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Abstract. The propagation of waves in weakly dissipative plasmas is investigated. A new
expression for the wave energy flux is obtained, which is proportional to∂λ′mode/∂k, where
λ′mode is the real part of the eigenvalue of the dispersion tensor corresponding to the wave mode.
Significant differences from the usual definition of dielectric wave energy flux occur in case of
a non-negligible anti-Hermitian contribution to the dielectric tensor. This occurs, for example,
near electron cyclotron resonance. The direction of the corrected wave energy flux is consistent
with that of the trajectory of a wave beam crossing the EC resonance as obtained in Westerhof
(Westerhof E 1997Plasma Phys. Control. Fusion39 1015). It is shown that ray-tracing near
cyclotron resonance can be performed with the use ofλ′modeas ray-Hamiltonian.

1. Introduction

Propagation of electromagnetic waves in media with resonant dissipation is a long-standing
problem [1]. Recently, this problem has received renewed attention in connection with the
problem of electromagnetic wave propagation through electron cyclotron resonant layers in a
thermonuclear plasma (e.g. [2–11]). In most cases of practical interest the spatial dissipation
remains small in the zone of cyclotron absorption, and one would expect most results and
techniques of wave theory for weakly dissipative media to apply in the cyclotron resonance
zone as well. In particular, provided the usual conditions for the applicability of the geometric
optics or WKB approximation are satisfied, one would expect the expression for the dielectric
wave energy flux to hold, and wave trajectories to be describable by ray-tracing techniques
based on the real part of the dispersion relation alone [12, 13].

However, it appears that the situation in the cyclotron resonance zone is not so simple: the
anti-Hermitian parts of the dielectric tensor elementsεnm are of the same order of magnitude
there as the Hermitian parts and both may be very much larger than unity. That the spatial
dissipation is weak nevertheless is due to the specific polarization of the normal waves [5, 14].
The anti-Hermitian part of the dielectric tensor influences in a fundamental way both the wave
dispersion and wave polarization. Still, as shown in [10, 11, 15], wave propagation can be
described properly by means of ray-tracing with the natural proviso that the real part of the
wavevector that is obtained should coincide (at least approximately) with the real part of the
wave vector as obtained from the full, complex dispersion relation. In [11, 15] this is achieved
by construction rather than by approximation of the dispersion relation. As shown by Piliya
and Fedorov [5], the non-negligible anti-Hermitian part of the dielectric tensor leads to an
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additional term in the Poynting theorem averaged over a wave period, i.e. in the power balance
equation. This invalidates the usual expression for the wave energy flux in the cyclotron
resonance zone. The latter is indeed found to provide an improper description of the direction
of wave propagation [11].

In the present paper, it is shown that the additional term introduced in the power balance
equation by Piliya and Fedorov can by rewritten in such a way that the power balance again
takes the form of the divergence of an energy flux balanced by a single source term (section 2).
This then leads to a new expression for the wave energy flux, which is found to be proportional
to the wave vector derivative of the eigenvalueλmodethat corresponds to the wave mode under
consideration, of the dispersion tensor

Dnm = δnmk2 − knkm − ω
2

c2
εnm (1)

whereδnm is the unit tensor,k is the wave vector,ω is the wave frequency,c is the speed of light,
andεnm is the dielectric tensor. This new expression is shown to be consistent with the results
on wave propagation of [11]. It also suggests the use of the eigenvalue as the Hamiltonian for
ray-tracing, an option that is explored in section 3. A brief summary and the conclusions are
given in section 4.

2. Wave power flux

The starting point of the discussion of the wave power flux is, as usual, the Poynting theorem
in the form as it follows directly from Maxwell’s equations:

1

8π

∂

∂t
(B̃2 + Ẽ2) +

1

4π

∂

∂r
· (Ẽ × B̃) + j̃ · Ẽ = 0 (2)

whereẼ and B̃ are the fluctuating electric and magnetic fields of the wave, andj̃ is the
fluctuating current density of the plasma in response to the wave fields. Because we are
interested in the trajectory of quasi-stationary wave beams and the wave power flux rather than
the wave power density, we restrict the following discussion to the time independent case, i.e.,
neglecting the first term in the Poynting theorem (2).

