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We study the structure and phase behavior of fullerene-cubane C60·C8H8 by Monte Carlo
simulation. Using a simple potential model capturing the icosahedral and cubic symmetries of its
molecular constituents, we reproduce the experimentally observed phase transition from a cubic to
an orthorhombic crystal lattice and the accompanying rotational freezing of the C60 molecules. We
elaborate a scheme to identify the low-temperature orientations of individual molecules and to
detect a pattern of orientational ordering similar to the arrangement of C60 molecules in solid C60.
Our configuration of orientations supports a doubled periodicity along one of the crystal axes.
© 2009 American Institute of Physics. �DOI: 10.1063/1.3098550�

I. INTRODUCTION

The recent synthesis of fullerene-cubane, C60·C8H8, by
Pekker et al.1 has marked the beginning of experimental1–5

and theoretical5 research on a new class of fullerene-
containing crystals. While C60 fullerite, the solid built from
C60 fullerene molecules �Fig. 1�a�� only,6 was successfully
doped with alkali atoms soon after its macroscopic
production,7 it took one and a half decade to come up with a
crystal combining fullerenes with other molecules. Cubane
�C8H8, Fig. 1�b��, the partner molecule, has eight carbon at-
oms arranged on the corners of a cube to each of which a
hydrogen atom is bound. Interestingly, both constituents of
C60·C8H8 were known experimentally well before its synthe-
sis: C8H8 was first engineered in 1964 �Ref. 8� and C60 was
discovered in 1985.9 Each of the two molecules has a re-
markably high symmetry: icosahedral �Ih� and cubic �Oh� for
C60 and C8H8, respectively. In fact, the very existence of
fullerene-cubane in 1:1 stoichiometry and its stability has
been attributed by Pekker et al.1 to the perfect matching of
the two molecular geometries: at room temperature, the al-
most spherical C60 molecules leave voids at the octahedral
interstices of a face-centered cubic �fcc� lattice into which a
cubane molecule, having concave faces, fits perfectly.10

The room temperature phase of fullerene-cubane is well
understood:1,2 a binary fcc cubic structure �space group

Fm3̄m and lattice parameter of a=14.74 Å� of freely rotat-
ing C60 molecules and nonrotating C8H8 molecules. Below
T�140 K, the crystal structure is orthorhombic, the C60

molecules do not rotate, and the cubane molecules maintain
their fixed orientations. The static character of the cubane
molecules was demonstrated by means of 1H nuclear mag-
netic resonance �NMR� measurements;1 the NMR spectrum
remains unchanged when varying the temperature and has
the fine structure of a static multispin system. The transition
from rotating to nonrotating C60 molecules has been deduced
from x-ray scattering measurements:1,2,5,11 freely rotating C60

molecules lead to the appearance of a diffuse halo at Q
=3.3 Å−1. The room temperature phase has been termed
“rotor-stator phase” by Pekker et al.1 and the role of the
cubane molecules as “molecular bearings” for the rotating
fullerene molecules.

The phase transition in C60·C8H8 is similar to the struc-
tural transition in solid C60: at room temperature, the C60

molecules in C60 fullerite are arranged on a fcc lattice and

rotate nearly freely �space group Fm3̄m�,12–16 while below
T�249 K, the molecules adopt well-defined
orientations.17–22 The low-T phase of solid C60 has space

group Pa3̄ �simple cubic Bravais lattice� and can be de-
scribed as an ordering of the C60 molecules on four sublat-
tices. The unit cell contains molecules at �0,0,0�,
�a /2,a /2,0�, �a /2,0 ,a /2�, and �0,a /2,a /2�, where a is the
cubic lattice constant �a=14.04 Å at 5 K �Ref. 21��. Starting
from the so-called standard orientation, depicted in Fig. 2�a�,
each of these four molecules is rotated by the same setting
angle � about a local �i.e., molecular� threefold symmetry
axis. For a C60 molecule in the standard orientation, four of
its ten threefold axes coincide with the �111� directions. The
molecules in the unit cell are rotated about their local �111�,
�111�, �111�, and �1̄11̄� directions, respectively. The setting
angle has been fitted to x-ray18–20 and neutron21 data; the best
fits are obtained for 26° and 22°, respectively.23 The resulting
unit cell is shown in Fig. 2�b� �for �=22°�. This structure has
been interpreted as an optimal ordering scheme where pen-
tagons �the centers of which are electron-poor� face electron-
rich bonds fusing hexagons.21 Comparing the transition tem-
peratures of C60 fullerite and C60 fullerene-cubane shows that
in the latter, the concavely shaped C8H8 molecules can in-
deed be seen as bearings facilitating the rotation of the C60

molecules.
In this paper we present a Monte Carlo �MC� simulation

study of fullerene-cubane. We are mainly interested in the
low-temperature phase, which is not yet completely
understood.1,2,5 Indeed, while x-ray powder diffraction has
lead to the determination of the crystal system and latticea�Electronic mail: bart.verberck@ua.ac.be.
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constants for T�140 K,1,2 no space group has been pro-
posed. Also, a periodicity doubling along one of the crystal
axis has been suggested,1 but the mechanism for it is un-
known.

Apart from providing insight into the low-T crystal lat-
tice, we want to investigate the rotational dynamics and stat-
ics of the C60 molecules. While it was concluded that at low
temperature the C60 molecules do not rotate, precise orienta-
tions have not yet been inferred from experiments. Structural
orientational properties have been studied in C60 fullerite, as
discussed above, and in alkali fullerides. In AC60 alkali ful-
lerides �A=K, Rb, or Cs�,7 a cubic-to-orthorhombic phase
transition is accompanied by a transition from freely rotating
to ordered C60 molecules as well: at T=350 K, C60 mol-
ecules polymerize into linear chains, oriented in specific
ways within the crystal.24–27 Such an orientationally ordered
structure can be relevant for electronic properties, e.g., in

polymerized K- and RbC60, particular chain orientations are
related to the absence/presence of an insulating state at low
T.25,28,29

Because of the high symmetry and the almost spherical
shape of a C60 molecule, energy differences arising from
varying molecular orientations are small. For detecting
subtle structural consequences of molecular reorientations,
MC simulations provide an adequate tool. In Sec. II, we
discuss the setup of our MC simulations. The essential ingre-
dient of a MC simulation is a potential model for calculating
molecular interaction energies; we address this issue in Sec.
III. The evolution of the lattice structure with decreasing
temperature and a detailed analysis of the low-T molecular
orientations are discussed in Sec. IV, while Sec. V deals with
translational aspects. Finally, a summarizing discussion and
concluding remarks are presented in Sec. VI.

II. MC SIMULATIONS

The MC simulation technique allows the calculation of
thermodynamic averages of physical quantities of many-
body systems.30,31 The central idea of MC simulations is to
generate an ensemble—a set of configurations—of the sys-
tem, in casu a C60·C8H8 crystal, obeying equilibrium statis-
tics. We use the Metropolis acceptance rule32 and perform
MC simulations at constant number of molecules N, pressure
p, and temperature T �NpT-ensemble� or at constant
number of molecules N, volume V, and temperature
T �NVT-ensemble�. From the simulations in these two
ensembles different properties are deduced.

