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Strong Interactions and Electromagnetism in
Low—Energy Hadron Physics

In the present work, we study varions aspects of the entanglement of the strong and
clectromagnetic interactions as it is manifest in low—energy hadron physics. In the
[tamework ol chiral perturbation theory, two aspecis are investigated: the test of the
structure ol barvons as probed by exiernal eleciromagnetic currents, and the modi-
lication of reactions mediated by the strong interaclions in the presence ol internal
(virtual) photons. In the first part of this work, we study the electromagnetic form
factors of nucleons and the ground state barvon octet, as well as strangeness form fac-
tors of the nucleon. Emphasis is put on the comparison of a new relativistic scheme
for the caleulation of loop diagrams to the heavy baryvon formalism, and on the con-
vergence of higher order corrections in both schemes. The new scheme is shown to
vield both a phenomenologically more successtul deseription of the data and better
convergence behaviour. In the second part, we study isospin violation in pion—kaon
scattering as mediated by virtual photon effects and the light quark mass difference.
This investigation is of particular importance lor the extraction ol scaltering lengths
[rom measurements ol lifetime and energy levels in pion—kaon atoms. The igospin
breaking corrections are shown to be small and sufficiently well under control.

Starke Wechselwirkung und Elektromagnetisinus in
niederenergetischer Hadronenphysik

In dieser Arbeit werden verschiedene Aspekie des Zusammenspiels von starker und
elekiromagnetischer Wechselwirkung studiert, wie sie in niederenergetischer Hadro-
nenphysik studiert werden kénnen. Im Rahmen der chiralen Storungstheorie wer-
den dabei zwei Aspekte untersucht: die Struktur vou Barvonen, wie sie von dufleren
elektromagnetischen Stromen getestet werden kann, sowie die Modifikation starker
Reaktionen durch innere (virtuelle) Photonen. Im ersten Teil der Arbeit werden
clektromagnetische Formfaktoren untersucht, sowohl dic der Nukleonen als auch dic
des barvonischen Grundzustandsoktetts; des weiteren analysicren wir die sogenannten
sceltsamen Formfaktoren des Nukleons. Schwerpunkte licgen auf dem Vergleich eines
neuen relativistischen Rechenschemas fiir Schleifendiagramme mit dem Formalismus
schwerer Baryonen, und aul der Untersuchung der Konvergeny von Korrekiuren hohe-
rer Ordnung in beiden Formalismen. Es wird gezeigl, dass das neue Schema sowohl
#»U einer phanomenologisch erlolgreicheren Beschreibung [iihrt als auch ein besseres
Konvergengzverhalten aufweist. lin zweiten Teil wird lsospinverletzung in Pion Kaon
Streuung untersucht, verursacht sowoll durch virtuelle Photonen als auch durch den
Masscenunterschied der leichten Quarks. Dicse Rechnung ist besonders wichtig fiir dic
Extraktion von Streuliingen aus den Messungen von Lebensdauer und Energieniveaus
von Pion Kaon Atomen. s wird gezeigt, dass die isospinbrechenden Korrekturen
klein nund hinreichend gut unter Kontrolle sind.
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Introduction

The quantum ficld theory of clectromagnetism, Quantum Electrodynamics (QED), is
one of the most precise theories in all of modern physics. Originally formulated in
the 1940s, it has yielded caleulations of higher and higher accuracy up to this very
day, and has provoked experimental efforts to test it to incredible precision. This
theory hag produced some of the most stunning agreements ever between theoretical
predictions and experiments. To quote but two, the magnetlic moment ol the electron
and the muon are known Lo thirteen and eleven signilicant decimal places [PDG02],
respectively!

However, the successes of the deseription of electromagnetic propertics in particle
physics hbegan to falter as soon as they were interwoven with the strong interactions.
Victor Weisskopl relaies the story (see [Dr00] and relerences therein) how Otto Stern,
during a seminar in Goétlingen shortly belore his [amous measurement ol the magnetic
moment ol the proton, received no other prediclion among the present theoreticians
than s, = 1 (as given by the Dirac equation), where we today know i, = 2.793. The
measurement of a large anomalous magnetic moment of the proton (aud, subsequently,
of other barvons) was the first sign of the fact that the proton is no *elementary”
particle, but has a rich substructure that can be studied e.g. by clectromagnetic
probes.

Although we think we know today what the underlying theory for such a strongly in-
teracting system like the proton is; Quantum Chromodyunamics (QCD), and although
we think we know what the substructure consists of: quarks and gluons, such time -
honored experimental findings as the one about g, still pose tremendous problems
to contemporary theoretical physics. QCD in some ways closely mirrors many of the
propertics of QLED, the great role model for all subscequently developed field theories in
particle physics, but it often fails completely in coming anvwhere close to the accuracy
quoted above for certain QED calculations: current results from lattice QUCD compu-
tations aim at (but do not necessarily reach) an accuracy of 10-15% [LWD91, GJJ01]
for the proton magnelic moment, and as we shall see in the course of this work, even
in theoretical [rameworks that do nol. attempt Lo compuie magnelic moments b ine-
tiv, but rather relate moments of different hadrons to each other based on symmetry
considerations, struggle hard to get bevond such a precision.



2 Introduction

There is another aspect 1o the history of strong interactions “spoiling” the successes
of Quantum Electrodynamics, Even for such quantities like the abovementioned mag-
netic moments of electron and muon that characterise the electromagnetic properties
of leptons, hence particles that do not interact strongly, higher order corrections do
involve virtual quark/antiquark or hadronic states. In fact, the uncertainty about the
hadronic contributions to these corrections are now the limiting factor for theoretical
predictions of the anomalons magnetic moment of the muon (for a review linked to
the recent experimental results [(G201], see [Me01]). This is a new quality of the en-
tanglement of hadronic physics and clectromagnetism: both influence ecach other to
a certain degree via virtual ellects, and neither can be ignored in high—precision tests
ol the other.

[n the previous paragraphs we have sketched the subject of all of this work: the inter-
play of strong and electromagnetic interactions in the low energy domain of particle
physics. This interplay can be studied under the two different aspects, partly outlined
above. First, clectromagnetism can be used as an external probe to test the structure
of hadrons, which itself is essentially given by the strong interactions. Experiments of
sich type can involve real or virtual photons, the latter usually provided by electron
scattering, and the reaction on the target can be either elastic or inclastic. Predie-
tions for such experiments can be made by any kind of theory or model for the strong
interactions thal can be congistently coupled lo exiernal electromagnetic currents,
obeying gauge invariance elc.

The second aspect also concerns seemingly purely strong reactions such as hadron
hadron scattering. Although the strong interactions may vastly dominate the be-
haviour of such reactions, the inclusion of electromagnetic corrections proves essential
as soon as the experimental accuracy allows for high precision tests. These corree-
tions can be viewed as internal clectromagnetic effeets, as they are based on the
exchange of virtual photons cither between charged hadrons, or between the charged
quarks within (even nentral) hadrons. The challenge for theory is to simultancously
and consistently treat strong and electromagnetic interactions, both in order to make
sulliciently accurate predictions lor precision tests in hadron physics, and in order 1o
be able Lo isolate the purely sirong part. ol physical observables [rom experimental
data.

The theoretical framework we shall employ to study such questions in this work
is Chiral Perturbation Theory (ChPT). Usually apostrophised as the effective field
theory of the strong interactions at low cnergies, it is ideally suited to address exactly
the problems of the interplay of QCD and QIED because it is more than just that.
Ag it is a quantum ficld theory, the formalism of coupling its degrees of freedom to
external currents is well-established and strictly equivalent to the coupling of QCD
degrees of freedom to such sonrces [WeT9, Le94]. Furthermore, the formalism can
include the most general virtual photon ellects and therelore allows for Lthe desired
consistent. treatment ol electromagnetic correclions Lo strong processes. The more
formal aspects of how QCD in the presence of QED can be relaled Lo “pure” QCD



have been readdressed recently and are not yel [ully undersiood [Ga02].

This work is organised as follows: After an introduction to the basics of Chiral Pertur-
hation Theory in Chapter 1, all of Part [ will be devoted to a study of electromagnetic
form factors, the observables parameterising the hadronic stricture as reveiled in clas-
tic electron scatlering experiments. Chaptler 2 starts oul with a low—energy analysis
ol the form laclors [or proton and neutron, Chaptler 3 extends this investigation Lo
the whole baryon ground state oclet. The leading moments ol these lorm [laclors,
magnetic moments and both electric and maguetic radii, will feature prominently in
these studies. Chapter 1 provides an extension in a slightly different direction by
considering strangeness form factors of the nucleon, going beyond pure clectromag-
netisi.

Part. TT swilches locus Lo the second aspect ol pholons in strong—interaction physics
and studies their impact on pion kaon scattering. Chapter 5 summarises the main
work in this part and gives an analysis of isospin violation in this reaction. It is
followed by a more technical Chapter 6 that investigates some particular aspects of
amplitudes involving virtual photon exchanges.

Both partg are supplemented by appendices thal collect formulae or technical details.
A final outlook hinis at future directions [or regearch related Lo these resulls.






Chapter 1

Chiral Perturbation Theory

In this chapter, we wish to give a very brief introduction to the ideas and basice features
of the theory underlying all caleulations in this thesis, Chiral Perturbation Theory.
We restrict ourselves to the basic principles for the construction of chiral Lagrangians
and defer all the higher order terms needed for particular caleulations to the later
chapters, which we try to keep as self—contained as possible.

1.1 Chiral symmetry of QCD

The widely accepted theory of the strong interactions within the Standard Model is
a non—ahelian gauge theory, Quantum Chromodynamics (QCD). Tt deseribes quarks
as the elementary matter fields and gluons as the gauge bosons ol an SU(3) colour
symmetry. The QCT) Lagrangian has the lorm

2
,CQ('_‘_J_) = —3—1(;,}.3“_,)(;2'“ + Q(?E— jV[)q + %(;ﬁ#ﬂ(ﬁ:p . (11)
where ¢ comprises all quark flavours, ¢f = (u,d,s,...), chosen such that the mass
matrix is diagonal, M = diag(m.,, mg. m,,...). The covariant derivative is given
by D = g — igT, G, G is the glion field, G2 the corresponding field strength
tensor, T, are the SU(3) generators, c.g. linked to the Gell-Mann matrices by T, = A)& .
and ¢ is the strong coupling constant. The last term in Eq. (1.7) containg the dual
field strength tensor G‘g;” = 1/2e#%9 G, .5 and is related to the problem of strong
CP violation {for a review, see [Pe89]). The parameter  parameterising its strength
hias not (vet) been shown to be non vanishing experimentally, so we shall drop this
term in evervthing that follows. lurthermore, we Lhave neglected gauge fixing terms
altogether in Tg. {1.1).

In the limit of the masses of Ny quark flavours being set to zero, the left— and right—
handed components of these Ny quark fields deconple according to

Loon = G i, + Grillgr (1.2)
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(only the quark parts of the T.agrangian are displayed), where we deline the leli— and
right handed fields using the projection operators Fr,/x.

1 L
qrin=PLing= 3(1 F g - (1.3)

‘This Lagrangian displays an additional (global) U(Ny)7, x U(Ny)r symmetry., The
abelian subgroups are of no interest for what follows: one decomposes the symimetry
group into irreducible subgroups according to

L(Aj)f s ((-\f)ﬁ’ — LS‘.L(L\I);' X Sl{_(L\I)R XU(].)V X {(_/(l):. \ (ll)

chival group

and notes that U7(1), is realised in the conserved barvon number, while U(1) 4 is
anomalonusly broken and is no symmetry of QCD [tHo76].

I[ the remaining SU(N}),, x SU(N;)x symmetry {which is ol course only approxi-
male in the real world as the quark masses are not exactly zero) was realised in the
Wigner Weyl mode, we should expect to observe parity doubling of the low lying
hadron spectrum, e.g. barvons with J© quantum numbers é_ (nearly) degenerate in
mass wilh Lthe observed j—,__ ones. Nothing like this is found experimentally. There-
[ore, there are strong indications thal the symmetry is realised in the Goldstone mode,
namely via spontaneous symmetry breaking (SSB), vielding Goldstone bosons thai
carry the same quantum numbers as the broken geunerators. With the chiral group
broken down to its vectorial subgroup, SU(N7), x SU(N;)g =g U(N)y, there
should he N:f — 1 pseudoscalar (J” = 07) Goldslone bosons corresponding Lo the
broken axial generalors. For N; = 3, these can be identiflied with the pions, the
kaons, and the eta. In the low—energy regime, one should be able o describe the
properties of these Goldstone bosons and their interactions with the help of effective
Lagrangians, constructed on the principle of chiral symmetry as well as other gen-
cral symmetrics of the strong interactions such as Lorentz invariance, parity, charge
conjugation symmetry, cte.

1.2 The meson Lagrangian

1.2.1 Construction

Let us [irst. brielly introduce the [ormalism Lo deal with elleclive Lagrangians lor spon-
taneously broken symmetries as worked out by Callan, Coleman, Wess, and Zumino
[CCWZ69]. Consider a symmetry group G spontaneously broken down to a subgroup
H. One chooses a vacuum ground state ¢y for the fields v(x) that is invariant under
17, such that an arbitrary vector can be written as
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with Z(x) € G. E(x) is nol unique as Z(x) ¥y = Z(x) h(x) ¥y lor any h(x) € H. In
the CCWZ formalisin, one picks a set of broken generators X® and chooses

E(l) — Bir‘:‘)“ () X¢ ] (] 6)

Under a global symmetry transformation #:{x) — gv(z), =(x) behaves according Lo
=(x) — §=(x) which is now nol. necessarily in the standard form, but in general

73(z) == (x) h (1.7)

lor some h € H and a Z'(x) € G of the form (1.6), dillerent from =(z). Hence the
transformation of =(x) can be wrillen as

=(z) — §5(x) k45, 5(2)) (1.8)

where A ' is a complicated nonlinear function of § and E(x) (and hence implicitly
depending on ).

|

Fi Ty SEB Fe
In the SU(3)p x SU(3)p == SU(3)y case, the gencrators of the full symmetry group
arc Tf and T8, those of the unbroken subgroup T% = T} + T§. SU(3)p x SU{3)p
transformations may be represented by block diagonal matrices

- qr ]
— 1.9
g ( 0 o ) (1.9)

where g7, € SU(3);, and gg € SU(3)g. The unbroken transformations are of the form

gr. = yr = K,
. K 0
ho= . 1.10
* ( 0 K) 1.10)

One chooses Lhe broken symmelry operators o be X¢ = T7 — T3, The resulling =
lield, according to the general CCWYZ prescription FEq. (1.6), is now

T — Wt E A2 L @a(w)»ra 0 — ‘“(I) 0 "I
=lw) = <Py ( 0 —o* ()T 0 ul(x) (1.1)

whore N
u(z) = " BT (1.12)

and F is a conslant ol mass dimension 1 introduced in order to make the ¢*(a
have mass dimension 1 like ordinary spin—zero lields. The value of F for the ¢*(x
interpreted as physical meson fields will be determined later on. The matrix ¢ in
terms of physical particles can be written as

)
)

1 1 + K+
—=) —={ L
7393 + 75¥8 n

O =0T =2 T —%(;’)3_4‘ ﬁos K° : (1.13)

<= U 2 e
K K 7508
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where the fields ¢s and ¢g correspond Lo the physical particles #° and 1 when negleci-
ing some mixing (induced by m, # my, see Eq. (1.51)). (Mixing with the 7/, which is
no Goldstone boson, has been neglected altogether.)

The transformation rule for Z(z), Eq. (1.8), now rcads

( ulz) 0 ) . ( gr 0 ) ( u(z) 0 ) ( K={g,u) 0 )
0 wul(x) 0 g7 0 wul(z) 0 Ky, u)

(1.14)
vielding _
u(z) = grulz) K Mg, u) = K(g, u)u(z) g5 (1.15)
which defines K{g, #) in terms of g, gy, and u(z).
Another basis combining the meson fields in a unitary matrix is given by
Ulx) = u?(w) = 900 (1.16)
which ig seen o transform linearly ag
Uz) = guU{2) _f,ir£ . (1.17)

In both cases, the ¢—fields transform in a complicated nonlinear way.

For the case of SU(2) chiral symmetry, a different way of combining the pion fields in
a matrix representation is often more convenient than the exponential gauge given so
far, since certain vertices vanish. In the so—called o—model gange, one defines

Uz) = olz) 124_(5_@

72{(x) oL 7Y 2t o
— FZ . T =T+-T = ( \/i?l__ _71-0 ) ) (118)

which, upon expansion in the pion ficlds, yiclds

alz) = /1

4T 72 wd s
i) = 14— ————+0(x% , 1.19
("l ) + J'_"" 21”*2 84‘:"1:‘ + ( I ) ! ( )
LR w? it 5wt "
wlw) = 1 — . - — O™ . 1.20
w(r) + 2{" 847 + 1643 128F1 +O(m) ( )

According to the usual procedure for low—cnergy effective theories, we now want to
construcl the most general Lagrangian, invariant under STU(3),, x SU(3) symmetry
transformations, as an expansion in terms ol (small}) momenta, or equivalently, ol
derivatives of the meson fields:

Lo=LY + 28420+ (1.21)
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where the superscripls denole the number ol derivatives in the respectlive terms. Ag
there are no other four vectors available, the number of derivatives always has to be
even in order to form a Loreutz scalar. ln fact, L'g]) is zero as {7 is unitary and heuce
terms like (UTU) (where (...) denotes the trace in flavour space) are just constant.
(Such terms only play a role when gravity is involved.) There is just one term of
sccond order:

.

(3%

£ = _;T(a;{_t,.='faﬂ£,.-') , (1.22)

i
where the coefficient has been chosen such as to reproduce the standard normalisation
for the kinctic terms when Eq. {1.22) is expanded in terms of the meson fields,

LY = (0,00"0) + —{[6,0.6]") + .. (1.23)

1
3F?
1 50 P N PR
= 500"+ 0 9 4 GKOK 40KV K 4 omdnt ...

whore the ellipsis denotes terms of higher powers in the meson fields. The second term
of order ¢ is the lowest order contribution to the meson—meson scattering amplitude;
we note that the meson ficlds are derivatively coupled, so the amplitude vanishes in
the low—energy limil. Finally, we remark that introducing the chiral vielbein

U, = i(ulr D1t — -uf),,_u'l') = jul d,U ul (1.24)

which belaves according to v, — I\"uﬁ_KT under chiral transformations, the La-
grangian (1.22) may be rewritten as

2 F? ‘ e
E’Ef)_} = Z(u,uu’t) . (12))

The Lagrangian of fourth order in momenta has three contributions and looks like
[GL85a]

£ = L UTHTY? + L(,UT0,U) (0FUT P U) + L0 U0V, UM UYL (1.26)

where the coefficients L;, the so—called low—cnergy constants (LECS), are not re-
strained by symmetries and have to be determined from experiment, calenlated from
lattice QCD, or estimated by some model.

1.2.2 Power counting and chiral symmetry breaking scale

In order for Chiral Perturbation Theory to be a predictive effective field theory, we
have to convince ourselves that there exists a way to organise the perturbative expan-
sion, based on the Tagrangians given in the last section, and Lo consistently Lruncate
il in order Lo describe low—energy processes Lo a certain desired accuracy. The way
to do this was introduced by Weinberg [WeT9].
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Consider the case ol pion—pion scatiering. We have contributions [rom the dillerent
terms in the chiral Lagrangian

Co=3Ly" (1.27)

of

where EE;” is of d-th order in derivatives and gives a contribution to the four pion
vertex pf()]:)()rtional to ¢%. Note that d is even and d > 2, the chiral Lagrangian starts
out at order ¢°, as discussed in the previous scetion. In an arbitrarily complicated
loop graph, let there be L loops, I internal lines, and Vy vertices of order . The
amplitude is then of the form

A~ f (d*q)"

If A is to be of order ¢¥, we have the relation

p=AL—20+3dV; . (1.29)
o

Using the topological identity for the number of loops

L=I->V;+1 (1.30)
d
to climinate F, we obtain
v=> Vayd—2)+2L+2 . (1.31)
d

The point to note about this expression is that all the terms on the right—hand side
are posilive because ol d > 2, and lor lixed ¢ there is always just a [inite number of
combinations ol V; and I that obey the condition of Eq. (1.31). For instance, for the
pion—pion scatllering amplitude al nexi-to-leading order, i.e. ¥ = 4, one only has Lo
consider one loop grapls involving lowest order interactions and tree graphs with one
ingertion from £<Lj J,

In cffective ficld theories where heavy particles have explicitly been integrated out,
the low cnergy expansion proceeds in powers of ¢/M, with M the mass of one of the
particles eliminated from the theory. Equally, the cocfficients L; of the terms of order
q" in Eq. (1.26) for example have to include negative powers of some dimensionful
quantity which we shall call A,, the chiral symmetry breaking scale. The ellective
Lagrangian then looks like

P2 N 1:('4‘) ﬁ(,-,ﬁ)
ﬁfb:T{(a,,ﬂ'au{fw VY +} : (1.32)
Tx Px

Let us try to lind some heuristic arguments for the size ol A,. For this purpose, we
compare the two alorementioned contributions ol order ¢' Lo the pion—pion scatlering
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amplitude: the loop graphs with lowest order interactions (I =2, 15, =2, L = 1) give
a contribution like

A 1 /N 1 4. M,
w/ P (i) ~ e T g e (1.33)
20 @P ) G S

(in a mass independent renormalisation scheme such as dimensional regularisation),
. . . 4] .
whereas the tree graphs with one insertion from EE,J) are proportional to

17 (14

A2 g1 (131)
z'&i,_ i

Ag the total amplitude has to be independent of the renormalisation scale A, a shift
in A in Eq. (1.33) of order 1 has to be compensated for by a shift in the coefficient in
Fi. (1.34) ol order 1/ (4W)2. Therelore it would be unnatural lor this coellicient Lo be
smaller than the shilt due o a change ol the renormalisation scale which yields the
condition for A,

Ay € Ant . (1.35)

Later on, the constant F' will be identified with the pion decay constant F, =
92.4 McV such that we obtain numerically A, & 1160 MeV.

A more physical way of arguing ensues from the fact that Chiral Perturbation Theory
does not incorporate any meson resonances as dynamical fields, therefore the validity
of the chiral expansion is certainly limited to the energy regime below the resonance
masses. Hence one could argue for a chiral symmetry breaking scale of about the
mass of the lowest lying resonance, the p,

Ay~ M, =770 McV | (1.36)

1.2.3 External sources

A convenient way lo calculate matrix elements [rom chiral Lagrangians is Lo use
external sources in the path integral formalism, a method well known from other
guantum field theories. l'or this purpose, we introduce scalar (s}, pseudoscalar (p),
veetor (v,), and axial vector (a,) sources. These are coupled to the QCD Lagrangian
according to

L=Loep+qv" ('f_:‘ﬂ 5 u.ﬂ_)q —q (s — g p) g . (1.37)

The ellective generating [unctional is then ol the [orm

exp{-.iZ[vﬂ,?a,,_,s?p]} = /Du. exp{i/d";r L[, vy a.,,,,s?p]} , (1.38)

and matrix elemenis can be retrieved by [unclional derivation with respect 1o the
exlernal sources. Generalising Lhe chiral symmetry transformations to {ocal, i.e. gauge
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transformations, the leflt— and righti—handed vector currents (that combine vector and
axial vector currents) have the chiral transformation behaviour

Ly =0, —a, — ng#gl — igLf)ﬂgL , (1.39)
P = Uy +a, — gh’.?}n,‘ﬂ—z + EQRO;J]L - (] 40)

These can be coupled to the chiral Lagrangian as gauge ficlds, in the form of covariant
derivatives [(GL834]

VU =0,U—ie,, U] —i{a,. U} | (1.41)
with Eqy. (1.241) taking the new form
w, = fi.(-u.T(aﬂ_ — i — u(d, — il,,,)uT) = 'V, Unl | (1.42)
The scalar and pseudoscalar sources can be combined into the flield y,
x=2B(s+ip) . (1.13)
which hag to transform according to
X — grxgl (1.44)

or further into fields
e =X’ uy'u (1.45)

that obey the transformalion rule
X1 — Ky K", (1.46)

with the compensator field K determined in Eq. (1.15). The sealar source s incorpo-
rates the explicit symmetry breaking terms due to the non—vanishing quark masses,

m,, 00
s=M+... | M= 0 my 0 ) (1.47)
0 0 iy

The transformation law Tq. (1.44) can be motivated by considering the QCD mass
term
Lag=—Gr My +he . (l."’lS)

written in terms of left and right handed quark fields. Tg. (1.44) is made such as to
leave the Lagrangian g, (1.48) invariant. The lowest order mass term in the chiral
Lagrangian is hence given by
o _ F? .
£3 =20 (1.49
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which, expanded in the meson fields, resulls in the lowest. order hadronic mass lor-
mulae for the mesons,

MZ_ = Blmy+mqg) +O(m]
Mie = B, +mg) + O(mé) ,
Miogo = Blng+m,)+0(m) (1.50)

and for ¢ and ¢g in the mass matrix

B My, + g v {rmy — mg)

L . Li, Ay
_\_75( My — My)  5(my +my + dmy)
where the diagonal elements can be taken as the approximate mass eigenvalues of 7"
and 1, neglecting mixing corrections that are of second order in the isospin violation
paramcter (i, — mg). The constant B is related to the vacuum expectation value of
the scalar quark density,

(0| g¢ |0) = —F*B{1+0(m,)} . (1.52)

Note that 3 is only real if CP is conserved. We always assume B > [ (standard
ChPT) such that, by comparison of both sides of the mass formulae, the quark masses
are counted as O(¢?).

In [I7SS91], a different scheme {called “generalised ChPT”) was put up in which both
B and my, are counted as Ofg). Because of the relation of the low energy constant
B to the quark condensate in Tg. (1.52), this scenario allows for a different pattern
of chiral symmetry breaking with a small quark condensate. This of course results
in a different power counting, but will not be regarded in what follows, although the
question of large versus small gquark condensate is of high interest for the motivation
ol the investigalions in Chaptler 5.

In order to determine the omnipresent dimensionful quantity F', we have to caleulate
the {wo—point. [unclion of the axial-veclor curvent

AL =Gy (1.53)
where T% are the group gencrators, T% = l—)x“ for SU(3) or T = %T"‘ for SU{2). We
find

(014516 (p)) = i I,y 01+ Oliny)} (1.51)

from which we immediately read off that /' is the pion decay constant in the chiral
limit,
F~ 88 MeV | (1.53)

see [GT.83, GL84|.
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1.2.4 Inclusion of virtual photon effects

[n the last section, the emphasis has been on coupling the QCD degrees of freedom
to static external sources, which may in practice be provided (for the case of vec-
tor/axialvector sources) by gauge bosons of the clectroweak interactions. We have
not yet allowed for dynamically propagating gauge bosons, in particular for the prop-
agation of (virtual) photons which, dne to their masslessness, should in principle
always he present in any low—cnergy theory, One might be tempted to think that it
sutfices to add the free Lagrangian for the cleetromagnetic field,

. 1 A ;
JCt:m — _IF'HHF‘H-U o 5((f_) } '_1)2 \ (] 56)

where A4, represents the photon field and F,, = 4,4, — d,4, is the conventional
clectromagnetic field strength tensor, with A the gauge fixing parameter. One then
has to conple photons to the Goldstone boson fields through a once—more modified
covariant. derivative,

V.U =8, — i[u,, U] — iQ[A,. U] — i{a,, U} (1.57)

(with @ = ediag(2/3, —1/3, —1/3) the SU(3) gquark charge matrix), and then proceed
from the usual lowest order chiral Lagrangian

£ = %(VH{,.-’V“I;"' +xUT+10) (1.58)

It has heen noted since long that this Lagrangian cannot possibly comprise all effeets
stemming from virtual photons. Suppose the charged to neatral pion mass difference
was completely generated by virtual photon loops. On dimensional grounds, this mass
contribution has Lo be ol the [orm

(AM2) o = M2, [(d) (1.59)

(where d denotes the dimension of space time). This vanishes in the chiral limit
my = mg = 0. Iowever, a low cnergy theorem ensures that the mass of the charged
pion #n the chiral limmat should bhe given by the integral over the difference of the
vector and axial vector spectral functions [Da67]. Saturating these by the lowest
lying resonances p and a; and nsing the Weinberg snm rule M7 F2 = UEF {?‘ to link

mass and decay constant of the a; to those of the p [WeG7], one arrives at [(GL82]

_ 30 ., . "2
A A2 _ - 72372 100 P . 6
(AM)em Ton 2 FyM?log o (1.60)

where o = ¢2/4x is the (ine structure constant. The (non—vanishing) low—energy limil
ol this expression should be represented in counterterms incorporating electromagnelic
ellects. Therelore, including virtual photons via minimal substitution in the covariant
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derivalive only does not yield an accurale description ol eleciromagnetism in the
IES01L SeCtor,

In order to construct the most general Lagrangian involving pions and virtual photons,
one introduces spurions @ r with the transformation propertics

Q= uQyt, weSUB), . T=LR . (1.61)

[Ur95, MMS97]. These are deduced from the decomposition of the quark level vector
current in terms of left  and right handed ficlds,

0" Qa=qQua +qe " Quan . (1.62)
which is invariant under SU(3)7 x SU(3)g exactly with the transformation law as
given in Eq. (1.61). Iu the end, one sets Q7 p — Q.

The leading order clectromagnetic Lagrangian constructed this way reads|[Te89)]

£ = —%1-;;.1,1«'”“ -~ %(a AP+ C(QrUQLLT) (1.63)

In the a—model gauge for the pions, the last term of this Lagrangian leads only to a
term quadratic in pion (ields. Consequenily, the LEC ' can be calculated [rom the
charged Lo neutral pion mass dillerence,

2°C ., _ C
W = 27c°F . Z = i

We have Z = 0.89 if we use for F'its value in the chiral limit, ' = 88 McV,

(:Urfri - ﬂ'ff-‘?o)cm = (A—urf?)om = (164)

Note again recent work [Ga02] that attempts to put this formalism on a firmer theo-
retical ground.

1.3 Baryon fields

Up to now, we have scen how to construct the chirally invariant effective Lagrangian
for the Goldstone bosons, how to include explicit symmetry breaking by mass terms,
and how to systematically incorporate clectromagnetism. The next thing we would
like Lo do is Lo include fields [or other low-lying hadrons, especially [or the lightest
baryon fields, the spin—1/2 baryon oclet. We shall proceed in a similar way as [or the
mesons: choose a suitable representation and construct the most general Lagrangian

allowed by symmetries.

In the STU(3) case, we may allow the octet of barvon ficlds

Ly0 4 L g T+
D= - —_vj,(_EU + %‘\ n. (1.65)
_ S0 —2A
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to transform in any way under SU(3),, x SU(3)x that reduces Lo the adjoint {octet)
representation of SU(3)y after spoutaneons symmetry breakdown. [t turng out that
a particularly convenient transformation law is

B(x) — K(x) Bla) KT (z) | (1.66)

where K (z) is determined by Eq. (1.15). Ior an SU(3)- transformation with ¢y =
gr = I, this is indeed the adjoint transformation law. Other allowed representations
can be linked to this one by multiplying B with « or I7 (as discussed in [Ge84]).

Furthermore, it is convenient for the construction of the baryon Lagrangian to intro-
duce the connection I'*

1 =
I# = 3 (-U.-ff)“-'u,T + -u'(')’“'u) , (1.67)

and use the chiral vielbein u# given belore, Fq. (1.24). Their respective translormation
properties under SU(3);, x SU(3)x are
e — KTERT—(o"K)y KT | (1.68)
w — Ku* KT (1.69)

Using (1.68), we can construct a covariant derivative of the baryvon ficld according to
DB = "B + [T, B (1.70)
transforming as
D¢B — K (D*B)K" . (1.71)

o first order in derivatives/momenta, the most general barvon Lagrangian describing
processes with no more than one incoming and one outgoing barvon is

. D g "{ i L3
Lop = (BEP—m)B)+ T (Bv"% {un BY) + 5 By [u. B (1.72)

with m the average barvon mass, and D and F the axial veetor coupling constants. !
{...) again denotes the trace in flavour gpace.

In the case of SU(2) chiral symmetry, the nucleon doublet

P -
5 = R 1.73
( i ) ' ( : )

consisting of proton and neutron, transforms according to the fundamental represen-
tation of SU(2),
T KU (1.74)

#INote that the symbol D is used [or the covariant derivalive and for one of the axial coupling
constants, Irom the context it is, however, always obvious which one is meant. Similarly, the axial
vector coupling F should not be confused with the pion decay constant in the chirval limit.
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With the same delinition of T# asg belore, the covariant derivative is now
D = "0 + THT | (1.75)

and the most general pion nucleon Lagrangian to first order in derivatives turns out
to be

' = /. q. .
Lo = W(il—m+ D) v (1.76)
where the axial coupling ¢4 is related to the SU(3) couplings by g4 = D+ F.

One severe drawhack oceurs in the formalism for including barvon fields ag spelled
oul in this section: the introduction ol a new mass scale thal does notl vanish in the
chiral limit, comparable in size Lo the chiral symmetry breaking scale (average nucleon
mass my = 2(m, + m,) = 939 MeV, average baryon octel mass my = : S pmpy =
1151 MeV, Axfl = 1161 MeV), spoils the power counting argument, loop diagrams
of arbitrary order can contribute to low energy processes. To remedy this problemn,
Jenkins and Manohar [JM91] suggested a procedure similar to the one used in heavy
quark cffective ficld theories, which consists in expanding around the extreme non
relativistic limit and shifting the baryon mass dependence from the propagator to a
series of new vertices suppressed by powers of 1/m. Due to the observation made above
that we have m ~ 47 F', it is sensible to generalise the chiral expansion to a twotold
expansion both in 1/{4xF) and 1/m and adopt a power counting scheme treating
both scales on an equal [ooting. This procedure was pul. on a more lormally secure
[ooting by [BKKM92] where a general [ormalism (o construct the 1/m corrections on
the Lagrangian level was developed, making use of path integral techniques.

A completely different technique that avoids the non relativistic expansion and allows
for a manifestly Lorentz invariant calculation in ChPT with baryon ficlds has been
developed in [BL99], building on work by [ET98] and since then extended also to
processes involving more than one (conserved) barvon line [Go0O1b, LP01]. This pro-
cedure emplovs a different regularisation scheme for loop diagrams involving “heavy”™
propagators and allows for a neat separation of true low—cnergy singularities and those
“regular” contributions that dely naive power counting arguments. As the work pre-
sented in Chaplers 2, 3 (and also in Chapter 6) is mainly devoted Lo an exploration
ol thig technique called “inlrared regularisation” as well ag comparisons to the heavy—
barvon scheme, we defer a more detailed description of it to those chapters,

We only briefly mention that the transformation law Eq. {1.74) also allows to con-
struct Lagrangians with more than just once incoming and outgoing nucleon involved,
see e.g. [Wed0, BGM98]. Such Lagrangians have been used extensively to investigate
nucleon—nucleon scattering and properties of the deuteron, and are subsequently ex-
tended to studies of three, four. .. nueleon systems. In this way, an cffective field
theory ol the nuclear [orces incorporaling all constraints [rom chiral symmetry is sys-
tematically developed. The application of such multi-nucleon Lagrangians involves
some new sublleties, however. Already in the two—nucleon sysiem, the appearance of
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a bound state in the *S; channel, the deuleron, as well as an unnaturally large 'S,
scattering length {¢ 3> 1/M;) signal the breakdown of perturbation theory, and one
has to resort to (partial) resummations and/or to the construction of a non relativistic
NN potential. Different approaches how this can be done have been proposed, com-
parc [KSWO8|. We shall not investigate any multi nucleon systems in this work and
hence do not discuss these aspeets any further.



Part 1

Form Factors






Chapter 2

Low—energy analysis of the nucleon
electromagnetic form factors?!

2.1 Introduction

The electromagnetic structure of the nucleon as revealed in elastic electron nucleon
scattering is parameterised in terms of four form factors. The understanding of these
form factors is of utmost importance in any theory or model of the strong interactions.
Abundant data on these form factors over a large range of momentum transfer already
exist, and this data base will considerably improve in the few GeV oregion as soon
ag further experiments at CEBAF will be completed and analvsed. In addition,
experiments involving polarised beams and/or targets are also performed at lower
energies Lo give belier data in particular lor the electric [orm lactor of the neutron, but
also [or the magnetic proton and neutron ones. Such kinds ol experiments have been
performed or are under way at NIKHEL", MAMI, ELSA, MIT Bates and other places.
Clearly, theory has to provide a tool to interpret these data in a model independent
fashion. l'or small momentum transfer, this can be done in the framework of barvon
chiral perturbation theory, which is the effective field theory of the Standard Model
at low cnergies. This will be the main topic of the present investigation.

To put our work presented here into a better perspective, let us recall what is alrcady
known from chiral perturbation theory studies of the clectromagnetic form factors.
Alrcady a long time ago it was established that the isovector (Dirac and Pauli) charge
radii diverge in the chiral limit of vanishing pion mass [BZ72]. The first svstematic
investigation in the [ramework of relativistic baryon ChPT was given in [GSS88], in
particular, it was shown thal the analytic structure of the one—loop representation of
the isovector speciral [unclions is in agreement. with the one deduced [rom unitarily
(in the low eunergy region, that is oun the left wing of the rho resonance). That
approach, however, suffers from the fact that due to the use of standard dimensional

#1The contents of this chapter have been published in [KMOla].



22 Chapter 2: Nucleon form factors

regularisation, the one—to—one correspondence belween the expansion in loops and
the one in small momenta was upset. If one considers the nucleon as a very heavy
static source, a congistent power counting is possible, the so called heavy baryou
chiral perturbation theory (HBChP'T). Within that approach, the electromagnetic
form factors were studied in [BRKIXM92, BFIIMO8], the latter also containing the
extension to an cffective ficld theory including the delta resonance. It was found that
the chiral deseription already fails for values of the four-momentum transfer squared
of about Q? ~ .2 GeVZ. In [BKM96c¢], the isovector and isoscalar spectral functions
were investigated in the heavv—nucleon approach. It was pointed out that due to
the heavy—mass expansion, the analylic structure ol the isoveclor spectral [unction
is distorted, making the chiral expansion [ail Lo converge in cerlain regions ol small
momentum transfer. This can be overcome in the recently proposed Lorentz invariant
formulation of [BL99] making use of the so called “infrared regularisation”. Being
relativistic, this approach leads by construction to the correct behaviour of the spectral
functions in the low cnergy domain. Furthermore, it is expected to improve the
convergence of the chiral expansion. This will be one of the main issues to be addressed
here. We porform a complete one loop analysis of the form factors, i.c. taking into
acconnt all terms up to fourth order. We will demonstrate that one can achieve a
good description of the nentron charge form factor for momentum transfer squared up
Lo aboul Q? = 0.4 GeV2. The other three form [actors cannol be precisely reproduced
by the pion cloud plus local contact terms Lo this order. The source of this deliciency
is readily located — it stems [rom the contribution ol vector mesons. We show how
to incorporate these in a chirally symmetric manner without introducing additional
free parameters (the new parameters related to the vector mesons are taken from
dispersion theoretical analyses of the form factors, see [Ho76, MMD96, HMD96]).
Within that framework, we obtain a very precise description of the large “dipole -
like™ form factors without destroying the good result for the neutron form factor
obtained in the pure chiral expansion. It is also important to stress that the results
obtained in the heavy—baryvon approach can be straightforwardly deduced from the
framework employed here, shedding some more light on previons HBChDPT results.

This chapter is organised as [ollows. Tn Section 2.2, some basic delinitions concerning
the electromagunetic form factors are collected. The one loop representation of the
nucleon form factors is given in Section 2.3. The effective Lagrangian on whiclh our
investigation is based is briefly reviewed in Section 2.3.1. In particular, infrared
regularisation and the treatment of loop integrals are discussed in some detail in
Section 2.3.2. The pertinent results based on this complete one loop representation
arc presented and discussed in Sections 2.3.3 and 2.3.4. Particular cmphasis is put
on a dircet comparison with the results obtained in heavv—barvon chiral perturbation
theory, which is a limiting case of the procedure emploved here. Section 2.3.5 contains
a briel discussion ol higher—order scale dependence in these results. The inclusion of
vector mesons in harmony with chiral symmetry is presented in Section 2.4. We give

some technicalities in Seclion 2.4.1 and display the resulls [or the form lactors in 2.4.2,
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[ollowed by some remarks on resonance saturation in 2.4.3. Concluding remarks are
given in Section 2.5. Some further technical aspects are relegated to App. A.

2.2 Nucleon form factors

The stiucture of the nucleon (denoted by ‘N'} as probed by virtual photons is pa-
rameterised in terms of four form lactors,

: v
?’g;.r. v

2m

(N | T,

N = ) (BT 0+ T2 BT 0} ulp), N =pon, 21)
with ¢ = g,¢" = (p' — p)? the invariant momentum transfer squared, 7, the isovector
veetor quark eurrent, 7, = ¢Qv,q (Q is the quark charge matrix), and my the mean
nucleon mass. In electron scallering, I is negalive and it is ollen convenient (o deline
the posilive quantity @? = —{ > 0. F} and F; are called the Dirac and the Pauli form
factor, respectively, with the normalisations £7(0) = 1, L7(0) = 0, £3(0) = «, aud
I7H0) = k,. Here, & denotes the anomalous maguetic moment. Oue also uses the
electric and magnetic Sachs form factors,
t

Ge(l) = F{l)+ RF’Q(I) . Gy(l) = Fi) + Fa(t). (2.2)
In the Breit—{rame, G and (3 are nothing but the Fourier—transforms ol the charge
and the magnetisalion distribution, respectively. In a relativistic [ramework, as il is
used throughout this text, the Dirac and Pauli form factors arise if one constructs the
most. general nucleonic matrix element of the electromagnetic current consistent with
Lorentz invariance, parity and charge conjugation. In the non relativistic limit on the
other hand, in which the nucleon can be considered as a very heavy static source, onc
naturally deals with the Sachs form factors. Thercfore, as first stressed in [BKKM92],
these arise in the heavy—barvon approach to chiral perturbation theory. Since we will
frequently compare our results to those obtained in that framework, we will consider
hoth Pauli and Dirac and the Sachs form factors. For the theoretical analysis, it is
advantageous Lo work in the isospin basis,

F:.'T;(t) = F;)(f) + F (f) . =1, 2) ’ (23)

since the photon has an isoscalar (I = s) and an isovector ({ = v} component {and
similarly for the Sachs form factors). lt is important to note that the lowest hadronic
states to which the isovector and isoscalar pliotons couple are the two and three pion
systems, respectively. These are the corresponding thresholds for the absorptive parts
of the isovector and isoscalar nucleon form factors.

