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Abstract. The concentration variance and spatial covariance resulting from convective-
dispersive transport driven by a uniform mean flow in second-order stationary conductivity
fields was derived in a Lagrangian framework based on a first-order approximation of
solute particle trajectories. The approximation of the concentration (co)variances for large
injection volumes is considerably simplified by defining the concentration at a certain
location x and time ¢ in terms of the “backward” solute trajectory probability distribution.
This is the probability that the trajectory of a fictitious microscopic and indivisible solute
particle, which is in a volume Ax centered around x at time ¢, was at the time of solute
injection, ¢y, in the injection volume, V. The approximated concentration (co)variances
were validated against concentration covariances derived from transport simulations in
generated second-order stationary conductivity fields. The approximate solutions
reproduced fairly well the effects of local scale dispersion and of the spatial variability of
the hydraulic conductivity on the concentration (co)variance. The effect of the spatial
structure of the hydraulic conductivity field on the spatial covariance of the concentrations
was investigated in order to identify parameters that can be unequivocally determined
from the structure of the concentration field. For a given spreading of the solute plume in
the mean flow direction, X';;(¢), a given spatial correlation length of the log, transformed
hydraulic conductivity in the transverse to flow direction, / 2> and a given local scale
dispersion D, the concentration covariance was nearly invariant and hardly influenced by
the anisotropy of the covariance functlon e, and the variance, o'f, of the log, transformed
conductivity. As a result, e and o cannot be unequlvocally determined from the spatlal
structure of the concentration field. The concentration variance and spatial covariance in
the transverse to mean flow direction are predominantly determined by the lateral
component of the local scale dispersion, D ,,,, and by the spatial correlation length of the

log, transformed conductivity in the transverse to flow direction, I,. These two
parameters might be unequivocally derived from the concentration (co)variance.

1. Introduction

Solute transport in porous formations is largely influenced
by the heterogeneous nature of the flow, which results from the
spatial variability of the hydraulic conductivity. Relations be-
tween the spreading of a solute plume and the spatial variabil-
ity of the hydraulic conductivity have been investigated quite
intensively. First-order approximate relations have been ob-
tained for a uniform mean flow in second-order stationary
conductivity fields [see, e.g., Dagan, 1989; Gelhar, 1993]. Also,
solute spreading for nonuniform flow [Indelman and Rubin,
1996] and in nonstationary conductivity fields (e.g., fields with
evolving scales of heterogeneity [Dagan, 1994; Neuman, 1995;
Bellin et al., 1996]) has been investigated. The predicted solute
spreading is related to the ensemble averaged concentrations
obtained from many realizations of the hydraulic conductivity
field. For a wide input source and a stationary conductivity
field the ensemble average can be interchanged with the spatial

"Now at Institute of Chemistry and Dynamics of the Geosphere,
Julich, Germany.

Copyright 2001 by the American Geophysical Union.

Paper number 2001WR900009.
0043-1397/01/2001WR900009$09.00

average of concentrations in a single realization of the conduc-
tivity field. Often, the expected eoncentrations at a certain
point in the aquifer dre of interest. For some applications,
however, we are interested to have the probability that a cer-
tain threshold concentration is exceeded. Therefore also the
concentration variance has been approximated in second-order
stationary conductivity fields. These approximations are de-
rived either from a perturbation analysis of the convective-
dispersive transport equation, referred to as the Eulerian ap-
proach [Vomvoris and Gelhar, 1990; Kapoor and Gelhar, 1994a;
Kapoor and Kitanidis, 1996, 1998; Andricevi¢, 1998], by a first-
order analysis of the particle trajectories, the Lagrangian ap-
proach [e.g., Dagan and Fiori, 1997; Pannone and Kitanidis,
1999; Fiori and Dagan, 2000], or by a mixed Eulerian-
Lagrangian approach [Neuman, 1995; Zhang and Neuman,
1996]. In contrast to the ensemble averaged concentrations, for
which the Lagrangian and Eulerian approaches lead to the
same predictions of the solute plume spreading, it is difficult to
compare the two approaches for predicting concentration vari-
ances. First, the two approaches make different assumptions
eventually leading to different predictions of the concentration
variance, especially of the variance decay rate at large times
(e.g., compare Kapoor and Kitanidis [1998] with Fiori and Da-
gan [2000]). Second, the Eulerian analysis points at the impor-
tance of the “microscale” of the hydraulic conductivity fluctu-
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ations which defines the expected value of the squared
concentration perturbation gradients that acts as a sink term in
the balance of the concentration variance. A derivation of the
balance equation of the concentration variance [Kapoor and
Gelhar, 1994a, Equation (9a)] is given in detail by Kapoor and
Gelhar [1994a]. Since the microscale of the conductivity fields
is only defined for differentiable conductivity fields, it remains
unclear how the local concentration variances can be described
for nondifferential conductivity fields, e.g., conductivity fields
with an exponential spatial covariance, using an Eulerian ap-
proach.

The first-order approximations to predict ensemble aver-
aged concentrations have been validated by numerical sim-
ulations of transport in heterogeneous conductivity fields
[e.g., Bellin et al., 1992; Chin and Wang, 1992; Salandin and
Fiorotto, 1998; Naff et al., 1998a, 1998b]. Numerical simula-
tions to validate the approximations for the prediction of the
concentration variances are relatively scarce [Graham and
McLaughlin, 1989; Burr et al., 1994; Pannone and Kitanidis,
1999] and are in some occasions used to calibrate rather
than to validate the perturbation analyses [Kapoor and
Kitanidis, 1998].

Besides the concentration variance, also the spatial covari-
ance of local concentrations may be estimated using perturba-
tion approximations. Rubin [1991] calculated spatial covari-
ances of concentrations for purely advective transport from
Monte Carlo simulations and suggested using them for condi-
tioning concentration estimates on concentration measure-
ments. Spatial covariances of solute arrival times to a reference
surface have been estimated from the spatial covariance of the
log, transformed conductivity field in a Lagrangian framework
for the case of advection dominated transport [Rubin and Ez-
zedine, 1997]. Vanderborght and Vereecken [2001] illustrated
that predictions of the spatial covariance of solute arrival time
using a first-order approximation of the particle trajectories
were consistent with the spatial covariance of solute arrival
times that was derived from local concentration measurements
across the reference surface. This suggests that information on
the spatial structure of local concentrations could be used to
infer information on the spatial variability of the hydraulic
conductivity field. Finally, the concentration variance dissipa-
tion due to dilution of the initially injected solute concentra-
tion can be used to estimate the local scale dispersion tensor
[e.g., Kapoor and Gelhar, 1994b; Andricevié, 1998; Fiori and
Dagan, 1999].

In this paper, we will use a Lagrangian framework to ap-
proximate the variance and spatial covariance of local concen-
trations in heterogeneous, second-order stationary hydraulic
conductivity fields. First, we will develop relations between the
concentration covariance and the spatial covariance of the log,
transformed conductivity and the local scale dispersion using a
method that follows more closely our understanding of the
effect of local scale dispersion on the dilution of the injected
solute concentration. Second, we will propose a methodology
that simplifies the calculation of the concentration covariance
for large injection volumes. Third, we will validate the concen-
tration covariances based on a first-order approximation of the
particle trajectories by concentration covariances that are de-
rived from transport simulations in generated heterogeneous
hydraulic conductivity fields. Finally, we will investigate how
the parameters that characterize the spatial variability of the
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hydraulic conductivity and the local scale dispersion deter-
mine the spatial covariance of the concentration field. From
this analysis we will identify parameters that can be derived
unequivocally from the spatial covariance of local concen-
trations.

2. Perturbation Approximations

2.1. Particle Trajectory Statistics
and Solute Concentrations

In this section, we will make the connection between the
statistics of the particle trajectories and solute concentrations.
We use the same Lagrangian framework as introduced by
Dagan [1982] and later further developed by Dagan and Fiori
[1997] and Fiori and Dagan [2000] to account for local scale
dispersion on local solute concentrations. However, we suggest
some modifications in the development of the relations be-
tween the particle trajectories and concentration in order to
get a better perceptual understanding of this method. We must
stress that our development does not lead to different relations
as those obtained by Dagan and Fiori [1997] and Fiori and
Dagan [2000], but it follows more closely the intuitive percep-
tion of solute transport in heterogeneous formations.

