

lea.Ves L]s Ll'Itll ,jl]st tGtO rlell' pal'arneters oC lC)L1Y't:h orfler' (f'51, f: 71) Cllat have to be

Cletertilirlefi .
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2 .3 .2

	

Infrared regularisation

Chiral perturl)ation l-heorv in t,}le meson rector as an elfectlve theor;v Cor,
lntera.cCing Goldstone bosons allows for a svst,erliat,ic expa.rlsion of rr}l,ysical observables
sirliultaneously in powern of small momenta an(] c:luark massec . For example, in the
isospill linlit (rra« = rra~) the quark mass expaaslon of the plon mass takes tlle forlll

_ z

	

z

	

_ll 2
32z2 F2	'

where tlle renorTllallsed couplillg £ ;3 depends logaritllrnically an the quark Irlass,
:l1 2 (7 ~ ..j' = -1 . Tlle infinite corntribution of the pion tadpole - 1fl - 4), See
graph (a) in Fig . 2.1 . leas beeis absorbed in the infinite Part of this LEC . In this
scherne, there is a corlslstent hower countlng since the only rnass scale (i .(2 . the pion
mass) ti-anishes in thc c.hiral Limit. 111 ,, = ml. = [] .

	

If onc uscs thc saure method in

r

(2 .16)

Flgure 2 .1 : Lowest order loop dlagrallls colltrll]utlng to tlle rnass renor'rnallsatlon of
(a.) tlle plan at O((i'}, anrl (t)) the nucleon at C7(c1'3 ) . Solid alld claslled lirles refer to
rmcleons and pions, rcsl:x~ctü cly- .

the nuc'leorl case, orte erlcoullters a scale problern : for irlst~.tnce, if the rmcleon field
is treated relativistically l:rr,sed (trl standard dirnensional regularlsatlon, the rulcle(ul
mass steift. c. .llc.tllated frone the sclf-c"llergy diagram (sec graph (b) in Fig. 2.1) can be
esprcsscd as [Gss88]

3g2yr172

	

Z :3 4

	

i~M.y - rrr =

	

rri

	

c- U + cl J.1

	

- 7 /l.

	

- ~~.

	

log ~ .i +
32z2 F2

where m. .�- corresp(ulds to die observable Illl[ .'l('(lIl rnass uh to orte loop accilrtl.cy, while
rri is die `arge: ' rmcleoll mass in the c;hiral linlit as defirled in the Lagrangian Ec:l . (2.11) .
Ire addition,

	

hai e used J .1. = MIlri., and c- U , cl are renorrnalised LECs (the hrecisc
relation of which to preti-iously d(,fined LECs is of Ilf)

	

teere) . Thls elpansloll
is very different from the one for the pinn mass, in that the nuc.lcon mass already
receives a . (infinite) renormalisation in tlle chiral Limit . This c:lifl'ererlc:e is due to the
faa tllat tlle rmcleon mass does not, vanisll in tlle chiral limic an(] thus introduces a
new mass scale apart l'rom the orte set l:rn- the quark Masses . Ther'eIc)r'e, an .v Power of'
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tlae gllark rnasses can be generate(1 1)v chiral loops in the raucleon c:a.se . whereas in the
niesoll case a loop order corresporlds to a. definlte nulnber of quark rnass lnsertlons .
This 15 tlle reason whv orle 1145 llltrüdu ed the heatiy Irlass expanslon in tlle nueleon
ca.s e . Silke 111 tha.t formalisln the aucleon hass is transforlned frünl the propagator
dito a string of iertices ivith increasing 1)oiivers of 11rn., a consistent power counting
call be formulated . However, this nlethod has the rlista,dv~antta,ge that certain typen
of diagrams are a.t. odds wich stri( "talres from i.na,lyticitv. The best exa,mple i5 thc
so-called triangle graph, which entern c.g . the sca,lar form factor or the isovector
( "lectrr~ma,gn( "tic form factors of tlle lnlcleon (nee.. graph (fi) in Fig . 2.2) . This diagram
has its t-}rr'eslaold w. i o = 41T~ buc also ~i siraglllarit~y an the secotaf_l Rlernann sheec .
at f�

	

3.98 :1-12 . i .e . ver;y close to threshold . To leadirag orr-ler' in
the heai y barvon approach, this singula.rity coalesces with the threshold and thus
ca.uses Problems (a rnore detailed dlscusslon carl 1De found e.g . in [BK119Gc, 111e98]) .
in a fully relativistic treatlnent, such conutraints froh analyticity are autolnatically
fulfillcd .

it was recently argued in [k;T98] that relativistic orte loop Integrals can be separated
dito "soft" and "llarrl" }Darts . While für the former, a sirnilar Power counting as 111

HBC1iPT applies, the contributions frünl the latter can be absorbed in certain LECs.
In this i~ay, orne ( -,an cornbinc the adtiantages of both methods . A nlore formal and
rlgorolls 1nlplernentatlon of such a hrogram 15 (hie to Becher and Leutwyler [BL9!)] .
Thev call thcir ractllod, which we shall also use her( " . "infra,red regularisation' . anv
one-loop integral LI ls split into an infrared singulär a.nd a. regulär Part lay .a partic.ular
choic.c of Fevnman parameterisation . Consider firnt tlle regalla,r Part . ca.llerl R. If
one cliirally expanc-ls tliese tenns, one generates j7C]l~'rlomia .lti in rnorneraca an(--] (Itl~ir'k
rraasses . Corase(-ll .lent,lv, to an v ürder . R can be absorbeCl in the LECs or c,lae efFecc1ve
Lagranglan . Tlae regtllar' Part lracorr)orates slragl]larltles of the b.eaT7?l mass golng to
cero . which therefore lie outside tlle lo«T energy region . L7rl the otller hand, tlle
infrared singulär Part 1 has the salne ana.lytical properties as the full integral H 111

the low crlergy region and its chiral expansion lcads to the rlon trivial momentuni and
quark mass dependences of CliPT. like e .g . the chiral logaritllms or fractional powern
of the quark nlasses . It is this infrared Singular part I that is closely relaterl to the
hca .ti- -barvon expansion : tllere . the rcla .tivisti(°. nncleon propagator is repl .a(°.cri bv a
hca .ti- -barvon propagator plus ~a. serlr's of 1'n1.-sllppr(,ssr'd lnsertions. Summing up all
hca .ti- -barvon diagrams with all intcrn.al-lins inscrtions vields the infrared singulär
lfar't of' the C'orresl-lprlf-llTlg r- elat,ivist,ic: dia.grn .rn .

Tta be sp(" (°ifi( " , consider the seif-("llergv diagram (b) of Fig . 2 .1 . In d dimensions . thc
corresponding scalar loop integral is

_

	

1

	

~

	

r~dk:

	

1
(2<<)~r

	

k2 - iE][rra~ - (ID - k)~ - lE] '

	

(2.18)



witl1 c(r1) scune constaant rlel:x~nding oll tlle (Iiinensionaality of spaace tirne. The infrared
singulär piece I i5 r;haa,ralc;tcrised by fractional powers in the pinn irnass anrl generaatccl
by loop mornenta of order AI. For tllese soft contril utions, the power r;rnlntillg is fine .
C)n the other hand . the inframd regulär pari R is c°.haa.ra,cterised bv frac.tional powers
ruf the nncleon mass (hence divergent in ng, fror r1 C 3), b11t bv integer powers when
exparlded irl the pion rmiss arid generw,ed l_)'ry internal rrlorrlentai of tlie or{ler of the
ritieleorl rmiss (Clle arge mass sc:a.le} . These are tlie terrns that, leid to t,lle violatlon of'
the po11'er cotlrltlng lrl t11e sta~nCla.rf-l dlnlenslorlail regularisation disca]ssed above. For
the self ellergy integral, thls spllttlllg Cail l)e achleved in tlie followlng way:

ridk

	

1

	

_

	

~]

	

~

	

r

	

c~` 1,-

	

1
II

	

=

	

J. (27,)d AB - Ja

	

iIy
J

	

(1)
	)a[(1

- 7) .

	

+ zI3]z
x x (Vk 1

(2n)d [(1 - Z)A+ ZI3]2

with A = .lh - 1,-z - i.F, Ii = m.2 - (1) - 1,-) 2 - 2F . Any generaal one loop diagram
with arbitrary inaanv 1nsertions froh external sources can be brought into this forin
by combining the propa~pa.tors to a. single pinn- anrl a single nlir:lcnn-propaa .gaator. It
was also shown that this procedurc leads to a. unirlne. i .e . pro(°.ess-independent result .
i n a.c:cc)rda.nc~e wich the ellirail Ward iderlticies oC QCT) [BT,99] . This is esse ntiaillyy hase(1
or1 the ihet cbat ter'rns wit11 Cracciorlal Ver'sl]s Integer potter's irl tlle 1)ion mass in ust. 1) e
separ-a.tely c.hirally syrrlrrlet-r-ic . Corlsegtrentl -. the crarlsition fr'orrl arly one-lool_r graph
H to its infrared singulär piece 1 defines a. svnllrnetr-v preservlng regularisa.tion. A
generalisa.tion of this rnethod to higher loop orders (and also to all arbitrary nunlber
of lleavy particles) leas been discussed in [LPCll] . However, its pllenomenological
r;onserlLiellces llaave not been explored in great detaail so far, while it is exlx~cterl that
this approach -will be applicable in a laarger energy mange than the heaa,vy baarvon
approach . Recent applications of the infrared mgularisation sc.heme include pion-
nncleon sc.attering [ET98 . BL[lLl . TE[)2] a.s well as ain investigation of the generallsed
C=~craa.simni-Drill-Hr" aa .rn sum Aale aa.nd Compton sc.attering on the Imcleon [BHÄI(l2] .

Sorne reinarks cxallr;crnillg; renornlalisaation within thls scherne aarY .' in Order . To leadillg
Order, tlle infrured singulaar paarts coincide witll the licavv barvoll expaarnsion, in par_
tic;rllair tlie infinite parts of loop integrals are tlie saanle . Therefore, the ;:3 fünctions
for low-r'il('rgti constants whlch absorb these lnhnitles are. identical. Hoivever . in-
fra.re..d singulär Parts of relntivistic loop integrals also contain infinite Parts whic.h
are stlppressed 1)y powers oC p., u- hieb herice Carl not, he ai1:asorbe{-l als lorlg a s orle Orllyy
introduces courlterterrns to a. finite Order : exaet renorrnalisation or11y Works Lrp to
the Order alt ~vbic.h one Works, higher order, divergerlces h2ive to be rernoved r~y haind .

2 .3 Qne-loop representation 29

Ac t11res11ol(1, pz = sry = (11 + rIbis results in

H(:st» = c(d.) = I + R . (2 .19)
AI +rn
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Closel
>
v rela.ted to this problern is the one oC tlle new mass scale A whlell olle has to

illtrocluce in tlle process of regularisation alld renorrnallsatlon . in dinlenslollal regu-
larlsat1O11 alld related sC lernes, loop dlagralns depend logarithrnically on A . Thls logA
dependence 15 colrlperlsated for hy runlnng couplillg constants, tlle runlllng l)ellav1Ol11 ,
lx~illg deterrnined by tlle corre5ponding :3 fünctions . In tlle sarne way as tlle contact
tern15 canln)t consistently absorb higher ordcr di~-ergence5, their :3 fünctions cannot
conipensate fror sc.ale depcndenc°.c which is suppressed by powers of p . In Order to
a,void this unphysic.a l scale dependence in physical results, tlle ailthors cif [BL99] haue
a,rgrtcd that the nucleon mass rn,., serves a.s a. "lla.t.nra,l" scale in a rclativistic. barvon
C}1PT loop caktrlation an(] thac therefbre one should sec A = rn;v every~~here w}len
tisirlg the int'rare{-1 r - egtrlarisal,iorl sc}lerne . T}lis was already suggeste{-1 in [BKKI~`f92]
for- tlle fralnework of a relatlvlstlc theory wltll ordlnary dimensional regularlsation .
lVe will follow this idea blast of tlle time. hence in our- forlnulae. wvllat would actu-
ally he log(_ll ;; ~a) will always he spelled out as logp . in a.ddition . we will study tlle
hhenorrlenologict~,l consequences of this higher ordcr scale variation in 5ection `? . :3 .5 .

In the following ct~lctrhttion, Eve frequently ccunpare our results to tlle equivalent
hca.v -barynn ones. W(' wish to empliasisc that onc can alivays regain thf' heavy-
barvon result from the infrared regtllarised rclativistic. one by performing ~l. strict
clliral exha.rlsion oC a.ll involved 1oop ftrnccions . :gis a simple ex a in ple. we agairl s}low
tlle expansion oC t,}le rluc.leorl mass tip tot}lind orc:ler correspon{-fing to F(t. (2 .17) .. 1:)u(.
this tirne trsirlg irlfrared regularisa.tion . T}le result iti

alld ^,,'F= 15 hruler~s constant . (Deflnltlons alld results for thls and all Otller loop functiolls
lleeded in this work ca.ll he found in Appendix A.1 .) Expanding to leadillg Order. olle
finds

which letds to the -well known result

,siel{-fing a c.ontribtrtion rlon-analytic. i n the gtrark nasses. :gis explaine(1 ber«re, the
loop Ctinction «~2 ) cont,ains a. rlon-lea.dirlg divergerlce whic.h c.annot be a1_~sor}~e{-1 to

+ , ;3g,
) . (2.21)

w}lere the loop irl(-egr -a.l T(M 2) is giVen r~y

1(1112 }
! 1 Lr. Lc. Lc.

_ -11.
2

( L + 16z-,
., log p.~ + arccos

16z 2
~- (2.22)

IIere. L contains the pole in d - 4.

T
1rad-

4
1 1

= + - (^,,h, - I - log 47) (2.23)
16<2 r1 - -1 2

- 1fi~~ +
(2.24)

` .~39~s
.11°;

+ i. (2.25)
32 << F2

z
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this Order, laut will lae lfy an a.lfprc)l_rria.te contaict . Term a.t Courtll Order. The calctrlall,iorl
of the nucleon rnas5 to fourtll Order arld the recluctlon to tlle lleavv barvoll limit is
dolle in deta.i l in [BL99] .

_~rl essential lrlgre(herlt to the tr(',attrll(',rlt of looh 111tegTaals aas (lesr:rllae(1 111 the larevl-
otls paragraphs is the fast that higher Order effects are inc;hlrled ats crarnlaared to the
` :Stritt" chiral expansion in the lleaavy barvoll f(rrnalisrn. This Evas justified in [131,99]
by improved convergence properties in thc loiv-energy region . it introduces however
a. certain amonnt ruf arbitrarilless a.s to Gehich of thesc higher Order terms to keep
all(] ~v}lich to dismiss. T(. is tlier'eic)r'e TTln.rl( .latory to exa~ctly desc.ribe our Treatment
of tllese terms. Tlle philosophY in [PT:99] waIS, above all, to preserve t}1e correct rel-
ativistic anale ticity properties . This was ac}1ieved 1) keeping the Ctlll dEarau~rai7acr.Lors
of loop Integrals (and evaluatlrlg thern l)y tlle lrlfrared regularlsatlorl prescriptioll},
whlle expandlng the rburrbE'rufor's to the deslred chlral Order orlly. 111 adchtlon, e .g .
crosslrlg symnletry ls to be C'o115er've[l,

	

f~e explore a different approach llere : as we
anticipaate the neutrorl

	

f(rrn factor to be highly sensitive to recoil effects, ive
keep all ternls which occur aacc(arrlirlg to the infraared regularisation prescription and
rlo not evell expand tlle numerators of loop integrals . However, threr" eff( "cts illvolv-
ing low-ellergv constants haave to be discussed separatelv. all in the Spirit ruf aavoidin--
"artificia,l" higher ordcr countertcrms :

Loop diagrml-is

	

second order insertions proportional to c i	caineasil%y 1) e
surrlrliarised l=),- a. sllift oC the "lfa~re" rluc.leorl mass to itti renc)rrna.lised valtie
at second Order, m -> rrr. iv	= rra - :1ca _lIT + 0(d') .

	

111 prirlciple . this does
7dof occur 111 tllese loop dlagrains wl11ch haive lnsertlons froh otller second Order
loiv erlergy collstaarlts . _gis we do not warnt to artificiaally introduce this additional
1110 lay discrirninaating 1actwecn rn aand rrr N. in our formulae, ivc aalloiv for this
renorrnalisation everv w11ere .

9 as detailed in the previous section. the sec.olld Order LECs c: c ;, c, ; rerx;irc " a.
renormalisation aa.t fcnlrth nrdr"r. In principlc . to this r~rdcr ralll~- t.hc
trnr - erlor-rlialisec1 c, appeair in loop (liagrams . ~ e Clisregard this differente and
tlse the s,-.r-ne values botll an Tree level and for Tlle loops.

From the deflnlt1on5 of tlle varlous electromagrletie forin factors, lt ls obvious
that tllese are not all ca.lculated to the saine accuracv 111 ternls of chlral Orders .
_ calculation errlploti-ing c;lliraal Lagrangians up to aarld inc;hlrling C7(q ) Grill 1ac
able to give the Dirac; forrn factor F'1 to O(q: ; ) wand the Paauli forrn factor r-1

to When corrlbinirlg tllese to the Saaclls form factors GE aand G}.t . tlle
chiral Orders are "mised'' . sec" Eq. (2 .2) . Whell we, in the following . talk about
` :third" / : :fcnlrth' order calcnlations of thc various form factors,

	

alliv.lvs refer
to the pro,iections of' tile thirCl~fourth Order amplilude onto t,ilese c)l_aserva~l_ales .
M-e trurlC:a.te exactl~- olle kind of' term in this process : the O({1') courlcerterms
~~hich enter the electric (cha.rge) mc_lii are really :'Gi, C:ourlterterrns" in the Sense
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tllat (,hey appear- in Fi a.rl(-1 F2 with opposiCe signs in or- (-ler to ca.rlcel e~xact .l y in
G n :r . 111 additioll, tllere are, at 0(q'), F2 couilterter'1Tls fixing the inagrnetrc radii .

(J 2'`1t71 2 )l, 'rl her'efUr'e, GF IeCelves (J cUU11teIteiil1S 1illlellted f'oill : s a gerllllIle
polyllorrnial colltrll]utlorl of this kind orilv appears irl an 0«1'} ca.lculatioll, W. e
dro1.) these terrns iil G_u .

2.3 .3

	

Chiral expansion of the nucleon form factors
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Figtue 2 .2 : Fevntrla.rl dia. ;ra.rns contrirfutirlg cU tlie electr'otna. ;netl(: Ibr'trl fa.(aUrti ttp
to fourtll Ui-der. Solid, daslled, aad «Tiggly lines refer to aucleolls, pioils, alld tlle
rector source, respectii-ely. Vertices dernote(1 by a. lleavy dot/a squa.re/a diainond
refer to irlsertiorns frorn tlle secoild/tllir(l/fotlrtll Order' cllir'al Lagrarngian, r'espectivelv.
D1agrarns ('oiltrll)titlrlg via wave fllrlctlorl rerlorinalls ;itloil oilly au~' ilot sliowil.

The chiral exp~iilsloll of a foriil factor
1,_

(beul; a genuine syrnbol for alle- of tlle
Tour (.'1('( ;tl'UIil2igrl( .'tl(' illl( :1CUil forril factors) consists (tf tivo coiltrihtltiorns, trec and
1oop graplls . Tlle tree graplls c[)Iillar'ls(' that of lowest Order' with a fixed cotiplirlg
(thc rnlcl( �orn (;Marge) as well as (xnlntertcl'irls froirl the sec(lnd. third, and fourth Order'
La~grangians . -As on( "-loop graphs, we ha,v-c botll Chose with ,just 1(~ivest Order couplings
and Chose wich exa.( :tly olle insertion from G{,'ti. . The pertinellt tree a.nd lrxop graphs
ar -e (lepictec-l in Fit;. 2 .2 (we have not shown t,}le dia.grams lea.(ling to wave Cunction
retlorrilallsation Urlly) . Tlle lir'sc iotlr oi'these corlihr'ise the tr'ee gr'aphs 61'Ith lnsert , lons
tlp co dlrnerlslon lC)l]i", and (-11agr"aiils (J) to ( g) ((l()) to (12)) ar'e the tLir(-1 (lC)L1Y't,h)
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order loop graplls. Corisegtrentl - . ans" Conn faccor, ca.rl 1)e ~~!ritt,en as

F(t) = Ftree (t)
+

F1aop (t) .

1r1 _appenclix A . . we have liste{-1 t,he coiitributlons to the f7irac a.ri(1 PaLrli fc)rin faccors
from tlle varlous Lhagrains, lI1CluLhng tlle nueleün G factor . This allo«Ts to reconstruct
the pertiIlellt expresslüns für 1'1 Za 111 a straiglltforward inanner. f1e refrain früm
giVing the ccarnlalete expressions leere . The, corresporlding Sachs form factors GL",v
are obtained by use of Etl. (2 .2) under the restrictions discilssed in the preceding
section. M-c only shcw tlle explicit forrnulae for tlle nlagnetic rmalnents, tlle electric ;
a.nd the magnetic radii (in terrns of relnormalised . i.e . physic.al, masses Sand coupling
constants) . The magnetic moments reild
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with p. _

	

-- 1/7. Note that the magnetic moments are finite in the chiral
limit. Mac remind tlle realer of tlle definitions of c=c; .llld c; in Erl. (2 .1=x) . ~.-;c, ha,v-c
Cllstlngliisliec:l bet61'eeil clle r'er1C)r'TTla .lltieCl a.rld the Llrlrenoriilallse(1 LECs (at, tree level
arid in loop coritribTrtions, r'esl)ectivelv) only Cor, r'ea.sons of' foriiial exa.caitTrde ; and will
dlsregard thls dlfference from now oil. Note hüwever that, 111 contrast to C .'P� C'7 . tllese
renürmalised LECs lnllerlt 1nialte parts frülll P1 or . (.'1 oG W1nch are Ileeded 111 ürder
to reinove the leading ürder d1Vergences 111 tlle 1nagnetie 111011leIlts (as explained 111

Seetitan 2 .3.2) . Their poles in (r.-4) are determined by the corresporlding ;:3 fünc;tions .

10 11
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(1 + c=s + 2(.7) (2 .29)
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Thc isovector charge radius diverges logaritlanaically in the chiral lirnit, while the

isoscalar one is finite.. . d.'s denotes the renorm~a.liscd LEC' d.6, i.e . ivithout thc infinite
pari that removes the leading order dü~crgc"ncc" in the isovec.tor electric form factor .

the corresponding ,3-func°.tion being gii~cn hy [Ec94. FMS98]
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Thc LEC d. entering the isoscalar radius is, in contrast, finite . Finally. the m.agnetic°.
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~~here . eain, e'~,a Las die irlfirlit,e parC . uhich is giverl r~y -?

sul-atraa.c "ted. while r'ri in tlie isosr°..llaa.r radius (in analogy to~ d7 fror tlie clectric. isr~sc " aa .lar
r'a.(lius) is finite . The isUVecior magrleCic radms exploa_les like as (,he pinn mass
goes co zero, whi1e. apin . tlle isosca.lar radius is finite irl the chiral 1iinit . These clliral
litrlit, result,s are to be expecCed because the Sachs ior'rri I'aic.tors mllerit, die well l:no~~ n
clliral Singularltles of tlle 1SUveetor llira.c alld Paull forln factors, nlore prec sely, tlle
correspondlng radll dlverge 111 tlle clliral linst as

+ C,4-
1`?rrt N.

	

3

l[lg~y + 2

	

lf,

c]~ 177.,ti

(2 .34)

(2 .3~)

uhere the el1ipsis (1etlotes sublea(Ilrlg terins as t,he plotl mass L-arllshes . Tllls (1oinlnarlt
pion looI_) efrea irl the ntieleon form factors ha.s allrea~(ly been estail:alishe(1 a. 1orlg time
ago [13672], lt call also be expected oll physical grounds : tlle pion cloud, jvhicll
ls Yulia~va suppresse(1 for finite pion inass, . becoines long ranged in tlle chlral llnnt
leading to a. divergent contribution . Such phenolnena are also observed in two pllotorn
observables like c.g . the electrolrlaa.gneti( ; polarisabilities of tlle mlcleon.

As ai consequerlce of alna.lvlicitv ; irl the }lea .~-v-lfa~ry(~rl a.lfprUa.(:h (i .e . in a stri(a chiral
exparlsion) the isoscaila.r ior'rri faccors are, to Une-loop orcler, giverl simplY l=),- a. pUlv-
norrliail subsuming tree arid coUnterl,errn corltributions. T}lere o.re. }10~~eVer, isosca .lar .

loop effects as higher Urder correct1Uns, as 15 ol)vlous frorll tlle above . -fliese Stein frülll
tlle dlagrains jvltll tlle plloton couphrlg to tlle rlucleorls (See graplis (5) and (1f 111

Fig. 2 .2), ivhich ornly yield cornstant terniS Ir['.( .'[l['.Cl for renornlallsatlon 111 lIBC1IPT, btlt
also colltain lrlgller Order t (lcl:)cll(lelrt terlns . 2~s tlle shectral functlon corresporl(hng

*''UnfortunaLely, [FilIU1a] quoLes an erroneous 3-funct.ion for e;,1 . displaving rea11y the divergent,
picrc" in thc" rolritailrlaticaxl (; :7-,4 +

	

thc " linc "as c ornbina,tion caf cxmntc~rtc "rrn5 wising in thc"
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to these dia. ;ra.rns onl%' Star-MS to contribtrte for i >_ 4rr2:',- ; tliese t-f_lel3erlr-lent terrns (irt
tlie real Part) are lligldy suppressed .

In 5ectlon 2 .3 .2 . we already Tnentloned the Tnarked dlfference 111 tlle threshold l]e-
llaviour of tlle isoi ector spectral functlons 111 the relatlvlstie and tlle lleavy baryon
approach . NN-e ornly dt.tode the results for the threshold bchaviour leere and rclegate the
füll resUlts to Appendix A.fi . Note that diese haue already bceu given in thc literature .
the relativistic results to third Order in [(1ss88], the additional fourth Order contri-
bution as well as the heavy-baryon expansions in [BKlT96r~] . We recmph~a.sise, that
the ima~--ilnary parts in the infrared regularisation approach do not diffrr from Chose
iri a ftrlly rela.tivislic calctrl~il,iori. For Trn the r'el~il,ivist,ic tlaresholr-l expa.nsion is
gi ve rt l)y,

sions

T111 F"; (1)

	

_

Trrr F2,'(f)
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Results and discussion

TI
+ iv21 (t - -1_lIT).312 + C7 «t _ :1_lIT}`/

(2.38)
and für TTn 1,z (t) , alte finds

Irn Fz (t) = 48,7FT'4lf, (t -
42.1,')+ C7 ((t - 4~.1,'}`'~'} .

	

(2.353)}

In the heavy baryon scheine, however, the lleai y mass exparnsiou yields die expres-

4

3T
4 r7z ,.,v

Jl- - 12 1-12 + 8 .'lT,
c 11 ;2

(2.41)

wI1ich cvirle1tdly violate the required threshold behai iour hnF;'' (t) - (t - 4 :11T
as pointed raut in [BKM9Gc°.] . As remarked before . this is due to the face that thc
dii-ra-pinn threshold and the slngularlty an the.. second R1ernann sir'r't . irihcritcd from
tlie ALT --> -,V .V.- partial ~~'a.ves, co~ilesce ira the he~~v~'-l_aar,yon lirnit . Tri c.ontr~ist, the
relativistic ~ippeo~ic.h of' cour'se Yields tlie coreeca ana,I.v(,ical st,r'trctures (for a. rnor'e
I3eClestY'la .rl f:llsclisslota of (,bis point, see e .g . [IIie98]) .

First ; we mtist fix t,be pararnetees errll3lC)yef :l in the calctrl~il,iori . M-e tise FT = 92 .4 MeV,
.1T,,

	

= 139.5711ieV, ri ;t = 1 . 26, sind rn ;,; = (nz,, + rn� ) /2 = 938.92 IVeV. Tlie 1,FCs
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{;2 n.rld CI are talken f'rom the a.raal%ysis of hion-nucleon scail-terirag [Fl~`fs98, RI1L}U],
c2 = 3.2 Gel'_' aIld c:i = 3 .-1 Ce~,: _ r . The LECs cb and c; c'an be pilrrred down
fr'orn tlre well knowvlr Irnagnetrc Inoments of proton aIld neutron . The rernalInng two
4 .eleetrlc~~ «i(3, d) aIld two "IrraiglretlC~~ LECs (E:~ .~ . e ? .r } are deternliIled fr'orn tlre eleetrle
and rnagnetic; radii ats given by the dispersion theoretical analysis of [ÄIMD9fi], tlrese
valucs are rk, = [).847 frn, (r`,)2 = -(1.113 frn2 .r . Fyr = 0.836 frn . an(1 I',' r = 0.889 frrr . 1'GTe
nute that the lang standing discrepancy of the Proton c.harge radius determination
from elec.tron-Proton sc.attering [R.oil[]] and Lamb shift mcasurements [MR[]()] ha.s
bcen resolved, converging to a vahre of rxF = (L1.88 ± U1) fin. N.N;e do not. use this
value }lere becallse so Car, rao dispersion theoretica.l a.na~l~sis exists using this novel
inforrnaliorl .

_gis already stated, tlre Dirac and Pauli forrn fa.ctors are tlre rratural (luantltres 111 arid'
relativ istie approach like tlre olre used lrere . However, for- ea.sier comparison to existilrg
lreavy baryon calculations and to tlre low ernergy da.ta, which are often presented 111

terrns of Saclrs form factors, ive -will discuss tlrese irr detail .

First ive discuss tlre neutron chaa,rge forrn factor, a,s slrowrr irr Fig . 2 .3 . Tlre third and
fourth Order restrlts compare well to the dlspcrsron thcoretical analysis and the trend
of the novel data, up to Q2 = [) .4 CxeV2. Thc latter have been obtaa.ined using tensor
polarised deuterium, polarised Se . and Polarisation transfer an deuterium [Ed94] .
_altholrg}1 il seeins tllat the Lhird Order curve meets the novel clata even heller ; we
observe tim. l-}re Tourt}1 Order, one is }~alsica~ll~ ideralical to the dispersion tlleoreticail
fit up to Q' = [l .2 Cel'2 . ?also given irr that figure are tlre lreavy barvon results to
thrrd [13FH1198] arrd fourtll [CH] Order. These Curves Carl easlly 1]e Uhtained fron our
analysis hy performing tlre large mass exparrsion as explained before . Clearly, aeitlrer
of diese two curves ls in aa,ccxal:ata}are agreernent with the data� and, what is more,
tlrese is no sign of convergence so fair . Thc resuIlnrlatlon of the 11rn terrns irr tlre rel
a.tivistic. approach vastly improves the

	

of the c.hiral representation . This
sensltlvlty of the neutron c.harge form factor to such recoil correctr(~ns was already
aa.ntic°.ipa,ted in [KHM99] . l e remark however that the only fourth Order contribu-
tions to l,}re electric forrn factors in the laeavv-bar ;yon a.lfproa.c:h are 1~rrt-correcaiorls
to third Order dia.gr'a.rns, in other wor(-ls. the Ctlll fc~lrrlh Order }lea.vy-lfa~ryorl reslrlt for
tlese can already he obtained foorn expanding l,}re Ihird Order relativistic orte . T}lere-
fore . tlre difference that does slrow up between tlre relativistic third a.nd fourtlr Order
curves is really. in terrns of stritt chiral Power counting, of lnglrer Order a.nd hence
(c;orrrlaairativ(~'ly) srnall .

Consider tlre protorr elecdric forrn factor next, slrowrr irr Fig . 2 .4 . _gis in the neutron
c;ase, tlre third and f(lurth orYler curves a,re very close (wlrere . however, tlre rernarks
made about the reasons for the smallness of this diffcren( "e aa.pply edually here), btrt
here essentially Show the linear beha.viour from the terln proportional to the chargc
ra.dius . Compared to tlle dispersion l,}reoretical result, (~v}rich describes the data, very
well in t}lls ringe of' momentllm transfer), tllere is clearl >v not enotigh curvatlrr-e.
Polynormal terrns of Order f2 (and higher) are not iraclttcled lrp to Tourt}1 Order, an(]
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0 0 .1 0.2 0.3 0.4
0

2
[GeV2]

Figure 2.3 : Tlle rieucron ei ectric for'rn faccor in r'elaCivist.ic 1)ar,yon chir'al perturbation
theory (solid lirles) to thlrd and fourtll order, rnarlied aS 113.(3), IR (1), respectrvelt-.
Für coIaparlson, tlle results of the heaVy 1)aryon approach are also SllowIi (daslled
l1Iles, Irlar'hed aS Hß(3), Hß(-1}) . All LLCs ar'e deter'1Tllrled by a fit to tlle neutr'on
charge radius Ineasured in neutron at[7rn scatterlng . _ lso given ls thc result of thc
dispersion theoretical analysis (dot (htslred line, labelled lay DR.}, Tlle (htta rare frorn
[Ed94], where the Mainz Helium data, ha,v-c bcen pro( "esscd in the analysis of [CxoLll~l.] .

the curtiature colnlng s(7lely frorn l(7(lp functl(lns in tlle (lne loop approxirnatlon ls
olaviollsly ll(lt stlfficierlt . Fig. 2,4 also displays tlle results of tlle third [BIiIilGI92 .
BFHM98] and ftlurth [GH] Order heavy-barv(ln calculation . While the genoral trend
of the heavy-barv(ln results is similar to what is obtained in thc rcla.tivistic°. appr(lac.h
(far t(7(7 Small curti-ature to meet the data) . we note hat, while there is a.t least a.
slight irnprovernern frorn the lhied co t,}le fc~urlh order relativistic. calctrlal,iorl, the
CleSCr113tlOtl visllall 'zvorsens for the fc~urlh oeder, heavy-1), .ryon result, as cornpa.red to
the third Order olle .

NVe now turn t(7 tlle Ill2lgrl('tl(' f(7rrn factors of 17rYlton and neutr(ln as sll(ljj'rl in Fig. 2,J,
Thc qualitative behaviour of the different. curti-es is ti-erv similar ftlr b(lth (lf them: To
third Order, the m(lmentum dependenc°.c is gii~-en p~l.ralneter-fr( "c be( " ~l.ns( " the LECS at
tllis Order only aflect tlle norinalisation . M-e See that, the 1 /na cor'recCions presertt, in our'
appl'oaeh visibly wo rsen tlle llr'ediction obtalried prevlol]sly iri t,he lleaV '-1)ar :yorl 1iinil . .
T}lat result is ba.Sed 011 tlle lea.ding chiral singularities given in Eq. (2 .37) because to
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N
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0.1 0.2 0 .3 0.4
Q2 [Gev2]

	

IR(S) IR(4)

Figure 2 .4 : Tlie Proton electric I''orrn I'a~c.ior in relat,ivistic. 1)ar:yon chiral perturhation
theory (solid llnes) to third and fourtli Order, inarked as 113.(3), respectiyely .
h'or coinparisori . tlie results of tlie lieavy laarvon approach are also sliojv-ii (daslied
lines, irnarked as H13(3), H13(1)) . All LECs are deteriiiined 1)i- a. fit to the Proton
chargc radius as given by the dispersion tlicoretic;tal result (dot daslled liuc, lalaelled
by DR) .

this Order. thc c;orrcspoiidilig isosc.tilar form factor ls simply coristant .

	

M-c coilchadc
that the recoil correc.tioris are rather lange and that the leading chiral limit behai iour
is not a --ood ~a.pprosimi.tion for the Goldstonc boson contribution to thc magnetic
radii in the case of finite pion masses . _fit. fourth Order. dne to the preseno "c of thc
counterterms from G{`a) . , thc r,a.dius can be fixcd at its empirical V,a.hic . Conscrlrtentl~~.
the Pull r - elail,iyist,ic result wind its heaivy-1)arvon lirrait, a.re not yerv differern ariy rnore.
The ai1-aserice of c.urvature Cerrns oI' Order 12 (wind higher) is clea .rl,,- yisible iri Fig. 2.5 .

The physics underlying this defic;icnc;y will be addressed in Sectiou 2 .4 . C)nly a 111ii-

fornaly relialale description for all four forin factors is ta,ccx~l:atalale, and herice it is
absolutely neco,ss~a.ry to understand what is missing in the three dipole-sh~a.ped form
factors: wich lange correc.tions for these, one might c pec"t largo " c.orrections also for
the raeutron chaIrge Corrra fa.ccor, such thM. its ver,y good c-lescr- il-rtion preserite{-1 fiere
rnlglat, turn ota to be only acc.idental . Tn tlie followirag, ue slaaill Show t,ha.t this is
lrafleef1 7w( the Gase .

	

_
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Figur -e 2.5 :

	

`1'he protorr and neutron rrragrretrc form factors in relativistic bar -von
chiral perturbation theory (solid lirres) to third and four -th order, inarked as 113.(3) .
IR.(4), rcslx~ctü cly- .

	

For corrrl)ariscur, the results of the heavy haryon al)hroac ;lr rare
also shown (daslred lirres, inarked as IIB (3) . IIB(4) } . Tlic third (fourth) order LFCs
are d( "termined hy a. fit. to the proton/neutron magnetic moments (radii) . Also given
is the dispersion thcoretical result (dot-d~r.shed lins . la,l-x~lled hy. DR.) .
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2 .3 .5

	

Higher-order scale dependence

111 Section 2.3.2, Eve lnnted at the fast that infrared reglllarlsed loop llltegrals 111

genoral induce a lngller order stale dependence in physical observables that cannot
be cormpensated for by the counterternls available alt the order olle is workirlg . Instead
of regarding rn.y als die natural stale for baryon L'l1PT, we restore the stale clel:x~nderlce
al.nd replal.c "c log E.r. b -log(-.1-,I, /Ä) . With the counterterms rllnning al.rx"ording to tlleir
respective Beta func.tions . one could argne that the remal.ining varintion ivitll the sc.ale
is ain inherent rlnc "crt.lillty in the c.alc.ulation of the higher order loop corrections . F'or
the leiding moments of die f«nn I'a~cior's . die higher'-order, stalle (lel)enc_lerlce in l,errns
of analytical expressions can easil%y be read ofl' f'rolrr Fgs. (2 .27) . (2 .28), (2 .31) . (2.32),
(2.34), and (2.35) . Here u'e only wis11 to quantifi these unc.erCainties nulneric:a.ll,y . We
arrive at the followvillg :

(0
.

