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1. INTRODUCTION 1
Abstract

We present a general procedure, based on the HolsteinAgemiéthod, for calculating exactly the
leading term in the exponentially small exchange energitisigl between two asymptotically de-
generate states of a diatomic molecule or molecular ion.gémeral formulas we have derived are
shown to reduce correctly to the previously known exactlte$or the specific cases of the lowést
andII states of H. We then apply our general formulas to calculate the exahangrgy splittings
between the lowest states of the diatomic alkali catioiis Rbj’, and C§, which are isovalent to
H3 . Our results are found to be in very good agreement with tise dilable experimental data
andab initio calculations.

1 Introduction

The exchange energy splittidgE between asymptotically degenerate electronic states lgiouies

is very difficult to calculate accurately by conventionatigdonal methods, since it vanishes ex-
ponentially with the internuclear distané&and consequently can easily be much smaller than the
errors caused by the use of a finite basis set. Yet, the aectabtulation of exchange energy split-
tings is of great importance in the theories of moleculadisig and of magnetism. The exchange
energy splittings also play a crucial role in charge excleapgpcesses in stellar and atmospheric
physics. For example, the exchange effects in moleculdsasioxygen @, nitrogen N, and ozone

Os are of interest in a number of processes [1]. Recently, tigatsons of photo-association of cold
alkali atoms have required accurate benchmark values ¢oexbhange energies of these diatomic
systems [2].

In 1952 Holstein [3, (a)] showed that in the case of the hyenigmolecular cation K, the ex-
change energy splitting £ = fw, wherew is the frequency of tunneling between the two symmet-
ric potential wells, could be calculated from the currenivily across the mid-plan&1 between
the two identical nucled andB. If ¥, and¥,, are respectively thgeradeandungeradeelectronic
wavefunctions, then

Ly S ¥ VT, -dS

AE = ,
1-2 fright \IJ?LX dv

1)

where¥ 4 = (¥, + ¥,)/+/2 is the localized atomic-like wave function concentratedrneicleus
A, dS is a differential surface element of the mid-plaf¢, and the integral in the denominator is
a volume integration over the half-space containing niclBu Herring argued that the localized
function ¥ 4 could be replaced by an approximatiqn, i.e. the solution of the ki problem in

a space that excludes a small sphere centered on nuBl¢8s(c)]. This functiony 4 could be
written as the product of the (unperturbed) ground stateewiemction (1) of the hydrogen
atom and a functiom 4 (r1), wherer; is the distance between the electron and nuckeughis is
often designated as the Herring function and hence equt)as generally known as the Holstein-
Herring (HH) formula.

The volume integral over the semi-infinite space on the gkite mid-planeM in the denominator

of eg. (1) decreases exponentially withat the same rate as the numerator. In other words, if to
leading order the numerator is of the ordef”, then the denominator has the foim- O(e=F).
Thus when the internuclear distanBds sufficiently large, the denominator can be taken as unity
and the surface integral term in the numerator is a good a®fim@pproximation to the exchange
energy splitting.

The Holstein-Herring method had limited applications LintL990 Tang, Toennies, and Yiu [4, (a)]
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showed that in the Holstein-Herring formula one could repléhe exact localized wave function
¥ 4 with the solution of the unsymmetrized Rayleigh-Schrgéinperturbative equation to calculate
the leading terms in the ground-state exchange energyirsplif Hi . Specifically, Tang, Toennies
and Yiu [4, (b)] used the leading terms of an expansion in pewéR ! of the polarization wave
function ® 4 () obtained by solving the perturbation equation

(172 - ) o0 = oo,

where) is an ordering parameter which equals unity fgr.HExpanding: 4 and® 4 as Taylor series
in powers of\ about\ = 0 yields

=1 9%a(N) ;

Ep ()\) = - - )\Z
A ZZ:; il 0N o

190 A(N) :

D _ - (2

PaN) = Zj:o il ON AZOA

Insertion of these expansions truncated at opdérinto the surface term of the Holstein-Herring
(HH) formula (1) indeed yields the desired coefficientsof (2) in the limit N — oo, although

for any finite R the polarization expansion convergesis — oo to a symmetric function for
which the integrand in the Holstein-Herring formula is itdeally zero! The paradoxical conver-
gence properties of this procedure were subsequentlydelied by Scott, Babb, Dalgarno, and
Morgan [5-7], who proved thab , can be a “polarized” wave function, i.e. an atomic wave func-
tion localized at a particular nucleus but perturbed by ttieonuclear center, and consequently
without either gerade or ungerade symmetry, but (1) coulgetieless be used to generate the cor-
rect asymptotic series expansions for the exchange esergjieanks to the work of Morgan and
Simon [8], we know that the true localized wave functibn = (¥, + ¥,)/v/2 has an asymptotic

expansion@% Rin powers of R~! about atom4, which is distinct from the infinite polarization
expansion®’, of the wave function, and has very different convergenceqies: whereas the
1/R expansion is asymptotic and in general divergent for anyefij the polarization expansion
is usually convergent for sufficiently small and for simple enough systems it may converge for
finite R even forA = 1. With this understanding and the realization that theserfgglinvolved a
general underlying property [5], it was realized that thdgtn-Herring method was applicable to
many-electron systems.

