
Absorbing phase transitions of unidirectionally coupled nonequilibrium systems

Sungchul Kwon* and Gunter M. Schütz
Institut für Festkörperforschung, Forschungszentrum Jülich, D-52425 Jülich, Germany

sReceived 11 October 2004; published 18 April 2005d

We investigate the change of critical behavior of two-level hierarchy systems in which the second levelsBd
is unidirectionally coupled to the firstsAd by the coupling dynamicsA→A+nB with n=1 or 2. The first level
belongs to the directed percolation or the parity-conservingsPCd universality class, the second to PC. If both
levels are critical, the active region of the second level becomes heterogeneous. In the so-called coupled region
the first level feeds particles to the second, while in the uncoupled region the second level evolves autono-
mously. Measuring dynamic critical exponents in both regions, we show to what extent the critical behavior of
the second level depends on the universality class of the first. These results suggest a simple criterion for the
emergence of unusual critical behavior of unidirectionally coupled nonequilibrium systems.
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I. INTRODUCTION

Recently there has been an enormous effort to understand
nonequilibrium continuous absorbing phase transitions
sAPT’sd from an active into absorbing states in which no
further change occursf1,2g. The concept of an APT can be
applied to various phenomena in natural science as well as
social and economical science. From a conceptual point of
view APT’s can be regarded as one of the simplest and most
natural extensions of the well-established equilibrium phase
transitions to nonequilibrium systems. As in equilibrium, the
dimensionality of a system, symmetries between absorbing
states and conservation laws may determine critical behavior
of APT’s. However, as a unifying theoretical framework is
not available, we are still far from a systematic classification
of APT’s. Exact non-mean-field critical exponents and scal-
ing functions have been derived only for systems with a
singular APT where the density in the active phase diverges
sseef3,4g for recent progressd.

Few universality classes of continuous APT’s have been
identified so far. The directed percolationsDPd and parity-
conserving sPCd universality class are well established
among othersf2,5g. The DP class includes systems which
have no symmetry between absorbing states and no conser-
vation laws of order parametersf1,2g, while the PC class
describes models with a modulo 2 conservation of the total
number of particles via reactionsA→ s1+2kdA and 2A→0
defining branching annihilating random walkssBAW’sd with
an even number of offspringf5g. The so-called directed Ising
sDId class includes models with two symmetric absorbing
statesf6g. In s1+1d dimension the DI and PC classes are
characterized by the same exponentsf2,6g.

Unusual critical behavior has been observed in various
coupled systems of known universality classesf2,7–17g. In
coupled systems oneslinear cased or more snonlinear cased
particles of one species give birth to an offspring of another
species. However, in some cases the universality class does

not change. For example, quadratic and bidirectional cou-
pling of DP processes exhibit the usual DP-type critical be-
havior f7g. Also linearly and bidirectionally coupled DP sys-
tems exhibit either DP or trivial critical behaviorf9g
depending on the existence of the spontaneous annihilation
of a single particle,A→x f10g. The same type of coupling
of PC processes makes systems always active so only the
critical behavior near the zero branching rate is observedf8g.
On the other hand, cyclic coupling of DP processes and an-
nihilating random walks may result in nontrivial critical be-
havior depending on a coupling constantf11g. The cyclically
coupled model corresponds to the multispecies mapping of
pair-contact process with diffusionf19g, the universality
class of which is much disputed.

Linear andunidirectional couplings have been first con-
sidered in recent studies on layer-by-layer interface growth
models for adsorption and desorption of monomersf12g. It
turns out that the unidirectional coupling dynamics from
lower to higher layers are key features characterizing the
continuously varying critical behavior of the monomer
growth modelsf12,14g. Some polynuclear growth models
and models for fungal growth also exhibit critical behavior
of the unidirectionally coupled DP processesf15g. Using
bosonic field theoretic renormalization group techniques,
Täuberet al. extensively studied the hierarchy of unidirec-
tionally coupled DP subsystems, which is a stochastic mul-
tispecies particle systemf13,14g. Coupled PC processes have
been studied in the context of interface growth models which
conserve the parity of the particle number in each layer. Such
dimer models undergo two different types of phase transi-
tions, roughening and faceting transitionsf17,18g. At the
roughening transition, the critical behavior of the bottom
layer belongs to the PC class, whereas higher layers exhibit
continuously varying critical behavior.

