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Absorbing phase transitions of unidirectionally coupled nonequilibrium systems

Sungchul Kwofi and Gunter M. Schiitz
Institut fir Festkorperforschung, Forschungszentrum Jiilich, D-52425 Julich, Germany
(Received 11 October 2004; published 18 April 2D05

We investigate the change of critical behavior of two-level hierarchy systems in which the secon@)evel
is unidirectionally coupled to the firgf) by the coupling dynamicé— A+nB with n=1 or 2. The first level
belongs to the directed percolation or the parity-conserd®@ universality class, the second to PC. If both
levels are critical, the active region of the second level becomes heterogeneous. In the so-called coupled region
the first level feeds particles to the second, while in the uncoupled region the second level evolves autono-
mously. Measuring dynamic critical exponents in both regions, we show to what extent the critical behavior of
the second level depends on the universality class of the first. These results suggest a simple criterion for the
emergence of unusual critical behavior of unidirectionally coupled nonequilibrium systems.
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[. INTRODUCTION not change. For example, quadratic and bidirectional cou-
ing of DP processes exhibit the usual DP-type critical be-

i
Recently there has been an enormous effort to Undema’ﬁiwior[?]. Also linearly and bidirectionally coupled DP sys-

nonequilibrium - continuous  absorbing phase transitiongems  exhibit either DP or trivial critical behaviof9]
(APT’s) from an active into absorbing states in which no gepending on the existence of the spontaneous annihilation
further change occursl,2]. The concept of an APT can be of g single particleA— @ [10]. The same type of coupling
applied to various phenomena in natural science as well asf PC processes makes systems always active so only the
social and economical science. From a conceptual point dfritical behavior near the zero branching rate is obsefgéd
view APT’s can be regarded as one of the simplest and mogdn the other hand, cyclic coupling of DP processes and an-
natural extensions of the well-established equilibrium phasaihilating random walks may result in nontrivial critical be-
transitions to nonequilibrium systems. As in equilibrium, thehavior depending on a coupling constaht]. The cyclically
dimensionality of a system, symmetries between absorbingoupled model corresponds to the multispecies mapping of
states and conservation laws may determine critical behavigrair-contact process with diffusiopl9], the universality
of APT’s. However, as a unifying theoretical framework is class of which is much disputed.
not available, we are still far from a systematic classification ~Linear andunidirectional couplings have been first con-
of APT’s. Exact non-mean-field critical exponents and scal-Sidered in recent studies on layer-by-layer interface growth
ing functions have been derived only for systems with amodels for adsorption and desorption of mononldi3. It
singular APT where the density in the active phase diverge!/s out that the unidirectional coupling dynamics from
(see[3,4] for recent progress Iowe_r to higher Ia_yers are key featL_Jres characterizing the
Few universality classes of continuous APT's have beeffontinuously varying critical behavior of the monomer
identified so far. The directed percolati¢pP) and parity- growth m?dils[%z’lqi Someh p(lnlynuclf:a_a'r grpyvtr; mﬁde_ls
conserving (PO universality class are well established and models for fungal growth also exhibit critical behavior

among otherg2,5]. The DP class includes systems which of the unidirectionally coupled DP processekfl. Using

rave o syt beween absoring tates and no cons 22071 10 ecrete renarmazaton aroup echniaues
vation laws of order parametefg,2], while the PC class ) y y

describes models with a modulo 2 conservation of the tot ?onaII.y coupled DP subsystems, which is a stochastic mul-
number of particles via reactio’s— (1+2k)A and 2—0 ISpeCIes part|_cle systehl3,14]._CoupIed PC processes hav_e
defining branching annihilating random wall@AW’s) with been studied in the context of _mterface grQWth models which
an even number of offspring]. The so-called directed Ising conserve the parity of the partl_cle number in each layer. Suqh
(D) class includes models With two symmetric z;\bsorbingq'mer models gndergo two (;1|fferent types of phase transi-
states[6]. In (1+1) dimension the DI and PC classes arerns, rqughenlng_ 'and facetmg transnmb]s?,lSl. At the
characterized by the same expondi2s]. roughening transition, the critical behavior of the bottom

o ) . ] r belongs to the PC cl , Wher higher | rs exhibit
Unusual critical behavior has been observed in variou ayer belongs to the PC class ereas higher layers exhib