	

rri A-
736 - 0.00351og

	

f1Tl~

	

(`? .46)

(o
.."5)oo

	

V

)
fir12

e conc.lnde that thc higher-order variation of the leading moments with the re-
normalisa.tioll stak is verv iveal.k . strongest for tlle clectric " radii . bllt even ft~r thosc
orlly of tlle order, of 1'7. if .1 diflers frorn the "c:a.nonicall" sc:a.le m:v 1=) - a . factor cif2.
In the saure ringe, t,lle Trlagllet-ic mornents wind the lsovector magnetle radlus var:y
hy a. few per mille, tlle isoscaila.r rrlaigrletic. ra(-litis 1_),n- a

	

parts in 10` . As c:a.rl be
reell from ELl . (2 .35) . tlle nuinerlcal slnallness of the reale dependence 111 tlle 1sosealar
rnagnet1e rachus 15 clue to a suppresslon of the logarlthrn by two chlral Orders as C olll-
pa.red to all other rnoments, wvlllle für the rnagnet1e mornents alld tlle electrie rachl,
the suppression in the isoscalar gl.uantities as compared to tlle isovector ornes is based
an nunlerical accidents (or, alt best, (hie to the srnallrless of the isoscalar anolnalous
magnetic moment} .

In order to go beyond the leadillri rnonlents. Eve have exarnined tlle füll Q,' clel:x~nderlcc
of tlle neutron electric form factor under varlatlon of tlle renorrnalisation stalle . Fig . 2 .fi
shoSVs tlie curves for scales between the P mass. A = -f,, = 763 IGIeV, a.nd the mass
of the .1 hyperon, A = 77r_~ = 1116 mev. NN--e emphasisc that the loiv-energy constant
erlcering the radius llais not. beerl read,justecl, tlle crrr -ves clearly s}lou the Einding above,
na.rrlely thm. die ra{-litis is very insensitive to vairiations ofdie SC:a .le . Fo~r, inereasirlg
Q' ; however, die corrections become significant . This is easily Llrlf-ler'StooCl IroTTl the

h:''(a)

Ks (A)

rrz ,~,
= 3. (l6 + [].[]()fi2lng

-().12f]
177.,ti

- L1 .Llf]()fi lc~g

(2 .42)

(2 .43)

(.r . ,)
2 (,1)

r 7rt.
{ 0.830 + 0.030-1 log1~- frll z (2 .-1-1}

S 2 r 7rt.
{ 0.60-1 + 0.0088 log

A
~- } fIll

2
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2 .4

	

Inclusion of vector mesons

Figure 2.6 : The deperldenc.e oI' t-lle tlelitrotl electrie rann faccor, an variation oI' t,lle
renorlnalisa.tion scale .1 . 111 addition to tlle curve for tlle `'ca.llonical'' i-alue rrr.,ZV , Wve
sllowv the fourtll Order representatlon for seales .1 = irr,, ±f).1 GeV . .1 = _IIF, . .1 = rrr ;~ .

prec.ise form of the C)'-dependent fllliC'tioll multiplying die c.hiral logarithms, which is
giverl explicidy irl Appendix :x .1 .3 : it is a . funct.ion of ~~rrt ., therelbre expatldable as
a finite polynornial co any f-leflrllt,e chiral order, but tlle corrections becorrle significant
witll W/na, as ],arge as t) .4 . Trl 1_rarticula.r l''or A = :Irr, one firl{-ls rnuch beCter, agreerrierll,
witll tlle data, than for tlle "callollical" scale .1 = rrr.,~ . Uns, should, however, not lea.d
to tlle concluslon that this scale is a "better cllolee" . but ratller 1ndleate (parts of)
tlle uncertainty that is ilecesstr,rili- inc;hltled in relativistic corrections to lleavv barvon
loop results . Y Y Y

lt is Grell establislled that the vector nlesons contrlbute, signiticantly to die rnlcleoll
form factors. For exaniple . extended unltarlty allo«Ts one to recollstruct the isovector
spectral fullctlolls [FFGO] below t ^_" 1 GeV' fron tlle pinn form factor and tlle analyt-
ically (~ontinrlcd rar -~ -,--VN isovec.tor partial wavc amplitudes . Bcsldes thc important
contribution of the two-pinn (°.olltintltlln. thc E) meson clearly shows up. Similarly, in
tlle isoscalar c}la.rlrlel, clie w and tlle r~i dornirlace tlle spectral ftrrlc(-iorl at low positiv
i . _all tllese efects are clearly visil:)le irl dispersion tlleoretic~il arlalyses of tlle nucleon
l'orrn fhctors, see [Hof67,

	

HI~fl)96] . lrl tlle clllral expatlslorl perfo~nned lrl the
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precedirlg secciorls, such efl'ects are inclur:lec :l irl the low-erler ,gy consCarlts . This fbl-
lows dlrectly froin tlle low inolrlentuln expanslon of arly vector reson propagator (für
sirnplicity, we do not slnow tlne explicit Lorentz structur'es),

In a. fourth-order chiral analysis as presented leere . one is sensitiv-c up to the terms
linear i11 t. which contribute to tlie varions elr" (°.t.rralnaa~~lletic radii . Stated differ("11tlv,
arly vector rneson corltril)ution is hidden in the fic valtres of the various LFCs. :gis We
(1isetissed 1)efore, tlle curvacure efl'ects an tlle electric and in agnetic Crorn Chctor oC the
proton als well as c}le rnagnetic. r1eutrorl Cor. rl1 Caccor, are rnuch too srnall . This carl be
euren in two ways. L7ne could eitlner attelnpt a higher order analysis or include rector
inesons dvlnailrlieallt'. While tlne first Approach would be inore systelnatlc, we choose
leere the second, for various reasons . Witln explicit vector mesons (VM), ive not oilly
acr;rn.lnt for all terrns in tlne expansion Erl. (`? .48) haut also do not introduce al1y nein
unknown paranneter . This can be understood ats follows : adding the vector nnesons in
a. chiratlly svmmetric mariner and retaining the cormsponding dimension two . three.
a.nd four counterterms . a11y LEC a.;. taa.kes tlie form

(t.i. -~ Cri + vector ieson contributioll .

	

(2 .-19)

wllere thc remainder n ; parameterises the physncs not rclated to the explicitly in-
cluded vector rneson contrir)ution . For such a decornposition to rnake serlse . the
sca~le-r :lelfenr :lent LFCs should be taken all A = .1Tv . Since irl clle 1T1Cra .red r -egularisai-
tioll procedure, tlle lnucleoln mass is takeln to he tlne intrinsic scale for all loop ilntegrals
as descrihed in Section 2 .3 .2, we «rill Ileglect scale Inislnatch due to 'lly, 7~ rra,,, (which
is probably justifierl hecause of 0 .2) . Tlne vector reson propa.gator
generates at whole string of lnigller order terins, llopefülly resurnirung tlne inost irrn-
portallt contributions not, hlch.uled at fourtll order . Tlne paraineters appearing in tlle
vector reson contrlbutlons will be talken froin existing dlsperslve 2ülalyses of die 1111

cleon elr" (°.t.rrannal~gnletic form factors.

	

e therefore only need to refit the low-energy
constants n ; . This also allows to stlidy tlle con(°.ept of resolna.nce saturation . lt. was
alrea.dy sliowr1 i r1 [RKM97] t,ha.t the rlutnerical values oC tlle r1iinensiorl t~~o LFCS ca.r1
be understood Crorn s-c.harlnel bar %yon arid t-c.harlnel rneson resonarlce excitail,iorls . in
pa.riicular Crorn the ,x(1232) an(:] the Fa . Tn the rase at 11at1Ll, tve can in~estiga.te this
concept für tlle LECs C.'g . C.' 7 , (/g, (1?. E'� i , alld

	

lt Was already notecl 111 [13l11197]
that ('g arld ('? Are largely saturated 1]V vector ieson contrll)utlolls .

2 .4 .1

	

Chiral Lagrangians including vector mesons
Me einploy tlne tensor field representation of spie-1 fields a a,s advocaited in [LTL84] . i.e .
tlne vector inesons Are written in terms of aa,lltisvirnlrletrir ; tensor fields

-117111	(2 .50)
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witlr tlle ilrree degrees oC Creedorn 11-:; .; (a , .1 = 1, 2 .

	

) fronen orrt . Tbis representaCiorl
is inost natura.l for collstr- uctillg cllirally irli-aria.llt couplillgs of rector inesons to piolls
and pllotons because llo particula.r dvilallllcal cllaracter of tlie Veetor Inesons ls as-
sullled (lil contrast e .g, to tlie massive Yang 1lills or llldderl svlrliiietry approaelles as
reviewed in [Mc88, BKY88] .) Irr this section . Wc teirll)ortirilr switch "to SU(3) chiral
Lagranglans, because the c~ mesorl c.oiltrihlltes to tlie isoscalar form factors . Tlle frec
La~--rangian then ta1ces the form

- at.c,)p 1 T
_

	

+ Itl

	

(2.51)

C ~rU./1fT( "S" ± .~,)

	

_

	

(0IT{Tl/r.zl( :2~) ; 1T;xr(y)j10

V2 v2
T~"*a (2.52)

lZU

lIere, we llave written tlie vector nleson inatrix in terms cif physical particles, assuining
ideal c~ ~i inixing . From Ec :l . (`?.51), wie easilr derives alle icctor nlcson propagator
as giVerl irl [BM96] .

X [~,~ rr~iua (_lI

	

-

	

") + J f,k.udtij - grz~TF'�kr, - (ii ~-+ r")]

	

.

	

(2.53)

According to [Ec89] . the lowest-order interaction with Cxoldstc~lle boson fields a .s well
as external Vector arld axla.l-L'eCaof sources can he Ll'r'ltt ,en as

~ev +

	

FeuGii, _

	

1
2~

	

r.r.) + iG i:-(lt:
.

	[rcr~,u�]}~

	

.

	

(M1)

where the couplings G r,; and F. c.an e.g . be dc"termined from the deca.v widths p -~ rur
and p c 1 n . Following [BM96] . tlie lowest-order couplings of massive sein-1 ficlds
to bar'vons can be wriCten in terms Ja cllir~illy invar'iant ha.gr'axrgiaxr as

G�,BI-v

	

=

	

RD/r

	

+ RS (B(r/".D) ~j1 y,)
+s ia ;1., (B� ,,'.([D".B):) + .5 .5 (B,,'`B) ~[D", Tl P,])

	

(2.55})

+tin,2F

	

RuA"(1T;rU, [DA-
[DI',

H]])+)

	

(R(ya'[
DA,

[n,' .
R]])(11';,~.)

wlrere, as usually in Si~-(3), tlle index D refers to tlie arlticomillutator (-4.,B) + =
{-=1, B}, while tlie index F acc;c~rnhanies tlie ccuninutator (A, B) _ = [A, B] . ln addi-
tioll . we introdilc°.ed singlet couplings wich indices S . These coupling constants are
rcla.t c"d to the ones ri5ed in the La~grangian of the Standard iectr~r representation of
tlie F7 ;

1

	

r

	

/.r.

	

N'p

	

/.f l,'
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bv

9~_v :ti

	

=

	

(rn.~ (Z'La +

	

2( .5'La +

	

(2 .~} i)

fr)Na' Kp

	

_

	

- 4V Lr7ta
( ~1] + ßk')

	

(2 .58)

In analngy, raue finds for the ::.. a.nd

	

couplings

(RL) + R1,, + 2hs)

	

(2 .6[))

gt~ ±v :ti

	

=

	

- -111 , (rr~. ;,: W1] - U1,. + i<,r5,) - 2 (SL) - S1 , . + .5;5)}

	

(2 .61)

yr

	

(I?n - I?p + i?'s )

	

.

	

(2 .62)

In [BM96], raue additional term (proportional to new coupling's

	

of Higher rüder
in derü~-atives was introdll(°.ed,

([Da .

	

[DA, [D" . B]])-~ +

	

[DA, [D

(2 .6 .`3)

~~ hich

	

was sulfsec-luently s}lo~~ n to corltfibute lo t}le electfic, Conn fhctors als a tenn
C7(q') . t}lerefore heyon(1 tlle orr-ler to ~v}lic.h we are working }lere ; the aIuthofs oC [B~'l96]
houeVer, left out a. terrn

~
ff
Rit'

	

Brr"'([DA, [D,' .
}B)+i + 1'a (Pu`ap) ([DA- [D" : 1 hr~"]])

	

(2 .64)

that enters tlle magnetic radius, i.e . contrlbutes a term O(g2) to the I7laa~~i1['tl(' form
fa.cl,ors and herlce should he consiclered irl a O(q') calculation . However, als nothirlg is
krlowri fmin elselvllere abol]t stich collpllrlgs, we shal1 rlot, lrltro(1uce these llere ."3 Note
that, via tlle qz eXpallSloll of the reSonallce pole, the contributions to the Inagnetle 1110-

I11e11tS steinir1111g froln the I ni ~,~,y terins do of course 1nduce additional (J' dependence
111 the 1nagnetlc forin factors .

There ls 11U rieneralisation of chiral l:acrturbation thcory which fully 1ncIudes the effects
of vec.tor mesons a.s intermediate states to arbitrary loop orders . .1s the masses of
tlle i~v(,tor me5nn5 do not vanish in the c.hiral limit, thev intr(xluce a. new mass sc.ale
which, ivhen appenringlnslde 1(xap integ'rals, potentially spoils chiral power counting in
a siinilar rna.rlrler as t,he rltieleorl iila.ss Irl a "naive' relat,ivistic bar.yon CLPT approach .
Irl analogy to the heavv-fefrrlion t-}1P(]fies. "lieaV '-r71esorl ell'eetive theor;y" ha.ti been
used to 1nvestlgate vector lneson properties like rnasses a.nd decay- consta.nts when

'~' 3'Tlre terrm in Etl . (2 .63) wcrc tallo�vrd fcar in the analtsis [lI()DD] caf <<-'1'-SC~ra,tterin

	

m.nd found to~
be very Small . This lends credit to the omission of higher ordea r''ouplings here .
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cotlpllrlg t,11PSP to Golc-lscorle hosons irl a eliirally ltlvar'larlt Cashlon (see [RGT9f] or'
for salbe special processes [.I1111'f9.~]}, This approach does rlot zvork zvith tlie heai y
particle nulnber not conserved as in processes where tllese resonances a.re vir'tual
rllterinechate states, However, tlrese diffculties do not ar'lse as long as tllere r5 no loop
integration over inter'nlediate vector nleson nrornenta . Indecd, to the ordcr Eve arc
wol'king hexe. wc r;an evcn set t.lp a ;'power' coulrting schellte'' for [httgl'ttIilS lrl[.'h1C11I1g
vec.tor nlesons Gehich alloivs to calculatr " rx~rrectirllls to the simple.. trce dlagralils (Where
the photon c.ouples to tlie nucleon via ~in int(,rnledi~t.te vec.tor meson) . NN--e count

1 . tlie couplirlgs of vect.or' rnesons to tlie plloton a.rlrl of tlle p to t~~o pions as C7(q')
(see EI. (2.54) a.rlrl tlie trsual power' courlting Cor F' arld zi� ) :

2 . tlie teiisor coupling of rector inesons to nucleons

	

in out notatio11) as
0(q°), tlie rector coupliiig

	

as C(qr ),

.`3 . the vector nleson propagator as O(q° ) (sce Frl. (2-13» .

v

u

01 k)

	

(
12::.)

Figur'e 2 .7 : Feynrllarl rliagrams inc.ludirlg explicit rector trleson contr'irfutions to the
electi'oillagitetlc forln factors up to fourtll or'der . Solid, daslled, double Claslled, anCl
wlggly blies refer to riucleorls, plons, vector inesons, and tlie vector sour'ce, r'espectlvelt'.
Thc vertex denoted llv ton open dot refers to the vector coupling of the vector inesons
to tlle rnlcleon wllich is of sullleading chiral ordcr tos cornpared to tlle tensor coupling .

Up to C7 (q ' ) , we therefore haue to inc.lnde the diagranis shown in Fig . 2.1 .

	

Thc
rlutrlrferirlg inc_licates clle uC)r'Y'eS 3orlCleTlce to r11agranls Ll'Ith corltaca . tenns as tihowrl ill
Fig. '? .'? : the t-r'ee level coupling of c}le veaor, rnesons to the nucleon via, the tensor,
couplirlg, cl iagr'ain (2*) ; erlters che inagnetic inoinerlcs as r-1o the 1,FC,s r;h, c- 111 (1iagraill
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(2) ; dia.grn.rns (1Q) an{-1 (10*) as well as (11) an{-1 (11 *) yiel(l vertex corrections to these
(tue to pinn loops, tlie vector couplillg in diagram (3,k) conlpares to tlie LECS dc� d;
as sllo«Tn in diagram (3}, an(1 fillally tlie p exclla.nge in diagram (12*) corntrilautes to
tlie

	

couplillg .- c,1 in diagram (12) .
Explicitly, the aanaalytic restllts for tlie form factors 1nclu(hng v( �'('tor Tnesons Carl lae
gallled fron Chose witli contart terms only by the follollTing replac.ements-

Frs -ffr~

Kp

	

FpUp

	

+

	

Kw,

	

F, .ll~,

	

+

	

F,,,-1l,,
2

	

:l Ip - t

	

`?

	

:l l? - t

	

2

	

_l- ? - t

2

	

~Ltp - t

r7; _
!t' ;v :v

	

F,

	

1
1-1.

	

.I13 - 1,

(2 .67}

Fspeciall>, these hol{-1 Cor, tlie loop diagrams wich pinn loops ais ver, (,ex correcCions
to photon couplillgs via cr;, c;, see diagralns (1D), (11) in Fig. 2 .2 an(1 (10'), (11'j 111

Fig, 2 .7 . _,At lea.ding Order, resonance saturatlon for cb, c; leas alrea.dy been investlgated
in [BK11I91] . Tlle vector lneson contrilautions to tlie lnaglletic 1noinents and tlie
elcctric radii can bc found trivially frorn Eqs. (2 .27) (`? .32) lay tlsing F(ls . (2 .(35) (2 .68)
at t = [) . Tlle vector, nlcson contrllautlons to tlie Tnagnetlc' radü, finally, yield a rilor( .,
complicated mplarement laa.ly for e(, .t ,

	

rhle to the aa.ftarementi(alled loop rx~rrerti(alls .
Gehich, llolvever . at leading Order rends

2 .4 .2

	

Results and discussion

Fw,

h'~]prV :V p rm P

2rrr,,;

	

1.fp - f

Gellere . in tlie second stcl:a, a universal tr hadroil collpfing g

	

go, �T,, = C.Tp :l-Ip'FT-
an(1 tlie KSFP. relation _l- F = 292'F2 [KSFR.6fi] w('.r(', assunled .

~lrrt;,. . Tp - f

	

'

+0(/"')

	

.

	

(2 .(39)

r 1

	

FI,

	

°)
e- .a +

	

-r'.p _1.TF, + 0(~.i r )

	

.

	

(_ .7f1)

Fina.lly, resonance saturatlon for tlie LEC C':1 llas also been analysed 111 [BK1197],
lvhere lt was found that c,1 is, cornpletely saturated by p. A, and (a "very srnall) lloper
contrll]utlon . 11ere . we o111V wallt to replace tlie p contrll]utlon hy lts dynainical
2allaal(lgU( .', theref(lre setting " .

(2 .71)

Rei'ore presenting resuks f''or the f'c~ur Form faccors, includirlg tlie efl'ects of' (1,vnarnica.1
vector, rnesons, we }ra .ve co caiscuss c}le vailues Cor, the miscellaneous coupling consCants
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irlcro(1uced tllerel~y . First of all ; fc-)r' the rector' ineson inasses we trse 11, = 770 -\'leb .
1.111, = 7817 11eX . = 1020 11e1 . The couplings to the photon hai-e beeil fixed
froin the partial widtlrs of 1-' -~ e:+e: - (in analogy to [M11IL)JG]) to he I~, = 152 .5
11e\.,..I';; = -1 .x .7 Me1', h'7 = 10.0 11Ie1', the ratlos heing in satisfactory agreetnent
witli wliat orte would (2xl)ect front ext~r;t SI.(3) synimetry (plus ideal (~ ~i rnixing),
Ft.=Fp =3F,,

Thc.. couplings of i'r'r "trlr mesons to nncleons are Laken from the most recent dispersive
anc1.lysis [MÄIDS7(i] . Thc respectiti-e values (a,rl,]ttsted to our conventions) are

Thc resulting clectrir " anrl magnetic forte fac.tors of the proton anrl the neutron arc

1

N01 0.5
Q
W

4

rlw :v ;v =
614O

	

ii P

41 .8

	

-0.16 ,

	

(2.7`?}
rl~,~ :v ;v = -18.:3

	

-0.22

0.1

	

2
0.2

2

	

0.3

	

0.4
Q[Gev]

DR
VM(4)

VM(3)

Figure 2 .8 : Thc proton electric. form factor in relatiti-istic baryon chiral perturbation
thcnr ' inclnding ti-cctor mcsons (solid lines) to third a.nd fotlrt.h ordcr. markcd as
VM(3), reslfecl,ivel. . For cornparisorl, the results witllou(, vector rnesons a.re
also sholvtl (rla .shef_l llrles, la .lfellec_l 1)Y 1T~(3) ; ffl(4» . All f,FCs are rlel,errnirte(1 1) . ~I lic
to tlte proton charge radius as g1ven l)i- the disperslon theoretical result (dot daslted
live, la.helled hy DE.) .

tillowr1 in Figs . 2.8-2 .10. Conskle r the electric form faciors First . Tlie veccor, rneson
c:onlril:~uliorl alrea(I .v supplies sufCicient curvature I'or an ulequate (lescr'il)l.iorl of the
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N

0.15

0.05

VM(3)

IR(3)

IDR

0.1

	

0.2 0.3 0.4
Q2 [Gev2]

VM{4}

IR(4)

Figure 2 .9 : Tlle neutr'on electrie Conn factor in rela.tivislic bar,yon ebiral perturlaatlon
theory illcluchllg vector inesons (solid pries) to third anrl fourtli order, inarked as
V h} (3) , V11(-1) , respectively . Für conlparison . tlie results witllout vector inesons are
also shozvn (daslled lines, la.helled by M.(3}, M.(1» . All LECs are deteriained hy a
fit to the neutron charge radius . Also giverl is the result of tlle dlspersion theoretical
analysis (dot daslled lins, labelled by DR) . The data rare froril [DEM] .

Proton charge form factor at tllirtl order, cf. Fig. 2 .8 . This is achieved ivitlloiit nerv
adjustable Parameters, but simply duc to the higher order teeins intll.uxad by tllc
inc.hision of thc vector mesons . It is worth noting that at frnrrtli order . tlle chiral
plus vector rncson representation is in almost perfect .igreement witli tlle result of the
dispersive analysis up to rnornerica oC Q? = L}A GeV', i .e . for rauch higher rriornenta
than considereci so Car, in c.hiral perturbation tlleory approaches . However the already
~~ell-descrilfed rleturon electrie for-rli ikietor . see Fig . 2 .9, is, a .t I'c~urlh order, onlY very
inildly affeeted hy tlle vector ineson contribution, but is of course also prost sensltiVe
to tlle preeise clloice of the vector ineson coupliilgs . \`fe oilly wart to state that
für a reasonal)le cholce of tllese paraineters, tlle good result of tlle clliral olle loop
representation is not slxailetl . a

Ttirning now to the mignetic. form fac.tors . sec Fig . 2 .1(l . we find that both the third
and the.. fourth order curves vield reasonable desc.riptions of the data, in both cases

4'M.--e also noLe LhaL tlle dispersive allalysis of [IIlID9G] cloes noL include nlost, of tlle new
data. [Et19 "f] . Refittinh the vector rneson lata .rra,rxaa "tc~r5 ra,ccxardinhh~ to the nun, dta.tta . hast will also
lead to an improvement of the finirtlx order curve in our dndlysis .
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Figure `? .1[l : The proton and neutron rnagrictic ; form factors in relativistic barvon
chiral perturbatiou theorr including i ector rnesons (solid liucs) to third and fourtlr
order . marked a.s VM (3) , VM (4) . Fror coniparison, the results without vec.tor nicsons
are also shown (dashed llnes . la,l-x~llcd bv IR(3), IR.(4}) . :111 LECs at third (fourth)
or ,cler a.re detennined hv a fit to clie prol,orr/neutron rnagnetic. morrrents (ra(Iii) . _als«
giverr a.re the dispersion tlreoretic~il results (ca«i~da.tihPCa line, labelled hv DR) .
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the fourth or{-1ee resu1ts heirlg slig}ltl - betcer tli an the resl)ective tllir{-1 Order- orles . Tlle
latter Show tlle riglit slope at tlie origill (erhielt is fitted ill tlie fourtlt Order ca.se}, and
all curves llave approxilrnately tlie rigllt curvature, wllich is a hit stronger a.t fourtlt
Order .

M-e haue, in addition, plotted the [,hird arid Tourt}l order, curves Tor GF;, Car, aInd C`lf
(inclti(.lirlg vector rnesorls), norrna .lised wind divide(-1 r~y [,}le dipole form I'aic.tor

Gl) (Qz
) =

	

1

	

.

	

z

	

,

	

(2-73)

sec Figs . 2 .11, 2 .12 . IIere, again, we sec that the fourtlt Order prediction for the proton
charge form factor agrecs extrerncly -well ivitll the data up to Q- = [) .4 Gehr' . For tlle
neutron magnetic form factor . the fourth Order curve, tllotlgh rising above dipole a.nd
dlsp['rslon thc "oretic°. .tl fit . Still is within the error ringe gii~-en hy the data, while thc
Tourt}l Order result Tor tlle Proton rrlaignetic. form factor deviates I'rorrl the daut aIl-aove
Q2 = 0.d GüV2 .

	

_

It is wortll pointing out alle following essential conclusions, drawn froh this discussion :

1 . 111 5ection 2 .3 .-1 «Te saw that tlle "pretlictiorl'' of tlle rllagrletie radll 111 a third
Order calculation worsens considerably jvhen comharlng the relaativistic and tlle
heavy baryon aapproaach . This Observation indicaated thaat alle largo contribution
of thc pinn c.loud to thc magnctic. radll was a an artifact of thc" 1~rn [' l7atllSlon
to O(q' ) . Inspec.tion of the third Order curves inclnding explicit vector rncson
effects shows that this rerhlc"tiotl of the pinn c.loud effc"c.t is itldeed consistent

the fairl~- c.onventional vector rnesorl lfa~rarne[ers, Bielding irl touil excellerl[,
results Tor tlle rnagrle[,ic radii wllic}l a.re still `predicte{-1" all(--] not, fit[,ed . We
fiere sho61' these ` -pre(llct,iotls ' ~ 61'Ith tlle separate cotltr11)1itlons of Mori-clou(l
arld vector inesons,

(r r)2

	

_

	

(.r . .i )? + (r" r)v3,l = (0 .18 + 01 .-19) frn- = (01.82 frll}~

	

(2 .

	

-1)

r)
2
_ (r -r)? +

	

+01 .44) fril2 = (01.84frrt) 2 ,

	

7

in good agrecrnent witlt the valucs front dispersion analyses, i -'� = 01 .830- fril and
rly = [).8803 frn . Note however that, althougll ive did not fit aarly nerv paraante-
ters to the magnetic radii. additional experimc"tlt.a,l information enters via. thc
vector meson couplings that in turn have bcen fitted to the form factors in thc
dispersive approach .

2. This analysis indicates that aa. ;~~stric,.t' ChPT calculaation to higher-tha,n-follrth
Order is probaoly only moderately sensiole . Apart fron varions two-loop c.on-
tributions uhic}l airrlourl[. only [,o vertex cor-rec(,iorls of (-11agr,aiils already present
in the one-lool-) rase, [,}le ma.,ior : :new, ' c:on[,ril-au[,iorl is ihe tllree-hion con(,intiurrl
eriCerirlg the isoscalair fc)rrn fhctors, wllich w2is 2ilready showrl to ,siel{-1 a negligioly



52

	

Chapter 2 : Nucleon form factors
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Figaarc 2 .11 : Thc protran clcctric.. a.nd n>agnctic. form factors in relativistic haryon
chiral pcrtaarbatiran thcory inc.latding vec.tor mesons to third (dashcd lins) and foirth
(solid line) or{-1er . {-livic:led by the dipole ior-raa I'aclor . For cotral_rarison, ue show tlae
dispersion theoretical results ({lot-das}ae(-1 line) an{-1 tlae worl{-1 data availahle in (-bis
energy range.
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0
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Figure 2 .12: Tlle neutron rrla.gnet,ic form fhctor in relativistic. barvon chiral percur-
l)atloll theory lllcludlng vector Tneson5 to thlrd (dashed fiele) alld fourtll (solid fiele)
Order, divided hy the dipole form fa.ctor. Für comparison . «Te sllo«T tlle dispersioll
theoretlcal result (dot daslled lllle) alld the zvorld dato availallle 111 thls ellergy siege,
Gellere the dato points denoted lly squares (nistend of cir(;les} refer to the nlore recerlt
nleasurernents [Ma!)3] . The older dato carl lle traced back frorn [ÄIMD9fi] .

small correc.tion to the Lilerpeak in the isoscalar spectral filnction [BKM96c] .
Therefore. a n analYsis to C7 ((1') or C7((1') would ha.sicall - result, in fit(-ing new
counterterrn pa.rameters in orc_ler to rel)roduce the resonance c.ontribtrtions c.on-
sidere(1 explicitly leere .

2 .4 .3

	

Resonance saturation
_As «Te llave not assum.ed resonance satura.tion of tlle various low. ellergv constants.
lallt takeil thc resonance paranleters frone and refitted the coilta(;t ternls .
Gve nlav now check how -well resonance saturation llv the lowest lving vector lrl('s()11S

actually -works . Taille 2 .1 sllo«Ts tlle vahles f(lr tlle loGV erlergy constants, fitted at third
a.nd fourth Order. Gvith a.nd Gvithout vector meson c.ontribrlticlns . The vector nleson
contribution to tlle LECH r-4 as given in Eq . (2 .71) nnmerically amounts to 1 .6 Gev
(see also [MNi97]) uhich reduces tlle value oU, 1)v abota 5L}`7- . This rernainder ~v}lich
is due to (rnainl%y) A a.n{-l a. Small Roper contrirlution is still represented bY a conta.a
teure .
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Table 2 .1 : ~-.iltlcs for the various loii--energy constallts . witll and without vec.t(lr mesoll
(:on(ril:~u(iorls . Note thm. tlle tllir(1 an(] the fourt,ll colurnns. str'ictly speaking, refer to
tlle LFCS 6; inste~Ic_l of r~ ; . C~ . {;; are (1lrnenslonless . (-}le (2; are given in Gei'-' . tlle e;

r

	

3
lIl ~i e~ -~

Ue C'ollc11i(le (}la .t (,lle low-erler-gy C'oTlstarl(s erlcering Olle iii~lgrletic. rTloillents (C6, C'.7)
as well aas c}lose llt(,e(1 co Olle %.SC7 .SC'RlC1T m(Iii . both electric (d7) ~lnd TTIa .gtlet, ic rare
llearly perfectly sa.turated hv tlle lowest lvillg vector 1Tlesoll llollet, wllile tlle colltact
teriils eIlteriilg the hSC7'L'E.'C .'fC1'1' radll (& c7,1) are Tlot at all, Thls eail be iIlterpreted
to tlle effeet that :.+1 arid CJ are already suielerlt to deserlbe tlle lsosealar chailllel
of the, tiector form factors to goo(1

	

while higher r('.sorlarl['(,s are Tll~ill(12itorv
f()r all a(1cquat(.' C1(',s['r'llatl(lTl (lf thc lsovector form factors . Thls is 111 ~igr(',('.Trl(',Tlt jvlth
«That is fourld 111 disperslve 2ill~ilvscs. llowci cr thls does 11ot rlcccsstirilr irn tiliCltl,tc (nur
approach, aas these higher resonances ha,v-c rauch larger masses (the p(14-)0) bcing thc
lowest lving of them) a.nd therefore will hardly contrihute to the cz~rvzxtz~re of the form
f~ictors (~vhich is the c}la .rlge Eve a.re looking for, cornpa.red to linear corlta .c( ter'TTIS} .

2 .5

	

Summary

Ue h~1Ve sh1C11e(1 the eleC:(Y'orTl~lgrletlC form t~lct,oi -s of tlle rlucleon in a TTla.rlllestl~'
horentz invari~int fc) rrrl of lf~~r'von c}lim1 pert,url)~icion theor;v to orte-loop (tourt}l) or'c :1er .
As discussed, ill thls scheiile based an tlle so called iufra.red regularisatioll of loop
graplls, olle ls able to set up a systematic power countirlg scherile ln llarlnornv witll
tlle strictures from analyticitv. The pertilleint results of our 1llVestlgatloll Call he
slllniil~irls(~'(1 as follows:

(1) Tt7 fourth order, the neutron alld proton elec.tric form factors cach contaill onc
low-energv constant which ca.n b(" fixed frone the empirical inform~l.tioll an the
corresl)on(ling radii . This gives a. good description of Olle netrtron charge toure
f~ictor tip to tour-rnornerltuTn (ra.nsfer s{1ua.red of Q' = 0.4 Gei'' sind, ftrr(her_
rnore, exhil)i(,s convergence in thm. tlle correct,ions ~vhen goirlg frone (,hird to

(73 (11 q3 +ti-M rf'+VM

cC, .5.03 1.71 0 .20 -0 .06

('.7 -2.72 -2 .55 -0 .27 -U .U9

ds Mi7 0. 74 1 .34 1 .40

(1 7 -0.70 -(1 .69 -0 .04 -0 .03

C.-,1 026 -0 .0-1

f'!4 1 .65
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Tourt}1 order, a.re srnall . This is irl c:onlr,st to the heavy-1), .ryon expansion arid
cal] he traced hack to tlie proper resunlrnation of tlie recoil terrns ill tlie rel-
ativistic expallsion . h'or tlie electric form factor of tlie protori, tlie one loop
representatlon gives too little curvature alnl tllus devrates froh tlie tlata al-
rcady- at Q' ^_" [] .2 GcV`', similar to thc llcavy barvon dcscription . Ilowcvcr, rlo
largo fourtll ordcr c;orrcctions arc found llclow Q2 = [l .4 GeV`'.

To third ordcr, tlie nlomcnturn dcpcndcncc of tlie nlagnctic proton and rlcutrorl
form factors 15 glvcn paralncter frcc . Tlle, 1'ra correctlons prcserrt in our all-
prYlach worsen tl1L prcdiction for tlie magrrctlc rad11 llascd orl tlie leachllg chiral
slngularltlcs, like c.g . in thc heavy-barrau approach . The leading chiral limit llc-
haviotlr is not a, good approximation fclr thc Goldstonc boson contrihution to thc
iii, .gtlet, ic rac-lii . -aC I'c~urlh order', the TTI,-Lg_ T1et,ic rac-lii carl he fixe(-l . Agairl, there
is rlot enough curvat-ure in the one-looll rel)resental,iorl arid orte ol serves ]arge
cor-rect-iorls ~v}lerl Boing fron] tllir{-1 to fourtll order, already at, Q' - L} .1 Gei'_ _

M-e ha.ve dernorlstraced explicitl >v that, tlie spectral functions of' tlie isovector
form facCors llave t,}le correa tllreshol{-l behaviour. Tlle scrong rrlorrleriturrl-
deperldence of t}lese sllecar,.l funct.ions close to tllreshol{-l is c-lue to tlie r)ranch
polnt siilgularlty oil tlie second Rleinarlll sileet 1nlierlted froh] tlie 71- 7,-
PP «Tate partial wave a.inplitudes.

\`fe llave liielucled tlie low.

	

Ivlllg vector Inesons p, f.;7, C;'3 l il a chirally sv1T1riletrie
Inaillier hasecl oll all arltlsv1T1riletrie tensor field representation .

	

Thls " cloes not
111troduee any liew paralneters sirice tllese (iilasses arld couplillg C'o1lst~iIlts} are
takcn frorn tlie PDG tablcs and frorn a dlspersloll tllcorctic;tl.l analysis . R.cüttirlri
tlie l)rcvicn.lsly dcfincd low cncrgv coristants by stlbtractillg tlie vcc;tor mcson
contribtltion. ivc find a. Bond dcsc°.ription of all frlul° form factors alrcady at
third ordcr. witli Small fourth ordcr contrihutions, which furthcr improve thc
thcorctical dcscription. In particular, wc dcmclllstr~l .tc that thc " i~cx~tclr mcson
contrirlutions canc.el t,o a ],arge extent irl r,lle rleutron cliarge for-rrl factor . tllus
solidif;ying t,}le result ol taine{-l irl tlie chiral expansion .

Thc inc.hlsion of icx~tclr mesons allows to 1111'cStlgiltc the rcsonancc saturation
11 > pothesis for, these couplirlgs . M-e finc-l tllat the couplings relat,ed to the rnag-
netic mornents and the isoscalar ra(Iii are alrnos(, cornpletely satur,.ted hy the
low. It-illg rector inesons. This is, however, not tlie rase for tlie LECs entering
tlie isovector ratlii . This Carl he traced hack to tlie fast that wllile tlie ~~ and tlie

already give a. gootl descrlptlon of tlie isoscalar form factor~, for tlie rsoi-ec-
tclr wies onc leas to hlc;ludc lligllcr lrnass statcs than tlie f), in agrccrncrlt witll
findings frollr dispcrsion tllcory.