In general, a linearly unidirectionally coupled system can
be defined as a hierarchy of a number of levels belonging to
known universality classes. Each level is coupled to the next
level by branching dynamics of the form

Ai → Ai + nAi+1, s1d

with a positive integern. While direct couplings with any
higher levels are possible, such asA1→A1+Ai, it was shown
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that they are irrelevant in determining the critical behavior
f13,14,17g.

So far we have discussed coupled DP or PC processes. In
this paper, we continue to investigate the properties of the
linearly unidirectionally coupled systems in which each level
can belong to adifferent universality class. For self-
containedness we briefly review the usual definition of criti-
cal exponents and discuss the heterogeneity of active regions
and the source average, the significance of which were de-
tailed in recent workf16g sSec. IId. We then discuss the two-
level hierarchies. We call the first levelsourceand the sec-
ond level slave and classify the couplings between two
classes assclass of sourced–sclass of slaved couplings ac-
cording to the class of each level. In our previous studyf16g
we considered the cases where the source level belongs to
either the DP or PC universality class and the slave level is in
the DP class. Here we discuss the DP-PCsSec. IIId and
PC-PC sSec. IVd couplings, which are not investigated in
f16g. In Sec. V we present simulation results of other cou-
plings. In the concluding section VI we summarize our main
findings from which we postulate a simple general criterion
for the critical behavior of the slave level for general cou-
plings.

II. CRITICAL BEHAVIOR AND AVERAGING IN
UNIDIRECTIONALLY COUPLED SYSTEMS

A. Critical exponents in coupled APT’s

As in the usual APT’s, several critical exponents charac-
terize the off-critical and critical behavior of the coupled
systems. Near criticality the exponentsb, b8, n', and ni

characterize the scaling behavior of the steady-state particle
densityrs, the survival probabilityPs, the correlation length
j, and the characteristic timet in the thermodynamic limit as
f20g

rs , Db, Ps , Db8, j , uDu−n', t , uDu−ni, s2d

whereD is the distance from criticality.
At criticality the exponenta characterizes the decay of

the density of particlesrstd in the surviving samples when
starting with random initial conditions with finite density,
while for a single-particle initial condition the exponentsd,
h, and z characterize the survival probabilityPsstd of the
processes, the number of particlesNstd averaged over all
samples, and spreading distanceRstd averaged over survival
samples, respectively, asf21g

rstd , t−a, Psstd , t−d, Rstd , t1/z, Nstd , th. s3d

Dynamical scaling implies the relationsa=b /ni, d
=b8 /ni, z=ni /n'. The well-known scaling relation between
these exponents in the usual APT isf21g

h = d/z− a − d. s4d

In many systemsb andb8 are equalf21g and hencea=d.
The critical behavior where criticality of all levels coin-

cides is characterized by a varying order parameter exponent
b taking a different value in each level of the hierarchy.
Within the mean-field approximation, the exponentb of a

level k is simply given bybk=s1/2dk with kù0 for both the
coupled DP and PC processesf13,14g. This bk obtains cor-
rections below the upper critical dimensionsdCd.

On the other hand, the exponentsn' and ni remain un-
changed in all levels, butd andh vary according to the level.
However these exponents do not satisfy the ordinary scaling
relation Eq.s4d. Instead for the coupled DP processes they
are suggested to satisfy the following relation in each levelk
f14g:

hk = d/zk − ak − d1, s5d

with ak=dk. The exponentd1 of Psstd of the first level re-
placesdk of the levelk. Generallyak is the exponent for the
particle density at levelk for random initial conditions at the
first level. In what follows we refer to the first level as source
and higher levels as slave levels.

B. Heterogeneous spreading and source average

The derivation of Eq.s5d from scaling arguments off14g
involves some tacit assumptions on taking averages which
may lead to wrong conclusions if ignored. It has been shown
that for the generalization of Eq.s5d to other couplings and
for understanding the appearance ofd1, it is necessary to take
the heterogeneity of active regions on the slave levels into
account and to apply a particular average method, thesource
averagef16g. It turns out that the active regions of the slave
levels are divided into two regions, the so-called coupled and
uncoupled region. Careful analysis yields generalized scaling
relations consisting of two separate equations for the two
regions respectivelyf16g. For self-containedness we briefly
review the significance of these notions.

1. Source average

By construction of the process, i.e., due to the feeding of
particles to higher levels, each level decays more slowly than
its lower levels. So the coupling to lower levels is always
broken after some time. From this time on the decoupled
levelk evolves autonomously according to its own dynamics,
with critical exponents given by the puresuncoupledd univer-
sality class to which this level belongs. Therefore a trivial
change of universality class at levelk occurs abruptly when
the lower levelk−1 dies out. Thus no information about
different universality classes due to coupling can be gained
by studying realizations of the process with broken coupling.