Lontinuously varying critical behavior.
coupled systems of known universality clas§2g—17. In intously varying critica vior

led N ndi i In general, a linearly unidirectionally coupled system can
coupled systems oneinear cas:)a or more (non Inear case be defined as a hierarchy of a number of levels belonging to
particles of one species give birth to an offspring of anothe

X . . ; known universality classes. Each level is coupled to the next
species. However, in some cases the universality class do?éi/el by branching dynamics of the form

A — A +tnAL, (1)

*Present address: Department of Physics, Kyung Hee Universityvith a positive integen. While direct couplings with any
Seoul 130-701, Korea. higher levels are possible, such&s— A;+A;, it was shown
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that they are irrelevant in determining the critical behaviorlevel k is simply given byB,=(1/2)k with k=0 for both the
[13,14,11. coupled DP and PC procesdds,14]. This g, obtains cor-
So far we have discussed coupled DP or PC processes. tactions below the upper critical dimensiaf).
this paper, we continue to investigate the properties of the On the other hand, the exponents and v, remain un-
linearly unidirectionally coupled systems in which each levelchanged in all levels, but and 5 vary according to the level.
can belong to adifferent universality class. For self- However these exponents do not satisfy the ordinary scaling
containedness we briefly review the usual definition of criti-relation Eq.(4). Instead for the coupled DP processes they
cal exponents and discuss the heterogeneity of active regiorge suggested to satisfy the following relation in each lével
and the source average, the significance of which were dg44]:
tailed in recent work16] (Sec. ). We then discuss the two-
level hierarchies. We call the first leveburceand the sec- M= dz— a6y, (5
ond level slave and classify the couplings between two yth o, =5,. The exponents; of Pyt) of the first level re-
classes agclass of sourcg-(class of slave couplings ac-  n3cess of the levelk. Generallya, is the exponent for the
cording to the class of each level. In our previous st article density at levek for random initial conditions at the
we considered the cases where the source level belongs {0 evel. In what follows we refer to the first level as source

either the DP or PC universality class and the slave level is i, higher levels as slave levels.

the DP class. Here we discuss the DP-B&c. Ill) and

PC-PC(Sec. IV couplings, which are not investigated in

[16]. In Sec. V we present simulation results of other cou- B. Heterogeneous spreading and source average

plings. In the conpluding section VI we summarize our mgin The derivation of Eq(5) from scaling arguments ¢L4]
findings from which we postulate a simple general criterioniyyolves some tacit assumptions on taking averages which
for the critical behavior of the slave level for general COU-may lead to wrong conclusions if ignored. It has been shown

plings. that for the generalization of E@5) to other couplings and
for understanding the appearancedgfit is necessary to take
Il. CRITICAL BEHAVIOR AND AVERAGING IN the heterogeneity of active regions on the slave levels into
UNIDIRECTIONALLY COUPLED SYSTEMS account and to apply a particular average methodsdthugce

average[16]. It turns out that the active regions of the slave

levels are divided into two regions, the so-called coupled and
As in the usual APT'’s, several critical exponents characuncoupled region. Careful analysis yields generalized scaling

terize the off-critical and critical behavior of the coupled relations consisting of two separate equations for the two

systems. Near criticality the exponengs B’, v,, and y, regions respectively16]. For self-containedness we briefly

characterize the scaling behavior of the steady-state particleview the significance of these notions.

densityp,, the survival probabilityP,, the correlation length

¢, and the characteristic timein the thermodynamic limit as 1. Source average

[20]