We have taken 5�5�5 orthorhombic face-centered unit
cells with lattice constants A, B, and C, resulting in 4�53

FIG. 1. A C60 molecule �a� and a C8H8 molecule �b�, the two constituents of
fullerene-cubane.

FIG. 2. �a� Projection onto the local �i.e., centered at the molecule’s center of mass� �x ,y�-plane of a C60 molecule in the standard orientation. Bonds fusing
hexagons are shown bolder than bonds fusing hexagons and pentagons. �b� Unit cell of C60 fullerite, projected onto the crystallographic �X ,Y�-plane. The
molecules at �0, 0, 0� and �a /2,a /2,0� are drawn in black, the molecules at �a /2,0 ,a /2� and �0,a /2,a /2� in gray. Dashed lines represent �parts of� bonds
lying beneath the local �x ,y�-plane. Labeling with Roman numerals has been introduced for later comparison.
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=500 C60 and 500 C8H8 molecules and a simulation box of
dimensions LX=5A, LY =5B, and LZ=5C �Fig. 3�. To de-
scribe the crystal, we introduce a Cartesian coordinate sys-

tem �O ,X ,Y ,Z�, with lattice sites X� �n1 ,n2 ,n3�=n1A� +n2B�

+n3C� , A� =Ae�X, B� =Be�Z, and C� =Ce�Z. With each molecule, we
associate a local Cartesian coordinate system �o ,x ,y ,z�
where the origin o coincides with the molecule’s center of
mass and the x-, y-, and z-axes are parallel to the X-, Y-, and
Z-axes, respectively. We assume the molecules to be rigid, so
each molecule has six degrees of freedom, three translational
and three rotational. As a starting configuration, we assume
the unit cells to be cubic �A=B=C=14.74 Å� and put the
centers of mass of the molecules at the exact fcc lattice po-
sitions and orient the molecules in their respective standard
orientations �see Fig. 4�.

In NVT-mode, a new configuration is obtained by ran-
domly changing the position or the orientation of one mol-
ecule. Its potential energy is calculated and the Metropolis
rule is applied to accept or reject the new configuration. We
call this procedure a MC trial move. A sequence of MC trial
moves is called a MC step; a single MC step consists of
10 000 MC trial moves: on average, 2500 translational C60,
2500 translational C8H8, 2500 rotational C60, and 2500 rota-
tional C8H8 trial moves. The selection of the molecule and of
the type of trial move �translational or rotational� is random.

In NpT-mode one has volume changes in addition to
molecular displacements and rotations. In order to observe a
transition from a cubic to an orthorhombic lattice, only
one—randomly chosen—of the three box parameters is
changed at a time, after which the new configuration is sub-
mitted to the Metropolis rule. Our NpT-mode MC steps in-
clude, apart from the 10 000 translational and rotational trial
moves, ten such nonuniform volume trial changes.33

As usual in the simulations of bulk properties, periodic
boundary conditions and the minimum-image convention
have been implemented in our MC code. The maximal am-
plitudes of the translations, rotations, and volume changes
have been chosen to yield acceptance rates of 50%. We have
carried out simulations at atmospheric pressure for various
temperatures in the range of 50 K�T�300 K. During the
simulations, quantities such as total potential energy, density,
pair distribution functions, lattice parameters, and transla-

tional and rotational mean-squared displacements were
sampled in order to get insight into the phases of C60·C8H8.

III. MOLECULAR INTERACTIONS

A. Interaction potentials

The key ingredient of a MC simulation of a physical
system is the calculation of its potential energy E. We as-
sume that for a C60·C8H8 molecular crystal, the total poten-
tial energy is the sum of all intermolecular energies,

E =
1

2�
ia

�
ja�ia

Eaa�ia, ja� +
1

2�
ib

�
jb�ib

Ebb�ib, jb�

+ �
ia

�
jb

Eab�ia, jb� , �3.1�

with indices ia and ja running over all fullerene molecules
and ib and jb over all cubane molecules. Here and in the
following, a stands for C60 and b for C8H8. We further make
the approximation of pair interactions, i.e., every intermo-
lecular energy is obtained as the sum of pair potentials. The
C60−C60 interaction energy then reads as

FIG. 3. �a� One fcc unit cell contains four C60 and four C8H8 molecules; �b�
our simulation box is an array of 5�5�5 such unit cells. Cubane and
fullerene molecules are represented here by cubes and truncated icosahedra,
respectively.

(a) (b)

FIG. 4. �a� Projection onto the �y ,z�-plane of a C60 molecule in the standard
orientation �compare with Fig. 2�a��. The coordinate axes coincide with
twofold symmetry axes. The double bond with coordinates �0,0 ,za

=3.48 Å� is marked by a white dot. �b� Projection onto the �y ,z�-plane of a
C8H8 molecule—modeled as a cube—in the standard orientation. The cube’s
faces are parallel to the coordinate planes. The reference point with coordi-
nates �0,0 ,zb� is indicated by a white dot.

FIG. 5. We simplify a cubane molecule �Fig. 1�b�� to a cubic cluster of
interaction centers, placed on the cubane molecule’s C–H bonds.
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Eaa�ia, ja� = �
�a

�
�a�

vaa�	R� �a�
�ja� − R� �a

�ia�	� , �3.2�

where �a=1, . . . ,60 and �a�=1, . . . ,60 label the C atoms of
the two interacting fullerene molecules ia and ja, respectively
�see Fig. 1�a��. In Eq. �3.2�, the pair potential energy vaa is

evaluated at interatomic distances 	R� �a�
�ja�−R� �a

�ia�	, with

R� �a
�ia� the position of atom �a of molecule ia and R� �a�

�ja� the
position of atom �a� of molecule ja. The atomic position

R� �a
�ia� can be decomposed into the center-of-mass position

X� �ia� and the local atomic position in the molecule r��a
:

R� �a
�ia�=X� �ia�+r��a

. For vaa�r�, we take the widely used trun-
cated Lennard-Jones �LJ� potential,

vaa�r� = 
4�aa���aa

r

12

− ��aa

r

6� + vc

aa if r � rc
aa

0 if r � rc
aa,

�
�3.3�

with vc
aa=−4�aa���aa /rc

aa�12− ��aa /rc
aa�6� ensuring continuity

at the cutoff distance rc
aa, which we put at rc

aa=2.5�aa. The
60 C atoms lie on a sphere with radius of R=3.55 Å. The
molecular structure is actually not that of a regular truncated
icosahedron but that of a nonregular truncated icosahedron:
the edges of the pentagons are slightly longer than the edges
fusing hexagons �single �s� and double �d� bonds, respec-
tively�: ls=1.448 Å and ld=1.404 Å.9

