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Anisotropic colloidal particles in critical fluids
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We consider anisotropic colloidal particles with dumbbell or lens shapes that are immersed in a
critical binary fluid mixture. The orientation-dependent long-ranged universal interactions mediated
by the critical solvent between a particle and a wall or between two particles are investigated for
mesoscopic particle sizes small compared to the correlation length and interparticle distances. Exact
results are obtained using a “small particle operator expansion.” The amplitudes of the isotropic and
anisotropic operators in the expansion depend on the size and aspect ratio of the dumbbell or lens
and are determined by density profiles in the Ising model at the critical point in a wedge geometry
with symmetry-breaking fixed-spin boundary conditions. Dumbbells and ellipsoids with a symmetry
preserving surface are also considered.2@4 American Institute of Physics.
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I. INTRODUCTION particle flocculation. However, to explain existing floccula-
tion experiments in a near critical water-lutidine mixture, it
There are long-range solvation forces between colloidakeems necessary to take into account additional interactions,
particles dissolved in a complex fluid with a large correlationsuch as charge screening effects, as Well.
length!? such as solutions of long flexible polymer chains, If the near critical fluid is a polymer solution, it induces
fluid mixtures near their critical demixing point, 8ide near a depletion interaction of long range. Polymers can also be
the superfluid transition. The particles locally disturb thediscussed in terms of magnetic spin modélgnd in the
critical complex fluid over a distance of the order of the above terminology the particle surface for nonadsorbing
correlation length, leading to a long-range interaction bepolymers corresponds to an ordinary surfate.
tween the particles. If the particles are not spheres kanisotropic the inter-
As in critical phenomena in the biflior near surface$®  action between them not only depends on the distance but
the solvation forces display a high degree of universality. Inalso on theorientation Both a force and dorque of long
the asymptotic limit with particle size and correlation lengthrange are induced by the critical fluid. Anisotropic particles
& much larger than microscopic lengths, apart from a fewin solutions of nonadsorbing polymer chains are considered
nonuniversal scale factors they are independent of microin Refs. 14—16. Here we consider anisotropic particles in a
scopic details and only depend on a few gross properties afritical fluid mixture and study anisotropic effects both in the
the fluid and the particle%:® For example, for particles in a generic case of a normal particle surfdpeeference for one
one-component fluid near its liquid-vapor critical point or acomponentand the exceptional case of an ordinary surface
binary mixture near its critical demixing point, the universal (no preference Not surprisingly, the results diffequalita-
free energy of interaction between mesoscopic particles itively in the two cases.
the same as between corresponding mesoscopic holes cut Particles with a large size ratio can be investigated by
into an Ising spin model with a “magnetic” field acting onto means of small curvature expansions of the Helfrich or Der-
the surface spins of the holes. This field corresponds to thgaguin type, see, e.g., Refs. 9, 10, and 17. Here we consider
generic preference of a particle surface for one of the twemall anisotropic particles which are large on a microscopic
phasesliquid or vapor, component 1 or component 2 jici  scalé® but much smaller than interparticle distances and the
the solvent. The field is absent in the exceptional case of aorrelation lengthé.
particle with no preference, in which case the surface locally  In the field theoretic description of the critical fluid in
weakens the tendency for demixing in the near-critical fluid.terms of the Ising model, the small particle is a perturbation
In the terminology of surface critical phenomena, these twavhich can be represented by a series of point operators. In
types of surfaces are called “normal” and *“ordinary” addition to the series of isotropic operators used in Refs.

surfaces, respectively. 7-10 to describe small spheres, we must Hawclude an-
The second relevant property determining the universaisotropic operators.
critical interparticle interaction is the geometfgize and For simplicity we confine the discussion to particle

shape of the mesoscopic particles. For spherical particles theshapes with a symmetry axis of revolution. This encom-
fundamental quantity is the size rafjparticle radiugé. The  passes prolate or oblate ellipsoids and dumbbells composed
size ratio dependence of the sphere-wall and sphere-spheoé two touching spheres, shown in Fig. 1. Both types of
interaction in a critical fluid mixture has been analyzed inparticle shapes can be synthesiz&d?

Refs. 9 and 10. The solvation forces of a near critical solvent  We concentrate on the dumbbell shape, for which de-
are attractive for like particles and are a possible source afiled predictions can be made. The reason is that a system at
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the particle in the critical bulk system, right at the critical
point. Then we expect
with

o=+ 0+ opt+Ta. (2.2
Here

oy=ajeta,Aet+agh+--- (2.3

and

a) b) c) are linear combinations ofsotropic (1) point operators
which are even and odd under the Ising up-down symmetry,
FIG. 1. Dumbbell of tangentially touching spherés. No preference fora  5n4 \we explicitly show the leading terms, wiétthe energy
particular componentb) Both spheres prefer the same componér)tThe . h ’h . ;
spheres prefer different components. denglty angcp t e order parameter. Npte t at.ongotroplc
spatial derivatives such as the Laplaciaenter in Eqs(2.3
and(2.4). In Eqg. (2.3) we also show the isotropic even op-
erator\ of lowest scaling dimension other than the energy
'density e or a derivative thereof. On approaching the upper
ritical dimensiond=4, the scaling dimensior, =d+ w of

the critical point is not only scale invariant but, in general
also conformalinvariant?® The space outside the dumbbell

in Fig. 1 can be obtained from the space inside two paralle _with o the correction to scaling exponent, tends to 4 and

plates by means of an inversion about a midpoint betweeBecomeS degenerate with the scaling dimensiph2=d
the plates, which is a conformal, angle-preserving, transfor-

i Due to its high ¢ his K bout —(1/v) +2 of Ae. The quantitiesr, anda, in Eq. (2.2) are
mation. DUe 1o IS high Symmetry, m_“‘g IS Known aboul &; 04 combinations of even and o@ahisotropic operators,
critical system between parallel platés?®and can be taken

over to the dumbbell geometry. discussed below.
’ i the left-h i f ER.D) h ishi -
In Sec. Il the operator expansion for the dumbbells in. Since the left-hand side of E@.1) has vanishing sca

Figs. 1a-1(c) is set up. We show that it describes both ing d?mensipn, the amplitudes,a (anq the amplitude,b .
density profiles and multipoint functions in the presence ofOf an|soFrop|c operators belgvbor particles Ia.rge on the mk-
anisotropic particles. In Sec. Ill results from the Ising modelrOSCOPIC scale are proportional to the particle size raised to

in parallel plate geometry neat=4 and ind=2 spatial the scalmg dlmen3|0§0 of the accompanying operatd.
'{(_pe leading contributions for particles small compared to the

dimensions are used to check the expansion and to calculal oh ic lenath ¢ th { ith th
the operator weights. We also compare with a particle o er mesoscopic fengths come irom the operators wi €
owest scaling dimensions.

ellipsoidal shape. A connection between the small dumbbe F il ith d i N
and operator product expansions is established in Sec. Il C& or parlicies with an up-down Symmetry-preserving -or-
inary” surface(the exceptional case for a particle in a bi-

and checked in Secs. A2, llIB, and 1l C 2. The particle- fluid mixt | i . 1
wall and particle-particle interactions induced by the critica @My fuid mix urg, only even operators appear in §@.1),

solvent are discussed in Sec. IV. In Sec. V we consider Ienseasnd trle amp"t“de‘? n qu (2.4 and corres'pondmg amF’"'
and more general dumbbells composed of two overlapping'desb for odd anisotropic operators vanish. For particles
spheres, which also have a symmetry axis of revolution. Th&ith a “normal” surface, which prefers one of the compo-

results are summarized in Sec. V1. Some technical details af@ents and breaks the up-down symmethe generic cage
relegated to Appendixes A—D. both odd and even operators apge#tin Eq. (2.1). For a

spherical particle only isotropic operators are included in Eq.
(2.2) while for anisotropic particles there are both anisotropic

Il. OPERATOR EXPANSIONS FOR SMALL and isotropic operators. _ ~ o
ANISOTROPIC PARTICLES, DUMBBELLS, AND For sphericalparticles the amplitudes, ,a, are given in
CONFORMAL INVARIANCE Refs. 7 and 8, and we calculate, a3, and@d, in Egs.

(2.20—(2.24 below.
Our main concern ianisotropicparticles with a symme-
Here we generalize earlier work describing the effect oftry axis of revolution. If, in addition, the particle is reflection
small spherical particles in a critical fluid® to the case of symmetric about its center, for example, prolate or oblate
anisotropic particles. In the spirit of the operator-product ellipsoids of revolution or the dumbbells in Figs(al and
expansiof’ we represent a small mesoscopic perturbation ofi(b), the leading even and odd anisotropic operators are
the critical system by a sum of point operators in the corre- 2
sponding field theoretic Ising model. TA= D1 €+ BT+ 29
We denote the Boltzmann factor of the particledy’”  and
and its bulk average at the critical point g™ "), -
=e % wheresF is the free energy pdesT for immersing Ga=bydfe+-. (2.6

A. Small particle operator expansion
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Hered =% 0,4, is a derivative along the axis of revolution (O(r)O(0))puk=Bor 2o, O=¢,\, 0o, (2.10
characterized by the unit vectgr, andT, =X, ,0,0,T,,

is the diagona| Component of the stress te%?s%ﬁ'of the and the universal Scaling functiord of the film prOﬁleS at
Ising field theory parallel to the axis. In the case of an ellip-the bulk critical point by

soid the amplitudes,d,b,b depend on the particle size and OFNED =BY2 2Ly %0 P (/L 21
the aspect ratidthe ratio between the lengths of the large (OF)sim =Bo'(2L) (L) 213
and small axes of the ellipsgidsee Ref. 16 and Sec. llIB with

below. In Sec. V we consider dumbbells of various aspect

ratios. ’PZE,L,f for O= 6,)\,(,0. (212

We now give the explicit form of the operator expan- I . .
. ) ) H the fil f t llel plat t
sions for the dumbbell-shaped particles of Fig. 1. The two ere the film is confined between parallel plates at (

dumbbells of Fig. ta) or 1(b) with symmetry preserving L,2=+L) with boundary conditionsi(j) =(ord,ord),

) ” (+, +), or (—, +) on the plates andé=(f,,2). For (ord,ord
(ord, org or symmetry b'reak|ng+, +). boundary conditions and(+, +) plates the two Ising spin configuratios§ ,2),
are reflection symmetric about their center. Thus the tw

Isi . f. i ds(—n) h h Os(f” ,—2) have the same probabilities, while for, +) the
S'ng'ipl'_? con(;guEra |0;T(r)2%n S( | r)F av;eh E Sime configurationss(f,,2z), —s(f,,—2). Thus in all three cases
probability, an 0s.2.0-(2.6 apply. ror e(= +) the scaling functions; ; andZ; ; of the even operatorsand
dumbbell of Fig. 1c), the two configurations(r) and —s : ’

e : functi f th L. For th -
(—r) have the same probabilify.In the(—, +) case there is \ areevenfunctions of the argumer#/ or the odd op

eratore only the scaling functiorF, , is even and nonvan-

no odd isotropic contribution, and the odd anisotropic °peraishing, while F_ .. is odd, andF, q oq vanishes.

tprst_musthhe acEcomzpinieddb%/ ém odd nrmbgrbof spatial de- The small dumbbell amplitudes follow from the behav-
fivatives. Thus Eqs(2.4) and (2.6 are replaced by ior of P(y) near the center of the film, whelg|<1. For
o,=0 (2.7 later use we also note the asymptotic form

and Pi(y)—=20LAD(1+y) %0, AP (1-y) 0] (2.13

TA=Cadjpte 2.8 near the planar boundaries, whegre:[ —1,1]. Here the uni-

The small particle operator expansion can be used at angersal amplituded,, describes the dependengk,/z*¢ on
near the critical point as long as the particle size is muchhe distance from the planar boundary wall of the normal-
smaller than the correlation lengghAway from T there are  ized profile(©),/B4? in the half spacéhs).
additional operators i, such® aste with t«T—T,, but Similar to Eq.(2.9) the amplitudea; of the isotropic and
these are accompanied by higher powers of the particle sizeven operatok is given by
(power exponent in the above exampleThe leading iso- i) . "
tropic and anisotropic small particle effects are determined, @3 ’A=(L/2)™L; ;(0)N/B} (2.14
in general, by the operators and their amplitudes which apg,

pear in the expansion at the critical point ith the film profile scaling functior defined in Eqs(2.11)

and(2.12.
The contribution of the stress tensor is
B. Results for dumbbells

For the three dumbbells in Fig. 1 withi,{) by DT, =(L/2)9A
=(ord, ord), (+, +), and (—, +), all the amplitudes

a),b"1),ct)) defined in the preceding section can be ex-whereA, ; is the universal amplitude in the singular contri-
pressed in terms of density profiles of the critical system apytion (2L)9A, ; of the free energy pekgT per unit area

d
ij B_TTH,H ; (2.15

the bulk critical point in the parallel plate geometry. of the film. This amplitude also appears in the avetage
The contributions in Eqs2.3) and (2.5 which are re- N
lated to the energy densityare given by (o) =(2L) " 4d—1)A; (2.16
aiVe+alVAe+biVife of the stress tensor componéft;, where thez axis is per-
1 pendicular to the film boundaries. The quantBy is the
- X g 28" () ——— universal amplitude in the bulk two-point correlatféri*
(L/2) [SH(O)E'FL €10 50D p p
(Tt (N Tinn(0))pur= Bt =24 (L2)[ 1m0+ il 1m]
2 1/2
|\ 2xr2=qte| T ] / Be @9 — (1/d]) 5 B} (2.17)

for the dumbbell. Herex,=d— (1/v) is the scaling dimen- of the stress tensor at the critical point, witQ = &k m
sion of the energy densit, is the nonuniversal amplitude —2rr,/r2.

of the critical bulk two-point function(e(r)e(0))puk, and We now turn to the contributions in the small dumbbell
& j is the universal scaling function of the energy densityoperator expansion which acgldin the Ising up-down sym-
profile (e(f)}%'m’]) in a film between parallel plates. metry and only appear for the symmetry breaking, +)

For the operatoe and the two other isotropic operators  and(—, +) dumbbells of Figs. (b) and Xc). For the(+, +)
and ¢ considered below, we define the bulk amplitu®eby  dumbbell these have the for(2.4) and(2.6), with
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= = T~ 12
al(,D + azAQD+ bl(?H (%)

=(LI2)%¢| Fy 1 (0)@+L2F, . (0)

8X4(X,+1)

/e

Equation(2.18 has the same structure as E@.9) except
thate,x.,B., and&; ; are replaced by, the order parameter
exponentx,= B/v=(d—2+ »)/2, the nonuniversal bulk
amplitudeB,,, and the universal scaling functidh, , of the
order parameter profile in a film with+, +) boundary con-
ditions, which are defined in Eq&.10 and(2.11).