A. Critical exponents in coupled APT’s

By construction of the process, i.e., due to the feeding of
ps~AB, P~ AP g~ AL, r~ A, (2) particles to higher levels, each level decays more slowly than
its lower levels. So the coupling to lower levels is always
whereA is the distance from criticality. broken after some time. From this time on the decoupled
At criticality the exponenta characterizes the decay of |evelk evolves autonomously according to its own dynamics,
the density of particleg(t) in the surviving samples when jith critical exponents given by the pufencoupled univer-
starting with random initial conditions with finite density, sality class to which this level belongs. Therefore a trivial
while for a single-particle initial condition the exponerls  change of universality class at levebccurs abruptly when
7, and z characterize the survival probabilityy(t) of the  the lower levelk-1 dies out. Thus no information about
processes, the number of particlsiét) averaged over all different universality classes due to coupling can be gained
samples, and spreading distarRi¢) averaged over survival by studying realizations of the process with broken coupling.
samples, respectively, §21] In order to avoid this problem we only consider the con-
o _ figurations in which the sourcg=1) still survives. In these
p) ~ % P) ~t7°, RO~ NO~t7. (3) configurations, slave level&> 1) always survive with unit
Dynamical scaling implies the relationa=g/v, &  probability due to the coupling so the survival probability
=B'Iv, z=y/v,. The well-known scaling relation between P4t) of the slave is just that of the source and we have the

these exponents in the usual APT[24] following relation for anyk>1:
n=dliz-a- 4. (4) & * a, =0y (6)
In many systemg3 and 8’ are equal21] and hencex=4. We call these configurations the source ensemble and the

The critical behavior where criticality of all levels coin- average with this ensemble we refer to as the source average.
cides is characterized by a varying order parameter exponefif course, one may average dynamic quantities over the con-
B taking a different value in each level of the hierarchy.figurations in which the level under consideration survives
Within the mean-field approximation, the exponghiof a  regardless of the survival of other levels. This impligs
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C. Generalized scaling relations

We discuss the hyperscaling in the lexein d dimen-
sions, using the source average. The inkéx omitted from
the number of particléN and densityp in the coupled and
uncoupled region for simplicity of notation. In the coupled

. AR ’
FIG. 1. The evolution pattern of a cluster on the second levef€9ion,N=(t) is given by the relation

starting from a single particle on the first level. The gray regions Cim_ C cd =1
outsidethe black regions are uncoupled. N™(t) = p~(t) X (RY)(t) X P (D), (8)

space

_ _ wherep®(t) is the particle density of the lev&lof surviving
# 6, for general couplings. We refer to this average as th&amples inside of the volun(&°)%(t) and P(t) is the sur-
slave a;)/erage, but we shall not employ it for the reasongjyal probability of the source level. Assuming algebraic de-
given above. S S C__1—a° pC_ 1z
. . . cay at the multicritical poinp™~t*%, R~=R,_; ~t"%-1, and
Our discussion not only explains the occurrencedpfn Pk¥1~t‘51 respectivelypwepobtain the firS’f écaling relation
Eq. (5) for coupled DP systems but also suggests thatill s k '

occur for any coupling, defined via the source average. The nck:: diz - ag_ 5. (9)
source average more clearly exhibits the special properties of

unidirecti.onally coupled systems than the_ usual s]ave avely the uncoupled region, assumir@J(t)~t-a‘kJ and RY
age and it allows the derivation of the scaling relations with-

. : . ~ U i i
out any assumptions on scaling functions for observables. %, we find the second relation

U Uu_ U
=d/z; — ap - ;. (10)
2. Dynamic heterogeneity Tk -~ 0
The above two relations are generalized scaling relations

The origin of the dynamic heterogeneity of the slave lev-¢,, nigirectionally coupled systems taking the heterogeneity
els can be understood as follows. Starting with a single pari iy account. They are very different from Edé) and (5)
ticle on the source levek=1), then in levelk(>1) a cluster

i . ) _ because they are not scaling relations for quantities of the

pf particles(A,) is formed by t.he coupllng dynami¢s) and  \;hole system. Ad\,(t) is given by N(t)=NE(t)+NY(1), the

it spreads according to the given evolution rules. Due 10 thgcajing ofN,(t) is determined by the scaling behavior of the

coupling, the average size of the cluster on each level I8vo distinct regions

always larger than those of the lower levels. It means that the

cluster of the levek with sizeR(t) is divided into two parts, = max 75, 7] (12)

the coupled and the uncoupled region. The coupled region of

the levelk at timet is defined as the set of all sites within the For the scaling of the total size of the leveR=R/+R_,

range between the leftmost and the rightmost particles of the- Y4, we have the conditiorg, =z, or

level k—1 at timet. The exterior of the coupled region is the

uncoupled region of the levéd (Fig. 1). 1z= ma{1/z;, 1/z4]. (12
Inside the uncoupled region with siz&Y(t)=R(t)