Although choosing the 60 carbon atoms as interaction
centers seems intuitively plausible, other, more refined, inter-
action models to describe C60−C60 interactions in C60 fuller-
ite have been developed over the years. One category of
models assumes a distribution of electrostatic point charges
on the C60 cage �maintaining overall charge neutrality�, im-
plying the addition of Coulomb interaction energies to the
intermolecular potential energy.34 Point charges need not
only be located on the carbon atoms �vertices of the trun-
cated icosahedron� but can also be located on the bonds of
the C60 molecule �edges of the truncated icosahedron�.34 A
further development is the use of three interaction centers
�ICs� per double bond instead of one IC, reflecting the elec-
tronic density being smeared out along a double bond.35 One
of the better models agreeing well with x-ray diffuse scatter-
ing data on solid C60 �Ref. 36� has three ICs per double bond,
one IC per single bond and every atom acting as an IC, with
Born–Mayer–van der Waals pair potentials �v�r�=C1 exp
�−C2r�−B /r6, with C1, C2, and B potential constants depend-
ing on the types of ICs� and no point charges.37 It is in this
spirit that we model a cubane molecule as a cluster of eight
ICs, one IC located on every C–H bond �see Figs. 1�b� and
5�. The location of the ICs—labeled �b=1, . . . ,8—on the
C–H bonds is characterized by a dimensionless parameter
0�	�1, with 	=0 and 1 corresponding to the locations r�C�b

and r�H�b
of the C and the H atoms, respectively: r��b

=r�C�b

+	�r�H�b
−r�C�b

�. �In cubane, carbons and hydrogens are

located on spheres with radii 	r�C	=1.353 Å and 	r�H	
=2.449 Å.38� In doing so, we avoid having two types of ICs
�C and H�, reducing the energy computation time, but we

retain the cubic shape of the cubane molecule. We consider
the parameter 	 as tunable, controlling the effective size of
the cubane molecule. Since we also preserve the C60 mol-
ecule’s icosahedral shape, we thus end up with a description
of fullerene-cubane fully taking into account the symmetries
of its constituting molecules. We argue that simplifying the
cubane molecule to a cubic cluster of ICs is justified since
the crystal structure of fullerene-cubane is interpreted as mo-
lecular recognition between the shapes of the C60 and the
C8H8 molecules.1 In our opinion, modeling C60·C8H8 as a
system of icosahedral and cubic clusters of ICs is therefore a
numerically feasible compromise between an all-atom de-
scription and a strongly simplified approach. The intercubane
energies Ebb�ib , jb� are then given by formulas completely
analogous to Eqs. �3.2� and �3.3�, replacing everywhere a by
b. Fullerene-cubane energies are evaluated via the expression

Eab�ia , jb�=��a
��b

vab�	R� �b
�jb�−R� �a

�ia�	� with vab�r� as in Eq.
�3.3� replacing aa by ab. The LJ potential parameters are
obtained by applying the usual Lorentz–Berthelot mixing
rules: �ab= ��aa+�bb� /2 and �ab=��aa�bb.

B. Potential constants

Our molecular interaction model contains five param-
eters: �aa, �bb, �aa, �bb, and 	. Although five is a small num-
ber, trying out several combinations of these parameters is
still time consuming. In view of the past work on modeling
C60−C60 interactions and the availability of established in-
teraction potential models36 as discussed above, we have
chosen to fix �aa and �aa from the start. Out of the several LJ
C–C potential parameter sets described in literature, we have
arbitrarily chosen the values of Ref. 39—�aa=28K�kB and
�aa=3.74 Å. These parameters are close to other available
values, e.g., �aa=28K�kB, �aa=3.4 Å �Ref. 40� and �aa

=33.25K�kB, �aa=3.47 Å.41

As a first attempt to choose values for �bb, �bb, and 	, we
fitted the Born–Mayer–van der Waals potentials in Ref. 42
for C–C, C–H, and H–H interactions between aliphatic hy-
drocarbons to LJ potentials. Then, we performed a least-
squares fit of the energy of two interacting cubane
molecules—a cubane dimer �C8H8�2—calculated with our
cubic cluster model for several intermolecular distances av-
eraged over various molecular orientations to the corre-
sponding dimer energies obtained from the full aliphatic in-
teraction potential taking C–C, C–H, and H–H interactions
into account. This procedure yielded the values �bb

=2.07 Å, �bb=19.33K�kB, and 	=0.4.5 Recently, ab initio
energy calculations for several configurations of the cubane
dimer have been performed by Nikolaev et al.43 Two catego-
ries of energy calculations are presented, for varying inter-
molecular distance and varying molecular orientations. Fit-
ting the cubic cluster LJ model to all the data sets in Ref. 43
simultaneously is impossible—a shortcoming of a general
nature since any simple pair potential model never captures
all the details of an intermolecular interaction. We do not
need a highly accurate cubane-cubane potential since the
1
2�ib

� jb�ib
Ebb�ib , jb� contribution to the total energy E is

small anyway. Indeed, the typical distance between two
nearest-neighbor C8H8 molecules in fullerene-cubane is

154510-4 Verberck, Vliegenthart, and Gompper J. Chem. Phys. 130, 154510 �2009�



about 10 Å, well beyond the optimal 6.5 Å intermolecular
distance.43 We therefore considered the parameters �bb, �bb,
and 	 as tunable, for our purposes, rather than to be taken
from a fit to cubane-cubane interactions. A priori require-
ments for our potential constants are reproducing �i� a fcc
phase with a lattice constant close to the experimental value
a=14.74 Å at room temperature, �ii� a structural phase tran-
sition at about T�140 K, and �iii� a transition from freely
rotating to frozen fullerene molecules at about the same tem-
perature as the structural phase transition.

To get started, we performed preliminary MC runs for a
4�4�4 simulation box �containing 4�43=256 C60 and
256 C8H8 molecules� for several combinations of �bb, �bb,
and 	, with initial choices inspired by the values in Ref. 5
quoted above. We retained the two parameter sets quoted in
Table I. Other sets we tried either resulted in too large room
temperature lattice constants or in only slight differences
from those obtained by one of the two selected parameter
sets. Loosely speaking, parameter set 1 has smaller cubes
and a shallower potential well than parameter set 2.

IV. NpT-ENSEMBLE SIMULATIONS

First, a sequence of equilibration NpT-mode MC steps
has been generated for it is crucial to obtain thermodynamic
equilibrium before starting to sample quantities and calculate
their averages. During the equilibration, the total energy E is
monitored; when it starts to fluctuate around a constant
value, we assume that equilibrium has been reached. For
each of the temperatures considered, the average energy E
displays no drift. The quantities sampled in the NpT-mode
are the lattice constants and orientational mean-squared dis-
placements �OMSDs�. The former determines the crystal
system—cubic �A=B=C�, tetragonal �A=B�C�, or ortho-
rhombic �A�B�C�—the latter quantifies molecular rota-
tions �free rotations, quasifree rotations, or no rotations�.

A. Energy and lattice constants

At any moment during the simulation, the box param-
eters LX, LY, and LZ are known; the lattice parameters are
then simply obtained as A= �LX� /5, B= �LY� /5, C= �LZ� /5.

In Figs. 6�a� and 6�b� we show the average energy and
lattice constants for our two potential parameter sets. For
parameter set 1, Fig. 6�a�, we observe a cubic phase at room
temperature and a transition to a tetragonal phase at about
T=110 K. Below 90 K, it turns out to be difficult to deter-
mine the thermodynamically stable phase. Depending on the
initial conditions, we find both long-lived cubic and tetrago-
nal structures. At temperatures below T�70 K, the tetrago-
nal lattices prevail.