In order to avoid this problem we only consider the con-
figurations in which the sourcesk=1d still survives. In these
configurations, slave levelssk.1d always survive with unit
probability due to the coupling so the survival probability
Psstd of the slave is just that of the source and we have the
following relation for anyk.1:

dk Þ ak, dk = d1. s6d

We call these configurations the source ensemble and the
average with this ensemble we refer to as the source average.
Of course, one may average dynamic quantities over the con-
figurations in which the level under consideration survives
regardless of the survival of other levels. This impliesdk
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Þd1 for general couplings. We refer to this average as the
slave average, but we shall not employ it for the reasons
given above.

Our discussion not only explains the occurrence ofd1 in
Eq. s5d for coupled DP systems but also suggests thatd1 will
occur for any coupling, defined via the source average. The
source average more clearly exhibits the special properties of
unidirectionally coupled systems than the usual slave aver-
age and it allows the derivation of the scaling relations with-
out any assumptions on scaling functions for observables.

2. Dynamic heterogeneity

The origin of the dynamic heterogeneity of the slave lev-
els can be understood as follows. Starting with a single par-
ticle on the source levelsk=1d, then in levelks.1d a cluster
of particlessAkd is formed by the coupling dynamicss1d and
it spreads according to the given evolution rules. Due to the
coupling, the average size of the cluster on each level is
always larger than those of the lower levels. It means that the
cluster of the levelk with sizeRkstd is divided into two parts,
the coupled and the uncoupled region. The coupled region of
the levelk at timet is defined as the set of all sites within the
range between the leftmost and the rightmost particles of the
level k−1 at timet. The exterior of the coupled region is the
uncoupled region of the levelk sFig. 1d.

Inside the uncoupled region with sizeRUstd=Rkstd
−Rk−1std, the dynamics on the levelk evolve autonomously
without particle feeding from the levelk−1. In the coupled
region with sizeRCstd, the levelk−1 feeds particles to the
level k so thatRCstd is actually the spreading distanceRk−1std
of the levelk−1. Due to the coupling, the number of par-
ticlesNCstd inside the coupled region increases more rapidly
than that of the uncoupled regionfNUstdg. This observation
suggests that the number of particles in the levelk can in-
crease in time with different exponents,hk

C in the coupled
region andhk

U in the uncoupled region respectively, at the
multicritical point,

NCstd , thk
C
, NUstd , thk

U
. s7d

We stress that even though inside the uncoupled region the
particle system evolves according to the critical dynamics of
level k, the critical exponents may be different. This is be-
cause the boundaries of the uncoupled regionsand hence its
overall size and therefore its critical exponentsd are deter-
mined by the coupling to the lower level. It is clear that this
heterogeneity of the particle distribution of the levelkfNkstdg
is a general property of unidirectionally coupled systems.

C. Generalized scaling relations

We discuss the hyperscaling in the levelk in d dimen-
sions, using the source average. The indexk is omitted from
the number of particleN and densityr in the coupled and
uncoupled region for simplicity of notation. In the coupled
region,NCstd is given by the relation

NCstd = rCstd 3 sRCddstd 3 Ps
k=1std, s8d

whererCstd is the particle density of the levelk of surviving
samples inside of the volumesRCddstd andPs

k=1std is the sur-
vival probability of the source level. Assuming algebraic de-

cay at the multicritical pointrC, t−ak
C
, RC=Rk−1, t1/zk−1, and

Ps
k=1, t−d1, respectively, we obtain the first scaling relation

hk
C = d/zk−1 − ak

C − d1. s9d

In the uncoupled region, assumingrUstd, t−ak
U

and RU

, t1/zk
U
, we find the second relation

hk
U = d/zk

U − ak
U − d1. s10d

The above two relations are generalized scaling relations
for unidirectionally coupled systems taking the heterogeneity
into account. They are very different from Eqs.s4d and s5d
because they are not scaling relations for quantities of the
whole system. AsNkstd is given byNkstd=Nk

Cstd+Nk
Ustd, the

scaling ofNkstd is determined by the scaling behavior of the
two distinct regions

hk = maxfhk
C,hk

Ug. s11d

For the scaling of the total size of the levelk Rk=Rk
U+Rk−1

, t1/zk, we have the condition,zk
Uùzk, or

1/zk = maxf1/zk
U,1/zk−1g. s12d

Similarly one has for the total densityrkstd, t−ak the relation

ak = minfak
C,ak

Ug. s13d

Notice that for the special case ofzk
U=zk−1, the exponent

hk
C is larger thanhk

U becauseak
C andak

U satisfy the condition
ak

Cøak
U. Therefore, we have two equalities ofhk=hk

C and
ak=ak

C and we recover the scaling relation of Eq.s5d but
with akÞdk. In general, as dynamic exponents such ashk
anddk depend on the average methods, the value ofhk of the
slave average differs from that of the source average.