The subsequent developments of this procedure for estighatichange energies by Tang and Toen-
nies and their co-workers, and their numerical calculatiohexchange energy splittings for sev-

eral diatomic and triatomic molecules and molecular ioee f®r example the most recent work

in [4, (e)] and references therein), illustrate the needrfore general analytical solutions and care-
ful numerical analysis. The exchange energy splitting lmasymptotic series expansion, which

can be written in the general form:

AE = ¢ R b a0+%+%+...] +O(e™R), )
where the exponential parameterandd are state-dependent positive numbers related to the ion-
ization potentials withe < d, the power is a state-dependent real number, anddhare state-
dependent real coefficients. In such a situation, assurhalg:tandb are accurately known, it is
vital to determine the leading coefficiant as accurately as possible long before one needs to worry
about the precise value af, and the same applies to ea¢hcoefficienta; in relation toa; ;.

In principle, any bound state of a homonuclear diatomic ek has a uniqué/R-expansion
which can be used to compute the exchange energy splittimgeba a pair of asymptotically degen-
erate molecular electronic states, but in practice corafiins can arise. The desired coefficients
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a; cannot be obtained exactly in this way; rather, each coeffids best represented as the sum of
a sequence of rational numbers, and in general, this sequendinite. Thus thd / R-expansion
can at best yield numerical approximations of these coefftsiof greatly decreasing accuracy as
7 increases. This has been confirmed with computer algebtseindse of I;*l Convergence was
found to be slow: even &/R-expansion carried out to hundreds of terms, yielding a gadde

of ag, yielded at best a moderately good approximationafoend a hopelessly inaccurate value
for ay. This can be readily demonstrated by an application of caermigebra on the knowh/ R
expansion [8]. A method which can focus successively on #taral hierarchy of coefficients;

is far more desirable. Thus, we aim for a formulation thatgithe leading term as accurately as
possible, subject to further refinement of the formulationthe higher-order coefficients.

The past results obtained for;Han be generalized to more complicated diatomic systemsa As
first generalization we consider a one-active-electrotodi&c molecular ion, with a single electron
shared by two identical nuclear charges, each surroundeigitfy bound core electrons, whose
effect on the shared electron can be modeled using effesitigée-particle pseudopotentials. Thus,
one has a singly-charged cation interacting with a neutosha

As a first step, we present a general formulation for thisdtmmw case. Our present derivation is
designed to identify carefully the pairwise exchange psees for more general situations, since this
work is intended as the first of a series of articles on theutation of exchange energies based on
the Holstein-Herring method. In a future work, we shall présa straightforward generalization of
this formulation to thewo-activeelectron case. We will then be equipped to treat a numbersafsca
including the 4-active electron case ofCahich can be formally decomposed into combinations
of 2-active electron formulations.

The analytical solutions presented here involve accuesslis expressed in terms of asymptotic
expansions. These provide us with an accurate benchmanufoerical analysis. The mathemat-
ical details in the derivations of these solutions are showtle work of [9] and we present the
resulting solutions here. The results are then tested om@euof diatomic alkali cations ¥
isovalent to H, in particular K, Rbj, Csf and compared to those resulting from our recamt
initio calculations [10-12]. Concluding remarks are made at tie en

2 General Formulation for a Diatomic Molecular lon with One A ctive
Electron

2.1 Coordinate Systems

We have chosen the following definitions. Let the internaclaxis joining nucleid and B coin-
cide with thez-axis, with the origin of the coordinate system located atrttidpoint between the
nuclei. Then nucleus! has Cartesian coordinaté8, 0, —R/2), nucleusB has Cartesian coordi-
nates(0, 0, R/2), the internuclear distance is given B3 = R, and the electron has Cartesian
coordinates; [x1, y1, 21]. We assume that the electraris in the neighborhood of atom before
exchange, i.e(A,e) + B and is in the neighborhood of atom after exchange exchange, i.e.
A + (B, e). In the following notation, the primed index is always rethto the situation “after
exchange”. Let us define:

Aei = nr; before exchange
Be; r'y after exchange



4

Besides the Cartesian coordinaigg , z, we also use:
e Spherical coordinates:;, 6 ,¢ (r > 0,0<60 <m, 0< ¢ < 2n);
e Cylindrical coordinatesp, ¢, z and
e Prolate spheroidal coordinate§:n, ¢ (1 <& <oo,—1<n<1)

§ = %(HJH“H) n = %(ﬁ —r'1) 3)

wherer; andr’, are greater than zero.