The Lagrangian framework can be considered as the limit of
the particle tracking procedure in which first the trajectories of
microscopic indivisible solute particles are calculated and sub-
sequently the number of particles in an elementary volume at
a certain time are counted to calculate the concentration dis-
tribution. Both the particle trajectories and elementary vol-
umes are considered at the continuum or Darcy scale. Smaller-
scale diffusion and dispersion processes are represented in the
trajectory calculations by a Wiener process, which is the con-
tinuum limit of the random walk process. In former develop-
ments, the trajectory of a single fluid-solute particle,
X(¢; tq, a), with a volume Aa that is initially centered around
a in the injection volume, V,, was considered in a single real-
ization of the Darcian velocity field. This leads to the following
relation between the concentration field in a single realization
of the Darcian velocity field and the trajectories of the Darcy
scale fluid-solute particles:

C(x,t) = I Co(a)d[x — X(¢; to, a)] da. )
Vo

To obtain the average concentration distribution over all real-
izations of the Darcian velocity field and the Wiener process,
one can start immediately from (1) and take the expectation of
C(x, t) or C?(x, t) and link it to the unconditional probability
density distributions of one- and two-particle trajectories [Pan-
none and Kitanidis, 1999; Fiori and Dagan, 2000]. However,
C(x, t) defined in (1) does not represent a measurable con-
centration since it suggests that even if local scale dispersion
processes are included in the calculation of X(z; ¢y, a) the
initial concentration C, is not diluted, which contradicts the
perception of the effect of local scale dispersion. In fact, this
equation calculates the concentration field around a single,
Darcian scale fluid-solute particle and represents the com-
bined result of displacement in a single realization of the Dar-
cian velocity field and of the Wiener process. However, the
Wiener process represents velocity fluctuations at the sub
Darcy scale whereas concentration measurements are made
and initial concentrations, C,(a), are defined at the Darcy
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scale in one realization of the Darcian velocity field. Therefore
concentration measurements correspond with the macroscopic
average of a large number of independent realizations of the
Wiener process. These realizations represent the random dis-
placements of a large number of indivisible solute particles
that are defined at a microscopic scale and that reside at ¢ = ¢,
in the initial macroscopic solute-fluid body with volume Aa. As
a consequence, the concentration in a single realization of the
Darcian velocity field is obtained from averaging the concen-
tration fields around microscopic solute particles and it is re-
lated to the probability distribution of the trajectories of mi-
croscopic solute particles, which are conditioned on the
Darcian velocity field. Dagan and Fiori [1997] followed this
procedure but assumed that the variance of the conditioned
microscopic solute particle trajectories depends only on the
local scale dispersion process.

In the following, we will define Aa as an infinitesimal volume
at the Darcy scale that is centered around a and in which the
macroscopic variables: flow velocity, head, concentration, are
constant. Since Aa is defined at the Darcy scale, it can contain
a large number of indivisible and microscopic solute particles.
Since Aa is infinitesimal at the Darcy scale with all Darcy scale
variables constant within Aa, all particles in Aa follow the same
trajectory when transport is defined by velocities at the Darcy
scale only, that is when local scale dispersion is not considered.

Att = t, we can relate the concentration in the injection
volume ta the number of particles, n,(a), in Aa centered
around a as

Cola, tg) = 1i dm/A
o(a, to) A‘21_'0)0['10(’3‘) m/Aa] acv,

2
Cola, tg) =0 agv,
with dm being the mass of a particle.
The concentration at a certain time ¢ in an infinitesimal
volume Ax, which is centered around x, is defined from the
number of particles that reside in Ax at time ¢, n(x, t):

C(x, t) = lim [n(x, t)dm/AX]. 3)
A0

In contrast to the approach of Cvetkovic and Dagan [1994], Aa
and Ax in our development are not related to the volume of an
indivisible solute-fluid particle. The volumes Aa and Ax are
chosen to be equal by convention, and this equality does not
stem from the Lagrangian statement of fluid continuity. The
number of particles n(x, ¢) can be written as the number of
particles, n(x, ¢; ¢4, a), that started in Aa at t = ¢, and reach
Ax at time ¢, summed up over all Aa in Vg

nx, t) = 2 n(x, t; ty, a) = ALaJ’ n(x, t; t,, a) da
Vo

all Aa
1
=22 no(a)P(x, t; ty, a) da €))
Vo

with P(x, t; to, a) = n(x, t; ty, a)/ng(a). For ny(a) — o,
P(x, t; ty, a) corresponds with the probability that there is a
particle trajectory X(¢; fy, a) in the given realization of the
Darcian velocity field which reaches at time ¢ the volume Ax.
Substitution of (3) in (4) and using (2) yields the following
relation for C(x, t) in a single realization of the Darcian
velocity field:
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1
C(x, t)= Lir_n)0 (E J,,u Co(a)P(x, t; t,, a) da
=J Co(a)d[x; R(t; to, a), 2(t; 1y, a)] da (5)

with ¢[x; R(¢; to, a), 3(t; g, 2)] = lima, o [P(X, ¢; to,
a)/Ax] the probability density function of particle trajectories
X(t; a) at time ¢ in a given realization of the Darcian velocity
field. To simplify the notation, we set t, = 0 and skip it from
the notation of probability density functions and their mo-
ments that are defined for the injection of particles at t = ¢,,.
The probability density function ¢[x; R(z; a), 2(¢; a)] is
characterized by the mean, R(¢; a), and variance-covariance
matrix, % (¢; 4), of the coordinates of particle trajectories that
start in a given realization of the Darcian velocity field in a
volume Aa. The concept of ¢[x; R(¢; a), 3.(¢; a)] is illustrated
in Figure 1. The moments R(#; a) and % (¢; a) correspond with
the center of mass and to the spreading of a plume which is
injected in Aa in a specific realization of the Darcian velocity
field. They are random variables with different values in dif-
ferent realizations of the Darcian velocity field. The spreading
of a plume, which is injected in an infinitesimal injection vol-
ume, is caused by the combined effect of local scale dispersion
and spatial variability of advection velocities and results in a
dilution of the injected concentration, C,. In Figure 2, locally
injected plumes in heterogeneous and homogeneous flow
fields are shown for different values of the local scale disper-
sion tensor. Plumes in the heterogeneous flow field are more
diluted than in the homogeneous one due to the combined
effect of local scale dispersion and advection velocity variabil-
ity, which causes particles to move along different streamlines.
In the Eulerian approach this larger dilution in a heteroge-
neous flow field is represented by the macrodispersive flux of
the concentration variance in the concentration variance bal-
ance equation [Kapoor and Gelhar, 1994a). In the following
paragraph we relate the spreading of a locally injected plume,
3.(¢; a), to the spatial variability of the advection velocities and
to the local scale dispersion tensor D4 using a Lagrangian
framework.

To obtain the expected values of the concentration and the
concentration variance, C(x, ¢) and C2(x, t) must be averaged
over all realizations of the random Darcian velocity field. If we
assume that the largest part of the variability in C(x, t) be-
tween different realizations of Darcian velocity field stems
from the variability in R(¢; a), then 3 (¢; a) can be approxi-
mated by the ensemble average, that is, the expected value,
{2(#)), and-we obtain for the expected concentration:

(C(x, 1) = j Co(a)(d[x; R(¢; a), 2(s; a)]) da
Vo

=~ J J Co(a)¢[x — R(z; a); (%(1; a))]
Vo

- ®y[R; ¢, a] da dR (6)

and for the expected squared concentration:
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Figure 1. (a) Simulated advective and local scale dispersive trajectories of microscopic solute particles (black
lines) that are released in an infinitesimal area Aa centered around a in a realization of the velocity field (gray lines
represent flow lines), a schematic representation of the particle trajectory distribution, ¢[x; R(z; a), %(z; )], and the
centroid of particle displacements, R(z; a) in one realization of the velocity field, and (b) a schematic representation
of the trajectory, ®4[t; a], and centroid, ®g[t; a] distributions in many realizations of the velocity field.
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Figure 2. Simulated solute plumes in a heterogeneous and homogeneous velocity field at,, = tU/I;, = 10
for two different Peclet numbers (Pe = Ul,,/D,). The heterogeneous velocity field was simulated in a
heterogeneous 2-D conductivity field (crf = 0.5 and I, = I,).