We consider the propagation through a homogeneous, weakly dissipative medium of a
quasi-monochromatic, stationary wave of the following form

Ẽ = E(r) exp(ik0 · r − iωt) (3)

whereE(r) is the weakly varying amplitude of the wave field,k0 is the real wave vector, and
ω is the wave frequency. Wave absorption is described by the spatial dependenceE(r). Note,
that the requirement for the applicability of geometric optics or WKB,k0 � |(∂E/∂r)/E|,
implies weak absorption. Next, the procedure given by Piliya and Fedorov [5] for the case of
non-vanishing anti-Hermitian components of the dielectric tensor is followed: by averaging
the Poynting theorem over a wave period they obtain the power balance equation in the form

∇ · S +Q + q = 0 (4)

where (note the convention of summation over repeated indices)

S = c

8π
Re(E ×B∗)− ω

16π

(
∂εHnm

∂k

)∣∣∣∣
k=k0

E∗nEm =
c2

16πω

∂

∂k
(DH

nm)
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k=k0

E∗nEm (5)

is the standard expression for the dielectric energy flux [12, 13] in a dispersive medium, and

Q = − i

8π
(εaHnm )
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E∗nEm =
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8πω
(DaH

nm )
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E∗nEm (6)
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is the standard expression for the energy losses of the wave to the medium [12, 13], while the
last term

q = − ω

16π

(
∂εaHnm

∂k

)∣∣∣∣
k=k0

·
(
E∗n
∂Em
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− ∂E

∗
n

∂r
Em

)
= c2

16πω

(
∂DaH

nm
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)∣∣∣∣
k=k0

·
(
E∗n
∂Em

∂r
− ∂E

∗
n

∂r
Em

)
(7)

arises in dissipative media with a non-negligible anti-Hermitian part of the dielectric tensor.
The presence of this last termq shows that it is not allowed to identify the vectorS with the
wave energy flux when the anti-Hermitian elements of the dielectric tensorεaHnm do not vanish.

However, with the help of the method as outlined in [10], it is possible to rewrite the
expression (4) in the standard form of the wave power balance: that is in the form of the
divergence of a flux and a single source term. In order to show this, the wave field (3) is
written as a composition of normal modes by

E(r) =
∫
e(λmode)Ak(k0 +1k)δ(λmode) exp(i1k · r) d1k. (8)

Here,λmode is the eigenvalue of the dispersion tensorDnm(k0 + 1k) corresponding to the
wave mode under consideration, which has a dispersion relationλmode = 0, ande(λmode)

is the associated unit eigenvector. The spectral density of normal modes is equal to
Ak(k0 +1k)δ(λmode), where the Dirac delta function excludes contributions from1k values
that do not satisfy the dispersion relation, andAk is the appropriate weight function. Taking
into account the narrowness of the spatial spectrum,k0 � 1k, the slowly varying part of the
wave field,E(r), may be written as

E(r) = e(k0)A(r)− i
∂A

∂rn

(
∂e

∂kn

)∣∣∣∣
k=k0

(9)

wheree(k0) is the unit eigenvector (or polarization vector) for the eigenvalueλmode(k0), and
A(r) is the slowly varying scalar amplitude of the wave field defined by

A(r) =
∫
Ak(k0 +1k)δ(λmode) exp(i1k · r) d1k.

Note that the second term on the right hand side of equation (9) describes, in particular, a
possible influence of wave absorption on the wave polarization.

Next, the expression (9) is substituted into equations (4)–(7), and the slowly varying scalar
amplitude is represented asA = |A| exp iφ with slowly varying relative phaseφ. Since the
spatial dependence ofA(r) is weak, terms proportional to second order spatial derivatives,
∂2A/∂r2, or squared first-order derivatives,(∂A/∂r)2, are neglected with the result
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where the first term on the right-hand side comes fromS, the second to fourth terms originate
fromQ, and the final term is the only contribution that remains fromq. Taking into account
the relations for the polarization vector

DaH
nm em = −DH

nmem e∗nD
aH
nm = e∗nDH

nm (11)
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to rewrite the fourth term on the right-hand side, this term combines with the first into the
divergence of a flux, while the remaining terms can be combined into a source term [10]. As
a result, the power balance is again cast in the standard form