These four coordinate systems are related by the well-krfownulas:

x = rsinfcos¢p =p cosp = g ((52 - 1)1 —172))% cos ¢

1

y = rsinfsing = p sing = (({2—1)(1—n2))§sin¢

IS R=s

z = rcosb

Thus, the squares of the linear coordinates obey
02 = 2?2 +y? =r2sin?6 r? = p?+ 22 4)
and we also have:
= pit (i +R/2 T = it (- R/2) (5)
wherez; is equal to the projection @Pe; onto thez-axis. Consequently:

87'1 N 87“1 87“/1 N 87‘/1
o Cor M 5~ 2%R

(6)

In the following, we consider the wave functiofg (1) = W;(r;) and¥;;(1) = W;;(r'y). For
e before exchange:

R/2
cos 01 = at i/ I
2 R\2]|2
(03 + (21 + 5]
Fore; after exchange:
—R/2
cos 0/ = a - R/

N[

ERICEEIN

which gives:
O cos 04 0 cos 04 Ocos 0’y O cos 0’y
o1 oR and 971 OR 0
We also have:
2
cos b = ﬂ sinf; = &, (8)
™ ™
cosf') = '2'1—7]%/2 sinf; = el

r'1 'y
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2.2 Wave Functions

In the general case ane-active-electrorsystems, such as diatomic alkali cationg Movalent
to H; , the atomic wave functions are expressed as linear conituiisaof unperturbed Slater-type
functions¢ 4 and¢’ ;. They are corrected by a polarization tegfr) and are written as:

V(1) = xi(r) Y da(l) P4 (cos6:) exp(imy é1)
A

V(1) = xe(r) ) ¢'p(1) PP (cos ') exp(im'p ¢'1) , ©)
B
with
da(l) = Aar]* exp(—aar)
¢'5(1) = Bpr'y® exp(~F'pr'"1)

where{¢,,m ,} and{¢'5, m'g} are the usual atomic quantum numbers, &ad,,~,, o ,} and
{Bg,0' 5, g} are known parameters characterizing the radial parts ddttiraic wave functions.
They can be derived from the solution of thiee-active-electroischrodinger wave equation for the
atom under consideration.

The correction functiong; andy- introduced by Chibisov and Janev are given by equatidrisl)
and(2.28) of their article [13]. In the limit where the internuclearstinceR becomes very large,
the following forms are used:

g2
X1 = (%) exp[—gg(%)] (10)

w = (7)) ewlal)

whereZ; is the length of the projection ofe onto thez-axis andZ; is the length of the projection
of Be onto thez-axis, and henc® = Z; + Z,. Alsog; = 1/a4 andgy, = 1/3'. These are
the expressions of the functions andy2 given by Chibisov and Janev in equatih62) of their
work [13]. In the case of; = go =1 (i.e. a4 = ' = 1), the above corresponds to the lafje
limit of the Herring function for H [3, (c), eq. (23)].

Note that for hydrogenic systems, we have the inequalities:
vi 2 b > my &>l >m,
We further assume that the angtgsremained unchanged; = ¢'; wherei = 1, 2, so that:

U,(l) = Z\I/] exp(imy ¢1) (11)
A

V(1) = D Uy exp(im’pén) -
B
In view of (6) and (7) (and e.g. our treatment which formalgnsiders that:;, y; andp; are
independent of? and z; so that only the functional dependence of the wave functiorz,0=
R cos 0, need be considered), we obtain for the partial derivatiféseowavefunctions:
ow(1) _0¥(1) 0¥ _ ,9%n(1)

—9 _
92, oR and 921 OR

(12)

!Note that®; means¥;4 and ¥;; means¥;;z, but we drop thed and B to avoid unnecessarily complicated
symbolism in our formulas.
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2.3 Exchange Integral

In Cartesian coordinatgs:, y, 2}, wherez is on the internuclear axis with the origin at the midpoint,
the numerator of Eq. (1) can now be written as [14]:

_ pow ey 09 (A) 09 (1)
I= / / da:l dyl |:\I/ ( ) 8 \I/I(l) aZl o . (13)
Using egs. (11) and (12), the integrand,
ooy 0% () L 09 (1)
I - \IIII (1) 821 1(1) 821
is rewritten as:
7= ZZ \I/H]cos[(mA—mB)(;Sl] (14)

Following the conventions employed in the classic textsidkén [15], and Abramowitz and Stegun
[16] for defining the associated Legendre polynomig)8 and the spherical harmonid§™, we
have the following expansion:

£—m
(cos ) Z Pr(£,m)(cos 0)F (sin §)™ (15)
k=0

with ¢ > m > 0 and

(+m+Ek)

— (_1\Em=k)250p _ 0
Peltim) = (1) e (== ey

After settingz; = 0, and consequently; = 7', we obtain

2 92 A
a = (1+2n) eol-n(R)
A
x2 = expl-g1(%)] (16)
and
k k1+k
I = 22./4,4 BB@R/ / dxidy; {k O( 1) 3(R/2) 1+k3
XT'IYA—kl—mA‘HS/B—kS—mIB p7177«A+m/B exp([—(aa +43'p) r1)]
x cos|[(ma — m'B) ¢1] P, (ba,ma) Prs({'5,m'B)
g1+g2 1

X (1 + Eﬁ) exp[—E(gl + g2)71] a7

with0 <k <fly —myand0 < k3 <l —m'p.