(C¥x, 1)) = j

Vo

f Co(a)Co(b){d[x; R(t; a), 2(¢; a)]
Vo

- o[x; S(t; b), Z(z; b)]) da db

=~ f f f f Co(a)Co(b)dix — R(t; a); (2(1))]
Vo Vo

<P[x — S(t; b); (2(1))]Pxs[R, S; ¢, a, b]
da db dR dS @)

with S(¢; b) the mean position at time ¢ of particles that are
injected in Ab in one realization of the Darcian velocity field,
®[R; ¢, a] the pdf of R(¢; a), and Pgg[R, S; ¢, a, b] the joint
pdf of R(z; a) and S(¢; b) in all realizations of the Darcian
velocity field. The above equations can be rewritten in terms of
the pdf, ®4[X; ¢, a], and joint pdf, @4 [X, Y; 7, a, b], of the
particle trajectories X(¢; a) and Y(¢; b) (trajectory of another
particle that is released in Ab) in all realizations of the Darcian
velocity field. A schematic illustration of the probability density
functions, ®g[R; ¢, a], ®L[X; ¢, a] and @[x; R(z; a), 2.(¢; a)]
is given in Figure 1. The particle trajectory X(¢; a) is split up
as X(t; a) = X(¢; a) + R(¢; a), with X(¢; a) a fluctuation
around R(¢; a) that is independent of R(#; a). From its defi-
nition it follows that the expected variance covariance matrix
of X(¢; a) is identical to (3(¢)), the expected value of the
variance covariance matrix of particle trajectory coordinates in

a given realization of the Darcian velocity field. Hence the
variance covariance matrix of the X(#; a) coordinates in all
realizations of the Darcian velocity field, E(¢) = (3(¢)) +
Zr(t) with Zg(#) the variance covariance matrix of the R(¢; a)
coordinates.

If we have a random variable x = y + z with y and z
independent random variables, then the pdf of x, pdf,(x), can
be written in terms of the joint pdf of y and z, pdf,.(y, z) as

pdf.(x) = f pdf (y =x~-2,2)dz

= j pdf,(x — z)pdf,(z) dz. ®

Analogously, we have for the joint pdf, pdf_.(x, x'):

pdfn’(xi x,) = J-J pdfn"zz'

(y=x-2zy =x'"-2',2,2')dz dz’
= jj pdf,(x —z,x' — 2') pdf,(z,2') dzdz'. (9)

Making use of (8) and (9), we can write {(C(x, #)) and (C2(x, £))
in terms of the pdf ®«[X; ¢, a], and the joint pdf
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O, [X, Y; ¢, a, b] [Pannone and Kitanidis, 1999; Fiori and
Dagan, 2000]:

(C(x, t)) = J Co(a)®4[X =x; ¢, a] da (10)
(CH(x, 1))

= I/ I Co(a)Cy(b)®Pxr[X =x,Y =x; 1, a, b]da db.
» Vo (11)

In our methodology we first look at the concentrations in one
realization of the Darcian velocity field and link it to the
probability distribution of microscopic particle trajectories in
the specific Darcian velocity field. In a second step we average
over all realizations of the Darcian velocity field. In this step we
make the assumption that the spreading of a locally injected
plume, which is characterized by the trajectory coordinate vari-
ance-covariance matrix, 3.(¢; a), is constant for all realizations
of the Darcian velocity field and can be approximated by its
ensemble average (3(¢)). This approximation will lead to an
underestimation of the concentration variances in all realiza-
tions of the Darcian velocity field since variability in 3.(¢; a)
leads to an additional variability in C(x, ¢) with higher C(x, )
in realizations of the velocity field with a small 2,(¢; a) and vice
versa for realizations with a high 3(¢; a). Since our method-
ology finally leads to the same relationships as those that are
obtained by averaging of (1) over different realizations of the
Wiener process and of the Darcian velocity field, these approx-
imations are also implicitly made when the other methodology
is followed.

2.2. Variance and Covariance of the First-Order
Approximated Trajectories of One
and Two Particles

The variance of the first-order approximated particle trajec-

tories, X; (¢) (ijth element of the variance covariance matrix
E(t)) is [Dagan, 1989]:

d’X, () _
7 4D, 8(t) +2 | exp [ik - Ut

— k" Dy kt]S,.,(k) dk (12)
with k the frequency vector, D, the local scale dispersion ten-
sor, which is assumed to be constant, U the mean velocity
vector, and §,,,,(k) the spectrum of the advection velocity
fluctuations. In the sequel we consider the mean flow in the x,
direction (U = (U, 0, 0)) and a diagonal local scale dispersion
tensor with D, = D; and D, ; (i # 1) = D. Integration
over time yields

X,(0) = 2Dy, t +2 J {{—(Dappk,f 2+ kiU

Tk
+ exp (=D k2 1)[cos (k\Ut)((D4k2)* — k3U?)
— 2k,U sin(k,U 1) Dy 2]} (D g k22 + K3UH 2

D dppk:t

i W]Sm,(k) dk (13)

VANDERBORGHT: CONCENTRATION VARIANCE AND SPATIAL COVARIANCE

with the index p referring to a summation over the different
coordinates.

The covariance between the first-order approximated trajec-
tories of two particles X(¢; a) and Y(¢; b), Z,(¢; a, b) =
((X(t; a) — (X(s; a)))(Y(t; b) — (Y(z; b)))) = (X(t; a)¥(s;
b)), is derived as [Fiori and Dagan, 1999, 2000]:

X (5 a)Y(¢'; b))
atat’

= (u[X(t; a)Ju,[Y(z; b)])
—%‘Jexp [ik- (Ut — Ut +a—b)
k

— k" Dy k(z + t')]85,,(K) dk.

(14)
Integration over ¢ and ¢’ yields
Z,t;a,b) =Z,(t;a—b)
=~ I [1 — 2 cos (kUt) exp (—kZDg,,t)
k
+ exp (—2k2D 4,t)] cos [(k,(a, — b,)]
° [(depk;)2 + k%UZ]—l Sum](k) dk (15)

In Appendix A, X,,(¢) and Z, (¢; a — b) are written in terms of
dimensionless variables for two-dimensional (2-D) flow and for
an exponential spatial covariance of the log, transformed con-
ductivities. A more general set of solutions of (13) and (15) is
given by Fiori [1996] and Fiori and Dagan [2000].

The ijth element of the variance-covariance matrix of
R(t; a), Zg(2), is equal to the two particle covariance Z (t; a, a):

Ir(e) = ((R(t; a) — (R(t; a)))(R/(t; a) — (R(z; a))))
= (R(t; a)R(t; a))

1 L . . [ 12
Al;r_n)0 (AazJ; I (X,(t; a)¥(t; a')) da da )

a JAa
li ! Z(t ') da da’
m | —— J\;a, a ada
aa—0 Aaz Aa JAa '

=Z,(¢t; a, a)

Il

(16)

As a consequence, the ijth element of the expected value of the
spreading of a locally injected plume, (3(t)), is obtained form
the particle trajectory variance and two particle trajectory co-
variance as

(2,0)=X,06) — Z,(t; a, a).

a7
2.3. Concentration Variance and Spatial Covariance
for Large Injection Volumes

To calculate (C?(x, t)), one needs to evaluate (11) which
involves six (3-D flow) or four (2-D flow) quadratures. For
each value of a and b the two particle covariance, Z, (¢; a, b),
needs to be calculated. To simplify the calculation of (11),
Dagan and Fiori [1997] and Fiori and Dagan [2000] considered
small injection surfaces V, in which Z ;(¢; a, b) = Z,(t; a —
b) ~ Z,(t; 0).

However, (11) can also be dramatically simplified if one
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considers the “backward” particle trajectories, A(¢'; ¢, x). A
similar approach was used by Rubin and Ezzedine [1997] and
Vanderborght and Vereecken [2001] to analyze the spatial cor-
relation of solute arrival time to a reference surface and by
Dagan et al. [1996] to condition aquifer conductivity on particle
trajectories. The backward particle trajectory, A(t'; ¢, x), rep-
resents the location at a time ¢’ of a fictitious particle that
reaches Ax centered around x at time ¢. The number of par-
ticles in Ax around x at time ¢, n(x, ¢), can be expressed in
terms of the number of fictitious particles of which the ‘back-
ward’ trajectory at time ¢ = ¢, was in the injection volume Vy:
n’(A = a € V,, t,; t, x), which is, in turn, related to the
probability density function of A(¢' = t,; ¢, x):

no(a)n/(A = a, ty; 1, x)

n(x, t) = 2

all As n{)(x)
1 no(a)n’(A = a, ty t, x) J
 Aa , nj(x) a

= %J no(a)P(A = a, 1y t, x) da (18)
Vo

with n/,(x) the number of fictitious particles that reach Ax at
time ¢, and P(A = a, fg; t, x) the probability that in a given
realization of the Darcian velocity field, the backward trajec-
tory of a fictitious particle, which reaches Ax at time ¢, was at
time ¢’ = t, in Aa. Dividing first both sides of (18) by Ax and
subsequently making use of the convention Ax = Aa to replace
Ax in the right-hand side of (18) by Aa, yields