) - . e .
~Re_4(t), the dynamics on the levéd evolve autonomously Similarly one has for the total densipy(t) ~t™* the relation

without particle feeding from the levéd—1. In the coupled = minaC oV 13
region with sizeRC(t), the levelk—1 feeds particles to the e Laic,eic]- (13
level k so thatR®(t) is actually the spreading distanBg 4(t) Notice that for the special case Bf=z.,, the exponent

of the levelk-1. Due to the coupling, the number of par- 7 is larger than, becauser; and« satisfy the condition
ticles NS(t) inside the coupled region increases more rapidlyay < a). Therefore, we have two equalities af=7¢ and
than that of the uncoupled regidlU(t)]. This observation ~ax=ag and we recover the scaling relation of E&) but
suggests that the number of particles in the ldvean in-  With & # . In general, as dynamic exponents suchigs
crease in time with different exponentsS in the coupled ~andé depend on the average methods, the valugaff the
region andr;k’ in the uncoupled region respectively, at the slave average differs from that of the source average.
multicritical point,
D. Corrections to scaling

C U
NE() ~ K, NY(D) ~ tk. ) We remark that Eq€9) and(10) also quantify the correc-

tions to scaling of dynamic quantities coming from the ge-

We stress that even though inside the uncoupled region the.jc heterogeneity of coupled systems. The effective expo-
particle system evolves according to the critical dynamics of,gp¢ ofN,(t) is defined as

level k, the critical exponents may be different. This is be-

cause thg boundaries of tht_a uncpgpled redgand hence its 7d(t) = IN[N (MB/N(H) J/In m, (14)
overall size and therefore its critical exponenése deter-

mined by the coupling to the lower level. It is clear that thisand similarly forp,(t) and R (t) with a positivem. The het-
heterogeneity of the particle distribution of the lekEN,(t)]  erogeneity induces corrections to scaling of the farmy,
is a general property of unidirectionally coupled systems. t s, andt™z with some negative exponents
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A=la -l Ay=lai- il A= 1Z - Lz
(1 5) Absorbing phase
These correction exponents usually become very small and
therefore they cause a significant long time drift of the effec-
. : . e p I
tive exponents. These corrections explain the difficulties of i
precise estimations of the dynamic exponents in unidirec-
tionally coupled systems. I
I1l. DP-PC COUPLING 0 1

c
To simplify notation for two-level couplings we call par-
ticles of the sourcék=1) and the slave levek=2) A andB, FIG. 2. Schematic phase diagram of two-level hierarchies with

respectively. Then for the slave level we have the scalin oupling strengthr and interaction parameter The region labeled
relations from Eqs(9) and (10) y “Absorbing phase” corresponds to an absorbing phase of both

levels.
7°=1/2y— a© = 8,
critical point(oy,py) of the CP-BAW hierarchy is located at
PV =12Y - aV - 6,, (16)  0»y=0.225 26 and,=0.190 23 within errors op’ and pE.
The well-known values of the exponenfsand 2/z of the
source level are9y~0.159 and 2Z,~1.265[2].
Figure 2 shows the schematic general phase diagram of

where we omit the indexB from #, «, and z. Relations
(11)—(13) become

n=ma{ 7% 3], (17) two-level hierarchies. In region |, the two levels are both in
an active phase of nonzero steady-state particle density. In
1/z=maf1/2°,1/z,] (18) region Il, both levels are active but the slave level is slaved