For the(—, +) dumbbell the odd contributions are given
by Egs.(2.7) and(2.8), with

X

(2.18

- 2
ax,+2-d"®| e

"c‘:lﬂH<p=(L/2)X«v“]—"_’+(0)Xiﬂwp/Bi’z. (2.19
%]

Note that the— and + spheres of thé—, +) dumbbell are

situated on the negative and positive side of [this.

The results(2.9—(2.19 for dumbbells should be com-
pared with those fosphericalparticles. In the latter case all
the amplituded, ,b,,b; of anisotropic operators vanish, the
weights of even isotropic operators are given by

a(li)e+ a(zi)Ae=S(Ei)+Sg)e, (2.20
(2.21

for an ordinary {=ord) or symmetry breakingi € +) sur-
face, and of odd operators by

afh=8?,

A Ve+alAe=s{+s{). (2.22
Here
i = A D*00IBY? (2.23
and
(i) — 2()QyXo+2 1/2
S{b=AYD " 25— g A0IBg (2.24

with D the diameter of the sphere and() the universal

amplitudes of density profiles in the half space introduced

below Eg.(2.13.

In order to comparei(i) dumbbells with single i(
spheres, note that due to EgR.9, (2.14, (2.18, and
(2.20—(2.23 the ratios a{"/al’, af{/ay’, and
A" &™) of weights of the isotropic operato9=e,\,
and ¢ have the form L/D)*9[ P, ;(0)/(2*0.A%))]. For single
spheres with the sizB =L of one of the two spheres com-
posing the dumbbells in Figs.(d and Ib) one expects

E. Eisenriegler

I, one may verify that the corresponding weight ratios
27 o ord 0)I AL and 272 F, , (0)/AL") are smaller
than 1.

C. Derivation

To derive the result§2.9—(2.19, we use the inversion

r
P=(f,2) r—2L2, r=(r,,r), (2.29
which is a conformal, angle-preserving transformation, to
map the dumbbell geometry of Fig. lirspace onto the film
geometry inf space. The surfaces of the two spheres of
diameterL with centers on the negative and positiveaxis
are mapped onto the planar boundaizes—L and +L of

the film. Herer, andr are the components ofperpendicu-

lar and parallel to the dumbbell axis of revolution, @&pénd

Z are the components d@f parallel and perpendicular to the
boundary planes. The conformal mapping is justifiégro-
vided the sphere diameteris much larger than the extrapo-
lation length¢ and provided one considers density profiles or
correlation functions at points farther from the spherical sur-

faces thart.
1. Density profiles

First we consider density profild€)(r))4.) in the pres-
ence of a dumbbel(DB) with boundary conditionsi(j)
=(ord,ord), (+, +), or (=, +), as in Fig. 1. Due to confor-
mal invariance at the critical poit,density profiles of sca-
lar operatorsO such as the energy densityor the order
parameterp follow from the corresponding profil€2.11) in
the film via

(08P =b(P)*(OF) i, (2.26
whereb is the local dilatation factor
b(f)=|del of/ar)|Yd=L2?/r? (2.27

of the transformatiorf2.25. Substituting Eq(2.11) into Eq.
(2.26) leads to

o L \*o
(0(r)E 185>~ ;z> P j(rLir?) (2.29
with the expansion
. L \Xo 1(rL\?2
(0()bs'1By"= ﬂ PLi(0)+ 5 r_z)
XP!(0)+- - (2.29

for the symmetric case=j and a distance from the dumb-
bell center much larger than the sizeof the dumbbell. We
now verify that this result is reproduced by the small dumb-

weaker weights than for the dumbbell, i.e., the squarebell expansior(2.1), which predicts

bracket in the above form should terger than 1. This is
plausible, since the actual profil@%;(0) in the midplane of
an (i,i) film should have darger modulus than the extrapo-
lation of the half space profiles in E(.13. Conversely for
a single sphere with the siZ2=2L, one expects greater

weight than for the dumbbell it geometrically circumscribes.functions such as{e(r)®(0))pux,

Indeed, using the results fdrnear 4 andi=2 given in Sec.

o (O (14 0))puk
(i) — /DR
(O)og’= (1+ 0)pui

Since at the critical point both bulk one-point averages such
as (o)puk and (O(r))puk and “nondiagonal” two-point

(e(r)N(0))pui, or
(e(r)T; ;(0))pui vanish, Eq.(2.30 leads to

(2.30
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(e(nN)d=(e(n[ajet+a,Ae+ D157 €]) puic- (2.31)  stress tensor. While the stress tensor density profile outside
_ o . . _ ananisotropicparticle is generally nonvanishing, see the ex-
Taking derivatives of the bulk two-point functigi#e)puk i pressionsg3.40 and (3.43 for an ellipsoid in Sec. 1l B, it
Eq. (2.10, one sees that the operator expansion ®B1)  yanishes for an isotropisphericalparticle.
with a;,a,,b; defined in(2.9) does indeed reproduce the

expansion(2.29 of the ‘direct’ result(2.28 for the energy
density profile. ] ]
For the order parameter density profiles neay +) and ~ 2- Two-point functions

(=, +) dumbbells, Eqs(2.26—(2.30 with O= ¢ lead to A small particle operator expansion describes the
changes of arbitrary multipoint functions of the near critical
F. +(0) system on immersing the particle. Besides the one-point
functions or density profiles discussed above, we now check
whether Egs.(2.9), (2.19, (2.18, and (2.19 describe the

( (r)>(+’+’/Bl’2:( - )qu
® DB o) EZ

1(rL\?
| Fi i (0)+--

t5 (232 changes of the two point functionge(rq)e(r,))os,
(e(r1)€(ry))ps, and the mixed function(¢(ri)e(r,))ps-
and Again the checks are simplest right at the critical pdnt,
L \Zer L since conformal transformations such(@s25 can be used.
<¢(r)>(DB,+)/Bi/2:(_2) szi (0)+--. (233 Like the order parameter profileo(r))pg, the mixed func-
2r r ' tion at the critical point only exists fof+, +) and(—, +)

Again the operator expansion reproduces these results. Ghimbbells in Figs. ) and Xc) and vanishes due to the
replacing e by ¢ in Eq. (2.30, the expansion2.2—(2.8)  Ising up-down symmetry for théord, ord dumbbell of Fig.
predicts 1(a). The validity of the expansion in the presence of distant

_ perturbations such as a planar boundary wall will be tested in
(@M T =(e(N[E10+8A0+D157¢, C1djeDpux  Sec. IV.
(2.39 Two points r,,r, which are much farther from the
for the [(+, +), (-, +)] dumbbells, which on using Eq. dumbbell than its siz& are mapped by the inversid@.25

(2.18 or Eq.(2.19 and the order parameter bulk two-point onto pointsf,f, with separation much smaller than their
function (2.10 indeed agrees with Eq2.32 or Eq. (2.33. distance from the two planar walls in the film geometry. This

Finally we consider the density profile of the stress ten_is a situation in which the well-known operator product ex-

pansion of Wilson, Polyakov, and Kadanoff applies. At the

sor
. critical point the expansion for the produgty of two order
- L ryr arameters or the produet of two energy densities is given
<Tk|(r)>(|3'i3')=(—2> A, j{_ékl*'d Ok —Zk_z) Ey24'31‘33 P v 9
' 2r ' ' ' r
B Cooe/B
rr " o @) O0e'Pe ~
X 5,,—2:—2” (2.35 OF)O(F2) = 25 = ~g2xo % Pox (S,d7)(F)
in the presence of a dumbbell with {) = (ord, ord),(+, +), COOT/BTE .57, ()
or (—, +) boundary conditions, as in Fig. 1. This follows X0~ d+2 oy MTTORY
from the averag€2.16) of T;; in the parallel plate geometry,
the corresponding values I(Z*d(—l)Ai,j if both tensor " COOX/BAMfHW (2.39
components are parallel to the plates thatT is tracelesg S ' '

and 0 otherwise. Here one uses the inversion transformatiqﬂ the long distance limit, witt© denoting eithets or €, the
short distance vector

(.0 =p(f)d #))(.0)
(Ta(rB=b(0)* 2 RicoRe,pTa s - (2:30 b=ty (2.40

Due to the tensor character ®f Eq.(2.36 is slightly more D is a differential operator defined in EGA1), and the point
complicated than the transformati@®.26 of scalar opera-

. o ) . . F=(Ff,+7,)/2 24
tors, since it involves both the dilatation factbrin Eq. F=(f1+f) (.49
(2.27) and the local rotatici is chosen so that no first derivative appearsD'@xE. The

o amplitudesCppe, Cooy » andCypt characterize bulk three-
Ry ol )= 5k]a_2_k2ﬂ, (2.377  point functions of0,0,¢, of 0,0\, and of 0,0,T, as de-
r scribed in Eqs(A3) and(A9) of Appendix A.
which is contained in the inversiaf2.25. The result(2.35 As in Egs.(2.29—(2.27), the dumbbell two-point func-

tion of scalar operatorsD,,0, with scaling dimensions

agrees with the prediction _
X1,Xo SUch ase,¢ or ¢, or €€ follows from the two-point

(Tt (M) = (Tia(Nb2Ty ) buik (2.39  function in the film via
of the operator expansion with, defined in Eq(2.15. This  (O(r1) O,(r,))4d) =b(F1)*1h(F,) % O1(F1) O(F,))) .
follows from the form(2.17) of the bulk correlation of the (2.42
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For 0;=0,=0 equal tog or e we use Eq(2.39 to calcu-  p, _  (o(f))8)
late the film average on the right-hand side of Ej42 for R

small distance|f,—f,| and check whether the resulting 1x[2—(x./%,)]

=(2L) BYA 1+ =

dumbbell average on the left-hand side agrees with the small 8 X (X,+1)
dumbbell expansion.
First consider th& -contribution in Eq.(2.39. Using «| — X(ij+2 12|+ (2, 2,)? &g]ﬁ,j(ilL).
2 8uSTu ' =(2L) A [~ i+ d(2:-2)%) (2.49

(2.43 For the (+, +) dumbbell in Fig. 1b) with 7 ;=F,, an
even function ofZ/L, the expansion of Eq2.49 to second
order in the small quantitie®, ,2,, the transformation for-
mulas (2.42, (2.25, and comparison with the bulk three-

we find from the transformation formuld®.42), (2.25 and
from comparing with the bulk three-point functidA9) of

0,0,T that point function{geg)p ik from Eq. (A3) lead to
(O(r)O(r2)) 6 lromr (p(r)e(r)bs ) —(e(ry)e(r)[re+ A0
d T2
:(L/Z)dAi,iB_<O(rl)o(rz)Tu,n(O»bmk, (2.44 +b1d ] buik (2.50
T

i.e., the left hand side is consistent with the small dumbbell
which is consistent with the small dumbbell anisotropic op-operators in Eq(2.18).

erator (2.15. Here we have used E@2.30 with O(r) re- For the(—+) dumbbell in Fig. 1c) with 7 ;=F_, an
placed byO(r,)O(r»,). odd function ofz/L, we expand tdirst order inz,,2, in Eq.
Now consider the contribution frorPe in Eq. (2.39.  (2.49 (the first term in curly bracketsind disregard the next
Expanding corrections of third order. This amounts to neglecting contri-
L butions of orderL*¢*3 to (¢e)ps and leads, via the trans-
A (0L0) — —x p1/2 formation formulas and comparing with the bulk three-point
Dox {e(P))im = (2L) 7B7) 1 8(x.+1) function of ¢,€,¢, to
X Xe 12 ) (@(r)e(r2))5e " —(@(r1) e(r2)e10,0)pui. (2,51
2x.—d+2 12 consistent with the small dumbbell expansion fof-a+)
dumbbell containing the operat(®2.19.
+(2,-2,)| 051 & j(2IL) (2.45

_ ) I1l. RESULTS NEAR FOUR AND IN TWO DIMENSIONS
with z=(2,+2,)/2 to second order in the small lengths

7,,2,, the transformation formula®.42), (2.25 lead to Here we derive density profiles and density two-point
functions in the presence of a dumbbell thmear 4 andl
(O(r) O )Y | rompe=(O(r ) O(r ) [al Ve = 2. While the results for the profiles are already sufficient to

determine the small particle amplitudes, the two-point results
allow for interesting consistency checks of the proposed op-
(2.46)  erator expansions for small dumbbells and the related opera-
tor product expansion®.39 and(2.47) for film geometries.
For spatial dimensions close four the Ising model rep-
resenting the critical fluid can be described in terms of scalar
has been used. In the same Way)therm inEq.(2.39 leads g4 theory, with the order parameterand energy density
to a contribution (O(r1) O(r2))6¢loms . Which equals proportional to® and — ®2, respectively. Bot{® )y, and
(O(r) O(r)al '\ o . . . (= ®?)p, vanish at the critical point in the bulk, since we
Finally consider the mixed two-point functiofpe)ss  yse dimensional regularization and theexpansion. Intwo
for (i,j)=(+,+) or (-, +). Here we use the operator prod- gatia| dimensions results for profiles and multipoint aver-
uct expansion ages for the Ising model at the critical point in strip geometry
B are known from conformal invariance methods. Note that the
«pr XX, (s,d;)(f)+--- (2.47  energy density profilge) at the critical point, which is de-
fined to vanish in the bulk, is negative and positive near a
with the short distance vector from E.40). Since the two normal (+ or —) surface and a neutral “ordinary” surface,

operatorse,e havedifferentscaling dimensions, respectively, where the Ising spin disorder is decreased and
increased compared with the bulk.