The slope of the form factors at ¢+ = 0 is conventionally expressed in terms of a nucleon
. ‘ I
radius {r?)1/?,

F(t) = F(1)) (1 + %{7*2) .. ) (2.4)
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which is rooted in the non—relativistic description of the scatlering process in which a
point like charged particle interacts with a given charge distribution p(r). The mean
square radiusg of thig charge distribution is given by

6 dF(Q?)

I I Aot SR o K
(r) =1m A drrip(r) = T dQ? ooy’ (2.5)

Eq. {2.5) can be used for all form factors except G and F* which vanish at £ = (.
In these cases, one simply drops the normalisation lactor 1/F(0) and delines e.g. the
neulron charge radius via

()

SN2y
() = -6 =L

(2.6)

G2 o0
i is important to note that the slopes of G and F}* are related via

dG2(0Q?) AR

dQ? o= O dO?

where the second term in Eq. (2.7) is called the Foldy term. It gives the dominant
contribution to the slope of G%.

F(0)

=0 A

(2.7)

The large body of electron scattering data spanning momentum transfers from Q* ~
0 to Q% ~ 35GeV? can be analysed in a largely model independent fashion using
dispersion relations [[To76, MMD96, ITMD96]. Tlere, we are interested in the region
of small momentum transfer, (* < 0.5 GeV?. Nevertheless, since there is still some
sitbstantial scatter in the data in this range of momentum transfer, we will also use
the results of the dispersive analysis for comparison to the ones obtained in the chiral
expansion. A receni review on the theory ol the [orm [actors is given in [Me00], the
status ol the data as of 1999 is discussed in [Pe00].

2.3 One-loop representation

2.3.1 Effective Lagrangian

Onr starting point is an effective field theory of asymptotically observable relativis-
tic spin 1/2 fields, the nucleons, chirally coupled to the pseudo Coldstone bosous of
QCD, the pions, and external sources (like ¢.g. the photon field). The theory shares
the symmetries of QCD (spontancously and explicitly broken chiral symmetry, parity,
charge conjugation, time reversal invariance, and Lorentz covariance) and can he for-
mulated in such a way as to obey systematic power counting, which will be disenssed
at length in the following scction. External momenta and quark (pion) mass inser-
Lions are treated as small quantities in comparison to the scale ol chiral symmelry
breaking, A, o~ 1GeV. The most direct link ol the ellective lield theory to the under-
lving one, QCD, comes [rom the analysis of the chiral Ward identities as sivessed by
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Leutwyler [LLe94]. Any contribution Lo S—malrix elements or Lrangition currents has

the form
= qvf (%*Q) s (28)

where ¢ is a generic symbol [or any small quantity, [ a lunction of order one, A
a regularisalion scale, and g a collection of coupling constants. Chiral symmetry
demands thal the power v is bounded [rom below. The expansion in increasing powers
of this parameter is called the chiral expansion. At a given order, one has to consider
tree ag well as loop diagrams, the latter ones restoring unitarity in a perturbative
fashion. The machinery to perform this is based on an cffective Lagrangian, which
consists of a string of terms of increasing (chiral) dimension,

3 4 .
Lor =LY + L5 + L2 + 28 4+ 2%+ (2.9)
where the cllipsis denotes terms of higher order not needed here. We note that we
perlorm a complete one—loop analysis, i.e. taking {ree graphs with 1r1s‘mt|0nq Irom all
terms indicated in Eq. (2. 9) and one=loop diagrams with insertions [rom ﬁr\ and al

most one insertion from ﬁm\.-.

We will now consider the terms relevant Lo our problem (lor a more detailed descrip-
tion, we refer the reader to [BKM93a]). The chiral effective pion Lagrangian, which
to leading order contains two parameters, the pion decay constant {in the chiral limit)
I and the pion mass (its leading term in the quark mass expansion) M, is given by

l\..

1

£12 .
4

)
T

(et + x40 . (2.10)

where the triplet ol pion fields is collected in the SU(2) valued matrix U{2) = w?(x),
and the chirval vielbein is related to u via u, = i{u’, V,u}. The covariant derivative
V,, as well as the scalar field x4 containing the quark mass matrix correspond to their
definitions in Section 1.2.3. (...} again denotes the trace in flavour space.

The pion—nueleon Lagrangian at leading order reads

£T =V ('i-,{[)— T+ g4

B (2.11)

where the bi spinor W colleets the proton and neuatron ficlds and g4 is the axial
veetor coupling constant measured in neutron & decay, ga = 1.26. Strictly speaking,
the nucleon mass and the axial coupling should be taken at their values in the two
flavour chiral limit (m, = mg = 0. my fixed at its physical value). To this order,
the photon field only couples Lo the charge of the nucleon. Ti resides in the chiral
covariant derivative, D, W = g,V 4 ", ¥, with the chiral connection given by T'), =
%[UT; 1] — %?ﬁ (v +ap)u — %u-(-t:-,,_ —a,)u’.
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The minimal Lagrangians al second and third order have been given in [FMS98]. We
only show the terms needed for the calculation of the form factors,

- e v iCy
f—{fl = ¥ {Cl (x4} — Wsz((uﬁttp){D“, D'} + h.(:.) + f(f” 14 10,]

6 1+ 2 } q 1«

F : T, 2.12

o EE S ) T (2.12)

3 _ #dg TR e . i dy oyt . SR E
£E = w{m([p ITW]D,)Jrh.(,.)qL?m([D AFEND, +he) t T (2.13)

Here, F; =u F’w w+ uF”,u ,and F,, = d,4,—0,4, is the conventional photon field
strength tensor. l'urthermore, we have adopted the notation introduced in [1"MS98]
for traceless operators in SU(2), A= 4—%{4} The ¢; and d; are low energy constants
that encode information about the more massive states not contained in the effective
field theory or other short distance effects. These parameters have to be pinned down
from data. In our case, the LECs ¢, ¢, ¢q, which only appear in loop diagrams,
an be taken from analyses of # N—scattering, whereas ¢4, o7 parameterise the leading
magnetic photon coupling to the nucleon, and dg, d7 have to be fitted to the charge
radii ol proton and neutron.

The minimal pion—nucleon Lagrangian to fourth order has heen worked out in
[FMMS00]. Of the 118 terms given there, we only show the fonr which are of in-
terest for this calenlation,

£8 = w{-SD Da (L o — TP Dy B o

7 p F13%

- 61;5 <I':u.|r/> <X+> o — : H']b I 1 <X—|—> OJW} L (2 11)

Two more terms (numbered 107 and 108 respectively in [FMMS00]) only contribute
when taking into acconnt effects due to m,, # mye. We shall disregard these in what
[ollows. We also noie that the terms ~ €403, €105 Only amount Lo a quark mass renor-
malisation ol the leading magnetic couplings ~ ¢g, 7,

~ 142
U o = s — 161 M~ eqge

—
7 — (_7 =7 — 81 .111—2 (26‘]_05 — (:'105) . (215)

When it comes to numerical evaluation, we will just use the renormalised constants
7s and & and will not regard eg5 and €195 as additional parameters to be [itted. This
leaves us with juslt two new parameters ol [ourth order (€54, €74) that have to be
determined.
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2.3.2 Infrared regularisation

Chiral perturbation theory in the meson sector as an ellective theory [lor weakly
interacting Goldstone bosons allows lor a systemalic expansion ol physical observables
simultaneously in powers of small momenta and quark masses. For example, in the
isospin limit (e, = my) the quark mass expansion of the pion mass takes the form

; : _112 =
A2 = ,-"..-";’3{1 _ W“} L O(M | (2.16)

where the renormalised coupling #; depends logarithmically on the qguark mass,
M?d¢;/dM? = —1. The infinite contribution of the pion tadpole ~ 1/(d — 4), sce
graph (a) in Fig. 2.1, has been absorbed in the infinite part of this LEC. In this
scheme, there is a consistent power counting since the only mass scale (.o, the pion
mass) vanishes in the chiral limit m,, = my = 0. If one uses the same method in

(a) (b)

Iigure 2.1: Lowest order loop diagrams contributing to the mass renormalisation of
(a) the pion at O(¢*), and (b) the nucleon at O(¢*). Solid and dashed lines refer to
nucleons and pions, respectively.

the nucleon case, one cncounters a scale problem: for instance, if the nucleon field
is treated relativistically based on standard dimensional regularisation, the nucleon
mass shift caleulated from the self—cnergy diagram (sce graph (b) in Fig. 2.1) can he
expressed as [(GSS88]

My — = M m 4+ et — wpt — ptlog p i ayit” (2.17)
N = goape T fo T e — i — i log apt’ 2.17

w=A

where my corresponds to the observable nucleon mass up to one loop accuracy, while
m s the “bare” nucleon mass in the chival limit as defined in the Lagrangian Bq. (2.11).
In addition, we have used g = M/m, and &, ¢, arc renormalised LECs (the precise
relation of which to previously defined LECs is of no relevance here). This expansion
is very different from the one for the pion mass, in that the nucleon mass already
receives a (infinite) renormalisation in the chiral limit. This dillerence is due Lo the
[act that the nucleon mass does not vanish in the chiral Timit and thus introduces a
new mass scale apart. [rom the one sel by the quark masses. Therelore, any power of
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the quark masses can be generated by chiral loops in the nucleon case, whereag in the
meson case a loop order corresponds to a definite munber of quark mass insertions,
This is the reason why one has introduced the heavy mass expansion in the nucleon
case. Since in that formalism the nucleon mass is transformed from the propagator
into a string of vertices with increasing powers of 1/m, a consistent power counting
can be formulated. ITowever, this method has the disadvantage that certain types
of diagrams arc at odds with strictures from analyticity. The best example is the
so—called triangle graph, which enters ¢.g. the scalar form factor or the isovector
clectromagnetic form factors of the nucleon {see graph (6) in Fig. 2.2). This diagram
hag its threshold at {5 = 4’1;’,5 but also a singularity on the second Riemann sheet,
al £, = 4M2 — M /m% = 3.98M2, i.e. very close Lo threshold. To leading order in
the heavy baryon approach, this singularity coalesces with the threshold and thus
cauges problems (a more detailed discussion can be found e.g. in [BKM96¢, Me98]).
[n a fully relativistic treatment, such constraints from analyticity are automatically
fulfilled.

[t was recently argued in [E'198] that relativistic one loop integrals can be separated
into “soft” and “hard” parts. While for the former, a similar power counting as in
HBChPT applies, the contributions from the latter can be absorbed in certain LECs.
In this way, one can combine the advantages of both methods. A more formal and
rigorous implementation of such a program is due to Becher and Leutwyler [BLYS.
They call their method, which we shall also use here, “infrared regularisation™. Any
onc—loop integral H is split into an infrared singular and a regular part by a particular
choice of Feynman parameterisation. Consider first the regular part, called R, If
one chirally expands these terms, one generales polynomials in momenta and quark
masses. Consequently, Lo any order, 2 can be absorbed in the LECs of the ellective
Lagrangian. The regular part incorporales singularities ol the hequvy mass going Lo
vero, which therefore lie outside the low energy region. On the other hand, the
infrared singular part / has the same analytical properties as the full integral H in
the low energy region and its chiral expansion leads to the non trivial momentum and
gquark mass dependences of ChPT, like ¢.2. the chiral logarithms or fractional powers
of the quark masses. It is this infrared singular part I that is closely related to the
heavy—barvon expansion: there, the relativistic nucleon propagator is replaced by a,
heavy—barvon propagator plus a series of 1/m—suppressed insertions. Summing up all
heavy—barvon diagrams with all internal-line insertions yiclds the infrared singular
part ol the corresponding relativistic diagram.

To be specific, consider the sclf-energy diagram (b)) of Fig. 2.1. In d dimensions, the
corresponding scalar loop integral is

9 1 d°k 1 ‘
") = i / (2m)4 [M2 — k2 — i€][m? — (p — k)? — ie] (2.18)
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Al threshold, p? = 55 = (M 4+ m)?, this resulls in

Agd 3 4 od 3
H{sg) = P(d)i =1+R, (2.19)
M+m

with ¢(d) some constant depending on the dimensionality of space time. The infrared
singular picce I is characterised by fractional powers in the plon mass and generated
by loop momenta of order 3. For these soft contributions, the power counting is fine.
On the other hand, the infrared regular part R is characterised by fractional powers
of the nucleon mass (henee divergent in m for d < 3), but by infeger powers when
expanded in the pion mass and generated by internal momenta ol the order ol the
nucleon mass (the large mass scale). These are the terms that lead (o the violation of
the power counting in the standard dimensional regularisation discussed above. For
the self energy integral, this splitting can be achieved in the following way:

o a’t -
H:/(“;MB / /” 1—7)14 2D]?

= — dz = = A 2.2
0 1 (27)¢ [(1 — 2)A + 2DB]? '
with A = M2 — k%2 —ide, B = m? — (p — k)? —de. Any general one loop diagram

with arbitrary many inscrtions from external sources can he brought into this form
by combining the propagators to a single pion— and a single nueleon—propagator. It
was also shown that this procedure leads to a unique, i.c. process—independent result,
in accordance with the chiral Ward identities ol QCD [B1.99]. This is essentially lJased
on the lact thatl terms with [ractional versus integer powers in Lthe pion mass must. be
separalely chirally symmetric. Consequently, the transition [rom any one-loop graph
H to its wfrared singular piece { defines a symmetry preserving regularisation. A
generalisation of this method to higher loop orders (and also to an arbitrary number
of heavy particles) has been discussed in [LP01]. However, its phenomenological
consequences have not been explored in great detail so far, while it is expected that
this approach will be applicable in a larger encergy range than the heavy baryon
approach. Recent applications of the infrared regularisation scheme include pion—
nucleon scattering [ET98, BLOO, TE(Q2] as well as an investigation of the generalised
Gerasimov—Drell-Hearn sum rule and Compton scattering on the nucleon [BHM02].

Some remarks concerning renormalisation within this scheme are in order. To leading
order, the infrared singular parts coincide with the heavy barvon expansion, in par-
ticular the infinite parts of loop integrals are the same. Therefore, the 3 functions
for low—cnergy constants which absorb these infinities are identical. However, in-
frared singular parts of relativistic loop integrals also contain infinite parts which
are suppressed by powers ol g, which hence cannol. be absorbed as long as one only
introduces counterterms to a linite order: exact renormalisation only works up Lo
the order al which one works, higher order divergences have 1o be removed by hand.



30 Chapter 2: Nucleon form factors

Clogely related to this problem is the one of the new mass scale A which one has (o
introduce in the process of regularisation and renormalisation. In dimensional regu-
larisation and related schemes, loop diagrams depend logarithmically on A. This log A
dependence is compensated for by running coupling constants, the running behaviour
being determined by the corresponding 3 functions. In the same way as the contact
terms cannot consistently absorb higher order divergences, their 3 functions cannot
compensate for scale dependence which is suppressed by powers of y. In order to
avoid this nnphysical scale dependence in physical results, the authors of [BL99] have
argned that the nucleon mass my serves ag a “natural” scale in a relativistic baryon
ChPT loop calculation and that therelore one should sel. A = my everywhere when
using the infrared regularisation scheme. This was already suggestied in [BKKM92]
for the framework of a relativistic theory with ordinary dimensional regularisation.
We will follow this idea most of the time, hence in our formulae, what would actu-
ally be log(M;/A) will always be spelled out as log . In addition, we will study the
phenomenological consequences of this higher order scale variation in Section 2.3.5.

In the following calculation, we frequently compare our results to the equivalent
heavy—barvon ones. We wish to emphasise that one can always regain the heavy—
baryon result from the infrared regularised relativistic one by performing a strict
chiral expansion ol all involved loop [unctions. As a simple example, we again show
the expansion ol the nucleon mass up Lo third order corresponding to Eq. (2.17}), but
this time using infrared regularisation. The resull is

3%

my —m = —4c, M7 + D—FZm_M I(m?) . (2.21)

where the loop integral T(m?) is given by

1

[(m*) = —p (L + 622 log p{.) + 1é;2 {% — /1 — p?arccos (—%)} . (2.22)

[Iere, L contains the pole in d — 4,

d—4

T 1 1
. = i — 1 =1 r A5 R 2.23
16?1‘2{({—"1—1_2("!‘1 °8 ')} ’ (2.23)

and vg 18 Euler's constant, (Definitions and results for this and all other loop functions
needed in this work can be found in Appendix A.1.) Expanding to leading order, one
finds

I(m*) = —% + O(p?) . (2.24)
YT
which leads to the well known result
,  3g4AL° o
my — = —Ae; M* — % + O(,u-'l) ) (2-25)

vielding a contribution non—analylic in the quark masses. As explained belore, the
loop [unction T{(m?*) contains a non-leading divergence which cannot be absorbed o
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this order, but will be by an appropriate contact term at fourth order. The calculation
of the nucleon mass to fourth order and the reduction to the heavy barvon limit is
done in detail in [3L99].

An essential ingredient to the treatment of loop integrals as described in the previ-
ous paragraphs is the fact that higher order effects are included as compared to the
“strict” chiral expansion in the heavy baryon formalism. This was justified in [BLY9]
by improved convergence properties in the low—energy region, it introduces however
a certain amount of arbitrariness as to which of these higher order terms to keep
and which to dismiss. Tt is therelore mandatory Lo exaclly deseribe our treatment
ol these terms. The philosophy in [B1.99] was, above all, Lo preserve the correct rel-
alivistic analytlicily properties. This was achieved by keeping the (ull denominalors
of loop integrals (and evaluating them by the infrared regularisation prescription),
while expanding the numerators to the desired chiral order only. In addition, e.g.
crossing symrmietry is to be couserved. We explore a different approach here: as we
anticipate the neutron clectrie form factor to be highly sensitive to recoil effects, we
keep ell terms which oceur according to the infrared regularisation preseription and
do not even expand the numerators of loop integrals. However, three effects involv-
ing low—cnergy constants have to be discussed separately, all in the spirit of avoiding
“artificial” higher order connterterms:

e Loop diagrams with second order insertions proportional Lo ¢ can easily be
summarised by a shilt of the “bare” nucleon mass {o ils renormalised value
at second order, m — my = m — 1o M2 + O(¢*). lu principle, this does
not occur in those loop diagrams which have insertions from other second order
low encrgy constants. As we do not want to artificially introduce this additional
LEC by discriminating between e and my in our formulac, we allow for this
renormalisation everywhere.

e Ag detailed in the previous scction, the second order LECs ¢4, 7 receive a
renormalisation ~ M2 at fourth order. In principle, to this order only the
unrenormalised ¢; appear in loop diagrams. We disregard this dillerence and
use the same values both on tiree level and lor the loops.

e l'rom the definitions of the various electromagnetic form factors, it g obvious
that these are not all calculated to the same accuracy in terms of chiral orders,
A caleulation employing chiral Lagrangians up to and including OQ(g*) will be
able to give the Dirac form factor Fy to O(¢?) and the Pauli form factor F,
to O(¢?). When combining these to the Sachs form factors G and Gy, the
chiral orders are “mixed”, sce Eq. {2.2). When we, in the following, talk about
“third” / “fourth” order caleulations of the various form factors, we always refer
to the projections of the third/fourth order amplifude onto these observables.
We truncale exactly one kind of term in this process: the O(g?) counterlerms
which enter the electric (charge) radii are really “G'y counterterms™ in the sense
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that they appear in Fy and Fy with opposite signs in order 1o cancel exacily in
Gy 1o addition, there are, at O((;4), Iy counterterms fixing the magnetic radii.
‘Therefore, Gz receives ¢* counterterms inherited from (¢?/4m?) 1%, As a genuine
polynomial contribution of this kind only appears in an Of¢®) calculation, we
drop these terms in Gg.

2.3.3 Chiral expansion of the nucleon form factors

(1) (2) (3) 4
PN T T + T
‘\ !, !' \\ ‘\ 1‘ ‘\ !’
I\--._v — \h_" I~'-._—’
(5) (6) (7
i" Y :' Y ' r} |’ Y :' Y
L ;' L ;' \'s f’ LY ;I LY ;'
L ~ - - A ~ . -
(8) (9) (1) (1) (12)

Figure 2.2: Feynman diagrams contributing to the electromagnetic form lactors up
to fourth order. Solid, dashed, and wiggly lines refer to nucleons, pions, and the
vector source, respectively. Vertices denoted by a heavy dot/a square/a diamond
refer to insertions from the second /third /fourth order chiral Lagrangian, respectively.
Diagrams contributing via wave function renormalisation only are not shown.

The chiral expansion of a form factor £ (being a genuine symbol for any of the
four clectromagnetic nucleon form factors) consists of two contributions, tree and
loop graphs. The tree graphs comprise that of lowest order with a fixed coupling
(the nucleon charge) as well as counterterms from the second, third, and fourth order
Lagrangians. As onc—loop graphs, we have both those with just lowest order couplings
and those with exactly one insertion from E,(fl The pertinent tree and loop graphs
are depicted in Fig. 2.2 {we have not shown the diagrams leading o wave [unction
renormalisation only)}. The lirst [our ol these comprise the Lree graphs with insertions
up Lo dimension lour, and diagrams (3) to (9) ({10) to {12}) are the third {fourth)
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order loop graphs. Consequently, any [orm [actor can be writien as
F(t) = F"(t) + F°(t) . (2.26)

In Appendix A.3, we have listed the contributions Lo the Dirac and Pauli lorm lactors
from the various diagrams, including the nucleon Z factor. This allows to reconstruct
the pertinent expressions for /73 in a straightforward manner. We refrain from
eiving the complete expressions here. The corresponding Sachs form factors Ginu
are obtained by use of Eq. (2.2) under the restrictions discussed in the preceding
scetion. We only show the explicit formulac for the magnetic moments, the clectric
and the magnetic radii (in terms of renormalised, i.e. physical, masses and coupling
constants). The magnetic moments read

A =T
K = Oy

2,29 (5
prggmy |3 5 ( s )
— e a2 I
(Ar k)2 { 2! A
arcc:os(—*—j’) [ s Z( 5 ) }
— 8 - 15 Q% : — [ 8 —_ 5
+ ( 12 i ) Iz 2;1 I
s - o 2 5 2
+ [2(1‘ — 3 ) + (4 — 5;_1 )Cﬁ] log i

wmk (3, )
7’{—;;"??1._,.\.- Cy — (3;;. My € — 8y 04 + 2(-6) log ,u.-} \ (2.27)
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_ pare (f Ny { — ;1 (’1 — gﬂ?) (CG + 2(:7)]
[2(1 o ) (2 _ ;’z) (((, +Z(,)] log }

3t o o
(*L ‘) ( 103;,{) (2.28)

with g = M, /my =~ 1/7. Note that the magnetic moments are finite in the chiral
limit. We remind the reader of the definitions of ¢g and 7 in Eq. (2.15). We have
distinguished between the renormalised and the unrenormalised LECs (al tree level
and in loop contributions, respectively) only [or reasons ol lormal exactitude, and will
disregard this difference from now on. Note however that, in contrast to ¢, ¢7, these
renormalised LECs inherit infinite parts from e gs, €195 which are needed in order
to remove the leading order divergences in the magnetic moments {(as explained in
Seetion 2.3.2). Their poles in (d—4) are determined by the corresponding 3 functions,
39%

.-"".}(-11[)5 = - 16_’711\; (J- + cg + 2('7) 3 (22())
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, Lo Ny
.-DJf'-IDﬁ = — e [;qi —dmycy + (1 + 2(}24)(6} . (230)

7. & in Eqs. (2.27), (2.28) denote the finite LECs, i.e. with the poles subtracted.
Nexl., the charge radii can be brought into the form
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[54 — 347 + Bt 4 3(12 — T+ ,{z") (('.@ + 2{:7)]

The isovector charge radius diverges logarithmically in the chiral limit, while the
isoscalar one is finite. df denotes the renormalised LEC dg, 1.c. without the infinite
part that removes the leading order divergenece in the isovector clectrie form factor,
the corresponding F—function being given by [Ec94, FMS98]

) 14345

.:'_'}!.Jr_ﬁ - 6 (233)

The LEC d; entering the isoscalar radius is, in contrast, finite. Finally, the magnetic
radii are given by
WL Y2 8 e L
M (f_'”) = 24 My f_.’:'—.Ll
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+ [14 — 16% + 3 (3 - (:'6)] log ,u.}

1 ) _ o .
_ m (1 + 2log ;.f,) (l + dmy (:4) , (2.34)
p(ry)? = A8y es
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where, again, eZ, has the infinite parl, which is given by#?

8., = gl

€14

12 5 3 (2.36)
subtracted, while ey in the isoscalar radius (in analogy to dr for the clectric isoscalar
radius) is linite. The isovector magnetic radius explodes like 1/M; as the pion mass
goes Lo sero, while, again, Lthe isoscalar radius is finite in the chiral limit. These chiral
limit results are Lo be expecled because the Sachs [orm [actors inherit the well known
chiral singularities of the isovector Dirac and Pauli form factors, more precisely, the
corresponding radii diverge in the chiral limit as

104242 . M,

IRV ) g
¥ = — ] 1] e
(i) (A Fy)? o5 my N '
2
w2 gy 5 9=
Tyt = —— 4 ..., 2.37
(r2) SrEZe AL (2:37)

where the ellipsis denotes subleading terms as the pion mass vanishes. This dominant
pion loop ellect in the nucleon form [aclors has already been established a long time
ago [BZ72]. 1t can also be expected on physical grounds: the pion cloud, which
is Yukawa suppressed for finite pion mass, becomes long ranged in the chiral limit
leading to a divergent contribution. Such phenomena are also observed in two ploton
ohservables like c.g. the clectromagnetic polarisabilities of the nucleon.

Ag a consequence ol analylicity, in the heavy—baryon approach (i.e. in a strict chiral
expansion) the isoscalar form lactors are, Lo one—loop order; given simply by a poly-
nomial subsuming tree and counterterm contributions. There are, however, isoscalar
loop effects as higher order corrections, as is obvious from the above. These stem from
the diagrams with the photon coupling to the nucleons (see graphs (5) and (10) in
Fig. 2.2), which only yicld constant terms needed for renormalisation in IIBChPT, but
also contain higher order ¢ dependent terms. As the spectral function corresponding

#*Unlortunately, [KM01a] quoles an erroneous J-lunction lor €%, displaying really the divergent
pleee in the combination ezy + de/(2my}, the linear combination of connterterms arising in the
v - PR
isovector radiug (#5)°.
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Lo these diagrams only starts to contribute lor { > 4m%., these (—dependent. Lerms (in
the real part) are highly suppressed.

[n Section 2.3.2, we already mentioned the marked difference in the threshold be-
haviour of the isovector spectral functions in the relativistic and the lheavy baryou
approach. We only quote the results for the threshold behaviour here and relegate the
tull results to Appendix A.6. Note that these have already been given in the literature,
the relativistic results to third order in [GSS88], the additional fonrth order contri-
bution as well as the heavy—barvon expansions in [BKM96¢]. We reemphasise that
the imaginary parts in the infrared regularisation approach do not differ from those
in a fully relativistic calculation. For Tm FY(1), the relativistic threshold expansion is
given hy

pvigy 1 2f 2 142 1 g2 A ag2\3/2 A 42152
I [7(t) = m{g4(1m — M) +Mﬁ} (t =AM + O((t —182)*7)
(2.38)
and for lm £7(t), one finds
opwrey TN Gy ARTNE/2 L AR2N5/2 o -
ImF(f) = o 25 P (t — 4027 + O((t — AM2)*?) . (2.39)

In the heavy baryon scheme, however, the heavy mass expansion yields the expres-
sions

S 312 — 123721 + 87
Im FY(l) = 96?TF-’2{ e

R YACTE
T Of- E'2 142
06TEZ L

+O(gY (2.40)

- gimy (L — 407 4 .
ImFJ{(l) = S%ZF_Q { T R— (g - 2..},@)
my ey (1 — AM2)32 .
My €y ( ,.) + O(q") : (2‘41)

UnF2 {2

which cvidently violate the required threshold behaviour Im FF(£) ~ (# — 4M2)32
as pointed out in [BKM96c¢]. As remarked hefore, this is due to the fact that the
two—pion threshold and the singnlarity on the second Riemann sheet, inherited from
the 77 — NN partial waves, coalesce in the heavy—haryon limit. In contrast, the
relativistic approach ol course yields the correct analytical siructures (for a more
pedesirian discussion ol this point, see e.g. [Me98]).

2.3.4 Results and discussion

First, we must [ix the parameters employed in the calculation. We use F; = 92.4 MeV,
M. = 139.57MeV, g4 = 1.26, and my = (m, + m,)/2 = 938.92MeV. The LECs
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co and ¢ are taken [rom the analysis ol pion—nucleon scatlering [FMS98, BMO00],
¢; = 3.2CeV™! and ¢4 = 34CeV~!, The LECs ¢ and ¢; can be pinned down
from the well known magnetic moments of proton and neutron., The remaining two
“electric” {dg, dy) and two “maguetic” LECs (e54. €74) are determined from the electric
and magnetic radii as given by the dispersion theoretical analysis of [MMD96], these
values are 1, = 0.847fm, (r%)? = —0.113 fm?, v, = 0.836 fm, and %, = 0.889 fm. We
note that the long standing diserepancy of the proton charge radius determination
from clectron—proton scattering [Ro00] and Lamb shift measurements [MR0O0] has
heen resolved, converging to a value of #4 = (0.88 + 0.01) fm. We do not use this
value here because so [ar no dispersion theoretical analysis exisls using this novel
inflormation.

Ag already stated, the Dirac and Pauli form factors are the natural quantities in any
relativistic approach like the one used here, However, for easier comparison to existing
Lieavy barvon calculations and to the low energy data, which are often presented in
terms of Sachs form factors, we will discuss these in detail.

First we discuss the neutron charge form factor, as shown in Fig. 2.3. The third and
fourth order results compare well to the dispersion theoretical analyvsis and the trend
of the novel data up to Q% = 0.4 GeV?. The latter have been obtained using tensor
polarised deuterium, polarised *He, and polarisation transfer on deuterium [Ed94].
Although it seems that the {hird order curve meets the novel dala even belter, we
observe that the fourth order one is basically identical 1o the dispersion theoretical
fit up to Q% = 0.2CeV?. Also given in that figure are the heavy barvon results to
third [BIFHM98] and fourth [CH] order. These curves can easily be obtained from our
analysis by performing the large mass expansion as explained before. Clearly, neither
of these two curves is in acceptable agreement with the data, and, what is more,
there is no sign of convergence so far. The resummation of the 1/ terms in the rel-
ativistic approach vastly improves the convergence of the chiral representation. This
sensitivity of the neutron charge form factor to such recoil corrections was already
anticipated in [KHM99]. We remark however that the only fourth order contribu-
tions to the electiric form [actors in the heavy—baryon approach are 1/m—corrections
to third order diagrams, in other words, the (ull fourth order heavy—baryon resull for
these can already be obtained rom expanding the {hird order relativistic one. There-
fore, the difference that does show up between the relativistic third and fourth order
curves 1g really, in terms of strict chiral power counting, of higher order and hence
(comparatively) small.

Consider the proton clectric form factor next, shown in Fig. 2.4, As in the neutron
casce, the third and fourth order curves are very close (where, however, the remarks
made about the reasons for the smallness of this difference apply equally here), burt
here essentially show the linear behaviour from the term proportional to the charge
radius. Compared Lo the dispersion theoretical resull (which describes the data very
well in this range of momentum transler), there is clearly nol enough curvature.
Polynomial terms ol order {* (and higher) are not included up lo fourth order, and
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Figure 2.3: The neutron eleciric form lactor in relativistic baryon chiral perturbation
theory (solid lines) to third and fourth order, marked as 1R(3). [R{1), respectively.
Lor comparison, the results of the heavy barvon approach are also shown (dashed
lines, marked as HB3(3), HB(1)). All LECs are determined by a fit to the neutron
charge radius measured in neutron atom scattering. Also given is the result of the
dispersion theoretical analysis (dot dashed line, labelled by DR). The data are from
[Ed94], where the Mainz Helium data have been processed in the analyvsis of [GoOlal.

the curvature coming solely from loop functions in the one loop approximation is
obviously not sufficient. Fig. 2.4 also displays the results of the third [BKIKM92,
BFHM98] and fourth [GH| order heavy—baryon caleulation. While the general trend
of the heavv—baryon results is similar to what is obtained in the relativistic approach
(far too small curvature to meet the data), we note that, while there is at least a
slight. improvement [rom the third to the fourth order relativistic calculation, the
description visibly worsens lor the [ourith order heavy—baryon resull, as compared 1o
the third order one.

We now turn to the magnetic form factors of proton and neutron as shown in Fig. 2.5,
The qualitative behaviour of the different curves is very similar for both of them: To
third order, the momentum dependence is given parameter—free becanse the LECs at
this order only allect the normalisation. We see that the 1/m corrections present in our
approach visibly worsen the prediclion oblained previously in the heavy—baryon limilt.
That resull is based on the leading chiral singularities given in Eq. (2.37) because to
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Figure 2.4: The proton electric form [actor in relativistic baryvon chiral perturbation
theory (solid lines) to third and fourth order, marked as 1R(3), 113{1). respectively.
For comparison, the results of the heavy barvon approach are also shown (dashed
lines, marked as HI3(3), HB3{(1}). All LECs are determined by a fit to the proton
charge radius as given by the dispersion theoretical result (dot dashed line, labelled
by DR).

this order, the corresponding isoscalar form factor is simply constant. We conclude
that the recoil corrections are rather large and that the leading chival limit behaviour
is not a good approximation for the Goldstone boson contribution to the magnetic
radii in the case of finite pion masses. At fourth order, due to the presence of the
counterterms from ﬁ,(fi{ the radins can be fixed at its empirical valne. Consequently,
the [ull relativistic resull and its heavy—baryon limit are not very dillerent any more.
The absence ol curvalure terms of order ¢ (and higher) is clearly visible in Fig. 2.5.

The physics underlying this deficiency will be addressed in Sceetion 2.4, Only a uni-
formly reliable description for all four form factors is acceptable, and hence it is
absolutely necessary to nunderstand what is missing in the three dipole—shaped form
factors: with large corrections for these, one might expect large corrections also for
the neutron charge form lactor, such that its very good descriplion presenied here
might turn out Lo be only accidental. Tn the lollowing, we shall show that this is
indeed nol the case.
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[Figure 2.5: The proton and neutron magnetic form factors in relativistic baryon
chiral perturbation theory (solid lines) to third and fourth order, marked as 1R(3),
IR(4), respectively. For comparison, the results of the heavy baryon approach are
also shown (dashed lines, marked as IIB(3), 1IB{4)). The third {(fourth) order LECs
are determined by a fit to the proton/nentron magnetic moments (radii). Also given
is the dispersion theoretical result (dot—dashed line, labelled by DRJ.
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2.3.5 Higher—order scale dependence

In Section 2.3.2, we hinted at the fact that infrared regularised loop integrals in
general induce a higher order scale dependence in physical observables that cannot
he compensated for by the counterterms available at the order one is working. Instead
of regarding my as the natural scale for barvon ChPT, we restore the scale dependence
and replace log ge by log(AM,/A). With the counterterms running according to their
respective beta functions, one could argne that the remaining variation with the scale
is an inherent uneertainty in the caleulation of the higher order loop corrections. For
the leading moments of the [orm [aclors, Lhe higher—order scale dependence in terms
ol analytlical expressions can easily be read ofl [rom Eqs. (2.27), (2.28), (2.31), (2 32),
(2.34), and (2.35). Here we only wish Lo quantily these uncertainties numericall V\P
arrive at the following:

KN = 55.7(1{5%—[).[)[)(521051;% ._ (2.42)

() = —0120 - 0.0006log =~ (2.43)
P N )
() () = (0.830+0.030/110g ; )fm , (2.11)
() () = (0.60.-1+0.008810g”f\‘)fm : (2.15)
(N = (0.736—0.0035109 ”i\")fm , (2.46)
(rs,)7 () = (U 300 +5 x 107° )fm . (2.47)

We conclude that the higher—order variation of the leading moments with the re-
normalisation scale is very weak, strongest for the cleetrie radii, but even for those
only ol the order of 1% il A dillers [rom the “canonical” scale my by a lactor of 2.
In the same range, the magnetic moments and the isovecltor magnetic radius vary
by a few per mille, the isoscalar magnelic radius by a few parts in 10°. As can be
seen from Eq. (2.35), the numerical siallness of the scale dependence in the isoscalar
maguetic radiug is due to a suppression of the logarithm by two chiral orders as com-
pared to all other moments, while for the magnetic moments and the electric radii,
the suppression in the isoscalar quantitics as compared to the isovector ones is based
on numerical accidents (or, at best, due to the smallness of the isoscalar anomalous
magnetic moment).

In order to 2o beyond the leading moments, we have examined the full @ dependence
of the neutron cleetric form factor under variation of the renormalisation scale. Fig. 2.6
shows the curves for scales between the p mass, A = M, = 769 McV, and the mass
of the A hyperon, A = my = 1116 MeV. We emphasise that the low—energy constant.
enlering the radius has nol been readjusted, Lthe curves clearly show the linding above,
namely that the radius is very insensilive o variations ol the scale. For increasing
()?, however, the correclions become significant. This is easily understood [rom the
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Figure 2.6: The dependence ol the neutron eleciric [orm factor on variation ol the
renornalisation scale A. In addition to the curve for the “canonical” value iy, we
show the fourth order representation for scales A = iy £0.1 GeV, A = M, A = n,.

precise form of the ?~dependent function multiplying the chiral logarithms, which is
given explicitly in Appendix A.1.3: it is a [unction ol Q?/m3%, therelore expandable as
a linite polynomial Lo any delinite chiral order, but the corrections become signilicant
with @?/m% as large as 0.4. Tn particular for A = M, one linds much better agreement
with the data than for the “canonical” scale A = ey, This should, however, not lead
to the conclusion that this scale is a “better choice”™, but rather indicate (parts of)
the uncertainty that is necessarily included in relativistic corrections to heavy baryon
loop results.