TABLE I. LJ potential parameters � and �, cutoff length rc, and energy vc for fullerene-fullerene �aa�,
cubane-cubane �bb�, and fullerene-cubane �ab� interactions. Two parameter sets have been retained, differing in
the choice of 	 and �bb �see text for details�.

aa

Parameter set 1 Parameter set 2

bb ab bb ab

� �Å� 3.74 2.05

�aa + �bb

2
= 2.895

2.05 2.895

��K�kB� 28.0 5.0 ��aa�bb=11.832 10.0 16.733
rc=2.5� �Å� 9.35 5.125 7.238 5.125 7.238

vc = − 4����

rc

12

− ��

rc

6��K � kB�

0.457 0.082 0.193 0.163 0.273

Parameter set 1 Parameter set 2

	 �dimensionless� 0.5 1.0

(a)

(b)

FIG. 6. Evolution of lattice constants �left abscissa, symbols� and energy
�right abscissa, full line� as a function of temperature for �a� parameter set 1
and parameter set 2. Shown are averages over 105 MC steps.
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For parameter set 2, Fig. 6�b�, we also obtain a cubic
phase at room temperature. Cooling down shows a jump in
the energy and transition to a secondary cubic phase at T1

=100 K, which further transitions to an orthorhombic phase
at T2=85 K. The transition temperature T2 displays a hyster-
esis; in our simulation, restarting at 85 K and slowly increas-
ing to 90 K maintains an orthorhombic phase, while starting
in the cubic phase at 90 K and cooling to 85 K preserves the
cubic phase. The T1 transition temperature is reproducible:
cooling from T=105 to 100 K or heating from 100 to 105 K
both result in the transition. The lattice constants of the
orthorhombic phase lie very close together �A=14.48 Å, B
=14.50 Å, and C=14.54 Å at 50 K�. None of the parameter
sets we tried resulted in values closer to the experimentally
reported ones �A=14.1 Å, B=14.6 Å, and C=15.3 Å� at
T=105 K.2 However, we checked that the values truly split
by examining the evolution of the lattice constants for all
temperatures T�85 K.

Comparing the two models, we observe higher densities
and energies for parameter set 1 and that the cubic lattice
constants above T=105 K coincide for the two potentials.

B. OMSDs

During the MC simulation, a sequence of orientations is
generated for every C60 molecule. As the molecule adopts
various orientations, any point r�i of the molecule, e.g., an
atom or a bond �when speaking of a bond and its coordi-
nates, the center of the bond is understood�, results in a set of
locations �r�i�p� , p=1, . . . ,NMC�, where i labels the C60 mol-
ecule, p labels subsequent MC steps, and NMC is the total
number of MC samples. The coordinates r�i= �xi ,yi ,zi� of
this “monitored” point are defined with respect to the local
Cartesian system of axes �o ,x ,y ,z�. For a freely rotating
molecule, the set �r�i�p�� eventually �for NMC→
� covers a
sphere with radius Ri= 	r�i	. If the molecule does not rotate at
all, r�i remains constant. For the point r�i to be monitored, we
choose a double bond of the C60 molecule. Although all 30
double bonds of a C60 molecule are equivalent, it is neces-
sary to pick out one in particular. Let us choose double bond
‘1,’ defined as the double bond with coordinates r�a

= �0,0 ,za=3.48 Å� when the C60 molecule is in the standard
orientation �see Fig. 4�a��. Apart from the monitored point r�i,
we select a reference point r�i

0, again with respect to the local
axis system �o ,x ,y ,z�. The average of the squared distances
ui

2�p�= 	r�i�p�−r�i
0	2 is then a measure for the degree of rota-

tion. Well-chosen combinations of monitored and reference
point lead to “OMSDs” quantifying molecular rotations.

For a first OMSD �labeled ‘I’�, we choose the point with
coordinates r�a= �0,0 ,za� as the reference point r�i

0. We stress
that the reference point does not rotate along with the mol-
ecule; it remains fixed with respect to the molecule’s center
of mass. The associated OMSD reads as

�ui
2�MC

I = �	r�i�p� − r�i
0	2� �

1

NMC
�
p=1

NMC

	r�i�p� − r�i
0	2. �4.1�

For a freely rotating molecule, the statistical OMSD �Eq.
�4.1�� is given by

�ui
2�I =

1

4�
�

0

�

sin �d��
0

2�

d�	r�i��,�� − r�i
0	2, �4.2�

where r�i�� ,��= �R sin � cos � ,R sin � sin � ,R cos �� in
spherical coordinates. For the present choice of reference and
monitored point, one readily obtains the exact result

�ui
2�MC

I = �ui
2�I = 2za

2 �free rotation� . �4.3�

On the other hand, for a nonrotating molecule, the monitored
point r�i does not change during the simulation and the
OMSD equals

�ui
2�MC

I = 	r�i�p = 1� − r�i
0	2 = ûi

2 �no rotation� . �4.4�

The value ûi
2 depends on the actual molecular orientation.

Expression �4.4� in fact suggests a way to identify the mo-
lecular orientation. For example, when the C60 molecule
adopts the standard orientation �and does not rotate�, r�i�p
=1�=r�i

0 and �ui
2�MC

I =0 because of our choice of reference
point and monitored point.

For a second OMSD �labeled ‘II’�, we choose the refer-
ence point to be the average of the monitored point: r�i

0

= �r�i�MC= �1 /NMC��p=1
NMCr�i�p�. Obviously, for a nonrotating

molecule r�i�p��r�i is p-independent and �r�i�=r�i so that

�ui
2�MC

II = 0 �no rotation� . �4.5�

For a freely rotating molecule, �r�i�=0� , so that

�ui
2�MC

II = za
2 �free rotation� . �4.6�

There is a caveat concerning the selection of the moni-
tored point. As mentioned above, at the very beginning of a
simulation, all C60 molecules are put in the standard orienta-
tion �Fig. 4�a�� and double bond 1 has coordinates �0,0 ,za�.
During the equilibration phase of the simulation, double
bond 1 drifts away from its initial position. When calculating
OMSDs, however, we want to trace the double bond closest
to the location of double bond 1 in the standard orientation.
Before starting a sequence of MC steps to calculate MC av-
erages of OMSDs, we therefore determine which of the 30
double bonds lies closest to �0,0 ,za� and “mark” it as the
point to be monitored. This synchronizing step is of crucial
importance to take the high molecular symmetry into ac-
count. Indeed, without it, different realizations of a same
molecular orientation—we point out that the icosahedral
group Ih contains 120 symmetry operations—would result in
different �ui

2�MC values, making the identification of equiva-
lent molecular orientations extremely complicated.