+af A e+ bVl €])pu.

consistent with the small dumbbell operat¢2s9). Here the
bulk three-point functiofA3) for (O,(r1) O,(r2) €(rpg) Ybui

Cogel

QD(fl)f(fz): S¥e

F=f,— Xe (F1—F,), 2=2,— Xe (2,—2,) (2.48 A. Symmetry breaking dumbbells near four
2Xy 2X, dimensions
differs fromf in Eq. (2.41). Equations(Al) and(2.11) with As the spatial dimensiol=4—¢ approaches 4x,
O= ¢ imply —1x.—2x,—4, and the behavior of the critical fluid sur-
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rounding one of the two dumbbells in Figs(bl and ic) A2 Al

with symmetry-breaking surfaces is determined by mean A{"=——[1+0(g)], A{)=—=[1+0(e)]

field expressions of thé* theory. In the large-distance limit V2 V24

with dumbbell sizeL much larger than microscopic lengths, (3.9

the coupling constant can be taken at its fixed point value. of the universal half-space amplitudesefnd\. While the
leading contribution(3.8) to the profile€_ ., vanisheson the
midplaney=0 of the film, we expect that higher-order
contributions lead to positive&_ . (0), see thaliscussion

1. Densi fill
ensity profiles at the end of Sec. IlIC 1.

For the scaling functiong of the order parameter pro- The film profile scaling functionsP=F.&,L in Egs.
file in films®#® with (i,j)=(+,+) or (=, +) boundary con- (3.1) and(3.2) and Eqgs.(3.8) and (3.9) determine, via Egs.
ditions, one finds (2.11) and (2.28, the profiles{(O)pg for O=¢,€,\ in the

= AE. .12 presence of a dumbbell and, via Eq2.9), (2.14), (2.18),
FLi=AF(y),  A=3e @D and (2.19, the amplitudes in the small particle expansion
for e—0, withy=2/L as in Eq.(2.11) and (2.1) and(2.2) for the dumbbell. For &+, +) dumbbell
V2K snyK)dn(yK a,BY (AL =K?/2, 3.1
P = ey K F+:2K—m;n() E)y Y 1B HATL) (319
Y y (8, by)BYY(ALILX2) = (K496,K 48),  (3.1D)
Here sn, cn, and dn are Jacobian elliptic functions with the Y2 A (+) 4
parameterm=k?=1/2, andK=K(m=1/2)=1.854 is the a\BY (AL =K"/4, (3.12
corresponding complete elliptic integral. While for the amplitudes of operators even in the Ising up-down

F..—V2K+K3y?v2+0(y*),F_ . —2K?y+0(y®) symmetry and

33 2,BY (ALY =K/v2, (313
for smally, for y ~1 the functionsF, , andF_, tend to _
2/(1—y), consistent with the well known-expansion 8B, 2yl (AL %) = K3 (16v2), (3.14

ALD=A[1+0(e)] (3.4) BiBYA (ALY "2)=K/(16v2), (3.15

of the universal amplitudellfp” of the order parameter pro- for the amplitudes of the odd operators. In E§.14 7

file in the half space witht boundary condition, as intro- =2x,+2—d denotes, as usual, the anomalous part of twice

duced below Eq(2.13. the scaling dimension of the order parameter.

The functionsF=F, , ,F_, satisfy the mean field For a (=, +) dumbbell, alBi/ZI(A(j)LXe) and
equation a,BY%(A(PL*) tend to zero for\,0,

2F"=F3, (3.5 (ap,by)=2(al" ") b{**) (3.16

with the prime denoting a derivative with respect to the ar-is twice as large as the above expressions for a+) dumb-
gument. The combination()?—F*#/4 is independent of  bell, and the amplitude of the odd operator in E2.8) is
and determines the amplitude given by

31 1 31 T BYH (ALY =K22 (3.17
. - N2_ g4l -~ Tr_ 4 1Py @ . .
Al']*)27728<(|: ) 4F ) 27728[ 114]K (36)
of the stress average in EQ.16 for an (,j)=[(+,+), 2 Two-point functions
(—,+)] film asd,~4. Since the universal amplitudg; in Here we consider two-point averages of the order param-
Eq. (2._15 for d,”4 approaches its value 1/43) in the  eter and energy densities. For-0 they approach the mean
Gaussian model, see E@.35 below, the stress tensor am- field results, which for the film geometry read

litude b, in EqQ. (2.19 is gi b
PR :(2 o e (P ¢ (P2))im /B, = (2L) PAF(Y)F(y,), (318
b /LI =2 K[~ 1,4] - 3.7 (¢(F1)€(P2))iim/(B,B)?=—(2L) 3(A°V2)F(yy)

foran (,j)=[(+,+),(—,+)] dumbbell. X[F(y2)1?, (3.19

The scaling functions of the film profiles of the energy (e(F1)€(F2))iim/B.=(2L) " 4(AY2)[F(y1)F(y,)]?
densitye and the operatox, ‘

A? ) A* . with A from Eq. (3.1) and the functionF=F_, or F_,
& j=- E(FM) : £i,J:\/?l(Fi,j) (3.8 from Eq. (3.2 for a film with (+, +) or (—, +) boundary

conditions. Two-point averagé®); O,)pg in the presence of
are determined by the second and fourth powers of the ordex(+, +) or (—, +) dumbbell follow from Eqs(3.18—(3.20
parameter profile. Equatiot3.8) is consistent with the on using the transformation formula®.25, (2.27), and
e-expansions (2.42. For example,
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L2 Fa Fa (e(F)/BY?) 4, EQq. (3.24 for the amplitudeC and the
— 2 e /1im: Qppe
<‘P(r1)(P(r2)>DB/qu__2_24rlr2A F(?{'— F ?gL : fact that the power exponent2x,+Xx, tends to zero foe

32y —0

The product expansiof2.39 predicts three next to next
to leading contributions, x;, «3t0(@(F1) ©(f2))fim/B,,
which are of ordes™ ¢ X2 §7 2%+ 5= 2X,"X\ and cor-
respond to second derivatives of the energy densitthe
stress tensor, and the operatorFor e —0 all three are of
second order in the small distance vedeif ;, and have the
form

It is instructive to check that the film result8.18—
(3.20 of leading order ine agree, forf,—f,, with the op-
erator product expansiori2.39 and(2.47) and that the cor-
responding dumbbell results, such as E321) for dumbbell
sizeL<rq,r,, are consistent with the small particle expan-
sion, i.e., with the contribution&.44), (2.46), (2.50, (2.5)),
and the\ contribution below Eq(2.46). For example, the
four operatorsA,af)e, Ty, and\ cooperate in an interest- 5 a ap 1 _,., 4
ing way to reproduce the mean field results of second order Kl_’W[S —(21=2)7]| —3(F)"=gF"), 329
in f1,in EQ. (3.18 or (3.22 for the film, and of fourth order
in L in Eq. (3.21) for the dumbbell, as both their scaling
dimensionsx,.+2,d, and d+ « approach 4 fore—0. In
higher order ing, the operator expansions help disentangle
contributions which belong to different powers of the small A 1,
distance or particle size. as 7 F. (3.27

First consider thdilm average of two order parameters
in Eqg. (3.18 with the expansion

2

A2 1 1
Ky— W[32—4(21—22)2](§(F’)2— 1—2F4), (3.2

Besides Eq(2.39, the values oA andB+ in Eqg. (3.1) and
below Eg.(3.6), and the three-point amplitud€s.24), we
yi—Y2)? have used Eqs(2.45 with Eq. (3.8), Eq. (2.43 with Eq.
2 (3.6, and Eq.(2.11) with Eq. (3.8) to derive Eqs.(3.25),
(3.26, and(3.27). In the sumk, + k,+ k3, thes? contribu-

e’ 2 " tions cance) and the &,—2,)? contributions reproduce the
U et (y)}] (y1—Y,)? term of the result3.22) to leading order ire, as
(3.22 expected. Here E¢3.5) has been used to exprdsE” in Eq.

(3.22 in terms of F%.

(e(F)e(F2))im/By,—

A2 )
Z) {[F(y)] +

about an arbitrary interior poir{®.41) of the (+, +) or (-, A similar cancellation occurs on summing the three con-
+) film, with tributions

y=(y1ty2)/2. (323 (p(r)e(ro)aAe+bidfe;b, T, ;as\ | pui/By,
In order to compare E(3.22 with the film average of Eq. L\4 1 3 1
(2.39 with O= ¢, we need the results =(—) — —{(4U++4U12—I) F'2+ —F“);

2] (rqro)ce 2
Cour 2 Cum
e eeT _ PeN 1 3
BB V2B, T 328,87 30 (—4U, +8Upp+1) F’Z—ZF“);ZIF“ (3.29

to leading order ine for the universal amplitude ratios of of orderL*<*2, L9 andL* in the small particle expansion
bulk three-point functions containing two order parameterof  the  order  parameter  two-point  function
fields, with the nonuniversal amplitud@andC defined in (¢(r1)e(r))pe/B, in the presence of a smal-, +) or (-,
Egs.(2.10 and(A3), (A9). While the results foC,.. and  +) dumbbell These expressions follow from Eq#5) with
C,,t coincide with those in the Gaussian model without thegqs. (3.8) and (A3), Eq. (2.44 with Egs. (A11) and (3.6),
@* interaction, the result foC,, requires a higher order ang Eq.(2.14 with Eq. (3.8) on inserting the values of the
loop calculation considered in Appendix B. three-point amplitudes from E¢8.24) and ofA andB from

The leading short distance contribution to the film aver-gq. (3.1) and below Eq(3.6). In Eq.(3.28 I, U, , andU,
age of the operator product expressi@B9 with O=¢ is  gre from Egq.(A8), and F=F(0), F'=F’(0), and F*
of orders™ . However, this power is accompanied by an=[F(0)]%. As expected, the isotropic contributiandrops
amplitude of ordee® and only shows up in the correction to gyt of the sum
the result(3.22, which is of orders ~*. This is confirmed by
the calculation in section 2 of Appendix B in next to leading ~ 12U1F'?+3U F* (3.29
order ine of the two-point averagée(1)e(2)){:) for the
case of a half space with surface magnetic fi¢le.

The next to leading short distance contribution is of or-
ders™?%¢** and comes from the first term of the differential
operatorD,_in Eq.(Al). Fore—0 this contribution arising  (¢(r1)¢(r,))pe/B,

of the three terms in square brackets in E828 and the
sum of the three contributions in E(B.28 reproduces the
L* term of the result to leading order i

from Eq.(2.39 reproduces the first term in curly brackets of 5 1
the result to leading order iz on the right hand side of Eq. =—— A F2+ ZL2U,FF”, L2UF'2 (3.30
(3.22. Here one uses Eqg2.11) and (3.8 to calculate 4rir; 2
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for a {(+, +), (—, +)} dumbbell, which follows from expansion, and fad— 4 their weights coincide with those in

Eqg. (3.21). the Gaussian model with a bulk Hamiltonian given by Eq.
Next we consider the mixed two-point average (B1) with u=0. Apart from representing a neutral particle in

(@(f1)e(f2))m and compare thé; ,—0 behavior of the a critical binary fluid ford—4, a particle with ‘ordinary’

result(3.19 to leading order—O0 for an arbitrary interior surface in theGaussianmodel is also of interest for 2d

point? of the (+, +) or (—, +) film with the film average of <4 since it describes a particle interacting with an ideal

the operator product expansi¢®.47), which applies in any (random-walk-lik¢ nonadsorbing polymer chain, see, e.g.,

spatial dimension. One finds that the leading behavioRef. 16 where a particle of ellipsoidal shape is considered.