2.4 Inclusion of vector mesons

It is well established that the vector mesons contribute significantly to the nucleon
torm factors. For example, extended unitarity allows one to reconstruct the isovector
spectral functions [FF60] below # =~ 1 GeV? from the pion form factor and the analyt-
ically contimed 77 — NN isovector partial wave amplitudes. Besides the important
contribution of the two—pion continuum, the p meson clearly shows up. Similarly, in
the isoscalar channel, the w and the ¢ dominate the speciral [unction al low positive
. All these ellects are clearly visible in dispersion theoretlical analyses ol Lthe nucleon
form lactors, see [Ho76, MMD96, HMD96]. Tn the chiral expansion performed in the
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preceding sections, such ellects are included in the low—energy constants. This [ol-
lows directly from the low momentum expansion of any vector mesgon propagator (for
simplicity, we do not show the explicit Lorentz structures),

2

=1+ ! + !
TR VE)

3 9 .
/2 + O . (2.48)
In a fourth—order chiral analysis as presented here, one is sensitive up to the terms
lincar in #, which contribute to the various clectromagnetic radii. Stated differently,
any veclor meson coniribution is hidden in the [it values of the various LECs. As we
discussed belove, the curvature ellecls on Lhe eleciric and magnelic form laclor of the
proton as well as the magnetic neutron form lactor are much Loo small. This can be
cured in two ways. One could either attempt a higher order analysis or include vector
mesons dynamically, While the first approach would be more systematic, we clioose
here the seeond, for various reasons. With explicit veetor mesons (VM), we not only
account for all terms in the expansion Eq. (2.48) but also do not introduce any new
unknown paramecter. This can be understood as follows: adding the vector mesons in
a chirally symmetric manner and retaining the corresponding dimension two, three,
and four counterterms, any LEC a; takes the form

«; — &y + vector meson contribution , (2.19)

where the remainder @; parameterises the physics not related to the explicitly in-
cluded vector meson contribution. For such a decomposition Lo make sense, the
scale—dependent. LECs should be taken al A = 3,,. Since in the inlrared regularisa-
tion procedure, the nucleon mass is taken to be the intrinsic scale for all loop integrals
as described in Section 2.3.2, we will neglect scale mismatch due to My # my (which
is probably justified because of log(my/M,) = 0.2). The vector meson propagator
gencrates a whole string of higher order terms, hopefully resumming the most im-
portant contributions not included at fourth order. The parameters appearing in the
veetor meson contributions will be taken from existing dispersive analyses of the nu-
cleon electromagnetic form factors. We therefore only need to refit the low—energy
constants &;. This also allows to study the concept of resonance saturation. It was
already shown in [BKM97] that the numerical values ol the dimension two LECs can
be understood (rom s—channel barvon and t—channel megon resonance excitalions, in
particular l[rom the A{1232) and the p. In the case at hand, we can investigale this
concept for the LECs ¢, ¢7, di, d+. €51, and eyq. It was already noted in [BIKM97]
that ¢g and ¢; are largely saturated by vector meson contributions,

2.4.1 Chiral Lagrangians including vector mesons

We employ the tensor ficld representation of spin-1 ficlds as advocated in [GL84], i.c.
the vector mesons are written in terms of antisvmmetric tensor fields
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with the three degrees ol freedom T; (¢, = 1,2, 3) Irozen out. This representation
is most natural for constructing chirally invariant couplings of vector mesons to pious
and photons bec-auqt—" no particular dvnamical character of the vector mesons is as-
sumned (in contrast e.g. to the massive Yang Mills or hidden symmetry approaches as
reviewed in [Me88, BI&X 88].} In this scction, we temporarily switch to SU(3) chiral
Lagrangians, because the ¢ meson contributes to the isoscalar form factors. The free
Lagrangian then takes the form

A2
Ly = ()‘“II}T{,E} Wt o 4" IT;‘}UH’“”“ . (2.51)
where .
Gy g K
W, = 0 —"—E + L} K0 ; (2.52)
K b —¢

jiv
[lere, we have written the vector meson matrix in terms of physical particles, assuming
ideal ¢ w mixing., From Eq. (2.51), once casily derives the vector meson propagator
as given in [BM96],

G_u.ufprr (J:: U)

O[T{ W), Weo (1) }0)
7 . Ol' k Cr.k. (& ¥
MZ) RmEME R

X [yw,g,,g(_f\-ff- — k) + Guokiks — Guokok, — (1 & 1/)} . {2.53)

According to [Ee89], the lowest—order interaction with Goldstone boson ficlds ag well
as exlernal veclor and axial-veclor sources can be writlen as

]' v anl ES TR s i
Lo = 5 (I W LS + G ) (2.51)
where the couplings Gy and Fy can e.g. be determined from the decay widths p — 7

and p — ¢'e . Following [BM96], the lowest—order couplings of massive spin—1 ficlds
Lo baryons can be writlen in terms ol a chirally invariant Lagrangian as

E@BI’V = RDJ[ (B(T'MU ,tw B)J_) + RS <BU’M)B> (II;U,>
+8p e (B (D", W,,]. B)x) + Sg{(B+*B) (D", W,.]) (2.55)
+L':—D{,-’F <BGAU([,1_;"”U’ [D)\; [D.fr.: B]])+) + (/‘TS (BO’)‘U[D/\, [Dﬂ-? BH}(H}”/}

where, as usually in SU(3), the index D refers to the anticommutator (4, B), =
{4, B}, while the index F accompanies the commutator (4, B) . = [4, B]. In addi-
tion, we introduced singlet couplings with indices 5. These coupling constants are
related to the ones used in the Lagrangian of the standard vector representation of
Lthe p,

1 I » R
Low = - qpl\\llf{ﬁ'p r—zyéﬁaﬂd,,pﬂ T (2.56)
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by

_1_{ - - . v v < —

Jonn = T; ('TT?.-N (L"p + L";x) - 2(51_) + 51)) . (251)
4/2my

_l’}p..'\,-".'\,-' Rp = —T\(RU + R;.") . (258)

In analogy, one finds for the @ and ¢ conplings

J.'T.I.F.r - - - ; T =] y oy Ot &
= = (my(Up +Ur +2Us) — 2(Sp + Sr +255)) . (2.59)

.y =
J.A,_\f\ \/_—’
4\/57’??,‘-\.'

Junn iy = ¥ (Bp + Ry +2Rg) (2.60)
Ak

Gonn = —Juﬂ (777,‘,\: (U/_) - (/’T‘[V =+ {./'T,s') - 2(5{) - S; + SY;})) ) (2()1)

N Koo N (R — Bp + Rg) (2.62)

My

In [BM96], one additional term (proportional to new couplings T p) of higher order
in derivatives was introduced,

Loy = Topw (B¥*([Da, W, [DM [DY. Bll)=) + Ts (B*[D*, DY, BlJ) {[Dx, Wi ]) .

(2.63)
which was subsequently shown (o contribule Lo the eleciric lorm laclors as a lerm
O(q"), therelore beyond the order Lo which we are working here; the authors of [BM96]
however lell oul a term

S = Ve (Ba ([Da, [P, W11, B)+) + Vs (Ba™ B) ([P, [P, W)y (2.64)

that enters the magnetic radius, i.c. contributes a term O(q?) to the magnetic form
[actors and hence should be considered in a O(g") calculation. However, as nothing is
known [rom elsewhere about such couplings, we shall not introduce these here.#* Nole
that, via the ¢* expansion of the resonance pole, the contributions to the magnetic mo-
ments stemining from the Rp,r/g terms do of course induce additional g* dependence
in the magnetic form factors.

There is no generalisation of chiral perturbation theory which fully includes the effects
of vector mesons as intermediate states to arbitrary loop orders. As the masses of
the vector mesons do not vanish in the chiral limit, they infroduce a new mass scale
which, when appearing inside loop integrals, potentially spoils chiral power counting in
a gimilar manner as the nucleon mass in a “naive” relativistic baryvon ChDT approach.
In analogy o the heavy—lermion theories, “heavy—meson ellective theory”™ has been
used to investigate vector meson properties like masses and decay constants when

#3The terms in B (2.63) were allowed for in the analysis [MO00] of 78 —scattering and found to
be very small. This lends credit to the omission of higher order couplings here.
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coupling these to Goldsione bosons in a chirally invariant (ashion (see [BGT97] or
for some special processes [IMWO95]). This approach does not work with the heavy
particle munber not conserved as I processes where these resonances are virtual
intermediate states, However, these difficulties do not arise as long as there is no loop
integration over intermediate vecetor meson momenta. Indeed, to the order we are
working here, we can cven set up a “power counting scheme™ for diagrams including
vector mesons which allows to caleulate correetions to the simple tree diagrams (where
the photon couples to the nucleon via an intermediate vector meson). We count

1. the couplings of vector mesons Lo the pholon and of the p o two pions as O{q?)

(see Eq. (2.54) and the usual power counting for F7, and u,);

2. the tensor coupling of vector mesons to nucleons (/ip,r;s in our notation) as
O(¢"), the vector coupling (Sp;ris, Upirss) as Og'):

3. the vector meson propagator as Ofg%) (sce Bq. (2.53)).

11 O
(2% (3%)
. , " n
S’ - 1
(10%) (11%) (12%)

Figure 2.7: Feynman diagrams including explicit veclor meson contributions to the
electromagnetic form factors up to fourth order. Solid, dashed, double dashed, and
wiggly lines refer to nucleons, pions, vector mesons, and the vector source, respectively,
The vertex denoted by an open dot refers to the vector coupling of the vector mesons
to the nucleon which is of subleading chiral order as compared to the tensor coupling,

Up to O(¢"), we therefore have to include the diagrams shown in Fig. 2.7. The
numbering indicales the correspondence (o diagrams with contacl terms as shown in
Fig. 2.2: the tree level coupling ol the vector mesons (o the nucleon via the Lensor
coupling, diagram (2%}, enters the magnetic moments as do the LECs ¢, ¢ in diagram



2.4 Inclusion of vector mesons 47

(2), diagrams (10) and (10*}) as well as (11} and (11*) yield vertex corrections {0 these
due to pion loops, the vector coupling in diagram {3*) compares to the LECs dg, dr
ag shown in diagram (3), and finally the p exchange in diagram (12*) contributes to
the aw NN coupling ~ ¢4 in diagram (12).

Explicitly, the analytic results for the form factors including vector mesons can he
gained from those with contact terms only by the following replacements:

- Pl (2.65)
o Co T Gpan Bp 779 4 09
M2 -t
. gonn Ky, FoM, Gony Hy FoM, Jonn ke Fpdy o
7 = 6y — : : ‘ 2.66
“ “ 2 MI—t 9 Mt 2 a0
' T .g pNN I ' :“J J‘ & =
dy — dy— . , 2.6
¢ °T T2 M, MZ ¢ (2.67)
7 JoN N Pw 1 Fon N F}) 1 R
do = — JeNN _ Genn by (2.68)

4 M, M2 =y 4 My ML

Fspecially, these hold (or the loop diagrams with pion loops as vertex corrections
to photon couplings via ¢, ¢7, see diagrams (10), (11) in [fig. 2.2 and (10%), (11¥) in
I'ig, 2.7. At leading order, resonance saturation for ¢s, ¢; has already been investigated
in [BKMI7]. The vector meson contributions to the magnetic moments and the
clectrie radii can be found trivially from Tgs. (2.27) (2.32) by using Bqs. (2.65) (2.68)
at £ = 0. The vector meson contributions to the magnetic radii, finally, yvicld a more
complicated replacement law for egy, €75 due to the aforementioned loop corrections,
which, however, at leading order reads

1 F. F;) 2
254 — /?’5- e GN A Py —IN SN N R — O - . 2.69
€54 Cpy T Sy {!} NN K A3 T Gonn Ko Uﬁi} + O) ( )
o J‘ . F}J 2 oy =
€h, — &+ - GoNN Fip 7{} + Oy . (2.70)

Iinally, resonance saturation for the LEC ¢4 has also been analysed in [BKM97],

where it was found that ¢4 is completely saturated by p. A, and {a very small) Roper

contribution. Here, we only want to replace the p contribution by its dynamical
analogue, therefore setting

. 172

GoNN Ky Gp M f 2 Ky M P

4= G+ = G A2
' " oma M2 -1 L Amy M;—1

(2.71)
- ey ] oA e v JTr v . g . 3 - — -y — — (X A 2
where, in the sccond step, a universal p hadron coupling ¢ = gony = Gpar = G M,/ F;

and the KSFR relation Mrﬁ = 2¢°F? [KSFR66] were assumed.

2.4.2 Results and discussion

Belore presenting results for the four form flactors, including the ellects of dynamical
veclor mesons, we have Lo discuss the values [or the miscellaneous coupling constants
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introduced thereby. First ol all, for the veclor meson masses we use M, = 770 MeV,
M., 780 MeV, M, = 1020 MeV. The couplings to the ploton have been fixed
from the partial widths of V' — e¢*e™ (in analogy to [MMD96]) to be [}, = 152.5
MeV, I7, = 15.7 MeV, I, = 79.0 MeV, the ratios being in satisfactory agreerent
with what one would expect from exact SU(3) svmmetry (plus ideal ¢ w

Fy = F, = 3F, = 3/V2F;.

The couplings of vector mesons to nueleons are taken from the most recent dispersive
analysis [MMD96]. The respective values (adjusted to our conventions) are

mixing),

Gonn = 4.0 . Kk, = 6.1
Guonny = 418 Ky = —0.16 (2.72)
Ggenn = —18.3 Ky = —0.22

The resulting cleetriec and magnetic form factors of the proton and the neutron are
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Figure 2.8: The proton clectric form factor in relativistic baryon chiral perturbation
theory including vector mesons (solid lines) to third and fourth order, marked as
VM(3), VM(4), respectively. For comparison, the resulis withoul vector mesons are
also shown (dashed lines, labelled by TR(3), TR(4)}. All LECs are determined by a it
to the proton charge radiug as given by the dispersion theoretical result {dot dashed
line, labelled by DR).

shown in Figs. 2.8-2.10. Consider the eleciric form [actors lirst. The veclor meson
contribution already supplies sullicient. curvature for an adequate description ol the
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Figure 2.9: The neutron electric form lactor in relativistic baryon chiral perturbation
theory including vector mesons (solid lines) to third and fourth order, marked as
VM(3), VM(1), respectively. Lor comparison, the results without vector mesons are
also shown (dashed lines, labelled by IR(3), 1R(1)). All LECs are determined by a
fit to the neutron charge radius. Also given is the result of the dispersion theoretical
analysis (dot dashed line, labelled by DR). The data are from [Ed94).

proton charge form factor at third order, of. Fig. 2.8, This is achicved without new
adjustable parameters, but simply due to the higher order terms induced by the
inclusion of the vector mesons. It is worth noting that at fourth order, the chiral
plus veetor meson representation is in almost perfect agreement with the result of the
dispersive analysis up 1o momenia of Q? = 0.4GeV?, i.e. lor much higher momenta
than congidered so (ar in chiral perturbation theory approaches. However the already
well—described neutron eleciric lorm laclor, see Fig. 2.9, is, al fourth order, only very
mildly affected by the vector meson contribution, but is of course also most sensitive
to the precise choice of the vector meson couplings. We only want to state that
for a reasonable choice of these parameters, the good result of the chiral one loop
representation is not spoiled. ™

Turning now to the magnetic form factors, see Fig. 2.10, we find that both the third
and the fourth order enrves yield reasonable deseriptions of the data, in both c¢ases

#4We also nole thal the dispersive analysis of [MMD96] does noi include most of the new
data [Ed94]. Refitting the vector meson parameters accordingly to the new data base will also
lead to an improvement of the fourth order curve in our analysis.
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Figure 2.10: The proton and ncutron magnetic form factors in relativistic baryon
chiral perturbation theory including vector mesons (solid lines) to third and fourth
order, marked as VM({3), VM(4). For comparison, the results without vector mesons
arc also shown (dashed lines, labelled by IR(3), IR(4)). All LECs at third (fourth)
order are determined by a [il Lo the proton/neutron magnetic moments (radii}. Also
given are the dispersion theoretical results {(dot—dashed line, labelled by DIR).
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the fourth order results being slightly better than the respective third order ones. The
latter show the right slope at the origin (which is fitted in the fourth order case), and
all curves have approximately the right curvature, which is a bit stronger at fourth
order.

We have, in addition, plotted the third and fourth order curves lor G%, G%;, and G%;
(including vector mesons), normalised and divided by the dipole [orm [actior

1

GU(Q2) = 5\ 2
(1+Q?/0.71 GeV?)

: (2.73)

sce Figs. 2,11, 2.12. Ilere, again, we see that the fourth order prediction for the proton
charge form factor agrees extremely well with the data up to Q% = 0.4 GeV2, For the
neutron magnetic form factor, the fourth order curve, though rising above dipole and
dispersion theoretical fit, still is within the error range given by the data, while the
fourth order resull for the proton magnetic lorm lactor deviates [rom the data above
)? = 0.3CeV2

It is worth pointing out the following essential conclusions drawn from this discussion:

1. In Section 2.3.1 we saw that the “prediction” of the magnetic radii in a third
order calculation worsens considerably when comparing the relativistic and the
heavy baryvon approach. This observation indicated that the large contribution
of the pion cloud to the magnetic radii was an artifact of the 1/m—expansion
to ({¢*). Inspection of the third order curves including explicit vector meson
cffeets shows that this reduction of the pion cloud effect is indeed consistent
wilh the lairly conventional vector meson parameters, vielding in total excellent
results for the magnetic radii which are still “predicied” and not litted. We
here show these “predictions”™ with the separale contributions ol pion—cloud

and vector mesons,
(Fhe)? = (R + () = (018 + 0.49) fin” = (0.82fm)° | (2.74)
n 2 2 rd
A e AY, =

(ri)? = (r7) ;= (0.26 4+ 0.44) fin? = (0.84fm)? , (2.73)

in good agreement with the values from dispersion analyses, r%;, = 0.836 fm and
rie = 0.889fim. Note however that, although we did not fit any new parame-
ters to the magnetic radii, additional experimental information enters via the
veetor meson couplings that in turn have been fitted to the form factors in the
dispersive approach.

2
Vv

, .

2. This analysis indicates that a “strict”™ ChDPT caleulation to higher—than—fourth
order is probably only moderately sensible. Apart from various two—loop con-
tributions which amount only Lo vertex corrections ol diagrams already present.
in the one—loop case, the major “new” contribution is the three—pion continuum
enlering the isoscalar form lactors, which was already shown Lo yield a negligibly
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Figure 2.11: The proton clectric and magnetic form factors in relativistic baryon
chiral perturbation theory including vector mesons to third (dashed line) and fourth
(solid line) order, divided by the dipole [orm [actor. For comparison, we show the
dispersion theoretical results (doi—dashed line) and the world data available in this
energy range.
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Figure 2.12: The neutron magnetic lorm lactor in relativistic baryon chiral pertur-
bation theory including vector mesons to third {dashed line) and fourth (solid line)
order, divided by the dipole form factor. Lor comparison, we show the dispersion
theoretical result {(dot dashed line) and the world data available in this energy range,
where the data points denoted by squares (instead of circles) refer to the more recent
measurcments [Ma93]. The older data can be traced back from [MMD96].

small correction to the w/¢-peak in the isoscalar spectral function [BKMY6¢].
Therelore, an analysis to O(¢®) or O(¢°) would basically result in fitling new
counterlerm paramelers in order Lo reproduce the resonance contributions con-
sidered explicitly here.

2.4.3 Resonance saturation

Ag we have not wssumed resonance saturation of the various low energy constants,
but taken the resonance parameters from clsewhere and refitted the contact terms,
we may now check how well resonance saturation by the lowest lyving vector mesons
actually works. Table 2.1 shows the values for the low energy constants, fitted at third
and fourth order, with and without veetor meson contributions. The vector meson
contribution to the LEC ¢4 as given in Eq. (2.71) numerically amounts to 1.6 GeV !
(see also [BNM97]) which reduces the value of ¢; by about 50%. This remainder which
is due 1o (mainly) A and a small Roper contribution is still represented by a contlact
Lerm.



54 Chapter 2: Nucleon form factors

7 ¢ | AV | gV
¢ | 303 | 177 | 020 | —0.06
cr | =272 | —2.55 | —0.27 | —0.09
ds | 067 | 074 | 1.34 1.40
d: | —0.70 | —0.69 | —0.04 | —0.03
€ 0.26 —0.01
e, | — | 165 — 115

Table 2.1: Values for the various low—energy constants, with and without vector meson
contributions. Note that the third and the [ourth columns, strictly speaking, refer Lo
the LECs @&, instead ol ;. cg, ¢7 are dimensionless, the d; are given in GeV ™2, Lhe ¢
in GeV™,

We conclude that the low—energy constants entering the magnetlic moments (¢, ¢7)
as well as those fitled Lo the isoscalar radii, both electric (d7) and magnetic (es), are
nearly perfectly saturated by the lowest lying vector meson nonet, while the contact
terms entering the isovector rvadii (dg, e74) are not at all. This can be interpreted
to the effect that w and ¢ are already sufficient to describe the isoscalar channel
of the vector form factors to good accuracy, while higher resonances are mandatory
for an adequate description of the isovector form factors. This is in agreement with
what 1s found in dispersive analyses. Iowever this does not necessarily invalidate our
approach, ag these higher resonances have much larger masses (the p(1450) being the
lowest lying of them) and therefore will hardly contribute to the curvature of the form
factors (which is the change we are looking (or, compared (o linear contact terms).

2.5 Summary

We have studied the electromagnetic lorm [actors of the nucleon in a maniflestly
Lorenty invariant form ol baryon chiral perturbation theory to one=loop (fourth) order.
As discussed, in this scheme based on the so called infrared regularisation of loop
graphs, one ig able to set up a systematic power counting scheme in harmony with
the strictures from analyticity. The pertinent results of our investigation can be
summarised as follows:

(1) To fonrth order, the neutron and proton clectrie form factors cach contain one
low—cnergy constant which can be fixed from the empirical information on the
corresponding radii. This gives a good description ol the neutron charge [orm
factor up to four—-momenium transfer squared of @? = 0.4 GeV? and, [urther-
more, exhibils convergence in that the corrections when going [rom third to
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fourth order are small. This is in contrast Lo the heavy—barvon expansion and
can be traced back to the proper resummation of the recoil terms in the rel-
ativistic expansion. L'or the electric form factor of the proton, the one loop
representation gives too little curvature and thus deviates from the data al-
ready at % ~ 0.2 GeV?, similar to the heavy baryon description. Iowever, no
large fourth order corrections are found below Q2 = 0.4 GeV?,

To third order, the momentum dependence of the magnetic proton and neutron
form factors is given parameter free. The 1/m corrections present in our ap-
proach worsen the prediction for the magnetic radii based on the leading chiral
singularitics, like ¢.g. in the heavv—baryon approach. The leading chiral limit be-
haviour is not a good approximation for the Goldstone hoson contribution to the
magnelic radii. Al fourth order, the magnetic radii can be lixed. Again, there
is not enough curvature in the one-loop representation and one observes large
corrections when going [rom third to fourth order already al Q* ~ 0.1 GeV™.

We have demonsirated explicitly thal the spectral [unctions ol the isovector
form flactors have the correct threshold behaviour. The strong momentum-—
dependence ol these spectral [unclions close Lo threshold is due to the branch
point singularity on the second Riemann sheet inherited from the 77 — NN
P wave partial wave amplitudes.

We have included the low lving vector mesous p, w, ¢ in a chirally symmetric
manner baged on an antisvmmetric tensor field representation. This does not
introduce any new parameters since these (masses and coupling constants) are
taken from the PDG tables and from a dispersion theoretical analysis. Refitting
the previously defined low cnergy constants by subtracting the vector meson
contribution, we find a good description of all four form factors already ar
third order, with small fourth order contributions, which further improve the
theoretical deseription. In particular, we demonstrate that the vector meson
contributions cancel (o a large extent. in the neutron charge form lactor, thus
solidilying the result obtained in the chiral expansion.

The inclusion of vector mesons allows to investigate the resonance saturation
hypothesis [or these couplings. We lind that the couplings related Lo the mag-
netic moments and the isoscalar radii are almost completely saturated by the
low l¥ing vector mesons. This is, however, not the case for the LECs entering
the isovector radii. This can be traced back to the fact that while the w and the
¢ already give a good description of the isoscalar form factors, for the isovec-
tor ones once has to include higher mass states than the p, in agreement with
findings from dispersion theory.






Chapter 3

Baryon form factors in chiral
perturbation theory’!

3.1 Introduction

In the last chapter, we have investigated the electromagnetic structure of proton and
neutron as characterised by the four form factors that have been measured in electron
scattering experiments over decades. As we have seen, in the non perturbative low -
energy region of QCD, baryon chiral perturbation theory can be used to calculate
these form factors, and we have shown that relativistic barvon chiral perturbation
theory {employing infrared regularisation) supplemented by explicit vector meson
contributions allows for a fairly precise deseription of these fundamental quantitices
[or photon virtualities up to Q% ~ 0.4 GeV2.

This chapter will be devoled to the extension ol these consideralions Lo the three—
llavour case, i.e. we shall calculale Lhe sizes characleristic lor electromagnetic probes
of other hadrons than the nucleons, specifically the ground state baryvou octet. T'his
is interesting for various reasons: lirst, the charge radius of the X7 lias recently been
measured [Ad99, SeQ1] and thus gives a first glimpse of an electric hyperou form factor,
Sceond, chiral SU(3) can be subject to large kaon/eta loop corrections, and the form
factors offer another window to study the corresponding convergence propertics. They
might thus indicate whether or not the strange quark can be considered light and lead
to a better understanding of SU{3) flavour breaking. Since the chiral expansion of the
form factors is well under control in the two—flavour case, one can hope to enconnter
a reasonably well-hehaved series also in the presence of the strange quark. This
expectalion is borne out by the results presented in this chapter. Third, one can also
address some questions concerning sirangeness in the nucleon, more precisely, the role
of kaon loops that, in simiple models, let one expect sizeable contributions of strange
operators. lourth, the knowledge of certain hyperon form factors is mandatory to

#1The contents of this chapter have been published in [KMO1h].
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gain an understanding ol kaon photo— and electroproduction ofl nucleons and light
nuclei as measured at ELSA and TJNAL. We shall come back to most of these topics
in the course of this chapter.

In addition, these form factors have already been calculated in the so called heavy

baryon approach [KHMY9, PRZ01]. A direct comparison of our results obtained in
the infrared regularisation formalism to the results of that approach can shed turther
light on the dynamics underlying the non—periurbative baryon structure, in particular
the role of recoil corrections. As a linal by—product, we can also readdress the issue
ol the convergence ol the chiral expansion lor the magnetic moments, which has heen
much discussed in the recent literature [Je93, MS97, DH98, DHI399, KM00a, P1R00].

This chapter is organised as follows. In Scetion 3.2 we briefly define the baryon form
tactors and the corresponding clectromagnetic radii, which requires just very little
generalisation compared to the last chapter. The formalism to obtain the one-loop
representation of the form factors is given in Scetion 3.3. We heavily borrow from
the preceding chapier and defler all lengthy lormulae to the appendices. The resulls
are presented and discussed in Seciion 3.4. Section 3.5 contains a short summary and
outlook.

3.2 Baryon form factors

The structure of ground state octet baryons (denoted by “B7) as probed by virtual
photons is parameterised in terms of two form factors cach,

7‘7;;:/’}

(BE) | T BW) = r-:ﬂ-(p’){’#FBU . UFB(?‘)}"U-(IJ) . (B

B=p n A 2t 20 =27 =

 —

with the quark vector current J, = (jQNﬂ,q now involving the SU(3) quark charge

matrix Q@ = ediag(2/3. —1/3.—1,3), ¢! = (u,d,s), and mp the respective baryon
mass. We shall again frequently cmploy the positive quantity Q2 = —t > 0. The

Dirac and Pauli form factors Fy and F, are subject to the normalisations F?(0) = Q.
FF(0) = gy, where #y denotes the anomalous magnetic moment of the barvon B.
Eq. (3.1) has o be generalised [or the A-X" transition form laclors thal are defined
according Lo

’ ; THso — 1 A o W(]V JAD
(') T | Alp)) = culp)) {(; - q;.f.)Ff‘ () + ——F3 (t)} u(p)

f ma +mMso
(3. 2)

(see also [LWTD91]). The form ol the generalised Lorenls structure accompanying
F‘l’"xo(c‘) is required by current conservation (which becomes obvious by contracting
Eq. (3.2) with ¢# and applying the Dirac equation). Dillerent delinitions which all
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reduce Lo Eq. (3.1) for mso — my are possible, however, the one given here is prefer-

R . . . . LAS0 .
able because it still requires the normalisation 7% (0) = 0. One also uses the electric
and magnetic Sachs form factors,

Gty = F () + #Fz(t) . Gut) = F(t)+ F(1). (3.3)
<

which arc again the quantities we shall consider most of the time in the following. The

racii characterising the spatial extension of charge and magnetisation distributions

are delined as in Fqs. (2.4)—(2.7), in particular the exceplions concerning form (actors

of vanishing “charge” discussed [or the electric neutron form lactor in Eq. (2.6) apply

of course to all electric form factors of neutral particles.

3.3 Formalism

In this scction, we spell out the details necessary to extend the SU(2) calenlation
ol the nucleon form factors in baryon chiral perturbation theory employving inlrared
regularisation, Chapler 2, Lo the three—(lavour case. The presence ol dillerent pseudo—
Coldstone bosons and barvons with unequal masses entails more general loop fune-
tions than those encountered in the SU(2) calculation, these are tabulated in App. A. 1L
Here we only spell out the various terms of the effective chiral Lagrangian underlying
the caleulation. Again we do not give the final formulae for the form factors in the
main text since these are rather lengthy, but instead refer to App. A2

3.3.1 Effective Lagrangian

The chiral effeetive Goldstone boson Lagrangian is given by

(2y _ F* m . o
Lop = —(wat" +x4) (3.4)

where the octel ol Goldstone boson [ields is collected in the SU(3) valued matrix
Ulx) = w?(x) and the chiral vielbein u, defined as before. The scalar field x incor-
porates the quark mass matrix M = diag(in,. mg, ), where we shall work in the
isospin limit, me, = iy = . The mass term leads to the well known lowest order
(isospin symmetric) mass formulac for pions, kaons, and the eta, which enter the de-
scription of the baryon form factors via loop contributions. We would like to point
out that the mass differences between the Goldstone bosons yield the leading order
SU(3) breaking effeet for these form factors. For numerical evaluation, we will nse
M, = 139.57 MeV, My, = 483.68 MceV (the charged pion and kaon masses), and
M, = 547.45 MeV. Furthermore, it is legilimaie (o dillerentiale between diflerent de-
cay conslants Fr, Fi, F,, in the treaiment ol the chiral loops as Lhese difllerences are

ol higher order. We will use F, = 92.4 MeV, Fy/F, =122, F,/F. = 1.3 (see [GL85a]
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and, for a more recent. determination ol Fy /F, [FKS00]}. The main motivation for
not using a common decay constant is the comparison to the SU(2) results for the
proton and neutron form factors, where we do not want to suggest an SU(3) effect
which 1% only due to a numerically different treatment of the pion loops.

The meson baryon Lagrangian at leading order reads

' — .. D/F
ﬁé;,lf,. ={(B(P—m) B+ —é

(B (e B) 1) (3.5)
where the matrix valued field I colleets the ground state octet barvons, see Eq. (1.63),
and D and F are the axial vector coupling constants. 2 For these, we will use the
alucs D = 0.80, F = 0.46 extracted from hyperon decays [Ra99], which obey the
SU(2) constraint D + F = g4 = 1.26. Here, m denotes the baryon mass in the
chiral limit. To this order, the photon ficld only couples to the charge of the baryon.
[t resides in the chiral covariant derivative, D,B = 0,8 + [[',, B], with the chiral
connection given as belore.

I

Coupling constants [rom the second-order meson—baryon Lagrangian are needed hoth
at tree level and i one loop graphs., The following terms are required in our calcu-
lation:

D/r
by

ﬁﬁ’ = bu;{B(x4, B)x) + (B”“’)(F,;,:B) )

2
&m

—l—ggw/{bg (Buy) (u, B3 + boyi (B{[up, u,], B)i}} . (3.6)

We use the same notation for the operators involving the photon field strength ten-
sor as in the SU(2) case. The & are low—cnergy constants that encode information
aboul the more massive states not conlained in the elleciive lield theory or other
shori—distance efllects. These parameters have Lo be pinned down by using some
data. Tn principle there is also a term ~ by (BB){x ) which amounts Lo a quark
mass renormalisation of the common octet mass . This, however, cannot be dis-
entangled from rn without further information (like the pion nucleon o term), and
it is sufficient for our purpose to absorb this term in m. The couplings bp/r yicld
the leading SU(3) breaking cffects in the baryon masses.  Again, these affect the
form factors via various loop contributions. A best fit to the octet masses results
in my = 0.942 GeV, my = 1111 GeV, my = 1.192 GeV, m= = 1.321 GeV (for
m = 1.192 GeV, by = 0.060 GeV 1| b = —0.190 GeV '), compared to the experi-
mental values my = 0.939 GeV, m,y = 1.116 GeV, ms = 1.193 GeV, mz = 1.318 GeV
(where the average masses within the respective isospin multiplets have been Laken).
We consider this accurale enough Lo put all baryon masses Lo their experimental val-
ues 1 the numerical evaluation. In any third order calculation, however, no mass

#2Here and in what follows, we employ a conipact notation: the D-type coupling refers to the
anticommutator and the F type coupling to the commutator.
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splitting is present, hence the barvon mass parameter will always be pul Lo the av-
erage barvon mass /mt = 1.1531 GeV in this case. 1t has been discussed in detail in
[BLYY] as well as in the last chapter how to fix the ommuipresent mass scale A which
has to be introduced in loop diagrams treated in dimensional regularisation. 1t was
argucd that in an SU(2) calculation, the nucleon mass serves as a natural mass scale.
Here we consider it nalural Lo set A = . The LECs bé—)’!F paramelerise Lthe lead-
ing magnelic photon couplings Lo the baryons and will be [itted Lo the magnetlic
moments. Iinally, the LECs bg/19/1 accompany second order couplings of the var-
ious pseudo Goldstone bosons to barvous and enter the form factors via (tadpole)
loop contributions. Their values have been estimated based on the resonance satura-
tion hypothesis in [MS97], however, the results used there do not satisfy the SU(2)
constraint 2(b1y +by)) = ¢4 = 3.4 GeVh The latter value is well established, consis-
tently determined from resonance saturation [BKM97] and fits to pion nucleon scat-
tering [FMS98, BMOO]. The diserepancy between both determinations can be traced
back to different treatments of the A contribution in [MS97] and [BKM97]. Adjusting
this, we will use the values by = 1.36 GeV ', bjp = 1.24 GeV ', by = 0.46 GeV 1. Ag
we would like 1o specily the uncertainty ol our predictions based on these estimales
later on, we aillribute some errors to these LECs. As an indicalion we regard the
change of a LEC when fitting it within chiral amplitudes of different orders. This
change is about 1.0 GeV ™! for ¢4 when going from second to third order in #N scat-
tering (sce [BIRM95¢] for a second order fit). We assume that this change should be a
factor of 2 smaller when proceeding from third to fourth order such that, due to the
different normalisation of the SU(3) couplings, we set Abgyig = 0.25 GeVi,

The only terms needed [rom the third order Lagrangian are those entering Lthe eleciric
(charge) radii ol the baryvons,

3 'idl(]l,"J_(]'_)- = i + v R o =
‘Cq')ﬁ’ - 27?'?.- {(B([D s “F,u,v]: [D B])T> + h‘("' . (d'f)

digr. dige have to be fitted to the charge radii of proton and neutron. Both of these

contain an infinite part and the corresponding scale dependence, which is given in
App. A

At fourth order, two types of coupling constants appcear which are of relevance for
our caleulation: seven couplings proportional to a quark mass insertion contributing
to the magnetic moments, and two couplings entering the magnetic radii,

(Bo#y ({‘F:!jf_)“ B}: X—i—) :F>

r k7 /9 o _
Loy = (B ([Fp Bloxa ) )+

g i
/_}l _ Ep;’rl-— B
B0 By s ) + P ) B (B, B

_Mmgw([of\? (DM FLLB)) (3.8)

‘ Ty

(k‘gf.f,1

8

N . TOE

As indicated by the notation, the terms ~ ;" only amount to a quark mass renor-
. . . . i . . . D/F

malisation of the leading magnetic couplings and will therelore be absorbed into &
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according Lo
0T = b ¢ om (20% + M2VBDTT (3.9)

The LECs «vy_y, 31, however, incorporate explicit breaking of SU(3) svnumetry in the
magnetic moments and will be fitted to the octet moments. 7,5 will be adjusted
to the magnetic radii of proton and ncutron. All of these absorb certain divergent
loop contributions and display logarithmic scale dependence, with the appropriate
coctlicients as determined in this calculation again displayed in App. A5,

While there are, all in all, guite some LECs to be fitted in order to deseribe all
electromagnetic lorm lactors, il is important to point out that all these LECs are, on
general grounds, expecled 1o be of order 1 {with the appropriate mass dimensions in
powers of GeV: as the barvonic scale is of the order of 1 GeV, it is not necessary to
normalise the LECs appropriately).#?

3.3.2 Chiral expansion of the baryon form factors

The chiral expansion of a form factor F consists of two contributions, tree and loop
graphs. The tree graphs comprise the lowest—order diagram with fixed coupling (the
baryon charge) as well as counterterms from the second—; third—, and fourth—order
Lagrangians. As one-loop graphs we have both those with just lowesi—order couplings
and those with exacily one insertion [(rom JCE,% The pertinent tree and loop graphs
are depicted in Fig. 3.1 (we have not shown the diagrams leading to wave (unction
renormalisation). We refrain from giving the rather lengthy expressions in the main
text, but concentrate on the phenomenological numerical results and refer to App. A,
We mention that in the limit of a heavy strange quark, we recover the SU(2) results
of the previous chapter. Also, the heavy baryon (IIB) vesults of [KIIM99] can be
obtained stralghtforwardly as detailed in the last chapter.

3.4 Results and discussion

We first discuss the issues concerning the magnetic moments and the electromagnetic
radii in some detail. This can be done within the ‘pure’ chiral expansion. Then
we turn to the full momentum dependence of the various form factors for photon
virtualitics up to Q% = 0.3 GeV2 To this end we have to include vector mesons as
active degrees of freedom in a chirally symmetric manner.

#3We would like to point out that we have adopted the natural normalisation for the SU(3)
brealing termy in the magnetic moments (by using the field x4 proportional to the quark mass
matrix as delined above instead ol a spurion diag(0,0,1)) which is dillerent [rom e.g. [Je83, MS97].
Numerically, however, this differenee amounts to a factor of UJﬁ 2 0.975 GeV?2, hence apart from
a different mass dimension, this does not make any significant difference.
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Figure 3.1: Feynman diagrams contributing Lo the electromagnetic form laclors up
to fourth order. Solid, dashed, and wiggly lines refer to barvons, Goldstone bosons,
and the vector source, respectively. Vertices denoted by a heavy dot/square/diamond
refer to insertions from the second/third /fourth order chiral Lagrangian, respectively.
Diagrams contributing via wave function renormalisation only are not shown.

3.4.1 Magnetic moments

The igsue of convergence of the magnetic moments in chiral perturbation theorv has
been discussed amply in the literature, with or without inclusion of the decuplet
[Je93, MS97, DIIO], KM00a, PRO0]. We wish to compare the convergence behaviour in
the heavy barvon and the infrared regularisation scheme. Table 3.1 shows the best fits
to the various orders. The strategy is always to fit the seven experimentally measured
static moments (50 has not been measured so far, in the theoretical predictions
it is always given by g0 = (pts+ + pin-)/2 according to isospin symmetry) and to
predict the transition moment gaxe. At second and third order, only the two leading—
order couplings bé—}’;F are [ree parameters, which results in best [its o varying quality,
whereas al [ourth order the additional [ive couplings allow [or an exact (it of all seven



64 Chapter 3: Baryon form factors

stalic moments. At second/third order, we have performed an unweighted fit, hence
simply minimising x? = ¥ (ften — flexp)?. The x* values given in Table 3.1 thus only
serve to indicate the relative quality of the fits.

HB IR
O(¢*) || O O(¢*) Olg*) | O¢*)* Olg*) exp.
p || 256 | 297 2703 261 | 220 2.793 2.793 = 0.000
n || —160 | —253 | -1.913 —1.69 | —2.59 ~1.913 ~1.913 = 0.000
v || —0.80 || —045 | —0.613 —0.76 | —0.63 —0.613 —0.613 = 0.001
st || 256 || 2.21 2 458 253 | 2.41 2458 2458 £ 0.010
o |l oso | 043 0.649 0.76 | 0.65 0.649 —
5= || —097 || —132 | —1.160 100 | —1.12 ~1.160 —1.160 £ 0.025
=0 || —1.60 || —0.7 —1.250 ~151 | —1.20 —1.250 —1.250 % 0.014
== || —0.97 || 056 |  —0.651 —0.93 | —1.33 —0.651 —0.651 & 0.003
ATO || 138 || 165 | 146001 || 141 | 181 | 1L61£001 || £1.61+0.08
oP || 210 || 527 | 436+024 || 365 | 518 | 121+0.20
oF | 077 || 292 | 165+019 || 173 | 056 | 1.64+0.18
1 — — | —100+026 || — — 0.32 + 0.28
s 1,35+ 0.29 —0.08£0.18
as 085+ 0.30 214 £ 0.28
s 0.95 £ 0.22 0.05 £ 0.19
3 —9.46 £ 0.33 ~3.39+0.34
| 046 || 076 0.00 028 | 128 0.00

Table 3.1: Analysis of the magnetic moments (in units of nuclear magnetons (n.m.))
Lo dillerent chiral orders. The various besi—lit. values lor the leading order magnelic
couplings bf’m and the SU(3) breaking couplings ay 4, 1 are given as well. béw are
dimensionless, «; 4, #; are given in units of GeV~=*. Errors for lourth—order resulls
display the uncertainty due to Abgp/11. L'or the definition of X2, see text.

[t has frequently been noted before that the inclusion of leading loop corrections in
the magnetic moments tends to worsen the leading order results. This is seen here
in the third order heavy baryon results. Within the infrared regularisation scheme,
however, it is even disputable which contributions to count as third order: the leading
contributions stem from diagram (6) in Fig. 3.1; summing up only the 1/m corrections
to this graph yields the fit in the column denoted by ‘O(g?)” and shows an improvement.
not. only over the heavy—barvon result, but also over the leading order fit. Howoever,
delining any one-loop diagram with no higher—order insertions to be of third order,
one also has (o include diagram (3) in Fig. 3.1 (which only contributes at fourth
order in strict chiral power counting). These contributlions are large and worsen the
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*

it even over the third—order heavy—baryon one, see the column denoted by ‘O(¢?)
Especially the magnetic moments of proton, neutron, and =~ are not described to any
acceptable accuracy in this case, We note furthermore that the fitted values for the
leading order couplings vary considerably among the different fits. Regarding these
as indicators for convergence, we again find that the *OQ(¢*) result is much closer to
the fourth order fit than the *O(¢*)*" one.

Al fourth order, we can compare the Lwo predictions [or the transition moment gaxo.
In both cases, we have indicaled the uncertainly ol these prediclions due to the
estimated uncertainties of the couplings bys1g;11, which turns out to be mmuch smaller
than the experimental exrror of Ap(s = 0.08. 1t is remarkable that the prediction for
this physical quantity is so stable under variation of bg;10;11. although the fit values
for the individual couplings given in Table 3.1 vary considerably. While the heavy

baryon result is about two standard deviations off, the relativistic one (jaye = 1.606+
0.008 n.m.) vields exactly the experimental result (to be precise, experimentally only
|ttaxe| is known). Given the errors in gy, a better experimental determination
wolld be desirable. We note furthermore that, while the values for the leading—order
magnelic couplings {)E’IF are [airly close in the two dillerent schemes, those [or the
SU(3) breaking couplings show no similarity al all. This clearly displays the [act that
1/m corrections o the various loop diagrams are sizeable even beyond lourth order.