\

Cx. 1) =J' Co(a)balA = a; Ralts; £, %), Zalt)] da  (19)

with $o[A = a5 Ry(to; £, X), Za(tp)] = limy, .o [P(A = a,
to; t, X)/Aa] the probability density function and R,(Z; ¢, x)
and 3,,(¢,) the mean and variance of the backward trajectory
A(t' = t4; ¢, X) in a given realization of the Darcian velocity
field. Similarly, as for the “forward” trajectories, we obtain
after averaging over different realizations of the Darcian ve-
locity field:

(C(x, 1)) = J Co(a)®,JA =a;t, x] da (20)

(C(x, 1)) =I J Co(a)Cy(b)
v In

- ®,[A=2a,B=b;¢ x,x]dadb (21)
with ®,[A; ¢, x] and ®,5[A, B; ¢, x, y] the one and two
particle backward trajectory pdfs in all realizations of the Dar-
cian velocity field at time ¢,. The moments of the backward
trajectory pdf’s, X, (¢, — ) and Z ;(t, — ¢; X, X), are obtained
using the same equations as those for the forward trajectories
(equations (13) and (15)). Using the backward trajectory pdf’s
simplifies the calculation of the concentration variance in two
ways. First, the two particle covariance Z, (f, — t; x, X) must
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be calculated only for the separation x — x = 0. Second, since
the probability density function is integrated in (21) over the
random variables a and b, the integration simplifies for large
injection volumes whereby random variables are integrated
out. If we consider a uniform concentration in the injection
volume and an injection volume V, = (L, L,, L3), which is
a thin slab perpendicular to the mean flow direction with L,
<« Iy, and L, 3 >> I, 45, the variables a,, a5, b,, and by
are integrated out and (21) simplifies to

(C*(x, 1)) = C} J j @,4151[4, = a,, B, = b;; 1, x,X] da, db,
Ly JL,

=~ CiLi® 1[4, =0, B, = 0; 1, %, x]. (22)
Equation (22) can be extended to calculate the concentra-
tion spatial covariance: Ceo(X, y; £) = (C(x, 1)C(y, 1)) —
(C(x, H)C(y, 1)) with:

(C(Xy t)C(y7 t)) == CgL%CDALBI[Al = 0, Bl = 0’ t, X, Y] (23)

Since for stationary conductivity fields and a uniform mean
flow Z,;(t; X, ¥) = Z14(1; x ~ ¥, 0), Pqy5[4, = 0, B, =
0; ¢, x, y] equals ®4,p5,[4; = 0, B; = 0; ¢, (x5, x; ~ yo,
X3 ~ y3), (¥1, 0, 0)] and C(x, y; ¢t) is for a large lateral
extent of V,, invariant to translations in the transverse to flow
direction. As a consequence, C(X, ¥; ) can be derived from
concentration measurements in a single realization of the con-
ductivity field.

3. Numerical Transport Simulations

To validate the first-order approximations, we carried out
numerical simulations of solute transport in generated heter-
ogeneous conductivity fields. Because of computational limi-
tations, the simulations were carried out in two-dimensional
conductivity fields. Although quantitatively different from
transport in three-dimensional media, the 2-D flow and trans-
port simulations can be used to evaluate the first-order approx-
imations. The conductivity fields were generated by a spectral
random field generator [Gutjahr et al., 1995]. In all fields the
spatial covariance of the log, transformed conductivity fluctu-
ations f was modeled by an exponential spatial covariance

function:
%)’ )’
e =aien (—(7) + (7))
ff(x) o'f p Ifl If2

with o7 the variance of the log, transformed conductivity and
I, the spatial correlation length of f in direction i. Three types
of conductivity fields were considered: an isotropic (I;; =
I;,), and two anisotropic fields: I;; = 2 I, (anisotropic field
1) and I;; = 0.5 I, (anisotropic field 2). The correlation
length in the x, direction (transverse to flow direction) was
constant for the three conductivity fields. For the three field
types, conductivities were generated on a square grid of 512 X
512 nodes with 10 nodes per correlation length I, in the x,
direction. For the isotropic field this discretization resulted in
10 nodes per correlation length I, whereas the discretization
was, respectively, 20 and 5 nodes per correlation length I, for

(24)
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the anisotropic fields 1 and 2. The variance o7 was chosen to be
0.5 for the isotropic field. For the anisotropic fields, o7 was
chosen so that first-order estimate of the spreading of the
plumes in the mean flow direction, X,,(¢), after having trav-
eled over a distance 5 I, (= 5 Iy, for the isotropic field, 2.5
I;, for the anisotropic field 1, and 10 I, for anisotropic field
2) was the same in the three conductivity fields. The corre-
sponding o7 was 0.2863 and 0.9499 for anisotropic fields 1 and
2, respectively.

To avoid periodicity in the generated conductivity fields,
flow and transport were simulated in subdomains of 200 X 200
nodes that were selected from the generated 512 X 512 fields.
Flow was simulated using the SWMS_2D code [Simiinek et al.,
1994], which solves Darcy flow equation using the Galerkin
finite element method. Mean flow in the x, direction was
driven by a mean unit gradient with a constant head applied at
the inlet and outlet of the flow domain. No-flow boundaries
were defined at the lateral boundaries of the flow domain.
Solute transport was simulated using a particle tracking
scheme similar to the one used by Roth and Hammel [1996].
The fourth-order Runge-Kutta method was used to solve the
particle displacement by advection during a discrete time step
At. The discrete time step At was adapted so that the space
step was smaller than 0.5 Ax, (the grid size). Local scale
dispersion was modeled by adding a random displacement Ax,
to the advective displacement. The variance tensor of the ran-
dom variable Ax, was defined by the local scale dispersion
tensor, Dy and the time step At:

3 aa = 2DAt. (25)

Simulations were done for four different values of the local
scale dispersion, which was assumed to be isotropic (D,,, = 0
for i # j; D4y = Dg,,) and constant in space. The corre-
sponding Peclet numbers (Pe; = Ul,/D,,,) were 25, 250,
2500, and infinity. Note that we define the Peclet number in
terms of correlation scale in direction transverse to the mean
flow, I,. As will be illustrated further, this definition is more
directly related to the concentration variance dissipation due
to local scale dispersion than a Peclet number defined in terms
of the correlation scale of the hydraulic conductivity in the
mean flow direction, I;,. In a first set of simulations the tra-
jectories of 242 particles that were released at regular intervals
(0.1 I;,) along a line perpendicular to the mean flow direc-
tion, with two particles released at each location, were simu-
lated in 200 realizations of the isotropic conductivity field to
evaluate the first-order approximations of the two particle tra-
jectory covariance, Z, (¢; a — b). The injection line was posi-
tioned at 4 I, from the lateral domain boundary and at 2 I,
from the uniform head boundary at the flow inlet.

In a second set of simulations, solute concentration plumes
were simulated in 10 realizations of the isotropic and of the
two anisotropic conductivity fields. In each realization of the
conductivity field, 500,000 particles were injected uniformly in
a slab with a length of L, = 16 I, and a width of L; = 0.2
I;,. The slab was positioned perpendicular to the mean flow
direction at a distance 2/, from the lateral boundaries and a
distance 21;, from the constant head boundary at the flow
inlet. The concentration profiles were determined from count-
ing the number of particles in each square grid cell at preset
times. Average concentration profiles and the variance of local
concentration along a transect transverse to the mean flow
direction were also calculated for a larger number of injected
particles (2 X 10°) but were not significantly different from
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concentration profiles and concentration simulated with a
smaller amount of particles.