—(2L) 3(A3V2)[F(y)]® of orderse %72 in Eq. (3.19 is For the small dumbbell expansion in the Gaussian model

reproduced by the film average of the term of ordef<*2  with 2<d<4, we find the leading contribution

in Eq. (2.47). Besides the three-point amplitu@x,,. in Eq. _ ~

(3.24), the relationg3.1) and(3.4) betweent, F(,n?rqu, and a;e=(L/2)"26(0) (— ®2)/(V2Sy) (3.3

Eq. (3.5 betweerF” andF3, one uses that the combinations from the energy density — ®2, see Eq(2.9), where

2—(x./x,) and X,—d+2= 5 of exponents in Eq(2.49 _

tend to—i/3 and82(754, respectively, as— 0. Note that the £(0)=v2(1-2°"%)¢(d~-2). (3.32

e—0 limit (3.19 for (¢e€)qy is of ordere 32 and misses Here ¢ is the Riemann zeta function, and

the leading short distance behavias™*¢, given by Egs. _

(2.47 and (2.49, which has an amplitude of order *2, Sa=T((d—2)/2)/(479?) (3.33
There are similar results for a smal-, +) dumbbell
The normalized mixed product average

(o(r)e(r2))5e™1(B,B,)Y? due to Egs.(2.42 and (3.19
has a leading—0 behavior of order ~%2 which forr,,
—0 tends to the isotropic expressior [L%/(8r2r3)]

X (A3V2)[F, ,(0)]3. On insertingF’ . (0) from Eq.(3.1)

in Eq. (A7), this expression is reproduced by theerm, {a,Ae+ blé’ﬁe;szHY”}
which is the only term of ordet ~*? in the small dumbbell

is the amplitude in the Gaussian bulk propagator
(B(r)D(0))pu=S4r2~9. The universal quantitg(0) equals
m?/(6v2)=1.163 andv2 In 2=0.980, respectively, inl=4
andd= 3. While the leading contribution has a size exponent
d—2, the three contributions

operator expansiof2.50. The leading small dumbbell be- =—(L/2)%(d)[2(d-2)Sq] H{(1-27%)
havior of order_*¢ which arises fron@; in (2.50 is of order STAP2+ (d—2)52D21-2-9+2(d— 1) T 33
e~ 12 and not contained in the leadirg—0 expression. [ (d=2)5®7L; (d=DTt @39

For a(—, +) dumbbell the leading— 0 result for the from the isotropic operatoAe and the two leading aniso-
mixed product average is of ordef, i.e., it does not contain tropic operatorsﬁe andT, , have a size exponent Equa-
the leading small dumbbell behavior of orde** given by  tion (3.34 has been obtained from E.9), Eq.(2.15, and
Eg. (2.51) and corresponds to operators with higher scalinghe forms

dimensions. . _d
Finally consider two-point averages of the energy den- £(0)=v2(1=27)(d=1)(d=2)é(a),
sity. Only the\ term in the product expansidi2.39 for ee Aorgor= —2 4~ 92T(d12)¢(d),
or in the expression&.9), (2.14), and(2.15 of even dumb- _
bell operators leads to a contribution(tee), or { e€)pg of Br=S5(d—2)%d/(d—1) (3.39

the same ordee 2 as the “direct” results given by Egs.
(3.20 and(2.42. Using that the universal three-point ampli-
tudeC.., /(BB tends to\/6 for e—0, one confirms that
the X term in the expansiof®.39 about an arbitrary interior
point of the film reproduces the value (2 *(A%?2)
X[F(y)]* of Eq. (3.20 for f;,—0, and the dumbbell opera-
tor (2.14 reproduces the corresponding leading ordek in

of &, Agore,B7 IN EQs. (2.9), (2.19, and (2.17) for the
Gaussian model at the critical point, in which

1
T”’H:(a@)z—i(vc{))?_ (9—A)D2. (3.39

4(d—1)

For later use we note the scaling function in the film

result[ L%/ (16rr3)](A%/2) [F, . (0)]* of the normalized av- E(y) =239 £(d—2(1—y)/2)+ {(d—2,(1+Yy)/2)
erage(e(rq) e(r,))pe/B. in the presence of &+, +) dumb-
bell. Again, for a(—, +) dumbbell the leading order—0 —2{(d=2)] (3.37
re;ult is of_ orde.rL8 vv_hich corresponds to operators with ¢, arbitraryy=2/L in between—1 and+1 and the value
higher scaling dimensions. A©=2(2)~d of the half space amplitude. Note thaand
B. Neutral (ordinary ) dumbbell near four dimensions £'(0) are positive for 2:d<<4, while Aqq o is Negative.
and results for the Gaussian model Finally the contribution

Consider a dumbbell which preserves the order param- a3)\=(L/2)2(d‘2)£(0)d>4/(2\/6~85) (3.39

eter symmetry of the embedding critical fluid with the order . s X
parameter vanishing on the particle surféterdinary” sur-  from the operatoh =d* with \/B}/*= ®4/(2\/6S]) and
face with Dirichlet boundary conditiGh In this case only 55 2

the operatorg, A\, ... and&ﬁs,TH,H, ... which are even in £(0)=V3/2£00)] (3.39
the Ising up-down symmetry show up in the small particlehas size dimension &A¢ 2).
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The above expressions fay ,a,,as,b;,b, not only de-  responding number€l3.4,8.0) for the dumbbell. Equation
scribe the density profiles but also multipoint averages in3.55 of Ref. 16 for the particle insertion free energy can be
presence of the dumbbell. We explicitly check this for themodified similarly by replacind,=14.3 with 12.3, see Eq.
two-point averages¢¢)pg and (ee)pg in Appendix C by  (3.42.
confirming the predictions of the product expansi@39
with O= ¢ and e for the short distance behavior b¢)fim . Dumbbell in two dimensions
and (ee)qm about an arbitrary interior point of the film.

There we also check that in the four-point function 1. Density profiles and small particle amplitudes

(¢9¢@)pe, the contribution of ordet =2 in the small The two scaling functions, F of the density profiles
particle expansion is reproduced by the operaix in EQ.  (e)q, (@)im in d=2 Ising strips with symmetric boundary
(3.38. conditions (,i)= (ord,ord) or(+, +) are given b$

It is interesting to compare the anisotropic effects of a ) «
dumbbell with that of other uniaxial anisotropic particles  Fi.i(Y)=Ag[7/cogd myl2)]"e, (3.44
such as aellipsoid (E) of revolution with major axiglargest  with — 1<y<1 andP=¢, Ffor O=e, ¢, as in Eqs(2.11)
distance between two surface pojritsminor axiss, and the  and (2.12). The bulk exponents,, are x.=1,x,=1/8, and

interfocal distance 2= 17— s2. For the leading anisotropic the universal half plane amplitudes
behavior of the ellipsoid, we use the results of Ref. 16 in

(ord)— _ 4 (+)= (+)_»1/8
terms of the amplitudeB,, , By, , where SU=—AT=12, Ay =2 (3.49
fd follow from the two-point functiong ee),s and{ e ¢ ), in the
by gdfe=— 7 (Bui+ (Byi=By)(d—2)/ half plane® { p¢) 1, also determines the universal bulk three
point amplitude
252
[2(d—1)]}o?®2, Cope/(B,BYA=—1/2 (3.46
3.4
by T, —— f By — By T (340 including its sign, which we need for the discussion of the
2BV 11T 7 5 (Bvi=Bvi) Ty, two-point functions O, 0,)pg below. For the boundary con-
with ditions (i,j)=(—,+), the even and odd functions
b Zetb. T E_+(Y)=[1-4 cod(myl2) ], . (y) (3.47
: 2N,
1EY) ) EUILI ) , and
=—f9By(9,P)*/2+ By, P(d;P)/2+is0 3.4
[ VI( II ) i ( II ) ] ( 1) ]—Z+(y)=sm(77y/2)]-'++(y) (348)

as follows on using Eq.3.36), and where ‘iso’ denotes iso- . .

tropic operators. In particular, we consider da=3 spatial are de”\ffd |n.R|efs._ Zak;b)' IFor ar?umbbﬁlldcorggolsl,ed of
dimensions a prolate ellipsoid CE that circumscribes th(—:tv,v0 touc l!ng cwcss mft”e p:me,t € small dumbbetl expan-
dumbbell DB in Fig. 1, touches it at the highest and lowes slon amp 'tUQGSt en 1oflow from Eq$2.9) and(2.18. For
points, and has the same curvature at these points, sb tha[[)he symmetric dumbbells withi §) = (ord,ord) and(+, +)

— 2L, I/s=L/f=v2. For the two particle shapd®B; CE] oundary conditions in Figs.(d and Xb), one finds

we then obtain al"BYH(ADLX) = 7/2,
[ai;a; cele= — (L/V2)[4mv2In2=12.3; (@ b NBYZ(AWVLX"2) = (7%27)[(1/2),1] (3.49
47/ (arcosiv2)=14.3®%/2, (3.42  for the amplitudes of the even isotropic and anisotropic op-
and eratorse, Ae, and 0%5. The amplitudes of the odd operators

o, Ap, andaﬁp for a (+, +) dumbbell are given by

[bl ) bl,CF_—lafE‘i‘ [b2 ) b2,CI£|TII,\\ ’ég_+’+)Bi/2/(Afp+)Lx‘P) :(77/2)1/8,

=—(L/v2)3[13.4;8.31(9,®)?/2 (3.50
+[8.01;4.7® (7P)/2-+is0). (3.43 (@7 by )BI(AIL ) = (wf2) T4, D0,
Here we have used Eq&.31—(3.36 for the dumbbell with N For the dumbbell in Fig. (1:) with bpundary conditions
(5,3)m¢(3)V2=(13.4,8.01) and Eqs3.6—(3.10 in Ref. (:))=(=.+) the energy density amplitudes
16 for the ellipsoid with By, ,By,)=(8.31,4.76). al{""=-3a{""),
Thus the leading isotropic and anisotropic perturbations (3.50)

of the critical system due to the DB are weaker and stronger, (85 " ,b{™")=5(a{" ") b{*))

respectively, than for the circumscribed ellipsdidE). In- e simply related to those of tie-, +) dumbbell, and the
deed, the DB is smaller and more anisotropic than the CEqmpjitude ofs, ¢ is determined by

This shows up in the polymer-induced interaction between 12 A (41 X 41 o8

the particle and a planar wall. The result in E¢3.56— C1B (AL " T) =4(m/2)™" (3.52
(3.58 of Ref. 16 for the anisotropic interaction of an ellip- gina|ly the amplitudes of

soidal particle can be extended to a particle with dumbbell - ’

shape by replacing with L/v2 and B\, ,By,) by the cor- S DILY= (7324~ 1,-1,23 (3.53
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for dumbbells with boundary conditions,{)=[(ord,ord), Q can be written ag,T@z(e(rl)f(rz)'rHJl)bulk/Be, and Eq.

(+,4),(=,+)] follow from Eq. (2.19, since Aj; (3,56 is consistent with the small particle expansion if the
=(7T/42%)[—1,— 1,23 and By=1/(47?%) in the d=2 Ising  stress tensor amplitud®.53 is taken into account.
model’ For (¢¢)pg all four even operators in Eq$3.49 and

Density profiles in the presence of a dumbbell follow (3.53 contribute and lead to terms of orderL?, andL3.
from Egs. (3.44—(3.49 via the transformation formula For example, expanding the averag@l) for symmetric
(2.28. Note the interesting behavior of the energy density inqumbbells leads to
the strip with(—, +) boundary condition$> While the or- . o
dering near the- and + boundaries make&e)g,, negative (@(rD)e(r))i1B,=r ;" 1= mLr1,/(8ryry)

for 2/3<|y|<1, {€)5im becomespositivefor |y|<2/3 due to — (rL)2Q1(8% 24
a disorder arising from the twopposingsurface ordering
fields. One expects a similar change of sign fgr-a +) film +(mwL)3[r /(281 1r,)1[3U,/2

in dimensiond slightly below 4 if the calculation is pushed _ 4
beyond the mean field resuB.2), (3.8), with ( e)ym Staying +U— (114 ]+ 0L}, (3.58
negative except foy=0 where it vanishes. For &, +)  whereU, ,U;,,| are from Eq(A8), and the upper and lower
dumbbell Eqs(3.47 and(2.28 imply that(e)pg is negative  signs refer to thei(i)=(+,+) and (ord,ord dumbbells of
in the reglonL<r2/_|r”|<(3/2)L between the surfaces of the Figs. Ib) and ¥a). Again one confirms that the? term is
actual dumbbell with(—, +) ordering fields in Fig. &c) and  consistent with the stress tensor contribution of the operator
a “ghost” dumbbell which is larger by a factor 3/2. In this expansion. The terms of orderandL® are consistent with
region the order due to the field in the surface of the closethe contributions frome and Ae, aﬁe as follows from Eq.
circle dominates, while in the region (3[2%r?/|r,| outside (3.49, the value(3.46 of the bulk three-point amplitude
the “ghost” dumbbell the disorder due to the two opposing Cyoe, the form.A " 73/4 of £](0), andfrom identifying the
surface fields dominates, aké)pg is positive. Thus, at large  curly bracket in Eq(3.58 with that in Eq.(A5). The same
distances theord,ord, (+, +), and (=, +) dumbbells in  operators and.-powers as above appear in the average
Fig. 1 induce disorder, order, and disorder of the Ising spinsw(p)f)év*) of Eq. (D4) for the (—, +) dumbbell of Fig. 1c).
respectively, and the energy density profil€e)pg and the  However, consistency is now achieved by the different am-
amplitudea, of the operatok in the small particle expansion plitudesal™*’,..,bS™*) from Eq.(3.51) and the last term in
are positive, negative, and positive. the square bracket of E¢3.53.
In the same way one confirms that the leading contribu-
tions to the mixed functiongee)y ™) and (e)sy ™ in
2. Two-point functions Egs.(D3) and (D6) are of order. 8, L2+(1/8) gnd 1+ (1/8)
o o _ _ respectively, and are reproduced by the operators
Explicit results for multipoint averages in Ising model ¢ (A, aﬁ)cp, andd,¢ with amplitudes given by Eq$3.50
strips can be found in Refs. @5—25(d). Two-point averages and(3.52. Here one uses EqéA7) and (A3).
in the presence of the dumbbells shown in Fig 1 then follow  \We conclude with a remark on contributions with size
from the transformation formulag.29), (2.27, and(2.42  exponent 4. In thel=2 Ising model, the leading even op-

and are given in EqgD1)—(D6) of Appendix D. erator, apart from the energy densityand its derivatives,
In order to check the small particle expansion, we eX-which plays the role ok in Eq. (2.3 is

pand the averages in the linkit<r ,,r, in which the quantity

C in Eqg. (D7) becomes small and tends to AZIT?, (3.59

C— A A3 1+ (wL)2Q/24+0O(LY)]. (3.54 in terms of the usu&t?>?>3*complex component¥ and T

_ of the stress tensdr, , in thed=2 dimensionak-y plane.