The pattern of numbers following from Eqs. �4.3�–�4.6�
allows an analysis of the molecular rotations and even a de-
termination of the molecular orientations in the case of non-
rotating molecules. Indeed, if we obtain �ui

2�MC
I =2za

2

=24.22 Å2 and �ui
2�MC

II =za
2=12.11 Å2, the molecules rotate

freely. If we obtain �ui
2�MC

II =0, we can conclude that the mol-
ecules are orientationally frozen. In Figs. 7�a� and 7�b� we
show �ui

2�MC
I and �ui

2�MC
II , averaged over all 500 molecules,

for potential parameter sets 1 and 2. Clearly, at room tem-
perature, the C60 molecules rotate freely for both potential
models. At about 100 K, the OMSD values start to decrease
as orientational freezing sets in. In all our simulations with
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set 1, both OMSD I and II start to decrease smoothly around
110 K and are close to zero ��0.4 Å2� at 50 K. The transi-
tion from free rotation to fixed orientations covers the range
of 65 K
T
110 K. However, we recall that the low-T
thermodynamically stable phase is not evident for model 1;
caution is therefore required when interpreting the �u2� val-
ues. By means of molecular dynamics, where time scales can
be explicitly assessed, Coluci et al.44 found at 200 and 400 K
ballistically free rotation of the C60 molecules at short times
�
1 ps�, librations at intermediate, and rotational diffusion
at longer times ��10 ps�. The long-time rotational diffusion
in Ref. 44 corresponds to the �diffusive� free rotations ob-
served in our MC simulations at temperatures larger than
about 110 K.

At 50 K, for parameter set 2, the value of �ui
2�MC

II is close
to zero ��ui

2�MC
II =0.035 Å2�. This value can be interpreted as

resulting from small rotational fluctuations around a fixed
orientation. The value of �ui

2�MC
I =0.706 Å2 is different from

zero, however, implying that the molecules are not in the
standard orientation. First, we make a plot of the �ui

2�MC
I

value per molecule; the result is shown in Fig. 8. Two subsets
of molecules can be distinguished: one with �ui

2�MC
I =uA

2

=0.749 Å2 and one with �ui
2�MC

I =uB
2 =0.633 Å2. These two

values correspond to two classes of orientations. In Fig. 8,
one sees that the �ui

2�MC
I values within subsequent groups of

25 molecules �i=1, . . . ,25, i=26, . . . ,50, etc.� are nearly
equal. Considering the construction of our 5�5�5 simula-
tion box, it follows that each of these groups corresponds to
a set of 25 molecules within a plane parallel to the
�Y ,Z�-plane; the molecules in such a plane have their n1

value in common—we recall that equilibrium lattice posi-

tions of the C60 molecules read as X� =n1A� +n2B� +n3C� .
Having established the presence of two different classes

of molecular orientations and an ordering pattern connected

to planes of molecules parallel to the �B� ,C� �-plane, we pro-
ceed with characterizing and visualizing the orientations of
the groups of 25 molecules. We focus on a presentation of
the general outcome. Full details are given in the Appendix.
For each of the two classes �“families,” labeled A and B�
corresponding to the values uA

2 and uB
2 , we recover four dif-

ferent orientations �“members,” labeled 1, 2, 3, and 4�. The
sequence of 20 groups each containing 25 molecules ori-
ented in the same way can be seen as a 5�1�1 supercell
and our simulation box �omitting the cubane molecules� as

the repetition along the B� and C� axes of supercell, which is
shown schematically as in Fig. 9�a� with labeled spheres rep-
resenting the C60 molecules and their orientations. To each of
the molecules in the supercell, we have attributed Euler
angles �� ,� ,��. The associated Euler rotations �starting from
the standard orientation� transform the molecules to their re-
spective orientations—for details, we refer to the Appendix.
In Fig. 9�b� we show the 5�1�1 supercell with the C60

molecules in their actual orientations.
Figure 9�b� shows that families A and B hardly differ

from each other: A1�B1, A2�B2, A3�B3, and A4�B4. This
can be clearly seen in Fig. 10�a� where we show the projec-
tion on the �X ,Z�-plane of the eight far right C60 molecules
of Fig. 9—in this subset of eight molecules, all eight differ-
ent orientations occur once. Furthermore, the orientations
bear a striking resemblance to the orientations of the C60

molecules in fullerite; the projection on the �X ,Z�-plane of
the fcc unit cell of C60 fullerite is shown in Fig. 10�b�.45

(a)

(b)

FIG. 7. OMSD values I and II for the C60 molecules as a function of
temperature, obtained by averaging 25 000 MC steps over all 500 molecules
in the simulation box. The free-rotation values 2za

2=24.22 Å2 and za
2

=12.11 Å2 are shown as horizontal lines. �a� Potential parameter set 1. �b�
Potential parameter set 2.

FIG. 8. OMSD value �ui
2�MC

I plotted per C60 molecule �parameter set 2�,
averaged over 2500 MC steps. Fluctuations around two distinct values can
be clearly seen.
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While it is tempting to attribute the small differences be-
tween A1 and B1, etc., to thermal fluctuations and to claim
that the realistic structure is the one with only four sublat-
tices with different orientations as in C60 fullerite at low
temperature, our orientational analysis outlined in the Ap-
pendix shows that the averages over many independent con-
figurations indeed result in two times four orientational sub-
lattices. Both families are small deviations from the low-T
fcc arrangement of C60 molecules in fullerite.

It is interesting to note that we recover one of the low-T
C60 fullerite orientations as the lowest-energy orientation of a
C60 molecule in our parameter set 2 orthorhombic phase
when considering the interaction with its six nearest cubane
neighbors only �Fig. 11�. Because the optimal structure with-
out cubane molecules �fullerite� preserves this orientation,
i.e., results from C60−C60 interactions in a cubic lattice, the
deviations seen in the actual orientations of fullerene-
cubane’s orthorhombic phase seem to be the result of the

A4 B4 B4 A1 B1B1 B1 A1 B4 A4

A2 B2 B2 A3 B3B3 B3 A3 B2 A2

(a)

(b)
FIG. 9. �Color online� �a� Visualization of the 5�1�1 supercell showing the occurrence of eight different orientations of C60 molecules �represented as
spheres�. The labels stand for molecular orientations. �b� Schematic visualization of the 5�1�1 supercell showing the low-T orientational pattern of the C60

molecules.

FIG. 10. �a� The far right 8 C60 molecules in Fig. 9, compared to �b� the Pa3̄ unit cell of C60 fullerite.
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symmetry lowering of the crystal lattice �cubic-to-
orthorhombic� induced by the cubane molecules. The occur-
rence of two slightly differing families of molecular orienta-
tions can be interpreted as orientational frustration; no single
set of four orientations minimizes the free energy, but two
sets of four orientations do.

We note that the very development of the pattern of ori-
entations visualized in Fig. 9 at 50 K indicates that any pos-
sible biasing effects due to the highly ordered starting con-
figuration �all C60 molecules in the standard orientation�
have disappeared during equilibration.