to the first. The slave level undergoes the same type of phase
e U transition as the source level at the critical line of the source
a=minfa”,a"]. 19 jevel. In region lIl, two levels are completely decoupled.
For DP-PC coupling, we consider the contact procesdVhile the source level is inactive, the slave level is active.
(CP) and branching annihilating random walks with two off- They undergo their own types of phase transition at their
spring[BAW(2)] as typical particle models belonging to the respective critical points.
DP and PC class, respectivel£2,23. In the CP of the First we perform dynamic Monte Carlo simulations start-
source level, a particld is spontaneously annihilated with ing with a singleA particle on the source level at the multi-
rate p and it creates oné particle on one of the nearest critical point(ay, py). For the average of dynamic quantities
neighboring(NN) sites with rate(1-o)(1-p). In branching we take the source average. Using the effective exponents of
processes, if the target site is occupied by an other particldd- (14), we obtain asymptotic values of the exponents,
the branching is rejected. The ratds the coupling strength. and 1%z of the slave level in the coupled and uncoupled
The criticality is p@:o_zgz 6744) at 0=0 [22]. Using the regions, respectively. We list all measured values of the ex-
fact that the ratio of the creation and annihilation rafs, Ponents for all couplings in Tables | and II.

=(1-p.)/p., should be same at criticality for any value a@f Figure 3 shows effective exponents as functions of time of
we find that the critical line of CPs in the—p phase dia- the coupleduncoupledl region and the whole active region.
gram iso=1-pRy/(1-p) with R,=3.297 85. The different values of the exponents in the both regions

In the BAW(2) of the slave level, a particlB hops to one clearly show the heterogeneity of the growing cluster gener-
of the NN sites with ratg and it creates two particles on two 2t€d from a gmgle’\ p%rtl_cle. By substituting the measgred
NN sites to the left or right direction witkr(1-p). If two ~ Values of 7 aﬂd 7. into Eq. (16), we predict o
particles happen to be on a same site by branching or hop:0-13310) and~=0.302) which agree very well with the
ping, they annihilate each other instantaneously. The critical

point of BAW(2) at ¢=1 is located apf=0.510§7) [23]. T|AfBLtEh '-f'\"eaSUfe]P' Va'UT?]S of griti%‘(S?pO”ems Ofdthte f:]ave
i e e s B= _ —(1—nB) /B evel for the four couplings. The subscr corresponds to the
The critical line is o =pRe/(1-p), whereRg=(1-pc)/p, coupled(uncoupled region.ngredandngredare the predicted values

=0.958 86. .
The coupling dynamics of Ed1) now becomes from Eq. (16) using measured values.
A— A+nB with o(1-p), (200  Coupling ¢ aV 7 P Toed  Thred
where we take without loss of generality 2. DP-PC 0.181) 0.281) 0.341) 0.141) 0.341) 0.142)

The coupling dynamic§20) couples the CP and BAR) DP-DP 0.081) 0.161) 0.401) 0.31(1) 0.391) 0.312)
without feedback from the BAV2) to the CP. AnA particle PC-DP 0.142) 0.161) 0.142) 0.1855) 0.152) 0.18520)

createsB particles on neighboring sites of the same site of pc_pc 0.2(1) 0.2855) 0.081) 0.041) 0.081) 0.001)
the BAW level only if the target sites are empty. The multi-

046122-4



ABSORBING PHASE TRANSITIONS OF.

TABLE Il. Measured values of 2 and 2/¥ for the four cou-
plings. The values of 2 .4 are estimated values from E@.8).

21z DP-PC DP-DP PC-DP PC-PC

212V 1.202) 1.272) 1.262) 1.151)

2175 1.241) 1.272) 1.222) 1.151)
2125 pred 1.265 1.272) 1.265 1.151)

numerical estimates of Table | within errors. All dynamic
exponents satisfy the generalized relationg1d) well.
To obtain exponents of the total quantitigs Ng andRg,

we should compare the values of the coupled and uncoupled

region according to Eq917)—(19). As N€ increases more
rapidly thanNY (7°> 2V), Ng is expected to follow the scal-
ing of NC. It implies 7g=7". Similarly pg and Rg should
follow the scaling ofp® and R°(=R,) due toa®<a" and
1/°>1/2" respectively. So we expeciz=a® and zg=2z,
for DP-PC coupling. However in Fig. 3g(t) saturates to a
smaller value tham®. The other exponenisg(t) and 2 fzg(t)
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FIG. 4. Effective exponents of corrections to scalings of the
slave level for DP-PC coupling. From top to bottom, each line
corresponds tad,, A,, andA,,.