∇ · S̃ + Q̃ = 0 (12)

with the corrected dielectric wave energy flux

S̃ = c2

16πω
|A|2 ∂

∂k
(DH

nme
∗
nem)|k=k0 (13)

and the corrected source term [10]

Q̃ = ic2

8πω
|A|2

[(
1 +

∂φ

∂rj

∂

∂kj

)
e∗nemD

aH
nm

]
k=k0

≈ ic2

8πω
|A|2(e∗nemDaH

nm )k=k0+∇φ. (14)

The equation for the corrected wave energy flux is the main result of the present paper.
Note that equation (13) differs with respect to the standard expression for the dielectric

energy flux [12] in the application of the wave vector derivative not only to the dispersion tensor
but also to the unit eigenvector and its complex conjugate. Although the anti-Hermitian part
of the dispersion tensor does not appear explicitly, it does affect the wave flux (13) by its effect
on the wave polarization, which follows immediately from the relations (11). Near cyclotron
resonances the wave polarization depends sensitively on the wave vector and, consequently, in
those regions the wave flux (13) is expected to differ significantly from its standard expression.
When the effect of the anti-Hermitian part on the wave polarization would be negligible and,
consequently, the relationDH

mnen = 0 would hold at least approximately (instead of (11)), the
wave energy flux (13) reduces to the standard expression (5).

The present result is in agreement with the results obtained previously by Westerhof [11]
on wave propagation through electron cyclotron resonant layers. This is illustrated in figure 1,
which shows the direction of propagation of the maximum of a wave beam through cyclotron
resonance as obtained in [11], compared with both the standard expression for the dielectric
energy flux and the corrected expression for the wave energy flux (13). Examples for both
O-mode and X-mode propagation through the fundamental electron cyclotron resonance are
shown. The direction of the standard wave energy flux (5) strongly deviates from the direction
of propagation of the wave beam. In contrast, the direction of the corrected wave flux (13) is
very close to or practically overlaps with the results from [11]. The small remaining difference
in figure 1(a) is due to the fact that the assumption of weak absorption Imk � Rek is only
marginally satisfied in this case of an O-mode wave propagating nearly perpendicularly to the
equilibrium magnetic field.

3. Ray-tracing

Note that the term between the brackets in the modified expression of the wave energy flux is
in fact identical to the real part of the eigenvalue of the particular mode under consideration:

λ′mode= DH
nme
∗
nem. (15)

Here, a prime (double prime) is used to indicate the real (imaginary) part. Consequently, the
real part of the eigenvalue can serve as the Hamiltonian for ray-tracing:

dr

dτ
= ∂λ′mode

∂k

dk

dτ
= −∂λ

′mode

∂r
(16)
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Figure 1. The angle of wave propagation with respect to the normal of the magnetic field: (a) for
O-mode injected at an angle of 2.29◦; (b) for X-mode injected at 10◦. Full curves show the results
of [11], dotted curves show the direction of the standard wave flux in equation (5), and dashed
curves show the direction of the modified wave flux in equation (13). Thin dotted lines represent
results from the cold plasma approximation.

where the initial conditions must correspond to the solution of the dispersion equation
λ′mode(r(τ0),k(τ0)) = 0.

In figure 2 the ray-trajectories are shown as obtained from the ray-tracing equations (16)
for the same parameters as those used in figure 1. For comparison, the trajectories of the
maximum of a corresponding wave beam are shown as obtained in [11]. A discrepancy is
again found in figure 2(a) for the O-mode case due to the relatively strong absorption, which
this time is larger as the difference in the direction of wave propagation is now integrated along
the ray-trajectory. Also, the value ofλ′mode is not conserved exactly along the ray-trajectory
in the region of wave absorption. Almost perfect agreement with the results of [11] would be
obtained if one corrected the eigenvalue for the presence of a finite imaginary part of the wave
vector: that is to use for ray-tracingλ′mode(x,k′; k′′⊥) with k′′⊥ determined by some auxiliary
relation. For example, the imaginary part of the wave vector could be obtained from the relation

k′′⊥
∂λ′mode(r,k′)

∂k⊥
= λ′′mode(r,k′) (17)

which is in fact identical to the power balance equation (4). Also, the value ofλ′mode would
again be properly conserved. Still, such a further correction of the wave energy flux means
the inclusion of higher order terms in the geometric optics approximation, and awaits a more
formal derivation.