Since we chose an exponential spatial covariance model, we
considered hydraulic conductivity fields that are not differen-
tiable. However, the numerical solution of the flow equation
smooths out conductivity fluctuations over the elements of the
numerical grid and filters out the high frequency components
of the conductivity fluctuations. Neglecting high-frequency
components of the conductivity fluctuations leads to an under-
estimation of small-scale advective velocity fluctuations. For
large Peclet numbers, neglecting these small-scale fluctuations
reduces the particle trajectory variance, X,,(¢), more than the
two particle trajectory covariance, Z,;(t, 0), since small-scale
velocity fluctuations are filtered from the trajectory covariance
by local scale dispersion. Therefore neglecting small-scale ve-
locity fluctuations results in a larger underestimation of X;(¢)
than of Z,,(¢, 0), which leads to an overestimation of the
concentration variance. On the other hand, averaging concen-
trations over a grid element smooths out local concentration
fluctuations and reduces the simulated concentration variance.
To evaluate these effects on the numerically simulated con-
centration variances, we simulated flow and transport for the
same initial and boundary conditions as defined above in one
realization of the isotropic conductivity field using two discreti-
zations: Ax, = Ax, = 0.05 I, (“fine” discretization) and
Ax, = A,, = 0.1 I;; (“coarse” discretization). To distinguish
the effects of smoothing out the conductivity field, which in-
creases in the concentration variance, and smoothing out the
concentration field, which decreases the concentration vari-
ance, concentration variances were also calculated from aver-
aged concentrations that were simulated with a fine discreti-
zation. In Table la the concentration variance along a line
perpendicular to the mean flow direction and integrated across
the direction of the mean flow is shown for the different dis-
cretization scenarios. The integrated concentration variances
were normalized versus the concentration variance for the fine
grid simulations. Note in Table 1a. (1) the compensating effect
of smoothing the conductivity and the concentration fields on
the simulated concentration variance, and (2) the relatively
small difference in concentration variances for the different
discretization scenarios indicating that the simulations using
the coarser discretization reproduce the concentration vari-
ances fairly well. The effect of smoothing the conductivity and
the concentration over the scale of the grid elements on the
numerically simulated concentration variance can also be es-
timated using a first-order approximation. The power spectrum
of the averaged conductivities is derived from the original
conductivity power spectrum and used to calculate the mo-
ments of the particle trajectory distributions (equation (13)
and (15)) which are subsequently used to calculate the con-
centration spatial covariance (equations (22) and (23)). Using
the approximation of the concentration covariance, the vari-
ance of averaged concentrations over the grid elements is de-
rived. In Table 1b, approximate concentration variances for
different relative grid sizes: Ax, /I, are listed.

4. Results
4.1, Two-Particle Trajectory Distribution
and Covariance: Z;(¢; a — b)

Since the concentration variance is defined by the two par-
ticle trajectory pdf, ®4[X, Y; ¢, a — b] (equation (11)) or
®D,5[A, B; ¢, x, x| (equation (21)), we first check whether the
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Table 1la.
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Effect of the Numerical Grid Ax on the Simulated Concentration Variance Along a Line Transverse to the Flow

Direction for an Initially Wide Injection Volume and in a Heterogeneous Conductivity Field With an Exponential Spatial
Covariance for Numerically Simulated Concentration Variance in One Realization of the Conductivity Field (Concentration
Variances Are Integrated Along the Main Flow Direction ||cZ],,)

t,®
Ax,® (Flow) Ax,, (Transport) 1.25 2.5 5 10
Pe® = 2500
0.05 0.05 1.0004 1.000 1.000 1.000
01 0.05 1.032 1.034 1.044 1.050
0.05 0.1 0.859 0.883 0.903 0.941
0.1 0.1 0.895 0.909 0.940 0.984
Pe = 250
0.05 0.05 1.000 1.000 1.000 1.000
0.1 0.05 1.023 1.022 1.019 1.023
0.05 0.1 0.951 0.971 0.980 0.986
0.1 0.1 0971 0.989 0.998 1.007
Pe =25

0.05 0.05 1.000 1.000 1.000 1.000
0.1 0.05 1.000 1.006 1.004 1.011
0.05 0.1 0.984 0.988 0.987 0.982
0.1 0.1 0.984 0.994 0.991 0.993

o, = tU/L.

PAx, = Ax/l.

Pe = Ul /D,.

9Concentration variances are normalized versus the variance for the finest numerical grid.
multivariate pdf can be approximated by a multivariate Gaus- ®,44[X;, Y;; £, a — b] and @y, [X,, Y,; £, @ — b] was

sian or normal pdf. Fora — b = (a, — b;,0) ora — b = (0,
a, — b,) the first order approximation of Z ;(¢; a — b) = 0 for
i #jand (X, Y; ¢, a — b] = @y q[X,, Y5 6, 2 —
b]® x212[X5, Yy £, a — b). The normality of the bivariate pdfs

Table 1b. Same as Table la but for First-Order
Approximation of the Concentration Variance at the Center
of the Plume o2,* Concentration Variances Are Normalized
Versus the Variance for the Finest Numerical Grid

t

n

Ax,, (Flow and
Transport) 2.5 5 10
Pe = 2500
->0 1.000 1.000 1.000
0.025 0.967 0.984 0.992
0.050 0.897 0.942 0.971
0.100 0.748 0.834 0.903
0.200 0.539 0.657 0.762
Pe = 250
—>0 1.000 1.000 1.000
0.025 0.997 0.999 0.999
0.050 0.989 0.995 0.999
0.100 0.959 0.982 0.995
0.200 0.866 0.931 0.974
Pe =125
->0 1.000 1.000 1.000
0.025 1.000 1.000 1.000
0.050 0.999 1.000 1.001
0.100 0.995 1.000 1.003
0.200 0.977 0.998 1.008

2Concentration variances are normalized versus the variance for the
finest numerical grid.

, = tU/l,.

‘Ax, = Ax/I;,.

9Pe = Ul /D,

evaluated from the distribution of the Mahalanobis distances,
m?, of the pairs (X,, Y,) and (X,, Y,). The Mahalanobis
distance is defined as [Jobson, 1992]

m? =——1 [(X; — (X)) + (¥, = (Y.))?
Zit;a—b) - ! ! '
1 [ S

X
- {2[Z.( a—b)/X()]}

¢ (Xl - (XI))(YI - (Y,))]/[X"(t)] (26)
The ordered Mahalanobis distances, mf,.), i=1,2,...,n,
with z the number of pairs (X, Y,), can be compared with the
x* distribution, x¢, — 4.);> With @, = (i — 0.5)/n. For a biva-
riate normal distribution a plot of the points (m%,), X7; - aiy;2)
should yield a straight line. In Figure 3 the Mahalanobis dis-
tances of the pairs (X, Y;) and (X,, Y,), which were simu-
lated in 200 realizations of the isotropic conductivity field for
(rf2 = 0.5, Pe = »,and a — b = (0, I;), are plotted versus
X{1-ary;2- The distribution of the pairs of particle trajectories
coordinates in the mean flow direction, (X, Y,), follows fairly
closely a bivariate normal distribution whereas the distribution
of the pairs (X,, Y,) of the transverse particle trajectory
coordinates apparently has a higher kurtosis. This finding is in
line with previous analyses of the univariate distributions of
particle trajectory coordinates [e.g., Salandin and Fiorotto,
1998].

In Figure 4 the first-order approximated two particle trajec-
tory covariances, Z,,(¢; a — b) (equation (15)) and covariances
derived from particle tracking simulations in the isotropic con-
ductivity field (o7 = 0.5, Pe = ), are plotted versus the initial
separation of the two particles: (0, a, — b,). The transverse
displacements of two different particles remain positively cor-
related for a larger range of transverse separation of the initial
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Figure 3. Ordered Mahalanobis distances, m%,), of pairs of
longitudinal (X, Y,) and transverse (X,, Y,) advective (Pe =
Ul /D, = =) displacements of two particles with an initial
separation a — b = (0, I,,) in a 2-D conductivity field with o7
= 0.5and I, = I;, att, = tU/I;, = 10 after injection versus
the percentiles of the x* distribution.

particle locations than the longitudinal particle displacements
in the mean flow direction. For both the transverse and longi
tudinal particle displacements the first-order approximation
underestimates the covariance, especially for larger separation
distances (0, a, — b,). Local scale dispersion decreases the
trajectory covariances for relatively small initial separation dis-
tances of the two particles. The effect of local scale dispersion
on the trajectory covariances is relatively well reproduced by
the first-order approximations of the particle trajectories. For
the estimation of the concentration variance using (22) the
correlation of particle trajectories, Z,;(¢; 0)/X,,(t), is of im-
portance. Since the variance of the particle trajectories is also
underestimated by the first-order approximations, the correla-
tion of particle trajectories is well reproduced by the first-order
approximations (see Figure 5) for relatively small initial sepa-
ration distances.