Here A is from Eq. (D7), and The operaton, is isotropic and has scaling dimensiay,
Q=(1/2)-U,+2U,, (3.55  =4. Using well-known relations from conformal field theory

in d=2 dimensions and the value=1/2 for the conformal
is the square bracket on the right hand side of @d.1) for ~ charge of the Ising model, one finds the amplitudes of the
d=2, with1,U, , andU,, from Eq. (A8). bulk two-point function and the normalized profile in the half
In the d=2 Ising model the three-point function plane
(ee€)pyi Of the energy density vanishes, and of the small (+)_ 4(ord)
particle expansion term8.49—(3.53), only the stress tensor By,= 1/16, AAZ :sz =1/16 (3.60
i ()] i
contnbute_s to(e_e)DB . Expanding Egs(D2) and (D5) for and the bulk three-point amplitudes
small particle size leads to
Coon,/Bo=(X0/2)? (3.61

(e(ry)e(ro)8DIB =1 2{1+[—1,—1,23)(7L)2Q/24
+O(LY) (3.56 for O=¢€ or ¢. Thg operatokz gives theleadingcorrections.
to the bulk behavior in case of the energy two-point function
for (i,j)=[(ord,ord),,+),(—,+)]. Using Eq.(A11) and  in the half spac®

_COOT/BO:XO/W; O= €,Q, (357) <E(r1)6(r2)>|€'lis)/BE_rIZZZrIZZY(4zlzZ/r§2) (362
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and outside a circular particle with diamefer 2R,
(e(rp)e(r) By

rqr,)\2 R? R?
el [l
Rrqs re rs

Here thez, are the distances of from the boundary of the
half plane with {)=(+) or (ord) boundary conditionsr

=r 7Y

(3.63

E. Eisenriegler

(D11) with (AAA/ccc)Y® replaced by{D%/[(r?—R?)(r3
~RY)(r3-RHDM and uy by {1+[r/(Rrg)]’[1
—(RIr)?[1— (R/r)?]}4 tends, for smalR, to the rhs of
Eq. (3.65 with (L/2)YF,.(0) replaced by.A{"D®
=(2D)Y®. This is consistent with the small sphere leading
operator contributio@{") ¢ in Egs.(2.22 and(2.23.

are the distances from the particle center, and the scaling, PARTICLE-WALL AND PARTICLE-PARTICLE

functionY()) equalsy ~*—(Y+1) ! and tends tQ) ~? for
large ). In the product expansiof2.39 for the half space
function(ee)ps, the operatorg, its derivatives, and’, , do
not contribute, sincéT, ,),=0 andC.. vanishes in the

INTERACTIONS

Moving the colloidal dumbbell from infinity to a point
rpg With a finite distancepg from the planar boundary wall

d=2 Ising model. The leading contribution to the right-handof the critical fluid in the half space hs requires a free energy

side of EQ.(3.62 is r2,/(16z%) with z=(z;,+2,)/2, which is

consistent with the third term on the right-hand side of Eq.

(2.39 with \ replaced byn, from Eg. (3.59. Correspond-
ingly, in the small sphere expansi¢?.20—(2.24), e andAe
do not contribute tdee)gp,, and it is the contribution from

a{)\, in Eq. (2.21) that dominates and is consistent with the

behavior of Eq.(3.63 in the small particle limit. For the

order parameter two-point function outside a circular particl

the dominating contribution of orddd comes from the op-

eratore, while Ae and\, lead to higher corrections of order
D2 andD*. TheD* contribution in the two cases is given by

(O(r)O(r2)) G Bol oo
= AUDXO(r1) O(r2)\p)puic/ (BoBY?)

=xérl—22x0[erzl(rlrz)]4 (3.64

with O= € or ¢. For two-point functiong©OO) in strips and
outside dumbbells we expect contributions of ordgzx‘?
andL?, respectively, not only from , but also from second
derivatives of the stress tensor.

Generally the small particle expansion of &hkpoint
function involves bulk averages ®f+1 operators, as sug-
gested by EQq.2.30, with O(r) replaced by the product
O1(r1), ...On(ry). As an example, foN=3 consider the
order parameter three-point avergd@4.1) in the presence of
a(+, +) dumbbell centered at the origin th=2. Expanding
Eqg. (D11) for small dumbbell sizé_, one finds the leading
contribution

(@(r)e(ry)e(ra))sy 1B

—(LI2)Y8F, . (0)(¢(r1)@(r2) ¢(r3)@(0))pux/ B2
(3.65

with F, (0)=(2)"® from Egs.(3.44 and(3.45 and the
bulk four-point function

(@(r)e(r2) o(rs) e(0))pui/B2
=27 Y21y gaf pal 1T of 3) T AL o3t T ol 3+ 13l 5] M2

(3.69

(S

perkgT given by
W = —In[ (e~ oMoy () (@~ oMy, ]

= —In{[ 1+ (o (rpg) YR (1+()pu) }- 4.0

Here ()= (ord), (+), or (—) denotes the surface universality
class of the boundary wall, and EQ.1) has been used in the
last step. Insertingr from Eqgs.(2.2—(2.9) yields, in case of
a symmetry breaking walll{=(+) or (=), the leading iso-
tropic and anisotropic contributions

‘I’(JP+ - _al<ﬁp(rDB)>l(‘|ls) _Bl(COSﬁ)ZaiDB<(’D(rDB»ﬂg

(4.2
to ¥ for a (+, +) dumbbell and
WO, — —al™ " [(e(rpg))hd—(€)purd
—Ty(cos9)d; (@(rps))he 4.3

for a (—, +) dumbbell. Hered is the angle between the
surface normal of the wall and the dumbbell axis, which for
the (—, +) dumbbell points from the- to the + sphere. In
Egs.(4.2) and(4.3) we have assume(p),, =0, which ap-
plies at the critical composition, ant=T.. At the critical
point T=T. the amplitudes,b,c given in Egs.(2.18 and
(2.19 and the half space profiles given below E213 lead

to

Fi+(0)

L \%e
qf(pﬁ_(F) A0

DB

L 2
+(cosa)2<—zzDB> ﬁ;+(0)/2} (4.9
and
L\
v TDE) (—AME_,(0)+(cosd)
L X<P+l
X ZZDB) ADF L (0). (4.5)

In the casesi), (i), (iii) shown in Fig. 2 the leading terms of
the interaction between the dumbbell and the wall are isotro-

This is consistent with the leading odd operator contributiorpic and attractive, repulsive, repulsive, respectively, since
¢ in Eq. (2.18. Finally we note the corresponding expan- A{=—A0) - A 7, (0),6_,(0) in Egs.(4.4 and

sion for aspherein d=2 (i.e., a circular particlewith center
at the origin and a diamet&=2R. The three-point function

(po@){in/BI?, which is given by the right hand side of Eq.

(4.5 are positive. SinceF’, . (0) andF" , (0) are also posi-
tive, the leading anisotropic parts of the interactions favor
the dumbbell orientations shown in Fig. 2.
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F_.(=DI/(2L)) by —(cosH[D/(2L)]F_.(0), and ¢, in
Eq. (4.8) is consistent with? ") in Eq. (4.5).
®0 The small particle operator expansi¢®.1)—(2.8) with
the dumbbell weight$2.9—(2.19 applies in the vicinity of
the critical point whenever the correlation lengtlis much
larger than the patrticle size, see the remark at the end of Sec.
(cosd)? =1 (cos¥)2 =0 cosd = —1 IIA. The leading isotropic and anisotropic particle-wall in-
teractions at the critical compositiofivanishing order-
® @ @ parameter average in the bulaboveT, are given by Egs.
FIG. 2. Dumbbell orientations favored by a wall. (4.2 and (4.3, with the half space profileép)ns and ( €)ps
for T aboveT,;. The profiles depend on the ratigg/&¢. The
expressiong4.2) and (4.3) for the interactions apply fok
The inversion(2.25 about the center of the dumbbell, <Zpg, & in the entire region extending frompg/{<1,
which maps its surface onto the two parallel boundaries of avhere they reduce to the critical point expressi¢hd) and
film with width 2L, maps the planar boundary wall of the (4.5 with power law decay irzpg, to zZpg/&>1 where they
half space onto the surface of a spherical particle, which islecay exponentially. The temperature dependeficef
located inside the film, has a surface universality clas;d ~ d, (¢)nsand (9§DB<<p)hs implies that the reduced free energy
a diameterD related byD =L?%/zpg to the dumbbell-wall  costAW to turn the(+, +) or (—, +) dumbbell at fixedzpg
distancezpg . At the critical point of the solution the free from the favorable to the unfavorable orientation has a maxi-
energyV introduced above equals the free energy mum not at bubove .
¢|:—|”(1+<0(s|3r>fnm) (4.6) It is interesting to compare thsolvation free energy
, , _ AR =KkgT L/ (22pp) 1% 2A D F7 . (0)/2 at thecritical
requwed to move the sphere from bulk solution tq its posmonpoint it costs to turn the-+, +‘§ dumbbell near &+) wall
inside the film. Herar, denotes the sum of weighted op- from the favorabled =0 to the unfavorabldé)= 7/2 orienta-

erators in the small sphere expansion described in Eq%.On see Eq(4.4) and Fig 2i), with the corresponding en-

(2.20—(2.24). In the favorable configuration of Fig(i2, the ergy changeAE due to thevan der Waalsattraction. In the

z direction normal to the film boundaries is horizontal, and . . :
: 5 : . nonretarded Hamaker approximation one fidds=A(8/3)
the sphere center is located &= —D/2, a distanceD/2 ) .
b : ! X[L/(22pg)]® for the small dumbbell ird=3, with A the

away from the center of the film. In the corresponding unfa- . i o ,
Hamaker constant. This follows from differentiating twice

vorable configuratiofinot shown in Fig. #)] with the dumb- T , 5
bell parallel to the wall, the film normal is vertical, and the the corresponding interaction between a wall and a sphere

o ] 8

+ + + + + +
1
+ + + + + +

sphere is located in the film centerzt 0. Thus forl=+,  With respect to the wall-sphere distance. Simge-2=2.51
()mx . in d=3 is smaller than the exponent 5, and sithdepg is
¥+ | avoruntay— — A 'DXe(2L) e small, the solvation free energy dominates. For a rough

_ . quantitative estimate we use the valugs, (0)/A("~2.5
X1Fea[=DICLULF 0 47 andA{"Y~1.9 ind=3. The first follows from Monte Carlo
apart from nonleading contributions. Expanding the eversimyiationd® of a d=3 Ising model between parallel plates
function F, , for smallD=L?/zpg leads to a result consis- and has a magnitude in between the valkég2=9.01 and
tent with ¥(*) in Eq. (4.4), since (co9)?={1;0} for the (717%/32=0.36 ind=4 andd=2 dimensions, see Egs.
{favorable; unfavorableorientations with9={0;#/2}. The (3.3 and (3.44. The second was estimafédrom an inter-

next to leading isotropic contribution i¥ from the dumb- lati f la 6 Y21—6e)/{1+[(31/27) & £
bell operatorA¢ in Eq. (2.18 is reproduced by the contribu- polation formua ( LI )~ ole} for

tion to ¢ from the next to leading sphere opera8t,) in Eq.
(2.23.

In the favorable configuration of the-, +) dumbbell
with orientation 9= shown in Fig. Z2iii), the mapping
leads to a+) sphere ak=—D/2 inside a(+, —) film with
horizontal film normal, while in the unfavorable configura-
tion with 9=0 (not shown the sphere is located at the same

2% A", which is consistent with the-expansioh and re-
produces the value’24$"”=2"*in d=2 if one chooses
=0.053. For a water-lutidine mixtut®!* with T.=307 K
and a Hamaker constaAt=10 2%J, the rough estimate then
is AF(T)/(107220)~1.9L/(22pg) 1*%* and AE/(1072%)
~2.7L/(2zpg)]1°. We also note thed=3 estimate
ALIF, ,(0)~6.2 of the universal amplitude which appears

position inside &—, +) film. Thus in the isotropic leading interaction betweeri, +) dumb-
bell and a(+) wall in Eq. (4.4). The d=3 Monte Carld®
¥+ | favoruntay— — ALD*e(2L) X€, .. y(~D/(2L)) resultF, . (0)/ A" =1.74 is not far from the result 1.88 of
— AIDXe(2L) % F, . 1 (=DI(2L)) a linear interpolation between the value8K=2.62 and
@ e 718=1.15 ind=4 andd=2 from Egs.(3.1), (3.3, and
(4.8 (3.44.
for the {favorable; unfavorable orientations with cos Finally considertwo dumbbells RQ in unbounded

={—-1;1}. In leading isotropic and anisotropic orders the twospace. The free energy plesT required to move them from
even functionsg, _(—D/(2L)), £&-.(—D/(2L)) can be re- infinite separation to center positions andrq, with their
placed by¢_ . (0), the two oddiunctionsF, _(—D/(2L)), axes oriented along the unit vectas andgq, is given by
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<e* SHp(rp)g— MQ(r@)bulk
(e Py pu(e™ )y

[+ op(rp) 11+ 0o(rQ) ouk
(I+op)pudltoQipuk

which equals —(ap(rp) 7o(r o)) bukT {Tp)buld TQ)buik  tO
second order inr. Hereop andoq are the operator contri-
butions from dumbbell$ and Q. For simplicity now con-
sider two dumbbells of equal sizein a solvent right at the
critical point. For two(—, +) dumbbells the leading isotro-

YP,Q: _In

4.9

pic and anisotropic interactions come from the bulk averages

of ee and (@p¢)(djo¢), With the result

( L >2Xe 5
YP,Q—’_ m [£-+(0)]

[FL.(0)]%(2/x,)

2x¢+2
) (0p0Q)

lame
(0prpo)(Qqrero)

2

—(2x,+2) . (4.10

In d=3 spatial dimensions the anisotropic part of the inter-
action is very close to the classical dipole-dipole form, since

2x,+2=d+ 7 and the exponeny is very small. However,
the overall sign is different, since, contrary to electric di-
poles, for the “dipolar” colloidal dumbbell of Fig. (k) it is
energetically favorable foequal polarities to be close to
each other. Note that the actual “dipole strengthd,¢ of
the (=, +) dumbbell in Eq.(2.19 is larger by a factor
270t x TF (0)IALH than  the  superposition
A o(L/2)— o(—L/2)]—a{")Lé?¢ of sphere strengths,
with a{*) the weight for a singlé+) sphere of diameted
=L from Egs.(2.22 and (2.23. The above factor equals
K?/2=1.72 and 4/2)*®=6.65 ind=4 andd=2 dimen-

sions and can be traced back to the ratio of the first deriva- ) . .
wedgewith opening angley, which is smaller or larger than

tives aty=0 of the actual profileF_ . (y) between parallel
(=, +) plates and its superposition approximation
2% A= (1+y) e+(1—y) %] following from Eq.
(2.13. For two (+, +) dumbbells the bulk averages ofp
and (@p) ¢+ ¢(d)q) Yield the leading isotropic and aniso-
tropic interactions

L 2X<0
I 2
Ypo— (erQ) [F++(0)]
M2 , (@prpo) 2
_(erq) 2-7'—++(0)ﬁ++(0) (?)
2
+[leoree) (4.11

E. Eisenriegler
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FIG. 3. Conformal mapping of a dumbbell or lens onto a wedge.

particles in the shape of lenswith two spherical surfaces

are of intereéf and can be considered just as easily. The
reason is that a critical system containing one such particle
can be conformally mapped onto a critical system filling a

7 in case of the dumbbell or lens, as in Fig. 3. kot 0,

and 27 the patrticle in Fig. 3 degenerates to the touching-
sphere dumbbell of Fig. 1, a spherical particle, and a circular
disk, respectively.