2.4 Final Expression for the Exchange Integral

Transforming from Cartesian coordinates to cylindricabrcinates, we have:

00 0o 00 2w
A A T
—o0 J —00 0 0
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For the integration of over¢;, we use the relation:

21
/ d¢y cos[(ma —m'B)p1] = me(ma —m'p) (18)
0
with
c(mag —m'p) = 26(ma —m'p).
Thus, we have only one non-zero value, namely the particsse whereny, — m’p = 0 and
¢ = 2. Combining egs. (15), (8) and (18), the exchange integradines:
R k1+ks
I = wz AxB'gc(mg—m'p) z:(—l)k3 <§> (19)
AB k=0
X P, (La,ma) Pry(¢',m ) I2(R)
After the change of variable
R2 1/2
v = (#+5) (20)
dpi®> = 2ydy,
I,(R) is given by the following integral [14]:
o] 2\ M, 2 g
IL(R) = 2/ dy yn* <y2 - R—> <1+ —y> B(y)
R/2 4 R
1
X exp [— <aA +04' 5+ §(91 + 92)) y} ) (21)
with
1 R R Y 1 1
B(y) = E(kl + k3) + 7'14—y2 — (ay +5,B)@ + (91 + 92) <ﬁ + 1y E) . (22)
This can be rewritten as: .
Bly)= Y by, (23)
j=—2
where
R R g
b_2:TIZ’ b1 = _(O‘A'i'ﬁJ,B)Z"i'Z; (24)
1 g g
bO:E(k1+k3)_E; blzﬁ-
The accumulated list of parameters is:
9= 9119
2M, = my+m'p,

g1 =1/0p, g=1/ay.
These are determined from atomic wave functions and pHysfieanical modeling. The basic

surface integraly(R) includes the polarization of the wave functions throughresulting in con-
siderable complexity of the integrand.

2The reader should not be confused by the apparent redunitetiey/formulations above about the actual number of
parameters. For exampl@, 5 is simply the counterpart af 4 for the other atom. The same relationship applie§ tp
and~4. The actual list of irreducible parameters for a given atamtains only.4 anda, sincey is a function ofa. The
rest involve angular quantum numbers, which determineisheflindicesk;.
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For a givenone-active-electromtom-ion case, all the parameters involved4(R) are known and
thus the problem of evaluatiny £ is conceptually reduced to evaluating integrals of the &),
although doing so is far from trivial.

3 Method of Solution

We make the variable transformatidh= 2y/R and reducd,(R) to a finite sum of terms:

My 1
L(R)=2> Y (J‘fl> (—1)" b; (R/2)"GDT2HL Iy (4,5, R) (26)
i=0 j=—2

wherely = Iy (i, j, R) is our normalized (canonical) integral:
Iy = / Ay e s(BY yv(d) (y 4 1)9 (27)
1

with

v(,j)=m+14+2(M; —i)+j and 2s(R)=(aa+05R+g
Solutions forI,(R) were derived in the work of [9]. This integral admits a few cpé cases
leading to closed-form solutions, ¢fand/orv = v(i, j) are non-negative integers. The solutions
in these cases are essentially linear combinations of caomgaitary incomplete gamma functions
I'(a, ) [16]. However, the solutions farbitrary realv andarbitrary realg (i.e. non-integer) have
not been known in general. In [9], we obtained for the geneaiak, where andg are not integers
but arbitrary real numbers, an ordered asymptotic series:

29e™° o= (V) [g\T(k+1+1)
Iy ~ s Z <l> <k‘> ok gk+l ’ (28)

k,1=0

The term ins(R) as defined in (27) is proportional t8, and thusl/s serves as our ordering
parameter. As shown in [9], the above is equivalent to thglsisummation series:

2e o Tlg+1) . & &
Iy ~ 2 Folk+1,—v;—1 29
Y s kZ:OF(g—k:—Fl) s aFolk 41, —; —1/s) (29)

which is also a well-ordered series iis (the coefficient ofl /s* being a well-defined function of
s). Itis important to note that the result in (29) also sen&sigeneralanalytical solution. It can
still be used for smalk using a Levin or Sidi transformation [17], as was also dertrated in the

work of [9].