Chapter 3

Baryon form factors in chiral
perturbation theory#1

3.1 Introduction
111 the last chapter, Eve haive lavestlgated tlle electroiilagrletlc structure of proton and
rlcutrorl as chtr,r~.t( ;tcriscd by thc four form factors that llavc bccn mcasurcd irl (21e(-troll
s( ;~.tttcrirlg cxpcrirncnts ovcr dccadcs . _gis wc havc sccrl, irl the norl pcrturbativc low .
crlcrgy rcgiorl of QL'D, baryorl chiral pcrturbatiorl theory carl bc tlscd to calculatc
thcsc form factors, and wc h~tvc shoGVll that rclativistic barvon chiral perturbation
theory (employing illfra.r("d regula.risati(~n) supplemented bv explic.i t vector meson
(,ontribtltiolls allows for a fairly prccisc dcscription of thcse fundamental guantitics
for phocon virtuailiCies up to Q' - 0 .4 GeV2 .

This c.hapter will be {-1P~oted to the ext,ension of' these considerations to the tllree-
fla.vour c.aise, i .e . we shall calcula.te tlle sizes c.haracteristic. for eleC'troTTlal .grletlC: proben
of other lladrorns tllan the lmcleous, specifically the grourld state barvoll ortet . This
is illterestillg for various reasous . First, the cha.rge radius of tlle !- ha.s recently beeil
llleasur-ed [Ad99 . Se0l] and tlnts gives a firnt glilnpse of all electric hyperoll form factor .
Seeoral, chiral SU(3) Carl bc subjcct to largo kzton/cta loop corrc(;tiorls, and the form
factors offcr ;mothcr ivindoiv to study the corrcsporndirlg ('(lrlS'( .'1'g(',rl['(', propcrtics . Tllcy-
rrli gllt thus hldicatc whcthcr or rlot the strarngc (luark carn bc considcr c(1 ligllt an(1 1rad
to a. bettcr undcrstaridirig of ST-1-(3) fin.vour brealchlg . Sincc the chiral ('lpa.nsloll of thc
form factors is well undcr (°.olltrol iri the tivo-ff.tv(nlr rase, onc ( .°.all hops to cncolintcr
a reasona.l)l,v ~~ell-l:leha~e( :l series also in t,}le presenc.e of the st,rainge quark . This
expectation is borne ota 1:)v the results presented in thls chapter. Third, orte ran also
ad(lress sonle guesClons concernlng strang_eness in the nucleon . rnore preeisell, t,lle role
of kaoll loops that . 111 simple Irlodels . let wie expect sizeable corltrlbutlolls of straage
operators . fourth, tlle klloT~"ledge of certalll hyperoll for'1T1 factors 15 iilarldatory to

*` 1The contents of this chatihre~ luve heen puhlished in [KMQlh] .
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gairl an url(lersta .n(-1ing of' ka.on phoco- and electrol)r'oduction ofF rlucleons all(--] ligllt
auclei as lneasured a.t ELSA and '1`JNAF, \.Ve sha.ll colne hack to rnost of tllese topies
111 tlle Course of thls Cllapter,

In additiou, these form factors llave already beeis calculated in tlle so called heavy
barvon approach [KHM99, PR.Z()1] . .1 dirc(,t comparison of (lur results obtalned `in
the inf'rared regularisation formalism to the results of that approach can shed frtrther
liglit an the dvnarnics un(-1er'lving tlie non-l_1er'1 L1Y'1 .1c7t1Ve lfarvorl structure, in l)ar'tic.ular -
tlle role of' recoil correct,ions . :gis a. final hv-product, we can also readdress the issue
oi' tlle Collvergellce oC the chlral expatlslorl for the r71agrle( , ic rnornerus, wLich has beerl
huch discussed in tlie recent litera.ture [Je93, MS97, 1)H98, DHB99, KMD(la. PlI:00],

This chapter is organised as follows . In Section 3.2 we briefly dehne the baryon form
factors aud the ((trrespctlidiliri elec;trornagnettc radii, wllich requires just verv little
generalisation (,..omp~l.red to tlie last chapter . The formalism to obtain the one-loop
representation of the form factors is given in Section 3.3 . e hca.vily borrow from
tlie l_)i-ecedirig chapter arid (l4er all lerigthy forrntlla.e to (,}le apperlc_lices. Tlle results
are f)resentef:l

	

arid (1isetlssed 111 Secciorl 3 .4 .

	

Sect.lo11 3 .5 corlt,alris a. sllort, stlrninar. allf :l
Olltlook .

3 .2

	

Baryon form factors
The structure of ground st~l .tc ortet baryons (denoted by ~B') as prohcd bv virtual
photons is parameterised in terms of two form factors Bach.

U

(B(1))

	

~~

	

B(p)~

	

=

	

c-

	

(P) ~ryr,F"(t) + "7
r" cl

Fz (t)~ r.c. (p)
2779..B

B = p . n., A . r1 . ?':

witli the quark vector current ,Irr, = q

	

;̂
rr.q

now irn olving the S1-(3) quark (;llarge
lmttrix Q, = c diag-1/3, -1, 3),

q1 .
_ (v., c1, ,s), an(1 rrtB thc rcsl:x~ctivc barvon

mass . MTe shall agaiu frequcntly ernploy the positive quarrtity (2 _ -t > fl . Tlle
Dirac and Patlli form factors Fl anrl F, arc subjcct to the normalisations F," «» = QB .

F,"(O) =

	

wlicrc 15-. 13 denotes thc anomalous magnetic moment of the barvon B.
EI. (3 .1) leas to be gerler'aliseca Cor, the 1-Z° tr'arlsit,ion f''orin I'actors tllat are delrned
accor(lirlg w

rr2:
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177_~ + 777.s:u

(3.2)

(see also [1 .~ 'T391]) .

	

The Conn of the generalise(1 Lorernz scructure a.(:cornpa.n~ irlg
Fis required hv current, conserw .tion (whicll hecornes ol)vious r~y contractirlg
F(1. (3.2) wich qr' and applying tlle Dirac equaliorl) . DifFerent defirlit-ions wllich all
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r'e(-luce to F(_l . (3.1) f''or mE:0

	

rr2: ;1 are possiole, however. the olle given 11ere is prefer
ahle 1)ecause it still requires tlle norrnallsatlon

	

(Cl) = f) . Olle also uses tlle electric
and rnagnetic 5achs form factors,

g3)

which are again tlie quantities we shall conslder Most of the time in the following . Thc
radll characterlslng the spatlal extension of charge alld ma~glletlsatlon dlstrlolltlons
are (1eflrled as 111 Fds. (2.4)-(2 .r), irl partictlla.r tlle exceptlorls corlcei -nlrlg fC)rrn Uaccors
oC vanishing `cha.rge' disctrssec1 ior the electr'ic netrtron Conn Caccor, in Fq. (2 .6) apply
of course to all electrie form factors of neutral particles .

3.3 Formalism

GL.,: (t) = Fl (t) +

	

i

	

Fz(t)

	

G,1 -, (t) = F (t) + F, (t)4nzR
.

In this section, we spcll out the details lle( " ( ,ss.trv to extend the SU(2) ca,lculation
oC t}1e rltrcleon Conn CacCors ir1 oarvorl chiral perlurba.tion theor.v ernploving inCra.red
reg trlar'isaCiorl, CL al)Cer 2 . co t}1e three-11avotrr' rase . T}1e preserlce oC{-lifferent psetrdo-
Goldstone 1]osons an(1 1)a.ryons with unequal rnasses entails lnore general loop filllc-
tiolls than tllese encountered ill tlle SU(2) calculation, tllese are tal)ulated in App. A.1 .
Here we only spell out tlle i-arlous terlns of tlle effectlve C llral Lagranglall underlylng
tlle ctt.lcalhttion. Again we do not give tlle final forrnulae for tlle form factor5 in tlle
nlain text since tllese are ratller lerlgtllv . but instead refer to App . A .`? .

3 .3 .1

	

Effective Lagrangian
The chiral effcctüc Cxnldstralle ooson La~grangian is gii~-en ov

z F2
f-Ori =

	

+ ?c:+i

	

-

	

(3.4)

uhere t,lle oct.e t . oC Goldstone boson fields is collecced ir1 (,}1e SU(3) ~falueca rna.tr'ix
u'(x) alld the chlral viell)ein ur,. defined as 1]efäre . The sealar field )(+ incor-

porates tlle qua.rk mass rnatrix M = dia.g(rrr u , na<j, rrr 5 ), wllere we shall work in tlle
lsosplll hrlllt, 'Iil ' , = rrd,r = 7ii . The mass terrn lea.ds to the well kllowrl lowest Order
(lsosplrl u1'rllIllt .'trl[') mass forrnulae, for pions, kaoris, and the eta, whlch einer tllc dc-
scription of tlle barron form factors via loch contrilnltions . M-c would like to point
taut tllat tlle mass [hff(',r('rl[.'('S between tlle Goldstorne laosons vield tlle leading Order
SU(3) breaking effcct for these form factors . For nnmerical eva,hl,1.tion . we will last
_VT = 139 . 57 MeV, _loh = 433.68 MeV (the r,har;g(,'d pinn Sand klon masses), and
:hh a = 547-4-5 IlieV. Fttrtherrnor'e, it, is legitirnace to differentiate 1)et,ween different- de-
cav corlutatlts F� FlC, F� lrl the treatrnerlt, of t}1e chir'al loops as tllese dlffererices are
0 f 11iglie1 - or'der' . We u i11 11se FT = 92.4 lief', Fr( 1F, = 1 .22, F,r/F: = 1 .3 (see [GT,85a.]
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anc-1. l''or a . iiiore recerlb deter'nllnatlon oi' F, ( /F� [FKS00]) . Tlle nialn iilot:1vatlon l''or
rlot usirlg a. co111I11oI1 decat- C'orlStallt i5 tlle C'orlll)ar'15oI1 to tlle -'U(2) results für tlle
proton and neutron fürin factors, wllere we do not wallt to suggest all SU(3) effect
wllicll is only due to a. nunlerica.lly different treatrnent of tlle pinn loops.

Tlle nleson barvon Lagrangian tat leading Order reads

(3.5)

wllere the nlatrix vallled field B collect5 tlle ground state ortet barvons, Sec F:q . (1 .65),
and D and F are tlle axial vector coupling corlstarits . :'*' For tllese, iw Grill lese tlle
vallles D = 0.30, F = 0.46 extrac.ted fron hyp(,ron dc("a:ys [R.a99] . which ob(,y thc
ST--(2) constralnt D + F = ,g_i = 1 .26. Her(,. nr, denotes the baryon 111?ass 111 thc
chiral limit. To this rüder, the photon ficld only couples to the charg(, of the baryon.
Tl. resides in the chiral cova.ri~int deriv~~li~-e, DpB = d,,,R + [F� , P] :

	

tlie chlral
connec.tion giverl ~Is before .

Coupling consbants f'r'oin bhe Secon(1-or(-1er in eson-1-)ar'von 1,~igr~ingi~in are needed 1-1oth
at tree level and in one loop graplls . 'i'lle followirlg ternis are re(iulred in our' ca.lcu-
latioll:

bq (	u .rr. } ( u.fD } + [rl~ ;ll(D([`(cri, u�],1-~}~} (3.6)

NN ( " use the Same notation for the Operators involving the photon field Str(,ngtll ten-
sor as in tlle ST- .- (2) rase . The bi are low-('ll('rgy constants that enc(xle inforrnation
about bhe niore nlassive states not corita.irled in tlie ell'ecti~'e field theorv or otlier
tilioY't~f-lltitaTlce elCectti .

	

These par'arneters h~1Ve to be plnrled (-lown 1)v tislrlg Süllle
(1~i(a .

	

1rl principle there is also ~i terin

	

r.,

	

bn (P73) (X i }

	

wliich

	

~1rnourit:S to a gtr~irk
irlass renorrnal1Satlon of tlle coulnlon ortet rna55 rn . Tl11S, however, cannot 1)e dls-
entallglerl froh rn witllout furtller inforination (like tlle pinn nucleon u terin), anrl
it is sl .lffi('1(',llt for our purpos(, to a11sorb tllis tcrirl in ra .

	

Tlle collhlingS 11D Ir richl
the leadirlri Si. (fi) 11reaking eff(,cts in tlle 1laryon rrnasses .

	

Again, these affect tlle
form factors via tiarlolls loola colitrihlltioris . A 11est fit to tlle ortet Inasses results
in rrr.,,: = 0 .942 Cx(" ', rrc:1 = 1 .111 [x('~', nr., = 1.192 GeV. rn~ = 1 . ;321 (i(,,'' (for
rn = 1 .192 GeV. bL) = 0.06(l GeV 1 , b1 . . = -0 .190 GeV 1)-, compared to the experi-
inent~il val ues nz :v = 0.939 Gei' ; rn ;, = 1 .116 Gei', rn~, = 1 .193 Gei..rn` = 1 .31 S Gei
(where b}le aver~ige rnasses within b}le r'espective isospin rliultiple(,s lia.ve been baken) .
We consider this accura.te erlougli to put all bar,von nasses to l,heir' experirnental val-
ues in tlle nurnerical evaluation . 111 ans- tllird Order calcula.tion, lloz~-ever, no mass

,~.,2-2Hrrc " aaul in ~~Thta .t ff111f1R'S, we ernplo. a. cxamla~ua not~ation : the D-tvlx, roupling refc "rs to rhc "
anticommutator and tlie F type coupling to the commutator .
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Sf)Ilt(-itlg is present, }lerlce the ha.ryon mass parameter will

	

lae put to t,}le aV-
erage baryon lnass rrr = 1 .151 Gel' in this rase . lt leas heen discussed in detail 111

[BL99] a.s well as 111 the last chapter how t0 fix tlle ollllllpresellt Tnass scale ~ wIllch
has to l)e introduced 111 lüüp dlagralns treated 111 diinenslonal regularisation . lt was
argued tllat 111 a all Sl (2) calculation, th(' nu(;1con nlass serves as at natural mass scale.
Here we C.onsi(ler' it rlatural to set .1 = rn . Tlle LFCs b6~''

	

fa~rarnelerise tlle lead-
ltlg 111,grlet-ic 1)hot.011 couplltlgs to the bar.yorls arlf:l will be fltted t0 t,lle iilagrlet-ic
Tnülrlents . Finally, the LECs bg/1 11,771 accomparly second Order' couplillgs of tlie Var-
lous pseudo Goldstone 1]osons to barg0116 and erster tlle forln factors via. (tadpole)
loop contrll)utlüns . Thelr values llave beeil estimated 1]ased oll the resonance satura-
tiorl hvpothesis in [MSS)7i], llowever, tllc results used there do not satisfy the 5LJ(2}
collstr,aint 2(bl() + hll) = c4

	

3.4 GcV-1 . Tllc lattcr vahlc is well cstalalisllcd, corlsis-
tently deterinirled frorn resonance saturation [BKM9r] and fits to pinn rmcleon scatt-
tering [FMS93, BMLI[]] . The dis(,repaa.nr:y between botll determinations can be traced
back to different treatments of tlle .A c.ontribution in [IGIS97] anrl [BKM97] . A(I,lustlng
this, we u

	

i11 tise the values bq = l .36 Gei'

	

; b-l0 = 1 .2 1 Gel,,

	

1 ; b-l1 = {1 .46 Gel,,

	

1 .

	

-a s
ue would like to sl)ecif;~- tlle uncer'l,airlty of our predictions 1faise(1 an these estimaces
later on, we at,tr'ir)ute some errors to these LFCs . :1s atl lrlflicatlorl ue regai-f_l tlle
cha.llge of a LBC when fitting it witllin chiral alnplltudes of different anders . This
cha.nge is about 1 .(l GeV-1 für C .' .1 when goillg frorn second to third Order 111

	

Scat-
terirlg (sec [BIilGI9~~c] für a second Order fit) . MTe assulne that this (;Mange sllould be a
factor of 2 srnaller wher1 1:aroceedirlg frone third to fourtll Order such that, (hie to tlle
different norrnallsatlon of tlle 5U(3) couplings, Eve set

	

11~a~lnill =

	

GeV-1 .

The only ter'rns rleedeC1 fmm the tllir{-l Order

	

.ngf;a.graia.rl a.re tllose enter'ing tlle eleccr'ic.
(char'ge) radii of' t,lle bar.yorls,

	

-

	

_

	

_

(s)

	

Wlol ~lo'?

	

l

( 11[)11 d.lo? ha,V-c to be fitted to tlle chargc radii of proton wand neutron. Both of fliese
contain an irlfirlite 1)art, ar1C1 tlle corr'esponding scale dependerlce, ~v}lic.h is glvetl lrl
App. _a .5 .

	

-

	

_

_fit fourth Order, tivo typcs of cfn.rlaling (;orlst2aTlts aa,lapcatr G~-llich aase of rclcval.n(xa für
our calculation : sevcn couplings proportional to a guark mass insertion (xantrilnltirlg
to the malgncti(°. moments. and two couplings cntcrillg thc Illaa~~il['tl(' radii .

Ck1 "2

	

heu

	

~v_

	

(~3<r

	

([F��, ,

	

] ~

	

-) +

	

flirr

	

({F,-~-., B}, :k+}
~

n ~r
+

	

~ (B(T,"B)
(X+F+ ) +

bfi

	

(B(T'" (F- , B)~i

_gis indicated by tlle notation, tlle terrns - hh''' H .
ornly alnournt to a, quark mass r( .'Ilor-

rna.lisail-iorl of tlle lea.dirlg magnetic couplings and will tlleref'c-)re be a~l_asorhe{-l into bfra'r
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accordirlg co
r6

	

= h6'!F + 2n~ (2-,fh- +

	

h~'~F

The LECs crl _, , ;3i, howvever, incorporate explieit hreaking of SL (3) svnllrnetr -y in the
lnagnetic lnornents and will he fitted to tlle oetet nlonlents . TIII -, will he acljusted
to the rnagnetic; ra(Iii of proton and neutron . All of these absorb certain divergent
loop c.olitrihtltiorns ancl display logaritllrnic scale dependence, witll the appropriate
coetficierlts as deternlirled in this calculation again displayed in App . 2~-) .

While there are, .111 in all, guite solle[' LECs to be fitted in order to describe .111
eleetrorrlagrlel,ic form faecors, it is irnportant Co poirlt out tllat all t,hese LECs are, an
gerleral gr-ourlds, expecte{-l to be of orc :ler 1 (wit11 tlle appropriate nlass dirnensiorls irl
powers of GeV : as tlle barvonle reale is of the Order of 1 GeV, lt ls not xlece55~irv to
norrnallse tlle LECs appropriatelv} . =s

3 .3 .2

	

Chiral expansion of the baryon form factors

The chiral exparnsion of a, foule factor F consists of two contrlbutions, trec aald loop
graphs . The trec graphs comprise the lowest-Order diagram wich fixere coupling (thc
baryon c "h.lrge) as well tz .s counterterms froln the sec.ond-, third-, and fourth-Order
Lagrarlgiarls . As one-loop graplis we have bocli tllose 61'4 .1 ,just lowest-Order coul_)lings
and Chose wich exa.ccly one irlser-l.iorl ir .orrl .C (2) . Tlle pertirlent tree an(--l loop graplis
are depic.tec_l irl Fig . 3 .1 (we have rlot sho6vii t,lle dlagr'arns lea.dirlg to wave funetion
rellorrl1dl15~itlorl} . \`fe refrain fr'orn glvlng tlle ratller lengthv expresslons in the rna111
text, but concentrate orl the pllenolneaologleal nuxnerical results arld refer to App. A .
We rnentlon that in tlle hallt of a heavy Strange Lluark . Eve recover the SU(2) results
of tlle previous chapter . Also, the lrcti-~°y barvon (IIB) results of [KIIÄ199] caal be
obtained itrtiiglltforivar(lly as detailed in the last chapter .

3 .4

	

Results and discussion

fVe ferst dlscuss the issues concerläng tlle Inagrletle xnornents and tlle eleetroxrlagxletie
ra(Iii in sohle detail . This cal be dorre within the 'pure' chiral expansion . Then
Eve turn to the fall nlonierlturrl (IC .'l)C .'IlCI('rl[.'(' of the various form factors for photon
vlrtualltles uh to C' = f1 .3 GeV' . To this encl Eve llave to lnclude, vector rnesons as
a,ctüc d('gr<'C's of frecdonl in a. chirally synllll('tri(' lnanncr .

ivould like to fohlt out that '~.vc haz c adolated tlie 11at1 .1ra1 norxnalisation for tlre SU(3)
breaking terms hi the mtagnetic moments (by ushig tlie field X+ proportional to the quark mass
mat.rix as defined abo. e inslead of a spurion diag([l . [}, 1}} m hick is different, frone e.g . [Je93, 111S97].

Vurxu " ricaa.lly- . hcnvc "vrr . this difFc " rc :xrcx : ~iirioilnts to ~a f~actor caf 1tiT1

	

C).9ä (~c "V2 , hence apart fronn
a different mass dirnension, this does not make any significaxit difference .
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il) (2) (3) (4)

3.4 .1

	

Magnetie moments

(5) (6)

	

(7)

	

(8) (9)

(5 1-)

	

(6*)

	

(7*)

(1D) (11) (12)

Figure 3 .1 : Fevnrnan diagrams corlteibuting to the electreornagrlel,ic form fhctoes ulf
to fourtll order . Solid, daslled, 411(1 wviggly lilles refer to ba.ryons, Coldstone bosons,
and tlle rector source, r- espectlvelt'. Vertlces denoted by a lleai y dot'squar -e'dlalrlorld
refer- to lnsertlons fron tlle secorld'tlllr -d'fourtll Order' chlral Lagranglall, respectlvely .
Diagradls cOrltl'1h11t1l1g via jvav(, function r.'Ilorniallsatlon only are not showrl .

The lssue of convergence of tlle rnagrletie rnolrlents 111 elllral pertur -ba.tion theory ha.s
beeil discussed anlply in tlle litera.ture, wit11 or wvitllout illclusion of tlle decuplet
[.1(293, MS97 . DIIM, KM[)[)a, PR.[)[l] . MTe wisll to conlpare tlle convergence 1)ellavicnlr in
the llcavv barvoll and die infrared regularisation scherne . Table 3 .1 slioivs the best fits
to the variotls Orders . The strategy is always to fit the s(ven experinlentally rncasured
static moments (hs° has not becn mensumd so far . in the theoretical predictions
it. i s alwa.vs gii~-cn hv p.so = (hs+ + p.s-)/Z according to isospin svmmetry) alld to
peedict the transition rrtorliertl . :fit . seconc_l arid thir-c :l Order . only the Cwo lea(-lirig-
Order coul_rlings b(v'r are feee parameters, ~vliic.h results irt pest lits oI' varving qualit;,,
uhereas ac fourtll Order tlle ad(1itiona1 live couplings allow fc) r arl exa.c c fit o l' all se ~fe11
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static. rnornerlcs . A sec:pnr-l~thirc-l orc-ler, we }la.ve 1-1Prfprrnec-l ein trn~~eightec-l fic . herlce
sinlply ITIIIIIITllslng .)(2 ~texp)Z . The )(' values given in Table 3 .1 tllus oiilv
nerve to indica.te tlie relative quality of tlie fits .

Table 3 .1 : -Analysis of the magnetic°. moments (111 unlts of nuc.lcar magnetons (n .m .»
to different chiral Orders . T}le ~yarious best-fic v~iltres for the leadirlg orrler rrl~ignetic.
couplirlgs bcn;r arid tlie Stf(3) breakirlg coul-llings (i l l , ;3 1 a.re given as well . bD r rare
dirnensiOnlPSS . rx-I .1 , ;31 are given in trnil-s of' Gei'-'3 . Frrors f'or tourt}1-Order results
display tlie ullcertainty rluP to .

	

g~ ;,a"� . For tlie tleiillitioll of ;y 2 . sPP teert .

lt llas frequently ]Pell noted hefore tllat tlie 1nclus10n of lea.dlng l00p correctlons 111
tlie Inagnetlc nionlents tends t0 'wo'rsen tlie learhng order' results . Thls ls seen liere
111 tlle tllird Order lleau barvon rosults . Witllill tlie infrared regularlsatlon Scheune.
lloweicr, it is (.'voll disputablc wllicll (.-,olitril)tltiorns to count as tllird ordcr : tlle lcadillg
contrlbutlons storn fronl chagranl (6) in Fig. 3.1 : sunlnllng up ornly tlie 1/in corroctions
to t.his graph yields tlie fit in the coltlmn denoted by :

C(q')
, and Shows ~in irnprovement

not only over the heavy-baryon result, l)ut also over the leading Order fit. . However,
defining an y one-loolf dla.gr'axn wilt .11 110 }ligller--or-c-ler irlser - l-iorls to be J t}lir[-1 orc-ler,
one also his co Include f-llagt'a171 (5) in Fig. 3 .1 (w}llch only corltributes w. foul'th
0r ,(ier in slric.i chiral power, courlting) . These corltributions eire arge an(-] worsen the

I H13 1H.
C7(gz] I C?(q ;s) C?(q~) (7fq' s ) C7(q"]'' C7(g4 ) exp .
2.56 `2 .97 2.793 `) .61 2.20 2 .793 2.793 :E 0.000

TI -1.60 -2.53 -1 .913 -1.69 -2.59 -1 .913 -1 .913 _E 0.000
_1 -11.80 -0.115 -0 .613 -0.76 -0.65 -0.613 -0 .613 _E 0.001
>'+ 2.56 2 .21 2.458 2 .53 2.41 2 .458 2.458 f 0.010
N '0 0.80 0 .415 0.649 0 .76 () .65 [}.649 -
E - -0.97 -1.32 -1 .16() -1.00 -1.12 -1 .160 -1 .160 ZL 01}25

-1.6() -().78 -1 .25() -1.51 -1.20 -1 .25(l -1 .250 iL () .[}14
-0.97 -0.56 -0 .6v51 -0.93 -1 .33 -0.651 -0 .651 :L 0.003

a 5,11 1 .38 1 .65 1 .46 f 0.01 1 .41 1 .81 1 .61 f 0 .01 f 1 .61 :E 0.08
1)D 2.-10 5 .27 1 .56 f 0.21 3 .65 5.18 1.21 f 0 .20
bh () .77 2 .92 1 .65 f 0.19 1 .73 0.56 1.64 f 0 .18
r .rl - - -1 .()0 ± () .26 - - [}.32 0 .28
cr2 1 .35 f 0.29 f 0.18

ü3 -0.85 IL 030 2.14 f 0 .28

n'4 0 .95 f 0.22 0.05 f 0 .19
0.33 -3 .39 f 0.34

' 0.46 1 0 .76 0.00 0 .28 1.28 0 .00
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fic ever1 over, the l,hird-order heav.-laa.ryon one, see the coluam denoted bY `C7((~ ;3)W' .
Espeeially the inagnetie inolnents of proton . neutron . and ~- are not deser-ihed to arly
accepta.hle aceuraey in this Base . \\-"e Rote furtllerrnore that the fitted i a.lues for tlle
leading order couplings vary colrtii(lerahly among the different fits . Regarding these
as indicators for convergenee, Eve agaln find that the result ls muc'h closer to
tlle fourth Order fit than the 'C7(r1'Carle .

-ac fourt,ll Order, we ca .r1 compare t,}1e two predictions for die t,r~insil,iorl morner4
lrl

	

l_loth

	

eases,

	

ue

	

have

	

iilc:llcate(1

	

t,lle

	

L1 TICPY't, dlrlt,y

	

J t,}lese

	

predlctlorls

	

Cltte

	

Co

	

the
estilnated uncertainties of the couplings G~i .7 7 fl i, 1 . which turns out to he muck slnaller
than tlle experimental err-or of

	

= 0.08, lt is reina.rkahle that the prethetion für
this physieal uuarltity is so stahle under varia.tion of b91,10

/
11 , altllougll the fit values

for the individeal couplings given in Table 3 .1 vary consideralaly. While the lleavy
barvon result is alxaut t -wo standard deviations raff, the relativistic; orte

	

1.006±
0 .0[]8 n.m .) yields exa,etl the ( "xperiment .i l result (to h(" precise, experim("llt.a,11~- only

is kn(wn) . Oliven the errors in

	

a. bette( experimental determination
would be desirable . We nute filrthermore that, while the vahics for tlle Zeading-Order
T11agTlet1C: coul_rlings 1a{ra,r are fairk' caose in the two differente sc}fernes ; t}lose for the
SU(3) breakirlg couplirlgs show rlo similarit> at all . This clear'l%' displays t,}1e fact t,ha.t
1~rrz corr'ect,ions to the va.riotrs loola dia.gra.rns a.re sizeal_ale everl beyond four't}1 orc:ler .

3.4 .2

	

Electric radii

The eleetrie (or eha.rge) radius of a.ny bar-von ls, accordiiig to h:q . (3 .3}, giveri lay tlle
surre of the Dirac; radius and the so called Foldy terrn.

(r

	

) _ ( .7.2

) + :
3

	

(3 .10)
2 rrz~

1'henoineaologieally tlle Foldy terln is henee well knowii ,for cal gruund state uctet
1~rx.r'~nras frone the experimental inforirnation Carl the nlagnetic nionlents . What rernains
to be l:are(licted froin any kind of theory Car nlodel, as independent quantities, are
the Dirac radii. NN ( " ha,v-e therefore alwa.ys repha.c "ed the chiral rc"pr['sc "Iltta.tl(lil of the
Foldy terrn by the exact vahle given by ("xperiment . This ls legitimta.te a.t. any chiral
Order, ta.s the difference is alwa,ys subleading . Doing otherwise would partly import
the ~~ell-kno~~ n problemaJe corlvergerlce properties of' die magrleCic mornents to the
descripliorl of t,he electr'ic ra(-lii .`~ _

Tlle chiral representations of the electric ; radii of the barvon ortet. lxath alt third
and fcaurth Order. involve exactly two lcaiv energy constants, (1101 and (1102 . These

'~"'This ran even entail, in our opinion, misleading cot7('ltlslons : the }nage dertiplet effects an the
charge raclii found in [PR.ZOI] in sonle cases stein fron the Foldy Lerln, hence haue not.hing Co clo
wich iritririsir,ally rrdrrtrir: properties caf thc baryons . It should lae notcxl ahmt in m. coinpara.ble SLJ(2)
sttidy, only minor effects dtje to the A resonance were found [BFi1M(JS] .
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Tahle 3 .2 : Prec_lictions for t}1e eletaric ra{-lii (r'_u) [Cm 2] . T}le va.rious lfest-lic values for
tlie pertinent courlterterlrns rl 1o ,, (11 n2 are gü-en a5 well (in uaits of Gel'') . The exper_
llnental values for' the proton and neutr'on are tauen fr'orn tlle dlsperslon tlleor'etieal
studier [111111)96 . H11L)96] . Tlle errors for tlle relatlvlstlc fourtlr Order predietiolls
tlishhty alle untx~rtainty dt.le to L~~} ~iill . The errors fctr the experinlental E- radius
valtles r~efer to statistical (firnt) antl systernatlc (second) errors .

call readily l:x2 fitted to the chargc radii of proton antl neutron, such that all otllers
ctIll lte hredictetl . Taltle 3 .2 slloiivs these predictions for third antl fourtlr order~
c..~t.lc..tlla.t.ions . both in thc hca.ti- -haryon and the infrared regularisation formalism .
The fourtlr (:altroh shows the predlctlons according to the fourth Order relativistic
calculation togetller witll errors whic.h reflect samt" theoretic.a l une.crtainty : even witll
t}1e Foldy ter-rli fixed. sonle Llrieert , altlt~' irlller- il .ed frorn the (lescril)l.iorl of lhe rrlagnetic.
rnorneras retnalrls . Trldeed, thoug}1 kinernacically stlppr'essed (i .e . of hig}ler than four'th
order 111 strlet chiral Power couating), tlle loop corr'ectlorls to tlie anolnalous Irlaglletle
couplings, nee diagram (10) in Fig. 3.1 . contribute to the llirac r-adius. 1Ve ernploy
the va,hles for bn / F ol-)tained froh the pest. fit to the magnetic moments at fourtlr
Order, b" = 4.21 and b' = 1 .64, Sec Tal-)le 3.1 . In Order to get in estlmate of thc
tirlcertaint;> due co t}lese T,FCs, we agalrl ass urne a.rl error- oC a.lfout lla1C o l' the charlge

DITwhen littirlg thern ac thir{-l arid fc~urlh Order, tlius assigning Abt.

	

= 0.5 . Ta.lfle 3 .2
s}1ows that- Lhz.s urlcert,aint~y is (relalivel,y) gnwIl, as woul{-l he expeaed . lle ~~oulc :l

I HB IR

I 0([J3) O(q4) 0l(I S
) 0 ([J

4
) exp .

r3 0.717 0 .717 0 .717 0.717 0.717

-0.113 -0.113 -0 .113 -0 .113 -0 .113

1 () .14 (1 .0[) 0.O :i (1 .11 0 .02

0 .59 0 .72 0.63 0 .60 0 .02

-0 .14 -0.08 -0 .05 -0.03±0 .01
s'.- 0 .87 0 .38 0.72 O .f37::L0.03 () .61::L0 .12 ::L0.09 [Sc01]

0.91f0.32±0 .10 [Ac199]
70 0 .36 0 .08 0.15 0 .13iE0 .03

017 0.75 ().56 0.43±0 .0-)

M:° -0 .10 -0.09 0.00 0.03±0 .01

tllo, -0 .84 -0.34 -0 .44 -0 .15

d102 1 .20 1 .64 1.5 7, 1 .64
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like to stiess however that, this error, orlly iilflicates orie pa.riicular efect . Arl estimate
of the coinplete uneertalnty due to hlgller order contrlbutlons ls ha.rdly feasible (or,
due to tlle appearance of rlew unknoZVn coupllngs, lndeed lrilposslble), f lnally. tlle
uncer'talntles due to the E':Gf]E.'I''L7rZE.'IZt[Il errors on tlle 1nagnet1C inolllents entering tlle
Foldy terin are yet clne Order of nlagnitude sinaller .

Witl1 regard to convergence ornlv, i.e . exc;lusively to the nurnerical changes when Boing
from third to fourth rüder . the infrared re--ularisation scheine vields Overall cclllsid-
erable ilnprovement over thc hc" aa.~-~T-halrvcln results, especially for .1, s'. , and .̀° .
This ilnprovement can also be.. seen in the hehavinnr of the fitted vables clf dl() , and
dl()?, also glvera lra Table 3.2, uhich are more stable in tlie rela.tivistic scheine . W}la.t
is more important thougll ls tllat loth (,he absolute values arid t,}le trends within
the two scheriles are elltlrely different für sülrle hyperons, Eg, für tlle ~.: radlus,
the üaly hyperoll radlus oll ~v111Cl1 experlinental inforinatron exlsts, tlle lleaiwv 1]arvon
tia.lues are " very stalle at 0,87 11.88 fing , l)ut devlate sizeably fi'oin the radius gltiell
l y tlle SFLF,X (;ollal)oration [Scf11] . ((r L' ~~~ - 0.61 :h f1,12(stat.) ± fl .fh3(svst.) fin'-,
(the piorleering ~ T_ 853 ineasureinent [Ad99] is not llrec;is(2 erlough to fwor any of the
theoretlcal predictlons) . In the relativistic scheine hcl~~Tcier, the third-rüder vaa.lrle is
alrendy within this crror ringe, ivith the fclurth-rüder one even (loser to the central
vahic.

	

Silnilarly fnr the other c.harged hyperons E 1 and - . the fourth-rüder c.clr-
rections zm , rea.ge the tllir{-1-Order predictions irl the heavy-bar,von c:a .se . but. rEad2~ee
thern irl t,}le relati~fistic scheine. M-e also nute tllat onl,v tlle relativistic 1_rr -e{lict-iorls
show ihe laier-a.rclly in the size of the electric radii exfrect,eca Crom naiKfe (Itiair'k mo(lel
conslderatlüns, «r'L)2) > ~(?"E} )2) > ((r'L ) 2 } .

	

Tlle s1Gea1]le dlfference between tlle
and >

	

raclll at thlrd Order in the lleaiwv 1]aryon scheine Es largely reduced in tlle
relativistic results, leaa~-illg only a 1[)'X~ effect a a ,t fourth Order . Fclr the neutral hyper-
ons, all predictions are consistent aa,s fair as the signs of the radii are cxlrlcer'ned (witll
tlle exception of tlle raadius cif the .1 üca transition forin faac;tor), yielding positive radii
fnr the i-l and .̀° hyperons . and a negative radius fclr the s' ° . Quantitatively, thc
relativistic fourth-rüder calcnlation predicts radii of a. sie very silnilar to that cif thc
neutron for _1 and °°, a a.nd a. s`° radius cif abnnt another faetor cif 3 slnaller .

To corlclu(1 e this section, we would 1ike to coininerlt an the issue orSL.(3) 1)reakirag in
the electric radii . Ira cont,raist to tlle caletilait,ior1 oC ihe magrleCic mornerus to Co~urth
Order, tlle electric ra.dii to this Order do not corntain ally Operators which hrea.k S U(3) at
tree level (colnpare the LECs (i l -,1, ;ß, in h:q . (3 .8) in the inagnet1e sector), therefüre
all SU(3) breaking effects are created 'dynainica.lly' via inass spllttlllgs in tlle loop
diaagraalns . Tlle leading (wand dorninating) effec;t is tlle pinn kann nlaass differenc;c . MTe
reinind the realer thaat SIJ(3) sylnnletry would give the llyll( �roil radii in terrns cif the
proton/nealtron radii ac.cording to
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Tt, is ol)vious that, SU(3) hr'eakirlg c-lue co t,}le ],arge ka.on mass charlges this pattei'n
collsirlera.hly . exaet SL (3) predicts ((7'r )'} ((7'~ Z~'h1C'll 15 I'evel'seLl in all four
Cl1YT results presented above . 111 addition, it changes the sigle of all charge radii for-
neutral llvperolls . Tlle size of tlie additional St : (3) 1]reaklng due to the inass spllttiIlg
in die barvoll octet, See diagraues (:i*} (7') in Fig . .`3 .1, can 1te Seen lay colrlparing tlle
predictions at third and frn.lr'tl1 order in tlle r'elativistic fr'~ilrfcivorlc, the change 1teilig;
mainly dtle tot there mass diff(ren(x~s (in f~f .( , t . in terms of strict c.hiral power counting,
thls is the only ncw effcct a.f. fcnlrtll order apart from lln~, corrections to third order
loops) . The net. eff("c.t is a . further moderate reduc.tion of the ( "h.irged llyperon radii .
Among the neulrn .l f)articles, only the 1 ra(-litis sho~~s a si/eahle c.ori -ection . Goirlg to
fiftll oi-c1er, one uoulc1 ob tain a lai ,ge a inourlc of ad (1itional SL:(3) 1 rea.king effeccs (e .g .
in tlie Ineson ltarvon coupling constants or 'explicit' breakillg in tlie elfarge radii via
contact ternls) none of which is quantifialtle to sufffeient a.ccuract-. 1'Ve tlnts regard
our' (four'tlf order r'elativistic) predictions as the best Ulfe ls evel' likely to achieve 111

any C1fPT approach. ..