3.4.2 Electric radii
The electric {or charge) radius of any baryon is, according to Eq. (3.3), given by the
sum of the Dirac radius and the so called Foldy term,

3!‘{-};

(rz) = (i) + Eynoy (3.10)
My

Phenomenologically the Loldy term is hence well known for all ground state octet
baryons from the experimental information on the magnetic moments. What remains
to be predicted from any kind of theory or model, as independent quantitics, arce
the Dirac radii. We have therefore always replaced the chiral representation of the
Foldy term by the exact value given by experiment. This is legitimate at any chiral
order, as the difference is always subleading. Doing otherwise wonld partly import
the well-known problematic convergence properiies ol the magnetic moments o the
description of the electric radii.®

The chiral representations of the clectric radii of the barvon octet, both at third
and fourth order, involve exactly two low encrgy constants, dig, and dgy. These

#1This can even entfail, in our opinion, misleading conclusions: the huge decuplet effects on the
charge radil [ound in [PRZ01] in some cases stem [rom the Foldy term, hence have nothing o do
with intrinsically eleetric properties of the baryons. It should be noted that in a comparable SU(2)
study, only minor effects due to the A resonance were found [BFITM98].
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HB IR
O(¢*) | Ogh) O(q¢®) Of¢*) exp.
yii 0.717 0.717 0.717 0.717 0.717
7 —0.113 | —0.113 || —0.113 —0.113 —0.113

A 0.14 0.00 0.05 0.11£0.02

- 0.59 0.72 0.63 0.60£0.02 —
0 —0.14 | —0.08 —0.05 | —0.03£0.01 —
3T 0.87 (.88 0.72 0.67£0.03 0.614£0.1240.09 [Sc01]

0.91-0.32+0.10 [Ad99]
=0 | 036 | 0.08 0.15 | 0.13£0.03 —

= 0.67 | 0.75 0.56 | 0.49+0.05 —
AY® || =010 | —0.09 || 0.00 | 0.03£0.01
dior || —0.84 | —0.34 || —0.44 ~0.15
dioy || 1.20 1.64 1.57 1.64

Table 3.2: Predictions lor the electric radii {rz) [(m?]. The various besi—(it values for
the pertinent counterterms dqp, digz are given as well {in units of GeV™=2). The exper-
imental values for the proton and neutron are taken from the dispersion theoretical
studies [MMD96, HMD96]. The errors for the relativistic fourth order predictions

L

display the uncertainty duce to Abg™ The crrors for the experimental 7 radius

values refer to statistical (first) and systematic {sccond) errors.

can readily be fitted to the charge radii of proton and neutron, such that all others
can be predicted.  Table 3.2 shows these predictions for third  and fourth order
caleulations, both in the heavy—barvon and the infrared regularisation formalism.
The fourth column shows the predictions according to the fourth order relativistic
caleulation together with errors which reflect some theoretical uncertainty: even with
the Foldy term lixed, some uncertainly inherited [rom the description of the magnelic
moments remains. Indeed, though kinematically suppressed (i.e. ol higher than fourth
order in strict chiral power counting), the loop corrections to the anomalous magnetic
couplings, see diagram (10) in lig. 3.1, contribute to the Dirac radiug. We employ
the values for f)éj /P obtained from the best fit to the magnetic moments at fourth
order, b = 4.21 and b} = 1.64, sce Table 3.1. In order to get an estimate of the
uncertainty due to these LECs, we again assume an error of about hall of the change
when [itling them al third and fourth order, thus assigning ﬁbg)’“F = (.5. Table 3.2
shows thal {his uncertainty is (relatively) small, as would be expecled. We would



3.4 Results and discussion 67

like 10 stress however thal this error only indicates one particular eflect. An estimate
of the complete uncertainty due to higher order contributions is hardly feasible (or,
due to the appearance of new unknown couplings, indeed impossible). linally, the
uncertainties due to the experimentel errors on the magnetic moments entering the
Foldy term arc yet one order of magnitude smaller.

With regard to convergence only, i.c. exclusively to the numerical changes when going
from third to fourth order. the infrared regularisation scheme vields overall consid-
crable improvement over the heavv—barvon results, especially for A, ¥ | and =P
This improvement can also be seen in the behaviour of the fitted values of d)g) and
dipe, also given in Table 3.2, which are more stable in the relativistic scheme. What
is more important though is that both the absoluie values and the trends within
the two schemes are entirely different for some hyperons, E.g. for the ¥ radius,
the only hyperon radius on which experimental information exists, the heavy baryon
values are verv stable at 0.87 0.88 fm?, but deviate sizeably from the radius given
by the SELEX collaboration [Sc01], {(r3 )?) = 0.61 £ 0.12(stat.) £+ 0.09(syst.) fm?
(the pioncering WAS89 measurement [Ad99] is not precise enough to favor any of the
theoretical predictions). In the relativistic scheme however, the third—order value is
alrcady within this error range, with the fourth—order one even closer to the central
value. Similarly for the other charged hyperons £! and = | the fourth—order cor-
reclions increase the third—order predictions in the heavy—barvon case, bul. reduce
them in the relatlivistic scheme. We also nole thal only the relativisiic predictions
show the hierarchy in the size ol the electiric radii expecled [rom naive quark model
considerations, ((r2)2) > {((rE)2) > ((+F7)?). The sizeable difference between the
T and X7 radii at third order in the heavy baryon scheme is largely reduced in the
relativistic results, leaving only a 10% cffect at fourth order. For the neutral hyper-
ons, all predictions arce consistent as far as the signs of the radii are concerned (with
the exception of the radius of the A Y transition form factor), yiclding positive radii
for the A and =% hyperons, and a negative rading for the £ Quantitatively, the
relativistic fourth—order calenlation predicts radii of a size very similar to that of the
neutron for A and 2% and a = radius of about another factor of 3 smaller.

To conclude this section, we would like to comment on the issue ol SU(3) breaking in
the eleciric radii. Tn contrast to the calculation of the magnetic moments to [ourth
order, the electric radii to this order do not contain any operators which break SU(3) at
tree level (compare the LECSs aq_4, 5 in Eq. (3.8) in the maguetic sector), therefore
all SU(3) breaking effects are created ‘dynamically’ via mass splittings in the loop
diagrams. The leading {(and dominating) effect is the pion kaon mass difference. We
remind the reader that SU(3) symmetry would give the hyperon radii in terms of the
proton/neutron radii according to

() = D)) ) = {2 = (D)) + (D))
ANZy e X0y e By 2 ,r.:\x” 2y ((pm2
(rR)%) = =2{(rg)7) = ()" = \/§<( ) =0k - 3

]
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[ is obvious that SU(3) breaking due to the large kaon mass changes this paliern
considerably: exact SU(3) predicts {(r )?) > ((r£)?) whicl is reversed in all four
ChPT results presented above. ln addition, it changes the sign of all charge radii for
neutral hyperons. The size of the additional SU(3) breaking due to the mass splitting
in the barvon octet, see diagrams (5*) (7%) in Fig. 3.1, can be seen by comparing the
predictions at third and fourth order in the relativistic framework, the change being
mainly due to these mass differences (in fact, in terms of striet chiral power connting,
this is the only new effeet at fourth order apart from 1/m corrections to third order
loops). The net effect is a further moderate reduction of the charged hyperon radii.
Among the neutral particles, only the A radius shows a siveable correction. Going to
lifth order, one would obtain a large amount of additional SU(3) breaking ellecis (e.g.
in the meson barvon coupling constauts or ‘explicit’ breaking in the charge radii via
contact terms) none of which is quantifiable to sufficient accuracy. We thus regard
our (fourth order relativistic) predictions as the best one is ever likely to achieve in
any ChPT approach.

3.4.3 Magnetic radii

As the electric radii, the magnetic radii at fourth order include two parameters (la-
beled 75 in Eq. (3.8)) which can be fitted to the respective proton and neutron data
(taken here from the dispersive analysis [MMDS6, HMD96]) in order to yield predic-
tions for the hyperons. Ilowever, in contrast to the electric case, here loops propor-
tional to other rather poorly known LECs (b 10,1 1)} contribute significantly. As there
arc no further measurements of magnetic radii which would allow to fit these, the
most transparent thing to do is to indicate the uncertainty following from this poor
knowledge. Table 3.3 shows these uncertainties, based on Abgrp = 0.25 GeV !
(which are assumed (o be uncorrelated errors). Again, this is only one particular el-
fect and does not rellect all possible uncertainties due to higher—order contributions.
[n addition, errors on these couplings were also only roughly estimated, such that
they could even be larger.

Nevertheless, we consider Lthe ervors in Table 3.3 indicalive encugh to siale that
the magnetic radii can be predicted only to much lower accuracy than the electric
ones, Given the sizeable uncertainties, there is no significant discrepancy between
the heavy barvon and the relativistic predictions (with the exception of the X%).
The general trend is an increase of most magnetic radii in the relativistic scheme
comparcd to the heavy barvon results, where the central values are surprisingly small
for some hyperons (A, £%). The values for the LECs 5, /2, however, are completely
different. This indicates large SU(3) symmetric loop contributions that have to be
:anceled by these counterterms. This does not come as a surprise if one remembers
what is known aboul loop contributions to the magnetic momenis. Note that with
regard Lo the values for the SU(3) breaking terms in the magnetic moments given in
Section 3.4.1, none of the [ourth—order couplings can be [ixed in agreement. with both
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O(¢"Y HB || O{g") IR || cxp.
e 0.699 0.699 0.699
n 0.790 0.790 0.790
A 0.30£0.11 0.48+0.09 —
37 (.744+0.06 || 0.80£0.05
0 0.20£0.10 || 0.15£0.08
¥ 1.33£0.16 1.20+0.13 —
=0 0.44+0.15 0.61+0.12 —
= (.4440.20 || 0.50£0.16

AX | 0.6040.10 || 0.7240.10
i 0.26£0.10 || 0.69£0.10
T} —0.02+0.21 || 0.72£0.21

Table 3.3: Predictions for the magnetic radii {r3,) [fm?). The various best—it values
lor the perlinent counterierms 7, 72 are given as well (in units of GeV *). The errors
display the uncertainty due 10 Abgsign1-

schemes. SU(3) breaking is large, as a completely STU(3) symmetrice treatment of the
magnetic form factors (moments and radii) would imply

(5% = (D
BTNy (SN2 o { (P8 V%) + 1 {(75))
(i )7) = (ry )%) = 1y + fin :

(87 = (T = (U5 = (3 = Wi . (1)

In contrast to these, the values in Table 3.3 show no clear paltern. The magnetic
radius of the X7 is remarkable in being much larger than all other radii, electric or
magnetic, Such an effect, albeit less dramatic, ig also found in sonie lattice studies,
see e.g, [LWD91]. (This study also predicts relatively small magnetic radii for A and
=~ ag we do, though not for the %) As in the case of the electric radii, improvement
of these predictions in the framework of ChPT is hardly feasible as higher order
corrections would include numerous unknown ST (3) breaking effects.

3.4.4 Q*-dependence of the form factors

In the previous chapler il was shown thal the complete relalivistic chiral one-loop
representation [ails to describe the @*—dependence of the ‘large’ form [lactors (i.e.
those not vanishing alL @? = 0) already al rather low @?. As a remedy, il was
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demongtrated that the inclugion ol dynamical veclor mesons, used in an antisymmetric
tensor representation and coupled to nucleons/pions/photons in a chirally invariant
faslion, vields a very good description of all electromagnetic nucleon form factors
up to about 0.4 GeV?, Certainly, in order to obtain reasonable predictions for the
()? dependence of the hyperon form factors, one has to proceed likewise here. The
necessary formalism and the definitions of all pertinent couplings were presented in
great detail in Section 2.4 of the previous chapter. Of course one has to assume SU(3)
symmetric vector meson couplings to the baryvons, which are then fully determined
by the values for the veetor meson nueleon conplings as given in [MMD96]. As these
transform in the same way as the contact terms, replacing part ol the lalter by
explicit. veclor meson contributions on tree level allects in no way the predictions [or
the hyperon radii. Note that SU(3) breaking in these couplings is certainly there, but
beyond the order we are working at here. l'urthermore, nothing is known empirically
about such symmetryv breaking effects.

1.2 - . : . . :

0.8 _— :
0 0.1 , 02 0.3 0.4
Q" [GeV7]

Figure 3.2: The proton electric form lactor in SU(3) (solid line} and SU(2) (dashed
line) relativistic baryon chiral perturbation theory including vector mesons, divided
by the dipole form factor. l'or comparison, we show the dispersion theoretical result
(dot dashed line) and the world data available in this energy range.

The fourth order results for the clectric form factors of proton and neutron, in-
cluding vector meson ellects, are shown in Figs. 3.2 and 3.3, respectively, the [or-
mer divided by the dipole form [acior. For comparison we show the equivalent
SU(2) results calculated in the previous chapier and the dispersion theoretical [its
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Figure 3.3: The neutron eleciric lorm lactor in SU(3) (solid line) and SU(2) (dashed
line) relativistic baryon chiral perturbation theory including vector mesons. Also
given is the result of the dispersion theoretical analysis (dot dashed line). We ouly
show the more recent data as given in [Ed9%1].

from [MMDS6, IIMD96]. In both cases the difference between the STU(2) and SU(3)
deseriptions is very small, though the SU(3) one is slightly worse. From such small
differences one concludes that not much room is left for a strangeness contribution via
kaon loops, as simple meson cloud models seem Lo indicate. Strangeness as hidden
in the ¢—meson component. or rom higher mass stales encoded in the value ol the
LECs dyg1/192 cannot. be separated [rom the analysis presented here. To completely
digsentangle the strangeness contribution to a given form factor, a full flavour decom-
position i necessary. Ior that, one also has to calculate the singlet form factors since
the electromagnetic current is only sengitive to the octet components,

I'ig. 3.1 shows the electric form factors of all charged hyperons (those of the negative
ones with sign reversed). They all show a 9 dependence qualitatively similar to that
of the proton charge form factor, the quantitative difference being due to their different
sizes as determined by the radii. In all cases, the vector meson effects contribute a
large part of the curvature which is far too small for the proton in a purely chiral
representation. The neutral hyperon form factors are shown in Fig. 3.5 in comparison
to the neutron electric [orm laclor. Similar to what was found f(or the latter in the
previous chapter, the vecltor meson ellecis largely cancel for all charge lorm laclors
ol neutral hyperons. Aparl [rom the neutron, only the A-X" {ransition form factor
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[Figure 3.1: Predictions for the clectric form factors of the charged hyperons %~ {(dot—dashed
line), £~ (solid line), and Z~ (dashed lince). For the latter two, the absolute valuc of G (Q?)

is shown. For comparison, we also show the proton electric form factor (long dashed line).
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Figure 3.5: Predictions for the electric form factors of the neutral hyperons A (solid line),
=Y (dashed line), =9

(dot dashed line), as well as the A XY transition form factor {(dotted
line). TFor comparison, we also show the neutron electric form factor (long dashed line).
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shows signiflicant. curvature, the ones lor A, 3%, and Z° are dominated by the radius
term and display a nearly linear behaviour,

Ior the magnetic form factors, a problem occurs when trving to transfer the procedure
to include vector mesons exactly from the SU(2) to the SU(3) case. lu the former,
also loop corrections to the tree level diagrams including veetor meson exchange were
calculated, in strict analogy to loop corrections to the leading order magnetic couplings
at fourth order, sce diagrams (10} (12} in Fig. 3.1. ITowever, in contrast to the SU(2)
case, these loop corrections are large in SU{3), such that there is no reason to identify
the bare conplings with the ones determined in a dispersive analyvsis. What is more,
in contrast to the clectric form factors, such loops would lead to additional SU(3)
breaking ellects in the magnetic radii, vielding largely dillerent values compared Lo a
strictly chiral analysis. To avoid these problems, one should use veclor mesons on Lree
level only in an SU(3) analysis, producing predictions for the magnetic form factors
in agreement with the chiral predictions for the magnetic radii.
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Figure 3.6: The proton magnetic form factor in SU(3) (solid line) and SU(2) {dashed
line) relativistic baryon chiral perturbation theory inchuding veetor mesons, divided
by the dipole form factor. For comparison, we show the dispersion theoretical result
(dot—dashed line) and the world data available in this energy range.

We only show the magnetic [orm [aclors of proton and neutron divided by the dipole
[orm lactor, see Figs. 3.6, 3.7, again compaied to the SU(2) analysis in the last chapler.
The proton magnelic lorm [aclor proves Lo be worse above 0.2 GeV? in the SU(3)
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Figure 3.7: The neutron magnetic form (actor in SU(3) (solid line) and SU(2) (dashed
line) relativistic baryon chiral perturbation theorv including vector mesons, divided by
the dipole form factor. LFor comparison, we show the dispersion theoretical result {dot
dashed line) and the world data available in this energy range, where the data points
denoted by squares (instead of cireles) refer to the more recent measurements [Ma93].
The older data can be traced back from [MMD96).

ase, much closer to the third order eurve given in the SU(2) analysis (which also
does not include loop corrections to vector meson conplings). The curvature in the
SU(3) calculation is slightly oo small Lo meel the data above 0.2 GeV? For the
neutron, however, there is hardly any dillerence belween the two descriptions. The
general observation for the hyperons {not displayved here) is that the neutral ones, like
the neutron, tend to have stronger curvature, while the magnetic form factors of the
charged hyperons are closer to a purely chiral description dominated by the radius
term, and probably suffer from a similar deficit as the proton magnetic form factor.

3.5 Summary

We have studied the clectromagnetic form factors of the barvon octet in a manifestly
Lorent invariant lorm ol baryon chiral perturbation theory Lo one=loop (fourth) order
employing the so—called inlrared regularisation ol loop graphs. The pertinent resulis
ol our invesligation can be summarised as [ollows:
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(1) We have argued that the chiral expansion ol the magnetic moments in the
relativistic scheme is ambiguous at third order, such that no clear statement
can be made whether or not couvergence is improved in comparison to the
Lheavy barvon scheme. At fourth order, due to the presence of seven low energy
constants, one can only predict the A £V transition moment, jyvo = 1.61 &
(.01 n.m., in stunning agreement with the empirical value.

{2) To fourth order, only two LIECs affect the electric radii. These can be fixed from
the measured neutron and proton radii. Always using the empirical magnetic
moments in the Foldy term, we have shown that the fourth order corrections to
the electric radii are astonishingly small, and so are the resulting nuncertaintics.
The prediction for the ¥ radius agrees with the recent result from the SELEX
collaboration [Se01]. The pion—kaon mass dillerence leads {0 sizeable deviations
[tom Mavour SU(3) symmetry.

(3) The magnetic radii cannot be predicted so precisely. Again, one finds large
SU(3) breaking due to loop corrections. In particular, the magnetic radius of
the X7 ig largest.

{4) For the clectric form factors of the charged particles, the pure chiral represen-
{ation provides too little curvalure. With vector mesons included as in the
corresponding SU(2) analysis of the last chapler, the (J*~dependence ol various
charged form factors is given up to virtualities of 2 = 0.3 GeV?, see I'igs. 3.2,
3.1, lor the neutral particles we find in general a large cancellation of these vec-
tor mesgon contributions, and the resulting form factors for the nentral hyperons
display less curvature than the neutron one, see Figs. 3.3, 3.5. We do not ob-
serve any sizeable effeets in the clectrie proton and neutron form factors when
going from SU(2) to SU(3). Again. the corresponding magnetic form factors
cannot be predicted so precisely.

Beyond what was achieved in this chapler, it will be ol interest {0 also calculate the
singlet form factors. This would allow one to perform a flavour decomposition of the
various form factors and in particular to reanalvse the so called strange form factors
of the nucleon, which are currently of great interest and have been studied in the
heavy baryon limit only [RIO7, IIMSOR, TIKM99, 11a02]. This will be attempted in
the following chapter.






Chapter 4

Strangeness form factors of the
nucleon

4.1 Introduction

Omne important question yet unsolved about the structure of the nucleon coneerns the
contribution of strange quarks to various nucleon matrix clements. In simple quark
models, the nucleons are exclusively made out of light (#p— and down—) quarks, and
many of the nueleon properties can be explained even when neglecting any dynamics
ol heavier constituenis. For example, this is whal was done in Chapler 2 where
the eleciromagnetic structure ol the nucleon was investigated based on chiral SU(2)
dynamics. However, nothing forbids the dynamical creation of (virtual) s5 pairs in
the nucleon (the influence of even heavier quarks with masses exceeding that of the
nucleon is probably strongly suppressed), and indeed this was effectively taken into
account by generalising our considerations to chiral SU(3) dynamics in Chapter 3.
ITere, however, we want to investigate strange quark contributions to one specific
matrix clement even more closely and isolate their effects from possibly dominant
light quark physics.

While strange quark contributions in the scalar (3s, see all discussions about the 7N
o term, c.g. [Sa0l]) and axialvector (57,758, sce c.g. discussion on quark helicitics
and deep inclastic lepton scattering in [HBO1]) sectors are non-negligible, strange
contributions to vector current matrix clements (sv,s) scem to be partienlarly clu-
sive. They are experimentally accessible via parity—violating clectron seattering, and
such investigations are under way al or have even been completed by the SAMPLE
collaboration at MIT-Bates [Sa97], the HAPPEX [Ha99] and GO [G0] experiments
at Jefferson Lab (plus other approved experiments using protons and light nuclei as
targets), and the MAMI A1 experiment in Mainz [AA1].

Model predictions lor these quantities vary all over the place (lor reviews, see [Mu94,
HBO1]), such that model-independent. predictions [rom chiral perturbation theory
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would be highly desirable. However, as poinied out in [RI97], both the sirangeness
magnetic moment g, = Gu.(0) and the strange electric radius (ri,) =
6 dG g 4(t) /dt|s=o coutain new, unknown low energy constants at leading order. This
is basically due to the (accidental) fact that the electromagnetic current for the three
light quarks is traceless in flavour space and therefore not sensitive to the singlet com-
ponent. of the vector current, while the strange vector current, in terms of an SU(3)
decomposition, receives contributions from the 8—component of the octet current and
from the singlet (barvon number) current,

1 s 1 3
Byus = —3 (ﬁ.ﬁr,,;u. + dypd — 25'}*,,,.5-) + 3 (ﬂ"}"”u + dyd + 5’}"_”8) . (4.1)

In [HMS98], it was shown that this is in principle diflerent [or the third leading mo-
ment of the sirange veclor malrix elements, the sirange magnetic radius (ri; )

6 dG (1) /dt], o (note the unconventional deflinition: one does nof divide b}s! the
[unknown] strange magnetic moment), which is at leading order a pure loop effect
and can therefore be unambiguously calculated. Besides being an interesting quan-
tity in its own right, the authors of [IIMS98] emphasised that the knowledge of the
t dependence of the magnetic form factor (and therefore the strange magnetic ra-
dius, as long as ¢ is small enough that curvature terms can safely be neglected) is a
prerequisite for the extraction of the strange magnetic moment, as Gy, 4(f) is experi-
mentally accessible in parity—violating clectron scattering only for finite £ and has to
be extrapolated to + = 0. Using the result from [HMS98], this was done in [HKM99]
in order 1o oblain g, lrom the SAMPLE resull lor G (—0.1GeV?), and the first
HATPEX resulis were used o (approximalely) pin down the low—energy constant in
the strange electric radius.

In the light of the results of the previous chapters, one might cast doubts at the
numerical validity ol the leading-loop result. We [ound that both 1/m corrections
and counterterm contributions Lo the magnetic radii are large, and one should expect
a similar behaviour also for the strange magunetic radius, Coing to next to leading
order, one clearly faces the same problemn as for the strange magnetic moment and
the strange electric radius, i.e, the result will be non predictive because an unknowu
new low energy constant associated with the singlet magnetic radius has to be in-
cluded. Despite its limited experimental significance right now, the investigation of
such higher order corrections is however of theoretical interest, if only for an estimate
of the reliability of the leading result. Morcover, onee many new low—cenergy data,
points arce available, this improved representation will help to make a consistent. and
syslemalic analysis [easible. A study ol this kind in the [ramework ol heavy—baryvon
chiral perturbation theory has very recently been conducied [Ha02], we basically re-
cover Lhose results in Lhe heavy—baryon limit ol the infrared regularised loop results.



4.2 Lagrangians for the singlet vector current 79

4.2 Lagrangians for the singlet vector current

In order to study the form factors of the strange vector current matrix clement,

(N [svus [ N(p)) = ulp) {1--;;?1,.@(??) ?Z;q 123 s(T)}"u () (4.2)
the Lagrangians Eqs. {3.5)—(3.8) have {o be modilied and amended in the [ollowing
sense: we now have Lo allow [or veclor [ields with a non—vanishing trace, so all flield
strength tensors in the terms wrillen down so lar should be replaced by their (raceless
parts, L, — L, — é(}.’ wry. and additional terms have to be introduced involving the
trace of vector fields, both in the covariant derivative, D, 3 = 9,8 +[1",. B] —i{v,) 3,
and

(2)* _ bg oIy — 4«
[':'?"R - %<BO" B><F,uy> > (-—15)
3+ i} 2 S0 . .
iy = el By, za,t,]>+h.«.} . (1.4)

Loy = SEBa™(* BIFL) + G<X+><BUWB>(FW>
—2{Bo BY{[D, [PV, FL]) - (45)

Note that b again corresponds to a quark mass renormalisation of the leading term
in ¢ e analogy t (3.9,
hY in complete analogy to Eq. (3.9),

W= b+ 2m (2ME + MAHB . (4.6)

In contrast to dygi e and m s, d%y, and 1 are actually finite and scale independeut,
Not go the higher order terms for the singlet magnetic moment, however. The 3
functions for these three counterterms (v, ?;g) cannot be disentangled by rendering
only the strange magnetic form factor (or, cquivalently, the singlet magnetic form
factor) of the nucleon finite, such that we have considered the singlet magnetic form
factors of all the ground state barvons. The results deduced therefrom are collected
in App. A.J.

4.3 Results and discussion

For completeness and reasons of comparison, we here write down the leading terms
in the heavy—haryvon expansion of the leading strangeness moments. We expand the
strange magnelic moment and the sirange eleciric radius consistenlly up Lo lourth
order,

e = 1P+l (4.7)
GREEIGRLES AL (48)



80 Chapter 4: Strangeness form factors of the nucleon

where ol course one has
} 3
() = (10 4 5™ (49)

(remember gy = #5). Due to the special interest in the quality of the expansion of

b . . i . . .
{(riy.). we even write down the partial fifth order result coming from 1/m corrections
in the infrared regularised calenlation,

(730 = (a0 + L0+ (rh, 0 (4.10)

where the index ((5%) is meant as a reminder that one would of course find additional
contributions from two—loop diagrams at that order. The different parts are given as
follows:

(2) bt? e 80 ‘
” 5702 DF F? M
o (J —6DF +9F ) my My | (419)

24#1 FF\"
(1 2 th _GF “0
! o= 2iny (2 My + M ) 3 bl + b}

_. _. v 283
— dmy [(M’Z. — M%) (r.}:l — (}_; 31 +- u) Mj (nz (}; — ﬂl)]

+ l{mi F2 { (D + 317 (Mi - 'T?'l-:\rﬂm.-—\)
+3(D — F)* (".I — oy A )] (1 +2log ﬂiﬁ)
- #{3(9+F) }f T %(D—SF) ;{?l -~ (?—N +hb)
_ 18"11}; {[13309 —10DF 4+ 3F? 4+ (3D3+ZDF+9FQ) 1;'\;\]1)”
—(5D* — 6DF + 9F?) K : K“)b{ —4log A’ﬁ" “H
— % (b8 — 36 + amix (by — 2By + 6byy)] M (4.13)

While the fourth—order contribution to the magnetic moment obvionsly contains a,
large number of terms, the next—to-leading order corrections to the clectrie radius
are relatively simple and entirely given by 1/m corrections and ellects due to the
hyperon—nucleon mass dillerence:

5 E d:]_UZ 5D2 6DF =+ (}FZ — ﬂ-’f}{
<T.f,..9>{aj = 12 (Ef] o — T — d?[)z) + 9 2F2 (i' + 10 log, )

t
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+ﬁ(1 1 2log 1:’\’) ; (4.14)
BT l’}.—(
(sl 6472 Fa { ‘3( +3F) 2mn My

L TMg  Ams
3D—FZ(‘ — “) ‘ 1.15
+3( ) 2y My ’ (#.15)

where we have used the abbreviations Am, s = mas — my. Finally, we show the
formulae for the strange maguetic radius:

(5D? —6DF + 9F%)my

p2 @) : 4.1
(I_-"l-_f‘8> 48'}'|_ Ff\r .'?i»-"fh’ k] ( 6)
, T 5D? — 6D + 91+ Mg

(-rif‘s)('” = —2dmy (m — %Z — 770) _ 2 962 FZ (9 + 1dlog ;‘ )
; K
my 2 ]
——— | 5D+ 3F) A (D — F)*A
62 EI AL { (D +3F)*Ama +3(D = F)* Az
A M, -
+8’ﬂ'2}§. (J. + ) 1(){_’J T) (bg — )blll '|— bbll + _17” . ) , (_111)
N 1 35 M
" (5} - - ; 2 v K
(3.0 i Ff{ 5 (pD* — 6DF +9F*) —= N
14
[ (D + 3F)YAmy + 3(D — F)?Amy,
Mg 13
2inw [1
— { (D4 3010 Ami +3(D — 'Y AH’I\":| . (1.18)
Mg 13

The results of Eys. (1.13), {(1.17) differ in somie places from those published in [Ha02],
where several polynomial type contributions with fixed coefficients {1/ corrections
in the strict sense of the word) have been lumped into counterterms (possibly not
always consistently so), and mass splittings in the baryon octet have heen neglected
altogether. Furthermore, no effort was made to differentiate between the three coun-
terterms yielding quark mass renormalisations of the singlet magnetic moment, ~)
were omitted. For a numerical analvsis, we concentrate on the magnetic radius, for
the reasons explained above. The leading—loop (third—order) result that has been used
Lo extract the magnetic moment [rom the magnetic [orm (aclor al linite L amounts Lo

(o)™ = —0.115 fin” . (1.10)

The fourth—order corrections are, at a scale of the average baryon mass A = m,
possibly dominated by counterterm contributions, we find

(rigo™ = [-0.010 4 0.878 (-ng — i+ %f) /Ge‘v’ﬂ fm? (1.20)

The loop contribution (which is nol unambiguous due o the scale dependence, of
course) is composed ol +0.007 [m? [rom loops with [ixed coellicienis and the standard
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axial couplings when neglecting the barvon mass splitting, the latter induces a shilt
of +0.027 fin?, and the contributions proportional to the couplings bosos11, with
the estimates for these stemming from resonance saturation arguments, amount to
—0.011 fin?. See Table 3.3 for tyvpical values of the couplings 20 it is obvious that
for c.g. gy = 0 (there is no good reason to assume this), the magnetic radius would be
dominated by the counterterm contributions. What is, though, even more interesting
is that the 1/m—corrections vielding the partial fifth—order part, are found to be

(2, YO = 0.033 fm® . (4.21)

These are scale—independent and therefore unambignous, and constitute nothing more
than kinematical corrections to the very same loop diagrams that produce the para-
meter—free leading—order result.  These fifth—order 1/m corrections alone, which
should be suppressed by two orders in the chiral counting, reduce the leading—order
result by nearly H0%. “Neglecting” the baryon mass splitting, one would even find an
overcompensation of +0.137 f?, which demonstrates again that this mass splitting
is an important higher order effect. Adding all numbers for the infrared regularised
result together, we arrive at

(rip )™ = [—0.012 4 0.878 (-,r,xg — 1+ i;) /GeV? +0.00468| fm” | (1.22)

. — /1 —_—
again for a scale A = /i, and we have used the central values for ;" from Table 3.1,

In Fig. 4.1, we have plotted Gy (Q)?), once fitting the strange magnetic moment to
the SAMPLE data point, once setting it to zero, in both cases comparing the third-
order heavy—barvon representation to the fourth—order relativistic one derived above,
varying the unknown low—energy consiant 5y from —1 to +1. All other consiants
have been Laken [rom the analysis of the baryon lorm (actors, in particular 7 » [rom
the relativistic fit in Table 3.3. The left panel in particular is close in spirit to an
equivalent plot in [Ha02], Oue notes that the uncertainty due to the singlet magnetic
radiug constant is larger here, which is due to a factor of 2 difference in the definition
of this term (i.e. a variation ny = £1/2 would look closer to their plot). From our
analysis, the theoretical uncertainty in extrapolating the SAMPLIE measurcement from
(? = 0.1 GeV? to vanishing momentum transfer appears to he approximately as large
as the experimental error, and no value for the strange magnetic moment between —1
and +1 can be exclided. The right panel shows that, assuming a vanishing strange
magnetic moment, the whole strange magnetic lorm lactor is consistent with vero (as
is of course the SAMPLE data point), but that there is a wide range ol potentially
allowed values.
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Figure 4.1: The strange magnetic form factor of the nucleon, theoretical predictions
versng the SAMPLE data point [Sa97]. The smaller error bars refer to the statistical
crror only, for the larger error bars, statistical and svstematical uncertainties have
heen added in guadrature. In the left pancel, the strange magnetic moment has been
litted such as to reproduce the SAMDPLE value, in the right panel, p, has been sel
to zero. The [ull lines correspond (o the parameler—Iree representaiion obtained
in [HMS98] in the heavy barvon formalism at third order, dashed/dot dashed lines
to the fourth order result with infrared regularisation, setting 7y = —1/1.

4.4 Conclusions

We have investigated the higher—order correetions to the third-order heavv—baryon
results for the strangeness form factors of the nuecleon by performing a complete rela-
tivistic one—loop caleulation. The strange magnetic moment and clectrie radius con-
tain unknown low—energy constants already al leading order such thal higher—order
correclions are not of very high phenomenological interest at the moment. Tn contrast,
the leading result for the strange magnetic radius is a parameter free prediction, and
we lave investigated the stability of this prediction by taking the next corrections
iuto account. The conclusion has to agree with the one by the authors of [Ha02]: the
offective field theory result for the strange magnetic radius is only formally dominated
by a loop contribution that can be unambiguously calculated, but 1/m corrections
to this loop result are large, and significant cancellations take place. We find that
the numerical value for (r3; .} is really unknown from this theoretical analysis. Only
with the arrival of several very precise low—cenergy measurements of the strange veetor
form laclors can we hope to beller disentangle the dillerent mechanisms contributing
to these malrix elements.
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Pion—Kaon Scattering






Chapter 5

Isospin violation in pion—kaon
sc.f_attering#1

5.1 Introduction

The quark masses allow to consider various approximations to Quantum Chromody-
namics (QCD). For the ¢, b, and # quarks, the masses are so large that an cxpansion
in inverse powers of these masses can be performed systematically. This leads to the
so—called heavv—quark effective field theory. On the other hand, to a good first ap-
proximation, one¢ can consider the light quarks «, d, and 5 as massless. In that limit,
the QCD Lagrangian exhibits a chiral symmetry that is, however, spontancously bro-
ken as wilnessed by the appearance ol eightl. almost. massless pseudoscalar Goldsione
bosons, the pions, the kaons, and the eta. These would-be Goldstone bosons ac-
quire their masses from the explicit symmetry breaking due to the quark mass term.
Spontaneous as well as explicit symimetry violation can be explored systematically
by means of chiral perturbation theory. At low energies, the generating functional of
QCD is characterised by two energy scales: one is the pion (kaon) decay constant in
the chiral limit, denoted by F. Its non-vanishing value (F' ~ 88 McV) is a necessary
and sufficient condition for spontancous syvmmetry breaking, much like the vacium
expectation value of the nentral Higgs boson signals the breaking of the electroweak
symmetry. The second scale is given by the quark condensate, B = [{0]qq|0}|/F2,
and in the standard scenario of chiral symmetry breaking, (0]gg|0) ~ (—225 MeV)?
so that B ~ 1.5 GeV > F. This leads e.g. Lo a very precise prediction [or the S
wave 7w scallering lengths [CGLO0]. This scenario seems 1o be conlirmed by receni
Brookhaven data on Ky decays [BNLO1] and will be further scrutinised when the
pionium lifetime measurements performed at CERN [Ad91] have been analysed.

For the three flavour sector, the sitnation is, however, less clear. Indeed, the observa-
tion that m, ~ Agep has even led to investigations considering the strange quark as

#1The contents of this chapter have been published in [KM02a, KM02b].
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heavy [CK85, Ro99, Oul1]. One ol the cleanest processes 1o test our understanding of
the symmetry breaking pattern in the presence of strange quarks ig elastic pion kaon
(7K} scattering near threshold. This reaction is interesting for a variety of reagous.
[t ig similar to o7 scattering in the two flavour sector but also different in that the
gquark mass difference m, — myg can appear at leading order in the 7K scattering
amplitude. Furthermore it has been pointed out recently that the structure of the
(QCD vacnum might change dramatically with increasing number of Havours, such
that the scenario for chiral symmetry breaking might be different for chiral SU(3)
as compared to SU(2) [DGS00]: the quark condensate, which has been shown to be
large [or two llavours [CGT.00], might be sizeably suppressed in the three-Ilavour case.
7 K scattering might be used Lo test dillerent scenarios f[or the SU(3) condensate in
much a similar way as 7o scattering has been used in [CGLO0] to show that the large
condensate hypothesis indeed holds for two flavours. As was pointed out in [Kn93],
oune particular combination of the 7/ S wave scattering lengths (the isoscalar one)
is rather sensitive to deviations from the standard scenario.

There exist abundant data from inclastic processes that allow one to extract low

cnergy characteristics of the K scattering amplitude by means of dispersion theory.
The existing determinations of the S—wave scattering lengths are, however, plagued
by large uncertainties, see c.g. [BKM91a] (for recent. work on combining dispersion
relations and chiral perturbation theory, see [ABO1]), such that hope lies in the ex-
traction ol these parameters [rom 7w/ bound states in the DIRAC experiment ai
CERN [AdO0]. Measurements of both the partial width for the decay into the neu-
tral channel, 1 og0 |'I;,T_klr1\:__m_n;(0 2 and the strong 25 — 2P energy level shift,
ARSY L o 15 oy, allow to determine two independent combinations of the
scattering lengths, The intended measurement of the lifetime of 7/ atoms at CIERN
[AdO0] gives direct aceess to the isovector S wave scattering length, while in order to
also pin down the isoscalar S wave scattering length, one would have to measure the
217 — 25 level shift, similar to what has bheen done for the pion—nucleon system at PSI
[Se99]. The precise relation between the 7K atom lifetime and the scattering length
can be worked oul by means ol an ellective field theory for hadronic bound states (lor
the pionium case see e.g. [Ga99, JS98]).

To achieve the necessary accuracy in the wA svstem, 1t 18 mandatory to sharpen
the existing one loop predictions for the scattering lengths [BKM91a, BIKM91b] by
including isospin violation due to strong and electromagnetic effects, [sospin ig the
gquantum number for the unbroken vectorial ST(2) subgroup of the full SU(3)p x
SU(3)g chiral symmetry group, transforming the lightest two flavours « and d into
cach other. Ilistorically know to be a very good approximate symimetry in nuclear
physics, isospin svmmetry is broken both by the QCD mass term,

_ 1 _ 1 _
Hoop = myiu+mgdd = 5('}"}’.’-.u +g) (-ﬂ..-'u.- + dd) + 5(?71.1{ — 1) (Fm — du’.) . (5.1)

which clearly contains an isoveclor piece proportional Lo the light quark mass diller-
ence m,, — my, and by elecltromagnetism, since the light quark vector current also has
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an isovector component,

2 1- 1 - 1 -
T = guﬁyﬂ_u — gd“‘}'ﬂ,d = & (u'}-’ﬂ_u + f}?ffﬂd) + 3 (u}'ﬂu — d'}-‘u_d) . (5.2)

Both sources of isospin violation have to be trealed consistently and simultaneously.

In order to relate lifetime and strong energy level shift of #~ K (or 77 K 7) atoms to
particular combinations of the pion kaon scattering lengths, one has to make use of
modificd Deser formulae [Dedd] that include next to leading order effeets in isospin
breaking,

o ( 2
Iiogo (a..g"Z - a,g,'u + r,) (1+#) . (5.3)
ALY L, x (ag/'z + 20y + 6') 1+, (5.4)

(sce [Ga99, LRO0] for cquivalent formulac for the cases of pionium and pionic hy-
drogen). Here, ¢(c’) represents the isospin violating correction in the regular part
of the scattering amplitudes 7 K — 7a°K% 7 K') at threshold, while #{x') is an
additional contribution only calculable within the hound state formalism.

This chapter is organised as follows: after a brief presentation of the Lagrangians
needed for this caleulation in Scction 5.2, we introduce and define the necessary
formalism for pion kaon scattering in the isospin limit in Scetion 5.3 and give a
recapitulation of what is known about isovector and isoscalar pion kaon scattering
lengths from analvses in Chiral Perturbation Theory, We afterwards study isospin
violation for the S—wave scattering lengths at tree level for all physical channels in
Section 5.4, This allows for a first estimate of such effects and is also interesting to
compare directly 1o the 7w case. The correction e Lo the scatiering length relevant
for the lifetime measurement. will be evaluated up to on-loop order in Section 5.5.1,
supplemented by a complete treatment of soft photon radiation for the annihilation
channel 7= K~ — w’ K%y in Section 5.5.2. In Section 5.6 we complete this analysis by
also computing the isospin violating shift € in the elastic charged channel to one loop
accuracy. Somae remarks on isospin breaking in higher threshold parameters are added
in Scction 5.7, we summarise our findings in Section 5.8,

5.2 Lagrangians

In this seclion we discuss the sirong and eleciromagnelic ellective Lagrangians un-
derlying our calculations. All the pieces have been discussed extensively elsewhere in
the literature, so we will just present the terms needed [or the [ollowing. The ellective
Lagrangian can be expanded at low energies according to

LCop =L+ L8+ 8+l +... (5.

£m

ot
(]
S
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where the superscripts (2), (4) refer o the chiral dimension and *“sti” and “em”
denote the strong and electromagnetic terms, regpectively, Chiral power counting
for the strong sector attributes the chiral dimension ¢ to all pseudo Goldstone boson
masses (M;, Mg, M,) as well as all momenta involved. This scheme is generalised to
include clectromagnetic terms by counting the cleetric charge e also as a quantity of
order ¢, which is dictated by the requirement that a unigue dimension be assigned to
the covariant. derivative (that includes the lowest—order photon coupling). Therefore
any term of the form eg-'fqﬂfﬂlﬂ;;’t-ﬁ'}\f—’ﬂ-ﬁ’é" with. c.g., 27 + 2k + 1+ m +n = 4 is counted
as fourth order.