A. Density profiles in a wedge

For a wedge the density profiles of scalar operators have
the form

(O(F,p, Q)0

and forO=¢,\, ¢ we denotefby &L, F. Here the position
vector f is expressed in cylindrical polar coordinates
(fy,p,Q), where the edge of the wedge is the axis. The

B&p 0P j(a,Q), (5.)

showing that an orientation with both dumbbell axes pal’a”ebomponentf” is parallel to the edgéand, in general, has

to the center-to-center distance vectgi, is energetically
most favorable.

V. DUMBBELL OF TWO OVERLAPPING SPHERES
AND LENS

Besides the dumbbells composed of two touching

spheres in Fig. 1, dumbbells of twaverlappingspheres and

dimensiond—2), and the two component vector perpendicu-
lar to the edge is determined by its anddewith the sym-
metry half plane of the wedge, i.e;; a/l2<Q=<a/2, and by
the distance from the edge. The indices,{) characterize
the surface universality classes of the two boundary half
planesQ = (— a/2,a/2) of the wedge.

For a= 7 the wedge equals the half space, and for equal
boundary condition$=j,
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Pi(m,0) =A% (cos) o (5.2

For a—0 the wedge tends to the film geometry of Eq.

(2.11, where Y/ a—2/L, pQ)—2, and
Piij(a,Q)—a 0P, (20/@),a—0, (5.9
with the film scaling function®, ; from Eq. (2.11). For Q

Anisotropic colloidal particles in critical fluids 3313

to the edge. The two boundary half planes of the wedge and
the edge where they meet are mapped onto the two spherical
boundary surfaces of the particle and the ci€lef diameter

D where they intersect. The poinfs=0 (triangle and

= of the wedge geometry are mapped onto the two points
on C denoted by a triangle and a square, respectivelis
located in the symmetry plane of the particle, and its exterior

—[—al2,a/2] the boundary half planes of the wedge areand interior are the images of the interior and exterior sym-

approached, and

Pj(@,Q)—[AD(Q+ al2) %0, AD(— Q+ al2) %],
(5.9
Equations(5.3) and(5.4) are consistent with Ec{2.13)._The
small particle amplitudes follow from the behavior Bffor

|Q|<a/2. For equal boundary conditionis=j the function
P is even in(), and

Piila,Q)=pS(a)[1+p(a) Q2+ ]. (5.5

Explicit expressions are available fo=2 andd_ "4.
For the order parameter profife){..*) in a wedge with(+,
+) boundary conditions, one fin?j%g for the scaling func-

tions P, ;=F, . , where

Fo lA = Ecosﬂ o (5.6)
e T @ '
for d=2, and
e\ 12
]?++/A(+)= ( ! m) ! ;
¢ 1-2m/  cn(Q/yJ1-2m;m)
1 \Y2dn(Q/{1+m;m) 5.7
1+m/  en(Q/y1+m;m) '

metry half planed)=0 and Q= * 7 of the wedge. These
are denoted by dot-dash and dot-dot-dash lines, respectively,
in Fig. 3. The symmetry axis of the particle is the image of a
circle in the plandg, =0 of the wedge with center in the edge
and passing through the center of inversion, see the long
dashes in Fig. 3.
A point r in the particle geometry with distanecefrom
the particle center and componeantparallel to the particle
rotation axis originates from a poifitin the wedge geometry
with
tgQ =

—r<O<m.
(5.10

The two hemispheres="D/2 with ry<0 and>0 in the par-
ticle geometry are the images of the two half planes with
QO =-—m/2 and #/2 in the wedge geometry, see the dotted
lines in Fig. 3. Equatiort5.10 determines the images of the
half planes with arbitrar§). These are portions of spherical
surfaces, all bounded by the image cir€eof the edge.

The upper boundary surface of the particle with
=a/2 is part of a sphere with radiu$(2)/sin(@/2) and a
center which has an, component of P/2)ctg(«/2) and is
located above or below the symmetry plane=0 in the
dumbbell or lens case, with<<7 or a> . Thus the two

Dr,
I’Z—(TZ)Z, sgansgnr”,

for d=4 with {a<m;m<a}. Here cn and dn are Jacobian overlapping spherical surfaces of diameter

elliptic functions and m=m(a) is determined by«

=2K(m){V1-2m; y1+m} in the two cases, withK(m)

the complete elliptic integral of the first kind. Thus the two

branches 1/2m=0 and 6<cm<m,,=0.827 for O<a<mw
and r<a <27 meet ata= 7 wherem=0.
The smallQ) amplitudes in Eq(5.5) are given by

pS (@) =15 (a)
1/2]}
(5.8

T 1/8 1-m 1/2
HElt=Tk

1fm\*( 1 1-m

5(;) '[—Hm’mH (5.9

for [d=2; {d=4,a<m; d=4,7<a}].

1

= A(+)
A¢ 1+m

and

ps () =15 ()=

B. Overlapping spheres and lens

L="DIsin(a/2) (5.11)
of the dumbbell have a center-to-center distance
d..=L cogal2), (5.12

which tends td_ and 0, respectively, fot— 0 (two touching
spheresand a— 7 (single sphere The lens of diameteP
has a width

W= Detg( ald) = Dig( ' 14) (5.13

with o’ =27 — « the internal lens angle. The widiv tends
to D for a— 7 (single sphereand toDa'/4 near the disk
limit a’—0.

Adapting the transformation law®.26), (2.27) to this
mapping and using Ed5.1) leads to the result

o DZ Xpl2
(i,j) —pl2
<O(r)>pla]rticle_ Bo [rz—(D/2)2]2+D2rf

Pii(a,Q)
(5.19

An inversion about the point denoted by the heavy doffor the profile of a scalar operat@ outside a dumbbell or

on the left hand sides of Fig. 3 maps the interior of thelens. Here() depends onm as given by Eq(5.10. The ex-
wedge onto the exterior of a particle with a dumbbell or lenspression in curly brackets in E¢6.14) equals b(f)/p(F)]?,
shape. This point is located in the half plafle=0, and we  with b the dilatation factor, and is invariant under rotation
choose it in the two-dimensional plafig=0 perpendicular about the particle axis, as required by symmetry.
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Note that Eq(5.14) reduces to the profil€2.28 outside

two touching spheres as— 0 for fixed sphere diametérin

Eqg. (5.11). Here one uses the limiting behavi.3) of P

and the relation) — aLr,/(2r?), which follows from Eq.

(5.10. In the limit «— 7, Eq. (5.14) for i =] reduces to the
D

isotropic profil@
. : Xo
(O(1) YrereBo AY W) (5.19

E. Eisenriegler

zero. This can be explicitly shown by using that, due to Eg.
(5.3, the coefficientsp{’ and p{’p$’ in Eq. (5.5 tend to
a *oP; ;(0) and 4~ *0*2P!'(0), respectively, as tends
to zero. Fora— 7 the coefficientp!) tends tox,, [see Eq.
(5.2)], and Eqs(5.18 and(5.19 reduce to the single-sphere
resultsd; = D*+.A5)/B* andb,; =0

Equations(5.8), (5.18, and(5.19 allow us to study the
dependence @, andb, on the aspect ratio of the particle.
While one expects that the leading particle ampliti@e

outside a single sphere with diame®r Here one uses the stays positive and for fixed sphere diamdtemonotonically
behavior(5.2) of P, and the anisotropy drops out on express- decreases from its value for touching spheres towards zero as
ing Q in terms ofr via Eq. (5.10. a increases from 0 to 2 the anisotropy amplitudd;

One may check that the leading behavior of the profilechanges sign from positive to negative values as the particle
(5.19 closeto the particle surface equals the behavior neashape changes from prolate dumbbells witki 7 as in the
the planar boundary surface of a half space: On approachingpper part of Fig. 3 to oblate lenses with<« as in the
the upper particle bounda) = /2 in Fig. 3 from outside lower part.
along a line which passes through the center of the belonging For a dumbbell or lens of nearly isotropic shape with
sphere and forms an angjewith the particle axis{) from  near mr, i.e., with small center to center distandd,|
Eq. (5.10 approachesy/2 from below according to —|m— a|L/2 between the two spheres,

@ 26 [sin(al2)]? 1 2(
8'3 1__

A,BA(ALID ) -1+ 2 +0((7m—a)?)

(5.20

7 5 cog a/2) + cosy’ Osy=m-

> (5.1

as the distancé from the boundary tends to zero. Since the
quantity in curly brackets in Eq.(5.14 approaches and
[sin(a/2)]12/{[ cos@/2)+ cosy|DI2}?, the anglesa and y 51 “
drop out on substituting E¢5.4) with Eq. (5.16 into Eq. ElBi’Z/(Afp+)wa+2)—>[§;6}(1— —) +0((7—a)?)
(5.14, and one finds the expected half space behavior m (5.21
B:(LQ/Z-A%) oo for <O> géjrt)icle' -
Amplitudes of the small particle expansion follow from for [d=2; d=4]. Here we have replaced the parametan
expanding Eq(5.14 for D<r. For equal boundary condi- Egs.(5.8) and (5.19 by 4|7— «|/(37) to first order inm

tions (,j)=(+,+) or (ord,ord, Egs. (5.14, (5.10, and —«a. In Egs.(5.20 and (5.21) D can be replaced by the
(5.5 lead to sphere diametek, since the difference is second order in
D\ %o D2[x T— Q. . '
<O(r)>(i,i)_ _ 1/2p(|)( )(_) 14 — |29 For the case of two weakly overlapping spheres with a
parice™ B0 re 2r?[ 2. lens of overlapishown by short dashes in the upper right of
2 Fig. 3 of width L?/8 much smaller thah andD,
+[pP(@) X0l 2 ] (5.17 o2
aBYI (AL —al 1- = (5.22
up to orderD*o*2 For a (,i)=(+,+) particle, Eq.(5.17)
with O= ¢ determines the amplitud&s ,b; of the leading  Wwith
isotropic and anisotropic operatogsand afgo in the small 8
particle expansiori2.1)—(2.6). Proceeding as in the deriva- a= Z) -~ |=[1.058;1.311
tion of Eq. (2.18 from Egs.(2.32 and(2.34), one finds 2] 'v2 ’ '
A, =D*f§")(a)/B? (5.18 K
and a'=| 5213~ 3| =[0.042;0.175, (5.23
by/a;= S and
1 arm[ 2 (a)=X,] 2
T plR2 ()] X,+2 %
e 1/ )2 . mis —mi8 . b B, (A, 'L*e )—>b(1 8 b ) (5.29
“Plslle) il tem ) B9
Heref{’,) are the small) amplitudes in Eqs(5.5), (5.8), and 1Ll 178 3
(5.9, and the last line in Eq(5.19 applies to[d=2;{d b= _(_> : =[0.290;0.282,
=4a<m;, d=4,7<a}]. The results(5.18 and (5.19 912 16v2
should be compared with Eq2.18 for two touching g 3ic
spheres. As suggested by Fig. 3, the former reduce to the , |17 8 — K+3K| _
latter as the angle in Eqgs.(5.18), (5.19, and(5.11) tends to b 24 2 g3 [0.708;0.811 (529
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for [d=2; d=4]. Here K=K(m=1/2)=1.854 and K lap. These have been synthesized recéity with a con-
=(dK/dm),,_1,=0.847 are the complete elliptic integral trolled size and aspect ratio. On the theoretical side
and its derivative am=1/2, and we have used that far ~ dumbbells are particularly convenient anisotropic shapes,
—0 the quantites £2m and D(1—2m) Y2 tend to since they can be mapped by an angle presert@ogfor-

a?/(4K?) andLK[1— (1/3+K/K3)a?/8], respectively. mal) transformation onto the simple geometries of two par-
For a disk of diameteP (which according to the lower allel planes or two half planes forming a wedge.
right part of Fig. 3 is the limit of the lens fawr—2), The concern of the paper is twofold.
= 012 1 (+)mx s _y (i) The “small particle expansion” is an important and
By (A D)= [2775 (14 my,) ?] versatile tool based on a supposedly exact operator relation-
=[0.917;0.740 (5.26 ship which is similar in spirit to the well known “operator
product expansion” for field theories in unbounded space.
and However, in contrast to the latter, no general proof has been
_ 2—18 m,../8 given for the former. Thus we have placed a strong emphasis
blBgZ/(AED+)DX*‘+2)—>— 12 (11 m, )32 on checkingit for consistency in various situations.
2 (i) In order to make semiquantitative predictions for the
=—[0.0764,0.0419 (5.27  observable angle-dependent interactions, we obtained ex-
for [d=2; d=4]. Here the internal dimension of the disk is plicit estlmates for the operator W_elghts.
d—1,ie., ind=2 the disk is a line of lengtp. Here is a summary of the main results:
Due to Eq.(5.20 the ratiod@; /(@) sphere Of the leading (1) For the three dumbbells of Fig. 1 the leading isotro-

amplitudes of a disk of diametdp and a sphere with diam- pjc and anisotropic operators were identified, see Ej)—
eter Ris, apart from a factoD/(2R)]*¢, also given by the  (2.8). These are the operators of lowest scaling dimension
right hand side of E¢(5.26). Of course, is smaller for the \yhich are consistent with the surface universality class of the
disk than for the sphere with the same diameter. particle (preserving or breaking the up-down symmetry of
IL is instructive to compare the leading anisotropy ampli-the order parameteand its spatial symmetrgaxis of rota-
tudeb, of the disk with that of the dumbbell in Fig(t) of tion, center of inversion Operators odd in the order param-
two touching spheres, each of diamet&. Zrom Eqs(5.24  eter symmetry only appear if the symmetry is broken, as in
and(5.27) one finds a ratio Figs. 1b,c). The anisotropic operators are also absent for an