3 .4.3

	

Magnetic radii

As tlie electr'ic radii, tlie lrnaglletie radii at fourtll order inelude two para.lneters (la-
beled 7J1in h:q . (3.8}) wvllicll can 1)e fitted to tlie respective proton and neutron data
(takele leere froln tlie dlsperslve analysls [111111)96, H111796]) in order to yleld predlC-
tions frtr tlie hyperons . However, in , contrast to the electric rase . leere loops propor-
tional to roher mattleer poorly known LL(.'s (llst~lnill) contriltute sigllifi(.~illtllr. As there
are not further mensurements of m.igneti(°. radii ivhic.h would allo«T to fit fliese . thc
morst transparent thing to d(t is tot indicate the lin( "crt.iillty following frone this poor
lcllrtivledgc . Ti.l-)lc 3.3 shoSVs thcsc llil['['rt~f.lntl['s . bascd olle hril = U- GcV 1
(whicll are assunled co be Llrieorrelat, ec-l errors) . Again . thls ls otlly one ltartic.ulai - ef-
l'ect a.rld {des rlot rellect all possible trrlcertaint,ies c-lue co higller-order, c:onlril-~uliorls .
In adrhtion, errors oll tllese couplings were also olilv r'ouglilv estlrnated, such that
tllev Gould even lte ]arger .

Never'theless, ue corlsldel' tlie en'ors ltl Table 3.3 lrl(llcatlve enoljgll to state that,
tlie IrlagIletle radle eall 1]e pi'edieted ollli° to Inuch lowei' accur'acti than the eleetrle
olles . Glvell the s1Gea1]le uncertaintles, tller'e 15 Ilo slgrflfiearft dlserepancv 1)etweell
tlie lfeavv 1)aryon aIld tlie relatlvlstie pi'edlctlolls (wltll tlie exception of tlie
The gerleral treud ls ;i11 1ncrease (lf lebst Irl2igllr.'tl(' ra(111 in the reIativlstlc scherlle
c(unpared to the lleavv bary(ul results, where the central valtles are surprlsingly sinall
for solne hyperons (1 . ~ cy ) . The vtt,lucs frtr tlle L>rC"s rf l , z , h(tGvever, are cxtrnlaletcly
different. . Thls lndlcates ]arge ST-.- (3) synunetric. loop contribtltions that ha,i~-c to etc
canceled by there counterterms . This does not come aas a surprise if olle rem(,mbers
what is krlo~~!rl a.1 out loop c.ont,ril)ut,ions co tlie tllagtlet-ic: rnornerlt,s . 1oce thac wich
regard to tlie values Cor, tlie SU(3) breaking tenns in t,}le rnagnetie mornents given irl
See tion 3.4.1, no7ae oC t,}le fc-)ui- c}1-oi - c-ler c.ouplings can be fixed in agreeinent witl1 bolz:
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Tl.ble 3.3 : Predictions for the magnetic radii (r ,l~ [fm2] . The various best-fit vallles
for the pert,irlent courlcerterms 771 . r~z are given as well (in urlits orGeV ') . Tlle er-rors
(1isplay tlle trncertainty (tue to Abi/

scllernes . Si. (3) breakirlg is ]arge, as a cornpletely S1-(3) srmmetric trcltrrient of the
rrltigllctic forril factors (rnoril(~'rlts (J.rId radii) would lrillaly
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1n c.ontrast to tllese, tlle values in Table 3 .3 sl1o~~ no clear patf,ern . Tlle TTI,.gilet-ic
r.a.dius of' the r- is rern~~rk,.lfle in heing rauch ],arger than all other ra(-1ii, electric or
111~ig11et1e . Such a11 effect, alheit less dramatie, is also foulld i11 tiolile Iattlee Studles.
See e.g . [L,fi; ll91] . (This Study also predlcts relatiVely Small 111agiletie rac]ll for n arld
,z - as we do, tllougll not for tlle >'°.) As i11 tlle rase of tlle electric radii, 1111provelliellt
of thesc hredi(;tions in the frumework of Cl1PT is hardly feasible as higher order
[.'orr'(.'['tl(1r15 wollld in(;ludc munerous 1.rrllCrlow11 S1- (3) hreaking cffc(;ts.

3.4 .4

	

Q2-dependence of the form factors
111 the previous cl1~ll_rter, it uas shown ch,.t the complece relativistie chiral one-loop
representation ihils to describe (,}1e Q,-dependence of' f-}1e ]arge' Cor111 factors (i .e .
those noc vanishing at Qz = L}) alrea.dy at rather lou Qz. :gis , . reme{-1 ., it, was

0«1') HB I I esp.

p f)M9 0 .699 f)M9
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Cleiilorlstratef1 chat the inclusion ol' CI~'rlaiillcal vector rnesons, L]sed iii atl arltls. iiir71e(,i'IC
tensor representation and coupled to llucleolls/piolls/pllotons in a. chlrally invariant
fatillioll, vields a i ert- good description of all electrolnaglletic llucleoll form factors
up to about 0 .-1 GeV'. Certainly, in Order to ohtain reasonable predietlons for tlle
Q2 dependence of the hyperon form factors, orte has to 1)roceed likewise here . Tlle
rlecesstl,ry formalisnl and tlle definitions of all pertinent couplings were presented in
great det~l.il in Sec.tion 2 .4 of the previons chapter. Uf course one has to i.ssiime SU(3)
symmetric rector meson couplings to the baryons, which are then flllly determin("d
hy the ti-ahles for the iectr~r meson nncleon coltplings as given in [ÄIMD9ti] . As these
transforrrl iii the sanle 11'm- as the contact. tenns, rel)la .cing haart of die latl,er hy
e plicil vec.tor rneson corltribLrtions an cree level afFeas iii rlo the predic.tions I''or
tlle hyperon ra.dü. \ote that 5t: (3) hreaking in tllese coupllngs ls certa1111V there. but
heyond the Order' we are working at here. l urtllerlnore, nothing is kno«Tn elnpirically
ahout such symnletry breaking effects .

N

N

O

a w
ü 0.9

0.8
0 0 .1 0.2 0.3 0 .4

Q2 [GeV2]

Figure 3 .2 : The Proton electric form factor iii SU(3) (solid lirle) arlc:l SLf(2) (dashef-l
kille) relatlvistie 1]aryon chlral perturbat1on theory 1neludlng Vector rrlesons, dlvlded
1]V the dlpole form factor . For conlparlson, we sliow the dlsperslon theoretical result
(dot daslled lille) and tlle world data ai-ailable in this ellergy ringe.

The fcnlrtll Order results for the elec.tric form factors of Proton and neutron. ill-
clLr(ling vec.tor rneson effecis; are sllo~~!rl iii Figs . 3 .2 an(:] 3 .3 . resl)ectively, the I''or-
rner di~ i{-1Pd r~y the dipole I''orrn I'ac.tor . For cotrlfrarison we ullow die egtrivalerll,
SU(2) result,s calcula.ted iii (,}le previous c}lal)l,er arid die {-lispersion l,}leoretical fits
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Figure 3 .3 : The rleutrorl electric for'rla fa~c.ior irl Stf(3) (solid live) ailf-l Stf(2) (Cla .uhef-l
lille) relatlvlstlc 1]aryon chlral perturlaation theory including rector. IllesOlls . Also
gii-en is the result of tlle dispersion theoretlcal ana.lysis (dot daslled live) . lVe ollly
shoN the rnore recerlt data as glven 111 [Ed9-1] .

frorn [1IMD!)fi, IIÄIDS)6] . In laoth cases tlle difference between tlle S1-(2) and SU(3)
descriptions is i-cri- small. though the St;(3) one is slightly worsc . From such Small
diff(renrx~s raue concludes that not mach room is left for a. strangeness contrihution via
lia.OTl loops; as slrnple rnesorl clotul rnodels seein t,0 inCIIcace . Strarlgerless as hi(IClerl
1Tl the C,;l-rTlesOrl cornporlent 0T' frorn higher TTla.u s states erlco(ler-l lrl the valtle Of the
LF(ys ulcll ilcl2 catlnot be separate(] l'r'OTTI t,he a.rla~~~'Sls presentecl hexe .

	

To corrlplet-ely
dlsentangle tlle strangeness contrlbut10n t0 a glven form factor, a füll flai our decolrl-
pos1t10ll 15 IleC'essail't'. For that, one also ha.s to ca.lculate the singlet form factors slllce
tlle electrolnagnetie currellt 15 orlli° sensitive t0 tlle octet colllpollellts .

Fig. 3.-1 sliows tlle eleetrlc form factors of all charged hyperons (those of tlle negative
ones wltll slgrl rcvcruc(l} . They all ulloii~ a Q' dependence qualitatively sinlilar to that
of tlle proton charge form factor, tlle quantitativ(' (lifiercllce laeing (Ilse to their different
sizes as deterrnined by tlle radii. In all cases, the vector rneson r'ffr'('ts contrllaute a
large pari of the r:alr~-~a.talre which is far too Small for the Proton in a. purely chiral
rc'pr['SC'Ilt~a.tlrail . The neutral hyperon form fac.tors are shown in Fig. 3 .- in c.omparison
to the rleutrorl elecaric. forrrl factor . Sirrlilair co ~~lla .t wa.s fc~unc-l for, die latter irl the
previous c.hapter, t,he vecCor, rnesorl elfects largel cailc.el I''or all charge form faccors
J neutral hyperons .

	

Apart I'rotrl die Tlelitroti, only the

	

1E) t,rainsi(,iorl I''orin factor
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Figur-P 3.-1 : Predictions for tlre electric form factors of the chargcd hyperons E.- (dot-daslred
line) . E- (solid line), and -- (daslred line) . For tlre latter t.wo, the absolute value of Gh,, (C2 }
is sluown . For cornparison, we also show the proton electric- forrn factor (lang daslred line) .

N

N

W

W

0.8

0.4
0

	

0.1

	

0.2

	

0.3

Q2 [G9V']

Figurc 3.:i : Predictions for the electric forrn factors of the neutral lryperons 1 (solid line),
E° (dashed line), -U (dot daslred live), as well as the 1 E° transition forrn factor (dotted
line) . For cornparison, we also show the neutron electric form factor (long dashed line) .
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shows signilicaint, curva.ture. tlle ones for 1 .
terln and display a. liearly linear laehaviour .

For the magnetic form factors. a prohlern occurs Zvhen trving to transfer tlie procedure
to include rector rnesons exaetIv froln the SU(2) to the SU (3) ca.se. 111 tlie forrner,
also loop corrections to the tree level diagrams including vector meson excllaarlge were
caalcallatted . in stritt analoge to loop corrections to tlie leading order nlagnetic couplings
at fourtll order, See diagrams (1[)) (12) in Fig . 3 .1 . IloGvever, in contrast to the SLJ(`?)
ca,se . these loop corrections are 1al;ge in Si;(3), such that there is no reason to identifv
the bare couplings ivitln the ones dc "termined in a. dispersive analysis . What is rmre,
in contrast to the elec.tric form factors, such loops wotlld lend to additional SU(3)
breakirtg ell'ects iii t,}te rnagrlel,ic radii, >vieldirtg largel . different valttes cornpa.red co a
slrictl >v chiral anal -sis . To avoid these probleins, one Aoulcl Lise vector in esons an cree
level orlly in an St_. (3) analysls, produelrlg predlctlons for the 1nagnetie form factors
ln agreernent wltll tlle chiral predlctlons für tlle Tnagnetie radll .

0

0.9

0.8

0.7

anc1 E° are dorttina.ted bv t,}te radius

0 0 .1 0.2 0.3 0.4
n2

[GeV2]

Figure 3 .6 : The proton ma~gnetic form factor in ST-;- (3) (solid live) and SU(2) (dashed
live) rclativistic. baryon c.hiral perturhation theory inclnding vector rnesons, divided
by the dipole form facton For comparison, we shoGV the dispersion theoretical restalt
(doi~das}led lirle) arld the world data, availahle iii this energy rartge .

Me an]V s}tou the fltaigrtetic. form factors of proton arid neutron (ivide{-l 1)

	

t,}te dipole
form U.ccor, see Figs . 3.6, 3 . 7; again cornpare{-l to tile Stf (2) analvsls iii the last cllal)l,er .
The prot,orl rnagnetic. form fa~ctor proves to be worse above L} .2 GeV2 iii ihe Stf(3)
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a

0 .8

0 .7

Figure 3 . f : Tlle rletlcrorl iila.grlet.ic fc-)rrn factor irl SL?(3) (soli(11irle) an cl SL. (2) (d as}le{-l
live) relativistic harvon clliral perturllation theory including veetor rnesons, clivided lly
tlle dipole form factor . For Conlparlson, we show the dispersion theoretical result (clot
daslled live) alld the zvorld data ava.ilahle in tllis ellergy range . where tlle data points
denoted by squarY .'s (instead of circles) refer to the nlore recent Im'.asurernents [Ä.I~t93] .
The oller data (-,an lae traced back frone [11MD!)fi] .

case . mach closer to the third order enrve given in tlie SU(2) analysis (which also
does not include loop correc.tions to vector meson collplings) . The enrvature in the
SU(3) calculation is slight .ly too srnall to rneet. t,}le da.ta above 0 .2 Gei'' . For the
rleturon, hOGteVer, tllere is hardly ans" diflererlce between t,}le two deserlptlons . The
gelleral observatlon for the hyperons (not dlsplayed hexe) ls that tlle neutral olles, hke
tlle Neutroll, tend to haue stronger eurvature, wllile the rnagnetie form factor~ of tlle
charged hyperons are closer to a purely clliral deserlptlon dollllrlated by tlle radius
terrn, and prohahly sl .lff ,r' fron a slmllar defl[.'lt as the, proton nlagnetic form factor .

3 .5

	

Summary

0 0.1 0.2 0.3 0.4,.,2 [GeV2l

NN--e ha,ic studied the clec"trom~l.gnetic " form fac.tors of the barvon octet in a manifestly
f,orentz irl~'ariant form of'har;yon chiral perttrrhation theory to one-lool_r (fourth) or{ler
ernplovirlg t,}le so-Galle{-l irlfrared regularisa.tion of loop graphs. The pertirlent restrlts
of our itivestlgatlorl Carl be sLltiir71ai- ise(l as follo~vs :
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(3) Thc magnetic radii c.allnot be prcdic "tcd so prec.iselv. again. onc finds largo "
SU(3) breaking c:lue to loorr corrections . Tn l:raeticula.r ; t,}le rrla.gnet,ic mc:Iitis of'
the Z- is langest .

M-e hn.ve aeguec :l that, the clliral expansion oC the rrla.gnet.ic rnotrlerlts in the
relativistic solledle is allihiguous at third Order, such tllat rlo clear staternellt
eall be iilade whetller ür llüt collver-gellce ls lmprüved 111 compar15üll to tlie
heavy barvoll scherne. At fourtll Order, due to the presernce of severl low energy
o;ollstarlts, olle carl ollly predict the .1 Lcf transitioll rmomerlt, 1.61 :h
0 .01 rl .rll . . ill stllrlnirlg tigrccrru �nt witll tllc crrlhiric;all valuc .

To fourtll Order. ollly two LEL.'s tlffeo ;t tlle electric ; ra(Iii . These carl be fixed frorrl
tlle measured rlu,tltroll arid protoll ra(Iii . Always usirng tlie empirical rrltiglietic
rrrornerrts irr tlie Foldv terrll . Eve llave slloivll that the fourtll Order corre( ;tiolls to
tlle electric radii are astonishingly Small . and so are the resulting lznrx;rt.a,intic5 .
Thc prediction for the s' radius agrecs wich thc recent result from the SELE1
collal)orat,iorl [Se0l] . T}le rriorl-k, .on mass difFerence leads to sizeable c:levia .tions
fr'orn flavour Stf(3) s. rlirrlet .r ".

For the clectric. form factors of tlle c "harged particles, tlle pure chiral represen-
ta.tion peovides too little curvattrr -e. With rector iilesorls inclu{lec:l as in tlie
correspon{:fing SU(2) amil%ysis of the last. cha.lftee . die Q'-c:lelferl{:lence of va.riotrs
charged fürm factors 15 glverl up to vlrtualltles of Qz = f) .3 GeV2 , See Flgs . 3 .2,
3 .1 . For the neutral partlcles we find ill general a lange callcellatioll of tllese vec-
tür I1rE'SU1r corltrlbutlolls . alld the resultlrlg form factors für tlie aeutra.l hyperüas
display lcss curvature thall tlie rlcutrorl orte, See Figs . 3 .3, 3.5 . ~~'c do .nett oh-
serve ally sizeahle effects irr tlle eleo;tric protoll arid neutron form factors wherl
golllg fron SU(2) to ST (3) . Agaill . the c'orro'spolldlllg Ill~l~~il['tl(' form factors
camlot bc predicted so preciselv.

Re

	

ond u-hat was a.cll ieve(1 'in thrs c:hal:rter, i t, will be of i nterest to also calculate tlie
sirlglet form factors . This would allow olle to perform a. flavour decomposrtrorn of tlie
varlous form factors alld 111 partleular - to reaaalyse the so called strarrge form fa.ctors
of tlie aucleoa, which are curr-elltly of grea.t illterest alld llave beeil studied in tlie
lu �avv barvoll llmlt ornly [R .IS3i. IIIGIS!)8, IIKM99. Iha[l2] .

	

This will bc attemptcd irr
tlle followirlg chapter.





Chapter 4

Strangeness form factors of the
nucleon

4.1 Introduction
C)ne irnportant questlon yet unsolved about the structure of the nuc1('.oil ('oncCrlls the
contribution of strangc Ctuarks to varions nuc.lcon matrix clcm(,nts . In simple quark
modcls . thc nuc.lcons arc ( "xchlsi~-cl~T madc out of light (uit)- a.nd domn.-) Ctuarks, and
mca.nv of the nucleon properties can be explained eien when neglecting any dynarnics
of l1eavler consti(,uerlts . For exarlil)le, (-his is wllat was dune in Chn.l3ter' 2 uhere
the electr'ornagrle(,ic str'uct-ure of tlle rmcleon was irlvest,igat,e(_l hn.sed an chirn.l St?(2)
dynanncs . However, nothing forhids the dynarnical creation of (vir -tual) s.s pairs in
the nueleon (the influence of even lleavler (luarks witl1 inasses excee(llllg that of tlle
nueleon 15 prol]ably strongly suppressed}, and lndeed thls was effectlvely takeii lnto
acc(n.lnt lar generalising our considerations to chiral SIJ(3) dynainics in Chapter 3.
IIcre . l1oWcVer'. Want to irmestigate strange quark coiitrihtltiorns to olle, SI.)(2(..ifi(~

nlatrix clernent even inore closcly and isolate their effects froh possibly donlirlant
light quark phvslcs .

While strangc quark corntributions in the scalar (ss, sec all (hscusslons alaout die <<N
(r terrn, e .g . [S~t[11]) an(1 ttxittl~-cctor (,s^~~.^~;;s . See (2 .g . rhscusslon oil quark l1Llicities
a.nd decp inelastic lepton scattering in [HBL11]) sec.tors arc non-negligible, stränge
contributions to vec.tor c.urrent matrix elements seem to he, particularly chi-
siti-e . They arc experim( "llt.a,11~- ~a .['( .'.['SSll7l(' via p~a.ritv-viola.ting electron scattering, a.nd
such investigations a.re under, ~~av al . or, have everl been corrlple(.e(1 hv tlle S-aIVPT,F
collal)orat,iorl at `ITT-Bn.tes [Sa97], die HAPPFX [Ha99] and G(} [GL}] experiments
at .l efferson Lab (plus otller approi ed experlinents uslng protons and ligllt nuC1e1 as
ta.rgets), an(1 the 11A11-1T XI experlinent in Mainz

Model predictions for- these quarltit,ies vn.rv all over (-lie hln.c:e (for- reviews, see [IIiu94,
HBOI]) ; such tllat moc_lel-inc_lelfenr-lent predictions frorn chiral perturl_aation tlleor -
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~voul{:l be higlrly c:lesiralble. However, as poiraced out. irr [RT97], boc}r tlie utY'a.rlgerless
Inagnettc InoInent p.5. = Gn:r,s([7) and the stränge electrie radrus
G (IIC,'F, 5 (t) Idtlt-a contain nerv-, unknowri low energy constants at leading Order. This
rs basica.lly due to the (acclclerital) fast that the electroITragtretie current für tlte three
ligltt quarks is traa,ccless in flaa,vour space a,nd therefore not sensitive to the singlet cotn-
ponent of the vector curreut. while the Strange icctor current . in ternrs of au SU(3)
rIccomposition, ref "cües c.ontributions fron the 8-f "omponent of the octet current and
from thc singlct (barvon tnamber) current .

_

	

-

	

{ ?L"r'L ,,?L + f~"r'Lr. f~ - 25^r'L,, .S~ + j { LL",~~ a?L + d..
~~ a d + "S'"Y~,yl

	

(~1.1

Tn [Hl~`fS98], it ~va.s slrowra thac thls is lra lfriracilale difFerent l''or c}re thir{:l leading rno-
12rnent oC the strange vecCor, rnacrix elernerrts . ihe strange rraaignetic. rac:litis

	

_l) =
GdG;1.~,_5(l)~dl~c n (rrote ihe urrc:on~"errtiona~l fle(iralt,iorl : one does 7~ol, c :livide r~y ihe
[uaiknowzi] Strange tnagnetic aiiozneait), which is at leading Order a laure loop effect
and can therefore he una.rrnbiguously calculated " 13esides being an interestilig uuan-
tity in its own riglrt, thc authors of [IIMSS)8] crnpltasiscd that thc knowlcdge of thc
t flel:x~nder>ce of tlte ntagnetic form factor (and therefore the stränge rnagnetic ra,-
dius, ats lang a a ,s t is sinall criougli that curi aturc tcrnts can safcly bc ncglcc;tcd) is a
prercquisite for thc c tra,ctiran of the Strang[' magnetic molnent, aa.s G~,��s (t) is e..xpcri-
mcnt.tlly accessible in paritv-violating elec.tron scattering only for finite.. t wand has to
hc c tra,pralaa .tcrl to t = Ll . Using thc result from [HMS98] . this was donc in [HKlfh39]
irr Order, to obtain /L.s Crorn tlie S-aIVPT,F result Cor C;v._,(-0 .1 Gei''), and tlie fir'st .
H_aPPFX r'esult-s 1vere L]sed to (alf)laroxirnatel ") pin do~vrr the low-eraer'gy consCarrt irr
tlie Strange electric radius .

In thc light of thc r['slllts of thc prcvious chapters, onc might rast doubts at thc
nLrrneric:a .l ~"ali{:litt" oC ihe lea( :lirag--lool) resLrlt . Ute Coura{:l tlrat both 1~7rt corr'ect,ions
atad coUracertenn cotatr11)1itlons to tlie rnagraetlc radii a.re lauge, arid orae shol]ld expect
a slnnlar bellavtour also for tlie Strange Tnagnetie radlus " Colng to next to leading
Order, one clearly faces tlie satne probleIn as für tlie Strange Tnagnetie InoInent and
tlie Strange electrie rachus, he, tlie result will be non prechctii-e beeause an unknown
uew cncrgy cortstaa,rit associatcfl iivitlr the singlct rnagnctic radius has to bc in-
cludcd . Despitc its lirnlted experimental significaa,ncxa riglrt uow, die invcstigatiou of
such higher ordcr corrcctiorns is howci cr of tl>corcticaa,l intcrest, if only for an cstinratc
of the rcliability of the lcading result . Moreover . once many new low-energv data,
points are atratilaa.hle . this improicrl representattion will hell-) to make aa . consistent and
syst-erraait-ic analYsis Ceasible . _a study oC this kirr{ :l irr the Cra.rne~~ork oi' Ile2iv~"-l:aar'von
clair'al perturlaation tlreor - has verv recerrtly been corrduct.ed [Hai02], ue l:aasica.llv .. re-
cover tlrose results in c}re heav -laa .r "on lirnit oC c}re infrar'ec :l r'egLrlar'ised loorr resLrlts .
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4.2

	

Lagrangians for the singlet vector current

In order to studv the form fac.tors of the stränge vector c.urrent matrix clement.

(N(p')

	

N(p)i = v.(p')

	

^E~.F`l,,s(t) +

	

F2.,(t) ~ u(p)
2rrr" ,,:

the ha . ;ra.ngia.ns Fqs. (3.5)-(3 .8) haue to be rnodifieca arid a.mencaed ira the followirag
serise : we raow have to allow for veccor Fields a non-~"araisliirag trace, so all Field
screrigth tensors i ri the ter-rns written dou n so ihr shoul(1 be repla.c:er-l l=),- tliei r' t, r a.c:eless
Parts " TRsv -~ 1" ,[ae, -

	

(F,) " and adchtlollal terins haue to he lntroduced involving tlle
trace of vector fields, hoth in the cova.riarnt derivative, Ur,B = r9r,13 + [l .r, " 13]

	

)B,
and

(4.2)

Note that M~ agaln corresponds to a rluarli mass renorinallsation of the learhng term
b° in complete annlogy to Ect. (3.9) .

4.3

	

Results and discussion

111 contrast to (11

	

i,C~2 and r~, ;'2, crr° o ", anrl r7 (, are aetually finite and scale lndependent "
Not so the lllgller order te1T11s for the singlet magnetlc nlonlent, llo~~-ever . The .3
functions for these three crn.lntcrterlrls (^,;l ;z . l10} ctlnnot be disentangled by rendering
only the stränge magnetic ; form factor (or, egllival( �ntly . the singlet magnetic ; form
factor} of the llzlclecul finite, such that Eve llave considered the singlet lnagnetic form
factors of all tlle ground state barvons . The reslllts deduced ther(,from are collected
in App. A.=).

For r "omplr"teness and rensons of comparison . we here Write down thc lcading terms
in tlle hea,vy-baryoll c pallsion of thc lending strangeness moments. NN--e cxpand thc
sCrarage rnagnetic rnornern arid t,}ae strarige elect,ric radius c.onsisteritl%" up to fourtla
order, _

1~ .~

	

=

	

I .r,(2 ) +
Ir,~.

;} + 1 ,5 1)

	

(4.r}

riR 8rn
(4.3}

(s), i" r1 l
27r9 J

G(1)4
riR

(4.5)
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Ll'ller'e oC cotlr'se otle Las

(rernernber h.
s = i~,) . Due to the special interest in tlle quality of the expansion of

~ 7 ' t . .J .. wc eti"en Write down the partial fifth order result comin-- from 11rn correc.tions
in the infrared regtalarised ca,lculation,

wher~c tlle index ;(5*)' is nrearnt as a rerninder that orre would of course find additional
contributions frnm two-loop diagrams a.t. that Order . The different parts are given as
follows .

,7 - M + ~
3

	

6 ~
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(4.1.`3)

While the fourth-Order contribution to the m.agneti(,.. moment obviortsly contains
largo.. rnamber of terms . the ncxt-to-1( � a.ding Order correc.tions to the electric radius
ar'e rela.ti~-ely simple arid entirely giverl )y Ibn. cor'r'ec(,iorls and ell'ects caue co the
llyper'oll-rll]e'leorl ITlass f :l11TeY'er1C:e :

a.
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uhere we llave used tlle a13brevlatlons

	

rrz;~/s = rrz ;, ;s - M;y . Finall, we show the
formula.e für the Strange lna.gnetic radius :
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- _llk_
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(1) + 3F)iArrz_2 + 3(D - F)2

	

M~-
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(-1 .18}

The results of Eqs . ( "1 .13), (-1 .11) differ in solne places froln those puhlislled in [Haf)2],
where several polynünnal type colrtrihutions witll fixetl coefficients (llm. cürrectlolls
111 the striet Sense of the Word) haue 1]een lumped lnto cüunterterlns (posslblti not
always consistently so) . a,nd anass Splittings in tlle barvon üctet have been neglected
altügether . FurtherrTn)lY .', nü effort was Mulde to diffclelltiatc betweell tlle t1lree ccn.ln-
terterlns viclding rluarlc mass renormalisations of tlle singlet magnetic moment, "y1 ;2

were omitted . F'or a. nnmerical aana .lvsis, ive concentrate (lll the ma,gnetic radius . for
the reasons expl~a.ined abnic . Thc lca.din---loop (third-order) result that has becn used
to ext,r'a .ca t,}le magnetie mornent Crorn tlle magnecic form Cactor at finice f amounts to

(7'All's){1) _ -01.115 fIll2

Thc fourth-rüder corrections are, at a. scale of the a.vera,ge barvon mass A = nz. .
posslhly domin~a.tcd hy counterterm contributions . we find

(r .r .,y) { " _ [-(1.(11[l + f) .875 ~rJo - t7~
+'

3

	

~Ge~ :31 fnl'

The loop c:onlril:~uliorl (~v}lic.h is noc unambiguous due to t,}le scale dependence . oI'
course) is composed J +D .007 I'm 2 frorn loops with fixetl coefficienls and tlle sta.rldard



82

	

Chapter 4: Strangeness form factors of the nucleon

axial coupllngs when rleglectlng clle bar.yon mass spllttlng, tlle latter induces a shlfc
üf +D.D2 i f1n2 . and the contributious proportional to tlre couplrngs witll
tlle estlrnates für tllese sternrnlng frorn resonance saturatlon argurnents . a111ount to
-CI .Cl-1-1 fin' . See Table 3.3 für typica.l i-alues of the couplillgs 171 ;2 : it is ohvious that
for c.g . r7U = [) (thcrc is no good rcason to assurne this), the nlagrlctic radius Wollid bc
dorninatcd by thc cüunterterrn corltrlbutlons . What is, thlnlgll . cvcn nlorc intcrcsting
is that tlic 1~r~~-cnrrcr "tir~ns yiclrling tlic partial fifth-rüder Part . are fotlnd to bc

These are scaa.le-independent and therefore unambiguous, and constitute nrathing innre.
than kincmaa.ticaa.l corrcctions to the vcry samc lrxap diagrams that prrxluce thc para.-
mctcr-frcr" lending-ordcr rcsult . These fifth-rüder 1/rr?. correc.tions nlnnc. which
s}lüulc_} be suppressed hv c,wo orrlers in tlle chiral courlcing, redixe c}le lea~c=}ing-Order .
result r~y near- ],%y 5UI~ . "Neglect.irlg`'' c}le barvon mass splitting, orte would even finc_} an
oVereor11pe11satloll of +[7.13 f frn2 . wlne.ll dernünstrates aga.in that thls mass sp11tt1I1g
is an ilrnportallt higher Order effect . Addrng all mtlnbers für tlie rnfrared regularised
result togetller, we arrlve at

r-2 ,

	

0.012 + [7.S r8 (TI, - r7, +
112

	

CeX :3
+
0 . 00 , bl' j

	

fnl'

	

1.22

again für a seale ,1 = rrr., anrl we llai-e used the central values for bfroln Table 3 .1 .

In Fig . 4 .1, wc havc plottcd Gel�� (C2 ), oncc fitting the Strange I7laa~gil['tlr' molnent to
the SAMPLE dato. point, oncc sctting it. to zcro, in botli cascs cornparing the tIlird-
ordcr hcal .ti- '-baryon rcprcscntaa.tirall to the fourth-rüder rclatiti-istic onc dcriti-cd albnic .
va rvirlg the unknowrl lo~~-energvy cünsta.nl, r1 () Crorn -1 to + -l . All other constants
ha~ve been talken Crorn the analvsis of the barvon form Ca{Mors, in lfairtic.ular- r1, 72 ir-orrl
tlle relativistic fit i11 Table 3.3 . The left panel i11 pa.rticular is (-lose in Spirit to an
equivalent plot in [Haü2] . O11e notes that tlle uncertalnty due to the singlet Inaglietie
rarhus constant is larger leere, wllicll is due to a factor of 2 differerlce 111 the defrrlitioll
of this ternl (i.c . at iariation 0o) = f1/2 would look (-loser to thcir plot) . Front our
aanaalysis, die thcorctical unccrtainty in cxtraapolating the SAMPLE nlcasurclncnt froln
Qz = ().1 GeV' to ti-anishing momenttlm traa.nsfcr appcars to he. aa.pprnximaa.tcly a.s largo
as the cxpcrimr"llt.a,l error. and llo va,hlc for thc straangc magnetic moment betwcen -1
and +1 can be.. cxcluded . Thc right paancl Shows that . assumrng a. vanishing strangc
rrlaignetic. rnornent, tlle whole strange rrlagnetic for-rrl factor is consistent

	

iero (as
is of' course the SA-N'IPLE da.ta point), but tllat tllere is a wide Tange of l_roterltia.lly
allowed val ues.

	

-
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ä

0.5
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Figure 4.1 : Tlle strange nlagnetic form factor of tlie rll.l( ;l['.(lrl, theoretical predictions
versus thc SAMPLE data, point [Saa97] . The smaller error Kars rcfcr to thc statlstlcal
error only, for the larger crror bars, statlstlcal anC1 sy-stcmaa.ticaa .l une'('rtalntles haa,Vc
bccn addcd in quadrature . In the lcft pancl. thc Strange magnetic momcnt ha.s bcen
[iCted such as to r'elfroduce the S-aIVPLE valtle, in tlie right, panel, p. ., Las been sec
to /ero . T}le fall lirtes cor'r-eslforld to C}te pararneter'-free representaCion obtained
in [HÄ-1S98] in the lleavy laarvon forrnalisrn at third order, daslled/(lot da.slled lilles
to the fourtll order result witl1 iafrared regularisa.tion, setting rjfl = -1/1 .
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c ha .ti-e investigated the higher-order rx~rrertirlns to the third-order heavy-barvon
results for the strangeness form factors ruf the Iltacleon by performing a. c.omplete r(1a1-
titi-istic one-loop c.alc.ulation . Thc strangc magnctic momcnt a.nd electric radlus c'rlll-
ta.in unknown lo~v-energv consta.rus allrea~c:ly at lea{-fing order such cba.t }tiglter--or-c:ler
correccions are not of very- hig}t l_rherlornerlologica~l irt(,eres(, M, the mornent . In contrast,
tlle leadillg result for the strange magnetlc radlus ls a pararneter free predletlon, and
we haive 1nVestlgated the stalaility of this pre(hction lay takillg tlie llext correctlolls
nlto account . Tlle concluslon leas to agree wltll the one by the a.utllors of [Hai.(l2] . tlie
cffccti~-c ficld thcory result for tllc strang(.' Ill2agrl(.'tl(' ra(hus is only formally dorninatcd
by a, loop contrilnltioll that call bc unambiguously- c;atlc;ulaltcd, but 11ra (;orrcctions
to this lrxlp restalt aa.rc largo, and significaant ran(°.cllaa .t.inns talge place. c find that
the nulnerical va,hle fror ~7 1,~ . .5y is really unknown from this theoretical analysls . C)nly
with the arrival of sei-cral ti-eryT precise low-energy mcasurements rlf the Strange icctrlr
form faccors ca .rt we bope to better disertcangle tlie clill'erent mechanisrns contribtrtirtg
to t}lese rnatrix elernents.
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Pion-Kaon Scattering





Chapter 5

Isospin violation in pion-kaon
seattering# l

5.1 Introduction
The quark rnasses allow to consider various approximations to Quantum Chromody-
narnics (Q(.'D) . For thc r.° . b, and t rluarks, thc nrasses arc so largo that an expansion
in inverse powern of thesc nrasses can be perfornred systernatically. This leads to thc
so-called heavy-quarlc effcctüc field theory . C)n the other hand, to a. good firnt ap-
proximation . onc can c.onsider thc light quarks 4L, r.. and ,s a.s Inassless . In that Limit .
the [:LCD Lagrangian exhibits a. c.hiral synunetrv that is . however . spontaneorrs1V bro-
ken as Ll'Itrlessed 13y tlle appea.rance of elght, almost mastiless 1)tiellf:loSC:ala1Y' Goklscone
bosons, the pions, the ka.ons . and tlle eca . These ~~oulf :l-l)e Goldstone bosons ac-
quire their rnasses fr-orn the explicit symrnetry breaking due to the quark mass terrn .
Spontaneous as well as explicit symrnetry vrolatron can be explored systernatica.lly
l)y rneans of chiral perturbation theory . :fit low energies, tlie generating functional of
QL'D is cha~ra~,cterised by t -wo errergy scales : orne is the pion (Iman) decay constant in
the chiral lirnit, deuoted by F. Its non-vanishing value (F - 88 1IeV) is a rrecessary-
and sufiicient condition for spontancous symmctry breaking, mach likc the ia,cmrm
expec.tation value of the neutral Higgs boson signals the brcaking of thc r"lectrr~ivca.k
svmmetr~- . The second sc.ale is gii~-en by the rlnark (x)ndensa .tr� B = l~~[}lgr11toiIIFA
an(] in the sta~nda .rr-l scenario of c.hiral symmetr',y breaking, (L}lgql0) - (-22-5 McV)'3
so tlrat P - 1 .,5 Gei': F. This leads e.g . to a. ver precise predic.tion Cf)r, (-lie S-
uave 7-i~ scaUering lengths [CGT,Q0] . This sc.ena .rio seerns to he confirmed l_),n- recern
Lirooklraven data an Ei � decavs [13NLClt] and will be furtlrer scrutinised wlieir tlie
proIrruIrr lifetrrne rneasurernents perforrned at CERN [Ad91] lrave beeir analysed .