The lowest—order Lagrangian is given by

1 5
)C(Q} — _1 F‘[.‘.u F‘ﬂ.u . %((-;)N:qp.)z
F? N L )
+'T“%UV%+xU+wM$+O@U@ﬂ>, (5.6)

where all the necessary notation was already introduced successively in Chapter 1.
We only point out that for all calculations, the gauge fixing parameter A was sct to 1
(Feynman gauge). The Lagrangian £® leads to the well-known lowest—order mass
formulac for pions and kaons including leading clectromagnetic effeets,

MZ_ = B(my, +my) +2726°F* | M2 = B(m, +my) + 0 (( 7, —-;--}-1.,,;,)2)
Mi1 = B{mg, +m,) +2Z*F* | Mpuo = B(mg +ms) . (5.7)

as well as to the Gell-Mann—0Okubo relation valid at this acenracy,
BM? = 2Mis + 2Mie — 2ME + M2 + O ((my—myg)?) (5.8)

The LEC € accompanying the last term in the Lagrangian Eqy. (5.6) can therefore be
calculated from the leading order electromagnetic pion mass difference, M2 — M2, =
2Ze2 1" (neglecting a tiny strong mass difference ~ (1, —miy)?), where we have defined
the convenient dimensionless constant Z = C/F* Using F = F; = 92.4 McV, one
obtains Z == (1.8,
The fourth order Lagrangian [GL83a] contains the following “strong” terms which
arc needed for the amplitude deseribing pion—kaon scattering at one—loop level:
W = LN UIVRUY + Ly (YUY, U (VT T

+ LV, U UV, U DY 4 LV, U AT T

+ Ly (VUIVRU (U + UTx)) + Le (U + xUF)?

+ Lo (XU = xUTY + La (CUXTU + xUNXUY) (5.9)

With regard lo the analylic [ormulae given [or the S—wave scallering length in
App. B.3, we remark that only two of the LECs deflined in Eq. (5.9) play a role
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[or the charge exchange scaltiering length atl leading order in isospin violation (when
expressed in termns of physical masses and decay constants), though all but L+ con-
tribute to the isoscalar scattering length.

In addition, the following clectromagnetic counterterms given in [Ur95] are needed:

)_r_:{%]

ern

Ky FXV,UVIUNQ?) + Ky FXN, UV U (QUQUT)

K F2({V, U QUY(VITTQU) + (V,U QU (VU QUT))

Ky FHV,UTQUIVHUQUY) + K5 FA((V,UIVHU + v, UV UT) Q%)

Ke 1PV UTNV#UQUTQU + YV UVFUTQUOUTY + K+ 1P (U + xUT©?)
Ky F3(x T( +XUTHQU QU + Ko FH(X'U + Uty + xUt + Ux) Q%)
Kio FP (XU + Uty ) QUi QU + (xU* + Ux') QU QU

Ky FH(x'U - Uty) ot + (xU' - oxt)euar™) . (5.10)

+ + + + + +

Also the dependence on a lew ol these (K7/5/9) cancels in the S—wave scallering length
(when expressed in terms ol physical observables). One more term (proportional Lo
Kz in [Ur93]) that is needed in principle lor the renormalisation of the decay constants
of charged mesons can be omitted in case one uses physical values for decay constants
with electromagnetic effects already subtracted (see section 3.3.1). We have omitted
termns of order * that do not contribute at leading order in isospin violation,

For numerical evaluation, we use the central values and error estimates [or the hadro-
nic low—energy constants as given in [BEG95]. For the eleciromagnetic ones, we use
the estimates obtained via resonance saturation in [BU97], and add error bars of
uatural gize (£1/167%) unifornly.

5.3 Pion—kaon scattering in the isospin limit

Pion kaon scattering in the isospin limit can be described by two independent am-
plitudes 1'% and 1%/2, corresponding to isospin 1/2 and 3/2, respectively, It is
sometimes convenient to combine these into isospin even and odd amplitudes 7'+
which arc defined by

.:‘.-“('t_ff a'ﬁi + 3 [Tan?—i]-{ (511)

(e, 4 refer to the isospin indices of the pions) and which can be related to the ampli-
tudes of definite isospin via

37~ TH? 49732 (5.12)
37 = TR _T (5.1:
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All these amplitudes can be expressed in terms of the usual Mandelstam variables s,
t, u. They can be decomposed into partial waves # (s) using

T'(s,t) =167 Y _(20+ 1)t (s)Pi(2) , (5.14)
!

where z = cos @ denotes the scattering angle in the center of mass system, and Py(z)
arc the Legendre polynomials. Close to threshold, one can parameterise the real parts
of the partial wave amplitudes in terms of scattering lengths (a;) and effective ranges

(blf-):
N

7 (|q1u||q0ul.|)l {f]‘f + b.{ |qin|2 + O (lqinrl)} ’ (1']15)

where we have already accounted for the possibility of different masses of the incoming
and ontgoing particles and therefore for different incoming and outgoing center—of—
mass momenta,

Ret/(s) =

V(s — (Mg — MBY2)(s — (MY + Min)2)

] = o (5.16)
oy o OB () 51
out| — : » Lt

infout - . . . .
where M/ refer to the plysical masses of the incoming and outgoing pions and

kaons, respectively. [n the isospin limit, Eq. (5.13) collapses to the usual definition.
We note that the real part of a total amplitude at threshold {(i.e. for |qy| = 0) is
linked to the S wave scattering length by

Re T, = 87{ M + M) al + O (|l [l |Qoni]} - (5.18)

At tree level, the isospin even and  odd pion kaon scattering lengths are given by
[We66, Grég]

M, My
ag— — O , aU— m R

= 9 - '708 X 10—3 ;I,Iﬁ . rlg
rnl? (M, + Mg) : /M (5.19)

The pion kaon scattering lengths in the isospin limit have been evaluated up to one
loop order in [BKM91a], and analytic expressions for the complete scattering ampli-
tudes can be found in [BKM81b]. Tlowever no analytic formulae for the scattering
lengths were written down until recently [Ne02, KM0O2b]. We therefore quote these
for ey here:

MM, M2
. = : ! 1 T |81 5.20
o sﬁf%(ﬂ.f;\.—+..-\-fﬁ){ iz l ’ 0:20)

1 {81{% —5M2 MM, 23312 My 28MZ —9MZ M,
1672

‘ log =% — —= 1 ; log
oMz —32) PN oz — a2 5 Ta T s(az a2y 5 a
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My — M,
M + M,

4M \/ (M — M) (2My + M) . WMy + M)
arétarn
9M; Mg + M, My — 2M,

1015 (Mg + M) (2M — M) oty | 204 = Mz) [ Mg+ My
9, My — M, TN My +2M, N 2A — M, =
— JI?\'J'{TE o f o« T ¢ T f T Lg NTT T &y
G = GFMe ) lm(zL.l + 2Ly + Ly — 2Ly — =7 + 205 + Lg) (5.21)
1 11M2 M, 6TM:—8M? My 21ME—B5M?, M
i : s ] 1 LT K .7: l N K ‘7r l R i
T { 2(MZ — M2) 8 oMz —2) BTx T sz — ) P A
4 \/ (M — M) (2M e 4+ M) X 2My + M) [ Mg — M,
—— Arcran ;
9 My + M, My —2M, V 2My + M,
4 \/ (Mg + M;)(2Mg — M;) et 20M g — M) | Mg+ M, N 43
—— arctan L .
9 My — M, Mp +2M, V 2Myx — M, 9

Here we have used the usual notation L7 for the low energy constant L; with its
infinite part removed. {Note that we do note display the scale dependence of the LECs
explicitly.) The chiral analysis of these two quantitics displays a remarkably different
behavior (which only becomes transparent when one discusses ai instead of aé"ﬁz, a.g'&):
Ag was pointed oul e.g. in [ABO1], ¢, at order O(p') depends only on one single low—
energy constant, L, which is in turn determined by the ratioc Fy /Fy, such that a, can
be predicted to a very good accuracy, ¢y = (0.0793+0.0006) M L. On the contrary, no
less than seven low energy constants enter the isoscalar scattering length af, sonie of
them known to rather poor accuracy, such that the chiral prediction for this quantity
at one loop order is plagued by a very large uncertainty, ey = (0.025 £ 0.017)M L.
Furthermore, the tree level result for ag receives only a 12% correction from one loop
contributions and counterterms (if, as done here, one normalises the tree level result
to 1/F2; sce also the discussion in Sect. 5.5.1), while af vanishes at tree level, and the
contributions at order QO(p') are rather large. In fact, if we regard the kaon as heavy
and expand the expressions in Eqs. (5.20), (5.21) in powers ol M. /My, a, receives
contributions ol odd powers ol the pion mass only, while a) scales with even powers
of M, such that one has svmbolically:

My M M M? A? ; |
= K 14+ 25 () 4o, om e, 2 )0 (522
T SRI2(My + M) { TR (f” T gt | T 00 5.22)

MM M Mg [ _ M2 M = |
4 Mz " ShgE Yol (523
“W T SrrR(Mp + ) { Az (':“ “az YT ) O, )}  (5:23)

where A, = 47 F, is the chiral symmetry breaking scale. This makes it obvious that
the one—loap contributions Lo aj arve suppressed by one power ol A /M wilh respeci
to those Lo ¢4 . This behaviour is complelely analogous {o whatl one linds [or pion—
nucleon scattering lengths (see e.g. [BINM95b]). We note that the scattering length of
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the charge exchange process, entering the w K atom liletime formula Eq. (5.3), is given
by ao(n~ K~ — 7°K") = —/2¢, , while the sum of isoscalar and isovector scattering
length enter the strong energy level shift Eq. (5.1), ap{n " K+ — 7~ KF) = a5 +af. We
therefore expect a rather different accuracy in the predictions for these two quantities
alrcady from the purcly strong contributions.

5.4 Isospin violation at tree level

The different physical pion—kaon channels receive corrections to their isospin symmet.-
ric scattering lengths when taking into account the mass differences as well as inser-
tions stemming from the clectromagnetic term in Eq. (5.6). We colleet the isospin
breaking parameters as ¢ € {m,, — my, eQ.} and expand the correcltions to the scatler-
ing lengths up to order & lor all physical channels, based on the tree level amplitudes.
The following conventions were used:

e The isospin symmetry limit is defined according to e.g. [Ga99], L. we express
evervthing in terms of the charged meson masses M1, M. Note that these
arc not exactly the natural choices from the point of view of a chiral analvsis
of the meson masses, in which case one would prefer to take the neutral pion
mass as a velerence (which is indeed done in [MMS97]), as one has M2, = 2B
(with m = %(-m.”, + my)) to good accuracy, neglecting only tiny corrections of
order (m, — mg)?. However, one would consequently have to resolve to using
a “uon physical” kaon mass M; = B(i + ) =~ 195 MeV. Arguments for
the use of the charged pion and kaon masses are the correct kinematics for the
experimentally accessible channels (which use incoming charged particles), and
the fact that the existing study of pion kaon scattering in ChPT (in the isospin
symmetry limit) [BKM91b] also employs these choices for numerical evalnation.

o As [inally we want {o evaluale isospin violaling eflects up o order ¢? and m,, —
1mg, we can neglect the strong pion mass difference (of order (11, —mg)?). Quark
mass insertions can then, at leading order, be expressed by physical meson
masses according to

771 — Fibg — Ty _—

o8 ' B

My 4+ ML, — M2, AAZ
m. - ™ g 2 5.94
" 213 - 26712 (5-24)

where we have used the charged to neutral meson mass differences AM? =
A2 A2 A2 — A2 A2
M2y — M7y, AMg =M+ — M/,

e Une important isospin breaking ellect due to the light quark mass dillerence is
7%n—mixing: the 7% and 7 fields are given in terms ol the SU(3) eigenstates ¢s,
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g according to

(ﬁu) _ ( cos e sine)(@j):z) : (5.25)
7 —GlIlE COSE o

where the 7'n mixing angle € is given by

1 (\/3 Titg — m.u)
£ — 5 arclan _

2 g — i

Replacing the quark masses by meson masses according to Eq. (5.24), one linds
the numerical value e = 1.00 x 1072, We [ind il convenienl Lo express all
corrections due to the light quark mass difference in terms of this mixing angle
¢, which is of course of order i, — .

Note finally that we only display scattering lengths for processes involving kaons of
positive strangeness (K, KY) as the strong and electromagnetic interactions obey
charge conjugation invariance, such that scattering lengths for all channels involving
scattering of K~ or K¢ can be obtained from those given below., We find:

AM2
a(r' K =7l K ) = af,-‘z{] - x }+0(52)

M M
= oy {10018} + O , (5.27)
i N[ 2Mg — MM, « M, AM?2
+ 0 _ + T T . T T
”U( Ko f‘) = (”-‘0 +”‘ﬂ) {H M2 V3 2M2 (Mg + M)
+O(6)
= (a) +a,){140.002-0.001} + O() | (5.28)

Mj — 2MyM; +2M2 e
&0( "K' >« h—) = ‘/5“5{1— K K -+ 2MD e

ME

S

(M2 + M2)AM? .
— - . ; (’
ONE A, (M + My) | o)

= V2u, {1 - 0.003 - 0.008} + O(57) | (5.29)
M2 € .
05+ 0p-— _ - i b
T T 5 a K = — — 4+ O
a ) =% Il 7L v o)
= ay — 2.9 x 107 /M, + O(5%) . (5.30)
e . AA2 )
G'.-U(':’T Kt w77 K ) = (a.g —1—(10) 14+ Y + O{8%)
LN Y
= (af + u[,){l—Hl 018} + O (5.31)
AA2
an(?r K —}?1‘0}'\’0) = —v2aq, {1 + —= 2” Vi }—I—O(OZ)
1%

= —vV2a, {1+ 0.006 +0.009} + O(5%) , (5.32)
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- - 1;’2 € -
L (TR AL
=i ™ WK ¥ [ ]
= af +29x 107*/M, +O(5%) . (5.33)
— - Mg —M )M, € M. AM? |
S O S ) K w)idy € 5 . 9
a-o(n K= a K ) = dy {l + Y] /3 A2 (Mt 3L + O(6%)
= ay {1+ 0.002 - 0.001] + O@*) . (5.34)

[For the elastic charged chanuels, Egs. (5.27), (5.31), subtraction of the one photon
exchange Born term is required in order to arrive at the above results (sce [KTU98] for
the comparable 77 casc). These charged particle Coulomb interactions in prineiple
require a separate treatment tailored to scattering or bound state problems. Further
discussion of this point is found in Sect. 5.6. (For the 77 scattering problem, this
is discusgsed c.g. in [RS76, KN02].) We remark that isospin violation cffects can
only be given in absolute size [or those amplitudes which are (in the isospin limit)
proporiional to T, as @, vanishes al tree level. The one-loop corrections (o
arc rather large, a.:]r M= 31.9 x 10 /M, [BKMY1b|, but still then the corrections
displayed in Eqs. (5.30), (5.33) amount to 10% cffects. (The caveat is, of course,
that isospin violating contributions at one—loop level might reduce the leading—order
terms considerably.) Tn lact, this is neally comparable Lo pion—nucleon scallering: as
pointed out by Weinberg, the isoscalar # N amplitude vanishes al leading chiral order
[WeB6] and is therefore prone to display large isospin violation effects [WeT77], which
have indeed been confirmed in [MSS8§].

[t 18 instructive to compare the results above also to the correspouding corrections
calculated in [KU9S] for wm scattering. L7irst of all, m, — my effects are suppressed
in SU{2), such that the only isospin breaking corrections of interest in the 7w case
arc of clectromagnetic origin. In contrast, strong isospin breaking appears at leading
order in 7 K scattering and, as shown above, 18 potentially of equal significance as the
clectromagnetic effects. On the other hand, the authors of [KU98] find corrections at
tree level of the order of 6%, while the largest corrections given above are 1.8% (for
Lhe elastic charged meson channels). This is nol due Lo a particular “smallness™ of
e.g. the electromagnetic contribution for K scattering, but due to the [acl that
the (isospin conserving) S wave scattering length is larger, wo(nK) ~ M My in
contrast to ag(wm) ~ M2, As already hinted at in the introduction, processes with
a conserved number of strange quarks (such as w K scattering) can also be studied
in a chiral SU(2) theory in which Green's functions are only expanded around the
limit w,, = mg = 0, while m, is held fixed at its physical value. Conscquently, only
the pien is considered to be “light”, while the kaon is now a heavy particle and has
to be treated in analogy to c.g. nucleons in ChDPT, resulting in what one might call
“heavy—kaon” ChPT [Ro%9, Ou01, FKM02]. The 7 Lagrangian then starts out at
order ¢, as does the (isovector) n K scatllering length (see again the analogy to /N
scatlering). In such a counting scheme, eleciromagnetic corrections to K scatlering
lengihs are therelore necessarily suppressed by one chiral order {as Lhey scale like
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¢?), which sheds some light. on why these correclions are smaller here than lor 7x
scattering.

We want to emphasise that it is in general impossible to arrive at the results above
by agsuming the dominance of certain “effects”™ for the violation of isospin symmetry,
e.g. sludying the implicalions ol meson mass splitlings or 7% mixing alone. From
the poini of view of ChIPT, such a pariial analysis is not very uselul and can lead Lo
strongly misleading results. Tn order to demonstrate this, we show such a decompo-
sition (artificial though this really is) for the specific channel studied in more detail
in the following chapter, 7~ KT — x' K", We distinguish “kinematical” effects {due
to meson mass splittings, entering essentially via corrections to the values of # and
t at threshold), “x'y mixing” effects that modify the isospin symmetric amplitude
by factors of sine or cose, “quark mass insertions” for the four meson vertex (which
vanish in the igospin limit for the channel in question), and “clectromagnetic (em)
insertions” (~ Z) for the four-meson vertex??. The relative corrections can then be
decomposed as follows:

€ € Mg  2M72 + M2 Mi — AM? B
strong : — = —<K1—= X K T K b (5.35)
| /3 /A M, 3MgM, 3M M,
—_— ~ nal ~ e
kinematical T —mixing quark mass
loct . VAGH O Ze*F? n Ze?F? (5.36)
CLCCTIOINARTIOTIC | = . 2.0
” M M, 2M e M, 2M i M,
kinemv'cttical am iII;;I"t-'-IL)IIb'

It is obvious [rom the above that lor the strong isospin violaling contributions, indi-
vidual “effects” are much larger than the total sum.

55 7 KT — 7'K" at one—loop level

5.5.1 S—wave scattering length up to fourth order

In this section, we work out the complete one loop corrections including isospin
breaking for the pion kaon channel that is relevant for the lifetime of 7/ atoms,
7~ KT — 7 K% At this level, virtual photon loops play a role and center the ampli-
tude both via wave function renormalisation and clectromagnetic corrections to the
(lowest—order) strong vertex, sce Fig. 5.1. As is well known, the photon exchange
diagram (a) in Fig. 5.1 induces a pole at threshold, the so-called Coulomb pole, which
resides in the loop lunction GT%7(s) discussed in detail in Chapter 6. This Coulomb
pole, however, can be calculated and subtracted [rom the amplitude unambiguously.
The threshold expansion Eq. (5.18) therelore has Lo be modified for 7= K~ — 7K

#Note thal this separalion is even represeniation dependent, as can be seen in the example of
plon—pion scattering: in the s—model gauge, there are no clectromagnetic insertions ~ Z in the
four pilon vertex, while these are present in the exponential gauge.
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(a) (b) (c)

[igure 3.1; Virtual photon loop diagrams for #~ K~ — 7' K", Crossed diagrams are
not shown. Diagram (¢} denotes effects entering the scattering amplitude via wave
function renormalisation of the incoming charged mesons.

in the presence ol virtual photons in order Lo sensibly deline corrections 1o the S—wave
scattering length:

o — Mg My al?)
| din |

+ 87 (My= + M2 ) a0 + Olqual) (5.37)

where a}] ) denotes the S wave scattering length in its tree level approximation (given
explicitly up to order ¢ in Eq. (5.32)). and ¢y is the S wave scattering length to be
defined here, including all corrections.

A further problem oceurs when including virtual photon loops: the amplitude becomes
infrared divergent. We will give details on how to deal with these infrarved divergences
in the following section. For the moment we only note that these vanish at threshold
and therelore do not allect the delinition ol the S—wave scatlering length as given in
Eq. (5.37).

The various pieces of the full scattering amplitude are spelled out explicitly in
App. B.1. Analytic formulae for the S wave scattering length at one loop accuracy
arc given in App. B.3. In order to arrive at these, the following effects were taken into
account, as well as the following conventions were used in addition to those already
mentioned in the previous section:

e [n order to have a strong check on the scattering amplitude, we have checked the
cancellation of divergences in the ersct expressions, 1.c. without any expansion
in ¢ and ¢?. For this purpose, we have used the #—functions for the various
connterterms as given in [(GL85%a, Urgh).

o l'or quark mass insertions at tree level replaced by meson masses according
to Fq. (5.24), the renormalisation of these meson masses has to be taken into
account properly.

e The mass ol the n is always taken as given by the Gell-Mann—-Okubo relation
when laking inlo account isospin violation up Lo order ¢* and m, — my, see
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Fq. (5.8). Deviations [rom this relation are beyond the accuracy considered
Lere, as the # mass only enters via loop diagrams.

T :rco T nﬁ
n n
K K K K’

Iigure 5.2: Diagrams contributing to #'# mixing at next to leading order. The
labels “7% and “7” refer to the tree level mass cigenstates. The black square denotes
a fourth order insertion (strong or clectromagnetic).

e 7'n-mixing has Lo be taken inlo account al nexi—to-leading order. Details on
how thig is to be done can be found e.g. in [CL85¢, NR95, Ec00, ABT01]. It
is probably easiest to calculate the diagrams in 1'ig. 5.2 directly in order to
account for mixing beyond leading order. We have done the calculations using
tree level mass cigenfields for @¥ and #n throughout. The off diagonal clement
of the sclf energy matrix (in the basis of tree level eigenficlds) may be written
as Byo,(¢%) = Zpo,q” + Yro,. such that Zoo, = 950, /3¢ can be thought of as
the off—diagonal analogy to the field renormalisation factors. Denoting the tree—
level amplitude for # K — 5K° by T),, we can write the additional mixing
diagrams as

1 .
5 2 _ g2
Tr‘ . 1[73[) - -“r’? . —Jﬂ'un (q B JV[’TU)
Loy, 1 , s Lo 352 ‘
T, % { St TEReTE X oy (q =3 (U + ..1¢<fn)) . (5.38)
et

e thus deflined is the correction Lo the tree level 7% mixing angle up to order
O(q¢"), as given e.g. in [Ec00]. ln contrast to the wave function renormalisation
factor Z o, e is finite. All these quantities are written down explicitly in
App. B.L5.

¢ When expressing the low—energy constant F'in terms of physically observable
decay constants, we always renormalise it such as to obtain F,. (as opposed to
Fi, say). Al tree level, the dillerence between using a normalisation ol the
amplitude equal to 1/F2 and 1/F,Fx amounts lo nothing more but shilting
cerlain contributions from tree Lo one—loop level, which makes no dillerence
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in the sum. However, il. turns out that the one-loop corrections e.g. [or the
scattering lengths are much smaller when normalising the tree level expression
to 1/17%, which means that in the seemingly more “svmmetric” case of using
L/ 15 %, the bulk of the (large) corrections at O(¢*) have nothing to do with
corrections to the scattering dynamics, but only with the renormalisation of Fg.

For the one loop contributions, the difference between Fp and Fy is of higher
order, whereas the numerical difference is potentially significant (noting that
these scale as 1/F*). If one regards the meson decay constant in the chiral
limit, F' ~ 88 MeV [(GL83, GL&4|, as the “natural” constant when writing down
a scattering amplitude, £ scems more appropriate than Fy.

Finally heavv—kaon ChPT, which we alluded to before already, also provides
some insight on F, versus Fy: there is of course no kaon decay constant in
a kaon—number congerving theory, hence F, is the only meson decay constant
available. As heavy—kaon ChI’T is supposed Lo have a beller convergence be-
haviour than SU{3) ChP'l', but ultimately is equivalent up to matching of the
different sets of LECs, it seems reasonable also from this perspective to ouly use
I in the 7/ amplitudes,

o We use the charged pion decay constant in the absence of electromagnetism, as
the value cormmonly used for the physical pion decay constant, I, = 92.1 MeV
[Ho90], was extracted from charged pion decays with electromagnetic corrections
alrcady taken care of. The relation to the bare decay constant F is therefore
as given in [GL85al, and independent of photon loop effects or clectromagnetic
counterterms. Sce however the discussion on the “correet” isospin limit for F
below.

The scattering length for the process 7~ KT — 7 KY up to one loop order, including
leading order effects in the isospin breaking parameters € and 2, can be brought into
the following form:

. M My ) € Zet |2
ap(n K+ — 7K%Y = — i Cot+ —=C.+—"—"—Coy , (539
ol ) I2F2( M, + Mg) o 3 My Mg ° ] 7 (5.39)

where we shall first of all use the meson decay constant in the chiral limit, . The
three parameters Cy, C,, C,2 take the tree level values Cy = C, = C.o = 1 as can be
scen in Eq. (5.32). The expressions up to one loop accuracy are very lengthy and are
thercfore relegated to App. B.3, we only show the numerical results here, obtained
with the values and crror estimates for the various low—energy constants according to
the sources cited in Section 5.2, We find

Co=095+024 , C, =249+£0.69 , Cp = 0.86+1.60 . (5.40)
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In order Lo express ¢ and 7 by physical quantities, i.e. physical meson masses, we
have to correct for the next to leading order corrections to the tree level results

4e AM? — AMZ Y

— = —0—— Y 541

/3 iz —az o0 (5:41)
24 1? = AM? 4+ 05 . (5.12)

This can be achicved by putting together the different picces from the existing liter-
ature,

(AME) QU de 1 : _ 5 1 1
Rt T 82l — 1) (ME - M2) - CA, —A]}
Mz — M2 ﬁ{ + 2 {8( & 5) ( K ) 55 + 5

:; {1+0u} | (5.43)

for the strong kaon mass difference [GL85a], where we have nsed the familiar abbre-
viation lor the tadpole loop [unction

MZ M,

Ay = hlog— (5.11)
furthermore
‘ ( AM? M2
A a2 A 442 _ T 2 AL Ll
(Aa2 —ang) = = {SL (My — M2) = 2A; + Ag =
2 [(fer _ 14 . ,_
—7“5; _ K- ( +Ism)) A2
1 .
—5 (K + K5 My +2(Kly + K1) (M — M)
(A Ay R
T e N o ]}
= AMZ 4, (5.43)
ag given in [Ur93], and
.. . .. M2
AM2 = 2ZePF21— 8( T(2ME + M) + LIM2) 4 3A, + A + —5
1672
2 | , ..
~ 5 KR - —Iu KT, + ) MZ - K (207 + M)

3 M2
CA, - =
+4 . ]67(2‘|}

276°F” {1 + 0ar} - (5.46)
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In addition, there is a dilliculty in linking the pion decay constant F; to F: using the
isospin gymmetric relation between the two quantities as formulated in terms of quark
masses, one obtaing additional isospin violating contributions due to our definition of
the isospin limes in terms of charged meson masses:

83 . :
I = r {l + Tz ((2?'?; + ) Ly + ?‘HL?-,)
B o 2Bm B+ -m.,,.)1 B+ )
T8aF? 8 T2 T T aopepr BT 2
. C AM2
= F14+dp+—=00+—705 > , 5.47
{ + p+_\/gr,u+2MﬁMKﬁ} , (5.47)
where
1 ; a2 142 T 1 i2 / l Ko
O = % (M5 + ML, + MILE) — Ar — SAK} (5.18)
. MZ — A2 1 My
5o = fT {16L§ ~ 1673 (1 + 2log A")} (5.49)
Mo Mg (oo oy Loy o My Mg .-
& = — = {S(JL-__]ﬂ—La)—ﬁ(.ﬂ+4log‘ 3 + 2log 3 )} - (5.50)

This is what was done in [KM02a, KM02b, NT02, Ne02]. One can argue that this is the
“wrong  isogpin limit for the pion decay constant, and that in the above expressions,
8¢ and 6% should be sel. 1o zera. One reason (o still proceeding as suggested is that
in this scheme, the low—energy constant. 74 drops oul completely, which is what also
would happen i a different 1sospin limit defined with respect to the quark masses,

Putting all picees together, we can write the scattering length at one—loop order in
terms of physical quantities (as far ag possible) as

MMy
ap(m" K+ — 7K"Y S
F2(M, + M)
N AM?2 — AME . AAMZ .
b =~ T (2 5.01
x{ o Ao e O T anan (5:51)
with the relations
Cy = Cy+ 2 , (5.52)
C. = Co— oy +2(5r + %) . (5.53)
- . M M, A 2
Cz = Cua2—0ar— ——5—-0 200 +05 ) 5.54
i i Ag 2(‘11;)(_‘1‘{#) D+ (.r+ ;"') s () ) )
where we have made use ol the facl that Ty = €, = Cee = 1 al tree level and

omitled explicit mentioning of the higher orders neglecied here. We note that Cy
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has already been writlen out in Eq. (5.20), the coellicients C.,, C.2 are also collecied
in App. B.3. We point out that, despite the nomenclature, this last decomposition
is no strict separation of electromagnetic and strong isospin breaking effects, as (.,
contains contributions from the corrections to Dashen’s theorem, (AAMZ —AMZ )., *
Numerically, we find for these cocfficients

Co = 112140009 , €, =2404010 , Cp = —0.00+1.36 . (5.55)

With these numbers, we are in the position to summarise the isospin violating shifts
in the scattering length ay = ap(r~ KT — 7' KY) at one loop level, comparing them
to the tree level result

ap(n K —a"K") = —v2 @ {1 + 0.6% + 0.9% | (5.56)
Ofe) Qe?)

as cited in Fq. (5.32):

a = —V20, P {1121 £09%) + 14+ 0.)% — 00+ 1.9)% |
Ofe) Oe2)
= —V205 {(1£08%) + (1L3£0.1)% — (00 ELD%} . (5.57)
o) ofe?)

Here, ('1-0_(2) symbolises the isovector scallering length in ils tree level approximation,
while a, in the second line really represents this quantity completely in the isospin
limit, o the accuracy we are working here. All errors quoted [or the dillerent contri-
butions above are due to uncertainties in the respective strong and electromaguetic
LECs as given in [BECG95, BUY7]. Regarding these numbers, and comparing Eq. (5.55)
to Eq. (5.10), we note the following:

¢ The isospin symmelric corrections al one-loop order as given by €y are mod-
erale, given the expected slow convergence ol chiral SU(3). As detailed above,
this depends heavily on our choice to normalise the tree amplitude by 1/£7? and
not 1/£5 Iy this way, one finds Cp = 1+O(M2) (see Eq. (5.22)), which is what
one would expect from an SU(2) expansion and which accounts for the smallness
of the one loop corrections. The isospin symmetric cocfficient Cy is much more
precise when using the physical pion decay constant F, the large crror in O
is dominated by the uncertainty of Ly parameterising the ratio £, /F. We also
note that for ., one rather finds Cy = 1+ O(M%), as witnessed hy the large
uncertainty (if not by a large shift in the central value).

e Although they are very small corrections to the scattering length, one might
worry about the fact that tree and one loop level isospin breaking corrections

##This was misleadingly not made clear in [KM02a].
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(strong and electromagnetic ellects taken separately) are ol equal size. Tn order
to understand the relative largeness of these effects, it is again instructive to
expand the terms for Ce, Cez given in App. B.3 in powers of M, /Mg, where
we find C, = 1 + O(M3), Cpe = 1 + O(M32) (the same holds for C», while
(_1- =1+ O{MyM;)). Another way of sceing this is to remember that isospin
violating terms are suppressed in comparison to isospin conserving ones at the
same chiral order by factors which happen to be small, but are of chiral order 1.
At tree level, these suppression factors for # K — 7K ave ¢, 2 F2/M_ My ~
0.01, respectively, see Eq. (5.32). On one—loop level, however, where the isospin
symmelric loop correclions are particularly small, the isospin violaling ones are
suppressed wilh respect 1o these only by laclors of e M& /M2, e F2 My /M2 ~
0.1 (at leading order in ;).

e On the other hand, combining strong and clectromagnetic isospin breaking of-
feets, the corrections at onc—loop level cancel to a large extent, leaving mainly
an uncertainty due to a lack of sullicienily precise knowledge of the relevant
counterterms. This cancellation does not take place al tree level. We have
checked numerically that no significant errors arise from truncating the “exact”
expressions at leading orders in the isospin breaking parameters €, ¢4, In fact,
the corrections arising thereof are at least one order of magnitude smaller than
the accuracy displayed in Eq. (5.57).

o With the large number ol eleclromagnelic counterterms, one might have sus-
pected that one cannot make any sensible prediction about electromagnetic
effects at all. While the uncertainty quoted above is as large ag the absolute
size of the electromagnetic correction at tree or one loop level (individually). it
is, on the other hand, still of the same magnitude as the uncertainty stemming
from our lack of knowledge of the values for the hadronic low cnergy constants.,

e 'T'he reduction of the uncertainty in C, as compared to €, is also due to the
cancellation of Ly in the corresponding expression, see App. 3.3, The inclusion
of the shift 65 18 of course essential for this to happeuw.

e Numerically, the shilt of the contribution x &, rom . ellectively into ', does
nol allect either constant much. The seemingly large change [rom Ce to C.
are mostly due to the renormalisation factors da, and 6F .

The last two points signify that the central values of C2 (in particular) and C, are

non-negligibly affected by the treatment of the pion decay constant, as described
: . : ol .

above, Setting 64 = 65 = 0, we find

Y= 2644054 . Co = 05T£136 . (5.58)

Note, however, Lthal these changes are not really signilicant as compared (o the esti-
mated uncertainties.
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5.5.2 Infrared divergences and =~ K™ — 7' KUy

Ag mentioned in the previous section, photon loop corrections induce infrared diver-
gences in the scattering amplitude. [t is well known how to handle this problem,
namely by introducing a small photon mass ., which brings the infrared divergences
into a form ~ logm,. Such terms enter both via wave function renormalisation of
charged mesons and via the loop function G™7%(s), as discussed in App. B.5. One
then has to include the corresponding radiative process (7 K — #? K% for the case
in question) up to some maximal photon energy, given cither by the maximal energy
available due o kinematics, or by some experimental delector resolution AFE below
which solt, photon radiation cannot be discriminated [rom the non—-radialive process.
We are interested in the threshold region, where ithe kinemadtical limit for the photon
energy,

5 — (ﬂ«f;"o + ﬂfﬁo)z

2\/s '
numerically amounts to 0.6 MeV, such that il seems reasonable to integrate the [ull
cross section without making additional culs on the photon energy. The infrared
divergences cancel upon adding up the cross sections [or both non-radialive and
radiative processes, This is demonstrated in some detail in App. 13.6.1.

Emax — (5.59)

We have empliasised in the previous chapter that the infrared divergences induced
by photon loops vanish at threshold, such that one might even omit all these con-
siderations when one is exclusively interested in the S wave scattering length. The
authors of [KTU98] have argued, however, that one should rather define the S wave
scattering length from an infrared finite quantity, which would be the combined total
crogs gection. For an amplitude that can be expanded according to Eq. (5.18), the
total eross section at threshold is given in terms of the S—wave scattering length as

’quu‘f ’

’ in’

Tihe = dm(an)” . (5.60)
One may now replace the cross section on the lefl-hand side of Eq. (5.60) by the
combined total cross section o + ¢¥ and define ¢y via Eq. (5.60).

This is what was suggested in [[XU98] for the similar case of the scatteriug process
7or — w0’ (v). where the authors claim to find a shift in the (redefined) scattering
length induced by the (infrared finite) remainder of the radiative cross section at
threshold.  We have however recaleulated the eross section for #=a~ — w%y at
threshold and find that it vanishes. This is in our opinion rather obvious for the
isospin symmetric case, where the neutral pions in the final state are of the same
mass as the charged incoming ones. One would therctfore expect the corrections
to the scattering length due to soft photon radiation to be small compared to other
isospin breaking ellects, as they should be suppressed by at least two powers in isospin
breaking parameters (a [aclor €2 in the cross section due Lo the pholon coupling, and
at least one power ol the pion mass dillerence). The lact that this cross section
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vanishes exactly al threshold in the w7 case is due o the enhanced symmetry ol this
reaction, see App. B.6.2.

We do not find the cross section for 7 K — K% to vanish exactly at threshold,
but to he highly suppressed: the leading contribution is of order §' in isospin breaking
parameters, which is clearly way beyond the level of acenracy we achieve in our
calculation ol isospin breaking ellects in the non—radialive amplitude. Details lor the
calculation can be found in App. B.6.2, the resuli found there is
- (:'2 |q0ut| 1'1{‘-\':!: ﬁr-;fl:
T = - 53 L - . :
105027 )3 F2 |qu| (Mg= + M )3

(Mys— Mo+ M= —,0) +0(F) . (5.61)

In addition to the high power in 8, there is even an unnatural suppression in the mass
difference (Mp+ — Mgo + M= — M_o) which is dne to a numerical cancellation of
strong and electromagnelic isospin breaking ellects. I[ one calculales a shilt in the
scatlering length delined via Fq. (5.60) which is due Lo the inclusion of the radiative
cross section, ag — wg + ag, the quantity «f is found 1o be

E>2 (—LEK'*' — ﬁfKu -+ il'fﬂ+ _ A'fﬁ-n)s

0l = — ' i + O
v 810/27% 12 (Mg+ + M+)2 (")
= —22x107%/M- = 22x 1079 xal? | (5.62)

which is a suppression of about eleven orders of magnitude compared to the shifts in
the scattering length calculated before. We therefore conclude that bremsstrahlung
corrections are totally negligible for any analysis of 77 or 7 A bound state experiments.

56 7 KT — 7 KT at one—loop level

[n the presence of isospin violation and in particular of virtual photon effects, the
threshold expansion Eq. (5.18) has to be modified already at tree level: the one

photon exchange contributing to #~ KT — 7~ K cannot be decomposed into partial
waves and diverges at threshold, In order to allow for a dircet matching to the
description of the energy—level shift in the bound state formalism, we follow the
preseription given in [LRO0] (for the analogous case of # p atoms) to circumvent
these problems, valid Lo leading order in the [ine struciure consiant: the amplitude
Ti- k+_a-r+ Gan be uniquely decomposed into the piece containing all diagrams that
can be made disconnected by cutling one photon line, and the remainder thal containg
at least one strong pion kaon interaction vertex: 1,-g+_sz-gx+ = Lew + 1, where

u

Ty = € (%) FYOEL @ (5.63)

T.. is represented diagrammadtically in Fig. 5.3. To the accuracy we are working,
the pion and kaon vector [orm lactors are only needed in their isospin symmetric
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— Fy (t)

K+
Fy (t)

Figure 5.3: One—photon exchange contributions to 7 K — 7 K.

representation to one loop order as given in [GL85b]. Subtraction of the one photon
exchange diagram suffices to define the modified scattering length for #= A+ — a~ K+
in the presence of photons at tree level, which is now taken to be Ty at threshold
instead of the full scattering amplitude.

We note that in [Ne02], a different convention was used to subtract the long-range
photon exchange: only the tree—level exchange was disregarded. The difference of the
two approaches in the amplitude at threshold can be casily expressed in terms of the
radii of the pion and kaon vector form (actors,

Ithme = 18 — 5 MM (7)) + (7))

ITowever, even the scattering amplitude with the one photon exchange diagrams sub-
tracted cannot be expanded at threshold according to Eq. (5.18) onee photon loop
corrections are included, as the vertex correetion diagrams, sce Fig. 5.4, induce a

(a) (b) (c)
Figure 5.4: Vertex corrections by photon loops contributing to # K — 7 K.

kinemadtical divergence, the Coulomb pole. The real part ol the corresponding scalar
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loop lunciion
d'k 1
25" ((qa + k)2 — M2) (g5 — k)2 — MZ) (k2 — m2)

(with P = g, + g3, and ¢ and b referring to the particles involved), has the following
threshold belhaviour in the s chaunel (I'ig. 5.4(a)) for s ~ (Mg + M )%

Gu.f)"lr(PZ) = —3 / ( (564)

: 1
Re ™87 () = —
" ) 32(My + M)y
1 My — My My m2
2- log — —1 : 7). (5.6
* 32720 M { M, + M, 08 M, 0g UKMW} + O(q) . (5.65)

while the corresponding loop functions in the #— and u—channels (Fig. 5.4(b) and (¢},
respectively) are regular at threshold,

1 Mg + M, A m2
T K T W .
k) ) = I -2 I r . 0.
G = o, {ﬂ.ﬂ( v VA S VY S }+ Ola) »  (5:66)
. 1
GTTH L) = - log L+ 0(g) (5.67)

1672 Mz Ul

for u = (Mg — M;)? and £ = 0, respectively. The infrared divergences, collected
here as terms involving log ., again cancel at threshold. We therefore define the
scattering length ag as the regular part of the amplitude 7 at threshold,

ZIIE jf}'\ ]l_l'_{"— a[}
q

Re T, = + 8w (M + M)y + Olg) (5.68)

(2 : : . o
where ag ) again denotes the corresponding scattering length in its tree level approx-
imation, given to order ¢ in Eq. (5.31).