The concept of OMSDs is easily applied to the C8H8

molecules as well. For monitored and reference points we
have chosen faces of the cubes; they are represented by the
coordinates of their midpoints. We set up two OMSDs analo-
gous to those for the C60 molecules. The monitored point is
the face with coordinates �0,0 ,zb�0� when the C8H8 mol-
ecule is in its standard orientation �Fig. 4�b��. For the first
OMSD, the reference point is the point r�b= �0,0 ,zb�. For the
second, the reference point is the average of the monitored
point. The resulting values, averaged over all 500 cubane
molecules, are plotted in Fig. 12. Clearly, for both potential
parameter sets, at low temperature, the cubane molecules do
not rotate: �ui

2�MC
II =0. The value �ui

2�MC
I is extremely close to

zero �0.007 Å2 and 0.013 Å2 for sets 1 �90 K� and 2 �50 K�,
respectively�, from which we conclude that the low-T orien-
tation is the standard orientation. At room temperature,
OMSDs I and II are nonzero, but smaller than the respective
free-rotation values 2zb

2 and zb
2, as seen in Figs. 12�a� and

12�b�. �Note that the value of zb is different for parameter
sets 1 and 2: zb=1.098 Å and 1.414 Å, respectively.� The
deviation at T�250 K from the linear trend present for T
�200 K is due to the reorientations of the cubane mol-
ecules. When we examine the MC averages of the coordi-
nates of the monitored point at 300 K for each molecule
separately, we see that several molecules have values ap-
proximately equal to �0,0 ,zb�. The other molecules have un-
dergone at least one flip to another orientation. This orienta-
tion is likely to be equivalent to the standard orientation,

however, but introduces a bias in the average since the dis-
tance squared between monitored and reference bond now
systematically lies around another value. For longer simula-
tion runs, the number of flipped cubanes increases: for pa-
rameter set 2 at 300 K, �ui

2�MC
I =0.298 Å2 for 5000 MC

steps, while for 25 000 steps this value has increased to
0.718 Å2.

V. NVT-ENSEMBLE SIMULATIONS

After NpT-simulations we performed NVT-runs; for
each temperature we simply took a NpT-configuration as the
starting point. In NVT-ensemble we sampled pair distribution
functions and translational mean-squared displacements.

A. Pair distribution functions

The pair distribution function g�r� expresses the �rela-
tive� probability of finding two molecules at a distance r
apart. Since we have two types of molecules, we can con-
struct four pair distribution functions: gaa�r�, gbb�r�, and
gab�r�=gba�r�. Here, gaa�r� refers to C60−C60 distances,
gab�r�=gba�r� to C60−C8H8 distances, and gbb�r� to C8H8

−C8H8 distances. These functions can be easily sampled in a
NVT-simulation �see, e.g., Ref. 30�. In Fig. 13 we show
gaa�r� and gbb�r� for both parameter set 2 at low and high T
�50 and 300 K�. Distances have been measured from the
molecules’ centers of mass.

The peak positions reflect the crystal lattice. The high-T
fcc phase �Fig. 13�b�� is characterized by peaks at the lattice
neighbor-distances 1 /�2a ,a ,�6 /2a ,�2a , . . .. For the ortho-
rhombic low-T phase, the peaks seen in the high-T cubic
phase split into three; however, these splits cannot be re-
solved in the plots presented here since the values of the
lattice constants lie very close to each other.

The comparison of the peak widths and heights of gaa�r�
and gbb�r� shows that gaa�r� has higher and narrower peaks
than gbb�r�. This is a consequence of the cubane molecules’

FIG. 11. Lowest-energy orientation of a C60 molecule in an environment of
six cubane molecules, schematically shown as squares �orthorhombic phase,
parameter set 2, T=50 K�. This orientation is the same as orientation I in
Fig. 2�b�.

(a)

(b)

FIG. 12. OMSD values I and II for the C8H8 molecules, as a function of
temperature. Obtained by averaging over 25 000 MC steps and over all
molecules in the simulation box. �a� Potential parameter set 1; free-rotation
values 2zb

2=2.409 Å2 and zb
2=1.205 Å2. �b� Potential parameter set 2; free-

rotation values 2zb
2=3.998 Å2 and zb

2=2.000 Å2.
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larger translational mobility than that of the fullerene mol-
ecules. Obviously, the broader peaks at higher T in both
gaa�r� and gbb�r� are due to larger thermal fluctuations.

B. Translational mean-squared displacements

Analogous to the OMSDs introduced in Sec. IV B, we
sampled translational mean-squared displacements given by

�ui
2�MC = �	r̃�i�p� − �r̃�i�	2� , �5.1a�

r̃�i�p� = r�i�p� − M� �p� , �5.1b�

with M� �p�= �1 /N��i=1
N r�i�p� the center of mass of the N mol-

ecules in the simulation box. This definition takes a drift of
the simulation box into account.

We sampled fullerene and cubane translations; in Fig. 14
we show the resulting values of �ui

2�MC, averaged over all
500 molecules, for our two parameter sets. Two conclusions
can be drawn: �1� there is a linear decrease in mean-squared
displacements with decreasing temperature, with a jump, and
a change in slope at the transition temperature, and �2� at a
given temperature, the cubane molecules display larger
mean-squared displacements. The latter can be ascribed to

the larger spatial freedom of the cubes in the octahedral
voids. Indeed, the C60 molecules are already translationally
confined by their own sublattice, while the C8H8 molecules
have some excess space available. Note that this observation
is consistent with the broader peaks in gbb�r� compared to
gaa�r� as mentioned above. We also point out the generally
larger translational mean-squared displacements for model 1
due to the smaller cube size for modeling C8H8 molecules.

VI. DISCUSSION AND CONCLUSIONS

The heteromolecular crystal C60·C8H8 �fullerene-
cubane�, a mixture of icosahedrally and cubically shaped
molecules with 1:1 stoichiometry, undergoes a structural
phase transition upon cooling:1 at Tc�140 K, the crystal

structure changes from cubic �space group Fm3̄m� to ortho-
rhombic. The lattice change is accompanied by rotational
freezing of the C60 molecules.

In order to provide more insight in the low-T structure of
fullerene-cubane, we performed MC simulations with par-
ticular attention to the description of molecular orientational
properties. The key component of our MC simulation pro-
gram is the potential model for calculating intermolecular

(a)

(b)

FIG. 13. Pair distribution functions gaa�r� �solid line� and gbb�r� �dashed
line� for parameter set 2 at �a� T=50 K and �b� T=300 K. The differences
in lattice constants of the orthorhombic phase �b� are too small to result in
discernable peak splitting. For the MC average, 5000 samples were taken.

(a)

(b)

FIG. 14. Translational mean-squared displacements �ui
2�MC for �a� potential

parameter set 1 and �b� potential parameter set 2. For both sets, the cubane
molecules �dashed lines� display larger thermal fluctuations than the
fullerene molecules �solid lines�. For the MC average, 5000 samples were
taken.

154510-10 Verberck, Vliegenthart, and Gompper J. Chem. Phys. 130, 154510 �2009�



interactions. We have used a simple model based on LJ pair
interactions with a limited number of potential constants cap-
turing the specific symmetries of the C60 and the C8H8 mol-
ecules. From the vast number of possible parameter sets, we
retained two models differing in the interaction strength be-
tween and the size of the cubane molecules.

Our simulations at constant pressure �NpT-ensemble� re-
veal a structural phase transition for both potential models.
The first parameter set results in a cubic-to-tetragonal transi-
tion at about T=110 K �Fig. 6�a��. Parameter set 2 is the
preferred model since it results in an orthorhombic state at
low temperature �Fig. 6�b��, in agreement with experiment.1,2

Upon cooling from room temperature, a cubic-to-cubic tran-
sition takes place at T1�105 K; the orthorhombic phase sets
in at around T2�85 K. A hysteresis around T2 is observed.
Potential model 2 may therefore be considered a satisfactory
model offering computational simplicity while capturing the
essential physical behavior.