For tlie three flavour rector . tlie situation is . however. less clean . Indeed, the observa .-
tion t.hart rr? .,s -	llha.s ci~cn IM to investigations considering thc stra.ngc ctrrar.rk ar.s

*"The contents of this chahre~ have heen puhlished in [Kh.1Q2a, K1ViQ2b] .
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lleavY [CK85, Ro99, 0t1O1] . Cne oC t,}1 e cl einest, frrocesses to test otlr tln(1erstancllng oC

tlle symmetry breaking patterrl ill the presellce of strallge L]uarks ls elastie piüll knüll
scattering Tlear threshold . Thls reactlorl ls lllterestlilg for a variety of reasous.

lt ls slmllar to z7,- scatterillg in tlle two flavour sector but also different ill that tlle
(luark mass (hlfere11('e mii - ?7ld Carl appear at leadhlg Order 111 the, ii K s(.'~itt(~'riilg

amplitude . Furtllermore it llas beeil poirlted reut recently that tlle strtlcttlre (lf tlle
[_LCD va(°tmm might ( "haligc dramatically wich illcrcelsing nilmlx~r of flavours, Such
that the sc("11~1.rio frlr chiral symmetry breaking might be.. diff(rent for

	

SU(3)
as compamd to SU(2) [DCISOO] : thc rluark condensate . ivhic.h has becn shoGVll to llc
l arge fc-)r t~~o 11avour's [CGLOO] . rlligllt l-)e sizeably suppressed in the t,}lree-flavour ca.se.
,i A' scattering might. he tlsecl co test diferern scenarios Cor, tlle SU(3) corl(-lensate in
rauch a slmllar way as 7,--,1 scatterillg leas beeil used 111 [CGLOD] to shoTV that tlle lange

coaderlsate llt-potllesis irldeed Malfis for two flavours . As Evas polrlte(1 out lrl [Krl93] .
alle particular corllblllatloll of the zIf S wave scatterillg lerngtlls (the isoscalar one)

is radier sensitive t(7 (1eviatiolis from the stalidard s(;crlario .

There exist abundarnt data frorn hlelastic processes that allow wie, to extract 1oiv

( "llergy (°.11~1.ra,cteristi('.s of the zK scattering amplitude by means of dlsp('rsio11 theory.
The existhig d('t('rmln~l.tlolls of the S-iv.1v(" scattering lengths are. lloivewer, plagtled

by lange nn( "crt.lillt.i( "s . see c.g . [BK1I91a,] (for recent work an combining dlsp('rsio11
relations an(] c.hiral lferturlfaliorl theor;y, see [_aBO1]) ; such that, hoffe lies in the ex-
tr'action J these lfararrle(,ers from zl( bound sCates in ihe DIR_aC exller'ir11er1( . al .
CERN [A(l00], lt`leasurelaellts of botlr tlle partial wldtll für tlle decay lllto tlle llell-

tral challnel, 1',o x o	x

	

l1 th Ii12, alld tlle strollg 2S - 2f' ellergy level sllift .
~Ezs'_zy ~x 1tn

	

allow. to deterrllllle two llldeperldellt comblaatlolls of tlle
scattering; lerlgths . The hite11ded lll(,~isllrr'.lrl(',llt (lf the lifethrle rlf zli atoms at CERN

[A(1OO] -ives direct acces5 to tlle isovector S wave scatterhlg leilgth, Gvhile in Order t(7
also pirl down tlle isoscalar S ivave 5c ;~.ttterirlg lellgth, orne would llave to measure tlle

2P - 2 .57 level steift . similar to what has bcen Bone frlr th(" 171r1i1-Illl(.'1['flll system at PSI
[5r "r.3g]_ Thc pr( " (°.is( " rcl.ltirln b('tti~'('('1l tlle ~h a,tonl lif( "timc ~1.nd thc sr'~1.tt['rlilg l('Ilg'th

ca.n he worked out 1fy rlleans oran ell'ective Field theorY fc-)r lladr'onic. botlnd stat-es (for
tlle pionitlm case see e.g . [Ga99, JS98]) .

Tö achieve the Ilecessa.ry accura.cy ill tlle << h system, it is rnandatory to sharpell
tlle existirlg olle loop predlctlolls für tlle scatterillg lellgtlls [131ü1I91a . BK1191b] by

illclu(lillg lsosplrl vlolatlorl due to str-ong alld electrolliag11et1e effeets, Isosplll Es tlle
(lualltum rlumher f(lr the unlar()kc11 vec;t(lritil ST.j(2) Sllllgr(lllh (lf tllr'. Rill X

SU(3)R chlral symmetry grouh, trarlsforlnlllg the llglltest tjvo flavours 'r.t alld d. lrlto
each other. IIistorically know t(7 be a very good approximate symnletry in mlclear
physlcs, lsosplll Sylnnlctry is brokell botll lly the [_LCD mass term .

QC'.D

	

=

	

rrr . .u ra r.c. + rrrdc~rl =

	

2(In. . ' + rrrd) (~~:r~: + J(I) + Z (rrt.~~ - rrra) (ra r.c. - r r1}

	

(5 .1)

wllich clearly contains an isovect,or, piece proportional to tlle ligllt c-luark rrla.ss differ_
ence Tranc-1 by eleccroITlagrletiSITI, si11ce t11 e 1 igllc (ltlark vector ctlr'rer1c also 11as
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arl isovec.tor componerlt,

Rocll sources of lsospln vlolatlotl have to be treated cotlslst,erlt,ll arid s1TT1t1ltaTleC)llsl~' .

111 order to relate lifetllne alld strong erlergy level shlft of z-K+ (or

	

ato111s to
particular coinbinations of the pinn lmon sc ;~.ttterillg lengths, orne has t(7 inake use 0f
nlodified Descr forlntll ;i('. [De �74] that include next t0 lcading Order effects in isospin
breaking .

r',o 1, n

Str
Z.5'

	

2 F'

(nee [G~i99 . LR.[l[1] f(lr equivalent formulae for die cases (lf pionium an(1 pionic llv-
drogen} . Hers..,

	

represents tlle lsosplll vlolatlllg c.orrection in thc regulär Part
of the scattcrlllg amplitudes 7, IC

	

IC } at threshold . Gvhile

	

is ~in
additional rxlntril-lution rlnly c°.al(°.tlla,l-llc w1th111 tlle l-7(lund sta.t.( " formalism .

This ellapter 15 orgalnsed as follows: After a. Brief presentatloll of tlle Lagrarlgiarls
nec(led f(lr this [.'~il[.'llltttl(lrl in Scctlorl 5 .2 . Eve lrltr'(7C1U[ .'(' and definc tlle riC(',essary
forinalisnl f(lr pinn lmon scattering in tlle isospin lhnit in Section 5 .3 and give a
recahltlllat10n of wllat ls known ahout lsovector and lsoscalar 1:71011 kaorl scatterlrlg
lengths fron annlvses i11 Chiral Perturbation Theom We aft.erGVards study isospin
violation for th(" S-GVa,i~c scattering lellgths at trce level for all physical challnels in
Section 5 .4 . This alloGVs for a firnt estim~z.te of such effccts a11d is also intemsting to
compare direal> to the 7-u case . Tlle correction F to the scat(,erirlg lengtli relevant
for tlle l i Ceti rne measurement will be eval llatef :l up to orl-loop order i rl SecCiorl
supplelnented 1]V a complete treatinellt of soft photon radiation for' tlle anlLillilatloll
channel zi h -> 111 Seedoll 0 .0 .2, 111 Seedoll 5 .6 we complete thls analysls by
also cornputlllg tlle lsospln vlolatlng shlft E' 111 tlle elastic charged channel to one loop
2i(~cllr~ic~' . Sonle reinarks orl isospin breakirlg in higher threshold paraa11cters Are a(1(led
in Section :i.7. we sulnmarise our findings in 5ection :i .8 .

5.2 Lagrangians

72 2

/ 3/2

	

7 !2

	

r

Trl This secciorl we discuss the strong and electrorna.gnetlc: efFect,ive 1,agrangians un-
derlylng otlr' ca.1ca]lat,iotls . -all tlle pleces have l_leerl f:llscl.issef :l extetlsively elsell'ller'e 1Tl

the liter'a.ture, so ue will .just preserlt tlle terms rleeded l''or tlle Co~llcnwirlg . T}le ell'ective
Lagrangian ca.n be expa.nded at low energies accordilrg to

.C� = .C(t) + Sem' + .C"t} + -ein + . . . (5_5)
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wllere tlle supersei - il_rts (2), (4) rel'er to die, cllir~il dirlierlsion an(:] : :st,r," a.nr-l Fern' .
dellote tlle strollg alld electrorilaglletie teruls, respectivelv . Chlral power coulltnlg
for the strollg sector a.ttrihutes the chlral dinlernsloll q to all pseudo Goldstolle hoson
Irlasses a.s well as all monlerlta lilvolved, Th15 scherile r5 geiler'allsecl to
hlch.ule ( .'l('( ;tl'oIll2lgll( .'tl(' terms lty comlthlg tlle eler~tric charge e also as a gllttlltity of
order q, which is dictated ltr tlle regllirciru �nt that a urlique dirnerlsioll be assiglled to
the covariant derivativ-c (that fü(,..llldes the lowest-order photoll coupling) . Therefore
any terln ruf the form n?.i{~2r~-1I!

	

fh'.1In, . wit.h, e.g . . '?j + 2k: + 7 + m + -77, = 4 is counted
as fourth order .

The loivcst,ordcr Litgritilglitil ls given by

.C(2) F F,r1. -

	

0

	

p.)2

4

	

2

where all tlle rlecesstiry rlotatiorl was already- irltrodl.ux~d sl.lcx~essively iil Chapter 1 .
NN-e ornly poirlt out that for all ctilclilatioils, tlle gauge fixirlg paranleter A was set to 1
(Feynma,n gauge) . The Lagrangian ,C('') leads to the well-known lowest-order mass
formulac for pions a.nd kl.mls including leading clcr"tromit.gn(, ti( " cffccts,

1"fT"_ _ B(77Z�. +'n~.J + 2Ze' F'	,

	

:1'~~0

	

+ ~) ~( rlz-rr.-~r2"rf}l}
MF- 1 = l3(rrz.,~ + rrt.,) + 2Zr~'F'

	

:1j 2- 0 = B(rrt.d + rrzs)

as well as to the Gell-hlit.nn-C)krlho r( " lit .tioll valid at this arx~nra,cv.

- 2 :1-1T f + 2

	

T

	

- 2-1-11T'_ + .'ij? o + C)

	

('rrz,- rrz,,}

	

}

	

-

	

(5 .8}

The Lk;C C ~tccoiilp~tIivlilg tlle last terlrn in tlle Lagrallglall Fra . (5 .G) Carl therefore l)e
ca.lculaterl from the leadlllg order electrorilagrletie ploil Irlass L1lffereiiee . al,'2� _
2Ze'l~'' (lleglecting a tirly strorng blass dlffereliee N (rrr. .u -Tra ra}~) . w-llere we llave defhled
die collverlierlt (lilrtcnsioilless consttiilt Z = CIF' . Using F = F,, = 92 .4 MeV, olle
obtains Z f1 .K

Tlle fourth order Ltr,grtr,rlgitr,rl [GL8:ia] conttiirls tlle following 'strorir ," terirls wllich
are lle( "ded for tlle amplitude describhlg pinn-kaon scattering at one-loop level :

+

	

L, (D,,C:'tCR`L' (

	

tC

	

+C t,~}i

+ L2

+ Lb ()(tC

	

+,~C ~)z

+

	

Li (XW -
Xr_t)-

+ L8 (k'U.)~tU +XUtXU')

	

.

Witll regard to the analYtic. Coriiltilae given l''or the S-wave sc~~ltering lerlg(-li iii
App. R .3, we reruark tllat orll,y two oC ihe LFCs dehrled iii Fq. (5.9) play a role
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for t,}le charge exchaxlge scal-tering lengl,ll at leading order in isospin violation (wllen
expressed in terlns of pllysical lnasses anrl decat- cornstants}, tllougll all l)ut L corn-
tril)ute to tlle isoscalar scattering lengtll.

	

.

In addltlon . the following eler "trom~l.gneti( " counterterms giti-en in [i;r95] are necrled:

G(4)
erri + Fit F2 (v,,lrtv'~ .hi(~C-G7l'~}

+

	

A 3
F2

	

2p + (v,,.C, Qu...

	

v" C,, Qu.1.)l
+

	

Ii4F-(VE,,l- t QU)(v'''UQC,rt ) + 1(,.; F2 ( (vp.l.Irtvi,,h + vp.C.TV~.,,C,rtl

+

	

~fb 1,2(vR~L:tv C-nC;'t cC' + v F~C v~~C;'t c~C ~L:t) +

+ 1i8F2(:k tr +,Xt't)(Ql;Q,l'~+Ii9F-(

	

r.-+l-t;k+xl.t+l: ;Y'}Q2~

+ KinF?
((X l C +Ul .y)

QClCQu+(.k'u`+ux 1 ) CQI-C}C, 1 ~

+

	

Iill F2 ( (

	

tl.,= - C,rt ;~;} C~C,rt 2C.r + h~a.,~ t - lT,kt l C7lT ~C%t )

	

.

	

( } .1(l)

_also the Clej erl(-lence orl a l'ell' ol't,hese

	

4) c.ancels In the S-waVe sc.alterlng length
(~vllerl expresse{-l in terrns of l-)ll,ysical observables) . Carle more terrn (proportional co
1 12 in [L?r9~]) that, is needec1 in prlnclple for tlie renorrnalisation of l,he dec~f conscants
of charged lnesolls Call he olnltted 111 ease olle Ilses physlcal Values for' decay- collstants
wlth electromagnetlc effects already subtracted (see sect1on

	

\,fe llave olllltted
terllls of order E.'4 that do not colltrlbute at leading UrLlel' 111 isospin tiiolatioll .

For, r1llTTlerlC:a .1 evalllatlon . 11'e Lise t,lle central L'altles an(] error estimates for the lladro-
nic. low-erler-gy constants as given in [RFG95] . For t,}le elect,rorrlagnetie ones, we use
the eStlTTla .teS ol)talne(l Via resonance saturatlon in [RL97], an(--] add error, bars of '
na.tural sice (±1/1671-2) uniforlnlt-.

5.3

	

Pion-kaon scattering in the isospin Limit

Pion knall sca.ttering in tlle isospin Limit can he descril)ed by two Independent a.ln-
plitudes .1'l'z anrl .Ts/- , colT'esponding to isospin 1/2 anrl 3/2, respectively, lt is
sollletllnes conVelllellt to coin1)1ne tllese 1nto isospin eVen and odd ainplitudes 1'1
wllich are defined bi-

3T- =

	

T1;2 + 2.Tai2

3T

	

=

	

T'/2- 3-3i2

(n:. ,3 refcr to the isospin indices cif the pions) and which can be related to tlie an>pli-
turles cif definite lsospln vln

(5} .12)
(5-13)
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:all diese a171p11ttides C:a.II 1_le expresseCl iii cerl7ls oC the tlstia.l ~'larldelsfarn variables 5 :

t, TL . They can 1]e decomposed lnto partial waves tI (S) uslllg

wIlere .°c = c.os B derrotes the scattering angle in the center of mass svstern . and Pi(z)
are tlre Legendre polvncunials . Close to threshold, orne can pararneterise tlre real Parts
of the partial ivave i.Mplitiides in terrns of scattering lengths (o:1) and effer:tivc Tanges

VW .

s(

	

r
Rcti (s) _

	

'

	

liit, lli~)<<t .l)

	

J

	

1
+ tat

	

z

	

4

2

	

f

	

1Iiinl

	

+

	

(Iiinl )~

	

(5.1~»

where Eve haue already ~.tcx :otrlrtecl for tlre possihility of cliffererrt lnasses of die ilrcorrlilrg
and ontgoing particles a.nd therefore for different incoming and oiitgoing c°.enter-of-
mass momenta.

1T1 (s . t) =

	

G� ~(21 + 1) ti (:s)Pi(~:)

	

.

	

(5.14)
z

2
(5.17)

where ~L1 ;`;nrefer to tlre physical lnasses of tlre lncornlng a.nd outgoing pions and
kaons, respectivelv, irr tlre isospirr limit, E,q . (5 .15) colla.pses to tlre usual defilritioll .
NNe nute that the real Part of a total amplitude at threshold (i .e . for Igin = f}) is
linked to tlre 5 Gvave scattering lerlgt11 1)y-

�Re Ptihr = 8T(:ffx + :1fT') a~ + C7 (Ia~~~ I~- Iq, Iq. � , .I} (5.18)

_fit tree level, the isospin even and Odd pion kaon scattering lelrgths are giVen hy
[1'GTc6fi, Grfi8]

aI-_llr;
a.Ü = [l ,

	

a.
-
=

	

,	- 70s x 1C1-3~~L1

	

.

	

(5.1J)
SZ ('ll;+

rl`he pinn ka.olr scatterrng leagths irr tlre isospilr limit lrave beeil ei-alua.ted up to olle
loop Order irr [BKMS)1a], and analytic expressions for the colnplete scattering arnl.)Ii-
tudes calr -be, found irr [BKM!)11)] . IIowever no analytic; formulac for the scattering
lerrgtlrs were Geritten down until recx2rltly [Nef)2 . IiIGIfl21t] . We therefore guote these
for a.- hcre :

a11~ _ll ;;

	

~L1 '

8zl~ ;,

	

A1h- +_ll,

	

1 T

1

	

8-1IT - =~ _1-I2

	

2.̀3_v2-

	

_ljK

	

28 .112 - c) .1.,12
lo-

	

-

	

log

	

+

	

log
16 `' 2(1`Ii - `I?)

	

A

	

9(-.1I2 - I?)

	

J,

	

18( `Ilc - `I?)

	

A
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f?--1I?

	

r

	

L;r
_
h

	

116 (2Li + `?L? + L;, - 2L:r -

	

' + 2Lh + Lg}

	

(5 .`?1)
TFT

	

~ h +

	

`~,; )

	

2

+

	

i3I'( " t i3I1
S3 Vif,,

	

:WK + :11,

	

lfx -

	

2lfx + :v,

1'llr:

	

~-1~x + Vif,, } ~ 2 lfx - lfT)

	

?(al r; - _ll ;; )

	

'llr: + a~'~
arcCan

gm,

	

:1-T,; -

	

(

	

+ 2 J1-T,

	

2 :1-T,; - :1-T,

	

]

1

	

11~1~T

	

'll;,	67_lI~- 8~1~T

	

~l~ x_	? 1'lIh - 5_lIT

	

~1~,~
lo -

	

lo

	

lo
1 26z

	

2(a' , - a'T)

	

~'

	

a

	

9(_lIx- - _lIT}

	

a

	

+ 18('lI

	

- 'll7
F
} ,1

arcd.tll

-

	

(2(-ul, + -..14)

areta1l

	

+
2_ll;;

	

2alr; - ~l

	

9

Here we llave used the usual notation LL für the low energy constant L..i. witll its
nlfllllte Part rernoved. (Note tllat we do rote dlsplay the scale depelnlence of tlle LECS
exhlic;idh-.} The chiral analysis of diese two qualltltles dlsplays a relnarkably different

0 1bellavior " (~~llich on1v 1)ecomes transparent 11'llen olle (11se tlsses aÜ instead of a1 2,
a3;z)

:
As uas pointecl out e.g . in [ :~RQ1] ; a c ~ al or(ler C7( ~} cleperlds orlly an olle Single lcnw_
erlergy consta.nt, . T . wlliell is in turn c-letermined r~y tlle racio F, ( IF� Such that, o. � ca.rl
l)e predieted to a Verv good accuract'. (Li] = (0 " 0193±[l "[l006)_l1T 1 .

011 tlle colltrary " 1lo
less thall seVell low energy collstants enter tlle 1sosC~ildl' scatter'lllg leagth a.() " sollte Uf
theln know11 to ratller poor accura.cy " such tllat tlle chiral predietlon for this uuantity
at olle loop order is plaguml by a verr largo uncertalllty, cr ci = ([) .[)2,1 ± 0 .01 r) :l,1, 1

Furtllerlnore, the trec level result for a. c; reccives only a 12`Ic correction from olle loop
contributiolls and counterterms (if, a.s donc leere . olle normalises the tree leti-el result
to 1/F2 ; sec also the discussion in Sec.t . while Q,j valllslles attrec level, aerthc
contributiolls at rüder C7(1~ } are ratller largo. In fast, if we regard the lul.oll as heavy
an(] expa.n(-l tlle expressions in Eqs. (5 .2(]), (5 .21) i n powers of

	

o. �

	

recei ves
contrilmtions of odd pouers oC the pion mass onlv, wllile a cy sc'ales

	

everl l-rowers
of Al, " such that olle leas syml)ollcally :

a

	

-

	

1 +

	

(
c

	

+ {'.

	

+c:

	

+
. . .

~ + 0(A

lfx

	

IT

	

wT
uci =

	

~(

	

}

	

~ c~0 + 2 . 2 + c. :

	

+

	

+ C7(:1

	

)

	

, (5.23}
+ A2

wllere A.. = 4zF, is the chiral symmetry breakillg scale . Thls makcs lt obvious that.
the olle-loop (:onlril-~uliorls co aj, are sttppressecl by olle posier of 1T," ~ :1-T, ; reslfe(a
to tllose co U() . This behaviour is complecely analogous to wllat olle lirl(-ls l'or pioll-
ntieleon scat,ter" ing 1engtlls (See e .g . [Rlill951f]} . U-e rloce tllat t,}le scatcering 1erlgc}1 o l'
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tlle clla.rge exehange process, erlterlrlg the ii K atorn 1iiet.lrne forrntila. Eq. (5.3), ls given
1]V a.o(zi E1 -> Ti UKU) = - v/2 a () , wlllle the sum of lsüsealai' aild lsoveetür scatterlng
length elfter tlle strong ellergy lei-el slllft Eq . (t5.-1}, cal) (<< -li+ - z-K+) = a- +u. r+y . L1;e
therefore expect a ratller different accuracy in tlle predletlons für tllese two qualltities
already frone tlle purely strYlng contributions.

5.4

	

Isospin violation at tree level

The different physic.a l pinn-kann r°.llal.nncls rec.cive correc.tions to their isospin synline..t-
ric scattering lengths when taking into account tlle mass diffcrenc "es a.s well a.s illser-
tiolls stemming frone tllc r"lectrr~ma,gnr"tic term in Eq . (5.6) . Wc rx~llect the isospin
1 rea.klng pa.rameters as r) Gc {M:�. e'f and expand the correct,iotls to tlle SCa~lter'-
ing lengths up to order, ä for all fr}lysical channels, based an tlle tree level amplitudes .
The füllowiag collvelltlons viere usecl:

ri The lsospln synlnlctry llmlt is defined according to e .g . [GaS)9] . i .e .

	

express
eti-erything in terms ruf thc r,har;ged meson masses

	

Note that these
are not exa,ctl

	

the natural c.hoices frnm the point ruf view of a. chiral analysis
of the meson masses. in which case one would prefer to take thc neutral pinn
mass as a r'efererlce (whi{all is indeed dope in [Ilil~`IS97]) . as orle }la.s Il'o = 2Rrrt.
(witl1 in = z(rra.r,. + rra,,)) to good alccura.c:y ; rieglect.ing onl%f tirly c.orrections oC
Order (rra, - grad)' . Howei-er, one would consequently llave to resolve to using
a "hüll physicaf' ka.oll mass Al' = B(rh. + rrr.j 2-, 195 11Ie1' . Arguments fcrr
tlle use of the charged plon aIld kaoll Inasses are tlle correct klneinatles for tlle
experimentally al.r;cessiltle channels (wllich use incoming r;har,rged particles), and
die fast that tlle existillg stlidy of pion kann scattering in CIPT (in the isospin
symmetry limit) [BKM911-)] also employs these c.hoices fror nunleric.a l cvalllation .

:gis firlalky we u-ant to evalttate isospin viola.tirlg elCects u f to orr-ler e' a.rlr-1 m � -
77i~,, we call llegleet tlle strüng plon inass Lllfference (of Order (rrl Ti.-Quark
Irlass lnsertlons Ball then . at leading order, be expressed by physlcal illesoll
Ilntsses accorrhng to

_IIT,

	

_lIT - . alh
rra

	

~

	

2B

	

rra~, - rra T,. ~
13

_lIx-+ + 'lI

	

- a' +

	

-, - 1I~

	

rrr2: .5	7

	

(,5.24)
2B

	

2c217 '

wllere we hali e used die charged to neutral Inesoll nlass rhfferences 3,242 =
11 .~Tf

-2

	

2

	

2
-4f1 -fx

(]ne important isospin breaking elCect reue co t,}le lig}lt quark mass c_liffererlc:e is
,L°rl-rrlixirlg : t,lle T° and q Fields ar'e giverl in terrns oI't-lle Stf(3) eigenstates r~i ;~ ;
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r+i8 accor'ding to

''t]

	

-	L Slll E

	

Cos E

	

VCS

wllere tlle << o .o Tnixing angle F is givell hv

1

	

j3 rra~a - rrl.u
2

	

( 2 77d,, - iid )

	

-

Replac.ing the c_luar'k massec l_rn- meson massec ~ic.cordirlg co Fq. (5.24), orte linds
the lmmerical vall]e F = 1 .00 x 10-' . ~ e Und it corlverlient to express all
corrections due to tlle ligllt uuark 111ass dlffereliee 111 ter1IIS of tllis nlixillg angle
E, which is of course of order na« - MQ .

Note finally tllat we only display scattering lengtlls for processes 1avolving kaons of
posltlve strange11ess (K+. KU) as tlle strong alld eleetro111agIletie 111teractlolls obev
cha.rge colljuga.tion invariance, such tllat scattel'lllg lerngtlls für all cllanllels illvolvillg
sc;altterillg of K- or Ki° can be ohtained frorn those givell helow . M-c find :

3/2

	

,

2=a',

71

	

OD

.,?
~1 - 0.0181 + 0(6')

	

.

	

(5 .27}

Ij(z

	

3 2M2- PI

	

+ -All,
+o(42 )

{1 + {1 .{102 - 0 .001

	

+Ü(d')

	

,

~

	

lfK

	

KlfZ + 2_l-4

	

F

2

	

+o(42)

_

	

a,l {1 - 0.003 - 0.008} + 0(d')

71W-1-
o

	

-

	

1~ F3 (1)

0.o (-r-K+ -~ zKi

(5 .28)

(5 .29)

(m0)

(rx.fl + ra. ri

	

1 +

	

"-1IT .1-i
,

K
~ + o(62)

(a.-0 + ra. ri {1 + () .()181 + (?(4z)

f.

	

A 1-1,2
U

	

j3

	

2:1'TT :1-T, ;

_

	

-v/2 aa {1 + 0.006 + 0.009} + 0(dz)

	

,

	

(5 .32)
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= u. fy + 2.9 x

	

(5.33)

u.a(T-h°

	

T- li°}

	

=

	

u. 'z

	

1 +
Z( .fx- .1 ;, ) :h ~
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-

	

.f~,

	

lfT

	

+ C(S~)
~L

	

2'lIh
= np"{1 + 0.002 - 0.0011 + 0(42 )

	

.

	

(5.34)

Für tlle elastic charged channels, Eqs . (5 .27} . (5 .31} . subtractlon of tlle one photon
exclltillge Born terrn is required in order to arrive at tlle abrn c results (see [KI;~78] for
the c;ornltartt.l :~le Ti z c;ase) . These clhtrged particle Coulonlh lnteractlons 111 principle
rec uire a separate treatnle11t tallored to sc;atterillr; or bound state prohlenls . Further
dlscusslon ot' this point is found in Sect . 5 .6 . (For thc rrz scattcring prol7l('rll, this
ls rhscussed (' .g . in [RS-76.. IL1 02] .) M- (' relnark that lsospln tilolatloil c "tfc "r'ts can
only be given in absolute size fror tllose amplitudes uhicb a.re (in tlle isospin limit)
lfroportional to T- ; as o . o vanishes at cree level . T}1e one-loop correccions to af

are Tather largo. a.Ü(') = 31 .5 x 1() [BKM91b], but still then the correc.tions
displayed in Eqs . (=) .3C1), (5 .33) a1nonnt to 1()c/:~ effects . (Thc ca.ti-eat is, of c "onrse .
tllat isospin violating c.ontribtrtions at, one-loop level migllt re(-luce C}1e leaf-fing-Order .
terrns considerably .) In fhct, this is rleat,1v comparable to hion-nucleon scattering : as
poir1te(-l out 1-),Weinberg, tlle lsoscalar' ;,

	

amplit.ude vanlslles ac 1eadirlg clliral or(-ler'
[1'fe6G] and is therefäre prone to display largo 15osp111 vlolatlon effects [lVe 7i ], wllich
llave indeed been confirnled in [111598] .

lt 15 1nstructive to colTlpare tlle results above also to the correspollding corrections
ca.lculated in [KU98] für 71- -,1 scattering . First of all, Tra u - -riad effects are suppressed
in Sl (2), such tlhtt the ornly isospin l:~rett.lcillg corrections of interest in the T~ z case
are of (.'l('ctl'oIll2igrl( .'tl(' origirl . I11 contrast, strong isospin breaking appears t1,t lcading
Order in z Ii scattering and . as shown above, is potentially of equal signifir " a,nr°.c as thc
r "lectrr~ma,gnr "tic effects . On the other hand. the autllors of [K1;38] find rx~rrectir~lls at
tree level of the Order of G'A, ivhile the largest correc.tions given above are 1S'A (for
tlle elascic cha.rge(-l meson channels) . This iti not, (-lue to a l-)articula.r "urna.llness" oC
e.g . the electr'ornagrlel,ic contribution fror TT~" scaUering, buc due to the Cact thal .
tlle (isospill conserving) S wave scattering length is larger, ufl (<<h)

	

-

	

111

colltra.s t to u.a (~< <<) - il-1T .

	

As alrea.dy llinted at in tlle illtrocluctiolr, processes wltll
a conseri-ed nunlber of strange quarks (such as 7K scattering) can also be studied
in a chiral SIJ(2) theory in wllich C;reen's functions are orlly expanded around the
lirnit 7a,,. = rr7d = Cl, while ra,, is lleld fixed at its physical vallle . Consequently, orlly
die 1)1011 ls cfl11sldered to be "ligllti ,', while tlle kaorl is rloiiv a heavy particle and lhts
to br" trr " ~l .terl i11 analogv to e . 1- - . 1nlcleons in ChPT, resulting in what one.. nligllt c.all
"he.tvv-l,:i1 .o11" Cl1PT [Ro39, (_711()1, FKM()2] . The ri K Lagrangian then starts out at
or'f1er r1, as cloes the (isovector) Ti A' scatcering length (see again the a.n alogy to 7 .'1'
scattering) . In such a counting scheme; eleCaY'orTlagrletlc correct,lotls to TK scaUering
lengths a.re therefore necessarily stlpl)resse(1 bv orle clliral Order, (as they sc:a.le like
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f:2), wliiell slle(ls sollle llght . 011 61'lly t,llese correctlons are smaller fiere than for Tu-,
scatterlllg.

c want to emphasise that it is in genera,l impossible to arrive at tlic results abm~v
by assuming the domina,n(°c of ccrtain "cflcct5'' for thc violation of isospin symmctry,
e.g . stud~'irlg the implications of mesorl mass spliCtings or T ° rl mixing alorle . Frolrl
the poirn of view of CliPT, such a partial analYsis is rlot very tlseftll arid can lead co
stY'orlro,'l~' mlsleadlng restllt,s . lrl order to demorlstrate thls, ue sholt' stich a deconlpo-
sltloil (artifrcia.l though this really ls) for the speclfic chailllel studied 111 Inore deta.ll
in tlle followillg clla.pter. 7,-- K+ -->

	

lVe (listillguisll `'killenlatical" effects (due
to ineson Inas splittings, enterlng essentlally via correctlons to tlle values of 'ti.. aild

at tlir('sllol(1) ,

	

�~i t]'t] inlxlng"

	

that rilo(llf~% tllc isoshln symnletrl(' ttIrllahtl.l(1( .'
by factors of sirl F or cos F, "quak mass insertions'' for thc Tour rneson tiertex (ivhich
vanish in the isospin limit for the channel in duestion), and ``clectromtz.gnet.i( " (ein)
inscrtions" (- Z) for thc four-mcson vcrtcx~' 2 . The rehl.tü~v rx~rrcrti(llls can thcn be
dccompos("d as folloivs :

clcctroirltlgncti(;

f

	

E

	

-

	

)m2

	

+

	

.fT~

	

:i~~- - _l-iT
:1 ;~

	

ü_l-

	

Vif,,

	

.`3

	

fFtlfT
kinematical

	

,r°rt-mixing

	

quark mass

Zr2F? Ze2F9 Zn'?F;
2

-

	

+

	

.

kinematical

	

ern in5er'GionS

Tt is ol:avious I'r'orrl t,lie above that, for t,lie strorlg isoslfirl violating contributions, indi-
vidual "effeets'' are lrnuch larger than the total suin .

5.5 T-K+ --> 7r°-Co at one-loop level

5 .5 .1

	

S-wave scattering length up to fourth order

(5 . .`3c)

111 this sectlon . we work out tlle complete olle loop correctlons 1neluchng isospill
l:~retl.lcirlg for tlle pion kaon charnncl that is relevant for the lifetirne of T~h atorns,
z-K+ -~ z`Ii° . At this lencl, virtual photon loops play a role and enter die alnpli-
tudc both via ivav( ., function rcnorirlalisation and clcc;trornagnctlc (;orrcctions to the
(lowest-order) strong i~vrtex, sec Fig. =) .1 . As is well knoivn, the plloton exc.llangc
diagram (a .) in Fig. 5.1 indtlces a. polt at tllr( ,shold. the so-called Coulomb polt . ivhic.h
resides rn t,he lool) ftirlcl-iorl C"(s) (liscusse(1 in detail irl C'llahl,er 6 . This Coulomb
pole ; llowever, be calctllat,e(1 arid stil)tr'acted frorrl the amplittide una.rnl_ai~;uously.
The tllreshoh-l expa.nsion Fq. (5-18) Cherefore leas Co be modi fied l''or ,i - T["- --> 7,-"1(0

*''Note lhal Lhis separalion is even represenlat.ion dependent., as can he seen in the exanlple of
pinn-pion scaa .ttc "rinh : in the ~r-xnodcl Wauhc, there rast, rau clc~rtnttn~agnc~tic: inse "rtions - Z in the

finlr Pion vertex, while these are present in the exponential gatige .
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Figure 5 .1 : 1'irtual photon loop diagralns für z-h - -->

	

C.rossed dragrarns are
not sllüwll, Dlagraln (e) denotes effects entering the scatterlng arTlplltude via wave
function renorlnalisation of the incorning cht~,rged nlesons .

irl tlle 1)resenc.e oC virtual phocorls irl or - c :ler to sensible (1eline corrections to the S-~vave
scattering lellgtll :

where aü(2) denütes the S wave scatterlng leagth 111 its tree level appr-oxiillatloll (glven
explicltly up to Order 6 in Fu . (5 .32)), and (a,) is the S wave scatterillg lengtll to he
defilled leere, illclu(hng all corrections .
A further prohlern occurs wllen includillg virtual photon loops : tlle alnplitude beconles
infrared dücrg(" Ilt. . M c will give details rill how to deal with fliese infrared div(rgen(°.e5
in the following section . F'or the niornent ivc only nute that these vanish at threshold
an(l t, llereCore dü tlüt a.Ife(:t t,lle (lellnltlürl oC the S-waVe scat , terlrlg lerlg(-ll a.s glverl lrl
F(1 . (5.37) .

	

_

	

_

	

_

The various pleces of the full scattering anlplrtude are spelled out explicitly 111

App. 13,1 . Analyt1C forlrlulae for - the 5 w~iwe scatter'lng lerlgth at olle lüop accur- acti
are g;ü en in App. B. .`3 . In Order to arrii e at tllese, the following effects were taken dito
ac'count, as -well as tlle following ('(ITIS'( .'Iltl(lTls W(',r(, used in addition to those alreadv
Inentlorled 111 tlle prevlaus s['.[.'tlorl :

ri In Order to llai e a strong check an tlle scatterinri anlplitude, we lla~i e checked tlle
cancellation of (lii ergerlces in tlle exact exhresslons, i.e . wltllout ally exhanslon
in c anrl r' . Fror this purpose, we Imme tlscd the ;'3-filnctions for the varions
('ollnt('rt('rlTls as glven 111 [GIJ85?l, Ur35}] .

ReT =

	

+ 8Ti l :hhi~- + .lT,;t l a c, + C(1q[ � ~}

	

,

	

(,5.37)
1qi<<1

Für quark mass lnsertlons at tree level replaced bv rTleson rTlasses acY:ordlng
to E(l . ( :i .24), tlle renorrnallsatlon of tllese nieson Irrasses leas to be takele dito
ac'count properlti.

9 Tlle rrla .ss of the rl is aWavs takerl as given hv the Gell-M, .rlrl-Oktil)o relat,ion
~Olen ta.king irl(,o account, isosl)irl ~fiolation urr to order, e2 a.rlr-1 M,, - rrar,, See
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Fc_l . (5.S) . Deviations frorn this relation a.re be orld t,lie ~ic.curac .v C'ollslCleref:l
llere, as tlie If Illass ollly ellters via loop dlagrains .

Figure e5 .2 .

	

Diagralns colltributing to 7 °r7 rnixillg at hext to leading Order.

	

The
lahe1s

	

anrl

	

refer to tlie tree level niass elgeristates . Tlle plack sgl.uare denotes
a fourth Order inscrtion (strorng or clectrolnaglleti(,) .

;~° .r~-rnixing }la.s to be ta.ken irlto a.c c.ount at next-to-len.[lirl_; orc_ler . Details an
how thls 15 to be dolle Ball 1]e found e .g . 111 [C1.8-5e, N1395 . Eetl0, A13T(ll] . lt
is prohably ea.siest to calculate tlie dlagrains 111 Fig. 5.2 directly in Order to
accourlt for lnlxing l)evond learhng Order. 1Ve llave dune the caleulatlons u51ng
tree level mass eigenfields for If c~ and rj throllghout. Tlle Off diagonal clelnent
of the self ellergy nlatrix (in tlle basis of tree levcl eigenfields) inay be Gvritterl
a.s ~,o .,~(r~2) = Z;~n .,i q` + l',.o.,i - sllc.h that Z,,0.,, = 0V7 ran br" tllollght ruf as
tlie Off-diagonal analogv to tlie field rr'norln?l,lls~l .tloll fac.tors. Denoting tlie trec
level ~l.nlplitiide fror z K

	

-~ rjK° by T, ? , we can ivrite the additional nlixing
dia.gra.rns as

ri
1

-1121

	

IT

J ZTff .,?