Again, we have colleeted the picees of the complete scattering amplitude for the
physical channel 7= K+ — 77K+ in App. B.2. We now give the resulis lor the
isogpin violaling efllects in the scatllering length, which are expanded up to order ¢
and e?. We employ a similar lorm as in Eq. (5.39), wriling

, MMy € 24e2 ]2
KT g Ky = — Do+ —D. +=——"— P~y , (569
Glm” K7 = 7 K7) 8!’12(1'l-f¢r+1'\-1'r\’){ N S VAT } - (569)

where Eq. (5.31) shows £y = D2 = 1, D, = 0 at tree level. Lurthermore, we shall
also use a forni in terms of physical mass differences in analogy to Eqy. (5.51),

o o M, My o AMI-AME o AMY
w(m KT -7 K ) = : - D,
Gl K ) 8F2(M, + Mg) { AMZ ) T MMy

(5.70)



5.6 7~ Kt — 7~ K~ at one—loop level 109

where the coellicienis 1 and D are linked 1o each other by

Dy = Dy+ 25y , (5.71)
D, = D425 , (5.72)
Dp = D, —dan+ 260 4+ 0% . (5.73)

Note that, due to the fact that the isoscalar scattering length g vanishes at tree level,
the cocfficients Dy and Dy can be expressed just in terms of ¢f and the corresponding
cocfficients Cly, Cy,

Dy = Co+atlag® | Dy =Cotatja® . (5.74)
The remaining coefficients are collected in App. B.1. Numerically, we find

Dy = 1314042 , D = 078+042 ., Do = 1.324+3.11 , (5.7

[ |
|
b |
g

for the first set of coefficients, and

Dy = 1484024 , D. =053, Dy =076+258 , (5.76)

for the second, inserting the values lor the low—energy constants as given in [BEG95,
BU97]. Although the ellect is nol quite as dramaltic, we again lind, as for the charge
exchange channel, that the uncertainty for the one loop isospin symmetric prediction
is much enhanced if expressed in terms of the pion decay constant in the chiral limit,
We remark that the strong isospin breaking is a pure loop effect and free of any
counterterms for our choice of renormalising F, while a normalisation to F again
produces a sizeable uncertainty. The cocfficients D2, D, arc only moderately shiftoed
from the tree—level results for the central values of the cleetromagnetic low—cnergy
constants, but are largely dominated by the uncertainty in these.

For the isospin breaking shills in the scatlering length as compared Lo the Lree level
resull cited in Fq. (5.31),

awlm K' =7 K') = 2,21+ 182} (i

Ofe?)

77)

ot

we find the following corrections to the one—loop isospin symmetric prediction:
9 2 . : . a0 1 4 =
ag = {(a,® +a,®) { (148 £ 24%) + 0.3% + (L4 47)%
Ol O(e2)
= (a5 +af) {1 £16.1%) + 0.2% + (0.9£3.9% } . (5.78)
Oe) Oe2)

Again, in the [irst line, we show Lhe relalive corrections Lo the sum ol the current

. . . . 12 . . . .
algebra isospin symmelric predictions a.[}( ), while in the second line the [ull one-loop
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resull is taken as the normalisation. Due o the appearance ol the isoscalar scatlering
length, the one loop representation for the isospin svmmetric amplitude at threshold
is afflicted by a rather large uncertainty (of about 16%). Even if one includes isospin
breaking corrections, this uncertainty still dominates the combined error for a chiral
prediction of this quantity by far. If, however, the alm is to exérect the sum of isovector
and isoscalar scattering lengths from the experimental measurement of the strong
cnergy level shift, the corregponding uncertainty in the clectromagnetic corrections
amounts to only 3.2% and is therefore reasonable with respect to the experimental
accuracy that is expected. The central values for the various electromagnetic low—
energy constants lead to a totlal isospin breaking shilt of 0.9%.

Comparing the vesults Eq. (5.57), (5.78), we nole that in contrast to the latier,
Eq. (3.57) allows for a precise prediction of the charge exchange amplitude at thresh-
old: compared to the isospin symmetric result, it is increased by 1.3% (for the central
values of the low energy constants involved), while the combined uncertainty is en-
larged only from 0.8% to 1.4%. We note that, in contrast to what was found for
the one loop representations of u,.ol, there is no systematic reason for the difference in
sizes of the eleetromagnetic uncertainties in the two channels at hand. As we attribute
error bars +1/16x? uniformly to all clectromagnetic constants K;. the total uncer-
tainty is dominated by those counterterms which happen to appear with the largest
numerical prelactors. For the process i~ K+ — 7K"Y the dominant of such terms
turns out 1o be 4e?( My / M) {(Ky9+ K1q) (lor the relalive corrections Lo the scallering
length, atl leading ovrder in A /M), while the very same combination dominates in
7 KT — g KT, just with a larger coefficient, 12e4( Mz /M) (Ko + Kn).

5.7 Higher threshold parameters

Although a precise knowledge of the S wave scattering lengths is of highest interest
for K atom studics, one can of course also study isospin breaking corrections to
other threshold parameters, particularly to the S—wave cffective range by and the -
wave scattering length o). We will not show results for these in as much detail as
for ay, but concentrate on the two channcls of relevance to these atoms. We remark
that, as indicated in Eq. (5.37), photon loops also induce a term linear in |q;,| in the
threshold expansion of the scatiering amplitude, which we disregard here {(as it can
also be calculated and subtracted unambiguously).

The isospin svmmetric tree level results for these two quantities are given by

M2+ M?

b—(Z} — i ‘ < g
' 167123, My (My + M) (5.79)
: 1
W= - - : 5.8
b 16mF2(AMy + M) (5.80)
— {2 ‘e 1
o = = . 5.81)

1872 (My + M)
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The isospin violating ellects al tree level [or the {wo physical channels can be expressed
as

| AM? ..
— T 00y /op— e AL 9
= =205 {1+ 0.6% — 0.2%} + 03" . (5.82)
() Ofe?)
bo(m K =7 K') = (b +bu){1 AM; ‘}+0(52)
MZ - ufR M.+ M?
= (0 +57) {1 - 0.6%} + 018 (5.83)
O(e?)
) (';T_K_ — WUKU) = —v2ay {l ﬁf} + O(5%)
= —V2a {1 - 2%} +0() | (5.81)
Ole)
a, (Tr_K_ — T (“L) = (a.f - a.?) {1 + C)((52)} . (5.83)

Again, no strong isospin violating ellecls enter the charged—to—charged channel, and
no electromagnetic ellects allect the P—wave scallering lengths at this order, such that
there is no isospin breaking al iree level at all [or the charged—to—charged P—wave
scattering length.

We evalnate the fourth—order contributions to these threshold parameters munerically
only, and only for the charge exchange channel. We therefore do not differentiate be-
tween strong and clectromagnetic isospin violation at this level. Again, all corrections
are given relalive 1o Lthe isospin symmetric tree—level resull:

bo(m K' = a"K%) = —vap @ {.012+£38%) — (0.9+05)% }
D e ——
O(8)

= —V2b {(1£3.8%) — (09£05)%} (5.86)
O}

o(m" Kt = 2'K°) = —v2a, P {(133£0.14) — 5L 1)% |
5)
= V2ar {(1£9%) - B£1)%} . (5.87)
~————

o)

We note that the isospin symmetric one loop corrections to the P wave scattering
length are rather large compared to the leading term. The isospin breaking corrections
for hoth guantitics are of similar size as for ag, only slightly enhanced for a;. The
main dillerence is that the cancellation belween elec.uorna;_,nel.u, and m,, — my ellectls
al. fourth order observed lor ap does notl occur here, such thal isospin breaking atl
fourth chiral order is equally important as on tree level. I[ we compare the one-loop
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contributions only, the isospin breaking ellects on the S—wave elleclive range appear
to be very large, equally large even as the isospin svmmetric one loop corrections,
However, ag already hinted at by the error range for the latter, this does not result
from an unnatural enhancement of isospin violation effects, but from an accidental
suppression of the isospin conserving part. Individual contributions to the latter (from
separate loop diagrams, counterterms) are much larger.

In contrast Lo both the S—wave and the P—wave scattering lengths, the S—wave ellec-
tive range as defined naively from the scattering amplitude alone ig infrared diver-
gent. The above results were achieved by setting i, equal to the maximal energy
of a bremsstrahlung photon, which at threshold is roughly 0.6 MceV. This is what
offectively happens when rendering infrared divergent expressions finite by including
the appropriate radiative process, while we neglect here any finite contributions from
the latter, see the discussion in the previous seetion. We also note that a redefinition
of these higher—order threshold parameters from the infrared—finite total eross section
(as done in the previous section [or the S—wave scallering length) cannotl be done
unambiguously.

5.8 Summary

In this chapter, we have considered isospin violalion in pion—kaon scatlering near
threshold. To systematically account lor such ellects due to the light quark mass
difference asg well as electromaguetic interactions, we have made use of SU(3) chiral
perturbation theory in the presence of virtual photons. The pertinent results of this
investigation can be surmnmarised as follows:

(1) Alrcady at tree level, one has strong as well as clectromagnetic isospin viola-
tion. We have considered all physical channels and found that these effects are
in general small (at most two pereent). In particular, the relative corrections are
smaller than in the comparable case of 77 scattering where isospin violation at
Lree level is a purely electromagnetic ellect. We have also stressed thal consid-
ering one particular source ol isospin violation only can ensue very misleading
results.

2) Because of its relevance to the lifetime of 7 K atoms, we have considered the one
loop corrections to the S wave scattering length for the process = K= — 7V KV,
The fourth order isospin symimetric corrections are moderate and the isospin
violation cffects at this order cancel to a large extent (for the central values of
the low—cenergy constants nused here). The uncertainty in these isospin violating
contributions is mainly due to the poor knowledge of the clectromagnetic LECs
I(;, and ig comparable {0 the one in the isospin symmetric amplitude induced
by the varialions in the strong I.LECs L;. These resulls allow (or a rather precise
prediction of the liletime of w7 atoms with isospin breaking corrections and the
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combined uncertainty of a size of the order of 1% (modulo the additional bound
states corrections that still have to be calculated),

.
(o]
-—

We have also considered the radiative process 7~ K+ — 7% K. We have explic-
illy demonstrated the cancellation of the infrared divergences. The remaining
radiative cross section is strongly suppressed at threshold so that the properly
redefined (finite) scattering length acquires no significant correction,

(1) We lave completed the analysis of leading order isospin breaking corrections
to the pion kaon threshold amplitudes that enter the deseription of pion kaon
bound state properties by also considering the elastic charged channel x~ Kt —
7w~ K. A prediction for the strong contribution to the 25 — 2P cnergy level
shift is hampered by the poor knowledge of the (strong) isoscalar scattering
length. The uncertainty for the extraction of the lincar combination ag + af as
induced by electromagnetic corrections, however, is only abont 3% and therefore
sutficiently well under control. The isospin breaking shift for the central values
ol the low—energy constants involved is again aboutl 1%.

{(5) We have also evalnated the leading isospin violating corrections for the effeetive
range by and the P—wave scattering length e, numerically to one—loop order in
the charge—exchange channel. They are somewhal more pronounced than lor
the S—wave scallering length.

In order to complete an effective field theory analysis of pion kaon atorms, these results
now have to be incorporated into a study along the lines of [Ga99] (for pionium) and
[LROO] (for pionic hydrogen). Such work is under way [GS02].






Chapter 6

Infrared regularisation for photon
loops

In our study ol isospin—breaking corrections in pion—kaon scattering, the main phe-
nomenological motivation has been {o provide the necessary input lor the bound—siate
analysis of pion kaon atoms. In the formalism for these electromagnetically bound
states, both pion and kaon are regarded as heavy particles, with all energies involved
well below these mass scales. [t might therefore hiave appeared natural to at least
perform the intermediate step and do the analyses of the previous chapter in the
newly developed heavy kaon scheme [Ro99, Ou01, FIKMO02]. This was avoided for
rather practical reasons: in order to establish numerical values for the various new
low—ecnergy constants in that scheme, one has to resort to matching them to the
three—flavour ChPT results anyway, as there are simply not enough low—cnergy data
for kaon number conserving processes 1o (it all ol them independently. Furthermore,
the appropriate eleciromagnetic Lagrangian would have (o be construcled entirely,
with again no independent information on the corresponding constants available.

We therelore wish Lo discuss here only one very specilic aspect ol such a calculation:
the appropriate regularisaltion ol the photon loop integrals in schemes with heavy
particles, both for heavy kaons and for heavy pions and kaons, using the infrared
regularisation scheme. This investigation ig also interesting for other calculations since
the resulting loop integrals are of course the same as for specific radiative corrections
in 7N and NN scattering, say. Furthermore, such an investigation may deepen the
understanding of the specific propertics of photon loop diagrams such as infrared
divergences and the Coulomb pole.

The main focus is on the triangle diagram that is the only “non trivial” diagram
in pion-kaon scartering, see diagram {a) in Fig. 5.1. We also concentrate on the s—
channel exchange that produces the pole in the center-ot-mass momentum at thresh-
old. We shall employ the lollowing suggestive notation: “light” particles that produce
low—energy singularities are wrillen as superscripts, “heavy™ particles as subseripts.
Therelore, the inlrared regularised loop integral for heavy kaons, corresponding to the
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[ull relativistic integral G™*7(s), will be writlen as G'¢ (), the loop integral for heavy
kaons and pions as G ;- (s). We shall furthermore write the regular parts as G5 (s),
BGT(s)-

6.1 The relativistic loop integral G™7(s)
We briefly repeat the straightforward caleulation of the scalar loop integral for the

. . . . . . ¢ a2
triangle diagram with one vanishing mass and on-shell external particles (g5 = M.
2 ag
q: = ‘l‘f—'ﬂ')?

N . 1 5
) ] (2m)* ((qﬁ%—!.) — U’,f) ((q;(—k)? — M‘R) (P - mz) ‘ (6.1)

We usge a l'eynman parameterisation according to

1 L 1 L 2
L dx:/ 7 / dzd(z+y—+z—1 : 6.2
ABC /n ® [ dy [ dzole+y+ )[:z::4+:e;8+z0]3 (6:2)

and the dimensional regularisation formula

i

o dik 1 ( ])n 11(,”__%) 1\P %
_?j (27) (AZ_A)H (47)#2 T(n) (z) : (6.3)

Lo arrive al

| N1 d
1 Ay _ 9
GTE(s) = 7(4WWF(.5 )

S 1—y 1
X / dyy f dx —
0 0 . RER

[(;z: +y)(aMi +yM2) —ays+ (1 —x — g)mf] :

with the regularisation scale Ao We keep d general here for later purposes. With the
substitutions w = & + y, ¢ = a/w and the abbreviation f(z) = M2 + (1 — 2)M2 —
z(1 — z)s, one finds

. A w
1 = (o) o]
(s) (—1“) A dz , dw

[uzj zZ)+ (1 u)m]
= AT I _‘ _d)/ dz /du T u' J(z) + (1 —wyms r—2

(_]_?— rff?

+O(m?) . (6.4)

The general integration domain both in (z,y) and (1w, 2) is depicted in Fig. 6.1, with
the doubly hatched area representing the specilic integralion domain of the formula
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Y w=x4+y

Figure 6.1: Integration variables and limits for the triangle diagram. The region
hatched both vertically and horizontally is the original integration domain for the full
relativistic integral. Tts corners correspond to sub-subleading singularities for M7 = 0,
M2 = 0, m2 = 0, respectively.  Subtraction of the vertically and/or horizontally
hatched regions subtracts the singularities corresponding to M7 = 0 and/or M2 = 0.

above, 0 < w, z < 1. In this domain, the integral is (ultraviolet) finite, and we can
take the limil d = 4 without running into divergences in d — 4. With the [ollowing
[urther delinitions:

1 b odz
Fla,b) = , 6.5
() 3272 j{ Fizy o (6:5)
1 b log Hz)
Hia = 1z i
(a,b) 3%2]& TP (6.6)

we can write the result as

22

o B m.,
G‘ﬁf\’}'(s) = log — F(U 1) — II(U 1) s ((’7)

h
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where the explicit lorms for F/(0,1) and H(0,1) can be writlen as

1 1 — 2z o .
F({0.1 = — - log log — — 27 : ’
(0,1) ios { 08 7 5 + log o n!} : (6.8)
1 _ ‘ . . A7
H(0,1) = _3%205{10552(1 —z1) —log?(1 — ) +log” 20 — Tog® 21 + Tl(;l)

—Li(:—g) +Li(l — ZQ) _ T.-i(l - z‘) _2R? 4?7'1?]0530} . (6.9)
= 1 — = 1— 2z ’

where
. 1 A T -
i 5( _?)$§ 7=
¥ o= ME4+AME, A= AME- (6.10)
and lowt
i 2 lopt
Ti(z) = / dt 6.11
=/ 1= (6.11)

is the dilogarithm or Spence [unction. This is an unambiguous expression in the
physical region for 7K scattering, i.e. for s > (Mg + )% We have checked that
this loop function coincides with the analogous one needed for #7 scattering as given
in [Wi96, KU98| when going to the limit of equal pion and kaon masses. We remark
that in this representation, the Coulomb pole term, ic. the kinematical divergence
at threshold (in the real part), resides exclusively in the term o —272 in the above
expresgion for H(0,1), all the logarithms and dilogarithms turn ont to be regnlar at
threshold.

Whalt we wanl Lo investigale in the lollowing is how this calculation has Lo be modified
in order to igolate the infrared divergent parts of this loop integral in the case where ei-
ther the kaon or botl pion and kaon are no longer considered to be “light”. In the case
of heavy kaon ChPT, the preseription given in [BL99] is in principle straightforward,
but turns out to be slightly unpractical when it comes to the analytical evaluation of
the integrals involved. The reason is that we cannot use Eq. (6.2) straight away, but
have to resort to a parameterisation

1 1—x
= 2/ d:?:] d T, (.12
ABC 0 0 J[(l — a)yA+ (1 —)C) + B3] (6.12)
which, when appropriately collected, yields a representation for G™47(s) of the form

sy = — (f‘:jz (3- ‘f) /0 da / dy (6.13)

1 —1
« Y

4 -
2

[(;r + (1 —2)y)aMsz + (1 —2)yM2) — (1 —2)ys + (1 — &) (1 — -_1,:)?71%_.]3 '
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In order Lo obtain the inlrared part, the x integration has o be extended to inlinity,
or, equivalently, the regular part is given by changing the x integration limits to
1 <& < o, Analytic integration however seems only possible if one transforms the
integration variables to the same set used for the full relativistic expression above, and
one carcfully has to keep track of the integration boundaries. (This can be achicved
by setting ¢ = (1 — )y and w = x + ¢, £ = z/w similar to the above.)

6.2 Singularities in Feynman parameter space

An clegant way to visualise this problem and to arrive at the solntion more gquickly is
given in [LLI°01], and is based on representing the singularity structure ol Feynman dia-
grams according Lo its occurrence in Feynman parameter space. The Lools Lo examine
singularities in F‘eynma.n diagrams are the Landau equations. For an introduction,
see [Ed66, [Z80], this short outline follows essentially the presentation in [LPO1].
IFor a one loop Feynman diagram with / propagators i/{g? — mn? + i€), with momenta
¢; flowing around the loop, combined by [ IFeynman parameters o; subject to the
constraint Z -1 & = 1, the Landau equations read

¥ (qf — -mf) = 0 for cach ¢ | (6.14)

/
Yot = 0 for cach i with a; Z0 . (6.15)

The leading singularity is a solution of Egs. (6.14), (6.15) with none of the a5 cqual to
zero. A solution with one, two. .. of the Feynman paramecters vanishing is called sub-
leading, sub-subleading. .. singularity. Subleading singularitics correspond to leading
singularitics of the diagram with the propagator of the vanishing Feynman parameter
contracted to a point. Multiplying Eq. (6.15) with ¢;, for all j indexing uncontracted

propagalors, one arrives al the eigenvalue problem

I

Zﬁ(qj i)y =10 (6.16)

i=1
for the matrix
Qii={g; @) =2 (m +m? — {g; — qi)g) . (6.17)

where the ou-shell condition derived f1‘01'n Eq. {6.11) has been used. Lor the pion
kaon photon triangle, the maximal matrix 2;; corresponding to the leading singularity
is

MZ s(ME+M2—5) 3 ( My +m3 — q:f()
V(ML 4 M2~ 5) M2 ! (U? +miog?) | . (618)
. (UZ— +m? q,\f) 1 (UZ +m2 — gf) m?
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[or external pion/kaon momenta ¢, /g Subleading singularities can be calculaled from
submatrices with one or two lines and rows erased. Specifically, one finds the following
by solving for zero eigenvalues:

1.

The leading singularity is given as a complicated manifold lying (partly) within

the integration domain. We only mention one particular case for the kinemat-

ical conditions we are interested in, namely that for on-shell external particles,
2 — Af2 v determine " vanichea for

Tk = J'Im, . the determinant of £2;; vanishes for

. _. L om2 m2  m? _
s= My + M2+ 2\/ M7 — e \/Uz- — T”' -5 (6.19)

which is below, but very close to threshold (and coincides with the threshold
for m. — 0). It i1s unphysical as it oceurs approximately for the Feynman
parameter values

T Myt M.

2 .":l’f,—r

2 = vy .o
TOm) - on =3 an

vk +O0(m2) . a,=-—1, (6.20)
with the suggestive notation gz, for the parameters multiplying the kaon/

pion/photon propagators, i.c. outside the integration domain.

. Subleading singularities lie at the borders of the domain (i.c. one of the Fevnman

parameters equals zero), as one of the Feynman parameters vanishes. They
correspond Lo the well-known two—particle cuts and are given as lollows:

. . Mo M.
v =0 ¢2= (M, £m.,)? for a,=+—"1— |, = —————
ax =0: ¢ = (M, £m,) Or O M. xm, % M, +m, ~

‘ _ ” m., My
ar =01 ¢f = (Mg =+ m~ ). for ap = :‘:m r Oy = m )

, M Mg
o, =0: s={(Mp+M)? for ax= i—jt Tt il Un = I :‘f i
(6.21)

All the singularities [or the respective “—" signs are pseudo—thresholds, they lie
outside the integration domain in Feynman parameler space.

Sub-subleading singularities are associated with the corners of the Levnman
parameter space (two parameters equal to zero), and correspond to

Mi =0, M:=0 m> =0 . (6.22)

These sub-subleading singnlarities are depicted explicitly in Fig. 6.1. As they oceur
in the limits of one of the masses involved going Lo vero, they seize o be low—energy
singularities as soon as Lthese masses are heavy. The regular part of the loop integral
that incorporates only the singularities ol the heavy mass going Lo zero therelore has
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Lo be given by an integration domain that overlaps with the original domain in exactly
these corner points. Ior the Lheavy kaon case, one can directly read off from I7ig. 6.1
that the regular part, containing no singularities for M; — 0 or m. — 0, can be
obtained by integrating over the vertically hatched domain in Feynman parameter
space. If, as in the non relativistic theory for A bound states, the plon is also taken
as a heavy particle, the horizontally hatched arca is added to the regular part, as
this containg the divergent picces for A, — 0. Neither the infrared singnlaritics for
m. — 0 nor the 7K cut for s > (Mg + M,)? arc modified when subtracting these
regular picees.

6.3 The regular parts RG/(s) and RGE"(s)

We only show the calculation in detail for the regular part containing the MZ = 0
singularities. Starting [rom Eq. (6.4), Fig. 6.1 makes it. obvious that the integration
Lias to be performed for 1 < w < o, 1 < 2 < 20, leading to

- A (3 —§) peo d.z : g15-2>
RY _ _ 2 .2 - T — a3 2|2
/\1 4 r(s—ﬁ ay
= / Flo)8 (6.23)
which, alter expanding all pieces in  — 4, is lound Lo be
1 1 1 <z 1 log 53 1z)
RO (s) = —— { —{vg — logdxw } — —/ dz
x() 1672 ri—4+2('E o8 ;) J1 f(,z)+32'ﬁ2.1 f(,)
- s
= ([.-+lr)g/\—2) F(l,0c)+ H(1,<) (6.24)

where L collects the divergenut plus some finite pieces and 1s related to the *standard”
L by L = 327%L + 1. Of comrse, the expression associated with the regular part in
M? = 0 singularitics is obtained in a completely analogous fashion and can be written
as

RGE(5) = (L +log 5 )F(—oo, 0) + H(—oc,0) . (6.25)

This is meant to imply RG], (s) = BG (s) + RGE(s), of course. We also write
down the explicit formulace for all functions F{a,b) and II{a,b), and cxpand them in
appropriate variables for the heavy—kaon regime:
s A2 _ A2
= M, O Mz — M2
,n»-"fh’ : 21[".‘ ‘1{!\'
where €2 is of order 1 in the heavv—kaon expansion. Besides, a threshold expansion
corresponds to an expansion in powers of (€2 — 1). We then find:

(6.26)

lf)g —= (6.27)



122 Chapter 6: Infrared regularisation for photon loops
1 1 Q4+ 02— 1 _ ..
3 — ](}g(_+ — ‘)—1+82/1..+O(;f)
BRTML /2 -1 C\Q— V21
F(l, ) R PO W {1-Qp+0(*)} (6.28)
e 3rlas P1— 2 | 3272 pre sy 4
1 . . Z Z
H{—oc log? 2 — log? = L'(—') i (—3)}
( 'XJ,U) 32?(205{ % ~2 o5z + U Zo I 2
1 1 .(Q + V2 = 1) L (.Q - 1)
3220202 | /B 1| \Q— V1) \Q+ /1
log e : 1 Q4407 -1
== —2 20 — ]— n(—)
+{ p Q4 (202 - 1) 18 o
—2log e+ (3 + 2log 1) Qpe + O(,uz)} . (6.29)
1 . . 1= 2 1=
(1, o log2(1 — ) — log?(1 — 2 r..( ‘)—L( )}
(o) = g {log (1 = 20) = Yogh(1 — z2) + 1 (=2 ) — 1 (1=
l v 7 2
= {1-20u+ 00"} (6.30)

We summarise the (ollowing properties of the various pieces:

1. Both [unciions associaled with the heavy—kaon singularities, F(1,x:) and
H(l,x), can be expanded as simple polynomials in g and Q in the low energy
regime, they are indeed regular.

2. The integration domain associated with the M2 = 0 singularitics, in contrast,
includes terms diverging like 1/p and log g as well as complicated non analytic
functions of 2.

These two points lead to one important conclusion: if our main goal had been to
isolate only the leading term in the M, /My expansion ol the infrared singular parl
ol the integral, i.e. the loop integral in sirict heavy—kaon countling, one could have
abbreviated the procedure and directly expand the full relativistic integral in p. Power
counting immediately shows that the leading term lLas to be of order 1/, while the
difference between the relativistic and the infrared singular part is regular in .

3. Neither of these two domains displays any of the special features associated
with the masslessness of the exchanged photon: logwm., singularitics and the
Coulomb pole {i.c. the threshold expansion is regular). These reside entirely in
the functions F'(0,1) and H(0,1).

4. Neither domain includes an imaginary part (lor the kinematical region consid-
ered), the # K cul is unallected.
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In order Lo illustrale the last two points, we give the explicil and rather compact
expression for the triangle diagram with both the M2 and the A% divergences sub-
tracted:

2

" 1 29 1—2z17- me
) = o e 3 (D)
nic(5) A27los 05 21 +log 1— 2 +log A2
1 i me
— log — — 21 ; 6.31
1665 + 1Greos ( 0% 5 ogcr) ' ( )

which is the “minimal” low cnergy representation of this diagram, retaining nothing
but the (photon) infrared divergence, the Coulomb pole, and the 7K cut structure.

6.4 Other domains of integration; infrared diver-
gences, Coulomb pole

We have caleulated the triangle loop integral in all possible domaing and collected
the results in terms ol [unctions F'(a, b} and H(u,b), as displayed in Fig. 6.2. All
the inflinite domains contain pieces that diverge in lour space—time dimensions, we
collect these in terms of L as defined above, [urthermore, wlhen summing different
integration domains, it is useful to note

Fl—ox,o¢) = = : ; 6.32
( o) l67os 32 ME /2 —1 (6.52)
1 ilogo 1 1
H(—ox, o) = — = ; 3.3
A T 32.1-@{ T (6.33)

v —1
These isolate exclusively the picees with irregular threshold behaviour from the ex-

pressions appearing in the relativistic loop integral.  We note that adding up el
integration domains yiclds the sum zero.

_.|_

[% log (_)IIM) — 20+ (292 _ 1) n @(ﬁ-#z)]}

Fig. 6.2 shows how one can quickly recover the logm, terms alone, throwing away
even the 7K cuts and the Coulomb pole, by extending the w integration to infinity
ag compared to the original domain for the fully relativistic expression, Eq. {(6.1) (or,
equivalently, integrate the domain —oo < w < 0). The infrared divergence of the
photon loop is thercfore a sub-subleading divergence associated with the m2 = 0
corner of the integration domain. '

The origin of the Coulomb pole, in contrast, is slightly more dillicult to locate: in
terms ol the [unctions deflined above, il is included in H(—oc, oc) and still persists il
all the sub-subleading singularities are sublracted. As we mentioned belore and as
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(L+log A—Z)‘
x F{—oc,0)
+H{—oc, 0)

—H(—oxc,0)
— (L+log T—j)
x F(1,n0)

a2
mz

log

5

—H(0,1)

(L +1log %) (0, 1)
+1T(0, 1)

— (E-Jrlog %)
x F(0,1)

m2

log =
—1II(1, oc)

— (i+10g

F(1,
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) X F(1,0¢)
+H(1, <)

A;) F(—ac,0)

Figure 6.2: Different domains of integration for the triangle diagram. All entries have

to be multiplied by 1/3272.

can be seen by solving the Landau equation lor the leading (pinch) singularity, there
is a gingularily near threshold for

v
Il

:@ﬁﬂ@{l

which, however, is

272 AF2 9. A2 m2 r
M+ M+ 2 M — M2~

located on an unphysical Riemann sheet [EAGE, 1Z80]. For fi-

m2  m?
4 2

m?2

(6.34)

nite m., therelore, both real and imaginary parts ol the amplitude are regular near

threshold (as is, say, the nucleon—nucleon scatiering amplitude with pion exchange
plus point interaction). However, in the physical case of m. = 0, the singularity
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coincides with the physical threshold and thereby causes the disturbance as given by
the pole in center-of-mass momentum. This is actually very similar to what hap-
pens to the isovector nucleon form factor spectral function in heavy barvon ChPT
ag discussed in Chapter 2.3.2, 2.3.3; the anomalous threshold in the triangle dia-
gram (under different kinematical conditions, at # = 4M2 — M2 /m3,) coincides with
the physical threshold to leading order in the chiral expansion, resulting in a wrong
analytic threshold behaviour. Here, however, the “distorted” analytic behaviour is
physical and is caused by the exchange of a massless particle, not by an “artificial”
expansion around the limit of vanishing pion mass.

6.5 wu— and t—channel

We only briefly comment on the photon triangle loop integral in the w and ¢
channels, as it is needed for the radiative corrections in the charged to charged chan-
nel 7~ Kt — 77 K7, see Fig. 5.4, We discuss this issuc for heavy kaons and light pions
first. The representation given by Eqgs. (6.7), (6.24) for the s channel holds equally
for the u—channcl, with the appropriate analvtical continuations for the kinematical
region u < (Mg — M,)%,

2

N m2 - 1
G () = log 22 1(0, 1) — (L- +log %) P(Loc) — H(0, %) (6.35)

e V%

where
F(0,1) = ! {ho-] — A +IOT'Z—2} (6.36)
T T 3om2ay | P T Z 23 6 2t )

1 . Y S {2 -
H(U, "X..) = —m{]ﬂgz(—ﬁz) — ]Ogd(_z']) + L‘l (;—;) — ]—JI (2—2)} s (63[)

and '(l,o0) can be taken directly from Eq. (6.28). The threshold expansion
Eq. (5.66) then changes to
1

, 1 - My 2 My
GTu) = —— { (L 21 —) —(1—1 h—)} O
i (W) 3272 (M — M) A N2 TR ) T 37, )) T OW
1

. T Hy (. _
= G (u) 32w My (M — M)

My

{i +2log + 2} +O(g) . (6.38)
Il the pion is still considered a light pariicle, G™™(¢) and its threshold expansion
Fq. (5.67) ol course do nol change, but. the analogous G *7(¢) does. Here it does not
sullice Lo subtracl the sub-subleading singularities, but rather we have {o subtract
the KK cut, too (t — 1M% for ¢ < 0 is not a small variable any niore), as described
i the previous paragraph in order to isolate the logwmi., terins alone. We find the
representation and threshold beliaviour

= 1 o+1 /. m?
Cix) = - 16720t log og—1 (L +log pY: )
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1 . m2 y
B W(L +log /\2) +0(q) (6.39)
Vel

where now ¢ = /1 — 4M% /i, We once more note that the infrared behavionr is
unchanged, only ultraviolet divergences are newly introduced.

In order to find the appropriate low cnergy representation with heavy kaons and pi-
ons, no additional work has to be done for the #—channel: the representation Eq. (6.39)
only has to be nsed for G7_(#), too. For the v—channel, however, the distance to the
two—particle cut near threshold is not small any longer, u— (M + M )? FUNEY, w M,
such that we cannol use a crossing—symmetric lorm to Eq. (6.31)%". We therelore
have Lo subtract the cul, too, and use a similar representation as [or the {—channel in
Eq. {6.39),

1 1 1 —2 22) [ e
_ 1 (£+1 ‘???'i)+0 ) .
= e\ s ) ol (6.10)

This completes our study of low cnergy representations of the pion kaon photon
triangle diagram.

6.6 Other photon loops

The other Ltwo Lypes of photon loop diagrams displayed in Fig. 5.1 are deall with
very easily in infrared regularisation. Both can be discussed in terms ol the sell-
energy diagram consisting of a photon loop around a meson (pion or kaou), which
we shall briefly consider Liere. We write M for either pion or kaon mass, and use the
abbreviations

m., s — M? —
M o 2m M

CE

We write both the scalar loop function for two propagators involving different masses
J(s) and its infrared part I(s) in terms of these variables {dropping infinite picces
x L):

1 Mo

¥
e
14 20 + o2

[(SZ + o) loga+ V1 — 82 a.r(t.(:os(—ilj} } ., (6.41)

#1In fact, that representation has an unphysical imaginary part for s < (Mg — M.)?, which
however does not have to bother us: the low energy structure is unadulterated.
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I(s) =

] ¥ ) M 1
— (2 + ) log—~ — =
2 1 4+ 200 + o2 [( +“)(05 A 2)

Q4+ a
+v/'1 — 22 arceos (— ) . (6.42
V14200 + o? l » (642)

(in appropriate representations near the on-shell point s = M2}, The self-cnergy
diagrams are given by

S(s) = {4 (105 - TV()) - A} (6.43)
Si(s) = e {as (I(s) - 1W(s))} (6.44)

where
1 , 5
My — & e ag2 0 .2 N A A=
JU(s) = 5 {(s M*+ m,y.) J(s)+ A, A} , (6.15)
1 , .
Wy [ ag2 . .2 N v
10(s) = {(s=ar+m2) I(s) + A} (6.46)
and 2 ,
, '1 M ) . m;f iy e
A= —log— v A, = o 5 log T (6.17)

(The difference here is Thafr the heavy tadpoles A vanish in the infrared part.) In
addition, we define the regular part of the self energy S(s) = S(s) — %4 (s). Putting
picees together and expanding the resnlting expressions for the self energy around the

on-shell point 2 = —/2 and in powers ol ¢, we lind
¥(s) 1 /. . M o 5 .
M {872 (2 oy ) ~ 3 POl )} 6.48)
2

1 Cx '\
2 — 2 200 | 2+ — —
+ { 52 (l-i— log )\)+16,.+(( )}20(S+.)>+0( 2)

r(s) { cx 5 } { 1 ( Ty ) } ( (_r)
TYe) - +Olo —— (1 +2l O Q4=

+@(sz+g)‘ ., (6.49)
Srs) _ [ L Y IR ooy
(6.50)

Ag the physical limit corresponds to & — 0, we have written down terms of higher
order in o than actually needed, just to demonstrate further cancellations of non—
analylic terms in the regular part. We note the lollowing:

1. The on-shell value of the self energy that leads to clectromagnetic mass renor-
malisation vanishes lor m. — 0 in the inlrared part: [or heavy mesons, the
eleciromagnetlic mass shilt is given, to one-loop order, by counterterms, in con-
trast Lo the [ully relativistic resull.
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2. On the contrary, the derivalive ol the sell energy al the on-ghell point, leading
to the wave function renormalisation factor, is fully maintained in the infrared
part (or, equivalently, the derivative of the regular part vanishes). In particular,
the infrared divergence o log ., is preserved. This could of course have been
anticipated as the cancellation of these infrared divergences via inclusion of
bremsstrahlung cannot depend on a regularisation prescription of loop diagrams.

We conclude that diagram (¢) in Fig. 5.1 remains unchanged, no matter what regu-
larisation prescription is used, while diagram (b) as well as mass shifts due to photon
loops vanish for heavy mesons.



Outlook

In the end of each chapter, we have summarised the various results, such that we
refrain from repeating our findings again lhere and instead rather point towards more
general extensions and possibilities of future research related to both main parts of
this work. The common ground for these different applications is that the theoretical
tools used throughout this work have been demonstrated to finally allow for a model

independent analysis of the many precision data in low—energy hadron physices that are
alrcady available or about to come. We only briefly discuss three particular examples.

Pion photo— and electroproduction on the nucleon.

Much experimental ellort is devoted Lo measuring pion photo— and electroproduction
close 1o threshold. Very precise data [rom MAMI, SAL, and NIKHEF are already
available, further runs at MAMI are planned for the near future. While the description
of these processes has been one of the key successes of chiral perturbation theory
involving nucleons in the past ten vears [BKM96a, BKMO0O1, BKLM94, BRKM96h],
several further extensions are still desirable.

First of all, a calculation in the infrared regularisation scheme would be a natural
extension of the analyses done for the clectromagnetic form factors in Chapter 2,
allowing for another important comparison of the relativistic and heavyv—baryon ap-
proaches.  Recent data for clectroproduction at MAMI [A102] show a scemingly
strong discrepancy between the dala taken al photon virtualities Q% = 0.1 GeV?
and % = 0.05 GeV?, such thal a renewed analysis in the [ramework ol relativistic
chiral perturbation theory is very interesting not only from a purely theoretical, but
algo from a phenomenological point of view.

There is a second strong incentive to perform such a relativistic calculation: in order to
obtain experimental information on clectroproduction amplitudes on the neutron, ac-
tual measurcments always have to be performed with a nuclear target, preferably deu-
terium or *Ile. ChPT investigations of photo  [Be97] and clectroproduction [KBMO0]
on the denteron exist and will soon be extended to higher order such that the single—
nucleon amplitude becomes the limiting factor in the aceuracy of such a calculation.
Moreover, ag the inclusion ol this single—nucleon amplitude involves a Lorenlz boost
ol the same, also having a manilestly invariant represeniation ol this amplitude would
largely lacilitate such an analysis.
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Third, due Lo the high quality of data near threshold, pion production might be an
even niore suitable process than pion nucleon scattering for the extraction of isospin
violating effects in the single nucleon sector. One of these effects, the cusp due to
the #7n to p mass difference, is already included in the existing calculations. Once
a complete one loop analysis of all isospin channels and all relevant partial waves
will have been achicved, once should go bevond that and systematically include all
isospin breaking effects up to a certain order in the chiral power counting. Morcover,
this reaction also permits conclusions about isospin violation again in pion—nuclcon
scattering, as it allows for the direet determination of the imaginary part of the S—wave
amplitude and thus the neutral pion—proton scaltering length, through a measurement
ol the polarised targel asymmelries.

[sospin violation and eleciromagnetlic corrections in the pion form [actor.

Several experiments in the regime of low encrgy Goldstone boson interactions have
reached a level of accuracy that requires to take isospin violating effects and clee-
tromagnetic corrections into account. Chiral perturbation theory, as we have scen,
is the preferred tool to investigate such cffects, as it allows for a consistent treat-
ment ol isogpin violation due to both the light quark mass dillerence and electro-
magnetism. One particularly imporiant topic are the eleciromagnetic corrections 10
the pion vector form factor, which are of great interest for the hadronic corrections
to the anomalous magnetic moment of the muon that we have already discussed in
the introduction (see [MeOl]). While these have been evaluated to one loop order
both in ¢hiral power counting and in the fine structure constant [KMOOb], one should
certainly go bevond this level of accuracy. An isospin symmetric calculation to two
loop order exists [GM91, BCT98]. such that it is a feasible goal to add leading—order
clectromagnetic corrections to this representation.

Hadronic Atoms.

As we have emphasised in Chapter 5, much of the relevance of the isospin violation
studies on meson meson scattering lies in the extraction of the hadronic scattering
lengths from bound state experiments. [sospin breaking cffeets however do not only
enter via corrvections to the scattering amplitude at threshold, there are additional
effects that can only be caleulated within the hbound state formalism. Much work in
this arca has been done over the past few vears, ongoing cfforts include the generali-
sation of the pioninm results to pion—kaon bound states [GS02]. Remaining problems
that are ohjects of current experimental elloris include nd {see [Be02] [or an ellective
field theory analysis) and KN hound states, and while it is obvious thatl these do
not lend themselves so easily to chiral perturbation theory and effective field theory
analyses, it might still be worthwhile to gain an understanding of these processes as
far as possible, and to at least estimate the isospin breaking corrections involved.



Appendix A

Explicit representations for baryon
form factors

A.1 Loop integrals
In this appendix, we define the loop integrals needed in this paper and evaluate them

in the infrared regularisation scheme.

A.1.1 Definition of the loop integrals

We uge the following notation:
]UL, + My = Cg,u. , p:;. — Py = Yy t=q" .

Deline the [ollowing loop integrals:

1 ¢ d% 1 _
- /I : - A, (A1)

i 2)d M2 — ;2
1 d% 1
- _ = J , A2
7 /1 (2m)d [M? — k2|[M? — (k + ¢)?] ) (42)
1y dik Ky 1 '
4 _ _ = ——q.J(# . A
7 /1 (2m)d [M? — k2|[M? — (k + ¢)?] 2% (@) (A.5)
1 / ddk k;.r."i“:f.» _
i Jo m)d M2 — R [M? — (k+q)?]