D. Corrections to scaling

We remark that Eqs.s9d ands10d also quantify the correc-
tions to scaling of dynamic quantities coming from the ge-
neric heterogeneity of coupled systems. The effective expo-
nent ofNkstd is defined as

hkstd = lnfNksmtd/Nkstdg/ln m, s14d

and similarly forrkstd andRkstd with a positivem. The het-
erogeneity induces corrections to scaling of the formt−Dr,
t−Dh, andt−Dz with some negative exponents

FIG. 1. The evolution pattern of a cluster on the second level
starting from a single particle on the first level. The gray regions
outsidethe black regions are uncoupled.
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Dr = uak
C − ak

Uu, Dh = uhk
C − hk

Uu, Dz = u1/zk
U − 1/zk−1u.

s15d

These correction exponents usually become very small and
therefore they cause a significant long time drift of the effec-
tive exponents. These corrections explain the difficulties of
precise estimations of the dynamic exponents in unidirec-
tionally coupled systems.

III. DP-PC COUPLING

To simplify notation for two-level couplings we call par-
ticles of the sourcesk=1d and the slave levelsk=2d A andB,
respectively. Then for the slave level we have the scaling
relations from Eqs.s9d and s10d

hC = 1/zA − aC − dA,

hU = 1/zU − aU − dA, s16d

where we omit the indexB from h, a, and z. Relations
s11d–s13d become

h = maxfhC,hUg, s17d

1/z= maxf1/zU,1/zAg, s18d

a = minfaC,aUg. s19d

For DP-PC coupling, we consider the contact process
sCPd and branching annihilating random walks with two off-
springfBAWs2dg as typical particle models belonging to the
DP and PC class, respectivelyf22,23g. In the CP of the
source level, a particleA is spontaneously annihilated with
rate p and it creates oneA particle on one of the nearest
neighboringsNNd sites with rates1−sds1−pd. In branching
processes, if the target site is occupied by an other particle,
the branching is rejected. The rates is the coupling strength.
The criticality is pc

A=0.232 674s4d at s=0 f22g. Using the
fact that the ratio of the creation and annihilation rates,R
=s1−pcd /pc, should be same at criticality for any value ofs,
we find that the critical line of CPs in thes−p phase dia-
gram issc

A=1−pRA/ s1−pd with RA=3.297 85.
In the BAWs2d of the slave level, a particleB hops to one

of the NN sites with ratep and it creates two particles on two
NN sites to the left or right direction withss1−pd. If two
particles happen to be on a same site by branching or hop-
ping, they annihilate each other instantaneously. The critical
point of BAWs2d at s=1 is located atpc

B=0.5105s7d f23g.
The critical line issc

B=pRB/ s1−pd, whereRB=s1−pc
Bd /pc

B

=0.958 86.
The coupling dynamics of Eq.s1d now becomes

A → A + nB with ss1 − pd, s20d

where we take without loss of generalityn=2.
The coupling dynamicss20d couples the CP and BAWs2d

without feedback from the BAWs2d to the CP. AnA particle
createsB particles on neighboring sites of the same site of
the BAW level only if the target sites are empty. The multi-

critical pointssM ,pMd of the CP-BAW hierarchy is located at
sM =0.225 26 andpM =0.190 23 within errors ofpc

A and pc
B.

The well-known values of the exponentsd and 2/z of the
source level aredA<0.159 and 2/zA<1.265f2g.

Figure 2 shows the schematic general phase diagram of
two-level hierarchies. In region I, the two levels are both in
an active phase of nonzero steady-state particle density. In
region II, both levels are active but the slave level is slaved
to the first. The slave level undergoes the same type of phase
transition as the source level at the critical line of the source
level. In region III, two levels are completely decoupled.
While the source level is inactive, the slave level is active.
They undergo their own types of phase transition at their
respective critical points.