	

+

	

.

	

z

	

l

	

2

	

x r'~
"7
~

	

{~

2 = 1 (:1-T

	

(5 .38)
2

	

7

	

2
E[ 11

F.( 1 ) thus defirled is t,}le correcaiorl Co the tree level

	

rrlixing angle ulf to orc:ler
O(q ') . as g1ven e .g . 111 [h:c[l0] . 111 contrast to the Z["dve function rellorinalisa.tion
factor ZTff~r . E { ~~ 15 finite . All tllese quarltltles are Zvrltten dowll expllcltIv 111
_zIpp . 13 .1 .5 .

9 When expressing the loiv-energy constant F in terms of phvsically obseri~-ahle
deca.y. constants, we alR'ays renornlallse lt such a,s to obtaln F, (as opposr'd to
FF(, sah') . -aC tree level, die dlference betweerl tlsirlg a. norrrlallsat , io11 of the
arnplittule e{1ua.1 to 1/ FT an(_] 1IF,Flr arrrourl(-s to rlothing rnore but sllift-irlg
certa.irl contribtltions frorn tree to orte-lool) level, which rnakes rlo differellce
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irl (-be. SL]111 . Ho~~e~er, it . t.tlrIls ol]t th~~t t,lle olle-lool3 con'ectlolls e .g . Cor, the
scattering lellgths are inuch sinaller when norinallslng tlle tree level expression
to 1/F' . whlcll inealls that in tlle seeinlllgly inore "sti~nllnetric'' rase of using

tlle hulk of the (la.rge) corrections at O(q') haue llothlng to (lo wltll
corrections to tlle sc;atterirlg dynainics, but ornly with tlle renormalisation ofFx .

For tlle one loop contributions, the difference between F, and Fl, is of higher
order . wllereas tlle nurnerlcal dil-ference is potentially signlficant (noteng that
tllese solle als 1lF'i ) . lf olle regards the niesoll decav. cornstant in tlle chiral
limit, F - 88 IGIeV [GL83 . GL84], as thc coI1Stant when wrltlllg down
a. SC.attering amplitude . F, ; seeins lnorc " ~l.pprr)pri~l.te than Fh .

Finally hc�tvv-lül .o11 C11PT. which we alluded to l)efore already, also provides
S()Ill(' lllslght an FT versus F; : there is of course llc) knon decav constallt in
a l+aorl-11tir71l)ei - coIlser'viIlg theoY:y, llellCe IST 15 the only niesoll (lecay coIlst~lrlt,
avallable . As lleaV '-l+aorl Cl1PT is slll)l)ose(1 to h~1Ve d better coliver'gellce oe-
llaviour tha.n SU(3) CliPT, but ultllllateli° ls e(lulvalellt up to lnatelllng of tlle
different Sets of LECs, it seeins reasonal)le also froln this perspective to olily use
I~, in the zK arnplitudes .

" lVe use tlle charged pinn decay- collsta.nt in tlle al)sernce of electrorilagrletlslrl, as
the value colniilolily used for tlle physical pinn decay- cornstant, I~, = 92 .-1 11Iev
[Ho90] . Evas extracte(1 froin ~~iaa.rged eioll decavs with electrolnaglletic correctiolls
already takele rare of. Tlle relation to tlle bare decav constant F is therefore
as given in [CxL~35~1] . and independent of photon loop effects or electrolnaglletic ;
counterterrns . Sec however tlle dlscussion oil the `'c'orrect" isospin eiweit for F,,
oelow.

Tlle scattering lengtll for tlle process i~ - Ii+ -~ zryIi° eil.) to olle loop order, includillg
leading order effects in tlle isospin breaking pararneters F and e2 . can be brougllt into
the following form:

(a i)(<<

	

li

	

z ~f } _ -

	

Cfl +

	

c, +

	

C." z

	

.

	

(0. .39)
4V'-2 Fz

	

~, + lax

	

~

	

'll;=ll7i

«There Eve sha.ll first of all use tlle ineson decav constant in tlle chlral leihet . F. The
three paralneters CO , CE , C.",2 take the tree level values CL, = CE = C, : ,~ = 1 as call 1)e
seen in F(l . Tlle expressions ul) to orne loop acctlrtt.cy are verv lerlgtllv. and arc
therefore rclegated to App. B .3, we ornly show tlle 1n11nerical results leere, obtained
wich the vahles and error estimates for the various low-energv constants acc.ording to
the sourccs ('ltc'd in Section 5}.2 . M c find

Co = 0 .9-5 iE 0.24

	

.

	

C = 2 .49 iL 0 .69

	

,

	

C,-, = 0.86 iL 1 .00

	

.

	

(5.10)
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In orc:ler co express E. an(] Z hv f)lhvsical {1ua.nli1ies, i .e . phvsic.a l meson massec, we
have to cürrect für tlte tlext tü leadiI1g order cürrectloils to tlle tree level results

This c;art be achievccl by putthtg together the cliffererit pieces frorrr tlie e istiziri liter-
ature .

for the stron-- kann mass diffcrcnrx~ [CxLB~~a], whcrc we ha,v-c used the f}}niiliar }}.hhrc_
vialion for the tadpole loop ftinaion

furtherniore

2
_- _

as given in
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2Zn2F2 { 1-1F2

4E.
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(5 .-12)

4F.

	

1 ~8(2fi" r

	

21 t

	

, l

4F
~1 + r)1~~

	

,

	

(5 .43)
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(5 .46)
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Tn addition . tllere is a dillic.ult~y irl linkirlg tlle l-riorl dec~f consta.rlt. FT to F: tising the
lsospin sylTlnletrlc relatton l)etween tlle two quantltles as fornlula.ted 111 terlns of quark
lnasses, one ohtains additional lsospin vlolatlng contributlons Clue to oul' deftnition of
the isospin Eifies 111 terins of cllarged Ineson lnasses :

w11Cre

wich thc relations

c

	

-1IT' z
1 + 6j , + .

	

() F, + 2

	

.fT

	

. FI 6F,

	

(5.47)

`
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r r 1

	

-~fT

	

_
8(3L' + L;) -

	

3 +4log

	

+21o-
F2	1 Gr2

	

~
~,

Thls ls R'hat was Bone in [KM()2a . KÄ1[12b, NT(l2 . Nc "()2] . ()ne c.an il.r--tle that this is thc
`'Gtr'orl '~ lsospln llmlt for, tlle plan c-lec:a;v C'oTlstarlt, . ailc-l tllat iii the a13ove expresslorls,
~T and 6T sllotll{-1 lfe Set. to Zero . Olle reasorl Car' still proceec-lrng as suggesced ls thm,
irl this sc.herne . clie lo~~-energ~y constant T.1 drops out. cotrll-rletel~v, whic.h is uhat also
would happen 111 a different lsosplll Eilfit defhled wlth respect to tlle L]uark lnasses,

Ptlttin-- all pieces together, we c.an Write the scattering length a.t. olle-loop rüder in
tcrrns cif phL'slcal Chlitlltlti<'s fas far as poss1171[') il .s
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(5.45)

(J- J0)

C~

	

=

	

C

	

2«~ f . + ä',)

	

(5.53}

C7 .2

	

6D+2 ~~

	

+ d111

	

.

	

(5.54)

wllere we }lave rnade Lise of the l'act t,ha .t Co = Cr = CEZ = l at, tree level and
omicte{-1 exl-rlicit rrlentioning of tlle higher orc-fers neglecced fiere. M-e note thM, Co
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}las ali -eac1y been written out in F(l . (5.20), the coefFicient,s C, C,z are also collecced
in ---App. 13.3 . \\ -"e poillt out tha.t, despite tlle nolnenclature, this last decolllposition
15 Tlo striet separation of electronlagnet1C and strong lsosplll 1]reaklng effects, as Üe

contains contril]utions froh the corrections to llasllen's tlleoreln . ( _lIT - .~a'K )erri . # `~

Nulnericallv. ive find for these [ .'o(,ftl('1(',11ts

(-,'o =1 .121iL0 .009 , C, =2.40iE0 .10 ;

Witll these nunlbers, we are in tlle position to sunllnarise tlle 1sospin vlolatlng shifts
in tlle scattering lellgtll u. U = au (<< K+ -~ zc) Ii) at olle loop level, conlparing theln
to the trec level result

as cited in F(l . (5 .32) :

`'`This was misleadingly not male cletir in [Kh.102a] .

- v'-2a,ü

	

(1.121 f 0 .9`x) + (1 .4 ± 0 .1)'

	

- (0 .O

	

1.2)'
V

	

V

-V,2a,0

	

(1 ± 0 .x'7) + (1 .3 ± m) ,	- (0 .0

	

1 .1)`

	

() .1}i )

= -0.00lE 1 .36 .

	

(5 .5-])

Here ' (z.U ( .~) symbolises the isovector scaUering lengtll in its Cree level apl)roxima.tion .
~~hi1e a.o in t,}le second line reall - represents this q[rantiCy cornpleiel~ in the isospin
1imil. . to t,}le a .c:curac;~- we are 61'orking here . -all errors gtroced for t,}le difl'ererlt c.ontri-
l]utlolls above are [tue to uncertalntles 111 the respectlve strong and electroniagnet1e
LECs as glvell 111 [BE[a95 . 131.9i], Regal-ding these nulni]ers, alld corilp~iriilg Eq . (5 .5 .5)
to h:q .

	

we note the followlllg :

The isospin symmetric correc.tions al, one-loop orc_ler as giverl r~y Cc , a.re mod-
erat,e, given t,}le exl_rect.ec:i slom convergence of' clliral SLf(3) . As detailed above,
thls depellds lleavily an oul. choice to normallse tlle tree amplitude by 1~1: z and
not this way, olle find5 CO = 1+C(a (1.,1.12) (see h:q . (5.22)} . wlllch 15 what
(1110 would exhect frorn ;i11 SU (2) expanslon aa1d whlc'11 accounts f(lr die 5nialIness
(lf the (1110 lool correctlons . The, 15[1511111 s iilin('.tl'1[' ('(l('ffl['1('llt C'q 15 muc11 nlore
precise jvhen uslng the phvsical pion decav constant F,, . the lange error in {Yo
is domin~l.tcd by the illlc(rt,l .inty of L4 parameterising thc ratio F~IF. Mac also
note that for C(), one rather finds C'( ) = 1 +

	

as Svltnessed by the lange
illlc(rt,l.inty (if not by a. lange shift in the central vahle) .

9 Altllougll they are verv sinall corrections to the scattering length, one mlght
worry about die fast that trec and olle loop level isospin 1)reaking [;orrections
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(strong and elecarornagnetic. ell'ects taken sep,.ralelv) are oi' egtlal size . Trl or(ler
to ullderstalld the relative largelless of tllese effects, lt 15 aga111 lllstructlve to
expalld tlle terllls für CE, C,",2 given ill App. 13.3 ill pozvers of _ll ;;~~Ll h- . «Tllere
«Te find CE = 1 + C(alh ) . C� = 1 + C(alh ) (tlle sanle Nolds für

	

White
C.t = 1 +

	

Anotller way of seeilig this is to relllelllber that isospiil
violatirlg terrns are suppressed 111 (-()lnl)~lrlsoii to isospirl c(ulscr~-illg ornes at tlle
Senil(' chiral rüder by factors ivhic.h happen to 1)e sma11 . btlt are of c.hiral order 1 .
_fit. tree level, these suppression factors f()r 7,

	

IC

	

ri °Ii° are c. e'F'~-h: _lIK .-
[l .[l1 . respectiicl -, see Ect. (=x.32) . f_)n one-loop level, howewhere the isospin
sy111111etF'ic 1001) corrections are partic.ularl%y sma]], the Isosp111 Vlolatlng ()rles a.re
suppressed wich respecc to tllese orlly by l'actors of F AU' /1h . e' F2 :1"h~~~ :l.lT ti
0 .1 (a.t leadillg order ill

9 f_)n the other hand, conlbinhlg str()ng a.nd ('l['( .'tr()Illa~gil['tl(' isospin brcaking ef-
fccts, the corrections at ()n("-loop level cancel t() a ]arge extent . leavillg lnainly
an tincert,.irll;v rille Cl) a lack oC sufFicient,ly precise knowledge oC c}le relev, .nl
c:ourlterter'rns . Tllis c,.rlcellation does rlot take place M, tree level . U-e ba.ve
cllecked TlulTlerlcally that llo sigllifica.llt errors arise froh trunea.ting tlle "exact"
expressions at leadillg orders 111 tlle isospirl breaking parallleters E, e~ . 111 fast .
tlle correctioas arisillg tllereof are at least one Order of lrnagllitude slnaller tllarl
thc ti(;curtl,cy displayed in Ec :1 . (5.57) .

Witll die ],arge rlumber, 0f eIPC'trOTT1,g11et1C: cY)Llrlt , ert , er'1Tls . orte mlgllt have sl]s-
pected that olle callTlot iilake alle' sensible predietlorl about electrülrlaglletlc
effects a.t all. Wllile the urieer't~illlty quoted a.bove is as ]arge as tlle absolute
s1Le of tlle electrülrlaglletlc co1T'ectlüa at tree or olle loop level (illdivillua.llv) . lt
ls, oll the other halld, still of thc Saul(', illagilltude as tlle llll( .,('.rt;iiilty st(.'II11111I1g
früh our lack of knoGVledge of tlle vahles für the lladr(ulic low energv consttillts.

The reductlüll of tlle uiiee1't~illlty 111 CE as colTlpared to 1' 7F ls also rille to tlle
ca.acellatioa of L,I ill tlle corresporndirlg expresslau . see App. 13 .3 . The 1rlclus101l
of tlle slllft dl, is of course esserntial für this to llappell .

9 Ntimerically, Clle shirt oft-11e corltt,il)l]tlorl :Y (ii) from Cf-, ell'ectively into C,', . d0es
rloc all'ect eitller conscarlt mix11 . Tlle seerrlirlglv' ]arge cll,.rlge from CEZ to Cll
are nlostly due to tlle rellüriilalisa.tiorl factors ö,T and ör' .

The last tZVo poilrts signifv that tlle ceatral va.lues of

	

(lll pa.rticular) arid [7F are
ilorn-n( ,gligil)ly affected bv tlle treatlnellt of tlle pion decay cornstant, as des(;riT)ed
above. 5ettirlg r5 , ,' = d'~? = fl, Gve find

C,_ = M4 + f].54

	

CE Z = [1 .=~7 + 1 .36

Note, hOtteVer, tllat these ell,.rlg_es are rlol, really SI_'rllfic:,.nl ,.s cotrlfaaref:l cl) die es(-i-
rnaled urleert,ainties.
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5 .5 .2

	

Infrared divergentes and z-K+ --+ z0K°y
As lnentloned in tlle prevlous section, photon loop correctiolls induce infrared diver-
gences in tlle scattering anlplitude, lt is well known howv to handle this prohleln,
narnely by introducing a srnall photon mass ru, which brings tlle infrared divergentes
into a form - log ra,,:,

	

Such terrns elfter botll via ivave function renorrnalisation of
rh,z .rg( ,d rncsons and viel . thc loop func.tion

	

as dlscussed in App. B.-) . C)ne
then ha.s to lnchlde the correspondlng radiative proc['ss (,r K

	

z'K'-. for the c~l.sc
in ctuestion) rlp to samt.. maximal photon energy, given either by the maximal energy
a~yailahle (-lue to kinerna.tics, or hy some experimental detector resoltrtion AF below
uhich sott photon radiation c.annot be {-liscrirnina .ted I'rom the rlon-radia.tive lfrocess .
Me a.re irll,eresl,ed in t,he threshold region . 11'llere t,lie kinema.tical limit for the plloton
ellergy,

Etna -
2

t(an)2

immerically amounts to 0.6 IlieV, such tllat it seems reasonable to integrate the Pull
Cross section without making additional Cuts an the fr}loton erlergy . Tlle infrared
di~fergerlces ca.rlcel tipoll addirlg uff t,lle Cross sectlons for both non-radiatlve arld
r~idlatiVe processes . Thls ls demonstrated 111 solne detall 111 App . 13,6,1,

\\ -"e h~iwe elnpllaslsed 111 tlle prevlous Chapter tllat tlle infrared divergentes induced
hy photon loops vanish at threshold, such that olle Tnigllt everl olrnit all tllese coll-
slderatlolls when olle ls exelusiVely interested in tlle 5 w~iwe scatterlng lellgtll, 'Elle
autllors of llave argued, however, that orle should ratller defirtr; tlle S mwe
sc ;~.ttterirlg length f~olrl X3,11 infrared finite quarntity. which would bc the conlbirled total
Cross section . Fror an amplitude that can be espi.nded a.cc.ording to Erl. (=x.18), thc
total Cross section at threshold is givcn in terms ruf the S-ii-avc, scattering lcngth as

(5 .60)

One r11a,v now repla.ce the Cross Sectlorl 011

	

(-lie leI'i~ha.rlf-l Side of F(_l .

	

(5 .60) by the
Co111bllled total Cross section CT + u~ and deflne Cip via ELl, (5,60) .

Thls ls what was suggested 111 [11U98] für tlle slnnlar rase of tlle scatter111g process
7 -<< - -~ z0 where tlle autllors Claim to find a shift in tlle (redefilled) scattering
leagth lllduced by tlle (infrared finite) relnalnder' of the radlatlve Cross section at
tllresllold. NN-e llt3,~-e however rett~htlhttetl the Cross section for

	

-->

	

c3^ ., at
tllresllold and find that it vanishes . Thls is 111 our üplnlon rather ollviotls for the
isospin srnlnletric aase . wllere tlle neutral pions 111 the final stete are of tlle Saale
mass a.s the rh~3.rged incoming ones . ()ne would therefore expect the corrections
to the scattering length due to soft photon radintion to be small compared to other
isospirl l:3reaking eflects, as tliey should l:3e suppressed r~y at lea.s t t~~o frowers in isospin
breaking pa.rameters (a I'ac.ior f;' in t,lie Cross section due to die photon coupling, arld
at, least one power, of the pinn maus c_lifl'ererlc:e) . The fact thm. (-bis Grüss section
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vanishes exaetly at, chresllol(1 in c,he ;, ii case is (1ue to the en11ance(l sYinmecr'V Cri ' chls
reactlon, see App . 13 .6.2 .

	

. .

	

.

NN--e rlo not find the cross sec.tion for ri

	

h1 -~ z° Ii°^, to vanish exac.tly a.t. threshold .
filzt to Tlc highl~T slil7pr['SS['d : the lcading contribution ' is of ordcr rV in isospin breaking
parameters, ivhic.h is clearly way bcyond the level of accuracy we a,chieic in olir
c:a.lc:ulat,ion of isospirl breaking efFect,s in Clie non-r'a{-liative amplitude . Details for the
ca.lculat,ion can be fou rlc1 i rl App. R.6 .2, t}le resllk fou rlc1 t-fiere is

~'z

	

I Baut

	

Il, tlIT=

	

3

	

-
Uthr - 1- [)~~r(2 3FT lqj.1 (Alm= +AI,t)s

	

-ilTh,+'IIT=-'ll;~,}+~~~~`~ . (5.61)
<<)

In addition to the high lx~ii-cr in r), there is cven an unnatural slippression in the mass
difference Wk-o + -1I�- - A-I,;o) whlch is duc to a numerical c.ancellation of
strong and elecarornagnetic isospin breaking efFeas . Tf one calcula.tes ~i s}lift in the
scattering lengtli clefinec1 via. F(l. (5 .60) wliie11 ls cllle to ihe inclusion of c}le radiative
cross section . a.n --> ao + a, tlie quantiCy a' is fc~un(-l to be(

ao =

-2 .2 x 1L1 -i '-1I�-

	

=

	

2.2 x 10 -I :, x 00Z~

	

(5 . G2)

which is a. slil7pr['sslon of about eleven Orders of magnitude compared to the shifts in
the sc.attering length c°.alc°.lila,ted before . We therefore conclude hat. brelnsstrahlung
correc.tions are totally negligible for any analysis of rrz or ri Ii bound state experiments.

5 .6

	

iT-K+ --->

	

- K+ at one-loop level

In tlre presence of lsospiii vlolatlon and in particular of virtual plioton effects . tlie
threshold expansion IE,q . has to be modified already at tree lci cl : the olle
photcui exc;liange c.orltrihliting to z-Ii+ ---> << -Is+ c;annot be dccomposed ilito partial
waves and diverges at threshold . In Order to allow for a direc.t lnatching to the
des(,..ription of the en(rg~7~-level shift in the bound state formalism, we follow thc
prescription given in [LR.00] (fair the analogous f'a'se of z 1) atoms) to c.ircumvent
t}lese problems, valid to leaAing orcler in t}le Erle structure consta.nt : the amplittule
T�-r,+~

	

l-, e trniquely (1ecoinf)osed into che friece containing all (1iagmins that .
ca.rl he müde disconnected r~y cutt.irlg one photon 1ine, an cl the rerna.irlder' tliat contains
at least olle strong pion kaon interaction vertex :

	

+1«There

.a - .s
~.

	

(t)1:

	

;(t)

	

.
t

(5.63)

nX is r'et)reserlt,ed C11agY'a.rrlrrlrltlcall~' in Fig . 5 .3 . To t}le accuracl ue are worklng ;
tlie plon an(--] kaon vector l'orm fa%tor's a.re orll,y nee(-lec1 in thelr isospill s1'rrlrrlet-i - ic
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Figure 5.3 : Olle-photon ("xcha,ng(" contrihutiolls to r K 1 - z Ii 1 .

representatloll to olle loop Order a.s glven 111 [GL8.5b] . 5uhtraction of tlle one photon
excllange diagram suffices to define tlle nlodifie(1 se atterillg lerngtll for z-li+ --> << - li +
in tlie presence of photons at tree level, ivhich is Tloiv Laken to be TS at threshold
instead of the fall scatterlng anlplltude .

e llote that in [Ne[l2] . a. different convelltion was used to subtrart the lang-rangt "
plloton ("xcha,ng( " : only the tree-1ez?z,1 cxch~a.ngc was disrcgardcd . Thc differcn(°.c of thc
two approaches in the amplitude at threshold can be casily expr( "ssed in terms of thc
ra.d i i oUlle pion an(] lcaorl vec.tor form Cactors,

I Nehme, - I'K 1

	

+ (r')K ~

Ilowei er, evell the scatterlng aniplltude with the olle plloton excliange diagrarns sl.lb-
tracted taunot be expandecl at threshold ta,ccol'dillg to Ftl . (5 .18) ante plloton loop
corrections al'e included, as the vertex [.'orl'( .'['tl(lTl dlagrarns, see Fig . �a .4 . induce a

Figur( " 5} .4 : Vertex corrections by photon lrxops contributilig to z

	

li

	

-~ ,r K 1 .

kirlematical divergente, tlle Colrlomb pole. Tlle real Part of c}le c.orresporldirlg scalar
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lüüp fu rl(aiorl

«q. + k) 2 - _lI,?} (((Ib - k:)
z _ lfrzl (1;.z

(Wltll p = qu + (Jb, and a and b referring to the partleles 111vülved), has tlle füllowing
threshold 1)ellatiiour in the s channel (Fig.5.-1(a}} für s -^' (AIr; + -.v,) 2 :

7

	

1frc -

	

.~t,,

	

.~jic2 -

	

log
32 -1 _~JK j. J,

	

AIh +
-1I,

AI,f

resl_reciivPl~) are regulär a.t t-llres}1ol(1,

G' (v.) =

	

log
32..

- log.

(5.64)

while the corresponding loop func.tions in the t- a.nd za.-channels (Fig . -) .4(1-) and (c) .

rrt. � ,
- 2 + lüg Ä- :r

	

'

	

~ + C(q)
ic :1 "fz

also use a fürln in ternls of pllvsical mass dlfferences 111 analogy to Eu . (5 .51) .

(5.66)

(5.67)

fc~r r.c.

	

lfT)z ;111(1 t = 0, respecti~-ely. The infrared divergerices, Gülle(;tcd
leere as terrns illvolviilg lüg rri,, again cancel at threshold .

	

NN-e therefore dehne the
scattering length ar) as the regulär part of the amplitude Ty at threshold,

2~~e'~LIh-'ll;, u. (y)
r

q

where ao~2} again denütes tlle corres .~culdill~~ seattering length in its tree level1 n

	

11
imation, givvn to order r) in Eq. (5 .31) .

Again. ive ha,v-c c.ollected the pieces of the c.omplete seattering amplitude for thc
physical c}1a.rlrlel T-Ti+ ;~ - kt+ in App. R.2 . We now give c}1e results für the
isospi n v iolati ng ell'ect,s i n tlle seattering lerlgl,}1, which a.re expanded tip to or{ler F.

an(] e' . M-e ernploy a sirnilar for-rli as in Eq. (5 .39) ; uriting

_ll'!yh- ( E 2GE~ 2h' 2
at,(~ - If + ~ << - Ii +} = 8h'~(a~'~ + 'llr: } j I~,l + ~ I1F +

	

UE~
~

	

'

	

(5.69)

where Eu . (5.31} shows I),1 =

	

= 1. D, = D at tree level . lurtllerlnore, we sllall

au (T~ -Ii+ -~ z-Ii-) _

	

fT h

	

DU + A h - !~~I, D t +
+ lfx)

	

4(-.1 ,I )

	

- _lIT )

	

_l I'_l-
(,5.70)
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ufiere c}le coefricieras 77 an(] f) a.re linke{-1 to ea .cal otller bv

=

	

DL) + 261,-
=

	

n, + zär, ,
=

	

DF,-' - 6A, + 241, . + r) ,i

we find the following correc.tions to the one-loop isospin symlnetric. prediction :

lote that, due to tlle fast that tlle lsoscalar scattering le1lgtll a. (; varlislles at tree level,
tlle coetficierlts DO arld Do (;an be expressed just in ternls of a.ä an(1 tlle corresponding
coefflclents CO " Co-.

DU = C7o + a.

	

100
(2)

	

,

	

A

	

= C"a + an /rrn
f?l

	

(5 .74)

The reinainlag coefüelents al'e collected 111 App . 13 .1 . Nuillerlcally. we fllld

Dry = 1 .31 ± f] .42 ,

	

D, = f) .78 ± f)A2 .

	

DI.-> = 1.32 ± 3.11

for tlle übst Set of coefFicicrlts . arld

Da = 1 .-18

	

[7.2-1 ,

	

DE = f1 ..53 .

	

D,~2 = fl .76 i:L2..58

for the second, inserting the valtres for the low-erler,gy c.onsCants as giverl in [RFG95,
RL;97] . Altllougll the efl'ect is not c_luite as dramatic, ue aga.i n find, as C«r, tlle charge
excllange channel, tllat the uncertalaty for tlle alle loop isosprll sylainetric prediction
15 Tnuch enhanced lf expressed 111 terlrls of tlle plan decay constant 111 tlle chiral lilmt.
\`fe reinark that the Strang lsospin l)reaklag ls a pure loop effect alld free of ally
c(n.lrnterterrns for our clloi(xa of renorirnalising F,. wllile a norirnalisation to F again
lar'(lC1U[ .'('S a sizealale uncertainty. Tlle (.'a(,fh('1(',Tlts Dr 2 . D~.? are orlly moderately shifte(1
from the trec-le~-el resrllts for the central va,hles of the ele( ,trom~a.gneti( " low-energy
constants, htlt arc largely domilna.ted by the uncertainty in these.

1'(~r the isospin breaking shll'fs in the scatterlng lengtll as compa.red to tlle tree level
result cited in F(_l . (5 . 1),

	

-

	

_

r1:U	=

	

(~ rn
f? l + cr(i f2ll

	

(1.48

	

24V,~) + f`=c + (1 .4 f 4 .7) r/.
c?y.} cyF->}

+ r1 i}

	

(1 f 16.1 x } + f`% + (m)

	

(5 .78)

-aga.in, in the First line, u-e sho11' clle relative corrections to the strm of c}le ctrr, rerl( .
algebra isospin Symmetrie lfre(lictions acy{~~ . Alle in tlle tiecon(l lille the Rill orle-)ne.
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resrrlt is Niken as tlle norrna .lis~~liorl . Dtie to tlle a.lfpe~ir'arlce ot'the isoscalar, scaUering
length, tlle olle loop representatlon for tlle lsosplll symlnetrie alnplltude at threshold
is afflicterl hy a. ratller large uncertainty (of ahout 1G {%} . Even if olle illcludes isosUill
hrea.king correctious . this ullcertaillty still dolninates the comblned error for- a cllil -al
prediction of this quarntity by far. lf, lloii~e~-er . the ailn is to extract tlle surr rlf isovector
and isoscalar sc ;~.ltterillg lellgtlls frone the experlnlerrtal Tneasureinent of the stlYlng
energv leti-e1 shift . the c.orresponding llllctrt,l.inty in tlle e1['(.'trrli7la~~i1['tlr' correc.tions
amounts to only 32A and is therefore reasonable wich respect to tlle experimental
accuracv that is eYpecterl . The central ti-ahles for the various clec "trnmagnetic°.
energy const~ints lead to a total isospin brea.king shift oC (] .9 r/ .

Comparing tlle results Fq.

	

(5-57),

	

we noCe that, in

	

c.ont,r~ist

	

to tlle latter,
Et] . (5,57) a.llows for a preclse prediction of tlle Charge exellallge a.lrnplitude at tllresll-
olr1 : compared to tlle lsosplll symnletrie result, lt ls 1Iiereased by 1 .3%, (für tlle celltral
values of tlle low ernergy constants iavolved}, while the co1T1blned u11Certalllty is en-
larged treib frohe [1 .8I: to 1 .4 rIc . NN-e note that . 111 contrast to what was frnlnd for
die olle loop representations of a.- 0 . there is llo systr;rrirx.t c reason for the tliffelellce in
sizes of the eler"trom~l.gnetic " lznrx;rt.a,intic5 in tlle tR'o channels at hand . As we attrihute
error Kars +1/1Gr2 lllliformly to all e..lectrr~ma,gne..tic constants K.;. the total llnc.cr-
taint.v is dominated hv those t°.r~unterterms which Mappen to appear wich the 1,1,r- .(,st
nrrrneric:a .l prefa.caors .

	

For, the process Ti -K+ -> ,i 'K', tlle f:lor711rl~int, oC selch terms
turrls orrt to be 4e,

	

(Km+K', -1 ) (for the relative corrections to tlle scaUering
length, at lea{-fing or- c:ler in

	

while c}le ver " same combination c_lornin~~les in
z-h- - 7-i -KI , just witl1 a larger coeffielellt, 12e~ (~L h-~~L

	

) (li a + K1 l) .

5 .7

	

Higher threshold parameters

Although a hrecise knowledge crf tlle S iivave scattering lengths is of lligllest interest
for zIi attun studies . one can crf course also study isosUill hretlkillg correctiorns to
otller thresholrl p~l.ralneters . p~l.rtic "llla .rly to the S-wave effective rangt " bt~ and tlle P-
w,1.ve scattering length n . We will not Show results fror these in as much detail as
for a(), filzt conc.entra,te rin the two c.lla.nnels of relerallce.. to these Atoms. Mac rem~l.rk
tllat, as i ndicm,ed i n Fq. (5-37)-. phocon loops also i ndrrce ~i tenn lineo.r i n lq ; � I i n ihe
tllreshold exl_ransion oC the scattering aml_rlitrrde, uhich we disreg~ir'd here (as it c~in
also he ca.lculaterl and subtl-acted ullalnbiguously) .

The isosUill symmetric tree lei-el results for tllese two qualltities Are givern by

b0
_ (z)

b+ (2)

	

_U

(a-~~} - a.+(2)
1

+ _lIT
1G~~7~L~ a~' ir (al r: + a~'~)

1
1ti,rF.z (-1.Ix + -1II)

1
(5.81)
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111

The, isospin ~ ic~la.tirig elfe(as at tree level C«r, t,}ae tw0 lf}iysical cha.nriels can be expressed
as

bt~ { zKL

	

-r 7r "Kü
)

	

=

fl {T 1r1

	

i~ U ~l UJ _ - VGfI {1-

	

FI+0(d2)

V7-73 2(A ,12 AI

-	~ ~1 `~

	

+ Ll ( C~ 2 )U

	

U

	

a.

	

L

	

a.

	

Ti yl. ~ +

	

iL2

~11n +l1-) ~1 - U r 1 +C7(d2)

-72- ui { 1 - 2v} + 0(d2)
ci f

rr. i	Ti-	r~-K+}

	

+ ra.~

	

11 + o(62)}

-aga.i n ; n« streng isospin violai(,ing efl'ects einer the c.harge(1-(,o-charge(1 c}aa .rariel, and
no electroinagnetic efl'eets aill'ect . the P-wave scatterltag 1eragClas at t,lals order, sucli t,ha.t
there is no isospin breakirag at t,ree level alt all for, tlie (:ha~rged-tc~-(:ha~rged P-wave
scatteriiig length .

e cvalnate the foiirth-Order contribtiti(ans to there threshold parameters nnmerically
only, aa.nd only fnr the charg( " e ( "hatnge channel. Me thereftare d(a not diff(rentiate be_
twecn str(ang aa.nd ele( .'tr(li7laa~gil['tl(' isospin violation a a .t this level. _ lgain . a11 corrections
are givera rela.ti~-e to tlie isospin Symmetrie tree-leve1 result :

bo ( ~

	

Ti

	

-- �A�, )

	

=

	

-

	

~a t~

	

{ (1 .012

	

3.8`1)

	

-

	

(U.9

	

{l .5)UI

e?[ö ~
3.8rY.) - ([) .S3

	

(5.8C)

9`Ac) - (; iL1(5.87)
V

CJ(r)]

M-c nute that tlie isospin syrnrnetric (ane loop c(arrectioris to the P wave scattering
length are Tather large compared to thc leading turn. The is(lspttl breaking corrections
fnr Txath ctttantities aa.re of similar size as for ary , only slightly enha,n(°.cd ftar fr. i . Thc
tna.i n (}iffereri(:e is thm. tlie cancelhicion between electrornagrie(,ic and rr2:�. - rra,~ effects
at, fourth order, c~1_~Serve(} for a.n does not occur liefe, such that, isospira breaking at
i'ourtli c}airal order is e(--l ually iinportant ais an tree 1evel . Tf we Cornlnire the 0rie-1001
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c:onlril-~uliorls only ; t,}le isospirl lfrea.king efects an t}le S-uave efFeaive ringe appear
to be very largo, euually largo even as the lsospln symlnetrie olle loop cürrectlolls .
Ilowever, as already hlnted at by tlle error ringe für the lütter, thls does not result
frolll an unnaturalenhancelnent of isospill violation effects . but frolll an accidental
suphresslon of the lsospln corlservlng part . Individual contrlbutlons to alle latter (froh
separate loop diagralns, counterterrns) are niuch langer .

Tn contrast to bot}1 t}le S-wave an(] the P-uave scaUering lerlgt,}ls, the S-~vave ell'ec-
tlve ringe as defhled nalvely from the seatterlng amplltude alüne ls lllfral-ed diver-
gent . The above results «Tore achieved hy setting rrr-; equal to tlle maximal ellergy
of a brernsstrahlung photon, which at threshold is rotlgllly [) .6 1IeV. This is what
effec;tively happens when rendering infrared divergent expressions finite lly includillg
die appropriate radiative process, while ive neglect hexe arly finite corntributions froh
the lütter, see tlle dlscusslon 111 the previous section . M c also note that a. redehnition
of thesc higher-orcler threshold parameters fron the infrared-finite total Cross scctlon
(as c-lohe in the previous section l'or t,}le S-~vave scaUering length) cannot, be dune
tr nambiguously .

5 .8

	

Summary
Tn this C'ha .l3ter' . ue haue consldered isospin violation in 1-11or1-k,otl scatterlng near'
t}lreshol{-1 . To sysl,errlal,ically accourn for suc}1 efFeas due to t,}le lig_ht, { ua.rk mass
differernce as well as electrüiTl~ig11et1e lnteractlons, we haue gnade use of SU(3) chiral
perturhation theory in the presence of virtual photous . The pertinent results of this
lnvestlgatlon Call be sulrllllarlsed as follows :

Already at trec level, olle his strong as -well as electrclrntl,gnetic isospin viola-
tirlll . We lm.ve c "onsidered all physic.a l channels anrl freund that these effects arc
in genoral Small (at most two percent) . In particular, the relative correc.tions arc
smaller than in the comparable case cif zr scattering where isospin violation at
tree level is a purely elect,rorrlagnetic efFea . ~ e have also scressed thm . consk-1-
ering one pa.riicular source of isospin violal,iorl on1 .v Carl ensl]e wer,' mlsleaCllng
results .

(`!) 13eeause üf lts relevance to the lifetilne ofTI- atolns, we have eonsldered the olle
loola cclrrecticlns to the S wave scattering lengt11 fclr the process z-K- -~ 7, °Ii' .
The fourth Order isospin symlnetric ; cclrrecticlns are moderate and tlle i5ospill
violation effects at this orcler ctlncx~l to a lange extent (for the central i alues cif
the loiv-en( ,rgy constants used here) . The uncertainty in these isospin violating
contributions is mainly reue to the poor lcnowledge of thc" c'l['(.'tr(lllla~gLECs
fit.;. , an(--] is comparable to t}le one i n the isospin syrn rnel ric. arnpl i l uc-le i nd ixe{-1
r~y t,}le variations in t}le strong LECs T; . These results allow Cor, a rat}ler precise
prec-liction ol'the 1iretime of ;, K atoins 61ith isotipirl brea.king cor- reccions and the
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coml irled tincerta .irll;y oCa size oC tlle orc:ler oC l'/ (moc:lulo the ac:ldiliorlal bourld
states correctiorns that still llave to he calculated) .

NNe llave also corlsi(1ered tlle radlaCiVe r) ['0C:eSS ;,

	

TC +

	

T'Ue 11a.ve exl7llc-
ill%l rlernorlstraced (,}1e ca.rlcellation oC die 1r1Crn .red c:livergerices. The rernainrng
radlatlve Urass sectlon 15 5t1'ollgly suppressed at tllreshold so that tlle properly
redefllled (finite) scatterlilg lellgtll acquires 1101 slglllflcallt correctloll.