(q,r:.qy - ,q;f.pf‘) J{”(f) + gﬂ@u J{g)(” E (F\_l)
1 ¢ d% 1 '
L - — = [{pY) . Ab
i (20 [M? — B2][in? — (p — £)?] ®) - (43)
1 A4k k 2

? = p, d00Y | (A.6)

i Jr () (M2 — K22 — (p— k)]
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o : Lt 1) (A7)
- = It p.p") | A7

i (27 (M2 — E2][m? — (p — k)2][m?2 — (p' — k)?] 123 Ps 1 ’ f

1 i ddk k; . {]J . .

_ + — 0 I 2‘ A2

i /; (27} [M?2 — B2|[m? — (p — k)?|[m? — (p — k)?] 2ubiz (877, 17)

g I3 6P, (A8)

1 ddﬁu ‘il“'p,ku (3} 2 2
Z : : : = g, I (t.p°. P~ ALl
i /f (2m)4 [M? — E2|[m? — (p — k)2 — (p' — k)?] e 11 (P 27) (A-9)

+QF"QV }—Ej) (f p23 pm) + g.”-qv ‘rij) ([’:pgzpm) + (QHQU + QUQ.H-) ’r]g)(!a pzap!?‘) ;

l/ dik 1 ) (A10)
i Jr (2m) (M2 — K2 [M2 — (k + ¢)?|[im2 — (p — k)7 = inld,p1 . A
1 d? k, ' \
— i _ _ ¢ i _ = Q, }r? { 2\, 12
i [r (2ﬁ)d [Mz — k_-z][;wz _ U’f + q)f][mQ —(p— k)g] Qg. _,1( PP

o 5 7P o (A1)
1 d?: kk o
i ; w Iy (197,07 Al2
" £ (Qﬂ')d [JIJ — k’z] [in _ (k + (;)2][_},..,,!,.2 _ (p . k)z] G 21( PP ) ( )

+QuQ TS (L% D) + gu TH(L % 9%) + (4,Q0 + Q) TR (L9707,

where [, symbolises loop integration according (o the inlrared regularisation scheme.
In the case of equal external on-shell momenta p? = 2, we shall sometimes use the
simplified notation /{3 (t,p?) = 1'-]{;} (£, 0%, %),

A.1.2 Reduction of the tensorial loop integrals

The reduction of the tensorial loop integrals Lo the corresponding scalar ones can be
performed in the standard way. For all form laclors excepl for the A — Z¥ {ransition
we have the simplification p? = p. Tn this case, the tensor loop lunclions ffj}(i,pQ)
and L(g) (t,p?) vanish on symmetry reasons alone. When applying power counting
arguments, many of the terms proportional to (powers of) p? — p'2, p? — m? cte. are,
strictly speaking, of higher order and could be neglected, we prefer, however, to give
the kinematically exact forms here. As useful abbreviations, we shall employ

SR e S - o2 2 22
M :;—(ﬂ-'f + —m) \ P=; (-p +p ) \ Apt=p* —p

2
p:\/p;_._ pf:\/j;.

/P, in our case, are really the masses ol the {incoming/outgoing) external haryons,
whereas m is the mass ol the intermediale barvon state. Nole thal we use the sloppy
notation Ap* for (Ap?)%, We find

1
Wd—1)¢

b

JE = {(t —13)00) + 24}, (A.13)
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J2) = %J(;‘,) - % : (A.14)
) PP
MY = %ﬁp&ruﬁ)+a}, (A.15)
5 1 Ap? Ap? ,
B = i ){(1 = =)0+ (1= =) e
- A ' Y
(4_.11” — Tp) Ilg(t,p‘,pu)} . (A.16)
. 1 ) .
(2) g 2 2y _ B I o A 17
L (807 p") 1 (1 1 %ﬁ){(lp t) (10" - 1)) (A.17)
AP {r( %) 4 1(p?) — (45" — T1%) — 0) Tt 22, -pfﬂ)”
I(?’} NV S 1 AT . 21}2[(1) VN i)?-[(g) W2 12
(0P = S ML Pt ) = 2ME D (8 7 p) + = () ¢
(A.18)
_E'L:L} IL L2 g2 _ J‘ J‘ ]U_{‘ZJ 3 t 2 2
(HUHU ) - _1}‘)2—;5 Ap d—2 2k 12(‘3}) P )

~ 9 s Ap? 5
—2(d = VAPIY @5 p) + 18 057 )]

(o2 o) -
?gj {Af (1427 +f) 19 2,97
(411’2 )ff))(fp pu)]}
190 ph Y = — — _ {43) [3,1'2 Lot 0% — 201210 (1, )
1,(4;;»_1_3_;:) d—2
Aj (g— DDy )]
) (;{1 () + ,r(l}(prz))
- 7 ( (7" - 112)4)1{1;@ 207

Ap L
((4,5Z 112+T)I(2)(f,pﬂp“) , (A.20)

. 1 A%y Ap*yN o b
7% tpt ) = ——— (4 5¢—t 4+ — )I[.'} t P, p't
12 (6% P e PR ) b Bt
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Ap?
Hd - 2)

d — A : 7 Af : 12
+TAp2.TE§)(!,?p2:p2)} . [( (p —1!3)—1) T8, % p?)

{szu(f P2y — 231 (1,02, p)

Ind — f ‘
+ F(10 +f“)<;o”‘ } (A.21)
1 Ap? .
[ 7y = —< 2J({ —(l—l— )T(pz)—(1——)fp'2
l(pp) 2(4'{)2—13—%;&1){ () t f ( )
+ (—lﬁ‘) — t) L (7, p2_._-p"2}} . (A.22)
Ap?

o 1 ) .
Ig‘l (t:pdspu) = _§I2l(tspdspu) + 2 (4272 / $p4) {2 }r ) (I(p ) + 1 })EZ))
' Tt T

1p* — ¢ 2 ” RYe 2 A s
-5 (7%) = TW™)) + (407 = 1) T (1,07, 07) | . (A23)
1 o o o ) 5
INE v ?) = “2d—2) 2){1(1)") — 28 Loy (#,0507) — £ 15, (807, )
+ (-—'lﬂ.ﬂ-fz — i+ Apz) 13(5,3)2,3)'2)} , (A.24)
§ 1 1 . ; o
_{QQ - . 2 — : I:J:' af2y 2;‘121 t,' 2‘, 12
(t,p ..IU) 2(4}_)2—15—AE4) d—9 (") 21 (t 07, 07)

—t (0. PP+ (d = 1) (41{3 — i+ Ap® ) ZLU r.r )}

—2 (10 () + 10 )

2
_Ap? APPN o AP oy (1) (12
e { (t) — (1 - T)I(P )= (f (r") + I (p ))
~ (422 —r) I8 2 )
+(H— ; (4_.1-1-»—a+5;f))r§(a,;ﬁ,;f~)]} : (A.25)
WY = — L {41‘" [2((?— DI(W?) + AM2 L (1, p*. )
4 (4p? — -2y | d

—(d =2 (1Y) + IV G +20d - D15 (0%, p)

- _\ 2 .
—2(4_.1.-12 — [+ A-p?) fﬁ(t;pz,p"g)] 2P {(4;32 — DJ(1)
—(18” = t+ A ) L) + Ap” (1O + 1D (™)

2p?
—((4p* — ¢ (4‘&2 — ) + 4p2Ap*) I (1, 97 p” (A.26)
21
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l { -2 2 72
— 497 — 1) J(1) — (49> — L+ Ap*) I{p
2(4})2_t_é?){ (@4p” = 0J(1) - (4 ) 1(0%)

— ((17” = (1AL” — ) +19°Ap) 1, (2. 1%, )
+ (5(4132 — )= Ap? (4.-17)’2 — i+ Qp2)) 50, % )

=2 o — ) (1067) + 1)

{(d 3T + 2M T (4, 7%, 0) + (d — YT (L 5 57)

fg?(i, v pﬂ) =

Ap?
(d—2)i

_ (4.1”.-”{2 — [+ Apg) iﬁ(z,p?,p’z)” ) (A.27)

_|_

As the expressions for the tensorial loop integrals simplify drastically for the SU(2)
form factors, i.c. one has only one heavy mass scale p? = p? = m%, we write out
these simplilied forms explicitly. As mentioned above, the loop lunctions rfi)(z.,p’f)
and L(g} (t,p?) alrcady vanish for equal external on-shell masses p* = p?. We specify
the notation M — A, A — A, here.

. 1 . ‘
Iﬁ)(.m,f\,) = 53 {i\-i’ﬁi'(-m-?\-') + AT} . (A.28)
2%
. 1
190 md) = o {Imd) + M2 ()} (A.20)
oy —F
: 1 .
.TE)(I,: my) = . 9{?12([,: mar) — ffé)(cf, 'mi:)}ﬂff;f , (A.30)
0 1 , SN
15ty = (0= 9) (a2 — ){((d 15 (8 m2) — Lot m;\.-))Mﬁ
{—2
4 5 I(')(v'n?\r)}, (A.31)
1’{5] i— g 2 — l J_(U-J f ; .‘2_ _J.J' '1'[ - 2’ 1112 o (I[— 2[(1] 4 % .32
1o (T, 1) BT, (t.m) — Dot m3) ) M2 5 (myx)e , (A32)
IE(t.my) = FErTa— _f){(zﬂf; — )Ly (£.md) — 20(md) + 2} (A.33)
'.."\‘I_ B
- 1 ;
1§ (t.m3) = —5121 (t.ins) (A.31)
. 1 . .
I0(t.m3) = m{ﬂ(mf\,) (AM2 = 1)Ly (t.om3) + 202M2 — HIF (t.md) } |
. 1 oo , ‘
e mi) = 1(d — 2)(1m3 _t){ﬂ('m:@ = 2(d = 2)1 V() (A.36)
A
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—(AM2 — ) Lo (£, %) 4 2(d — 1)(2M2 — )15 (2, ‘/nf\,)} :

‘ 1
13t m3) = m{—Z(d — 3V (%) + 2(d — 2)1 M (%) (A.37)
—(4’1;’3 (d—1) ),TQ] (L, m%) +202M2 — IS, m?\.-)} ,
; 1 ¢ o
IR mi) = —§Iﬁ(t: M) - {A.38)

A.1.3 Scalar loop integrals

The scalar loop integrals, for p? = p™, arc found to be

. 1 M
A = 2M*{L ~log } : A39
T lom BN S (4.39)
M 1
J{t) = —2¢L 1 1+ k() A0
() {’Lm. "”/\} Tz (L) (4.40)
) 212 1 M1 P2 — A Y
Ilp) = — - {L + Tom2 (log S E)} - &,..—zpz aArecos (_ﬁ)
Ti2(t, 0% f(t )2){r ;L (IO' M, l)}+ (t,p%) (A.42)
= — T — — ( ) R B L
1246 P I 162 12 N 5 162 g\ z :
I} B = f.p? {,T log — —)}
21{t,p7) (L. p7) —|‘]6,TQ_ Oo)\+2
32 — (hl(f P+ 2 (pz—ﬂ;'z) h-_)_(t,p?')) .
where . contains the inflinite parl. according Lo
M1 , .
— 167."—*{(1 1 + = (,L —1-1log 47)} . (A.44)

and the following loop functions have been reduced to at most integrals over one
Feynman parameter:

1
ol = log|[1 — {1 — = olog -2 =
k(L) ‘/0 0;_,( x{ J)UZ) alog— , C

. 1 dr 2 ag+1
t.‘. ‘ - / : - — ]. T =
ft.p) o p?P—x(l—x)t 5t BF 1 7
T2 gl a2
M= arceos ( PYNY .',)

Y = 1 dxr
g{t,p%) A (p2 — (1 — ) t) \/‘q_.;rz(pQ —2(1 —2)t) — A
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gl — a(l — z)t/ad?)

ho(tp?) = / d A8
v (Ep7) T p'—:l?]—;z:)!.. ( )
RPN S M el a)t
hao(t,p*) = / ' du'('%( V(p—e(1-a}t) (M2 —a(1-2) t))
2(, 0 ( 2 —x(1—2x) c‘.) \/-;'?'12(‘1?’2 — (1 —2) 1) — (M2 A2)2
(A.19)

The generalisation to p? # p™ is simple in principle and can be achieved by replacing
p? by 2p® + (1 — 2)p”? everywhere in the above (which is understood to be done under
the 2 integral).

For the SU(2) calculation, the scalar loop integrals (involving nucleon propagators)
can be slightly simplified in terms of the parameter @ = M, /my to read

I(m2) = —p° { = (log - é) } - % arccos(—g) . (A.5D)
La(t.ms) = —f(t -mi-'){L + 161;. (108{# + %)} 161 ——gltomy) . (A.51)
I (4, -;-'?'1.?\.—) = [, -;-?'?..?\.—){f + ]61 5 (log i+ %)}

t353 (h1 (1, mae) + ma(2 — 1) sl m?'\.-)) : (A.52)

and the loop functions g(¢, m4.), Ay4(t, m%) can be written in terms of dimensionless
parameters 7 = t/m%, 8 =t/M? as

ArCeos (— —L— )
2. l—x(l—x)'r

‘ [T ‘

g(t,ms) = —— / dr . [AB3)
2mi Jo (l—L 1—x) )\/l ————— z(l—x)7
‘ 1 log(] — (1 — ) 9)

htomd) = — [ dr— A54

1t my) m% Jo T {1l —-x)7 (A.54)
e B ;4(%—:{:(1—:::)6)

1 a,lcc.os( Jl—e(l—2) 7) (Ll—x(l- :-)0}) (A.55)

1
holt, m?,—) = — / dx
) Jms o (l — (1l —x) )\/l ‘”2 — {1l —x)#
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A.2 Form factor contributions from separate dia-
grams

In this section, we give the contributions Lo the Dirac and Pauli form (actors Fy{{),
15(#), respectively, coming from the various diagrams shown in [fig. 2.2.

A.2.1 Kinematic structures of loop diagrams

['irst, we show the basic kinematic structures of the different loop diagrams, which
have to be weighted with various cocfficients for different particles and different inter-
mediate states. Ilere again, we display the more general case that allows for p? £ p.
The following expressions contribute to the Dirac form factors F1{s), where the sub-
seripts “47 in E; refer to the diagram numbers in Fig. 3.1:

F = 4;2 {A +(p+m) [(p —m) I (p*) —p i“)(pQ)]

+(p +m) [0 —m) 1) = T ()]
((p —m){(p) —m) — ﬂefz)fm (£, p*. )

~2(2pp — (p+)m) IR (4, 0%, p™) + 2115 (1,7, )

+p+m)' +m)

F2(p + p)PY (8%, p?) — 2007 — LD (#, :;0”)} } ;o (Aa6)
1 5 __
Iy = m{t.ﬂ”(ﬂ —(p+m)p +m) [(p + ') (p— m)Igﬁ (t, 0%, ") {A57)
—IV . pt ) — (p+ VI + (0 - POt )] }
- L fon ot ot [l — oo Tla2) oy 700 2
I, = ~ 15 {ZA + (p+m) [(p —m)I(p*) —pI'(p )]
+(p' +m) [(p’ —m)I(p'*) —p' IV (p’z)] } : (A.58)
1
}:g D2 A ) (:X )})
f
Fo = & JU (A.60)
p+m)(p +m)

{(p +p - 2-3'71.)f(lj(f P2 %) = 2(p+p) ffi)(i.?g)gjpﬂ)

A Ijg)(f.?p?:p'?)}} Y

{mF?

The kinematic structures of the various loop diagrams contributing to the Pauli form
factors Fy(t) are given as follows, again referring to the numbering in Fig. 3.1

(p+ P Mp+m) (@ +m)

J_{r -
3] 4 P2

{(p +p 2y (R 0% — 200 + PV (4, 17, 0
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—(p— ) [13 (007 0™ — 203 (8., w’2)]} . (A62)

p+p M p+m)p +m 5 , 5
My = A )(p2p2 i ){(P —m)I3 (57 p%) — (0 + ) R0 (7 )
+p—p) fg?(i,p2,p'2)} ) (A.63)
I o v 2 (1) /.2
My = - {A + (p+m) {(p —m) I{py—p I {p )]
+(p' +m) [(gf —m) T(p?) — ' I(”(p'z)]
+(p+m)(p +m) {((p —m)(p' —m) + .-"u-fz)flg(t,_ 7. p7)
—2(2pp’ —(p+ p’)?‘n) T2, 0% — 418 (1, 9%, p)
—2 ((p —p)? - I,) 19 % 0 — 219, p% p?)
+2(p* — pI}Y (t:pzrp"-")]} : (A.64)
. p+y
My = — A A.B5
5 4m F? ' (A.65)
i = W o

We finally spell out the loop contribution to the baryon Z factor needed for wave
function renormalisation up to fourth order:

pl .

1 p? —m? 2 — 9 : : 2 : Vo2
zZ = ﬁ{ppizm A+ {U; — ppizm(mf — ﬂff‘")] I{(p?y — (3p* — mH) I (p?)

—(p+m)’ ((p —m)* — ﬂfz) [Iu 0,p%) — 2I)(0, pz)]} (A.67)

A.2.2 Heavy—baryon expansion of loop diagrams

In thig section, we give some more explicil resulls [or the diagram contributions shown
in the previous secltion, namely expand them according o the heavy—baryon scheme
and up to linear order in ¢. It is obvious from the formulae what higher terms are
neglected, so we allow our notation to be a bit sloppy about these; all diagrams are
given up to orders A% and £M2, both higher orders in M and ¢ are dropped. Also,
we drop the infinite parts, and only show results for the simplified case p? = p™.
We will use the abbreviation & = p(m — p)/M? as a quantity of chiral order 1 that
characterises the barvon mass splitting in the loops.

A2 M 37M /1 AM?2r3
F. = 1 log — — (= —§) — — | = — 64 + 55’ A.68
T 3R { Falog = (2 () P [2 - (4.68)

" . M t M
+ (2 — 94 + 6(52) 10{3,‘7] + F(l +8]0gT)} +...
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Ly = 3)”‘{;3 {1 + 3log % — hif() — 65)
—%{2 — 76+ 507 +3 (1 — 45 + 26%) log ;} }
%8—1 ’F {r’ + 10 lt)g‘% — )’rjf({ — 28)
2 1{2 [1‘3 — 266 + 56° + 6(1 — 38) log 1—\1} } +.o.. (A.69)
E; = _#f‘;zp{? + ;; [1 — 28+ 2(1 — 36) log %]} +. {A.T0)
Ly = — lbl{;z log % : (AT1)
L, = M):;ZFZ log 1\‘{ #(1 +2log %) S (A.72)
F = % log t\j (A.73)
My = —o T;Q{l og % - "4; — 49) — —[1 — 38 + 267
+2 (1 — 15 4 26%) log Tf] + % log f} SR (A.71)
My = H:;QFQ {1_}? +1—3+2(2—4)log 1\; '2}; (%" — 83+ 5'—’)
—{Lﬁ {(1 — 20)(8 - 8) + 12 (1 30 + 40%) log %} }
_W%P{%—% (4—6+6]0g¥)—ﬁ2f (mT‘)—wa—a) (A.75)
—% [13 — %ﬂo +96% + 8% 4+ 12(2 — 38) log %} } + ...
Mo = { ~log S+ S Ee[ER (A76)
+ (1 =38+ 26%) log %} + 6_;,_,_ (1 — 6log %)} + ...
M, = - 1()::2;3 log % ._ (A7)
My, = 15;_2 log {\I T ’F (l + 2log %) +... . {A.78)

In these expressions, Lhe increasingly high powers ol ¢ might seem worrisome [or the
following reason: As will be writlen oul explicitly below, the form faciors of BF
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contain #=A intermediatle states, [or which ¢ becomes

ms (s —ms) g — 1

> = E T

(A.79)

in terms of quark masses, i.c. there scem to be chival ST(2) singularities (for /i — 0,
but m, fixed) of higher and higher orders. This puzzle is casy to resolve in this
relativistic framework, where one finds that these “eritical” powers in ¢ stem from
expressions that have an ill-defined limit M < [p — m/|, of the form

a.l(..(,oa( Mp) sy m) (1.1(,(,0:«,( v )

M2 — AR p? VM2 — (m — p)?

It is obvious that the arccos cannot be sensibly expanded in (m — p)/M (which is
formally of order /my) if M < m — p, such that one has to make an analytical
continuation first,

arccos (”’;p ) 1
\/‘n'""‘f = (m—-p)? \/(?‘n —p)?

which approaches

— {log —— —imfh(p — m)}
p—m 2|m — p|

or M < |m — p|, showing that this loop contribution really diverges logarithmically
only and can be seen to be subleading evervwhere, e.g. vielding a log M, divergence in
the maguetic radius (compared to the leading 1/M, chiral divergence}. and reducing
the log M, divergeuce in the electric radiug to a non divergent termn,

M 20m —p
3 — log %

log

We wish to emphasise, though, that in the real world, the ratio (my: —my ) /M, 22 0.55
is not large (duc to the particular smallness of the low—cenergy constant controlling
the 3 — A mass splitting, b, = 0.06 GeV '), and an expansion of the arccos, though
not particularly (ast converging, can be done.

A.2.3 The octet form factors

In order to write down the contributions of these diagrams to the various form factors,
we use the following notational form: E, (@, B) denotes the diagram E; with the meson
¢ and the baryon B in the {virtual) intermediate state, i.e. in the above lormulae lor
the kinemalic structures ol the diagrams F;, one has 1o sel M — My and m — mp.
The equal notation applies to magnetic contributions M;(¢, B). For the tadpole-Lype
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diagrams Fgq, only a meson state has to be specified. p/p’ are ol course given by the
mass{es) of the particle(s) whose form factor is considered. One peculiarity concerns
diagram FEyy (M), where the maguetic coupling of the vector current allows for a
A — X" transition in the virtual intermediate state. Basic svnunetry considerations
show that, for all form factors with identical in - and out states, a A—3%and a BV — A
transition yicld the same kinematical structure, such that contributions of the form
Ep{é, AT) comprise the sum of both such diagrams. However, this is not the case for
the A — X transition form factor, such that in this case we have distinguished hetween
the different orders in the intermediate state and written Ejg(7, BA) and E\o(5. AY),
even though the baryon mass dillerence in this (fourth—order) diagram is in principle
bevond the order we are working al here.

The Dirac form factors Fi(t) are given as follows:

| 110
F'(ty = Z_.-\r—Q(dler(l;Z)t

3
.

. 1 .
+ (D4 FP(Bs = 20 = 2B)(m, N) — (D + 3F (B, + Eq)(K, A)
» ) 1 ‘ )
(D~ F)(2Ey — By — E)(K,5) + 3(D — 8FEx(n, V)
+ (Eg + Eg)(’ﬂ') + Q(Eg + E{;)(I{)

5 : L1 (
— (D IV — b Eve(m, N) — 5(,l_) +317)20F Ev (K, A)

_ 2
+(D — FY* (0P + 28 )E (K. %) — §(D — F){(D 4+ 3F)WYEL(K,AD)
1 , ; .
+§(D — 3F) (b + 36 VEo(n. N} . {A.80)
_ Ad
HOBE S

+ 2(D + FY(E5 + Es + E7)(m. N) = 2(D — F)*(E5 + Es + E7)(K. %)
— (]“:13 + ]“jr;)(?l_) + (Fg + Eg)([()

+ 2D+ E) b Ep(m, N) — G(D + 3P E (KL A)

X . ) 9
—f—(D — F)_(bé) — 2]};2 )El[)(.ﬁ, 2) =+ §(D - F)(D + 3FJ])éJEJ_(](]\: 4\2)

—

2 .
—5(P - 3PV Fioln, N) (A.81)
2102
3
] bl ks b

Fit) =

1 ‘
—5(1) — 31NV (Es + Eg + E) (K, E)

4 . 1 ; ' o
+ 3D Bu(m. X)) — (D + 3F)*(bg’ — 365 ) E1o (K, N)
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—0

()

+

_|_

_é(n —3F)2 (b + 36 VE10(K,Z) — gDzbé’Hm(n, A) (A.82)

d102
Z‘r — 2(()’101 J_; ) i

| 4
'—_LFZ(E; — Eﬁ — ET)(?T._ Z) — gD‘(E(, -+ E}')(‘ﬂ" 4\)

, ) AU S
+2(D — F)?E;(K.N) — 2(D + F)*(Es + E;)(K.2) + EDZ‘E;,(-;;., )
2(E3 + Eg)(f‘f) + (Eg + Eq)(}{)

4, 4 8

—r‘z(%f? + 3bg VEg (. ) — )Zb”f;m(,., A)—3DE b Eyo(m, AX)
+ (D FY2 (b + 3bEVEo (K, N) — —(D+F) WP (K, =)

+§D2(bé’ + 365 ) E(n, D) . (A.83)
2(202?"
(D — F){Ey+ Es + E)(K.N) — (D + FY(Es + Es + E7)(K,E)

8 A" - -~ 1 y 1
gi" b Eno(m, X) — 5925?&0(?, A)

1 _.
——(D — FY*(bP — 3b5VEW (K, N)

3
1 , . R S

—E(D + F)2(bE + 305 VEo(K,B) + GD-'bé’Em(-r;, T) . (A.84)

—Z\‘j + 2(0{101 - dg{m) t

AU (B, — By — £ (r, 4)+ Lk + By )

) o S S
+2(D — F)*(Is + Fr) (K. N) = 2(D + F)*Ly(K, Z) — £ D*I5(1. %)

2 Exy 4 Ey) () — (B + Ey)(K)
%FQ(ZI Y — 3V Fo(r,T) — —Dzb’ Fuiolm, A) + 8DFI) ’ Fio(m, AT)

4
—5(9 — IV B K, N) + g(Jif_) + IVA(bE — 3bEVEr (K, 2)

+—)Dﬁ(bg’ —3VE(n. D) (A.85)

1d‘|0)
3
(Es + Ey)(m) — (Es + Ey}(K)

9, F g 1 N2 D e e
20D — IV Erg(7,E) — —9(1) — 3FVHY (K, A)

{
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H(D + FY + 26 Eyo (K, S) + é(n + F)(D = 3F)P Fro( K, A)
2

—6(1)+31-‘)2bg’f_«,‘m(n, =) . (A.86)
o)y = 7= +2(d1m - %)f

o — 1 s .
- (D - F)_(E5 - 2Eﬁ - QET)(T'T, :.) =+ E(D - :SF)Q(Eﬁ + E?J (I\J\)

1 .
—(D+ F)(2Fs — Fs — F)(K,Z) — g(D +3F)Es(n, )
— (Es+ Eg)(m) — 2(Es + Eo)(K)
_ , o1 . .
— (D —FY*(®2 + b E (7, B) — §(D — 3FVHPE (K. A)

‘ . 2
H(D + FY2(hY - 20V E (K, %) — D+ FY(D — 3F)0Y E (K, AD)
1 ,
§u) + 31V — 365 v, 2) (A.87)
\/gF_le“ (t) = —2dygot
— 8DF(Fs+ Fs+ Fo)(m, T)
—(D — YD+ 31 (E; + By + B7)(K,N)
+(D + F)(D — 3F)(E5s + Es + E7)(K. =)

+

. 1
— SDFE)E: Em(?l_: E) + EDQE)E{»)EJU(T‘—‘E\)
—(D = FY(D +3F)(bf + bE )Y Eio(K, N)
_ : 4
—(D —3FY(D+ F)(bP —bEVEo(K.Z) — EDZFJBDEN(T}, AZ) . (A.88)

In the same way, we show the results for the Pauli form factors Fy(t). We noted
: . 1305
that the lowest order coupling constants for the anomalous magnetic moments, b5,
L . . , . sDIF
receive quark mass renormalisations by the lourth—order couplings b , such thatl we
_— TD/F DIF | o o o\ EDIF .
shall employ the abbreviations by~ = by'" + 2m (2M7 + M2) b as in Eq. (3.9).

Note, however, that it is fully justified to set bé) N bé) ™ for the fourth order loop
contributions,
1P = ﬂ(’i 4 F ) Ly
mo\ 3
. . X: 3 . X
+ dmy {(Uﬁ — M%) (r.}:l + (}Tj — —;) + Mj (0-52 + ”—:H
1o T
+ Q[riwl + % + 2my (m + %2')] t
1

+ (D4 FP(M, = 2M5)(m, N) — 5 (D + 3F)PMy(K, A)
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(D — F)2(2Ms — Me)(K,S) + %(D — 3F)2M5(n, N)

\2 _ N 1 . ’
— (DY — b)Y Mg, N) — G(D + 30?05 Mg (K, A)
+H(D — F)’ (b + 2b{ )M p(K, %)
2
—E(D — F)(D + 3F)bY My (K, AT)

1 : ‘ .
+§(D — 3FV(bF + 36y My (n, N)

(b5 + b, )My (7) + 2b5 M1 (K)

21 + by ) M () + (by + 4b) )M (K) (A.89)
”r’r : 22‘" Ty — %m\ (M2 — M) (200 + ) + 2ME v

— %[rﬁ' e + 2771._,.\.-7]2] f

+ 2D+ FYA (M5 + M) (m, N) = 2(D — F)2(Ms + Mg)(K, %)

2(D + F)2bL Myo(7, N) — 1(J_) + 3F)2E Mo (K, A)

+(D — FY*(bP — 265V My(K, E)

ém FY(D + 3F)b Mo (I, W)——(D—%P)% Muo(, N)

— (B + )My (m) — (F — B YM(K)

+ ot

F3()

— (b]@ + ii)n);u-rg(n) — Z(bm — {)11);'1-;?1‘2(1\") . (:\90)
| W4 _.
By = —%%z\ — S {(8;1-# 5712 ) L (M- MDB

— i—|:a|.r-|02 + 2-Tr1,,.-\?}2} i

1 |
+ 1D 43P (M + M) (K, N) 5 (D = 3F) (M + M) (K. =)

3
+ §Dzbéj ;'1'2{1(] (T‘n", E) - §(D + :?)F)'(b - :5]){5‘.);1{1[}(}'{. .'N'r
1 >
—5(D - 3FY(bY + 3bf )M (K, Z) — D?b”um(n A)
— b!)-i;rn(h)—gbmlflz(;r\) N (—\91)
. b2 9
R = (% + b;j) Zy + dmy; [w (ag + ‘;‘) S = A,
+ 2 {dm] + % + 2ints; (?';1 + %)] t

1 . .
+ AEP( My — Mg) (7, %) — Ez)zguﬁ(ﬁ, A+ 2(D — F)Y’Ms (K, N)

_ 4 .
—2(D + F)*My(K,Z) + 592342,(7;, )
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Lr2i0mh | arky 1, T 12,04, 8 12 34 S
+ §F (23}0 + v)hﬁ )J"fm(?l"; _‘) — gD E)G ;'1’[1()(71"; \) — EDF'Z)O :'1*‘[10(71"; '\,_.)
+§(1) — I + 3V ML (K, N) — §(,f_) + IV26P Mg (K, 2)
4 :
+§D2(f;§’ + 365V M o(n, D)
+ 2 My () + (B 4+ BEYAM L (K
+ (hq + 4b|]) Fi'f]')(?_l’) + Q(b'm + b'[ '|).-']I-’f—-|2(}'\r) s (“‘\92)
-0 Hly‘ f) 1 e g 2T - 2
Fr) = o =7+ 3 ["1--';’§(1-..1 — (ME — .-"l-'ffr)ﬁ-,] + g[dmg + 2'-’?12'-’}2} {
+ (D - F) (M; + Mﬁ) (K, N) — (D + F)*(Ms + M) (K, Z)
8 .
-+ ngbé)ﬂJl(] (Tl—:. E) — gDzbb Jfl[}( )
—%(D FY2(bF — 3bf )Mo (K, N)
1 4
—5(D+ EV2 (B + 305 )M (K, ) + 5D2b§3Mw (7. 3)
+ b{?ﬂ»{ll(j—\,) + leuﬂffu (IX—) P (:X(J:i)
5 s r’U e 5 ¥y g
Fy (t) = (—3 — i)Zg — dmy {Mﬂ (nz - —;)—F (M} — M35
I .
dyg
— [dwl — T + 2y (rgl — %3)] 2
4 ‘
— 4F*(M; — M) (. )+ DZ Mg(m,A)+2(D — F)*My; (K, N)
4
—2(D + FY?M(K,=) - —D Ms(n. %)
1, 8
+ SF(2b) — 3b) ) Myo(w,T) — §D 208 Mig(m, A) + §DFb;J,1.-fm(m AY)
=) . .
—g(p — IV My (K, N) + g(,z) + IV (bE — 365 Y Mo (K, E)
4 :
+5D-’f(b£ — 365V M (1. 5)
— My (7)) + (B — bl M (K
— (by + M Y Mo (m) + 2(big — b)) Ma(K) (A.94)
- 207 4 : . , .
) = D2y + oms [(ME = M2)(20 - ) — 2Ma]

mo3
%[dmg + 2"”'1-5"!}2} t
2(D — FY*(Ms + Mg)(m. Z) + 2(D + F)*(Ms + M)(K, %)
(D — 3F )b Mio( K, A)

K.Y

[ =l

2(D — F)?hgﬂffm(w, E) —

— 0
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i D4+ FYD = 3F)) Mip(K,AS) — —(D+ 3FY2DE Mo (. 2)
— (B = M () — (B + B M (K)
— 2(!{?10 - b]_l)ﬂ-flg(fl) - 2(!131[_} + bll)ﬂJlQ(I() . (4”\(}5)
o - (% i)z
(1) = m\g  8)%E
+ dms {(ﬂfﬁ, — M?) ((.1-:‘l — 2 — —l) — M} (0-52 - E)}
: 3 3 3
d
_ {fﬂm — % + 2ms= (m — %)] 2
_ 1
— (D — F)*(M; — 2M) (7, 2) + %(D IFV M (K, A)
—(D + FY*(2My — M)(K. %) — §(D + 3F)? M;(n, 2)
: 1 ;
— (D — 1?6 + b )Mo (m, Z) — 50— 3IYAHE AL (K, A)
(D + IV(6E — 260 ) Mo (K, %)
v
_§(D + F){(D — 3F)P M, (K, AS)
1 ; . —
+5(P+ 3F)* (b — 3b¢ YMyo(n, E)
+ (B — WM () — 2b5 M (K)
+ (b][} — b]]) U’]z(?l_) — (bq + 1{)11)‘1_{’12(1\’)) (:\96)
V3 Fc_;"\xn(f,) = %b ZaZv 4+ 2(my + n-z.x).-”l-'ffra,] + 2[(3.102 + {(ma + ?'T?-)_})T}g] {
— 8DF(Ms+ Mg)(w,Z) — (D — F)(D+ 3F)(M; + Mg)(K, N)
H(D + IVD — 3V M5 + M) (K, =)
: 4 _,
- SDFbér ﬂjw (T‘F, E) + qubé)ﬂff“] (Tn' Ei)
—(D — F)(D + 3F)(b§ + b ) MoK, N)
- "1 b -
—(D = 3IYWD + 1YY — b5 MK, E) — §u—bg’;1.1m(n, AY)
+ 207 My (7)) + bE My (K + Abg Mya(m) + 2big Maa () (A.97)
IFinally, the four Z factors of relevance are given by
9 . 1 ‘ .
Iy = 1+ 3D+ FY Z(x, N) + —(D+3F)"'Z(R,;\)
+3(D - IV Z(K,Y) + (1)—31) Z{n, N) (A.98)

2
Zy = 1+4D°Z(m %) + §(D+3F)2 Z(K.N)
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+ %(D — 3R Z(K,Z) + %D'—’ Z(mA) (A.99)
Zs = 1+ 817 Z(w,X) + %DQZ(;T,;\) + 2(D — I Z{K, N)

+2(D+ FY* Z(K,Z) + %DZ Z(n, %) , (A.100)
Ze = 14+ 3(D-F)?Z(#5) + %(D—SF‘)ZZ(I{, A)

+3(D+ 1) Z(K,X) + %(D+31’-‘)QZ(-:;, =) . (A.101)

employing again the same notation flor dillerent intermediale staies as [or the [orm
factor diagrams.

A.3 The nucleon form factors in SU(2)

Again due to vast simplifications for the kinematics in the SU(2) calculation, and also
for the sake of the more elegant combined representation of proton and neutron form
factors in terms of isovector and isoscalar contributions, we also surnmarise the forms
of the different Fevnman diagrams in terms of loop functions for this particular casc,
although all of the below can in principle be isolated from the pion loop contributions
to the ST(3) form factors in the previous sections. For the contributions to the form

factors FP/™(1), we lind

Eipy = %(14—?7;)—(?3(1.’.5—{—2(37)15, (A.102)
Ly = 8(?5 (3 —7%) {Aﬁ—4?}1%,1”)(771:7’\,)—4’!.*'@5‘.-’1'?112(1‘.)
| +8m3 (3 (1) + 32mA 45 (1)} (A.103)
E; = —gF—i&*{w(“(t)+4mji,,fg?(t)+1(5m§,1ﬁ§%‘9(t)} , (A.104)
E; = %T:;{Ax—2‘??1-?\74{{1](?71%—)} ; {A.105)
Fy = —;?EA : (A.106)
Fy = %zﬂ”m (A.107)
By = '”ff;fi (3= m¥)es + 6 ) 1132 (A.108)
b = 4;1\};; (1+T3)C‘Z{A‘*‘_£§2} ' (4.109)
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W
Similarly, one obtains for the £57"(#) contributions

1 ) ) .
My_spq4 = 5(1 + 7 e + e + (’r’j dg + 2 df) t+ 2my (2 g + 77 (.-:74) t
—8m. iy .1_{7? (Z €los + ’T3 Cl(]ﬁ) . (J\J_].U)
My = ;’; 3 — Al 190 (A.111)
My = ;’_l 2 16m\ 189() (A.112)
My = - 89;;3 ((3 — 7 e + 6(.:7) {Aﬁ — 42 IV (2 + am? MAI (1)
—16m3 15 (1) + smit (15 (1) — 17 )} (A.113)
3AL2 . M2y AP
My = ——m (147 {A - *}——A . Al14
i e ACRIRA R C i vl Sl T (A.114)
E
My = ;*’; et JN() (A.115)

Observe the one inconsistency in our treatment of certain higher order contributions
in SU{2) compared to SU(3): the diagram E\ |, sce Fig. 2.2 for reference, was omitted
in the previous scetion, as well as ey—like contributions to A7),. These ¢y contribu-
tions arc of higher order than would be allowed for in a fourth—order heavv—baryon
calculation, so one might argue whether or not to include these terms al all. For
the sake ol completeness, we have included them in the SU(2) calculation. They
Liave been omitted in the SU({3) calculation maiuly because the corresponding low
energy constants would again have been unknown. We emphasise that these terms, as
tadpole tvpe contributions, only enter indirectly via small renormalisation effects and
have no significant impact on the phenomenological desceription of the form factors at
all.

We here spell out the Z factor needed for wave funcetion renormalisation up to fourth
order. Of course, we now also have to take care of ¢y contributions here, which cancel
the direct ones in the electrie form factors. The other terms can also be taken directly
from the SU(3) representation of the wave function renormalisation given above. For
the evaluation ol the [orm lactor F, the nucleon charge has Lo be mulliplied by Zy,
while for F,, the anomalous magnetic moment (a second order contribution) only
has Lo be renormalised by the Z—-laclor up to third order, i.e. the ierm ~ ¢ can be
dropped.

_ 37
Zy = 1+ 4Fz{u T(md) — 2mA IO (m3) + dm3 M2 (1(0) - zf“J(J))}
32 A2
oy T (A, - ) A116
2 2my F2 ( 32?72) ( 6)
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A.4 Strangeness form factors of the nucleon

As for the clectromagnetic form factors of the baryvon ground state octet, we show
the strange veclor lorm [actors of the nucleon in {erms ol basic Feynman diagram
structures. In analogy 1o whal was done belore, we shall use the abbreviation bg =
b +2m (2M7 + MZ2) b2 as in Eqy. (1.6). Again, one can use 4 instead of &) in the loop
contributions to the accuracy given here,

dros
Fi ) = 2((1101 — ITOE - d?uz) ¢

1 ; 2 .
(D +3F)2(Bs + Fo + B (K, A) +3(D — F)*(F; + Fg + F2)(K, %)
-
— 3(Fs + Eo)(K)

— 2 n ¢ F 2.0 T 1 L¥ EFGIRL 32,0 n -
—(D — F)?(2b] — 30 Ey(K. %)

1 , ) ) -
5D~ B3FY (b — 3b§ + 3b3)Eo(n. N) (A117)
ma (BY . -

Fys(t) = des (% — b+ ];2) T

e .
2 2 : 2;{ ¥
— dmy [(Mg — M) (‘11 - % a 3J + ")) + Mz (0:2 - %] - “L)}
dha: 112
a 2[(1’.-]0.[ N $ - d?o‘z + 2my (?'?'l - g - ?}n)] {
3 :
1 ,_ ) ’
+ <(D + 3F) (M5 + M) (K, A) + 3(D — F)*(M; + M) (K. %)
]

: | 1
+ (D4 (Y — 3bf + 3b0) Mg (m, N) + S+ 312 (20F + 300) M (K, A)
—(D — IY(2bF — 30 Myo(K, )
1 , .
+—(D — 3FY (b — 36T + 3b3) My (1, N)

9
+ (WP — 365V M (K) — (bg — 2byg + 601 )M, (K) . (A.118)

A.5 Counterterm scale dependences

In this appendix, we collect the scale dependence ol the various third— and lourth—
order counterterms that enter the description of the barvon form factors.