4.2, Mean and Standard Deviation of Local Concentrations
in Isotropic Conductivity Fields

In Figure 6, concentration profiles of averaged concentra-
tions, (C(x,, t)), along lines perpendicular to the mean flow
direction in the 10 realizations of the generated isotropic con-
ductivity fields are shown together with the standard deviation
of the local concentration along these lines, o( x4, t). Results
are shown for simulations with Pe = 250 when the plume has
traveled over a distance 2.5 Iy,, 5 If, and 10 I;, and for
simulations with Pe = 25 and Pe = 2500 when the plume has
traveled over a distance 5 I,. Also shown are first-order
predictions of {C(x,, ¢)) and o(x,, t). The approximation of
the average concentration, (C(x,, t)), for small L, was cal-
culated assuming a normal distribution of longitudinal particle
locations:

1 (x1 - Ut)z

L,C,
(C(x, ) = mexp ( -3 W) @7
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Figure 4. Covariance of the longitudinal, Z,(¢; a — b), and
transverse, Z,,(t; a — b), dis;z)lacements of two particles in a
2-D conductivity field with o = 0.5 and I;, = I;, at two
dimensionless times after the injection, ¢, = tU/I;, = 5 and
t, = 10, and for three Peclet numbers: Pe = Ul;/D, = =,
Pe = 250 and Pe = 25, versus the initial separation: a — b =
(0, a, — b,) of the particles. Lines and symbols refer to Z,,(¢;
a — b) derived from first-order approximations (equation
(15)), and from distributions of simulated particle trajectories,
respectively.

The approximation of the concentration variance, o2(x, 1),
was calculated in two different ways. In the first procedure we
used the distribution of the backward trajectories (equation

(22)):

0%(x1’ t) = J
Ly

1
- €Xp (_E { [a; — (x; = U)X ,i(t)

1
| V@m0 — 206 0)

=2[a; = (x;,— Un)][b, — (x, — Ut)]1Z(z; 0)
+[by— (x,— Ut)]qu(t)}

: [X%l(t) - Z%l(t; 0)]_1 da,db; — (C(xy, t)>2



VANDERBORGHT: CONCENTRATION VARIANCE AND SPATIAL COVARIANCE

10 pe =250
=038
s 0.
<
E;E Pe=25 . ° o
A ) o]
N
: 06 -
N O
04 | | | | |
0 2 4 6 8 10
tn

Figure 5. Correlation of the longitudinal trajectories of two
microscopic particles, which resided initially in the same mac-
roscopic volume, Z, (¢, 0)/X,,(t), in a 2-D conductivity field
with 02 = 0.5 and I;; = I, for Pe = Ul;,/D, = 250 versus
dimensionless time, t, = tU/I;,. Lines and symbols refer to
Z,,(t, 0)/X,,(¢t) derived from first-order approximations
(equations (13) and (15)) and from distributions of simulated
particle trajectories, respectively.

In the second procedure, (C(x;, t)*) was calculated from (11)
assuming that ®xy[x, X; ¢, (ay, a5), (b1, by)] = Pxy[% X5
£, (01 a2)a (O’ bz)]

The results illustrate that {(C(x,, t)) and o(x,, ¢} can be
fairly well predicted from the first-order approximations. How-
ever, the o(x,, t) approximations seem to underestimate the
simulated o (x4, t), especially for smaller Pe and larger travel
times. The procedure based on the backward trajectories yields
better results. This might be explained by the fact that for a
large injection surface this procedure requires neither infor-
mation on the covariance of the trajectory coordinates of par-
ticles that were initially separated at the macroscopic scale nor
information on the covariance of the transverse displacements,
Z,,(t; a — b). Deviations between approximated Z,,(¢; a — b)
and Z,,(t; a — b) derived from simulated particle trajectories
for a — b # 0 might explain the deviations for the second
procedure in which these errors are accumulated in the calcu-
lation of the integral in (11).

The coefficient of variation of the concentrations along a
line transverse to the mean flow direction at the center of mass
of the plume, CV, = 0,/(C), are shown in Figure 7 for
different travel times. Figure 7 illustrates that the first-order
trajectory approximations predict, after a certain travel time, a
decline of CV,, with increasing travel times, although very
slow (for 2D flow: CV ~ 1/ V't [Fiori and Dagan, 2000]). The
predicted decrease of CV, by the Lagrangian approach is
consistent with predictions of CV, based on an Eulerian
analysis of convective-dispersive transport in random Darcian
velocity fields [e.g., Andrifevié, 1998; Kapoor and Kitanidis,
1998], but the Lagrangian and Eulerian approaches lead to
different predictions of the rate at which CV, decreases.
However, CV,, derived from transport simulations did not
decrease with increasing travel time, which is similar to the
behavior of the CV,, in case of zero local scale dispersion. A
similar behavior of CV,, with t was predicted by Zhang and
Neuman [1996, Figure 3] using a higher-order approximation
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of an exact Eulerian-Lagrangian theory of advective dispersive
transport in random velocity fields.

Whether the concentration variance, o2(x1, t), is a unimo-
dal or bimodal distribution with x,, can be evaluated by cal-
culating the second derivative of (28) versus x,. The distribu-
tion 02(x,, t) is uniform for Z,(t; 0)/X,,(t) — CVZ, <0
and bimodal for Z,,(¢t; 0)/X,,(t) — CV%, > 0 [Fiori and
Dagan, 2000]. From Figures 5 and 7 follows that for the con-
sidered travel times in the numerical simulations, (x4, t) is
a uniform distribution for Pe = 2500 and Pe = 250, and a
bimodal distribution for Pe = 25. This is consistent with the
first-order predictions and the distributions of oZ(xq, t) in
Figure 6. From (28) follows that for small L, and a finite Pe:

1 0.5
N A MO ) e
Therefore the first-order approximation of Z, ,(¢; 0)/X,(¢) —
CV?Z, is positive and the distribution of oZ-(x;, £) bimodal for
sufficiently large times and a finite Pe. This is in qualitative
agreement with predictions by the Eulerian approach in which
it is conjectured that the o%(x,, t) distribution reflects at large
times the squared gradient of the mean concentration field
[Andri¢evi¢, 1998; Kapoor and Kiranidis, 1998].

CVCp = (

4.3. Concentration Variance and Spatial Covariance
in Isotropic and Anisotropic Conductivity Fields

In Figure 8 the spatial covariance of the concentrations
along a line perpendicular to the mean flow direction at the
center of the plume, Coc[(x, = Ut, x5), (yy = Ut, y, =
x, + lagx,); t] and along a line parallel to the mean flow
direction, Coc[(x, = Ut, x,), (y, = Ut + lagey, y» = x2);
t] are shown for the isotropic field when the plume has traveled
over a distance Iy, = 2.5, Iy = 5, and Iy, = 10. The effect
of the local scale dispersion on the concentration covariance is
shown in Figure 9, whereas Figure 10 illustrates the effect of
the variability and spatial correlation of the conductivity field
on the concentration spatial covariance. In Figure 10 the spa-
tial concentration covariance in the isotropic and the anisotro-
pic fields 1 and 2 are shown when the plume has traveled over
a distance 5 I, (I5, Is the same for the three conductivity
fields). At that travel time, the spatial spreading of the plumes
in the direction of the mean flow, X (), is nearly identical in
the three conductivity fields and the Peclet number, Pey = I,
U/D, = 250 was constant for the transport simulations in the
three conductivity fields.

Note in Figures 8, 9, and 10 that the first-order approxima-
tions predict the spatial concentration covariance fairly well.
Second, the covariance of the concentration in the direction of
the mean flow is mainly determined by the spreading of the
plumes in the mean flow direction since the distance over
which concentrations are correlated scales with VX, (¢) (Fig-
ure 8). The spatial covariance in the direction transverse to the
mean flow depends on the correlation scale of the conductivity
in the transverse to flow direction and on the local scale dis-
persion. Important in Figure 10 is that for a given spreading of
the plume in the direction of the mean flow, X;,(¢), more or
less the same variance and spatial covariance of the local con-
centrations are obtained for different structures of the hydrau-
lic conductivity field. In addition to the concentration covari-
ances in the hydraulic conductivity fields, in which transport
was simulated, we show in Figure 10 also first-order predictions
of concentration covariances for two other extreme conductiv-
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Figure 6. Averages (C(x,, t)) and standard deviations, o(x,, t), of concentrations along lines perpen-
dicular to the mean flow direction in a 2-D conductivity field with o; =05and/ r1 = If,, at dimensionless
timet, = tU/l;; = 2.5,¢, = 5, and ¢, = 10, and for Pe = Ul /D, = 25, Pe = 250, and Pe = 25, versus
X /1. Lines refer to first order approximations of {C(x;, #)) (equation (27)) and of o(x,, t) using either
(28) (backward trajectory pdf) or (11) for an infinitely elongated injection volume Vy (L, << I;;; L, = =),
and symbols to (C(xy, t)) and o(x,, ) detived from transport simulations in 10 realizations of the
conductivity field for the initial conditions given in the text.
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Figure 7. Coefficient of variation of the concentrations along
a line perpendicular to the mean flow direction at the center of
the plume, C VC,,(x1 = Ut, t), in a 2-D conductivity field with
of = 0.5 and Iy, = I,, for Pe = Ul /D4 = 2500, Pe = 250,
and Pe = 25, versus dimensionless time, ¢, = tU/I;,. Lines
refer to first-order approximations of C VCP for an 1nﬁn1tely
elongated injection volume Vy (L, << I;; L, = ») (equa-
tions (27) and (28)) and symbols to CV ¢, derived from trans-
port simulations in 10 realizations of the conductivity field for
the initial conditions given in the text, respectively.