\`fe llave colm]leted tlle alla.lysis of leadillg order lsosplll breaklng correctlons
to tlle plan haon tllresllold alnplitudes that ellter tlle deserlptlon of plon kaoll
Wund state properties by also considering tlle elastic chargerl cllallnel z-I.(+ -->
z-K+ . i~ prediction for tlle Strang ccultriln.ltion to tlle 2,5 - 2P erlergy levcl
stuft is hanlpered l1r tlle paar krlowledge of tllc (strculg} isoscalar scattering
lcngth . The tlnrx~rta,inty fnr thc extrnrtion of thc linear c.olnbination a.ci +0. Cl.s

indtlr°.cd by r"lcctrr~ma,gnr"tic c.orrections, howcver. is only about 3` : and tllcrcfnrc
sufficicntl~- well undcr c.ontrol. Thc isospin brcaking steift fnr thc rxrltr~l.l valtlcs
oC tlle low-erler'gy constants in~olvec:l is again about 17c .

c ha.vc also cv~l.lnatcd thc lcading isospin violating c.orrections fnr t.hc cffcctüc
ringe bc1 a.nd the P-wa.ve sc.attering length a., 1 , nnmerically to nne-loop order in
the cllarge-excllange charlnel . They are sor71e1vlln.t more pronourlced cha.n ior
the S-wa.ve Scatterirlg lerlgt,h .

111 order to colnplete all effectrve field theory alla.lysis of pion kaon atolns, tllese results
now havc to be illr.orllartl,tc(l into a Study along tllc lillcs of [Cx~~~3~ ] (for 1.)iculitlrn) anrl
[LP.fI[)] (for pionic llvdrogen) . Such ivork is under ivay [CxS[)2] .





Chapter

Infrared regularisation for photon
loops

Trl out' study of' isospirl-hreakirl.g correct.ions iti pion-kaon scattering, tlle mahn phe-
nornenological inot.iwiCiorl }l als been to provicie the necessar;y inpttt. for the hourl(1-sta.te
analysis of pion haon atolns, in the formallsln für these electrolllaglletlcallti' hound
states . hotll pion an(l kaoll are regarded as lleavy partieles, with all ellergles lln'olved
well below these Inass scales . lt Inlgllt therefore haive appeared natura.l to a.t least
pcrforrn the interlne(hate stop and do die a11alyses of the previotls c;llapter in the
rlewly (le~-clol:x~d heal,vy ka(ul scheine [R.o9!), 011(11, FKM[12] . This was avoi(le(1 for
rather practical rcasons : in order to establish numeric.a l vahtes for the various nerv
loiv-energv constants in that scheine, olle ha.s to resort to matc.hing tllem to thc
tllrec-fia,i(lur C11PT results al.nvwal .v, as there a.re simply not enough low-energy dato.
for kaon rltunber, corlser-virlg processes to fit all of' t}lern irldepenc_lenllv. Furt,ller- rrlore,
the aifrhropriai(,e electrorrlagrle(,ic T,agrarlgiarl would }la .ve co he c:onstructer-l erltirelv,

a.gairl no indeperldent irlfor- rrlat,ion an c}le corr-esl)orl(Iirlg corlstants aiva~ilable .
M-e therefore wich to disetiss fiere only one verv specific aspect d such a calcula.tion :
the aplfrol)riat,e ref_;ula~risa.tic~n of' the phocorl loop irltegrals irl schernes heavv
particles, hotll für lleavy kaons and für heavy pions und kaons, using tlle illfra.rerl
regularlsatlon scheitle . Th15 lnvestlgatlon 15 also lllterestiilg for' other calculations 5rllce
the resulting looh 1ntegrals 21re of course the salz['. a3s f(lr sl ('.['lfl(' radiativ(' ['[lrr'('['tl(1115
111 i~N 2111(1 NN scattering, say. Furthernlorc, stich all inS'estigation nlav (lcepen the
understanding of the specilic ; properties of photon loop diagralns such as infrared
divergences and the C'oulomb pole .

Tlle nlain focus is an the trianrile diagranl that is the only "non trivial" diariraln
in pion-kann scattering, sec diagram (a.) in Fig. ~~ .1 . NN (" also ( "onrxntral.te an the s-
cha.nne..l ex(,hal.n--e that produces tlle pole in th(" (°.enter-ol=malss momentum a.t. thresh-
olr-l . Ute sllaIll eInplov tlle fol1owirlg suggestive notation : `1ig}lt" harticles th2ic frrociuc.e
lo~v-energv sirlgula.rit,ies a.re ~~ rit(en ais superscripts, `:}lea.vy. . pa.rticaes as sul:)sc.rilft-s .
Therefore . the i n fmrec_l regul arisec_l 1 oop i nt,egrail for lleavY ka.ons . correspon(1i ng to ihe
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Pull rela.tiviscic integral G``(.5) . uill be written as G~y' (s) . tlle loop irif,egr'a .l for hea.v .
kaorrs and pions a.s G,K(s) . L1 e sliall furtllerinore write tlie regular parts as RGx' (5} .

6 .1

	

The relativistic loop integral G-r Ts 'y ( 5

NNTe hriefly relx~tit tlie straiglrtforward calcr.rltr,tion of tlle sctilar loop irrtegrtr,l
triangle diagrarrl witli olle i tirrislririg rii;iss Lind orn-slrell extermil p irticles (q
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We use a Feyrrrnarr paraineterisa.tion accordirrg to
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witli tlre r(2gulttrisatiorr sctile a . MTe keel) rl. gerieral liere for fiter purposes . Witli tlie
sribstitutiorrs rr , = X + y . z = a.IvT and tlie alibrevitition f (z,) = z
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Tlle gerieral integracion {-loma .iri botli in (:z', z1) ancl (ul, z) is delficle{-l in Fig. 6 .1 . wich
tlle doublY lia.tcllec1 area represenf lng clie specilie lntegraf lon Clori1aln of lhe l''ormula
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ue cati 11'rlc,e the result as

Figure 6 .1 : Integration variables and lhrrits for the triangle diagram . The region
hatched lioth vertic;ally and liorizoritttlly is the original integration doniain for the füll
relativistic integral . Its corners correspond to sub-subleading singularities for AI = [) .
.1IT = [] . 771.? = Ll . rc "spcrtücl -. Subtraction of the vertically and/or horizontally
hatched regions subtrarts the singularities corresponding to -1I' = 0 and/or -1I?

above, Ll C il?, z C 1 . In this don>ain. the integral is (irltr~i .vinlet) finite, sind we can
Jake the lirnit d = 4 witliocrt ri .innirig_ into {livergetwes iri d - 4 . With the Co~llcnwirlg
fcrrlher defiriitions :
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where tlie explicit forms Cor F(0, 1) and H(0, 1) can be written as

27,-i~	(6-8)

(] -Z- ) + log' -'-2 - log' zi + T,i ~?1
72

r 1
-,Z'T:i( 1 - 72) 2i 2 - 41 i log (6.9)

(6.10)

is c}1e dilogarichm or Spence Cunction . This is an unambiguous expression in tlie
physical regioa for << E scatter'lllg, he, for 5 \fe llave clrecked tllat
this loop fuiictioii coillcides witli the alia.logous olle neederl for zz, scatterirlg a.s givern
111 [W196 . KL.-98] whell golilg to the llmlt of equa.l plorl arid kaoll Masses . fVe remark
that hl this represerltatiori, the Coulomb pole terrn. i .e . the kirleirrtitic;al divergerlce
at threshold (irl the real part), resides exc11.1sively irr the term c~c -2<<2

il, alle ahoVe
exprcsslon for H([] . 1) . all the logarithms a11d dilogaritllms turn out. to be regular at
thmshold .

Wliac we uant co invescigace i r1 the fol1owing is how this calctrlacion leas co be rrlodilied
ill Order to isolate tlie infrared Lhtiergeilt parts of this loop integral in the rase wllere er-
ther tlie kaorn or botll piorn a11d kaon are Ilo lollger coasidered to he `'ligllt" . 111 the rase
cif lleavv kaon Cl1PT, tlle prescription giverl irr [BL99] is hl hrincihle straiglltforward .
b11t turrls ollt to be sliglrtly unhrt~,ctictl.l ivhen it cornes to tlie arnalvtical evt1.11.1t~,tic~n cif
tlie irltegrals in~-olved . Tlle reasorn is that we carlmot use Btl. (6 .2) straight away. b11t
haue to msort to a. pa,r~l.mctcris.rtion
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Trl Order to ol)tain the inCrn.red Part, the :r. int,egr~il,iorl has to lfe ext,en{-lecl to irlfirlit;v,
or, eguivalently, tlle regular patt is giS-e11 hy ellallgillg tlle j. illtegratioll llnllts to
1 C :r: C x: . Analytie lategratlorl however seeins a111V posslble if alle tr- arlsforiils tlle
llltegratlall Variables to tlle saure Set used for the full relatlvlstie expressloll a.l]ove, arld
on( , carefülly leas to keep Crack of the integratioll lx~tlrldtl.ries . (This ran he achieved
l)y setthlg Y' = (1 - :r) .y alld ,rx , = x + y' . z, =

	

siril1Iar to thc tl.lx~~Tc .)

6.2

	

Singularities in Feynman parameter spare
an clegant «Tay to ti-isualise this prol-)lem and to arriti-e at the solution more quickly is
given in [T,P01], arld is lfased an representirlg tlle sirlgtila.rit;v structure oiTeynman cl ia-
grams a.c:cord ing to its occurrerlce irl Feyrlman paramecer spare . The tools to examine
singulariCies irl Fe

>
nrrla.rl diagrams a.re the Landau egtrail-iorls . For an introducaic~rl,

see [Ed66, TG8(l], this sllort outlille follows essentia.lly the preserntatioa irl [LPD1] .

For a alle loop 1''ey rliTlaill diagram jtilth 1 propagators L1(rli - lfl' + ZE} . wlth 1Tlalrlellta
Cji flojVlllg arotllld the loop, corilbllled by 1 1''ev rliTlaill paranleters ai Sul]~ect to tlle
c.'allstralllt ~I 1 r.ki = 1 . the Larl[lau ['.C:hlatlorls read

Tlle 7cad rry sirzgla.drrr t,"r~ is a solution cif Egs . (6.14) . (6 .1 :5) wit11 dolle of tlle Q: .i egt .ur,l to
zerg . A solutiorl with wie, tiivo . . . of the Feyrlmarl pararrleters varlishing is c ;tl.lled srx~r-
lr,n.r7i,n;q, .sieh- .slehlr,n.r7i,n;q . . . .sz~agr~~lxri,tg;l. Sulrleading singularities c.orrespond to lcading
shlgularltles of the diagram wich the propaga,tor cif the valllshlng Feynman parameter
c"ontra,eted to a. point . Multiplying Eg. (G.15}) wich r~j�, for all ,j indexilig lzncontracted
propagaCors, orte arrives at the elgetlvalt]e problem

for thc matrix

cri ((I:2 - rrz .2}
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(l

	

for Bach i wich
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(G .1=~)
c=1
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(6 .16)

where tlle all-sllell colichtioa derived fram Eg . (6.11) llas beeil used. For tlle eioll
ka.oll photoa triallgle, the maximal rnatrix 2ji cor -resporldlrlg to the leadiag slngula.rrty
is

a12

	

1 (1.-1.12 + 11;1

	

rrz,2 - r12
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l'or excernal pion/kaon mornerlca q;, ~x- . Subleading singular- iCies ca.r1 be cal c.ulate{-l Cr-orr1
subrnatrlces wlth olle or two pries arld rojtis erased . Specifieallt-. one flnds tlre following
1]V solvlng for Gero elgenvalues :

1 . The lcading singularity is given as ~~, cc1rn111ict~ted inanifold 1ving (lrartly) withill
the 1ntegration dornain. NN-e ornly nlentlon orle lrirticular case for the kinernat-
ical c.onditions we are interested in, 1n1.mely that for on-shell external partic.les,
qT , l~ _ _1-4 ,_ K . tlle det.erminant of 91i i~anishes for

2 .

2 Msr
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K + ,1T

	

.~~717. z.

	

+
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(T7 =

	

_1I;~

	

�;
-1f~t

	

;~

which is below, b11t very close to thmshold (and coincides with the threshold
fror 777..; -~ Ll) . It is 1111physical as it occurs a.pproYim~l.tcly- fror the F'eynman
parameCer valties

witll t11e suggestive Notation crFt ;,, -; für the parameters multlplylng the haon/
pion/photon propagators, i .e . outside the integration dornain.

Slzhle~l.ding sin--111a.ritics lie at the horders of the domain (he . one of the F'eynman
parameters (rluals zero), as one of the Fcynman parameters vanishes . Thcy
correspond to t}1e well-known (,wo-1_rarticle Cuts and a.re given as follows :

2
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f
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7 + rn .,.

.1II, + rri
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C1,
`T

(6.153}

(G.21)
All t}1e si ngulari cies l'or the respective -_,, sigrls a.re pseuca«-t,h res}lolds . thev l ie
otaside t}1e irnegra.tion dornain in Fevnrrla.rl parameter, space.

Suh-subleading singularities are associated with tlle Corners of t11e Feynlnan
pararneter space (two paranlcters e[lual to Zero} . arld correspond to

These sub-subleading singularities are depic°.ted explicitly i11 Fig. G.1 . As they oc.cur
ir1 t11 e. liInits of one o1, t11 e masses involved goir1g to zero ; thev seile to be lcn~-erlergy-
singula.rities as soon as t}lese masses a.re hea.vv . The regular parc of t}1e loop integral
tliat incorporaces on1Y the singularities oC tlle llea.vv mass goirlg to zero tllerefc-)re leas
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to be given hy an integration (1oinain t}1at overlaps uich tlie or-igirra1 (1oinain irr exactl -
these corner points . For the lleavy knall ca.se . olle can directly read off froh Fig . 6 .1
that tlle regular patt contailnng no singula.rities für Al --> [7 or rra., --> (l . call he
obtalried by 1ntegrating over the vertica.lly hatclled donlaln 111 Feymnan paralneter
space. lf, as in the null relativistic theory für << Ii bound states, the pion is also taken
as a heavy particle, the horizontally hatched arem is arlrled to thc regular Part, as
this contains the divergent picces for :II,, -~ Ll . 1either the infrared singrllarities fnr
rr?., . (l llor t.he z Ii c .'.llt for s ( .1-I-K + -1I�}2 are modificd when suhtrac.ting thesc
regular picces .

6.3

	

The regular parts RG' (s) and RGTi ^' (s)

M-e only sho~~ the caktrlation in detail Cor, the regular Part conta.ining the

	

{l
singular- il,ies . Starting I'rom F(_l . (6 .4) ; Fig . 6 .1 makes it, ol:)vious thal, tlie integraCion
ha.s to he perfornled für 1 C co C oc, 1 C
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(6 .24)

Zvhere L collects tlle divergent plus sohle finite pieces and 15 related to tlle "st~illdarcl"
L by = 327,2L + 1 . [)f course, thc exhressloTl tr,ssocitr,tcrl witll thc regular Part in
:IIT = 0 singularities is obtained in a completely analogous fashion anrl r;an be written
as

This is nleant to lnlply RGT, (s) = RGh ` (s) + RGh"' (s) . of course .

	

We also wrlte
down the explicit formulac for all functions F(a, b) and II(a, b), and expand theln in
appropriate variables fror the hca.v --k~a,r~n rr"gimc :

Gvhere 9 is of order 1 in the hc�tvv-l,:~l.oli expansion . Besides, a. thmshold expanslon
corresponds to ~in expansion in powers of (S) - 1) . We then find :
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U-e suinrnarise t,}le Col1owirlg 1_rropert,ies oC the va.rious 1_rieces :

1 . Roth

	

l 'l]tlct , lotls associated wltll t,lle lle~iv~f-kann Singular- it,ies,

	

F(l, -x::) all( --]
H (1, oc :.), can be expanded as simple polynomials in ,(e and 2 in the lo«T energy
reginle, they are indeed regular .

`? . The integratiou dornaill t1.SSOCitl.ted with the Mz = 0 slngularltles. in (.-,oritrtist .
1ncludes terrns rhverglng like 1'/(. and log i). as well as comhllcated non analytlc
filnctions of 9.

These two points leid to one important conc.lusion: if our main goal harl hecn to
isola.te onl%y the Zeading terrn irl the exl_rarlsion oC tlle irlfr~ired Singular parc
of t,}le integral ; i .e . ihe loop irll-egr -a.l in stritt }lea.~-~-k~~0n courlting, one coulc_l }la .ve
abbreviatecl the procedure and dlreetty expand the full relattvistic Integral 111 p, Power
counting immechately sliows that the leading terln ha.s to be of Order 1/P., while tlle
differente 1]etween the relativistic and the infrared Singular part 15 regular in p. .

.`3 . Neitlter ruf these two dornalns rhshlays any (lf the special feature5 assr~ciate(1
witl1 the Inassl(',ssil(,ss of the cxcllarnge(l photon: log -m., slngularltles and the
Couloml-r pole (i .( " . the threshold expansion is regular) . These reside entirely in
the filnctions F(0, 1) and H(0, 1) .

4 . Neitller dornain irlcltt(les arl irnagirlar ;y parc (for- the kirlernaiic:a.l region corlsicl-
ered), tlle i A' ctu is urlall'ected .
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In order to illtlstrate c}le last two points, we give the explic.i t an(] rat}ler compact
expresslon für tlle trlangle dlagrain wltll botll the aI' anrl the 1112 dii-ergences sub-
tr'aeted :
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(6 .31)
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r~ rr -s

which is the "ri11r11ril ;il - ' low energy representatiün of this diagram, retaining nothing
l:nlt die (l)hoton) infrared clivergcnce, the Coulomb pole, and the zIi cut structure .

6.4

	

ather domains of integration ; infrared diver-
gences, Coulomb pole

c h~l.ve c°. .11c°.tlla,ted the triangle lcxlp integral in .111 possil-)le domains and collected
the res u1ts in Cerms of l'L]nct.ions F(a. ; b) an(1 H(a . b), as (1ishla;ved in Fit; . 6 .2 . All
the infinite dorneins c.ontain pieces chat cliverge in Tour Sl3ace-tlrTle Cllrllerlslolls. we
collect tllese 111 terins üf L as defined al]ove, Furtllermore . wIlen suliiiTllrlg different
integration domains, it is useful to Note
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(6 .32)

(6 .33)

These isolate exchlsiv(,ly the l:~ieces with irregular threshold 1H.'lraviour frorn tlle ex-
l:)ressions appearinri in the rclativistic loop integral . M-c Note that adding up rx.11
integration domains yiclds the sum mro.

Fit;. 6 .2 s}lows how one c:a.rl quic.klY recover, the log -m-; terrrls a.lone ; tllrowirlg
even the 7,-IC Cuts and tlle Coulomb pole, by extending tlle tu integration to infinite
as cornpa.red to tlle original domain für tlle fully relativistic expresslün, Fu . (6 . ,1) (or,
euuiva.lently, integrate the domain - :Ni C tu C_ Q), '1`he infrared divergernce of tlle
photon lool:) is therefüre a sub-subleading divergence tl,ssocitl,ted with the rrr2. = fl
corncr of the integration donlain .

The orlgln Cif tlle Coulomb pole, in cotltrast, . is sllgllt,l~v more fllfflctllt . to lücat.e : in
terrrls of t,}le ftlrlcl.iorls define{-1 aIaove . i t is irlcltlc :led in H(-x:, ?c) a.n{-1 scill persists if
all Clle sub-subleaCllng slrlgl]larltles are sLlbtra.caecl . -gis 61'e r11er1t, lC~rlef :l 1aero~re and as
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- ~L + log maz

F(1, -~c-)

- ~L + log ,

x F(0,1)

~S = mF-+ :.l1T+2

~L + log T,2

+II((1 . 1}

(L + log,
x F(1 ; x)

Figure f;.2 : Different domains of integration for the triangle diagram. :111 entries haue
to be.. multiplied by 1/,32� 2 .

ca.ri be seen hv solving die Lanc:lau ec_luation for- the lea{-lirig (pirsch) singularity, there
is a singular'ity near f,}hr'esllol(1 fror

rr2:�:
lfT) 2 ~1

	

4_AIKAf,, ) +

	

~rr~
~

	

.

	

(6.34}

which. hoii-ewer . is lnc " ~t.terl an an Tmphysic.a l Rlemann sheet [EdG6, 128(1] . For fi-
nite rrt-; . therefore, both real a.ri{-l irnaginary parcs of clhe amplitude are regulär near
threshol{-l (as is, sa,1, the T1t1C'leoTl -r111C'leorl scaUerlng amplltude wltll plon exellatlge
plus poirif intera.c:fiorl} . However, in Clhe [rlhysical rase of' m, = 0. clle sitlgtllar'lty
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Coincldes

	

the phYsic.a l t-}lresllol(1 a .rlr-1 tllerelfy c.arrses the dislrrrbance as given 11),v
the pole in cellter-of-Irlass rnornenturn . Thls 15 a.ctua.lly very similar to wvllat llap-
pens to the isovector aucleon forrn fa.ctor spectral function in lleavy baryorl Clll'T
a5 rliscusserl in Cha.pter 2 .3.2, 2 .3.3 : tlle anomalous threshold in tlle triarngle dia
grarn (under rliffer erlt kinernatical crulditions, tat t = 42.j

T -

	

. T/rri : } coincides Witll
the physical threshold to leading Order in the chiral expansion, resulting in a wrorng
analvtic thmshold hehaviour . Herr " , however, the ~`distorted' analvtic hehaviour is
physic.a l and ls caused by the exr "hallge of a. massless particle, not hy in

	

a.rtifir " i~l .l''
expanslon around tlle limit ruf vanishing plon mass.

6.5

	

.i*c, and t-channel

\fe oaly brie$y Comment an tlle photon trlangle loop integral in the u and t
charlnels, as it is r1Cer1CC1 for the rarhatlve (~orrC(.tlorls in the charged to charged chan-
nel T~ - Ii+ -~ z-K- , sec Fig . 5 .4 . MTe discuss this issue for lleavv kaorns and ligllt pions
firnt . The representation given by F.qs . (fi.7) . (6.24) for the .s channel Nolds equally
for the u-channel, wich thr " ~l .pprr~pri~l.te analytical c.ontinuations for the kinematical
region 21. C (_l.IK _ ,1. T ) ? .
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Gx' (u) = log ~ ,~` 1''([7,1} - ~~ + log
~12~

F(1, oc) - H(t7 . :x~}

	

.
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can be taken dir-ectly frorn E,q . (6 .28} . `fite thresllold expansiorl
F,q .
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(6 .38)

11' the pinn is still considered a ligllt parCicle, G' (i) and its thresholcl expansion
fFc_l . (5-67) of course (-1 o not change, 1)ut . tlle analogous G

	

(1) does . He re i t, does not
srrflice to subtract the suh-srrble~~ding singular - it,ies, but rather we have to srrbtra .ca
the KIi Cut, too (t - 1:11' for t C 0 ls not a srna.ll variable any rnore), as descrrbed
111 tlle prevlous paragraph 111 Order to lsolate tlle log'.m ., terlrls alorle . \`fe find tlle
representatlon and threshold 1)ellavlour,
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where now rr = V 1 - 4--112 It .

	

M--e once innre note that the infrared hehavioltr is
rtnt "harlgcd. only ultra,violct divtrgcnc°.cs are ncw1v hltrodlleed.

hl Order to find tlle appropriate low energv represerltaticul -witll heavy lmolrs aud. pi-
ons . no additional work has to he done for the t-channel : thc representation Ed. (6.39)
only ha.s to he used for G-� (t), ton. Fror the zr.-chamiel, however, the distance to thc

tivrl-partic'.lc ctrt ncar threshold is Ilßt Small anv langer . rr.- (hfl;+-I,)2

I ."
' - -4_1-1, '4 ,1T .

such tllat we cannot Lise a {~rossing-S~-Tnrnetric : for'rrl to EI. (G .31)~ l . We t}lerel'c~re
have to stll_atract the cut, ton, an(] tlse a similar' relweseriCation as for, the f.-charlnel in
h:q . (6.39} .

trialrgle diagram .

6 .6

	

Other photon loops
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(6.353)
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~L + log A2

. ) + 0«1)327

	

alr;a

Thls completes our studti of low erlergy r(2l:)reserrtations of the pinn kacln photorl

Tlle otller' two t;ypes of' photon loop dlagr'ams displayed in Fig. 5.1 are dealt, with
verl easlly in Irlfrr7,Y'ef-l regtlla.risatlon . Rotll Carl be f-lltiC'115sef-l 1T1 terms of the self'-
energv diagram consistirlg of a pllotorl loop aroulal a meswi (piorl or ka.ou) . ~vllich
«Te shall hriefly cousider leere . L1 e Write _l1 für eitller piorl or liaorl lllass, aIld use tlle
abllreviatiolrs
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'?rrz. .: .1 T

~Ve Write botll tlle sca.lar loop function für two propagators iuvoli illg Llifferent Inasses
J(s) and its irlfrared lrr,rt I(s) irr teures cif these variables (dropping irrfinite pie(-es
.x L) :

:l I
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A 2

Ca'
+

	

z [(S2 + a) log a +

	

1 - S) 2 arcc.os(-(2)]
1 +2{x.(2 +o.

*lIn £ra,ct, tha.t representa,tion hm.s an nrrlalrt sicai.1 ixrrti.gixr~irv hart £car .s

	

C

	

(lTF, - lf;, )-, tVlricl1

however does nor, haue to Kother us : t.he low energy structtlre is unadallterated .
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(6 .42)
1+2cx~~+cr~~

(in appropriate representations near the rin-Shell point .s = _1- 2 ) . The sclf-( "nergy
diagranas arc gii~-cn hy

wherc
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a
(Thc (lifferen( ;c lrere is that tlle lreavy tadpoles

	

varnisli in tlle infrared part.) In
addition, ii-c dcfinc the rcgaalar pari raf the self cnergy s' 1; (,s) = Z (s) - s' 1 (,s) . Partting
picces together and expanding thc resulting cxpressions for the sclf energv around thc
ori-shell point S? = -a/2 and ira powers of a, we find
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as the phvsical linait c.orresponds ton

	

Ll . we ha,v-c written down terms of higher
ordcr in a. than ac.tually n(" ("d( "d. Just to dernonstrate furthcr can(°.clla .t.ions raf nran-
arialvtic terrns ira the regulär pari . M-e rote the follo~ving :

1 . Thc on-shcll value raf the sclf energv that leads to el( " (°.trrarna~gnetrc mass renrar-
rna.lisa~liora vanishes for rra...: U ira die infrarec_l pari : for, heavv rraesons . the
elec.trornagnetie mass shifc is given, to one-lool) orcler, hv c:ouraterter'rns, ira c.on-
trast to the Rill,- relativistic result .
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2 . (]n die C'o11Lfr1Y:~' ; die ClefivaCiL'e oC the Bell ' energ~' at, the on-s}lell poirll, . lea{-lirlg
to tlle wave funetion renorina11sation factor, is fully 1naintallled in tlle infrared
gart (or, euulvalently, tlle derivative of tlle regula.r pa.rt vanislles} . 111 pa.rticular,
tlle illfrared divergence ci, log rra~; is preserved . 'i'llis Gould of course llai-e been
tl.nticil:r~,ted as tlle cancellation of tllese infrared dii ergellces via illchlsion of
llrenlsstrahlung cannot depelld oll a rcgularlsation hrescription ot loop diagralns .

NN-e cxlnclude that diagrarn (c} in Fig . 5 .1 relnains ullchanged, ncl matter what reg;u-
larisaticln prescription is used . while diagram (ll) as well as inass shifts dlle to plloton
loops vanis11 for lleatiy lnesolls .



outlook

In tlle en[l of each chapter, we haue summa.rised the various results, such that we
refrain frohe repeating our findings agaill leere anrl instea.d ra.tller point towards more
genoral extensions and possibilities of future research related to botll rnain Barts of
this «Tork . Tlle [.'olllriloii ground for tllese different tl,l:~hli[ ;tl,ti(uls is that the theoretical
tools t.lse(1 throtlgll(nlt this work llave been denlonstrated to finally allow for a model
independent analysis of the many precision rhl.ta in low-energy hadron physics that are
alrendy

	

or ahout to c.ome . NN e. only bricfly dlscuss three particular exa.mples .

Pion phoco- arid electrol_rroc :luction an the rluc.leorl .

Buch exfrer'itrlerlta.l efrort is devote(1 to nleastlrltlg pion p}loto- and elecirc~l_rroc_luciion
close to thr- esllolc :l . 1'ery precise da.ta Crorn M_aNIT, S-aT� arid NIKHFF are all'eady
avallable, further russ at 111:1111 are pla.nned for the Teear future, f-\' lllle tlle descrlptloll
of these processes has beeil olle of tlle key successes of clliral perturha.tion theory
involving lul[ ;lc(uls in the Bast ton years [BK11IS36a, BK1I01, BKL11I94 . BIilGI9fih] .
several furtller extensions are still desirable .

First of all, a [;tl,l[ ;lThttion in the infrared regularisatlon scherne ivoulCl bc a natural
extension of th[" dolle for the ( "lectrr~ma,gn( "tic form factors in Chapter 2,
allowing for another important comparison of the rclativistic. and h(" ~l .~-y-baryr~n ap
proac.hes .

	

R.(" (°.ent data for elec.troproduc.tion a .t. 111.1111 [.1102] Show a seemingly
scrong discrelfancy hei~~eerl t,}le daca baken at, photon virt,ualil,ies Q' = 0 .1 Ge1''
arid Q' = 0 .05 Ge1'', such tllat ~i rerlewed ana.lysls 111 the Cra.rne~~ork oC rela.tivislic
clliral perturbation theory is very lnteresting not only froh a purer- theoretical, but
also froh a phenolnenologieal polllt of vleW .

There 15 a second strong lncentlve to perforin such a relatlvlstle ca.lculation : 111 order to
ohtaln experimental inforination (lll (',1['.[.'tr[llar'(lC1U[.'tlorl anlplitlldes oll the, neutron, a['-
tual nlcasureinents ~11Girl,1s have to b(' perfornled wlth a nuclear target, l)r('f('1'ahly- Cl('ll-

teriuln or '3 11(2 . Cl1PT investigations of photo [Be97] anCl cle[;trol:~rodu[;tion [KB1IC10]
an the deuteron exist and will sonn be extended to higher Order such that the single
nncleon amplitude becomes the limiting fac.tor in the

	

of stich a calculation .
Moreover, as t,lle 1t1Cliision oC this sirlgle-nucleon arnplilude lrlvolves a Lorerltz boost
oC t,}le sa.rrle . also having a . rrrarlifesl,l .v invariarlt r - epreserlta.tion oC t-llis a.rrlplitude would
largely iacilital-e such an arlalysis .



Third, due to tlle high qualit;> of (aat ,a near thresholca . pion procltlctlon ruigllt be an
even Tnore sultal]le process tha.n plon nueleon scatter'lng for tlle extraction of isospill
violatirlg effects 111 tlle single nucleon rector . Olle of tllese effects, tlle cusp due to
tlle T Id to FL 0 1) lnass differente, ls alreadi° lllcluded 111 tlle exlstlng calculatlons . Once
a complete Urne loop analvsis of all isospin channels and all relevant partial waaves
will luve beeil achieved, olle rhollld go laevond that and si-rterrlatticaally- include all
lsospln hreaking ( " ffr " (°.ts up to a. certain Order in the chiral lx~iver c.otlnting . Moreover,
thls reactlon also permits c.ollchlsions about lsospln vlolatlon agaln 111 pinn-nucleon
scattcrlng, as it allows for the direct determina,tion of the im a~gilna .ry pari ruf the S-- v.lv("
arnplitude a.n (-1 t,htrs tlle neutral hion-Proton scatCering 1ength . through a rrleasur'errlerll,
of t,}le polarised targec asyrlliilet, rler .

Tsospin violation an(] elecl-r'orrlaignetic correcCions in the pinn for'rrl fa~ctor .

Several experinlents in thc r(',glIll( .' of lo-w energy- L;olrlstone laosoll interactlolls llaa~-e
rcached a . level of accuracy that regilir(,s to take isospin violating effccts and elec-
tromaa.gnet.ic corrections into acc.ount . Chiral perturbation theory, a.s we ha,i~v seen .
i s tlle preferred Cool to 1m'('stlgate such effccts, a a .s it. allows fror a consistent treat-
rnent oC isospin violation taue to both the ligllt quark mass c_liffererlc:e and electro-
rnaagnetisrn . One partic.ularly irnporta .n l topic are ihe electrornagrlel,ic corrections to
tlle plon vector forln factor, whlcll are of great lnterest for the llddronie correctlolls
to tlle anolnalous 1nagnet1C Irloinent of the Irltlon that Eve llave alrea.dy dlscussed 111

tlle 1ntroductlon (see [1le01]} . Wlllle these haue beeil ei-alua.ted to olle loop Order
both in chiral Power countlng and in tlle fine structure constaant [liÄ1flflla] . olle should
certairlly go laevond this level of 2a('[.'alraa[.'~'. A11 lsoshln syminetrlc, calculation to t-wo
lnnp ordcr cxists [CxIGh31 . BCT9S] . such that it is aa. fcaa.siblc goal to adrl leading-ordcr
r "lectrr~ma,gnr "tic c.orrections to this representation .

Hadronlc Atoms.

As we llave elnplldslsed 111 Cha.pter J, rnuc l of tlle relevante of tlle lsosplll vlolatloll
sturhes an nleson Tneson scattering lies in thc extractlon of the lladrolllc scattering
lerlgtlls frorn bound stante experiments . Isospin brcaking effects however do not ollli-
erster via corrections to tlle scattering alnplitude alt threshold, there are additional
effec.ts that ca.n only lac ( " aa.l( " tTlaa.t.r"d within the bound statc formalism . IGInch work in
this area har been Bone nicr the past few vears . ongolng efforts include the gene..ra .li-
sation of the pionium results to pinn-kann hnund states [GS[l2] . Remaining Problems
tllat are ol_ljects orcurrent experlrnental elfOY't,S include Eid (see [Be02] I''or aal effeccive
field tlleory a.rlalvsis) an(--] K .V.- hound states, and while it is ol:avious tllat tllese (-1o
not send tllelnselves so easily to chiral perturbation theory and effectii-e field theorv
analyses, lt Irllgllt still he wortliw.hile to galn all understandlng of these processes as
fas as posslble, alld to at least estllnate tlle lsosplll breaking correctlons lllvolved .



Appendix A

Explicit representations for baryon
form factors

A.1

	

Loop integrals
In this ~1.ppcndix. wc define thc loop intcgr �l .ls ncdr "d in this papcr and cvalnatc dien
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A.2

	

Form factor contributions from separate dia-
grams

Tn this section . ue give the contrirfutions Co the Dirac and Pauli form Cactors Fi (f) ;
l'2 (t), respectlvely, collling fronl tlle varlous dlagrains shown 111 Fig . 2 .2 .

A.2 .1

	

Kinematic structures of loop diagrams
First, we sliow the basie k111einat1C structures of tlle different loop dldgralTls . W111Cll
llave to he weigllted wltll varlous ( .'o(,ffl('1(',Tlts for different particles an(I different intel-
lnediate states . IIere again, ive display tlle nlore gelleral case that tllloivs for p 2 ih p`,

Tlie followillg expresslons contrllaute to tlle Dirac forin factors F1 (s), ivlu~re tlle sul)-
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Heavy-baryon expansion of loop diagrams

111 (,1115 sect. i0tl, ue give soin e inore explic.i t restllts ior- tlle (1iagrain conCr- i1 :)uCiorls s}loun
in tlie hl'evious Sectlotl, rlarrlel .v expatl(1 Cllern ac.cor(lirlg to the heavy-1), .r "on scherne
and up to linear Order 111 t, lt 15 obvlous fl'oln tlie forlnulae what hlgller terlns are
11egleeted, so we a.llow our Rotation to lle a hit sloppy allout tllese : all diagralns are
gü cn tlla to Orders M' and t:l"12 . both lligller orch'.rs 111 M and t are dropped. Also,
we drop tlie infinite Parts . and only sllo«T results for alle sinlplified case pz = P1~) .

Me will use alle allbreviation 6 = p(rrt. - p)IMa as a cluantlty clf chiral Order 1 that
charac.terises thc bartion 1nass spllttlng in thc loops .

aI2

32m

	

aI

	

3~~ a1'

	

1

	

1112	3
21 ,2

	

l + 3 log A -

	

p,

	

(
2
-

6)
-
P2

	

~
2
- 66 + 562

+ (2 - 96 + 66j log
1I	t

	

r

	

1-~
I1 +

Gw2
l l + 81og

	

} + . . .
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E7

Fy

F7o

bfr,

-1I2	-1I

	

,AI
1 + 3 lag

	

-

	

(a - 66)
3271 'F2	A

	

2p

12 - id + 56

	

+3 (1 - 4d + 2(V- } log y~
J

}
L

	

JJJp
'2

+ ~

	

r + 1L1 lng

	

-

	

(7 - 2r)}
A 21)

2M r
-

	

z z 113 - 266 + .562 + 6(-1- .56) log
A

j ~ + . . .

	

.

	

(_x.69)

1,f;i

	

:1-Tr

	

1.l
-

	

2
F2r3

	

~+ 2r3 L
l - 26 + 2(1 - 36) log

	

+ . . .

	

,

	

( 1.7f]}
3271

_y2 _1-I t

	

lI
lag

	

-

	

1 +21o r -

	

+ . . .

	

.

	

-x.72
1Gr1 2F2	A

	

192jr2F2	~'J,

	

(-

la~

	

+ . . .

	

(_x,73)
32<1 21~ -2 p2 ' A

.'lT

	

I

M+ 242
8r1-

	

p

	

212

+2 (1 -16 + 262} lag
A ]

+
3pz

log
M

	

+ . . .