% 4R\ +2 5\ 178 163 isotropic spherical particle. Note that the symmetry preserv-
1 (_) o 3< ) M7 ing (ord, ord dumbbell of Fig. 1a) with the axis along the

(By)ps ' P m (1+m,,)¥K(1/2)]° unit vectorg has thesamesymmetries as the produc(r
— §/2)O(r + s/2) of two identical operatorésuch as two or-
=—[1.149;1.188, (5.28 der parameters or two energy densities) separated by the

short distance vectos. Therefore, the same leading aniso-

which, apart from the sign, is close to 1. Thus in bath ) 5
tropic operatorsije=%p,0,d,d,€ and T, ,=20,0,T,,,

=2 andd=4 for a disk with diamete® and a dumbbell X )
with length /2= "D nearly the same free energy is required toWith Ty, the stress tensor, appear in the dumbbell and op-
turn the particle from a perpendicular to parallel orientation€"ator product expansions, see E45) with Egs.(2.39 and

with respect to a neighboring wall with the same preferencéA1)- The role of the axis vectag in the former is played by
for one of the two solvent phases. the directions/s in the latter. Since dumbbells of two pen-

etrating spheres, lenses, or ellipsoids of revolution \igttal)
and(+) surfaces have the same symmetries as the dumbbells
VI. SUMMARY AND CONCLUDING REMARKS in Figs. 1@ and Xb), we also expect the operators of Egs.

The behavior of anisotropic colloidal particles in a criti- (2-1)—(2.6) to appear in these cases, but with different
cal fluid mixture is studied in this paper by methods of field Weights.
theory. The angle dependent particle-wall and particle- (2) The weightsof the even, odd, isotropic, and aniso-
particle interactions induced by the critical solvent are invesiropic operators for the dumbbells in Fig. 1 can be expressed
tigated for mesoscopic particles which are small compared té terms of critical density profiles and their derivatives on
the correlation length and interparticle distances. the midplane of a film bounded by two parallel plates, see
The discussion is based on a “small particle operatoEgs.(2.9—(2.19. The reason why these weights describe the
expansion”~1%in an Ising-type field theory, extended to the effect of the particle not only on density profiles but also on
case ofanisotropicparticles. The operators and their weights multipoint correlation functions can be easily understood for
are fully determined by the size, shape, and boundary condiwo-point averages. The conformal inversi¢h25 about
tion of the small mesoscopic particle. For a given patrticle thehe dumbbell center maps two points far from the dumbbell
leading behavior of a large variety of anisotropic propertiespnto two points close to a midpoint between the plates. Thus
such as the interactions mentioned above, multiparticle intetthe operator product expansion can be applied to the corre-
actions, and profiles and multipoint correlation functions ofsponding two-point average in the film, leading to a linear
densities, is described by only a few operator weights. combination of film density profiles and their derivatives, see
The main emphasis is on dumbbell-shaped dimer parSec. Il C 2.
ticles composed of two colloidal spheres that touch or over-  (3) In a similar way the weights for the more general
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dumbbells and lenses of Fig. 3 can be expressed in terms afiutual orientations The results for symmetry breaking
density profiles near the midplane of a wedge, as explainedumbbells near a walkt the critical composition and@
in Sec. V. The results depend on the aspect ratio of the paE=T, are given in Eqs(4.2) and(4.3), with the orientations
ticle determined by the angle of intersection between the of lowest free energy shown in Fig. 2. The interactions have
two surfaces of sphere segments, as shown on the right hateen checked for the case DT, in which the dumbbell
sides of Fig. 3. This angle is equal to the opening angle ofiear wall problem can be mapped onto the problem of a
the wedge. spherebetween two parallel walls, and either the dumbbell
(4) Explicit results in spatial dimensiorsnear 4 and in ~ or sphere expansion can be used. Equat®2) not only
d=2 for profiles and multipoint averages in film and wedgeapplies to the dumbbell of two touching spheres in Fig) 1
geometries determine corresponding results for dumbbellbut also to the more general dumbbell and lens shapes of Fig.
and allow one to verify the general structure of and to deter3, with the amplitude&, andb, given by Egs.(5.18 and
mine the weights in the particle expansions. Bor'4 the  (519. As expected, the anisotropy amplitule changes
behavior reduces to that of the Gaussian model and of meaRign as the shape changes from a dumbbell to a lens, see Eq.
field theory, respectively, in the symmetry preserving ands.21), and in both cases the particle orientation perpendicu-
symmetry breaking cases of Figlal and Figs. 1,0). The  |ar to the wall has the lowest free energy if particle and wall
agreement found in Secs. IlIB and Il A with the small par- prefer the same component of the mixture. Results for the
ticle expansion arises in an interesting, nontrivial way. Folinteraction betweertwo particlesare given in Eqgs(4.10
example, it is shown in Eq$3.22—(3.30 of Sec. lllA2and  and(4.11). The isotropic and anisotropic interactions right at
in section 1 of Appendix B that a higher loop calculation of the critical point depend on the interparticle distance accord-
the bulk three-point amplitud€, is required in order to ing to power laws. The free energies required to turn(the
reproduce, from the particle expansion, tmean fieldex- +) or (—, +) dumbbells of Figs. (b,0) near a wall from the
pression(3.30 for the order parameter two-point average infavorable to the unfavorable orientation show an interesting
the presence of &+, +) or (—, +) dumbbell. Equation temperature dependence with a maximum ab®ye The
(3.30 involves a cooperation of the four operators,{7)e,  free energy cost right at the critical point is compared with
Ty, andX. In higher order in the: expansion, the small the corresponding energy chany& from the van der Waals
particle operator expansion helps disentangle contributiongiteraction in the paragraph preceding F4.9).
of orderx.+2,d, andd+ w in the particle size, which be-
come degenerate and equal to 4 ag'4. Here w is the
correction to scaling exponent. A check beyond mean fiel
theory of the operator product expansion near a symmetry (& Studying the solvent-induced interactions of aniso-
breaking wall is presented in Sec. 2 of Appendix B. dor tropic particles with a wall or other particles in the neighbor-
=2 the results of profiles and two- and three-point functionghood of the critical point of the mixture, i.e., as a function of
presented in Sec. |1l C and Appendix D all follow the predic- both relevant thermodynamic variables temperature and
tions of the small dumbbell expansion, see E(&54—  composition.
(3.58 and Eqs.(3.65 and(3.66. In Eqs.(3.59—(3.64 we (b) Determining the full crossover from small to large
identify the even and isotropic stress tensor prod[lftin si_ze_ of the anisotropic particle. As a first step a discussion
the small particle expansion of an isotropic particledn Within Landau thgor}i’ would be very valuable.
—2. For the dumbbells in Fig. 1 the weights &)”4 and (c) Investigating the interactions in other types of sol-
d=2 are given in Egs(3.10—(3.17), (3.3)—(3.39, and  Vents such as polymer solutions ‘tte.
(3.49-(3.53. For the more general dumbbell and lens
shapes of Fig. 3 explicit results are presented for arbitrary
aspect ratios and shown to be consistent with the particle
expansion. See E@5.14) with Egs.(5.6), (5.7), and(5.17—  ACKNOWLEDGMENTS
(5.28.
(5) Results for dumbbell and”ipsoid Shapes are com- The author thanks T.W. Burkhardt, M. Krech, and M.
pared. We consider the smallest prolate ellipsoid that circumLaessig for useful discussions.
scribes a dumbbell of the shape shown in Fig. 1. The quali-
tative observation that the dumbbell is smaller and more
anisotropic than the ellipsoid is made quantitative by calcu-
lating in d=3, for the simple case of a Gaussian model andAPPENDIX A: EXPRESSIONS FROM CONFORMAL
symmetry preserving surfaces, the leading isotropic and ar=IELD THEORY
isotropic weights of the two particles, see E¢3.42 and
(3.43. Small dumbbell and operator product expansions in  Here we give the forms of the differential operat@rsn
the Gaussian model are checked in Appendix C. the operator product expansio(&39 and(2.47). The con-
(6) Since the operator representation of a particle applie§ibution to the productD; (1) O,(f,) of two scalar opera-
with the same weights in the presence of a distant wall ofors 01,0, with scaling dimensiong, ,x, from a scalar op-
another particle, it can be used to evaluate particle-wall ang@rator O; with dimensionx; and from its derivatives is
particle-particle interaction free energies induced by the critigiver by [Dy . +.(5,37) O3(7)1Co,0,0,/(Bo,s"1 "2 7%3),
cal solvent. For anisotropic particles these depend on thwith s from Eq.(2.40,

It would be interesting to extend this work in the follow-
éng directions:
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1 X%_(Xl_XZ)Z
Dxl—xz,x3(suaf):1+ Q v.iv 11\

8 X3(Xz+1)
1
T 2\
Ixa—dt2S A
! > o(s® Al
+X—3w SuSy0; 0, | + (s) (AL
and
1 X17 X2
r:§(r1+r2)+2—xs(r1_rz)- (A2)
The differential operator is chosen so
Dy —x, xS 97) 3= F| 723 equals 1/E527 973377072,

Thus the bulk three-point function

(O1(r1) Ox(r2) O3(r3) ) puik

C0102(93
:rx1+x27x3rx2+x37x1rx3+x17x2 (A3)
12 23 31

is correctly reproduced by the OPE. Due to the choickiof
Eqg. (A2), D contains no first derivative.
From Eg.(A3) we obtain

<O<rl>0<r2>aze>bu|k=<O<r1>0<r2>e>bu|k‘ 2x2U 1,

1 1
+X5(X5+2)U+_Xe _2+_2 ]1
r{ rs
(A4)
(O(r)O(r)[ @28 € +b17f €])pui/Bo
1/L Xet2 1
:§(§> g(O)[U++2U12+X€T1
X, 5
O(r)O(r
><< (r1) O(r3) €)pui (AB)

for the derivatives of bulk three-point functions needed in

Eq. (2.46 for any of the dumbbells in Fig. 1, and

(@(r1)e(r2) a2 @) puk

= <¢(r1)€(r2)¢>bulk{ —2xX U= X(2—x)U;

X Xe
+XE(XE+2)U2+r—2—r—2], (AG)
2

1

that
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(@(r1)e(r)[3A0+D1df @] pun/ (BB
1({L\%*2 F._.(0) XX,
=== |_2XX6U12
2\2 Xo(X,+1) | 2X,+2—d
rq)e(r
X(2—30Us XX+ 2)U, (o(ry) (12/)2€0>bu|k
B.B:
(A7)
in Eqg. (2.50 for the (+, +) dumbbell. In Eqs(A4)—(A7),
2 2 2
EP) I I
Izﬁ! U1:_41 U2:_41 U+:U1+U21
rirs N Iy
Moy
12=w, X=X€—2X<p. (A8)
1h2

Note that U,*+2U;, equals [(ry/r3)=+(ry/rd)1?=[2
+2,]%/L%.

We also give the form of the three-point function with

one stress tensdr

CO(’)T

d,. 2Xp—
(r1gr29°r,°

(XX 1

(O(r)O(r2) Ty (r3)) puk=

X2 d)
(A9)
where
l13 T2z
X12:r_7_r_7 (A10)
13 23

andx, is the scaling dimension of the scalar operafbrin
particular,

—Coor
<O(rl)o(rZ)TH,\I(O)>bulk:(r ()3 220 a2
12 12

X

1
a|—u++2u12}. (A1)

APPENDIX B: LOOP EXPANSION RESULTS NEAR
FOUR DIMENSIONS

1. Universal three-point amplitude of (@A)

The leading even operatar beyond the energy density

in the critical ®* Ising model with Hamiltonian

"-| dr'[%wﬂcb(r')]2+u%[cb<r'>]4} BD)

can be constructed from the renormalized composite opera-

tors[ ®*4]x(r) and[P?]x(r), which are related to their bare
counterpart§ @ (r)]* and[ ®(r)]? by?®

1 1
4 4
U ® U 77[®%le

o Zysy Zg
Lo, Zy,

(B2)

_Arq)2 _Ar[q)z]R
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with a 2X 2 renormalization matrixZ. As in Refs. 13 and 28,

we use dimensional regularization. The renormalization fac-

torsZ, andZg in

u=UZ,(ug,e), U=16x7fu’ug, (B3)
and
d=27Dg, (B4)

which relate the bare and renormalized coupling constants

andug and order parameter fields and @ as well as the
renormalization matrixZ in Eq. (B2), only depend or via

pole terms(“minimal subtraction”). In Eqg. (B3) u is an

arbitrary inverse length scale arige1+&f;+&2f,+ -+ is

an e-dependent prefactor.