In order to investigate the molecule’s orientational mo-
tion, we introduced OMSDs. The idea is to choose a moni-
tored point, rotating along with the molecule, and a fixed
reference point and measure the distance �squared� between
them. This approach not only allows a quantification of the
“degree of rotation” and a determination of the actual orien-
tations of rotationally frozen molecules but is also efficient
from a data-storage point of view: only the coordinates of
two monitored points have to be stored for each molecule. In
agreement with experiment,1 the cubane molecules adopt
fixed orientations, with their faces parallel to the crystal axes
�Fig. 4�b��, at both low and high temperature, for both pa-
rameter sets. Thermal orientational fluctuations increase with
temperature. For the C60 molecules, we see a continuous
transition from free rotation at room temperature to fixed
orientations at 50 K. A broad transition range is seen: down
to T�105 K, the molecules rotate freely or quasifreely, at
T�75 K �parameter set 2�, molecules get settled in specific
orientations. This is similar to the transition in C60 fullerite:
13C NMR measurements show a slowing down of the rota-
tional motion of the C60 molecules with decreasing
temperature.14

With parameter set 2, we observe the development at T
=50 K of eight groups of molecules having the same orien-
tation. The resulting structure can be described by a unit cell
of dimensions 5A, B, and C. The molecule’s orientations in
the unit cell, shown in Fig. 9 with the cubane molecules
omitted, can be classified into two families �A and B�, each
having four members �A1, A2, etc.�. The corresponding ori-
entations of the two families �A1 and B1, A2 and B2, etc.� are
only slightly different, and the arrangement of molecules is
very similar to the pattern of orientations observed in C60

fullerite at low temperature �see Fig. 10�. In C60 fullerite,
four sublattices of C60 molecules each with a different orien-
tation occur; the four different orientations are obtained by
starting from the standard orientation and rotating over 22.0°
about the local �normalized� �uuu�, �uuu�, �uuu�, and �ūuū�
vectors, with u=1 /�3=0.577. The A orientations are ob-
tained by similar rotations over 21.9° about vectors slightly
differing from �uuu�, �uuu�, �uuu�, and �ūuū�; the B orienta-
tions by rotating over 22.8° about vectors close to the A

vectors. Both orientational sets A and B deviate very little

from the ideal Pa3̄ space group where a pentagon of one C60

molecule faces a double bond of a neighboring molecule.
Recalling the presumption in the experimental work of Pek-
ker et al.1 of a doubling of the periodicity along one of the
crystal axes in the orthorhombic phase, we realize that a
possible periodicity doubling mechanism is provided by the
alternation of A and B orientational patterns. For example,
considering the eight molecules shown in Fig. 10�a� as the
unit cell �omitting the cubane molecules� would imply a

doubled periodicity along the A� -direction. In view of the
small differences between the two orientational families A
and B, the corresponding superstructure might be not easily
resolvable in a �powder� diffraction experiment and difficult
to determine. In the case of the doubled unit cell �Fig. 10�a��,
the �5A� ,B� ,C� � supercell in Fig. 9 displays some defects, how-
ever. Starting from the left, the first four B orientations are
followed by another set of four B orientations. A second

defect is the repetition of A1A3 at X� =3A� after X� =2.5A� , com-
pensated by the defect at the edge of the supercell �A4A2 at
both n1=4.5 and n1=0�. It is likely that these defects are due
to finite-size effects of our simulation setup; a doubled unit
cell is incompatible with a simulation box built up from an
odd number of unit cells along each direction. Orientational
stacking faults as detected here are in reality certainly pos-
sible since they would result in only small �free� energy sur-
pluses because of the slight differences between the A and B
orientations but they would probably occur with a much
lower density.

Translational motion of the molecules was investigated
by performing runs in NVT-ensemble. Next to observing an
overall linear increase in mean-squared displacements with
increasing temperature, we were able to conclude that the
C8H8 molecules display larger displacive fluctuations due to
the relatively large available interstitial space formed by the
surrounding C60 molecules.

It turns out that our results, qualitatively of high impor-
tance in understanding the structural features of fullerene-
cubane, quantitatively manifest themselves rather weakly.
The orthorhombic lattice constants, while clearly separated,
lie close together, and orientational differences, while pro-
viding an explanation for a possible superstructure, are mini-
mal. We believe that this might be due to the simplicity of
our potential model and very difficult to fix by adjusting
potential parameters. The reduction in a cubane molecule to
a cube is drastic and could be the origin of an oversimplifi-
cation of our intermolecular potential model. For future
simulations, it might be worthwhile to invest in a more ac-
curate description of the cubane molecule, the obvious first
step being to consider both C and H atoms as interaction
centers.

We are convinced that the insights provided by our simu-
lations are useful for understanding past1,2,5 and ongoing11

x-ray diffraction work and that they can serve as starting
points for MC simulation studies of related systems.
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APPENDIX: MOLECULAR ORIENTATIONS

Here we describe in more detail our procedure to obtain
the precise orientations of the C60 molecules resulting from
the MC simulations with parameter set 2 at T=50 K.

Our starting point is the observation of two classes of
orientations, manifested by fluctuations of the OMSD �ui

2�MC
I

around two distinct average values �uA
2 =0.749 Å2 and uB

2

=0.633 Å2�, as seen in Fig. 8. It is incorrect to a priori claim
that all molecules with the same OMSD value �uA

2 or uB
2�

have the same orientation since the value �ui
2�MC

I does not
completely define a molecule’s orientation. Indeed, both a
rotation about the local z-axis and a rotation about the vector
connecting the local origin o and the monitored point r�1

i

= �x1
i ,y1

i ,z1
i � leave the value of �ui

2�MC
I = �x1

i �2+ �y1
i �2+ �z1

i

−za�2=R2−z1
i za+za

2 invariant—the former does not affect z1
i ,

while the latter does not affect �x1
i ,y1

i ,z1
i �. Here we have

introduced the subscript 1 to denote the monitored point con-
sidered in Sec. V—the double bond closest to �0,0 ,za�. Con-
sidering the coordinates x1

i , y1
i , and z1

i of the monitored point
as indicators for the molecule’s orientation instead of only its
distance �squared� to the z-axis rules out a rotation about the
z-axis, but a rotation about or�1

i then still leaves the coordi-
nates of the monitored point invariant. We therefore intro-
duced a second monitored point, r�2

i = �x2
i ,y2

i ,z2
i �: the double

bond with coordinates �za ,0 ,0� when the C60 molecule is in
the standard orientation. Synchronization was applied for
this point as for r�1

i , the double bond closest to �za ,0 ,0� was
located and marked the before sampling. The set of coordi-
nates �x1

i ,y1
i ,z1

i ,x2
i ,y2

i ,z2
i � fixes the molecule’s orientation

completely. Mathematically, the failure of �ui
2�MC

I or
�x1

i ,y1
i ,z1

i � to completely determine the molecular orientation
lies in the need for three independent parameters to do so.
The value �ui