First we perform dynamic Monte Carlo simulations start-
ing with a singleA particle on the source level at the multi-
critical pointssM ,pMd. For the average of dynamic quantities
we take the source average. Using the effective exponents of
Eq. s14d, we obtain asymptotic values of the exponentsh, a,
and 1/z of the slave level in the coupled and uncoupled
regions, respectively. We list all measured values of the ex-
ponents for all couplings in Tables I and II.

Figure 3 shows effective exponents as functions of time of
the coupledsuncoupledd region and the whole active region.
The different values of the exponents in the both regions
clearly show the heterogeneity of the growing cluster gener-
ated from a singleA particle. By substituting the measured
values of hC and hU into Eq. s16d, we predict aC

=0.133s10d andaU=0.30s2d which agree very well with the

FIG. 2. Schematic phase diagram of two-level hierarchies with
coupling strengths and interaction parameterp. The region labeled
by “Absorbing phase” corresponds to an absorbing phase of both
levels.

TABLE I. Measured values of critical exponents of the slave
level for the four couplings. The subscriptC sUd corresponds to the
coupledsuncoupledd region.hpred

C andhpred
U are the predicted values

from Eq. s16d using measured values.

Coupling aC aU hC hU hpred
C hpred

U

DP-PC 0.13s1d 0.28s1d 0.34s1d 0.14s1d 0.34s1d 0.16s2d
DP-DP 0.08s1d 0.16s1d 0.40s1d 0.31s1d 0.39s1d 0.31s2d
PC-DP 0.14s2d 0.16s1d 0.14s2d 0.185s5d 0.15s2d 0.185s20d
PC-PC 0.21s1d 0.285s5d 0.08s1d 0.01s1d 0.08s1d 0.00s1d
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numerical estimates of Table I within errors. All dynamic
exponents satisfy the generalized relations ofs16d well.

To obtain exponents of the total quantitiesrB, NB andRB,
we should compare the values of the coupled and uncoupled
region according to Eqs.s17d–s19d. As NC increases more
rapidly thanNU shC.hUd, NB is expected to follow the scal-
ing of NC. It implies hB=hU. Similarly rB and RB should
follow the scaling ofrC and RCs=RAd due to aC,aU and
1/zC.1/zU respectively. So we expectaB=aC and zB=zA
for DP-PC coupling. However in Fig. 3,hBstd saturates to a
smaller value thanhC. The other exponentsaBstd and 2/zBstd
also show the same tendency. As mentioned in Sec. II, these
discrepancies come from the corrections to scaling with the
exponents defined in Eq.s15d. Directly measuring the effec-
tive slope of the correction toNB, viz., through the ratio
NBstd /NCstd, we obtainDh=0.20s1d which agrees with the
predictionDh=hC−hU=0.20s2d. Similarly we also find cor-
rection exponentsDa=0.15s1d andDz=0.03s1d, which agree

well with the predictionsDa=0.15s1d and Dz=0.02s2d, re-
spectively. Figure 4 shows the effective exponents of the
ratios. We should note that the corrections come from the
heterogeneity of a growing cluster. The effect of coupling
causes the long drift of effective exponents as shown inaCstd
especially.

Since the dynamic exponentsh andd generally depend on
the average methodsf6g, the dynamic critical behavior
should be determined bya and z. The exponentsa and z
defined in Eq.s3d are the ratios of static exponentsb, n', and
ni in an active phase where all levels in the hierarchy survive
with finite probability. The finite survival probability of each
level implies the equivalence of source and slave average so
the static exponents are independent of average methods.

From this analysis we see that due to coupling with a DP
process the spreading properties of the PC process BAWs2d
completely change and show DP nature. It can be understood
in general terms from the rapid spreading of DP processes
with smaller z than that of the PC classszU.zCd. As the
typical sizes of DP vacuum domainssj' andjid in an active
phase are smaller than those of the PC class, vacuum do-
mains of PC class shrink by the activation of the source level
and they should follow the scaling of the DP class. It implies
that n' and ni should be the values of the DP class so we
havez=zDP. So the DP-PC coupling completely changes the
scaling of both spatial and temporal correlation lengths, un-
like other couplings.

On the other hand, as the DP processes on the source level
survive longer than PC processes do, the coupling with the
source makes the decay of the total densitysrBd slow enough
to change the exponenta in the coupled regionsaCd. TheaC

of Table I is even smaller than the value of the DP class,
aDP<0.16. It is consistent with the fact that the exponentb
changes and actually decreases as levels go up as in other
unidirectionally coupled systems. With the DP value ofni,
we predictbB=aCni

DP=0.23s1d.
For the measurement of the exponentb of the slave level,

we measurerB in the steady statesrB
sd with half-filled ran-

dom initial conditions on the source level. We averagerB
s for

D=pM −p=8310−2–2310−4 and system sizesL=4096–1.2

TABLE II. Measured values of 2/zB and 2/zU for the four cou-
plings. The values of 2/zB,pred are estimated values from Eq.s18d.