well with the predictionsA ,=0.151) and A,=0.022), re-
spectively. Figure 4 shows the effective exponents of the

also show the same tendency. As mentioned in Sec. Il, thes@tios. We should note that the corrections come from the
dISCrepanCIeS come from the corrections to Scallng with th%eterogeneity of a growing cluster. The effect of Coup"ng

exponents defined in EQL5). Directly measuring the effec-
tive slope of the correction tdg, viz., through the ratio
Ng(t)/NC(t), we obtainA,=0.2011) which agrees with the
predictionA, = 7°~%"=0.202). Similarly we also find cor-
rection exponentd ,=0.151) andA,=0.031), which agree
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FIG. 3. Effective exponents, 7, 2/z of the slave level for

causes the long drift of effective exponents as showait)
especially.

Since the dynamic exponentsand 6 generally depend on
the average methodf5], the dynamic critical behavior
should be determined by and z. The exponentsy and z
defined in Eq(3) are the ratios of static exponemsv , and
y, in an active phase where all levels in the hierarchy survive
with finite probability. The finite survival probability of each
level implies the equivalence of source and slave average so
the static exponents are independent of average methods.

From this analysis we see that due to coupling with a DP
process the spreading properties of the PC process BAW
completely change and show DP nature. It can be understood
in general terms from the rapid spreading of DP processes
with smaller z than that of the PC clas&¥>Zz%). As the
typical sizes of DP vacuum domaifg, andg)) in an active
phase are smaller than those of the PC class, vacuum do-
mains of PC class shrink by the activation of the source level
and they should follow the scaling of the DP class. It implies
that », and », should be the values of the DP class so we
havez=z,p. So the DP-PC coupling completely changes the
scaling of both spatial and temporal correlation lengths, un-
like other couplings.

On the other hand, as the DP processes on the source level
survive longer than PC processes do, the coupling with the
source makes the decay of the total den§ity slow enough
to change the exponentin the coupled regiofia®). The a®©
of Table | is even smaller than the value of the DP class,
app~0.16. It is consistent with the fact that the expongnt
changes and actually decreases as levels go up as in other
unidirectionally coupled systems. With the DP valuegf
we predictBg=aC1"=0.231).

For the measurement of the expon@mif the slave level,

DP-PC coupling. From top to bottom in each panel, each line corWe measurepg in the steady statépg) with half-filled ran-
responds to the coupled, whole, and uncoupled regionsgom initial conditions on the source level. We averagdor

respectively.

A=py-p=8X102-2x10* and system sizes=4096—1.2
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FIG. 5. Effective exponentg8e of pg, for DP-PC coupling. R AN NN NN 10*

13}

X 10* (Fig. 5). We find B3=0.222) which agrees very well

12}

with our prediction. We conclude that while the coupling §

between the same type processes only changes the exponent s
B of higher levels, DP-PC coupling completely changes the Lof
scaling behavior of the spatial and temporal correlation os|

length in addition toB of the slave level. o8

IV. PC-PC COUPLING

FIG. 6. Effective exponents of the slave level for PC-PC cou-
pling. From top to bottom in each panel, each line corresponds to
dhe coupled, whole, and uncoupled regions respectively.

In PC-PC coupling, we then consider BAZY model in
both levels. Although the coupling was already studi&d],
we investigate the critical behavior in a more detailed an
transparent manner using the heterogeneity and source aver-
age. Table 1. Hence Eq(16) is satisfied very well in PC-PC cou-