2�MC
I is simply not sufficient, and the three co-

ordinates x1
i , y1

i , and z1
i are not independent since �x1

i �2

+ �y1
i �2+ �z1

i �2=R2. On the other hand, the set
�x1

i ,y1
i ,z1

i ,x2
i ,y2

i ,z2
i � contains redundancy. However, it is in-

structive to consider all six coordinates. In Fig. 15 we show
the values of x1

i and y1
i per molecule, averaged over the same

5000 MC steps as for �ui
2�MC

I in Fig. 8. For all six coordi-
nates, patterns of the same groups of 25 molecules as for
�ui

2�MC
I are clearly distinguishable. The order contained

within these patterns is striking: not a single deviation from
the groups of 25 molecules is seen. In view of the large
number of MC steps, this ordering demonstrates beyond
doubt the presence of particular molecular orientations. Ana-
lyzing the plots of the coordinates �x1

i ,y1
i ,z1

i ,x2
i ,y2

i ,z2
i � re-

veals the existence of eight different orientations. This can be
seen, for example, by starting with the plot of y1

i , already
displaying four different values �orientations�, and then con-
sidering the plot of x1

i , which doubles the number of orien-

tations. We introduce the notations A and B for two families
of orientations, each consisting of four members labeled 1, 2,
3, and 4. The eight different orientations are then symbolized
as A1, A2, A3, A4, B1, B2, B3, and B4. The groups of 25
molecules each correspond to layers of molecules parallel to

the crystallographic �B� ,C� �-plane. Due to the layout of our
simulation box �composed of 5�5�5 face-centered, origi-
nally cubic, cells�, we have two layers per n1 value, where n1

specifies the location of the molecule �group of molecules�
along the A� direction. The equilibrium lattice position of the

C60 molecules read X� =n1A� +n2B� +n3C� ; the 500 molecules in
our simulation box are distributed according to

�X� i,i = 1, . . . ,125� = m1A� + m2B� + m3C� with i = 25m1

+ 5m2 + m3, �A1a�

�X� i,i = 126, . . . ,250� = m1A� + m2B� + m3C� with i = 25m1

+ 5m2 + m3 + 125, �A1b�

�X� i,i = 251, . . . ,375� = m1A� + m2B� + m3C� with i

= 25m1 + 5m2 + m3 + 250, �A1c�

(a)

(b)

FIG. 15. Values of the coordinates of the monitored points x1
i and y1

i , plotted
per C60 molecule �labeled i=1, . . . ,500�. Parameter set 2, T=50 K.
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�X� i,i = 376, . . . ,500� = m1A� + m2B� + m3C� with i

= 25m1 + 5m2 + m3 + 375 �A1d�

with m1 ,m2 ,m3=0 , . . . ,4. The whole simulation box can
therefore be described by a 5�1�1 supercell, repeated five

times along B� and five times along C� . In Fig. 9�a� the 5
�1�1 supercell is schematically shown with labeled balls
representing the C60 molecules in their respective orienta-
tions.

The next step is to visualize and understand the actual
molecular orientations symbolized by A1 , . . . ,B4. First, we
average the coordinates �x1

i ,y1
i ,z1

i ,x2
i ,y2

i ,z2
i � within each

group of 25 molecules, resulting in 20 sets
�x̄1

j , ȳ1
j , z̄1

j , x̄2
j , ȳ2

j , z̄2
j �, j=1, . . . ,20, with

x̄1
j =

1

25�
t=1

25

x1
i 	i=25�j−1�+t �A2�

and likewise for ȳ1
j , . . . , z̄2

j . For characterizing the molecule’s
orientation, the three Euler angles are most adequate. We use
the convention in Ref. 46: the three Euler rotations are �i� a
rotation over 0���2� about the z-axis, followed by �ii� a
rotation over 0���� about the y-axis, and finally �iii� a
rotation over 0���2� about the z-axis again. The x-, y-
and z-axes are kept fixed. The point with coordinates r� is
then transformed to r��=Rzyz�� ,� ,��r�=Rz���Ry���Rz���r�,
where Rz���, Ry���, and Rz��� are the rotation matrices of
the corresponding Euler rotations. To match the set
�x̄1

j , ȳ1
j , z̄1

j , x̄2
j , ȳ2

j , z̄2
j � to Euler angles �� j ,� j ,� j� we set up a

least-squares fit; we minimize the function

f j = �z1� − z̄1
j �2 + �x2� − x̄2

j �2 + �z2� − z̄2
j �2 �A3�

with respect to �, �, and �. In Eq. �A3�, z1� stands for the
z-coordinate of the double bond closest to �0,0 ,za� after ap-
plication of the rotation operator Rzyz�� ,� ,��, x2� stands for
the x-coordinate of the double bond closest to �za ,0 ,0� after
application of the rotation operator Rzyz�� ,� ,��, and z2�
stands for the z-coordinate of the double bond closest to
�za ,0 ,0� after application of the rotation operator
Rzyz�� ,� ,��—definitions taking the synchronization proce-
dure into account. Note that x̄1

j , ȳ1
j , and ȳ2

j are left out of the
minimization scheme; it turns out that z̄1

j , x̄2
j , and z̄2

j are three
independent parameters fully specifying the molecule’s ori-
entation. We actually solve equations �f j =0� rather than

merely fit in its usual sense �minimize f j�. Knowledge on the
values �� j ,� j ,� j� finally allows one to draw the molecules in
their actual orientations by applying the coordinate transfor-
mation r��=Rzyz�� j ,� j ,� j�r�. The resulting 5�1�1 supercell
is shown in Fig. 9�b�.

The eight orientations A1 , . . . ,B4 display a striking re-
semblance to the low-T orientations in C60 fullerite �see Figs.
9�b� and 10�. To quantify the deviations from orientations
I–IV, we convert Euler angles to Euler parameters. The Euler
parameters �e0 ,e� = �e1 ,e2 ,e3�� are defined as

e0 = cos
�

2
, �A4a�

e� = p� sin
�

2
�A4b�

for a rotation over � about the normalized vector p� . Note
that the relation e0

2+e1
2+e2

2+e3
2=1 holds. For the correspond-

ing rotation matrix we write R�e0 ,e��. Orientations I–IV have
�=22.0° and p� I=1 /�3�1,1 ,1�, p� II=1 /�3�1,−1,−1�, p� III

=1 /�3�−1,−1,1�, and p� IV=1 /�3�−1,1 ,−1�, respectively. To
get the Euler parameters for orientations A1 , . . . ,B4, we first
average the Euler angles �� j ,� j ,� j� of equal orientations
�e.g., for A1, the average Euler angles are obtained by aver-
aging over t=4 and 8� and then solved R�e0 ,e��
=Rzyz�� ,� ,�� numerically for � and p� . The resulting values,
together with the average Euler angles, are listed in Table II.
We have tabulated unnormalized rotation vectors p̃� since we
started the numerical search for solutions from the vectors
p� I , . . . , p� IV involving the value 1 /�3=0.577 350. Up to the
third decimal, the absolute values of corresponding compo-
nents of all p̃� vectors are identical for all four members of the
two families; the rotation angles are 21.9° and 22.8° for A-
and B-type orientations, respectively.
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