2 /z DP-PC DP-DP PC-DP PC-PC

2/zU 1.20s2d 1.27s2d 1.26s2d 1.15s1d
2/zB 1.24s1d 1.27s2d 1.22s2d 1.15s1d

2/zB,pred 1.265 1.27s2d 1.265 1.15s1d

FIG. 3. Effective exponentsa, h, 2 /z of the slave level for
DP-PC coupling. From top to bottom in each panel, each line cor-
responds to the coupled, whole, and uncoupled regions,
respectively.

FIG. 4. Effective exponents of corrections to scalings of the
slave level for DP-PC coupling. From top to bottom, each line
corresponds toDz, Dh, andDa.
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3104 sFig. 5d. We find bB=0.22s2d which agrees very well
with our prediction. We conclude that while the coupling
between the same type processes only changes the exponent
b of higher levels, DP-PC coupling completely changes the
scaling behavior of the spatial and temporal correlation
length in addition tob of the slave level.

IV. PC-PC COUPLING

In PC-PC coupling, we then consider BAWs2d model in
both levels. Although the coupling was already studiedf17g,
we investigate the critical behavior in a more detailed and
transparent manner using the heterogeneity and source aver-
age.

In the source level, anA particle hops with ratep and
creates two offsprings on two nearest neighbor sites to the
left or to the right with rates1−sds1−pd. In the slave level,
hopping and branching of aB particle occur with ratesp and
ss1−pd, respectively. The two levels are unidirectionally
coupled with the coupling dynamics Eq.s20d. The critical
lines of the two levels aresc

A=1−pR/ s1−pd and sc
B

=pR/ s1−pd with R=0.958 86. The multicritical point is lo-
cated atsM =1/2 andpM =0.342 732. The well-known expo-
nentsd and 2/z of the source level aredA=0.285s2d and
2/zA=1.141s2d f24g.

Starting with twoA particles on the source level, we mea-
sure the effective exponentsa, h, and 1/z in the coupled and
uncoupled regionssFig. 6d. We performed simulations for
n=1 and 2. The two results are very similar so we present
results only for the more natural casen=2 sTables I and IId.

As shown in Table I, the particle number of the coupled
region sNCd increases more rapidly so that the total particle
number NB follows the scaling ofNC and we expecthB
=hC. Similarly we expectaB=aC for the total particle den-
sity. Figure 6 shows a small deviation between the total and
the coupled regions, but it can be explained by the correc-
tions to scaling. From Eq.s15d we estimate correction expo-
nentsDa=0.185s10d, andDh=0.07s1d.

With the measured values ofhC, 1 /zU given in the table
and dA and zA of the PC class, we predictaC=0.21s1d and
aU=0.28s1d which agree well with the numerical results in

Table I. Hence Eq.s16d is satisfied very well in PC-PC cou-
pling. The PC-PC coupling only changeshC andaC, like the
DP-DP coupling. As the spatial and temporal correlation
lengths follow the same scaling in both levels before the
coupling, the exponentsn' and ni of both levels should be
the same after the coupling. This leads tozA=zB. Only the
density in the coupled region decays more slowly than in the
PC class. This implies the decrease ofb in the slave level.
We estimatebB=0.68s1d with the relationbB=aCni

PC, which
is smaller thanbPC=0.92s3d f24g.

V. OTHER COUPLINGS

In this section we present some improved simulation re-
sults on DP-DP and PC-DP couplings, respectively, and we
briefly illustrate the essential importance of using the source
average for the validity of hyperscaling relations for the
three-level PC-DP-DP couping. For DP-DP coupling, we
consider two CP models. In PC-DP coupling,A particles of
BAWs2d evolve on the source level with hopping ratep and
two-offspring branching rates1−sds1−pd. In both cou-
plings, the two levels are coupled through the dynamicss20d.
For the location of the corresponding critical points seef16g.

In DP-DP coupling, effective exponents of the coupled
region saturate to asymptotic values as shown in Fig. 7,
which also well satisfy the scaling relation Eq.s16d. The
same value ofz in both coupled and uncoupled regions indi-
cates that the scaling of spatial and temporal correlation

FIG. 5. Effective exponentsbeff of rB
s for DP-PC coupling.

