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Center-of-mass distribution of a polymer near a repulsive wall
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The interaction of polymer chains with a hard wall is o
of the paradigms on the way to understand colloid–polym
mixtures.1,2 A hard wall changes the structure of polym
chains in a profound way which is reflected in the forms
the various polymer density profiles. Besides the density
all the chain segments and the densities of particular s
ments such as the endpoints or the midpoint, the densit
the center of mass of a polymer chain is of most interes
has been pointed out by Bolhuis, Louis, Hansen, and Mei2

that even forideal, random-walk like, polymers no analyti
expression is available for the center-of-mass density pro

Here we fill this gap and show that the bulk-normaliz
center of mass density profile of free ideal polymer chains
a half space bounded by a hard planar wall3 has the form

r~z!
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with coefficients
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and with the distancez from the wall contained in

Xn5
2

27
uanu3/z2, z5z/Rg . ~3!

Herean is thenth zero4 of the Airy function Ai, the prime in
Ai 8 denotes a derivative,K is a modified Bessel function
and Rg

25Rg,x
2 1Rg,y

2 1Rg,z
2 is the mean square radius of g

ration of an ideal polymer chain in free space without a w
As expectedr(z)/rbulk only depends on the ratioz/Rg . For
z/Rg@1 the main contribution to the sum in Eq.~1! comes
from n@1. In this4 caseBn→2/(3n), Xn→ 1

6(pn/z)2, the
sum can be replaced by an integral, andr(z)/rbulk equals 1.
For z/Rg!1 the first term in the sum in Eq.~1! dominates
and
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rbulk
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Ap
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→2.85

1

z
exp~21.89/z2!. ~4!

The behavior of the center-of-mass density profile~1! for
arbitrary z/Rg is shown as the solid line in Fig. 1~see also
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Table I!. The good agreement with the corresponding sim
lation result in Ref. 2 shows that the simulation inde
probes the universal scaling region.

For z→0 the center-of-mass density profile~4! drops to
zero much more rapidly than profiles for the monomer d
sity or the density of the chain midpoint or endpoints. The
display power laws2,5 proportional toz2 or z rather than the
exponential behavior6 in Eq. ~4!. Note the close similarity of
Eq. ~4! with1 the ratio 8p22 exp(2p2Rg

2/D2) of the parti-
tion function of a chain betweentwo walls a small distanceD
apart and averaged over the position of its fixed end to
partition function with fixed end in the bulk. Chain configu
rations contributing to a center of mass distancez!Rg from
a single wall to a certain extent resemble the configurati
of a chain trapped between two walls with a distanceD of
the order6,7 of z. It would be interesting to check whether th
corresponding8 exponential behavior exp(2const/z1/n) for
z/Rg!1 appears in the center of mass distributionr(z)/rbulk

of a single chain with excluded volume interactions betwe
monomers. Heren is the Flory exponent.

To derive Eq.~1! consider a single chain ofN segments
in the space between two parallel walls atz50 andz5D.
Then,

r~z!

rbulk
5 lim D→`D^d~zcm2z!&, ~5!

where the angular brackets denote an average over all c
configurations. Herezcm5( j 51

N zj /N is the component per
pendicular to the wall of the center-of-mass of the chain w
zj the distance from the wall of segmentj. A Laplace trans-
form

t[E
0

`

dz e2qRg
2z

r~z!

rbulk
5 limD→` D^e2qRg

2zcm&/Rg ~6!

with respect to the distancez maps the problem onto an idea
polymer chain in a gravitational field with a strength propo
tional to the Laplace conjugateq. Following well known
steps to treat an ideal chain in an external field9 one finds

t5(
n

e2Rg
2EnF E

0

`

dz̃cn~ z̃!G2Y Rg ~7!

with a discrete set of eigenfunctionsc and eigenvaluesE
which satisfy

~] z̃
2
2qz̃1En!cn~ z̃!50, cn~0!50, ~8!
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FIG. 1. Normalized center-of-mass density profile f
ideal polymer chains near a hard wall as given by E
~1! ~solid line!. The dotted line shows the contributio
from the ‘‘ground state’’n51 in Eq.~1! and the line of
dashes shows the asymptotic expression given in
~4!.
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and the orthonormality condition that*0
`dz̃cn( z̃)cm( z̃)

equals one forn5m and zero otherwise. The second equ
tion in ~8! is the boundary condition at the hard wall atz
50. Explicitly this leads to4

t[E
0

`

dz e2Qz
r~z!

rbulk
5Q21/3(

n
e2Q2/3uanuBnuanu, ~9!

whereQ5qRg
3 . Inverting the Laplace transform10 leads to

Eq. ~1!.
Note added in proof. We have checked that the integr

*0
`dz@12r(z)/rbulk# with the center of mass density profi

r/rbulk for ideal chains from Eq.~1! has the known value
2/Ap. This integral has thesamevalue for the different pro-

TABLE I. Some numerical values of the normalized center-of-mass den
profile which follow from the analytic expression in Eq.~1!.

z r(z)/rbulk

0.50 0.002 94
0.75 0.132 08
1.00 0.434 20
1.25 0.691 96
1.50 0.846 99
1.75 0.928 82
2.00 0.969 07
2.25 0.987 55
2.50 0.995 38
2.75 0.998 42
3.00 0.999 51
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-
files of the monomer density, the density of chain ends
midpoints, and the center of mass density and it determ
the polymer induced surface free energy per unit area of
wall to be (2/Ap)pRg . Herep is the bulk osmotic pressur
kBTn with n the chain density in the bulk.
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