ity structures in which longitudinal spreading of the plume is
nearly identical to that in the other fields at the considered
travel time: one structure with I, = 20 I, (¢ = 0.05) and
af = 0.1165 and one with I,; = 0.05 I, (e = 20) and o'f
= 90.36. The Peclet number (Pey = I;,U/D 4,5, = 250) in
these two extreme conductivity field structures was the same as
in the other fields. The relatively large similarity of the con-
centration structures in these quite different conductivity struc-
tures indicates that parameters which characterize the conduc-
tivity structures: the anisotropy ratio, e = I,/I,, of the spatial
covariance function and the variance, o-}, of the log, trans-
formed hydraulic conductivity, cannot be determined unequiv-
ocally from the spatial structure of local concentrations at a
single travel time. In these examples the anisotropy ratio e was
changed by changing the correlation length of the hydraulic
conductivity in the mean flow direction, I, whereas I, and
D, were kept constant and the concentration (co)variance was
for a given X (¢) relatively insensitive to changes of I, and
. This illustrates that the reduction of the concentration
varlance due to local scale dispersion is controlled rather by
the Peclet number, Pey = I,U/D,, which was kept constant
for the different structures of the conductivity field, than by Pe
= I, U/D . As a consequence, the local dispersion rate in the
direction transverse to flow determines the concentration vari-
ance dissipation. In our simulations, we considered an isotropic
local scale dispersion tensor with D,,, = D ,,,. However, the
finding that the local dispersion rate in the transverse to flow
direction determines the concentration dissipation indicates
that this process is mainly determined by the transverse com-
ponent of the local scale dispersion tensor, D 4,,.

The small effect of o} and e on the relative variability of
local concentrations can be further illustrated by CV - at the
center of the plume, CV,, which is predicted by (29). The
ratio Z,(¢; 0)/X,,(¢t) can be written in terms of dimension-
less variables:
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Z,(0) _
X(r)

H(t,, e, Pe)

= (30)
F(t,, e, Pe) + ———— oe Pe
with ¢, = tU/I;, and H(t,, e, Pe) and F(t,, e, Pe) are given
in Appendix A (equations (A3) and (A4)). The second term in
the denominator is the contribution of the local scale disper-
sion to the total spreading of the plume, X, (). This term can
be neglected when F(t,, e, Pe) — H(t,, e, Pe) > 2t,/(0} e
Pe), which is fulfilled when the spreading of a locally injected
plume is much larger than the spreading of a local plume in a
homogeneous velocity field due to local scale dispersion, that is
when (2,,(t)) > 2D, t. When the term can be neglected,
Z,,(t; 0)/X,,(2) is not a function of of. In Figure 11a, H(t,,
e, Pe)/F(t,, e, Pe) is plotted versus ¢, = tU/I;, for Pe; =
25, 250, and 2500 and a range of e values. A plot versus ¢,
rather than versus ¢, is shown since mixing is mainly deter-
mined by the spatial correlation of the conductivity and the
velocity in the direction transverse to the flow. Figure 11b
shows CV,, which is calculated using the approximation
Z.,,(t; 0)/X,,(t) =~ H(t,, e, Pe)/F(t,,, e, Pe), and Cch,
which is calculated for a certain o7 and e, whereby e and o7
were chosen so that X, ,(¢,,7) was 1dent1ca1 for all pairs O'f and
e and equal to X, (¢,7) for the case o7 = 0.5 ande = 1. For
relatively large ¢, the approximation Z,,(¢; 0)/X,,(z) =~
H(t,, e, Pe)/F(t,, e, Pe) can be used to predict CV',,. Since
the ratio H(z,, e, Pe)/F(t,, e, Pe) when plotted versus ¢,
depends only weakly on e (Figure 11a) the approximation of
CV, is nearly independent of a} and e (Figure 11b) and
hence of X, ,(¢) for large ¢,, . It should be noted that this only
holds for finite Pe since for an infinite Pe, CV ., increases with
increasing X,,(t). For relatively small ¢,,, 2t,/ (o-f e Pe)
cannot be neglected. However, for a given X,,(t,,7), CV, is
relatively independent of the pair (af, e), also for smaller ¢, 1.
The analysis of CV,, and the spatial covariance of concen-
trations along a line perpendicular to the mean flow direction
illustrated that for a given X,,(¢), these parameters are pre-
dominantly determined by Pe; and I,. As a consequence, the
local scale transverse dispersion, D ;,,, and I, may be derived
from the local spatial structure of the concentration field. The
ratio Ir,/D,,, ~ Per determines the concentration variance
whereas the scale over which the concentrations are correlated
is determined by /;, (e.g., Figure 10).

5. Summary and Conclusions

In this paper, we derived in a Lagrangian framework the
relations between the spatial covariance of local concentra-
tions and the spatial covariance of the log, transformed hy-
draulic conductivity and the local scale dispersion. In contrast
to previous derivations [e.g., Fiori and Dagan, 2000] we con-
sider first the concentration field in one realization of the
hydraulic conductivity and corresponding Darcian velocity
field. This concentration field is obtained from the distribution
of the trajectories of microscopic solute particles, ¢(x), in one
specific realization of the Darcian velocity field for all realiza-
tions of the Wiener process that represents the local scale
dispersion process. In line with the perception of the effect of
local scale dispersion on the dilution of the injected tracer
concentration, this procedure predicts a dilution of the injected
concentration due to a synergetic effect of local scale disper-
sion and variations of advection velocity at a macroscopic scale.
This synergetic effect leads, for the same local scale dispersion
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Figure 8. The effect of travel time on the concentration covariance: (a) illustration of simulated concen-
tration patterns, and (b) spatial covariance of concentrations along a line parallel to the mean flow direction
(x1)s Cecl(xy = Ut, x5), (y1 = Ut + lagxy, y, = x,)] versus lagx,/X,,(¢)°-°, and along a line transverse
to the mean flow direction (x,)Ccc[(x, = Ut, x,), (¥, = Ut, y, = x, + lagx,)] versus lagx,/l¢5, ina 2-D
conductivity field with o7 = 0.5 and Ipy = Ip,, for Pe = Ul /D, = 250 at three different dimensionless
times, ¢, = tU/I,. Lines refer to first-order approximations of C. for an infinitely elongated injection
volume Vo(L, << I;; L, = ) (equation (23)), and symbols to C derived from transport simulations in
10 realizations of the conductivity field for the initial conditions given in the text.

coefficient, to a larger dilution of the injected tracer concen-
tration in a heterogeneous than in a homogeneous velocity
field. In a subsequent step the concentration field is averaged
over the different realizations of the conductivity and velocity
fields. The ensemble averages (C(x, t)) and {C?(x, t)) are
related to the probability distributions of the particle trajecto-
ries, X(¢; a), ®«[X; ¢, a), and the joint pdf of the trajectories
of two particles, X(#; a) and Y(¢; b) that are released at,
respectively, location a and b: @ [X, Y; ¢, a, b]. The first two
moments of these probability distributions are derived from
the variance and spatial covariance of the log, transformed
conductivity and the local scale dispersion coefficient. Since
the evaluation of (C?(x, ¢)) involves the integration of ®yy[X,
Y; ¢, a, b] over a and b with a and b varying over the entire

injection volume V, (equation (11)) the calculation of {(C?(x,
1)) is quite cumbersome for large injection volumes. However,
rather than defining C(x, t) in terms of the probability that a
solute particle, which is injected in V,, at ¢,,, reaches the volume
Ax centered around x at time ¢, one can as well define C(x, t)
in terms of the probability that the backward trajectory of a
fictitious solute particle, which is at time ¢ in Ax, was at time ¢,
in V,. Linking (C(x, £)) and (C?(x, t)) to the distribution of
backward trajectories dramatically simplifies the calculations
of (C*(x, t)) for large injection volumes (equation (22)). A
comparison between variances and covariances of numerically
simulated concentrations in generated random conductivity
fields and predictions based on a first-order approximation of
the particle trajectories illustrated that predictions based on
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Figure 9. The effect of local scale dispersion on the concentration covariance: (a) illustration of simulated
concentration patterns, and (b) spatial covariance of concentrations along a line parallel to the mean flow
direction (x,), Cccl(x, = Ut, x3), (y, = Ut + lagx,, y, = x,)] versus lagx,/I, and along a line transverse
to the mean flow direction (x,), Ceel(x, = Ut, x,), (v, = Ut, y, = x, + lagx,)] versus lagx,/I.,, in a
2-D conductivity field with o7 = 0.5 and I, = I,, att,, = tU/l;; = 5, for Pe = Ul;4/D, = 2500, Pe =
250, and Pe = 25. Lines refer to first-order approximations of C . for an infinitely elongated injection volume
Vo(Ly < I;; L, = ) (equation (23)), and symbols to C. derived from transport simulations in 10
realizations of the conductivity field for the initial conditions given in the text.