FIG. 6. Effective exponents of the slave level for PC-PC cou-
pling. From top to bottom in each panel, each line corresponds to
the coupled, whole, and uncoupled regions respectively.
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length remains unchanged as noted in Refs.f13,14g. How-
ever, the small value ofaC indicates the decrease ofb. With
the relationb=aCni

DP we estimateb=0.14s1d which is com-
patible with the result off14g, b2=0.132s15d.

In PC-DP coupling, the DP level is expected to show DP-
type critical behavior because PC processes decay faster with
aPC.aDP. The fast decay and slow spreading of PC pro-
cesses yields for the exponent of total particle numberhB
=hU rather thanhC, unlike in other couplings. Assuming DP
critical behavior, we expecthC=0.13, hU=0.185, aC=aU

=0.16, and 2/zB=1.265. This is well borne out by the simu-
lation results, even though Fig. 8 shows that the exponents of
the coupled region converge to the expected values very
slowly. The long drift ofaC andhC comes from the effect of
the coupling dynamics by itself, while the total spreading
distance RBstd has strong corrections to scalingRC/RU

, t−Dz.
With the values ofh and z in Tables I and II, Eq.s16d

predictsaC=0.15s2d andaU=0.16s2d, which agree with the
DP valueaDP=0.16 f2g. The scaling relation of Eq.s16d is
well satisfied for PC-DP coupling although the particle den-
sity decays uniformly in the whole region of the slave level.
On the other hand, with the slave average, all exponents
includinghB should be DP values, which satisfy the ordinary
scaling relation of Eq.s4d rather than Eqs.s5d and s16d. As
Eq. s5d is the result of Eq.s16d, we conclude that the slave
average actually cannot satisfy the scaling relations of unidi-
rectionally coupled systems. However, the results of a slave
average satisfy Eq.s5d in other couplings. This contradiction

can be explained by examining the composition of the slave
ensemble. In the slave average, as we only consider the con-
figurations in which the slave level under consideration sur-
vives, the source level may survive or already have disap-
peared. So the ensemble of the slave average includes some
configurations of source average which characterize the criti-
cal behavior of higher levels. This is why results of the slave
average can satisfy Eq.s5d.

The three-level hierarchy of PC-DP-DP coupling is an-
other example where the average method is crucial for the
validity of hyperscaling relations. In this hierarchy, the criti-
cal behavior of the third level is affected by the second, but
the second is not affected by the first. So if we use the slave
average, the exponents of the third level should be those of
the slave level of DP-DP coupling. These exponents of the
slave level satisfy only the scaling relation of the two-level
hierarchy without the PC process in whichd1 is the DP
value. However, asd1 in the scaling relation of the three-
level hierarchy is the PC value, the exponents of slave aver-
age cannot satisfy Eq.s5d of the PC-DP-DP coupling.

FIG. 7. Effective exponents of the slave level for DP-DP cou-
pling. From top to bottom in each panel, each line corresponds to
the coupled, whole, and uncoupled regions, respectively.

FIG. 8. Effective exponents of the slave level for PC-DP cou-
pling. From bottom to top in each panel, each line corresponds to
the coupled, whole, and uncoupled regions, respectively.hstd shows
differences only after 53104 time steps.
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VI. CONCLUSION

In summary, measuring static and dynamic exponents, we
investigate the change of critical behavior of two-level sys-
tems in which the slave level is unidirectionally coupled to
the source level through the coupling dynamicsA→A+nB.
Each level belongs to either the DP or PC universality class.
The coupling makes the active region of the slave level in-
homogeneous. Therefore the particle number exhibits differ-
ent scalings in two regions, the so-called coupled and un-
coupled regions. Proper analysis of the change of scaling
properties due to the coupling necessitates the use of the
source average. The heterogeneity of the particle distribution
in the slave level is characteristic for all unidirectionally
coupled systems and leads to generalized scaling relations
which are valid irrespective of whether the critical behavior
of higher levels is changed or not by given couplings.

However, it should be noted that the slave average may be
better than the source average in other regions of the phase
diagram Fig. 2. This comes from the fact that except at the
multicritical point, the slave levels are completely uniform
and we cannot divide the whole active region into two dis-
tinct regions. For example, in region III of the generic phase
diagram, the two levels are completely decoupled and the
source cannot affect the critical behavior of the slave because
the source is inactive. So we cannot define the coupled re-
gion which is the characteristic of unidirectionally coupled
systems at their common critical point. In region II, the slave
level is completely slaved to the source so the whole active
region of the slave level is the coupled region. In this region
we cannot define the uncoupled region and we have just one
scaling relation of the coupled region.