4 Denominator Terms

The denominator of the Holstein-Herring formula, as wntte equation (1) or for that matter in
the work of Guo, Tangt al.[4, ()], has the form:

D =1-2D4 with Dy = / |\If[|2dV
right
However, for reasons of symmetry, as was readily shown int[8hn also be written in the form:

D = Dy—Dg where Dg = / |U o 2dV . (30)
right
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Noting that squared expressions can be expanded as follows:

2
[Z Axri? exp(—au 7“1)] = Y Ad A P expl(aa+ o ar) ]
A AA"

the expressions for the wave functignabout atomd, i.e. for—1 <7 < 0, are given by:

1 + 292 "o,
v o= (1—£> exp[=g2(§ + )] Y A A" ar 11T A exp[—(aa + o gr) 1]
-7 AA"
X PZ:A (cosbq) PZ}:/’?” (cos01) exp(i(my —m” an)o1) , (31)
2 1 + g 292 /! / 'YIB"_'Y”B// /! /
U = -y exp[—g2(§ +n)] Z B B pr 11 exp[—(Bp + 5" pr) 1]
BB//

X PZLE;B (cos by) P;};f" (cos0'1) exp(i(m’ g —m” 4n)d1) ,

and in the region about atom, i.e. for0 < n < 1:

14+¢)\% .
U2 = <—§> exp[—g2(§£ — n)] Z Ax A g TYA—H A" exp|—(aa + ” gn) 1]
1 + 77 AAN
x P, (cos t1) Pﬁ:fl‘” (cosby) exp(i(my —m” an)p1) , (32)
2 1+¢ 292 7 1 Y g+ gu 7 /
\I/II = — eXp[—QQ(f — 77)] Z BBB B’ T B eXp[—(ﬁB —+ ﬁ B”) r 1]
L+ BB
X PZ”;B (cos by) PZ};?” (cos@'1) exp(i(m'gr —m” 4n)d1) .

To calculateD, one has to integrate over the half-space containing nsi¢tean the right side of the
mid-planeM at z = 0. To this end, we use prolate spheroidal coordinates, buh&considered
domain of integration, we must take:

1<é&< 400, 0<n<1, 0<op<2m (33)
We can write: )
/ dey cos[(ma —m" 4n)p1] = me(ma — m” an) (34)
0
4.1 D Integrals
R ya+y" an
'DA = %Rg Z .AA .A”A// c(mA - m”A//) <§> (35)
AAII

XY Pry (Layma) Pey (" ar,m” an)
k;=0

[e'e) 1
. {/ d¢ / dn (€% — ?)(En + 2)M TR (€ + )™ (€2 + 0 — 2% — 26n — 4)M"4
1 0

1+¢

291
exp[—g(aA + o an) (€ + )] (m) exp[—g1(§ — 77)]}

and



T 53 1" / " 75 g
Dp = <R > BgB'prc(m'p—m"p) 5 (36)
BB//
X Y Pr, (', m'B) Py (€5, m" )

[e'e) 1 "
x{ / d / Ay (€2 — ) (€M (6 — )™ (€2 41 — €27 — 26 — M5
1 0

291
expl-g (0 + )] (102 ) exol-an(e - 77)]}

where
QMNA = mA—i—m"Au

2M"g = mp+m” an
TA=Ya+Y ar =k —ky—2M"4
8=~p+7'gr—k —k,—2M"p
0<k <lp—m'p

0<ky <l'pr—m"pn

4.2 Special Casel; =m; =0

This corresponds in particular to the interesting situatid the exchange energy for the ground
statesZE;F, 2y} of alkali cation ions M. As in all special cases, this has to be handled separately,
although it is completely analogous to the general case.s€&prently, we only outline the final
results. The parametetks, k3 and M; involved in the general expression fiy( R) [eq. (21)] are

all equal to zero in this special case. Thus,

[ee] 2y 91195
L(R) = 2/ dy yn ! <1+—> B(y)

R/2 R
X exp [— <aA +0'p+ %(91 + 92)) y} (37)
with
B) =g~ (0a+ B + o+ 9) (s + 3~ ) (38)

andr, = v, + 0B, g1 = 1/8', g2 = 1/aa. This is indeed the result of (21) witty = k3 =
M, = 0. Using the parameters” 4, = m”"p = k1 = k4 = 0in eq. (35) forD 4, we obtain as
before the denominator term of the form (30) where

T R\ AT ar
Dy = ZR3 1%:” Ap A an <§> Dy (39)

whereD 4 is a double integral given by:

oo 1 1 29,
Dy = /1 3 /0 dip (62 =) (€ + )™ &7 5E (ﬁ) e nE - (40)

with S = %(O[A + O//A//)
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Just as forly(R), we now bringD 4 into a normal form with the aid of the variable transformatio

X=¢(4n
Da = / dn ( > { / dX X772 e PX (X + 0)2
0 n+1 147

—27 / dX X7 lePX (X + 0)291} (41)
147

We therefore have two inner integrals of the form:

Ix = / dX XNe™PX (X + C)*% (42)
1+n

whereC =1—-n,p=S+g, andN =y +1or N = v+ 2. Note that the integralx greatly
resembledy, the canonical form ofz(R). As in I5(R), there are no known general solutions
unlessN or 2g, is equal t00,1,2,--- In the case whergg, is a positive integer, we can expand
(X + C)?% as a binomial series and integrate term-by-term. As in teeiapcases fofz(R), the
solution is expressible in terms of the incomplete gammatfan. We proceed as with (R):

1. we obtain amrderedasymptotic expansion and
2. attempt to collapse the result into something simpler.