There are two infinite counterterms at third order entering the clectric radii, ) and
dig (sce Eq. (3.7), the scale dependence of which is determined by the appropriate
fA—tunctions [MM97]

9+ 2507 + 45F?
36

-ﬁdlul (:\..l 19)
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SDE

A120
“ (4.120)

.ﬁnflm = -

Remember the the low energy constant for the singlet radius, dY,,, is finite,

AL fourth order, another two low—energy constants (7,2 as delined in Eq. (3.8)) enter
the maguetic radii. There infinite parts are given by

. 1 T ¢ - f](

g = ——|1-L{sp2 {z] g ‘ Al

BN it {J- 9 ()D =+ VF ) + 8 +f}ll ; (—\1 J.)
TDF

B = — : _ + b . (A.122)
A

Again, the corresponding constant [or the singlel magnetic radius, 7, is [inite.

No less than seven inlinite counterterms have to be included in the description of the
magnetic moments at fourth order. These are also delined in Eq. (3.8). We have
disentangled also the scale dependence of these and found:

1 1 . . 31

o — o ) Al {97 aKE 2 _ f12 D — _,1.!"_‘_'
Bay 5 {191)1 + o (27 4 250° — 99477) 6] + b1 ob}

—§ 2DFby + {D* = 3F) bp| +3bio (A.123)

1[5 . , 1 1 ( .
Bpy = ——— =D =91+ ZDFB — — (9 —-25D% 46317 b’.“]
e om L} + §DIB = 35 (0 - 250" +6317) by
]_ <) ] . .

-3 (17D% + 98 bp — 6D L' — by — by (A.121)
_ L 2 2 31 D, 3, 2 2\ 3 F
By = —%{3 (D*+ F)+ DRV + 5 (1- D'~ F )bﬁ}

+3 (D* + F*) bp + 6DFbr + 3byy (A.125)
1 , 1 2 o\ n 9 #
B0y = H[3,0;'? o (94 11D2 - 9F?) 30 - ZDF‘E)G}

LE6DFb, 43 (D2 - 3}??) by — 3byg (A.126)
i — 1 A 1 -T2 Ar 2 D 3 I
By = —— {wF + g (9+17D* — 45F*) b — DFb }

—16DFby — 8Dy + 4byy (A.127)
o _ 1 [ . 1 . p) a2y 1.0 F‘j|
e = 5-|APF+ 55 (9+43D% +135F7) b — DFY

~ADFby, — 2 (D% = 3F%) by — 2byy (A.128)
_ 1 70 2 a3 s D 1 2 ey 72N 1 I7
By = 5| g D+ 6F - DEY + (9+ 95D + 63F?) bﬁ}

2 . )
+5 (17D* + 9F*) by + 4D Fbp — 2By, . (A.129)
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Finally, we also show the beta—lunctions [or the three new magnelic moment coun-
terterms that have to be included for the singlet current, see Eq. (1.5):

8, = —% (D*—3F%) (1+8]) (A.130)

By = %DF (1+b§;) : (A.131)
27T

B = %(131)%91-'2) (1+8) . (A.132)

A.6 Imaginary parts and spectral functions

Out of the diagrams depicted in Fig. 2.2, only graphs (6), (9}, and (12) contribute
Lo the speciral [unctions ol the isovector [orm [aclors in the low—energy region, i.e.
starting at the threshold ¢ = 1A42, The separate contributions can be calculated
either from the imaginary parts of the two basic loop functions involved (see also
[GSS&8]),

Im J{t) = {A.133)
Am% — )t — 1M 2
Im Iy () = arctan \/( At — Z)it?r 7 (A.134)
or directly by using Culkosky rules. This leads to the lollowing expressions:
3,2
mEy = — 94
1927172 (1rngy — t)?
x {]G-r'n.:,'\.- (51— 8MZ) +4mi £ (51— 14M2) — 7 (1 — 4M7) (A.135)
, Mm% (302 — 12020 4+ 8M1) + M 3, — 1)t — 112)
— 48m3, k arctan 7 — 0,
V(i — £)(t — 1412) t—2M7
g my 4712 ‘
Im Mg = A4 A 1— —T 8 —3{t—2M7 A136
A A F2 (4mi4, —1)? t ( ff) (A.136)
(2m3 +1) (£ — 4042) + 671} (4mE — (1 — 4372)
+2 ‘ arctan 5472 :
Vg — (0 — 4A12) £—2M7
T (L= AM2)? .
ImE, = 027 F7 72 : {A137)
LEE T PN T3 T - —_1:_1_{3 3";2
Im My, — DO ) (A.138)

487 F2 {2
For these results, see also [GSS88, BKMY6¢].



Appendix B

Pion—kaon amplitudes, scattering
lengths, and infrared divergences

B.1 The scattering amplitude 7~ K+ — 7K

In this appendix, we collect the various picees of the scattering amplitude for the
process 7~ K+ — 7K up o one-loop order, including isospin—breaking corrections
up to order & € {¢, e?} .

B.1.1 Loop functions

I'irst, we write down the loop functions needed for this section. We define

1 d'% 1 __
7/ (2m)yt MZ — k2 S (B-1)

1 / ddk { 1 > k“ ]‘v:/vr,kl/ }
i (2w (ME = B2 (MY = (k= q)?)

= {Jale?): 4t 36D 5 I S + 0 I WD) (3.2)
17 do% {1;k,}

i (2m)d (M2 — (k + ga))(MF — (k — o)) (k* — m2)
= {Gurld™ s (20 + 0)p Gl (d) + (0 — @) G ()} . (B3)

where, lor Eq. (B.3), we have used ¢* = (¢, + ¢)°. The tadpole loop lunction A, has
been given before in App. A.1, and G, (¢?) is discussed extensively in Chapter 6. lu
addition, we have

_. 1 2 ‘ M, . M
Ju(q?) = —2L — —— : (.-Wl — — Milog ) B.4
)Tf.lr (q J 1672 { J[g _ :Urbz o 108 A p 108 A ( )
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-1

M? — A2 M2+ A2 M,
+( it - b : {; + — Z) 10g . :(},
q M2 — M; M,

2 142 152
;- — My — My +v Sesal 2 (g 172 2
+leog(_2 i 7Y —2mib( — (Mo + 30)°) |8(+)

N M2~ ME+ ¢? ME - ME - ‘
+ qu [arctan( “ .\/__;;_ i ) —arctan( z \/__;2 g )]0(—1/2)} .

where we have made use of the nusnal Heavyside function #(x) and the definition

V= (¢ — (M, — M)?) (¢ — (Ma+ M) (B.5)

The constant L containing the divergent part in d — 4 is given in Eq. {A.44). The
tensor loop integrals fa,)( 4) can be reduced according to [GL85a): we define the
auxiliary functions

L{gY) = MZ2J,0¢%) — Ay (13.6)
. 1 . . . . . . o\ 2 o
L) = 5 {(_\ = A (g + M2 — M) = 222 + (¢ + M2 — MP) .J,,_,,(q—-)} ,

(B.7)
and find
by, 1
Ty = s {d = a (@ M- AR) ) (B.8)
1 .

(2) _ 2 2 2 _
I = NCE (L) — d (@)} (13.9)
D) = —— (L - L) - (B.10)

EIJ (d _ 1) q_} E

Finally, the loop functions G35, (¢%) are found to be

= Ll -y (dute) -
ab’»(q) - Ug ( b a) ”-ff(q - G“_?‘
3 9352 52 2 P
g2 — 3M2 — M2 — M2 — 3M7 _
@ A, — " Ay B.11
2M? M7 [ (B-11)
. 1 g 4+ M? — M7 g* — M? 4+ M7
G --2 = (r“ - ) ﬂ‘- bﬂn a.r hﬂ) -
A7) ;;2{ )~ fgm) T g YT ’

(B.12)

Note that, ag in Chapler 6, we have only considered the simplilied case ¢2,, = ".fj "
¥

that is needed lor the calculation al hand. We mention that lor equal masses M, = Uf,,
G . (¢?) vanishes on symmelry reasons.



B.1 The scattering amplitude 7~ K+ — #z°K" 155

B.1.2 Hadronic loop diagrams

Here we digplay the analytic formulae for the varions s—, #—, u—channel loops in terms
of the loop functions defined in the previous section. We reemphasise that the masses
My, M reler Lo our choice ol the isogpin limil, the charged meson masses. Tsospin
breaking ellecls are usually expressed in terms of the lowesi—order 7”5 mixing angle ¢
and the charged—to—neutral pion mass diflerence AM? = .-“vfﬁi — ;“--fﬁ[,, jusi occasionally
AMg = Mi_ — M, or just neutral meson masses are used when this simplifies
expressions significantly, The superscripts s, £, ¢ of the various amplitudes 1" specify
the channel, the subscripts the virtual mesons in the intermediate state. In cases where
loop functions are alrcady multiplicd by isospin breaking paramcters, the charge of
the virtual mesons is not specified (as the difference is of higher order).

. 1 C
Te_ .. = —-—— ( —_—
TR 12/2F NG

+{(s— ME)? = M2 +4(2(s — ME) - wj)_\uf} T g ()

1+ ) { {3(}: — MZ)+ M + 8AM§]AK+ (B.13)
+2 {(s — M2 4+ ME(s+ M2) —2M},

+2 (23 +3(ME — _-"1-1’3)) AM: ] JY ()
+ (s 3(ME = MB) (s+ ME - M2) IZ 1 (s)

+25 [u — 2t + 3M; — M?

2

+ (31 — u) + M} — A1) \/% AM? ]Jf)ﬁ [ (s)}
J—. 1 e RV ST AT 172 o9as2) A g2
T 0 INGTT (1 - W) { l(b—_,u,‘,—.s_uﬁ) — 4ME 48 (53— ME—2M%) AM?

— (3(3 — MMy — (M} + 2M? M ] ool (13.11)

f
+2 lﬁ — 2s( My + M) + (M7 — M2)? + 45 AM?
— (s (5M} — 2M2) + 3 (M} — 3M} M2 + 2M])) ﬁl T o (s)

[ . . 1
+| (s + ME - M2) (5 - 3(WE - M2)) — s (ME — MD) jﬁl I o (s)
| -

—2s {zu. —t— 2M7 4+ AM? + (t —u+ My — ..-'..fj) 2v/3 e] ools)

+|3s — BMF — 3M2 + SAMZ — (11M} — 5M?2) \—}J A;\»a}
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s : g 1 2 2N (e o a52 _=aa2 4 19A A2
Towo = —o ﬂﬂ(l—ﬁ){ [(35—%1‘.&—131)(db—l—;l[,{—fﬂfr—}-lZAﬁ,-fﬁ)
10e

T (3s(ME — M2) + M} — SMEM? 4 TA1]) ﬁlt}m—u(s) (B.15)

+2 ls ( - ML+ gﬂ.ﬁ) C MR TMEY (M2 — M)

8e
3v3

— {25+ 9(MF — 2002)) (M} - MP)

. . . . 8¢ :
+ (s — 3(Uf( — ’uf,f)) ls — 3(11";: — ﬂff,f) (1 + \%)l }(E,i)o (")

; ‘ ; 21 .
+2s [xm — 5t —2Mj+AM7 —AM? —(9(t —u) + 3(Mf— M) \/3} o (s)

N [33 <5+ M2 + AN — (M — M)AV _\.;} |

1 1 . 5y € ;
it _ (3) 5142 9y 4442 A Ag2
1t = NI {t(s— W28 — 5 (t—2:7) l(.}t 1447 ) 7 AMT] S (£)

1 = 4352 g2 € A A52| - J o

1 t . € o
TL o = 5 ﬂF*{f(s — )T (1) + T [(% — 4M}) 7 Mf;] Trx(t)

l I 4452 € A AFZ| / i
+a [(!)i — 4.1[1—{) ﬁ — A]fﬂ‘| A}(} N (-B-l f)
-t o 2y 2 _ 2 QAT2Y A
Ty = 3 \[p; { (3(t — M) — M ) Ten(t) + (3(t — M7) — 3M2) A,
- (St — M) — i'l,fﬁ) A.,,} , (3.18)
T, = (1 + i) {(u —3M% - M2) —4ME(ME - AMZ)  (B.19)
K—=x 2_1_\/5}:'] \/g H T K R T

+ M (-u. — Mg — M; ) 8\/35} Jre—qo (1)
4 5y 2 . . ) |
- l(” — M} — M) — AMEME + 2 (u— 3M} ) AM]

+ (u+ M — MZ) (205 + M) \A T o(u)
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Fpea _
17 o =

o _
TF\"— [/

+ [('u.- + 3(AL7 —ﬂﬁ)) ('u, — (M} — M?) (1 + 7‘;)) +4du A Uz] ,“ o)

: 2]
—2u [25 — L= 2Mp — AMZ + (3(s — 1) + My — M) 7‘%} I ()

+ l:s(-u. — ME) -5 (M2 — AMZ) + (M} + MP) f

) { [(-u — MY — MZ(M24+2AME) (13.20)

]Aro |

1 €
— {1 -—=
12\/§F4( V3

(= MZY(ME — M) &1 - golun)

+2 l(-’u, — M2)* + M (u+ MZ) — 2M — (u— 3M7) AM?
\/_] Jil)hﬂ(“)
+ l('u.- +3(M7 — M2)) (u+ M} — M2) — 2u AM?

+ (u = AME + M2) (W - M2

\f] JD o)

+2u ls— 2t+3M7 — MZ-2AM? + (3( 1)+ 5(M; — uﬁ))

+ {20+ 3(Mj — M2)) (M} — AT2)

2¢

3
ﬁ] '-}"."[I'_}I(U (”)

‘ _. ‘ ; 5 de
+ lS(u — MDY+ My — AMZ 4+ (M — M;)%} Aﬁ}

DE 11/, N 22\ 2 .

- (3u(M X = MZ) = TMy + 8ME M) — M) l} Iy ()

2 ‘
+2 [u? + Su(ME — 4MY) — TAT) + 8MEAE — A
3

— (u+3(MF — M2)) (M7 — MP)- \[l Tk ()
. o N2 (9
+ (ut 8(MF — M) T ()

+21 l4q — 5t +4M; — 2M? — AM? — (9(3 B —Mi+ UZ) f] P n(u)
)

+ lS'u.- M — BM? 4+ AM? — (M2 — M?) \E] Aﬂ} . (B.22)
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Next, the tadpole contributions can be writien as

_ 1
prad ENeT \/§p4{3 ls (1(Mﬁ + 2M: )—101‘) ﬁ+ 2 AM: ] ALx (13.23)

+2 ls —ut (AME =30+ M) — + A’lff] Ao

€
V3

[ ‘ _ 10
+ [ds + ¢ —%(Qﬂ.ff(mﬁ) + (23 P

, a4 . . .
= M +;TM§) % +13 Aﬂ.ﬁ] Ag-

[ 10, ., 2 _ o\ € -
- s — 3u + ?ﬂ.-fﬁ. - gﬂ.ﬁ" - (fs + 9u — 20.1-{;) 7 mﬁ] Ao

+ s —u+ (12MF — 202 — 3t) % + _\u:"] An} .

B.1.3 Photon loop diagrams

Here we write down the amplitudes corresponding to the photon loop diagrams (a)
and (b) in Fig. 5.1. The subscripts again specify the virtual intermediate states and
therefore also distinguish between the triangle diagram (7 K+) and the two self-energy
Lype loops (7, K+).

»2 ) ) '
Trgy = ﬁF{(s — M} - M2) [(s — )G (5) (B.24)
HME = M2) Gl (5) + (= 1) Gy (3]
1 9 ¢ 172
RS [s(20s — u) — ) + (s — M%) (s + ME — M2)| Ay
1 1732 142 142 E
15 PYE [ (Z(s —u) — t) + (s — M) (s — Mg+ .-'U’,,T)J Ay
1 k : : 25 —u — M — M?
2[5 = 26(ME + M2) — (M3 = M2 Jec(s) - }
32 - ) A, 1 o
T = T (u— M} + M2) { T 1%2} , (B.25)

foo = (u+ M — 22) Br | (13.26)
T e T T T e |

B.1.4 Tree graphs
The lowest order tree graph for the scattering process 7~ K+ — KV is given, up to
order 6, by

1

.Ttree — _
0/2F?

2 2 .
{q—u+\/;(5—21‘%—?1—1—23(773?—”?)) )Z(?.F} . (B.27)
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We do not express the quark mass insertions and the low—energy constant 7 in Lerms
of meson masses. The Lagrangians Egs. (3.9), (5.10) contribute to the scattering
amplitude via tree graphs as well as indirectly through various renormalisation effects
(as discussed throughout Chapter 5). Here we list the tree graph contributions. The
purcly strong Lagrangian yiclds an amplitude

= {1 J5) (-2 ) (o 1) 29

—_27% (t—282) (t—2M7)

« ¥ 52 _oar2 a2
- (1 - \ﬁ) (w— A2 = MEo) (u— M2 MK)l
4 5 . £
+2L4 [z ME 4+ M2+ (M2 — MY — smﬂl (5— t+ —=(s — 24 u )
K \/*( K ) \/3( )

‘ . £ .
+2Ls {»—;((M;’; + M2) (1 + —') — 2AM?
v ‘ il \/g T

— ((M;i, + M2+

f(s My —3M2) — 2&:11,3)

(Le +4L7) (2M g + M2)( My, — M2)
\/_ Ll il

8“ 1 112 442 =agd .
375 Ly (17My — 10MR A2 — TN} (13.29)

In addition, the clectromagnetic counterterms of the Lagrangian Eq. (5.10) give an
amplitude

Tehem = —%{6(1{1 + Q)5 —u) — 32Ky — Ky) (3(s — ME) — M2)  (B.30)

+EG (205 + 2M2) — Bu) + K, (115 — 5u— 9M} — 5M7)

9K (207 + M2) = (Ky + K1) M2 + 18(K o + Ky) (M7 + uf)} .

B.1.5 Z-factors, mixing

In order to account for wave function renormalisation and 7% mixing beyond leading
order, we have to write down the various Z factors as well as the quantities defined
in Eq. (5.38). These are given as follows:

Zx = 1+ m{mri + 280+ Ay + Ago} (B.31)
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_% { Lo(20% + M2 + (M — A p)T —BAME) 4 L (M2 - Auz)}
2 Ty 1
_E‘;? { j]f‘ -+ .}T{ ] LL_ -+ 8_ (}'\| -+ }—&Q —(.I& + ]’\(’)}
r l 1
Zw = 14 A+ Apr AM} (13.32)
8 2 z A 342 372 A T2
~ 5 {r (2 M2+ M2 — M? )f - uw,_) Ny (;‘.Jﬁ — M-LT)
{ (R] _|_,T\2 —2(2R‘;—R] —(}—ﬁ —l—R(')}
A l + 1+>f) T 2A L + A +3(1 QG)A
‘Wt = — -r € 0 Ay Ao — - —
I 211 + M2 4 (M3 — M? —3AM?) + Ly (M2 — AM?
N K \/— s K e
1 T 1 20 .
—¢ 5 1()" : —f— — + = (I‘xl =+ IXz) (I{,g -+ R’(j)} s (B33)
{ ."1'{}( —1:;[ J IA e 4
o = LA V3 A 2A 3 LAY
fR0 = 14+ m at —|— ( -2 F) a0+ Ap— 4 2! Ko+ = 5 (] + \/3) -
8 1. (onr M2+ (M2 — A2 PN M2
7 4(*;\+ + (M - 3 )ﬁ_% )
+Ls (_.-uﬁ + (M), — M, )T — AAM? )}
— S0+ ) + S+ K (13.31)
e 1 2¢?
Zﬂ-t]-,,jr . ,_,F (A[\ A;,—)—{—W(Ar(:{:—gy{u) \/g{)f\q—;r’&]——(}'\ +R(‘)} ;
(B.35)
, - M2 — M2 M2 — 20?2 1 M2
(1N _ _L K T AL Iy TAp — —A — [y B.36
‘ F? { 2ME — MZ)TT T MI M2 R T 2T 6 (B.36)

+32(307 + Lg) (M7 — ﬂ-'f,ﬁ)}

e? 37 (_\ N M} )
V(A — Ay 2 \TF T 162

K, 1 . Y } .
+ (K,j — T* - q(f&r,g + Kﬁ)) (Qﬂ-'ff( + M)+ (K + Kw)ﬂ.ﬁ}
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The last (wo quantilies multiply the Lree—level amplitude lor 7= K+ — nK°, which is
given by

1
ﬁ_f__Q
’ 2/6F2

As 7o and ) are both of one-loop order and of order §, it sullices Lo use T, in the

isospin—symmelric limit and with quark mass insertions leplac.ed by meson masses.

2H—fu+3(1f;\ n;)) _ (B.37)

B.2 The scattering amplitude 7~ K+ — 7~ K™

In this appeudix, we collect the various pieces of the scattering amplitude for the
process 7~ KT — 77 K~ up to one loop order, including isospin breaking corrections
up to order § € {e, ¢*}.

B.2.1 Hadronic loop diagrams

We again write down analytic formulac for the various s . ¢ , % channcl loops. The
notation is exactly as before.

Ry J‘ *
T = 36“{( ME M2 (s — ME+ M2+ 2AM2) Uy xi(s) (B38)
+2[8* + 25(Mj — M2) — 3(M5 — M2
+6 (5 +3(M% — M2)) AMZ] Y, (s)
+ (54303 = M2)) T2 (5) — 25 (5 — du — aM% +202) TP, _(s)

+3 (3 + Mj — M2+ 4_\1[;)) A;‘——} .

. 1 2€¢ 5 9 2 5, S€ R
Sogn = ——1| 1 —F= s — My, — M Mo — M) — 4+ 1AM?
UK 81;,1 ( + \/5){[5 K ’i|'+( 1Y II)'\/§+ ,|j|

x (5= My — M) Jroo(s)
&e

—|—2[(s — M2 — My 4+ MM} — M) —= 73

+2 (s + ME - M2) A’h’f] T8 o ()
+ s+ (MZ2 — ﬂ.-f?)(l - E) (s + M — M2) T0(s)
K T ﬁ Ia T wUR

+25 lzwﬁ — 1+ (f. —u— Mi+ ﬂﬁ') f] I 0(s)

. . . L de .
+¢%3—Mﬁ—ﬂﬁf%M§—MQ;%+4AM4$W}
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5 1 “A72 1 (A2 9y 40¢
T = 317 (1- 2\/_6){ [';s + M2 —TM? + (M — M )ﬁ +12AM2

x (s + ME — TM2) Jyyea(s) (B.39)
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+ (s — (M — M2)) [a — 3(ME — M?) (1 + W)] T (s)
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LAME(ME & ﬂ.-fg)} Toen- (1)
N 172 12 L 4A Ar2| (s —u)(t — 6M7)
+2 [.5 + gt = M — M+ -'IA.-\--IW} Ayx + g
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i € A A< ;
Th, = _W{(’sz - 4..1»75\:) (sa - 4.1{3) Jron(£) (B.42)

+ {51% — %(Mf\, + 2_.11'§)]Aﬁo - {5)& - g(z.-w,i. + Mj)] An} ;

_l_f 2[) 2 € 3 1 5 € .
R — (1 — —) —f — — M%(l - —) — AM2 | [+ A, .
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(B.43)
1 . . .
Thrr- = oY { {s(ﬂ — AMEY £ 207 — U3ME + M2 + AME(ME + M) (B.44)

+12¢ Aﬂrf:] dirx (t)
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1 ‘ ‘
Thogr = 35 Fé{[t(t +2M}) — (t—AME) (s — M —M2) — 2(s — u)AK} Jycoieo(t)
) 5 ; (‘s — U,)( 6 L{é(])
— (s — 51’, — ’u.) ANgo — 182 ,
1 _. _. . (
Ty = W{g (v — Mi — M2) (uw— M7 — M2~ AAM) Jor g+ (w) (13.15)

+ (50— 6 (ME + M2+ 2AM2)) (Apr + Ap)

— (Mg — 2} (Ages - g,ﬂ)}

lrurthermore, we find the tadpole contributions to be

, 1 3 4
Trad WHS ide MZE — —3112 + 6AM? ]A (B.46)

+51 [‘, ol MR =307 — (;. + %(2,113. + M,';’))ﬁ +4A W] Ao

3001, _. .
+ [.5‘ + gt = M — ME 4 6‘3.:‘1-1’4 Ag+

1 AT

_ a2 \f Mz] Ao
3

L T2 g2 aro1s2 1) € 10 50

L
1

B.2.2 Photon loop diagrams

Here we write down the amplitudes corresponding Lo the photon loop diagrams (a),
b), (¢} in [ig. 3.1 {as well as those depicted in diagram (b) of Iig. 5.1). As there
are different photon triangle diagrams, we also specify the channel of these with
superscripts s, £, . Note that both the s and u channel amplitudes as well as the
two sclf cnergy type diagrams oceur fwice in the full amplitude.
. E"z ¢ ‘ ‘
Tivy = & {( ME — M?2) {(u = M} — M2) Grgo(5) (B.47)

(M, = M) Gligy(5) — (1= ) G, (8]

L[2(s = MH+t s+ M — M A

4 M2 s —K
CL[As—ME)+t s ME4ME)

1 M2 5 "

1 - L 25 —u)+1
- (5= ME 4+ M2) (s + M} — M2) T (s) + T}
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22
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Try = w+ Mi — M? { — — — ,)} . (B.52)
P2 ( K ) Mz 1272

B.2.3 Tree graphs

The lowest order tree graph for the scattering process 7 K — 7 K'! is given hy

T = § 4+t — 2u+ B(2mmy, + mg + mg) + l()Z(ZFZ} : {B.53)

6F? {

where, again, we refrain from expressing the quark masses and Z in terms of meson
masses. Also for this process, we list the tree graph contributions ol the various
counterterms of the Lagrangians Eqs. (5.9), (5.10). The purely strong TLagrangian
resulls in an amplitude

T = ; {m1 (¢ —2342) (¢ — 203 + 2L, {( Al = M) 4 (u— M- Mf:ﬂ

Ly {(s — ME— Mgf +(t—2M2) (t - zu*f)] (B.54)
; 052 2, Ao ¥ 52 2 2 72
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+5Ls M + 6207 M2 + MY — 8(MF + M2)AM? } .
I'urthermore, the electromagnetic counterterms contribute on tree level according to

e . K
T = ¢ {(r\l + Ko)(s + 1 — 2u) + 18K, (1 — W% — M%) + 9(1\’3 + 7‘)(5 — u)

o]

1
—g(r«’_ﬁ + Re)(2s — Tl + 5u) — 9Kgu + K (4_,1[,‘1 + 31 W) (B.55)

+%(Kg + Ky) (ME + 40M2) + (Ko + 30(K g + K,))) (M3 + M2) } .

B.3 ay(n KT — 7'KY)

In this appendix, we show the analytic expressions for the one—loop corrections to the
scattering length ag for 1 K — a°K° The isospin violating effects are expanded
up to order ¢ and ¢?. The low—cnergy constants with the infinite part subtracted arce
denoted by LI, K7, as done conventionally. Note however thal we do nol. display the
dependence ol these various conslants on the renormalisation scale A explicitly. All
correclions given below are ol course scale independent.

Iirst, we show the coefficients €y, C.. C.2 as defined in Eq. (5.39) for corrections
strictly in terns of €, e

1 , :
Co = 1- E{SLQ (237 + UE) (B.56)
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(2(.-11,( + M) [ M — M,
X arctan
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arctal L
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32M + 30AMM, —
+ K Y g

Mg+ M

1 (8
K 4 KO\ M e M
ZF? {3( + I MM,

M (2M} + 2ME M — My M2 — 2373)
+ (2K — K > ’ e
t 2~ B5) 2(M% — M2)
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]

T0KT + KM M.
(M — M2) 9(0‘ +ROM;
e { Mg M3
— 215 (200 + M) K

4 3(MZ — M2)
e 12M 3 — 6M3 M, + 5Mg M3 — 12M1
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3(MZ — M2)
— 2K, (205 — My My + 2012
1 [:3(1‘1-1'}( +2M2)

My B(2ME + A12) M,
My log ) At log 7
1672 | Mg+ M, TN T T e,

A
—2MF + TM M, — 2_.1{4 } .
For the cocfficients €

(2 as defined in Eq. (5.51) in order to express isospin breaking
corrections as far as possible in terms of physical quantities (meson mass differences)
we [ind:

C. = 1—%{8[% (Mg — M) — LiM,] (13.59)
1
My — My )2(Myg + M)
l 1 3 2 442 1+ 19 17
31uK 26413 M, — 99M% Ad?

M
— MM — — M )1 T
g iE 2 957

1 My
—= (gmg — 1857} My — 915A1 M + A6M e M2 — 2041]) log =7

241
-5 (zuu;ﬁ — 13OM My + L03MRM + == My M

2 -
9 (116ﬂ"f}1< — TOM M, —

2 i d JI
u'*) log ="
A

156M2% M2 + TAM g M + SM;&)
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My + M, . 2(Mye — ML)

—————— arctan

2‘1;{}( —_ l;’rﬂ-

My + M,
My +2M, Y 2Me — M,
1 [MK (4Mi + M) [ My — M

il Z(JIA + l}rﬂ) My — M,
247? My + M DMy + M, :11‘(:1‘.;111( M. oL \ 2 j{r)
16 M2 — 40M M, — ATM?

C. = 1+ 1%{8 Loy My — L (M + 20 M — M7 (13.60)
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3(Mx — M)/ (2Mp — M) (M + M)
2 My — M)
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3 [2M} — MLM, +4M M2 — 407 My

g T loe
+64W2 MZ — M? 0g
AME — 6 Mrg M, + M? M. A1
— - T A _log =X — Z (M, — 3M, _
Mg — M2 06T T 3 (Mye =3 )1 }

We point out again that Cy has alrcady been given in Eq. (5.20). Comparing the two
scts of coctlicients, we note that LY cancels in all 6’ which is due to the renormalisation
ol the pion decay consiant. In addition, the dependence on the electromagnetic low—
energy constants K7 simplilies strongly in C.2 as compared 10 C.e.

B4 oyn KT — a7 KT)

The strong isospin violating contribution to the scattering length ag(a= KT — # = KT)
can be expressed in terms of the constant D, defined in Eq. (5.70), which is found to
he:

. M, [6ME — 24MEM, + 19M M2 — 333 M,
D, = —= A E ! T log == B.61
: &T?F?{ 2(MZ — M2) 87X (B.61)

64M i (M — M) | My
— 0L
Mg+ M) 7 A
TAME — AOME M, — A3M M2+ 2TME M,
+ — — 2 = log
18(ME — AM2) A
| 1604 3 — 180ME M, — A3Mp M2 + 4503
2Mp (16My + BM.)
O My + M)
My — M, 2 Mg + M)
———— arctan -
DMy + M, My — 2M,

My — M,
QM+ M; ) |

We do not spell out. D, separately here, as the velation D, = D, + 20% with 0% as
given in Fq. (5.49) does not allow lor any [urther simplilications.

Furthermore, the clectromagnetic corrections can be written as

1(. o |
D. = 1- ﬁ{&%Lf]MK(QMK — 3M,) + 4(Lf; + 8L+ 41‘;{;) (Uﬁ . Uj")
L [4Mj + 2MEM, — IOMgMZ - 3MY M,
167 (M}, — M) RN
M 3MEM. — 23M M2 — 17M2 M
J OMi + 103AR My = 23MM = 1TMY M
9(MZ — M2) .
| L6M} + SMy M, + 36Mp M + TMY | M,

18(Mx + M) STA
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in terms ol “pure” ¢? corrections, see Fq. (5.69), and as
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By [5Myc = My oy My My = MMy 02 M
— 0 clog
322 | M2 — M2 57X M2 — AL K

+§(ﬂl-fk- - ﬂffw)] }

for the corrections in terms of physical masses and decay constants according to

Eq. (5.70).

B.5 Infrared divergent loop diagrams

In this and the following appendix, we discuss the explicit cancellation of infrared
divergences in the combined total cross section for 7~ K~ — 7% KY(~). The cssential
loop function containing an infrared divergence, stemming from the photon exchange
diagram (a) in Fig. 5.1, is

ko[ AR 1 .
) = ?"j (2m)" ((%M;.P —Mgi)((qk—k)?—Mf(._)(k? —m.;f,) - (B62)

where s = (gi + ¢:)2. This was evalnated explicitly in Chapter 6 in the kinematical
region needed for the process in question, s > (Mp= +A=)2, yielding for the infrared
divergent part

i) . (B.63)

G',TR'HI,-(S) - J_ ‘ {lob 1 —

1 } I
P2720s 1— + Ug 08

with 20 as delined in Eq. (6.10). Other inlrared divergent loop contributions stem
[tom the wave [unciion renormalisation ol the charged pions (see e.g. [KMOOb]) and
kaons,

2

Zox = _f log {;” +O(m})
2
Zrps = _: log {;i_ + 0O m“) (B.G4)

We wrile the tree level amplitude for 7= K+ — 7K as

T =4 eos+otte,u. (B.65)
where
b sin € Ze? sin €
g = T ((mu mtg) cos € + (ry,+rng—2m, ) —— 7 ) W (COS €+ W) .
1 sin ¢ sin ¢ gin ¢
€ = _2-\/§F2 ((i()SE—|— ﬁ) s Oy = \/GFZ A 2\/_}(_2 (([)SE — 7 ) .

(B.66)
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(We do nol expand these expressions lo leading order in e just [or generality and
demonstration matters.) The infrared divergent piece of the real part of the one loop
amplitude 7'® ig then given by

e 2 . N ~ ~ .
. ‘l[l) div . ‘{-2] [ 5 — L R J__/.] R -5 L ”Lr}r
(Re 1 ) = 1 x 2 { - log - + log = log 75

TPy My
—log —— — log — }
% T+

,. e -
T2 x e L(m.) . (B.67)

The total cross seetion is obtained from the amplitude via

1 ’qout’/ 2 3 "
0= -—— T=df) | B.68
64725 | Qi 7] ( )

with |qi,| and |qey | defined as in Eqgs. (5.16), (5.17). The infrared divergent part of
the tolal cross section can be calculated [rom Fq. (B.68) to be

= ;:)3 E"H{ {(30 + (c_‘,. - +2 t)a + 2 J; O (M M2 M2+ M2
_ G ; Cay (Mrﬁ'l - U-Zrlz(uﬁﬂ - —'q'ﬁﬂ)r—k%l(ct — C-u,)2|qi11|2|q0ut |2}L('rm-) .
(B.69)
B.6 The radiative cross section
The amplitude for the process
7 (gx) K (gx) — 7°(pr) K (pxc) (1) (B.70)
is given, Lo lowest order; by
— w ((fg + €y 859+ Crtre + ey u;() (3.71)

2G5 - L —m

¢ e { (q Gr + p il ) Cos € + (q 4= — 3pr + 3p ) sin 6}
=t K — 4z K — - K — x — PR P :
2V/2F? i 3
where

Sy = (pn- +p!\’)2 ) t"?l'f-"l}:\'— = (q'rr..f'fx’ - p?r/k")z : Ugin = (Q;r,-*’R' - pF\’fﬁ)g : (BTQ)
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X

(a) (b) (c)

Iigure 13.1: Diagrams contributing to s~ KT — 7 K% at tree level,

The three terms in Eq. (B.72) correspond {o the three diagrams in Fig. B.1. The total
crogs section can be calculated (rom this amplitude by

. 1 1 / |p1r||1’ 2
R JF, / ds,. / 9, T,
(270} A|din |/ g g ! !8 (E;\»o + E_o (1 + ?lh co8 ﬁpw[))
(13.73)

where , refers to the the angle between the outgoing pion and the axis of the
incoming particles (in their center of mass system), and #,; denotes the relative
angle between the outgoing pion and the photon.

B.6.1 Infrared divergence

Omne important cheek resulting from the exact caleulation of the radiative cross section
is that the infrared divergences indeed cancel when combining radiative and non
radiative cross sections, we theretore demonstrate how to isolate the infrared divergent
parts in the cross section Eq. (B.73). These stem exclusively from the lower integration
bound ol the FE;—integration, therelore it sullices to collect the leading powers in
1/F; ol the integrand. The squared matrix element. simplilies considerably in this
approximation, one may sel s — 8, lrjx — L, Uz;x — U, and oblains

]2 = e.-‘Q{ M2y M _ s— M2, — MZ_

_(5‘%)2_(5'QK)2+ boge b gx

} ((7(, +es et (f'u,u') Z + O(b’_1 )
(B.74)

As is well known from Quantum Electrodynamics, infrared divergences arise only
from diagrams with soft photon radiation from external legs (diagrams (a), (b) in
Fig. B.1), and indeed contributions from the diagram where the photon is radiated
from the 7 K—vertex (diagram {¢) in Fig. B.1) play no role here. Furthermore, we can

sel. |Pz| = |dou.| (which is, as above, the modulus ol the outgoing momentum of the
non—radielive process), and use the abbreviations y = cos#, ;, 2 = cos8,_, Lo oblain
22 IO L 1 27 (]
- £ Qout “.- v g 1y, g -
ol = 3@/ dE bg/ afz/ dy/ —f (B.75)
(1?\') -"1|C[in|-‘5 Ay 41 4 A0 2%
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A? A2 s — M2, — M2 2
{_ ; ;.ri)Q 4 ;i)Q 5 F q',‘:i:g : Kt }(ff‘u + o5+ of + cuu) + O(m?) .
L SR Pty b YK

Note thatl in this approximation, the term co+c,s+ ¢t +c,u depends, ol all integration
variables, ouly on z (via £ and u). The ¢, ; integration is relatively straightforward
when using

Logrx = Er|din (15'-;;;( F cos c.r) \ (13.76)

where

. 5F M ﬁ, 1 + Jff_ 1
*SWIJ’IK — - -
' 2 | qin | \/:
such that, for example, the first term in the curly brackets in Eq. (13.76) vields

112 /1 (‘f 2w df;-"l)pwlrl 1 Jf;f_:]: 1 (} ég';: — iz 2
Mt e N2 2 2 cL 32 g2
1 o 21 (I-¢x)®  Fflgml* V0 (S2 —1—285 yz+ y2 + 22)" E;
(B.78)
and the other terms can be evaluated similarly. The only remaining z—dependence is
the one which ig also inherent in the integration of the non radiative cross section,

cosar = yzr — V91— 42V — 22¢cos e, B.77
b J e b

1 2
/ dz ((fg + o5 + ot + (:uu.) . (13.79)
—1
Altogether, one ends up with

? |Go BP0 (s — M2, — M2 Sk +1 S+ 1
57 — ¢ |q L|10{-’,'( & ){‘? KL a— (l()g 5:}&+1+](}g -+ ) _2}

(47'-)3 |Chn|-‘? L2 2|Qiu|\/§ Sk — S —1
: e s . . p .
x{ {cg + (c,_ﬁ. - J; & ).s + & - (MG Mot M2+ M2 (B.80)
b — o (MEe— M2 (M2Zo— M2)]? 4 o b bl
- 9 . < n :| +§(Ci - Cu)_)lqin|3|q0ul.|z + (.)(?T?,E},) :

which cancels the ., divergence in Eq. (B.69).

B.6.2 The radiative cross section at threshold

The other aspect of the radiative cross section on which one would like to have ana-
lvtical information is the remainder at threshold. As the incoming charged particles
arc at rest at threshold, the angular integration for the total cross section simplifies
considerably: the integration d€2,_ is trivial, and so is the integration de¢,_;, hence the
only angular variable to integrate is dy = dcosf,_;, which is most conveniently done
in the center—of-mass frame of the ountgoing #°K° system. Large cancellations take
place, such thal one oblaing a surprisingly simple expression:

L e e o2 (Mp-+ M)
L T72 — 09 — v 3gine * i .
/_1 dy | T7 |5, 51 F (cos ¢ — V/3sin e) YT (B.81)
(52— (My=—M2)?) (83 — (Myo—My0)?) (52 — (Mo +Myo)?)

1

a2 13
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In order to obtain Fq. (B.82), il is essential Lo take the radiation [rom the lour—
mesgon vertex {diagram (¢) in [Mig. B.1) into account, the vertex of which is linked to
the 7= KT — 7K vertex by gauge svnunetry. In fact, we find that just by expressing
the coefficients for the 5 point vertex (the third term in Eq. (13.72)) by ¢; and ¢,, any
dependence on ¢y and ¢, drops out completely. This is why for the case of 7ta~ —
7%, the cross seetion vanishes at threshold: the lowest order =7~ — 7Y vertex
is proportional to s — A%, (in the ¢ gauge), and the 777~ — 7=y point vertex
vanishes (again in the o gauge). Furthermore, the result of Eq. (B.82) is proportional
to (¢, — ¢, )2 which demonstrates that only the particular “asymmetry” of the reaction
in question allows a linite remainder 1o survive ai threshold.

Transforming the remaining integration over the cnergy of the outgoing photon into
an integration of sy, we obtain the total cross seetion at threshold via

v 1 |QmJ|.’ § s (‘7 — ‘32) (Sz - (:?1’}'1(()—.-1ffﬁ())2)($g — (ﬂ*}’thl + M 0)?)
Tty = (87‘1’)3 ’qm’s g 2 9 (S - (.-':l'fK()—.-"‘fflTo)z)(S - (;'W‘ffgt)-l-f\f‘fﬁup)
1 ,
X /_ [y TR (B.82)

where sf'" = (Mpo+ M10)? is the minimal energy (squared) for the final 7° K9 system.
Fiq. {B.82) is evalualed Lo leading order in isospin viclation parameters, yielding the
resull,

e? |q0u1.| —'Fl'f}(—ﬂ'f?:i

. 3 -
b= Mg —Mpgpn+ M 10— M 06" .
O—l_h[ 1[}5(271_J:;F,‘,§ |an|5 ﬂ-ﬁ{ﬁ'l‘f‘ﬂ-’_{?:l ( K !\D+ L ';rD) =+ ( )

(B.83)

In terms ol (undamental isospin breaking parameters, the meson mass dillerence in
Fi. (B.83) can be expressed as

B(m,—my) ool 1 1 o

My — Myo+ My — Mo = oo D) 4 geopel 2 4 ) 4 o).

oo T o M = M oM, (Uﬁ +Mn) o)
(B.84)
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