At the multicritical point the critical behavior strongly
depends on that of the source level. For DP-DP and PC-PC
couplings, the coupling only changes the scaling of the order
parameter. The scalings of spatial and temporal correlation
lengths do not change. For DP-PC coupling, the DP level
completely changes the critical behavior of the PC level.
While the spatial and temporal correlation lengths follow the
scaling of the DP class, the order parameter exhibits slower
decay. However, in PC-DP coupling, the PC level is too
weak to change the critical behavior of the DP level.

These results for the four couplings suggest the following
simple criterion for the critical behavior of the slave level in
unidirectionally coupled two-level hierarchies.

s1d The coupling of models belonging to the same class
only changes the scaling of the order parameter as already
noted inf13,14,17g.

s2d The coupling of more slowly with more quickly
spreading systems such as DP-PC coupling completely
changes the critical behavior of the slave level. While the
spatial and temporal correlation lengths follow the scaling of
the source level, the order parameter decays more slowly
with a smaller exponentbB than that of the source.

s3d Finally, the coupling of faster decaying with more
slowly spreading systems such as PC-DP coupling does not
change the critical behavior of the slave. The coupling only
makes the slave converge to its asymptotic critical behavior
very slowly and it causes a long drift of effective exponents.

Since in unidirectionally coupled systems of more than
two levels each level is affected by the level below, it is
possible to apply the above criterion of two-level hierarchies
to general hierarchies.

f1g J. Marro and R. Dickman,Nonequilibrium Phase Transitions
in Lattice ModelssCambridge University Press, Cambridge,
U.K., 1999d.

f2g H. Hinrichsen, Adv. Phys.49, 815 s2000d.
f3g B. Houchmandzadeh, Phys. Rev. E66, 052902s2002d.
f4g M. Paessens and G. M. Schütz, J. Phys. A37, 4709s2004d.
f5g J. Kockelkoren and H. Chaté, Phys. Rev. Lett.90, 125701

s2003d.
f6g W. Hwang, S. Kwon, H. Park, and H. Park, Phys. Rev. E57,

6438 s1998d.
f7g H. K. Janssen, Phys. Rev. Lett.78, 2890s1997d.
f8g J. L. Cardy and U. Täuber, Phys. Rev. Lett.77, 4780s1996d;

S. Kwon, J. Lee, and H. Park,ibid. 85, 1682s2000d.
f9g S. Kwon and H. Park, J. Korean Phys. Soc.38, 490s2001d; G.

Ódor, Phys. Rev. E63, 021113s2001d.
f10g S. Kwon and H. Park, Phys. Rev. E69, 066125s2004d.
f11g H. Hinrichsen, Physica A291, 275 s2001d.
f12g U. Alon, M. R. Evans, H. Hinrichsen, and D. Mukamel, Phys.

Rev. Lett. 76, 2746s1996d.

f13g U. C. Täuber, M. J. Howard, and H. Hinrichsen, Phys. Rev.
Lett. 80, 2165s1998d.

f14g Y. Y. Goldschmidt, H. Hinrichsen, M. J. Howard, and U. C.
Täuber, Phys. Rev. E59, 6381s1999d.

f15g A. Toom, J. Stat. Phys.74, 91 s1994d; J. M. López and H. J.
Jensen, Phys. Rev. Lett.81, 1734s1998d.

f16g S. Kwon and G. M. Schütz, Physica A341, 136 s2004d.
f17g H. Hinrichsen and G. Ódor, Phys. Rev. Lett.82, 1205s1999d.
f18g J. D. Noh, H. Park, and N. den Nijs, Phys. Rev. Lett.84, 3891

s2000d.
f19g M. Henkel and H. Hinrichsen, J. Phys. A37, R117s2004d.
f20g T. Aukrust, D. A. Browne, and I. Webman, Phys. Rev. A41,

5294 s1990d.
f21g P. Grassberger and A. de la Torre, Ann. Phys.sN.Y.d 122, 373

s1979d.
f22g T. E. Harris, Ann. Prob.76, 1122 s1982d; I. Jensen and R.

Dickman, J. Stat. Phys.79, 89 s1993d.
f23g S. Kwon and H. Park, Phys. Rev. E52, 5955s1995d.
f24g I. Jensen, Phys. Rev. E50, 3623s1994d.

S. KWON AND G. M. SCHÜTZ PHYSICAL REVIEW E71, 046122s2005d

046122-8