To obtain the asymptotic expansion of

e—P(n+1) 0o ¢ N ¢ 29,
Iy = / dt et <1+n+ —> <2+ —> (43)
p 0 p p

The solutions are found in terms of hypergeometric funstjonost of which can be collapsed into
closed-form algebraic expressions as shown in [9]. Thesaged a good benchmark for numerical
analysis. In general, we use quadrature techniques suépplied to these analytical forms of these
integrals and compare the numerical results from thosercdmalytical solutions using the multiple
precision of Computer Algebra.

4.3 Asymptotic Formulas for the caseR — o~

After settingz; = 0, and consequently; = Z, = R/2, the polarization terms of eq. (10) become:

x1 = 2% exp[—g—;] (44)
x2 = 27 exp[—g—zl]

and the exchange integral becomes:

1
I = FZ A Bpc(ma —m/g) 291792 exp[—§(g1 + g2)] (45)
AB

R k1+k3
< (F) Paltama) Po(Can's) 1)



where

4

R2 1/2
X exp [— (aA+B/B) <p2+z> ]

1
E(lﬁ +ky)+ 7

0 RQ T1/2
I(R) = /0 dp? <02+—> p>M (46)

X

R
/
= et ————5
A(p* + ) 4(pz+%2)

If, as Chibisov and Janev did, we take the derivative of oméyexponential term in (17), we obtain
the following approximate form fofs:

[e%e) 2 7'1/2
L(R) = _(aA+5,B)/0 dp® <P2+ I) p*h (47)
R R2 1/2
X —— exp [— (aA +B/B) <p2 + —>
r2\1/2 4
()

4.4 Asymptotic FormulasR — oo for the special cas¢/; = m; = 0

We obtain forl:

1
I = g2ltote exp[—5(91 + g2)] Z Aa Bp (48)
AB

8 o0 o ’
X ﬁ/ / dz1dy; rI’AM B exp[—(aa + ' 5) 1]

1
I =« Z Ay Bp 21H91te: exp[—§(g1 + g92)] I2(R) (49)
AB

wherely(R) is given by:

00 R2\ (atd'5)/2
) = [Ta (24 ) (50)
0
R2 1/2
x exp | (ay+0'p) <P2 + T)
R R
x (va+ 5/B)W —(aq + 5,3)—1/2
A(p* + ) 4<p2+%2)
or in the case where we take the derivative of only the expaalegarm, we obtain:
o'} R2 ('YA+5/B)/2
(R = ~(aat8) [0t (24 ) )
0

R R2 1/2
X —1/2 exp [— (OtA + B/B) <p2 + T)
Y
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5 Results

5.1 Analytical Asymptotic Exchange Energy Formulas

Egs. (45-46) provide analytical expressions for the asgtigptorm of the exchange energy corre-
sponding to the two indistinguishable separated limits ¥M(n¢) and M(n¢) + M*, where M is a
one-active electron atom aid= 0, 1. To proceed, we use computer algebra to expand the solutions
of egs. (19-25) which are given in egs. (26-29), and the feptérms of the resulting asymptotic
series are gathered in Table 1. They correspond to an atoaviefunction written in the general
form:

Gnyg =ArTe ", (52)

Apart for X states dissociating adiabatically to'M- M(np) (X(np)), these formulas are identical
to the well-known ones obtained by Chibisov and Janev with é — 1, wherea is related to the
electronic energy?,,, for the n¢ state under consideration by= +/—2E,,,. This energyE,,, can
be estimated theoretically or experimentally (an averagedde with the spin-orbif components
if the case arises). For example, in the case of Caesium:

Egs = —3140647cm™" = aus = 0.535a.u.
Egp = — (3140647 — 11547.63) em™" = ay, = 0.425 a.u.

2E6p1/2 + 4E6p3/2
6
For X (np) states, the present formulas reduce to those of Chibisodamel/ forl >

—11547.63 =

1
2R
5.2 Some lllustrative Results

Hydrogen Molecular lon H

First we check that our asymptotic formulas provide at I¢lastfirst term of the known results
for the exchange energy difference between’thg and?A,, states of I—} dissociating into H +
H(n¢). As a matter of fact, one obtains for the ground state:

2R _
Eexchange [(]—)221—;9] = ? € R (53)
(Note thatEexchange = AE ((1)2%), (1)%5]) /2).
For X states dissociating into H+ H(2¢), we obtain the first two terms f@fexchange
R? 4
259+ 1 _ ~R/2
Eexchange [(2) Eug] - @ e / <]- - E) (54)

after diagonalizing the exchange energy matrix of ordewftt bp in the basig2s, 2p, } of hydro-
genic functions. Eqg. (54) is indeed the correct result smoading to the first application of the
Holstein Herring formula to an excited state [5, eq. (22pfained from a refinement of the Herring
function worked out by Bardslesgt al. [3, (d)].