In principle one could also substitute in this paragraph the determinant at the dispersion
tensor for the eigenvalue of the wave mode, i.e. the product of all three eigenvalues
D = 5i=1,3λi . However, in case of finite dissipationλ′mode(x,k′)will become slightly nonzero
as the ray is traced. Since in the case ofD it is multiplied by two potentially very large numbers,
a small deviation inλ′mode can have large consequences forD′ and may lead to unacceptable
errors. Still, as withλ′mode, a correction for a finite imaginary part ofk can be applied and the
relationD′(x,k′; k′′⊥) can be used as ray-Hamiltonian. The method for ray-tracing as proposed
in [15] can be regarded as an example of the latter.
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Figure 2. The trajectory of a wave beam: (a) for O-mode injected from the low field side at an
angle of 2.29◦; (b) for X-mode injected from the high field side with 10◦. Full curves show the
results of [11], and dashed curves the results of ray-tracing using equations (16). Thin dotted lines
represent results from the cold plasma approximation.

4. Summary and discussion

In the previous sections some peculiarities of wave propagation in media with resonance
dissipation have been discussed. It is shown that in spite of large anti-Hermitian components
of the dielectric tensor and large wave vector derivatives of both the Hermitian and anti-
Hermitian parts of the dielectric tensor, a proper wave power balance can be formulated.
This leads, however, to the necessity of a redetermination of the wave energy flux, even in
cases of relatively weak absorption. Here, weak absorption is not synonymous with a small
anti-Hermitian part of the dielectric tensor. Quite the opposite is often true near cyclotron
resonances. The direction of the correct wave energy flux (13) agrees well with the direction
of propagation of a wave beam as obtained previously in [11].

The results presented above also show that the effects of spatial dispersion can be accounted
for in the usual frame work of geometrical optics, even in the regions of cyclotron resonant
absorption. A proper ray-Hamiltonian for use in geometrical optics ray-tracing is the real part
of that eigenvalue of the dispersion tensor corresponding to the wave mode under consideration,
i.e.λ′mode. An alternate ray-Hamiltonian has been proposed in [11, 15], which is equally valid
as it is constructed to reproduce the identical wave dispersion. The present results then provide
a further confirmation of the effects of the wave dispersion near electron cyclotron resonance
as reported earlier [8, 9, 15].

The present results resolve a number of paradoxes in the applicability of the theory of wave
propagation in weakly dissipative media to cyclotron resonance. Firstly, wave propagation
can be described by ray-tracing based on the real part of the dispersion relation. After all, the
dispersion relation for the mode can be written asλmode= 0. Secondly, this is achieved by
neglecting the anti-Hermitian part of the dielectric tensor. However, the anti-Hermitian part
can only be neglected after the full dielectric tensor has been accounted for in bringing the
dispersion tensor to diagonal form. Finally, the results are in agreement with the well known
observation that the direction of wave propagation is perpendicular to the dispersion surface
[13].
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The problem of geometrical optics in plasmas with a significant anti-Hermitian part of
the dielectric tensor has also been addressed by Friedland and Bernstein [16, 17]. They also
consider time variability and use a formulation with complex wave frequency. An expansion is
then made near the real frequency making use of frequency derivatives of the dielectric tensor.
In the case of cyclotron resonance such an expansion in frequency will easily break down as
a consequence of the resonant contributions to the dielectric tensor. This problem is related
to the difficulty of the definition of the wave energy density near cyclotron resonance and the
interpretation of the group velocity [2, 3]. In the present work these problems did not occur
because only the time-independent case was considered. Clearly more work needs to be done
in this respect.

Finally, it must be remarked that the discussions above assumed the validity of the WKB
or geometrical optics approximation. In applying these results, for example, to present
day tokamak devices this assumption could be violated as the cyclotron resonance zone is
spatially very localized and wave properties might change on length scales comparable to the
wavelength. In such cases the problem needs to be treated by full wave calculations as in [18],
which tend to show that the expected effects from the spatial dispersion near the cyclotron
resonance might be only partially realized.
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