Since the energy densitgx—®? is multiplicatively
renormalized via®?=2Z; [®?]g, the lower nondiagonal
entry of Z in Eq. (B2) vanishes, and, equalsZ(l. How-
ever, insertingb#(r) into a®x(r,) Pr(r,) average also gen-
erates ¢ pole-terms with ther,r,,r, dependence of
(AD2Dgdg), and the mixing element

a(S,UR) 1
4=~ , 0=061(ug)+ gaz(UR)“‘"' (BS)
is nonvanishing, witff
3
Ur 4 4
01:3_6+O(UR), 02:O(UR). (BG)
The upper diagonal element &f is?®
1—
Z44:_:3u/(uR8):1_Eﬂ/uRv (B7)

with the usualB function

Dug Y 7. 2 3
BU(UR-S):MW: —e&Ugr+ B(Ug),B=3ug+O(ug),
(B8)

where theu-variationD u is at fixed bare couplingl. The
pole subtraction effected by in Eq. (B2) guarantees that the
dimensionless functionsl,, M, in the averages

(U [ @*Tr(NILPR(T)))

= pdNE@=22M N D tiug e) (B9)

and

([@2]R(NIT;PR(r}))
:Md—z+N(d—2)/2MgN)(Mr,{Mri};uR,8) (B10)

withi=1,2,... N are finite fore—0, order by order ing.

Since the dependence on bare variables of the averages

of bare operators does not involye Eq. (B2) implies the
two renormalization-group equations

M N

1(Dy+d)+ 4
{L(Dy+d)+a} —A, M

=0, (B11)

where 1 denotes the>X22 unit matrix,

E. Eisenriegler

Dy=pud,+ Naoar _DInZo
N=md,t+ Budug 5( —2+79), 7= D0
(B12)

and

_ 1 D 2 a4, Qg (813

@ MD,LL O, 9o '
Here

a44:URauR(E/UR):auRBu_IBu/URi (B14)

4= Urdy 01(UR), (B15)
and

D __, 2
a22=Zt,u,mZt =—77t=UR+O(UR) (816)

At the infrared stable fixed pointiz=ug=g/3+0(e?),
where 8, vanishes,

g afy= (9 Bu)* = w=5+0(s?) (B17)
is the correction to scaling exponent, and
€
oy = — f =X +2—d=5+0(&?) (B18)

3

is the anomalous dimension of the energy density.
From the matrix equatiofB11) one concludes that

(N %42 N —
[DN+d+a44] M4 + Qs azz( A,u,r)MZ 0,
(B19)
and from Eqgs(B9) and(B10) that the scalar operator

1
MD=U g7 I@ TR0+ o (= A [®F]g(1)
(B20)

with the (naive inverse length dimensiod has scaling di-
mensiond+ w. Thus, one expects that its three-point func-
tion with two ®g’s approaches the forfA3),

(DR(r ) D IN(r=0))= g
r r r=0))= —
R\I'1 R\ 2 ri;(P X}\(rlrz)x)‘
in the long distance limit. Using the result
2
@ Y 1 1 (1
4 48774 [.L6 (r1r2)2

(B21)

1 2 3
+ —|+O(uge,ug) (B22)

ri rs

of a calculation of ®*®d) to first order inu and the rela-
tion

o N uZ 11
m(— ur)M3 —ﬂ(—)

rirs
A6 . » \d
7w’ (rqfrp)

+0O(uge,ud) (B23)

following from Eq. (B15) with Eq. (B6), Eq. (B14) with Eq.
(B8), and Eq.(B16), together with theu=0 expression of
(P20 d), one concludes that the left hand side of EBR1)
has anrq,r, dependence which is compatible with its right
hand side, an€ 4 ., is given by (1%)% (487*) in leading
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order in e. With the leading order expressiom,  breaking wallbeyondhe leading order is. Both the leading
=[u§/(2\/5772)]2 for the amplitude of the two-point func- short distance behavior proportional¢o®¢ and the nonva-
tion  (\(r)\(0)), which follows from evaluating hishing exponent of the next to leading power law behavior
(®*(r)®*(0)) for u=0 from Wick’s theorem, and with s 2*¢**c of the expansiori2.39 will be identified.

B(I,R=(27r)*2 for the amplitude of ®x(r)®x(0)), one fi- In the half spacéhs) system with an ordering fiel¢+)
nally obtains, for the universal three-point amplitude of infinite strength in the planar surface, we introduce the
deviationp=® —m of the order parameter field from its
Coon _ Cogopr (B2a) Mean valuem=(®){!). The renormalized and dimension-

BB Bo B\ less two-point function

the expressior/(3/6) given in Eq.(3.24.

2. Short distance expansion of  {@¢) near a symmetry p® A D(Pr) Dr(P))ie) =7+ 7" (B25)
breaking wall

Here we study the short distance behavior of the order
parameter two-point function in the presence of a symmetrys given by the two contributions

7=t P25 m(z)M(2,)

= w® 2 My(2y) Mo(Zy) + My(2) My(2Z5) + My (2) Mo(Z5) ]+ O(UR)

&
_ 3 LERPEED PP RPN e I (1— (£/2))(4m)*"2f s o)
_47TZUR (/.LZ]_)(,MZZ) + ? - +§[(/~’Lzl) +(,LL22) ] ( _(8 ))( 77) e + (UR)
(1+e)| 1+ =
2
(B26)
|
and The leading short distance behavlim‘;s‘zxw on the left
o R hand side of Eq(2.39 is consistent with the®~ 2 contribu-
7=t 22N p(F1) b)) tion in Eq. (B29). In order to identify the next to leading

behavior in Eqs(B25)—(B28), rewrite z;, z, in terms ofz

— 872 ~ _A .
w* TGPy —T2321,25) + O(UR), (B27) ands, considers<1, and collect the terms
where
ro_n — -1
17T o6 ™ 372 G Ve (1o T+ 3 Intuz)

1
G(0;2,2))= ~m 2+ SIZF(l—(s/Z)){SSZ—(ZZ)SZ
4 + k' +3f,,In(us) —In(uz) + «]

13 /(3 (B29)
+ 1-= E g—l [384‘(22)8]
172 of order (us)° and In(us). Here terms of ordeug *c?,&, and
3 1 ur have been neglected, and
——| =zt z|[s°—(22)°]
s\z 7 3 3 11
. 9 . , . K =§In(477)—§¢(1)—5,;< =1—2—In2 (830)
2;5 g(2+¢) s (22)°77]

with  the logarithmic derivative of th€ function. The cor-
(B28)  responding contribution to E¢B25),

is the Gaussianpropagator of order parameter fluctuations, . 9

see EQ(2.4) in Ref. 39. Here the; are the distances 6  [7'+7"']gs0y= 72 72
N A7%e (uz)

from the boundary wallmy, m, are the contributions of

orderu™*? andu*?to m, see Eqs(2.3) and(4.4) in Ref. 39, 1 (

1 2 I L I
+§8 n(uz)+ 3¢ n(us)

17
——+k'+k"|+0(e?)

+5e 9

and we confine our attention to the cdse=rf,,, whereG 3
has the simple formB28), with s=|z;—z,| and 2=z,

+2z,. The factoqu>:1+O(u§) can be neglected to the or- at the fixed pointug=uk=(e/3)[1+(17/27)k], is consis-
der considered. tent with the asymptotic critical next to leading behavior

., (B3D
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o (uz) Xe(us)*< ¢ of {p@)ps, as suggested by ER.39,  O=e. Here one uses the relation betweemnd ®* given
since for & small, 2-x.—(2/3)e, and x,—2x,=—7n;  justbefore Eq(3.39 and the three-point universal amplitude
— nh—¢l3, see Eq(B18). values

B3/2 BB ~
APPENDIX C: MULTIPOINT AVERAGES € BT Sq
IN THE GAUSSIAN MODEL

C C 1 C

€€€ 53[0 €T €eEN
w2 ga T a per Ve ©

€=\

Finally we consider the four-point average
First we check that the explicit expressions for the short

distance behavior of the order parameter and energy densiffP (F1) P (r2) @ (r3)®(rq))os
two-point averages near an arbitrary interior point .of a _ W1 s 4+ Wn o a+ Y aiba 3 (C8)
Gaussian model between parallel plates with Dirichlet
boundary conditions are consistent with the operator produdiith ¢ ,=(P(r;)®(r,))pg in the presence of the dumbbell.
expansion(2.39. For the order parameter average at the bulkThe contribution of orderL2(~2) to the left hand side

critical temperature, of Eq. (C8) comes from the operatas\ in Eq. (3.38 and
(D(P)D(P2)) i — (D (F2)D(F) o s given by 6(/2)*@ PEX(0)S/(rurarary)® . This is
g . A _ A consistent  with  the  corresponding  contribution
_ d 7lp Smr[p(l—+Zmin)]5|m[p(|-_zmax)] <<I>(I’l)q)(rz)ale>bu|k<q)(r3)<l>(r4)ale)bu|k+ -t tO the
(2m)9-1 p sinh(2pL) right-hand side of Eq(C8), wherea, e is from Eq. (3.31).
o Note thatys does not contain a contribution of ordet~2),
_exg - pl2,— 2] ]eipflz (C1) sinceC,,, vanishes in the Gaussian model.
2p

with Z,in=min(Z;,2), Zna=maxE,2), one finds
APPENDIX D: TWO-POINT FUNCTIONS IN THE d=2

(S) " HP(F) P (F2) ygim—S°° ISING MODEL
2—d _

— (L) V2ely) —v+w] (C2) For the symmetric dumbbells of Figsal and Xb), one
with finds the two-point averages

v=V2E'()S1[8(d-1)L7], (o(r)e(ry)08)/B,

2 =1 2 (C3)

W:[ﬁf_(d_l)SJ_]Aord,ord/(8SdL ), AA, 1/

. R . A = 5 - :(A(+))2 e 2_1/2(Uiu_1)1/2 (Dl)
y=(2,+2,)I(2L), s, =2,—2,, gfzrlz—sl. Here& is the ® C1Cy

scaling function(3.37 of the energy density profile, and

Aorora IS the amplitude in Eq(3.35 of the stress tensor With upper and lower signs fori () =(+,+) and (ord,ord,

average. The terms in EGC2) beyond the bulk contribution 2nd
s> 9 are of orders’, ands’, s? and can be identified with (i) (+)\2
' ' r r 2IB .= AjAL4
corresponding terms in the film average of the product ex- (e(ra)e(r2))pg’/Be=(AT)"ArA
pansion(2.39 for O= ¢ on using the three-point universal 1 1 1
amplitudes “\2c,c, T C 7 Cracyc,
Cooc C 1 D2
=V, = Cp=0. (Ca (b2
BB B.Br 25, for both (i,i)=(+,+) and(ord,ord, and

For the energy two-point average in the Gaussian modek,(p(rl)6(r2)>(D+,+)/(B B2
p=e

Wick’s theorem B
R R N R A\ VEA 4cqc,)| Y2 2¢,C
(D2(F)D2(F2))fim={DP2(F1) )i (P *(P2) Vi =AW gL 2y T2 1+ 22
LR W o) Cs C C

+2[(P(F1) P (F2))im]? (CH

(D3)
and Eq.(C2) impl
_ a{C2) imply For the(—, +) dumbbell of Fig. 1c),

(259 Y PP P2(F2) )i — 7~ -

/ —q —q —2d (e(ri)e(ra))peg 1B,

—2%%(2L )27 %e(y)s* I+ 3(2L) &y
1/8
+2(2L)2 [ —v+w]s? 9. (C6) :(Ag))z(M) 27112 (utu-1)ls;s,
ciC

The short distance contributions beyond the bulk contribu- 711 ?
tion s?~9 are of orders? ¢, s°, and & ,s7)s?> % and can Loumu 04
be identified with those in the film average of Eg.39 with (u+u-Hrzir2zp
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-+
(e(rp)e(ro))be /B,

AUN2ZA A4 ! 1—4c¢?)(1—4c
=(AL)?A A4z (1= dch)(1-4c))

1
+ 6[1—4 Sirf(0,— 6,)]—

C+4cqcy
><[1—4sinz(01+02)]}, (D5)
and
(@(r)e(r2))be™1(B,B)Y?
1/8 —1/2
_ gt g A1) T A A6C
LA W o] Co C
2C4Cy
1+ C si(1— 4c2)+4 sm(202). (D6)
Here
L )
Ak:Z_rﬁ' 0k=AkrkH, Ck=C056k, Sk:S|n0k,
C=2[cosh{Ar;, —Ayrp )—cog6,—6,)], (D7)
4c,c,\ V4
u_(1+ 2 )

One may check the surface limit of these expressions P
most easily forr; andr, approaching, respectively, the low-
est and highest surface point of the dumbbell in Fig. 1, for

which

ry,=rp =0, ry=—L—=46, 7" —L, ry=L+d\.L,
(D8)

cyk— o/ (2L), C—4, Ayley— 16, s1——1, s,—1.

For the symmetric dumbbells withi ,{)=(+,+) or (ord,
ord), one obtains

(010,)881(Bo Bo,) 2~ AR AD 1(5,%15,°), (DY)
whereO,= ¢ or ¢, and for the(—, +) dumbbell
(002)65 71(B,Bo,) V2 = ALIAGI(815,%7),
(D10

(e€)55 B —(ALUN2(8,6,).
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