For II states dissociating into H+ H(2p), we obtain:

R?> _
Eexchange [(1)2Hu7g] = @ € k/2 (55)



Sym metl’y TLE M]_ ]fl kf3 T1 EExchange
Aps? (4\V/a (RY\2yHL
Sgu | ms | OO0 2y | A= (Q) (P e
3Anp2 r4N\1/a f p\27+1 —Ra
S5 np || O | 1|1 |2y=2| 5= ()" (F) 1i%R
3Anp? 4\1/a (R\27+] —Ra
g, np || 1100 |2y=2| 5= (3)"" (%) SR

Table 1: Asymptotic exchange energy formulas for one-active etectiases M + M(nf). For definitions
of My, k1, ks andry, see text(y = L — 1)

which is indeed the correct leading term. The result in &j).{% notable because the leading term
is smaller by one power oR than the result of eq.(54) and therefore more elusive: itccoot

be obtained from the refined Herring function of Bardsétyal. [3, (d)]. These results give us
confidence in the polarization functions of Chibisov andedqi 3].

5.3 Alkali Cations M3

For one-active electron diatomic ions, we illustrate thehod with calculations for the heavier

cations Mj with M = K, Rb and Cs, due to our receab initio investigations of these species
[10-12]. These investigations were performed treatin§ lghs as one-active electron systems.
Non-empirical pseudopotentials and effective core paiknivere used to describe interactions
between the active electron and the atomic corgsalglwell as to take into account core polarization
effects. Contracted Gaussian basis sets were used.

Numerical values for the exchange energy have been catdulat the’Y;r Van der Waals states,
corresponding to the interactions™+ M(nf) with M,n,¢ = {K,4,¢}; {Rb,5,¢}, {Cs,6,¢}
and/ is 0 or 1 (s or p functions). As a matter of fact, among the 6 stagca% (A = X1
corresponding to these dissociating limits, only the states are bound with small wells at long
range.

It should be emphasized that present evaluations of exehamngrgies are expected to be specially
adequate to describe such situations. This justifies ouceHor the presentation of our results.
Due to the lack of experimental data for alkali dimer catjoais initio values for the exchange
energy are chosen as references in the present paper. INggsstit should be kept in mind that,
while expected to be accurate, these values are not the @qaatimental ones.

To perform long-range evaluations of exchange energiesisee the asymptotic atomic parameters
shown in Table 2. As mentioned before, the irreducible ligiazameters required anda and the
parameters are derived according to our discussion of Section 5.1.

Atom QAp g Oénp Ans Anp
K 0.565 | 0.448 | 0.59848 | 0.13356
Rb 0.554 | 0.437 | 0.56945 | 0.12055
Chb 0.535 | 0.425 | 0.51020 | 0.10739

Table 2: Parameters for Alkali systems (M¢).

For the ground stat&; of the three cations, we compare our present values witteteesluated
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from the formulas of Chibisov and Janev [13] and Johainal. [4, (d)]. Our long-range predictions
were seen to be in an overall good agreement withathénitio values, not only for values aR
larger than the bond lengiR. predicted frormab initio calculations, but also for values &fsmaller
thanR., down to approximately R, — 2a,}.

We display comparative results in Fig. 1 forjCshosen as an example. The vertical dotted line
represents the position of the equilibrium distance for’ffig state. Our present results from egs.
(19-25) are seen to be very close to those obtained from tlrespmnding asymptotic form (see
Table 1). On the scale of the figure, they are indistinguikhab

For more quantitative comparisons, we choose to presenttlasresults as differences between
the ab initio and long range values. This is done in Fig. 2 fog“CsAs expected, the differences
increase for decreasing values®fand they decrease monotonically with increasing valueR.of
They practically vanish akR =~ 30 qa,, for the three cations.

Around R ~ R., our present results agree better with #ieinitio data than did the previous
ones by Chibisov and Janev [13] and by Johanal. [4, (d)]. This holds also for g and Rk;“.
Nevertheless, it should be noted that fof ihe predictions by Johann et al. [4, (d)] are in better
agreement with thab initio values than ours in the rangéa, < R < 28a,. The corresponding
figures for K and Rl were seen to be very similar to Figs. 1 and 2, in fact virtualntical,
which is why they are not displayed here.

The results for the excited staf®)?>" dissociating into M + M(np.) are displayed in Figs. 3-4
for Cs], together with the results of Chibisov and Janev [13]. Frdm B3, it is apparent that
there are significant differences between the results fromeqgs. (19-25) and the corresponding
asymptotic form (see Table 1). They increase with decrgasitues ofk and, as could be expected,
our results from egs. (19-25) better reproduceahenitio values than do the asymptotic ones of
Table 1, in the regio®R S R..