In the source level, ar particle hops with ratep and  Pling. The PC-PC coupling only changg$ anda®, like the
creates two offsprings on two nearest neighbor sites to thPP-DP coupling. As the spatial and temporal correlation
left or to the right with rate1-o)(1-p). In the slave level, Iengths follow the same scaling in both levels before the
hopping and branching of B particle occur with ratep and ~ coupling, the exponents, and »; of both levels should be
o(1-p), respectively. The two levels are unidirectionally the same after the coupling. This leadszg=z;. Only the
coupled with the coupling dynamics E(O). The critical density in the_cc_)uple_d region decays more slowly than in the
lines of the two levels areo“§=1—pR/(1—p) and U? PC cIa;s. This implies th_e decreasg,a)fn theCsIF()ane Ieyel.
=pR/(1-p) with R=0.958 86. The multicritical point is lo- Ve estimatgsg=0.681) with the relationSg=a~; ™, which
cated atry=1/2 andp,,=0.342 732. The well-known expo- 1S Smaller thanBec=0.923) [24].
nents § and 2/z of the source level aré,=0.2852) and
2/2,=1.1412) [24].

Starting with twoA particles on the source level, we mea-
sure the effective exponents », and 1 in the coupled and In this section we present some improved simulation re-
uncoupled regiongFig. 6. We performed simulations for sults on DP-DP and PC-DP couplings, respectively, and we
n=1 and 2. The two results are very similar so we presenbriefly illustrate the essential importance of using the source
results only for the more natural case 2 (Tables | and Il. ~ average for the validity of hyperscaling relations for the

As shown in Table 1, the particle number of the coupledthree-level PC-DP-DP couping. For DP-DP coupling, we
region (N©) increases more rapidly so that the total particleconsider two CP models. In PC-DP couplirigparticles of
number Ng follows the scaling ofN® and we expectpz ~ BAW(2) evolve on the source level with hopping ratend
=°. Similarly we expecing=a® for the total particle den- two-offspring branching ratg1-¢)(1-p). In both cou-
sity. Figure 6 shows a small deviation between the total anglings, the two levels are coupled through the dynar2€s.
the coupled regions, but it can be explained by the correcFor the location of the corresponding critical points E&g.
tions to scaling. From Eq15) we estimate correction expo- In DP-DP coupling, effective exponents of the coupled
nentsA,=0.18510), andA,=0.071). region saturate to asymptotic values as shown in Fig. 7,

With the measured values of°, 1/2 given in the table which also well satisfy the scaling relation E¢(L6). The
and 5, and z, of the PC class, we prediet©=0.211) and  same value of in both coupled and uncoupled regions indi-
aY=0.281) which agree well with the numerical results in cates that the scaling of spatial and temporal correlation

V. OTHER COUPLINGS
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FIG. 7. Effective exponents of the slave level for DP-DP cou- PSR
pling. From top to bottom in each panel, each line corresponds to 10}
the coupled, whole, and uncoupled regions, respectively. ool
length remains unchanged as noted in REES,14]. How- 08
ever, the small value of® indicates the decrease gf With 0.7 Lo — — L L .,
the relationg=a®1P" we estimatg=0.141) which is com- Ix100 1x10 10 10 10
patible with the result of14], 8,=0.13215). 14

In P?'DP couplllng, the DP level is expected to show DPf FIG. 8. Effective exponents of the slave level for PC-DP cou-
type critical behavior because PC processes decay faster Wifli,g. From bottom to top in each panel, each line corresponds to
apc> app- The fast decay and slow spreading of PC pro-the coupled, whole, and uncoupled regions, respectivgty.shows
cesses Yields for the exponent of total particle numbgr girerences only after & 10* time steps.
=" rather thary®, unlike in other couplings. Assuming DP
critical behavior, we expecty®=0.13, ,=0.185,a“=a"  can be explained by examining the composition of the slave
=0.16, and 245=1.265. This is well borne out by the simu- ensemble. In the slave average, as we only consider the con-
lation results, even though Fig. 8 shows that the exponents gfgurations in which the slave level under consideration sur-
the coupled region converge to the expected values veryives, the source level may survive or already have disap-
slowly. The long drift ofa® and #“ comes from the effect of peared. So the ensemble of the slave average includes some
the coupling dynamics by itself, while the total spreadingconfigurations of source average which characterize the criti-
distance Ry(t) has strong corrections to scaling“/R”  cal behavior of higher levels. This is why results of the slave
~t4, average can satisfy E¢5).