	

(_x,7-1)}
A ~

'

	

.'lT
-

il M

	

1 5
- 86

	

,
+ 1 - ä + 2(2 - 6) log

	

+ 6-}167T2F2

	

:1-T

	

,1

	

2

	

4

~(1 - 26)2 (8 - 6) + 1 ,)

	

1 - 'fi~ +4P) log
l.Iz

x
71-p

192
t

2F'lT +2 (4-6 +6
log--112 (105 -IM- (V2

J
4_lI

7
- _ _

	

123

	

-1I
lli-

	

+96r+6 +12(2-36)lag- ~+ . . . .31) '̀ 4

	

A
1

	

71
X1- 70

	

=

	

1 - log

	

+

	

2~
(1 - 26) + ~~

	

~(2 - 6)6

	

(A,i6)
32<1 21:-2

+ (1 -,34+ 242) 1ng

	

Ji ] +

	

iT)'~ 1
1 - 6 log

(_a . r 15)

-112 _l1
,~ a log1671-F` A

_y2 I t l

	

I
'I12

	

=

	

lag

	

-

	

,

	

,
L
1 + 2 lag;

	

+ . . .

	

.

	

(_x.78}
4712F2

	

A

	

48~~ =F=

	

A
Tn Miese expressions, tlle increasingl,y high power-s oI' 6 rniglht wein worrisorne I'c~e the
I'c~llo~ing reason : :gis uill he written out explicil-l~v below. lhe Conn Caclors of' Et



in tcrins of (Itlark ril;iss('.s, i.c . tllcrc sLCrrl to bc chiml 9111-(2) siiiglrlarltl(',s (for rh . --> [),
but 177.,, fix-cd) of higher lind higher ord(rs . This puzzle is cil.sv to rcsolti-c in this
rcl.ttivisti( " fril .m("ii-(lrk, whcrc onc finds thnt thcs( " powcrs in 4 stcm from
('lpr('ssloiis tllil.t hivc iin ill-d( "fincd limit -1 [[ IP - 7771, of thc form

G~-llich til:Jllr(richc5

ri.7 :C. 1~ rri.

~l12 - (rn - p)2

It is olivi(n.ls that tllc 2ir(-( ;os ('2iiirlot l)c scrisit)lr c lJ~.tn(lcd in (m. - 1»llf (which is
fornuilly of ord( ,r rriq ) if M C iri . - p, such tLit onc has to ri12ik('. X3,11 tinalytictil
continuntion first .

7n-p

	

far'ccos ( ,u log
:1-12

	

1»2

	

(rrl - r}}

	

- :1,12

A.2 .3

	

The octet form factors

p
it

	

-rccos (
rrt.
_Li

lrJg

	

- irr H

	

71~
P - 717.

	

21m

	

1J

ror -,11 CC 1 m. - P1, Aowirlg tllat tllis looli corltri1Jtrtion re~illy (1iverges 1oga.ritllrr1ica.l1Y
only and ca.rl he ~Perl to he suhleading everywllere, e. g. yieldlng a log _ll, divergence 111

the nla.gnetic radius (cornpared to the leading chiral dii-ergence), and reducing
the log Al divergence in tlie electric ra(hus to a non divergent terin,

log
lf

	

: log
2 (rri - 17),1

A

~ c wis11 to cmphitsis(, . tlloiigh, tluit in thc rcil.l world, thc rittirJ (177., -777.,E}~-1IT ti () . -)5

is not Luge (rhw to thc pitrti(°.tllar sma,llncss of thc low-(,ii('rgy constant controlling
thc s' - i-1 mi1.ss spllttlng. 1J1) = Ufi GcV 1 ), lind iin ('lpil.nsloii of th(" ar(°.cos . though
not par- l,icul~irly rast corlverging, carl be (lone .

In ordcr to writc down thc contributions of tllcsc dliigriims to thc vitrions form fa,ctors,
w( " iisc thc following noti3.ti(111i1 .1 form: E.; (o. B) dcnotcs th(" diiigriim Ei with th(" rncson

sind t,he bar;yon P irl the (~-irlua.1} 1rlt, errile(iiat,e sCate, i .e . irl t,lie ~ihove iorrrltila .e ior
the kinernatic structtrr -es of' tl1P dia.grn.rns F.;., orte }la.s to set :1-1

	

sind rr7: -~ M.H .
The egtral rlota.tion apfrlies to rrl~ignetic. contrirfutions

	

P) . For the t, .dpole-type

A.2 Form factor contributions from separate diagrams 141

cont~~in ;= :'1 int,errrre(.liate stwes, ior- ~vliic.h (l becornes

-
b

rrzs (7ra ;, -t11~) ni,5 7ia
= x (A -79)

:1-1~ 1`rz
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diagrarns

	

onl " a TTlesotl state has to lfe specified . pIp' are of course given hy the
lnass(es) of the pa.rticle(s) whose forln fa.ctor is cornsidered . L)ne peculiarity collcerrls
diagram x'1,)

	

where tlle rnagnet1e coupllllg of the rector current a.llows for a
.1 - ~.

,
0 trarlsltlon 111 the Vlrtual lnterrnedlate state . 1_3asie symInetry conslderatlolls

show that . for all form factors iivitll iderltical in

	

and out states, a

	

and a EO - 1
transition vield the staue kinenlatical structure, such that contr11aution5 of die form
E1cf(r;~. ASE) c.omhrise the sum of hoth such dia~grams . Howetier, this is not the case for
the _1- s': ° transition form factor . such hat. in this case we ha,v-c distinguished hetwecn
the different orders in the intermediate state and written EIry (z, v~_1) anrl Eln(17 . _1s`) .
everl thoug}1 the barvoll rrlass difFereilc.e irl this (Courih-or{-ler) diagram is irl ffrirlcil)le
lfe~onc:l clie order 1te are working at here .
The Dirac ; form factors Fl (t) are g;ii cri as follows :

F'(t)
_
-

+

r7Z~' r- 2 (1101 +
all

)
t

(D
1

+ F) 2 (Es - 2E'6 - 2E;) (T~ -. r) � (D + .`3F)"(E6 + E;} (Ii. 1)

+(D '->- F) (2Ej, - Efs - E7)(IC, ~) +
3
(D - ~3F)2E;~(rl, - T)

+ (E's + Es» ( ,T) + 2(Es + E~1)(1 }

- (D
1

+ 1')?(~rr~ - fF)EI0(7 -. '~ } (D + U')"bf"Elo(K, .1)

+(D - F) .l (1)D + 21~h)L1o(h i) - - + AV3 (D F)(D 3F)~}~'E1a(K . )

1 1 L (t)

4rr? 1ü �
t3

+ 2(D + F) 2 (E; + Ers + E7) (Ir, r) - 2(D - F) 2(E�, + E(; + Ei-) (K. Y')
- (Fs+F9,)(7)+(Fg+Fr»(K)

+
1

2(D + F) 2b~E1a (7~ -. r) +
c3
(D 3F) 2 hhE1o(h. 1)

+(D - F)2(bf' - 2b"') Eln(r1, v~) + 3(D - F) (D + 3F)bL'Elo(K,

-2(7) - 3F)'21)1) Fln(r],- }

Fil(t) - 2d1n
3

-x(1) -3F) 2(E',+E6 +E;)(h,~)

+ 3D21}c'L'lo (<< - -. Y:) 3 (D + 3F) 2 (1)c' 311c")E, 1a (K, N)
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Fi
o
(t)

-- (7) - 3F) 2 (b 1;' + 31~c )F i0 (Ti,

	

-D z1~6'Fin(q, 1)

	

:

	

(A .82)

2«1101+
X110?

33 )

+2 (D - F)2Es (1i. N) - 2(D + F) '-> (E(; + Ei)(1s. - ) +

	

D2E;(7l- r)
2(E8 + E,3} (z ) + (E's + Es» (li)

+

	

3F
z
(2bc

n
+3brF)Ei

	

91)2 b
6EI a :1) - 31)1'l~f"E'7o(<< ._1'')

+3 (D - F)

	

1) c' + :3M )Ei0 (IC, N) - 4(D + F)2 1}DE1a (~i. E)}

(D - F) 2 (E�, +E(; + Ei)(1s.	r)- (D + F) 2 (Er, + E'cs + E'7) (li. 7)

-3 (D - F)2 (b6 - 31)r")E1a (1i. N)

-3 (D + F) 2 (bb + 31)>'.)Eia(r1, ~=) + 3D'1~~ E1cf(rl, ~)
r110F1'7:

	

(t)

	

Z7~ -~ 2 «111)1

	

-

	

3

2
)

t

-
3
(D - 1'')"bc"Eio(1i, _1') + 3(1) + l,_)

z
(l~

n
- 31~fF)EI0(1i . -)

,1d 7 0,2
r

3

(x .84)

_

	

1
11'' 2 (E, - Eb - E'7)(<< . !') + 3D~(Ee~ + E';)(<< . 1)

4
+2(D-F)2'(Ers+Er)(h, .N~) -2(D+F)2E5(1~.~)- 4D2E5y

: )
2(E8 + E,)(z) - (E8 + E9) (K)

3F2 (21) b'

	

b )F-i0(~,~} - 9
Dz b ;a F'7o(T : "~) +

	

DFM'F'7o(T, AZ)

+
4
D2 (1)D

9 6 6

2(D - F)2 (E'5 + Er; + Er)(z, .y) + 2(D + F)

	

+Er; + Er)(1i. ZZ)

1
2(1) - 1')'GrFE,a(~, y) -

	

(D- 31-) 2G6EI a(1i . 1)
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+(77 + F)2 (b1.' + 22)Fl0 (K, 7) + 3(D + F) (D -

	

F)1)" Fln(A', 1E)

- r3 (1) + 3F)2b"E, U (r1 . J)

~10
-Z

	

+2 (dlnl -

	

3

(D - F')2(E;; - 2Ecs - 2E7) (z. 7) + 3 -(D-3F}2 ( 'ts + E'7) (1i. A)

-(D+ F) 2 (2F5 - F~ - F7)(T~',~') - 1(D +3 F) 2 F;(q,~)

(E8 +Eg ) (7 ~) - 2(E~ + Eg)(E)

(D - F)2(1)c' + j)s)Flo(~ _) - -(D - 3F)'l1~FlU (h. _1)

2
+(D + F)2 (1)" - 21~~` )Elcf (1i. s'.) -

	

(D + F)(D - 3F)b~'Elo (1i.

-2r 1o2 t
8DF(F; + Fh + F7)(T: r)
-(D-F)(D+U')(E,+E6+E7)(h,N)
+(D+F)(D-3F)(,E�,+Eri+Ej(K.`.)

-(T3- F)(FJ+3F)(bbr'')F-in(K. .V)

-(D - ,'3F) (D + F) (1)D - bh)Elo(1i. J} - 3D~bhEi U( .r1 . 1v) . (_x.88}

In the saure way, we show the results for the Pauli form factors F2 (t) .

	

~.-~Ne noted
that tlle lowest Order coupllrlg constants für tlle anolnalous rnagnetic niollients . bL '/1,

,

recei ve cluar-k ruass renorrnalisations r~y the fou rill-Order coupl i rlgs brn,r . such t}lat we
sha,ll emplov the abbreviatiolls T(; ,.~F = btn'~F

+ 2rn (2-,1h- + -11?} 1~6
,.~F ~l.s in Eq . (3 .5~) .

Note, however, that it is fully j ustified to set b )/"' --> b )/"' for tlle fourtll Order loop
colltributions .
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z r

	

r.k :3
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� ) +
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1

d109

	

7~2

+

	

(D+ F)

	

2.11t;) (<< . N) -
3
(D + 3F)' 11c; (1i, :1)
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F2" (t)

F2L+ ( 1)

+(7) - F)9 (2.'lT, -

	

(K: r) + 3 (D - 3F)2 1T;(rj . .X)

(D + 1'}'(tt E;' - bfF)_ll,n(~~
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.
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7rt_~- 2T(~	4
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2

	

2
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3
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1
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+(D - F)
z
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)

2(bio + b� ) All 2(Z) - 2(bio - bl7 }All 2 (1i )

_ 7rt. :1 11h
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z

3 [d,o? + 2rra ;,7121 t

3(D + 3F)2 (lf, + AT6) (K, N) -

	

(D - 3F)2
(A .fs + -1 c~) (K. EZ)

~D2V'-Vl()(z

	

(D + 3F')'(1~~' - 31~ ' }_l lcf(~i . N)

-

	

(T) - 3F) z
(bs

' + 31r {b } :1-T~n(1~~, J) - -1)zt}~;~ .'l,Tyn(rl, :,1}

b"1T-i 7 (Tt) - 2bz(1'')
_ rras brD

	

z- 71: (112

(1102 I 1/2
3

	

-3)j t

31)2a'~(~~, 1} + 2(1) - 1 - ) 2_lI~ (Tf, V)
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Fz°(c)

FE_
(t)

3
F2(2 6~ + 3b{ '
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n2b~;' .1j7n(T : "~)
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(1) - l,')2(b6rn
+ 3bfF)_ll,n(h,

	

3 (D + l~ - ) 2G 6;'a1 71) (li . Z)}

+-D2
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+ 3br')All() ('rl, E)9
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z7L + - rrtL	- ( :1 tL.
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,
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3
(D - F}

	

+ A1(s) (1i . N) - (D + F)
2
(15 + -1-IJ(1i. EZ)
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b,~ .1llc~(z .'E') -
9
D2 1~s :lllcf(~~, :1)
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)
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211

	

111(<< ) + (17h - 11~ )
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-
rra l 2b1)

	

7` + -} rral [( .112 - - :l-t

	

) (2(:r: ;3 - :-3 } - 21-12-
rn 3

	

3

4F2 (_l- .; -

	

4s':) + 3D2_1l(;(7. 1) + 2(D - F)
2
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-3(D -
l''

)2b(llAll1)(li, _V) + 3 (1) + F)2(b 'n - 3bfF)_ll,n(h, ~}

.3
[(171)2 + 2rra`r72] t

2(D - F) 2 (Af5 + Ms) (<< . J} + 2(D + F)2(lf, + A16) (K, E)

2 (77 - F)''1r{l' :1i-in(Ti ,
7

} - 9 (D - 3F) 2 b 1;' .liin (A', A)

+

	

- F2 (21~6~ - 31~ 6	g7~2b~;~ :1'Tin( ;, 1) + 877

	

flo(7- :1Z)

(A .94)
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Fz

2+ ,3 (77 + F) (T3 - 3F)b"A-l-in(Tt. AZ) - -(T) + 3F')~b6'Al-in(r7, ~)

2(111U - bll) ~fli(ii ) - 2(111U + hll) :1,11z(h)
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A
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(U - 1,,)?(b1' + b{ ' }_ll, a (7. ~) -
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6

+(U + 1._)z(b6 - 2bF)i1L17o(1i, ~')

7
+g (77 + 3F)z (b~

' - 3b~') :1-T-in(rl, ~)
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2(b,a - b>>)=1.11z( .~i) - (bn +-1b� )a1,2(1i}} ,

	

(x9G)
rrz ;~ + rrr,, -r~

	

z
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~~Z;1 Z,, + '? (rra :~ + rrzz ) :1-T~ {~ :~ + 2 ~d, nz + (rrz ;1 + rra,,) rh J f
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-

	

8DF( .'ll, + :11h)(T : r) - (D - F) (17 + 3F)(11; + A,16) (K. .'1')

+(U + F) (U - 31-')(b1,, +

	

(1i. J)

-(D - F) (D + 3F) (b" + b") -111c) (K, N)

1") (b ll - bF)iv,1)(1i, E) -
1
,3 11'b f; a1, a (rl, a?')

+

	

2bfnal� (~~) +b E;'~L17, (1f) +-1b,a~1-17?(<<) +2b7~1a1,2(1i)

	

.

	

(AJ1)

Fiiia.lly, tlle four Z factors of relei-ance a.re gü-eu hy

_

	

+ 3(77 + F) '-> Z(T ; N) +
1
(r1 + 3F)2 Z(A-, A)

+ 3(1) - F}' Z(1i . !~} + 3 (1) - 31-'} 2 Z(rl . 1`)

N)
3

Z;1

	

=

	

1 + 4D2 Z(T~ . ZE) +
2
(D + 3F)2 Z(h.
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3

	

3

Zs	=

	

1 + 81'2 Z(~~

	

D2 Z(<< . _1) + 2(1) - 1,-)2 Z (K, _V}

+3(1)

3
(D-3

+ 1,')2 G(h,

	

} +
3
(D + 31'') 2 G(r1 . J)} ,

	

(A,101)

ernplo> irlg again the sarne notacion for different intennedia.te staces as for, the rann
fac.ior c:liagrarns .

A.3

	

The nucleon form factors in SU(2)

Again due to Vast sinlpllflcatlons for the kineinatlcs 111 the SU(2) calculation, and also
for the sa.ke of tlle lnore elegant corllbllled representatlon of proton alld neutl'on folln
factors 111 tellns of 15oVector alld 15oscalal' contrll]utlons, we also su111111arlse tlle forlns
of the different Fevinnan diagrarns in terins of loop fünctions for this particular rase.
altllollgll all cif tlle below can in hrincihle he isolated fro111 tlle pinn loop colltriln .ltic~ns
to the S1- (3) forrn factors in the prei Ions sectlons . For the corltributlons to die forrn
faclors F1 �~(1), we firl{:l

Fl+:s
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, - 2.rn'~. Itl l (rn ,. )} }
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Sirnilarly, olle obtairls for tlle 1,2'l"(t) contributlolls
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)bserve tlle one inconsistency in our treatinent of certain lligller Order r.oiitrilllltiorns
in ST-.- (2) compared to SL?(3) : the diagram x'11, sec Fig. 2.2 for rr "ferenr'.e . was omitted
in the previous section, as m11 as c2-like contributions to _V1l . These c2 contril-lu-
tions are of higher rüder than would br" a,llrliverl for in a fourth-rüder hr " ~l .~-y-oar~-rln
calctrlal,iorl, so otle rnlg14 argl]e 11'lletller or riol, to irlclude tllese terrns al. all . For
the Bake oC cornpleterless, we have irlcluded tllern in tlle SU(2) calcula.tion . Tliey
hai e been olnitted in the SU(3) calculation inainly because tlle correspondlllg low
ellergy collstailts would agaln h~itie been unknown . f1 e ernpllasise that tllese terlns, a.s
ta.dpole type contrlbutlons, wllti enter llldlrectly via slna.ll rellorinalisa.tion effects and
htr,~-e nrl signifir ;~l.nt inlpact an tlie lallellornellohlgir;tl.1 description of the form factors at
all .

M-c leere spell ollt die Z factor needed for wave functlon renornlalisatlon 1.111 to fourtll
Order . f_)f c.ourse, we now also ha,ie to take c.are of c2 contributions fiere . which cancel
the direc.t Alles in the elec.tric form factors. The other terms can also oe taken direc.tly
from the ST-- (3) representatirln of the wave filnction mnormalisation given abrlie . F'rlr
the evaluat,ion ol'the Corin facCor Fi , tlle rlucleon charge leas to l e rrltrlt.iplied hy Z;v,
uhile fror F2, the anornalous rrla .gnet-ic rnornerlt (a second orcler cont,ril)ut,ion) 0111V

}las l-0 he renorrna.lised 1_rn- the Z-Cactor ull co l,bird or{-1er. i .e . t,}le cerrn - r;2 can be
dropped.
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App. A: Explieit representations for baryon form factors

A.4

	

Strangeness form factors of the nucleon

As for thr" r "lectrr~ma,gnr "tie form factors of the harvon groanirl st~a .te artet . we show
tlle scr'arage Vector form factors of' c}ae taucleon in terrTas of' laasic feyntTaan diagr"aiTl
structures . In analoge' to uhat uas dune befbre, we slaall use c}ae a.l breviation M =
G° + 2rra (2i1L1 2 + ib1?) ~a as iii Era . (-1.6) . one ealr use k instead of G° iii tlie toop
contributions to tlie accuracy gii-en leere .

F~,s(f) =
2dl

	

i(dinr -

	

az
- diaz)

+

	

(7)+3F')2(F,+F~+F7)(T~", :1)+=3(T3-F)~' (F;+Fn+F;)(A',7)

(D + F) 2 (1) 11 - 31) rF + üh°}F1a(~ .

	

r) +

	

(D+ üF) 2 (21) (

	

+ 31~°)F1a(h, _1)

-(D - F)2 (21)r" - 3b°) F1 a (h, ~':)

	

.

+9 (D - 3F)`'(1~~' - 31~ ' + 31~b)E1cl(rl .

	

r)

	

.

	

(:1.117}

F2� (f)

	

777.

	

3

	

- ~) 6

	

+

	

6

(il 2,31

	

CT :j
., :4rn.N

	

(-1IT; - -1IT~ }
(

r~: 1 - ~ - ~ +

	

+

	

r~:z - 3
d102 do

	

772

3

	

13 )1
+

	

(D + 3F} 2 ( _1 ; +

	

1(i)(11 . i--1) + 3(D -

	

+ _l1(s)(1s . s')

+

	

(1) + 1,- ) z ( {z - 32 +

	

1°)a'7o(z .

	

+

	

(1)+31- '} 2 (?1l{z + 3G°)'ll,a(1i . 1)

-(D - 1',)2(211{) - 311(')ib1ro(1i, ~')

+

	

(1)rr' - ~31)~) H11(h) - (1)s - 21)la + 611 11 ) :v12 (K)

A.5

	

Counterterm scale dependences

Tn (,bis appenf_lix, we collect . tlle scale depenclerice of the various thir'f_l- and four'tli-
order counterterins that enter tlie deserlptlon of tlre barvon form factors.

There are two infinit(, counterterms at third rüder entering the elec.tric radii, d.1D1 and
dlflz (see Eq. (3 .7} . the scale dependence of which is determined by the appropria,te
;3-frnn( "tions [1TMS) 7]

jdun
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~3(I, 02

li .elllellll]er tlle tlle low ellergy collstallt for tlle slrlglet radius, rrr°az , is finite .

-a athe cor'respon{-1in c.onscant for the sirlglet, magnetie radius . .r .]n, is finite .

(_x .120)

Ac fourth Order, another c,wo lo~~-energ~y c.onscants (771/2 as defirled in Fq. (3 .8)) enter
the I11ag11et1e radll. There lTlfhllte Parts al'e g1Ve11 by
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10 less c11,-I-11 seven lrl flrl lte cotl nterterms haue to he i rlca ude{-1 i n the descrilftion of the
iila.grlet-ic: mornerus at, fourth orc:ler . These a.re also defined in F(t. (3 .8) . U'e llave
diselltangled also tlle sC ale depe11de11Ce of tllese alld found:
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App. A: Explicit representations for baryon form factors

Finally, ue also Show tlle beta.-l' L]TlctlOrls I'or tlle three new iii~igrletlc rilotilerlt cotlrl-
terterrlls tha.t hai-e to he included für tlle siaglet curr -ellt . see Fu . (-1 .5) :
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Imaginary parts and spectral functions

(gut . of' tlle diagrarns c:lelficte{ :l in Fig. 2 .2, only graplls (6) . (9) . an(--] (12) contrirfute
to the slfecara .1 funaions of the iso~-ector I'c~rrn I'ac.tors in t,}le low-erler -gy region, i .e .
startillg a.t tlle threshold t = The separate co11tributlorls carl 1]e calculated
eitller froh tlle ilrnagillary pa.rts of the two hasic loop furnctrorns lni oli-ed (See also
[G5588]},

or , (iir-ectly by using Cutkosky rules . This leads to the i'ollowirlg expressions:
.3

Trrl F

	

-_

	

T
91

	

1 - -1~LIT
1927 l~ 12 (lrra_ - - t}'

	

t

ImE')

x

	

16rr(5f. - 8 .'ll?} + 4rrt -

	

l~f - 14 :1 "1 ) - C2 (f - 4 :1-1T}

	

(_a .135)

1

	

1

	

~(1rra~- - t) (t
IIrI I, 1 (t}

	

_

	

~.lrct~.ln

	

(_x.134}
fTi

	

t( :1IrL 2 - - t)

	

t - 2:14

rrr ,: (3f.

	

- 12 :1-1

	

1 +811j) + -1-1T f.
48rri ,

	

2ir[ UM

+`;l1~ 7r7-N-

(2rlt ,, + t} (t - 4AI?) + 6-1I;'

	

(4rr7:~,,-

	

4.'110
+2

	

--all
(4rrr~,. - l) (f - 4 :1.1?)

	

t - 9.1-1.12

4 :1-1,2) , Z72

192:F?

	

t112

3 (t - 4:1I_' )1/ z
Im l.	=

	

,~
481 F�

	

t1/2

F'or these results . see also [CISS88 . BklT96(-]

4 :1-1,'_-'
t -3 (t-z_lJ-2

(-1rra

	

,: - t)(t



Appendix B

Pion kaon amplitudes, scattering
lengt hs, and infrared divergences

B.1

	

The scattering amplitude Fa -K+ -> T°K°

In this appendix, wc collec.t the v~i.rioiis pieces cif the scattering amplitude fror th('.
1) rocess 7-K+ --> ;,°Tt'° trh to One-1OOp or - c_1er, iIlelt1Cliiig isospin-1)reaking cor-rect.ioris

tip to Order 6 E {E, e' } .
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Loop functions
First, we wrlte Llowii tlie loop funetlons 11eecled for t1115 sectlon . 1Ve define
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beeil gii-en before iil App . A.1, and Gaa,(q') ls discussed exteiisivelt- in Cllapter 6 . lii
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where we have made use of the usual Hcavyside ttttictioti H( .r) a.nd the definition

The constant L containing tlie dii~-crgc"nt pari in d - 4 is given in Eq. (.1.44) . The
tensor loop integrals 1O,{~ (i1'} ca.zi he reduced according to [CL85a] : we define tlie
auxiliare functions
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Finally, the loop functions C''~ � (q') are found to he
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B .1 .2

	

Hadronic loop diagrams

Hcre we display the,z.nalytit " fr~rmulac ftar the various :s-. t-, u-channel loops in terms
ruf the loop func.tions defined in the previrnts sec.tion . NN--e recmphasise that the masses

rerer co our c.hoice of tlie isospin limic, the eiaargE~d meson massec . Tsospira
breakirag ell'ect,s are usually exl_rressed in terins of the 1owest-order ;~ ° .q In ixi11g angle E

arad the c11r1Y'gef:1-t0-neutral plota mass (111fererice AA:f;2 = -11'f

	

;~just oc:c~~sioraall
, alK = a'K- - alK o or just lieutra.l lneson massec are used wheai this siniplifies
eXpl'esSlotls Sl~;tllficantly. The superserlpts s, t. u of tlte Various amplltudes l' speelft'
tlae channel, the sttlas(.'ril)ts the, vlrtual nies[)ns in tlae lnterlnediate state . 1n cases where
lcxop furtctions are already rnultiplied lar isospin lareaking paranteters, the Charge of
the virtual rnesons is not sl:x~cified (as the differente is of higher Order) .
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Nexl. . tlae tadpole contribtitions can be ~~ eitlen as
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M-e {-lo rlot express 1he gtrark mass insertions arid the lo~~!-erlergy consCarlt Z irl Cerrns
of Illeson 1nasses . 'Elle Lagranglans Eqs. (a .9), ( "5 .11) contrlbute to the scatterlllg
aniplltude via tree graplls as well as 1ndlrectli° tllrougll varlous renorrnalisation effects
(as discussed throughout Chapter 5) . Here Eve list tlle tree graph contrihutions . The
purely strong Lagrangian tiichls an aniplltude
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In addition, the electrornaglletic ; counterternls of the Lagrangian Eq . (5 .1[1) give X3,11
anlplitude
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Z-factors, mixing

I11 Order to acccn.lnt for wave function re11ornialisation and << 0 0 nlixing beyond lcading
Order, ive have to Write down the various Z factors as well as the quarntities defined
in Erl . (5.38) . These are given as follows :
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The 1asc cwo quantities mult.iplY the tree-level am plitLrde for 7- h+ -~ roh° . wliich is
givell 1)y

_as Z o� an(--] (.0
) are both of one-loop order and of Order 6. it sifices to Lise T� in tlle

lsosl)lrl-s1'r71r71etY'IC limlc, and 11'Itll f ll~lrh mass insercions replaced 1)Y meson ma.sses.

B.2

	

The scattering amplitude 7, -K' -~ T-K+

111 tllls appelicllx, Eve collect tlle varlous pleces of tlle scatterlllg alllplitude for tlie
1:)lY)[ ;('SS Ti -Ii+ z-K- up to orie loop ordcr, Mehlding isosphl brcakhlg cc~rrcctions
up to Order {E, f:-} .
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Hadronic loop diagrams
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Tree graphs
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Furtherinüre, the electrolllaglletie counterterrns contrll]ute oll tree level accorChng to
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~ c point raut a~gnin that C, has already been given in Eq. (5}.2(l) . CraTnharing tlic two
Sets raf c°.raefficients . we note that L'i cancels in all C, «Thich rS daue to the renormalisatrran
of t,lae plon dec2iy C'oTlstarlt, . ln ad(lltlon, tlie deperadence an tlie eleC'tfoTTla.gTlPt , 1C: lo61'-
energy consta .nt,s
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bc .

+

	

3

	

2.1- ~- - _l ;( -,1T + 4-1I,( _l

	

-

	

.1- T 1(a

	

hfl(
0471 2	212 - 112	~' A1C ' T

m';,

	

7 1.-1, log
A .3

6

	

24:1-T~ .'l ,1 + 7 9

	

:1-T;~ - :; :1- ;~
log

	

(13.61}

~~ hfl(
9 (_1-iK + -1IT )

	

log

	

A

87 2 F2

+74 ..1-,1' - 40M"s .'l T,, - 43a-7 lr :1,f? + 2raf73
log

1G0a'K - 18 [7_lIx-a'~ _ -13'll r, a'

	

+ 15_lIT
9(4 :1-~, - :1TT}

:1 K - -1141

	

Z(lfx +arctan

-re, do not, speil out. D, separ'n.tely laere . as the rehicion 77, = T3, + 2(lr witla ä' as
given in Eq. (5 .49) does not a~llo~~ for a.ray l'urt,laer' siml_rlific.a~liorTS .

Fi.rrtlacrrrtorc, tlac (.'l('( ;tr'[)Irl2agrl( .'tl(' corrections can bc written as

1
D,z

	

=

	

1 -

	

�, ~8L ;_tiIh (2-Wi~ - -3 A1,) + 4(L; + 8Lh + 4L") (_~- ~- +

	

~?}

4m1; + °nii;
2 (11,1

	

- 1.1,12 )
+ 103aI

	

~L

	

-23a' r~_lIT - 17--1 ,12	vr~+

	

Ajl( log
9(A

	

A-1~)

	

~' A
+ 10 :1 K + 8 f1; lfT + 3(i_1 xAIT + 7_l-1T

log
:1" , a

18(aIr; + A1,)



170 App. B- 7,-K amplitudes, scattering lengths, and infrared divergentes

2711-2 1

1

	

l2

	

~..1

	

2~I-1172 .'l

	

K

	

172~

	

+ 5'.'l li~- -.-1, 1,1 -

16

	

1 7 :1-T, ;

	

J, - 8 :1J,,'

~2(II1,- +

	

A

	

`l ~	'17

m l( -
x aulan

	

-
21-1,

	

2 III,

	

J,

(K' + K2

	

- 21i; - 1-(4

	

2 --1 ,1

2eI2A1

	

(KI +my - :,3 (h7j 0 +Kl ', ) j (
_II.

	

h- +--1142)

IAI' + 3111"K

3

	

~4--~,I,2(

	

1
AJK-11, +AJ,2
12

A

32

	

Ap

	

A

ll12
.11 2log

	

2
l

Ä

in ternis CRI` 1)ure" e' correccions, see El. (5-69), and as

1

	

+

	

- '

	

~ 16 (L; - 2L,' - Ei

	

-.11 _ + -.-1

	

4L,� -11

	

-11,

	

-.1-,I� + ,3-.-11,
p2

' 3 + 21

	

4-11,

	

+ 11-11 W,2 - --11,3	AI,
2(,.~.j12 - ~J~~1)

23.11KA1,2 +
!-,11 fj log

+ ,

	

1og-
+M')

	

A

+1113- 11, -.-lI3 + 163- 17'

72
16 Ahis - 1 7 -.-1, 1

	

:I ,f,

	

J'~j,
)

9 (A,m- +

	

\AA,m- - A1,) (2i1,1K ~- --11,)

2 (A.,Ii~ + -..,1',

	

1,7
-1IA - 2 AI,

	

2-IIA + -11,

1

	

1
(Kj + K2 ) - 2K3' - E4'

	

(lE5, - e5K~')

2 +~2 (K2' - Ks'

	

7E('j)1 (
.lj

	

_K

-11,2

	

K'~'g + Ijj

	

(3-112N + -.11,2



B.5 Infrared divergent loop diagrams

	

171

G~-llcrc

Cs =

31

	

li
32z2

P,2 772: .,;
Z,,t

	

=

	

-

	

eng

	

+O(m0,)<< -

	

1-1r~f

M-e u rite the t,ree 1evel am l_rlit(rde fc-)r z -T~-+
-~ T° A'(' as

- _IIh. _~jT +
z

	

.l-~~ log

for tlic corrcctions in t('.rrils of phtislcal rntlss(',s an(1 dc(;ay coristtr,rlts ac(;or(lirlg to
F,q. (:i .ifl} .

B.5

	

Infrared divergent loop diagrams
In this arld tlrc following aplx~rldix, ivc (liscuss tltc cxhlicit cancclhltion of irlfrtr,rc(I
divcrgcrlccs in tllc combinc(1 total ('russ sc(-tlon for z-K- -~ Ti °Ii' (^ } . Tltc csscrltial
loop fünction c(ultainirlg an infrarc(1 (livcrgcncc, stcrrlrnirlg frone tltc photon cx(;Mange
diagram (il) in Fig. 5 .1, is

G'

	

(2-�

	

(k2 (B . 62)

whcrc :s = (qx + q,)`-' . Thls was

	

( "xpli( "itly in Chapt(.r 6 in thc lcirlcnlatica,l
r( ,- -ion rlc( "dcd fnr tllc pro(°.css in qu(st.inn . .s 7 (_1- K-+-1I�-)`-' . vi( "lding for thc inframd
divergerr(, parc

l rr72
( 5)

	

_

	

-

	

Slog

	

- ,	+ log - - 2~~i } log-' + C7(rra°.)

	

(13.63)
32712CFS

	

1

	

:2

	

z,

	

5

z.i/) as (-lefrne(-l in Fq. (6.10) . Ot,lrer- infrare(l di~er ;enf lool_r c..ont,ril)ut,ions scern
frorn the wa.ve f(rne.t,ion r - error -rrlalisation oC (,}le chn.rge(-l pions (see e .g . [K~'IQ(}l_~]) arid
li~iolls .

z
Zr~ }

	

47T '2
log

:1
m,+

C7 (7r9
.cf } .

	

(B . G4)

1.{'~ = c,r + c5. s + ct t + c.u tc .

	

(13.65)

B

	

sin c

	

Zc2 !	sin c
~(rr1T,.

	

rrl~r) cos c + (rra T ,.+rra~-2rra.5 )

	

) -

	

(cos E +

	

.~

-

	

1

	

z (cos(7
sin (- )	'

	

sinc~ '	1

	

sin c)

	

.
2 F`

	

~

	

GF` '

	

2 Fz
(B .66)



172 App . B : 7,-K amplitudes, scattering lengths, and infrared divergentes
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B .6 .1

	

Infrared divergente

l igure B .1 : lliagranis Colitributiiig to << -I + -- z°K ° -i at tree level .

The tllree cerms irl EI. (B .72) correspond to c}le three dia.grams in Fig . B .l . The total
Cross section Carl be calcula.ted Crorn this amplitude r~y

=

	

1

	

1

	

f dFr .~
(rs),,T f d91,T1

	

I p7, 11 1 1

	

1

	

1T-; 12 ,

(21i)
,

11 giri

	

E TA0 + E.TO	1 +

	

(''os C7p, i5
P, 1

(B .73)
where 0p, refers to tlie tlie angle between the outgoiilg pion an(1 the axis of tlie
incorning particles (in their Center of mass systern), and Hp,r denotes the relative
angle lx~tivecrr the outgoing 1.)iori and the photoü .
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The radiative Cross section at threshold
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The otller aspect of tlle radlative Cross sectlon oll whlch olle would like to llave ana-
lytit;t~l inforrnation is the relnainder at threshold . _gis tlle incorning cllarged particles
are at lest at threshold, tlle arngular integration for the total Cross section slrripllfles
cculsi~lert~,hlr : the integration dQp.,, is trivial, and so is the integration r c? p t, hellte tlle
only angular variable to integr~l .te is dy = rtcrisHp.i, Whic.h is most (x)nveniently dolle
in thc rxrlter-of'-mi.ss frank ruf the olrtgoirig z° Ii° system . Large c.ancellations Lake
place . such tllat one ol tains a sur'llrisirlgly simple exhression :
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Tra order to obtain F(_l . (B.82), iC ls essential co bake tlae radiation l'rom the four'-
Illesoll vertex (dlagrain (c) in Fig. B.l) 1nto accoullt . tlre vertex of wvllicll is lilil"ed to
the z; K+ --> zUhU vertex 1]v gauge symmetry. 111 fast . we find that just l)i- expressing
the coefielents for the 5 ponlt vertex (the thlrd terln 111 Eq . (13 . I2» l)i- C't a11d c, arly
dependence oll cU and c, drops taut ~;ornlaletely- . This is «Tlly for the case of T~ +z- -->

77
0
<< 0-,. . the [.'ross section vanishes at threshold : the lowest order 7-, -<< - z

ca ;~ ° vertex
i5 proportional to .s - --Il', (in the (r gaugc), a.nd thc.. 7~ -7- -~ �7°-;~ ca^~ point vertex
v,a.nishes (again in the (r gauge} . Furtherrnore, the restllt of Erl. (BM) is proportional
to (ca - C.�,} 2 which demonstrates that only the particular `a,svmnlctr~-'' of thc reac.tion
in c-luestion allows a finice remalrx-1er to survive ac threshold .

Transforrning tlle rernaining integratiorl over the erlergv of the outgoillg photoll into
an illtegrta,tion of 8z . We ol:atain the total (Tross section at threshold via
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+_1.hu )z is the minimal energv (srlnared) for the final ~° IL° svstern.
Fd. (B.82) is eva.luated co lea.dirag order in isospin violal,iora parameters, Yiehlirag the
result .
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