Fig. 4 shows differences between thie initio data and the various long-range values. The agree-
ment is not as good as for the ground state. Around@hgalue, our results from eqs. (19-25) are
seen to be the best ones, and they are in reasonably goodnamteeith theab initio values. The
present asymptotic values as well as those of Chibisov amelJare in good agreement with the
ab initio data for the regiom® 2 33a,. Oddly enough, we note that at very large distances, the
asymptotic form of Table 1 is actually better than the ressoitegs. (19-25). A possible explanation
might be that theb initio reference is a bit faulty at very large distances. This tasuiotexact
and the larger the distances, the moredbadnitio results lose precision. It could also be that the
leading term of Table 1 is the only physically represenéaterm of the true asymptotic series and
that the validity of the polarization functions of Chibisaad Janev is limited to only that leading
term [see the discussion in our introduction].

6 Conclusions

We have analyzed and reduced a general (quantum-mechaatical-ion diatomic exchange en-
ergy formulation into fundamental mathematical forms. $okitions have been worked out using
asymptotic expansions in inverse powers of large integaraistancé?. Numerical schemes based
on quadratures for the resulting integrals have been deedland tested by comparison with the
analytical results.

The resulting asymptotic expansions involving multiplensoations where the number of sum-
mation indices were most often reduced using algorithmscédlapsing sums into closed form



expressions in terms of hypergeometric functions. In the ere obtained simple forms for the
leading terms of the asymptotic expansions of the exchangeges for the ground and excited
states, which are in very good agreement vaithinitio calculations starting from the intermediate
range (e.g. bond-length) to larger internuclear distances

In view of the elusive nature of the quantities to be cal@date. that the exchange energy is an
exponentially vanishing function aR, we have avoided “brute-force” techniques and presented
solutions which are “natural”, i.e. resulting from the malumathematical properties of the very
guantities we analyzed. The analytical results helpedy#re accuracy of our quadrature schemes
and ensured double precision accuracy in the final compu&tiThe resulting codes can be used
with confidence for a variety of physical/chemical calcalas. Moreover, the analytical results can
be used within a large study of atmospheres (stellar or wike}.

Our numerical comparison of thab initio calculations with the results of the Holstein-Herring
method vindicates the discussion following eq. (2), namilgat the best result is from the first
leading non-vanishing term of the asymptotic expansionthefsurface integral and determining
that particular coefficient as accurately as possible. &cfwe, the addition of the next term of the
asymptotic expansion is actually a nuisance unless thmimtkear distancé is large enough, and
in the long-range regime, the next term is hardly needed apyw

Thus, the exchange energies can be effectively expressetyesimple closed-form semi-analytical
formulas, as shown in Table 1, whose leading (scalar) cosifics determined by the accuracy of
the (atomic) basis set expansion used. In the cases exaritiiseibund that the resulting formulas
work remarkably well for long-range interactions, espkgi@ regimes beyond the capacity ab
initio calculations, and also work surprisingly well for mid-rendistances near the equilibrium
separation. As can be seen in our figures, our results are atotgate than those of Chibisov
and Janev and are slightly more accurate than those of Tahgaemnnies and their co-workers.
More significantly, we have obtained accurate results foharge splittings between excited states,
which Tang and Toennies and their co-workers do not have

Work is underway to extend the results presented here wiiXtended to théwo-activeelectron
case.
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Figure Captions

Fig. 1 Exchange energy for thg)?X; state of C§.

full line: ab initio values;

dashed line: eqgs.(19-25);

points x: asymptotic values (see Table 1);

points o: Johanret al. [ [4, (d)]] values

dotted line: Chibisov and Janev (CJ) values.

The dotted vertical line represents the positiorRgffor the (1)2X} state.
Fig. 2 Differences betweenb initio and long-range values of the exchange energy for the

(1)2%; state of C§.

full line: eqgs.(19-25);

dashed line: asymptotic values (see Table 1);

dotted line: CJ values [4, (d)];

dash-dotted line: Johanret al. [ [4, (d)]] values

The dotted vertical line represents the positioriRpffor the (1)2XF state.

Fig. 3 Exchange energy for th)?x; state of C§.

full line: ab initio values;

dashed line: egs.(19-25);

dotted line: asymptotic values (see Table 1);

dash-dotted line: CJvalues [4, (d)];

The dotted vertical line represents the positioriRpffor the (2)2XF state.
Fig. 4 Differences betweeab initio and long-range values of the exchange energy for the

(2)2%; state of C§.

full line: eqgs.(19-25);

dashed line: asymptotic values (see Table 1);

dotted line: CJvalues [4, (d)];

The dotted vertical line represents the positiorRgffor the (2)2X state.
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Figure 1: Exchange energy for the(1)23; state of Cs
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Figure 3: Exchange energy for the(2)2S; state of Cs
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