With the values ofy andz in Tables | and II, Eq(16) The three-level hierarchy of PC-DP-DP coupling is an-
predictsa®=0.152) and «¥=0.162), which agree with the other example where the average method is crucial for the
DP valueapp=0.16[2]. The scaling relation of Eq16) is  validity of hyperscaling relations. In this hierarchy, the criti-
well satisfied for PC-DP coupling although the particle den-cal behavior of the third level is affected by the second, but
sity decays uniformly in the whole region of the slave level.the second is not affected by the first. So if we use the slave
On the other hand, with the slave average, all exponentaverage, the exponents of the third level should be those of
including 7g should be DP values, which satisfy the ordinary the slave level of DP-DP coupling. These exponents of the
scaling relation of Eq(4) rather than Eqgs(5) and(16). As  slave level satisfy only the scaling relation of the two-level
Eq. (5) is the result of Eq(16), we conclude that the slave hierarchy without the PC process in which is the DP
average actually cannot satisfy the scaling relations of unidivalue. However, as, in the scaling relation of the three-
rectionally coupled systems. However, the results of a slavéevel hierarchy is the PC value, the exponents of slave aver-
average satisfy Ed5) in other couplings. This contradiction age cannot satisfy E@5) of the PC-DP-DP coupling.

046122-7



S. KWON AND G. M. SCHUTZ PHYSICAL REVIEW E71, 046122(2009

VI. CONCLUSION At the multicritical point the critical behavior strongly
depends on that of the source level. For DP-DP and PC-PC
couplings, the coupling only changes the scaling of the order
tems in which the slave level is unidirectionally coupled toParameter. The scalings of spatial and temporal correlation
the source level through the coupling dynamics: A+nB.  1€ngths do not change. For DP-PC coupling, the DP level
Lompletely changes the critical behavior of the PC level.

Each level belongs to either the DP or PC universality clas : ; X
The coupling makes the active region of the slave level in-While the spatial and temporal correlation lengths follow the

homogeneous. Therefore the particle number exhibits differScaling of the DP class, the order parameter exhibits slower
ent scalings in two regions, the so-called coupled and undecay. However, in PC-DP coupling, the PC level is too
coupled regions. Proper analysis of the change of scalin§/®@k to change the critical behavior of the DP level.
properties due to the coupling necessitates the use of the These results for the four couplings suggest the following
source average. The heterogeneity of the particle distributiogimple criterion for the critical behavior of the slave level in

in the slave level is characteristic for all unidirectionally unidirectionally coupled two-level hierarchies.

coupled systems and leads to generalized scaling relations (1) The coupling of models belonging to the same class
which are valid irrespective of whether the critical behavioronly changes the scaling of the order parameter as already
of higher levels is changed or not by given couplings. noted in[13,14,17.

However, it should be noted that the slave average may be (2) The coupling of more slowly with more quickly
better than the source average in other regions of the phaspreading systems such as DP-PC coupling completely
diagram Fig. 2. This comes from the fact that except at thehanges the critical behavior of the slave level. While the
multicritical point, the slave levels are completely uniform spatial and temporal correlation lengths follow the scaling of
and we cannot divide the whole active region into two dis-the source level, the order parameter decays more slowly
tinct regions. For example, in region Il of the generic phasewith a smaller exponengg than that of the source.
diagram, the two levels are completely decoupled and the (3) Finally, the coupling of faster decaying with more
source cannot affect the critical behavior of the slave becausdowly spreading systems such as PC-DP coupling does not
the source is inactive. So we cannot define the coupled reshange the critical behavior of the slave. The coupling only
gion which is the characteristic of unidirectionally coupled makes the slave converge to its asymptotic critical behavior
systems at their common critical point. In region Il, the slavevery slowly and it causes a long drift of effective exponents.
level is completely slaved to the source so the whole active Since in unidirectionally coupled systems of more than
region of the slave level is the coupled region. In this regiontwo levels each level is affected by the level below, it is
we cannot define the uncoupled region and we have just ongossible to apply the above criterion of two-level hierarchies
scaling relation of the coupled region. to general hierarchies.

In summary, measuring static and dynamic exponents, w
investigate the change of critical behavior of two-level sys-
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