the distribution of backward solute trajectories are also more
accurate than predictions that are based on the integration of
D [X, Y; t, a, b] over V,. The procedure based on the
backward trajectories is not prone to errors that are caused by
the approximation of the two-particle trajectory covariances,
Z,(t; a — b) for large separation distances of the initial par-
ticle locations. For relatively large a — b the first-order ap-
proximations underestimated the simulated two-particle tra-
jectory covariances Z,;(f; a — b), and these errors are
accumulated in the integration of ®, (X, Y; ¢, a, b) over V,,.

The predictions of the concentration covariance based on
the distribution of first-order approximate backward solute
trajectories reproduced fairly well the simulated concentration
covariance for different structures of the hydraulic conductivity
field and different local scale dispersion coefficients. For a

given spreading of the plume in the mean flow direction,
X,,(2), the concentration covariance was relatively indepen-
dent of anisotropy of the spatial covariance, e = I,/I;, and
the variance, 0'%, of the log, transformed conductivity. There-
fore these parameters cannot be unequivocally determined
from the structure of a single solute plume. However, for a
given X, (¢) the concentration variance and spatial covariance
along a line transverse to the mean flow direction can be used
to determine the correlation length of the hydraulic conduc-
tivity in the transverse to flow direction, I;,, and the local scale
transverse dispersion, D ,,. In the case of 3-D flow in a hor-
izontally isotropic medium this implies that the correlation
scale in the horizontal direction, I;; = I,, could be inferred
from the correlation of the local concentrations in the hori-
zontal direction transverse to the mean flow direction. There-
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Figure 10. The effect of the variance, o7, and anisotropy of the spatial covariance, e = I,/I,, of the log,
transformed hydraulic conductivity on the concentration covariance: (a) illustration of the generated fields of
fluctuations of the log, transformed conductivity, f, for three different pairs (o7, e) with constant I,, (b)
illustration of simulated concentration patterns in these conductivity fields, and (c) spatial covariance of
concentrations along a line parallel to the mean flow direction (x,), Ccc[(x, = Ut, x,), (y1 = Ut + lagx,,
Y2 = x,)] versus lagx,/I;, and along a line transverse to the mean flow direction (x,), Cc[(x, = Ut, x,),
(y1 = Ut, y, = x, + lagx,)] versus lagx,/I;,, in these conductivity fields at ¢, = tU/I;, = 5 for Pe; =
Ul,,/D, = 250. Lines refer to first-order approximations of C .. for an infinitely elongated injection volume
Vo(Ly << Izy; L, = =) (equation (23)), and symbols to C.. derived from transport simulations in 10
realizations of the conductivity fields for the initial conditions given in the text.
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Figure 11. The effect of the variance, o7, and anisotropy of
the spatial covariance, e = I;,/I;,, of the log, transformed
hydraulic conductivity on the coefficient of variation of con-
centrations at the center of the plume, CV,: (a) H(t,, Pe,
e)/F(t,, Pe, ) (equations (A3) and (A4)) and (b) CV,,
versus ¢, = tU/l;, fore = 0.1,e = 1, and e = 10 and for
Pe, = Ul,/D, = 2500, Pe, = 250, and Pe, = 25. Lines
refer to CV, calculated with the approximation Z,,(¢; 0)/

X,(t) = H(t,, e, Pe)/F(t,, e, Pe) and symbols to CV,
calculated from (29) and (30) w1th o7 chosen so that for a
given tnT’ Peyande, X,,(t,7; 07, e, Per) = X{,(t,p; 07 =
0.5, e =1, Pey).

fore, given I, and X,,(t), o7 could be derived on the basis of
concentration measurements. Since the transverse local scale
dispersion is difficult to determine from laboratory scale leach-
ing experiments, the first-order approximate relations to pre-
dict the concentration covariance might be helpful to estimate
this parameter from the spatial (co)variance of solute concen-
tration in heterogeneous formations. In this paper the spatial
distribution of local concentrations was analyzed using a
first-order approximate Lagrangian description of transport.
Alternatively, this transport description can be used as well
to investigate the temporal evolution of local concentrations
and to derive the transverse dispersion coefficient from time
series of local concentrations (J. Vanderborght and H. Ve-
reecken, Estimation of local scale dispersion from local
breakthrough curves during a tracer test in a heterogeneous
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aquifer: The Lagrangian approach, submitted to Journal of
Contaminant Hydrology, 2001).

Appendix A

For a mean head gradient, J, coinciding with a principal
direction of the spatial covariance function of a second-order
stationary conductivity field and a locally isotropic dispersion
tensor: D4, = D,,, and D,,, = D,,; = 0, the variance of
the particle trajectory coordinates, X, (¢) and the covariance of
the trajectory coordinates of two particles that started at time
t, at locations a and b, Z,(¢; a, b) can be written for 2-D flow
as

O,ZeJZ 2K2 2
X,,(t,,)=fTKH%1F(tn,Pe e)+2 ”I',e Zﬁ” (A1)
JK:
Z,(tr 2, b,) = "’6670"“11,,(:,,, Pe,e,a,—b)  (A2)

with on the variance of the log, transformed conductivity, K 5
the geometric mean of conductivity, 6 the porosity, J the mean
head gradient, I, the correlation scale of the log, transformed
cpnductivity in the direction of the mean gradient, e = I5/I;,
the anisotropy ratio, ¢, = tKgJ/(6l;) the dimensionless
travel time, Pe = KJ1;1/(0D 4,,) the Peclet number, and a,
— b, = (a — b)/l;;, the normalized distance between the
original particle locations. For an exponential covariance of
the log, transformed conductivities (equation (24)), F(¢,,, Pe,
e) and H,(¢,, Pe, e, a, — b,) are

F(t,, Pe,e) = % Jm J"r Sk, «p){ {—(k/Pe)? + cos® ¢
0 (1]

+ exp (—k%,/Pe)[((k/Pe)* — cos® ) cos (kt, cos i)
— 2(k/Pe) cos ¢ sin (kt, cos )1} [k((k/Pe)?

tk/Pe

+ cos? lll)z]*1 + m} dy dk

(A3)

1 ® o7
Hq(tm Pe’ €, ay — bn) = EJ' J Suzuj(k’ lp)
0 0

- [1 — 2 cos (kt, cos ) exp (—k’t,/Pe)
+ exp (—2k%,/Pe)] cos [k({ay, — by,) cos ¢

+ (@s — by) sin ¥)] [k((k/Pe)? + cos? y1~ dy dk

(A4)
with
2 2 k,k
Sum](k7 d’) = 2 E 6lpalq(alp - qu)
p=1¢g=1
( kk, 1
"\ % 7) (1 + k*(cos? ¢ + €2 sin? y))!° (A3)

and k; = k cos ¢ and k, = k sin .
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Notation

A(t'; t, x)

B(t'; t, y)

Co

C(x, 1)
CP
C.:(xy)
cv,

Dd

Ddij

dm

Pe,
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Coordinate vector of a point in the
injection volume, V,,

Coordinate vector at time ¢ of the
location of a fictitious particle that reaches
a volume Ax around x at time ¢ (backward
trajectory).

Coordinate vector of a point in the
injection volume, V,,.

Coordinate vector at time ¢’ of the
location of a fictitious particle that reaches
a volume Ay around y at time ¢ (backward
trajectory).

Initial concentration in the injection
volume, V,, at time ¢,,.

Concentration at point x and at time ¢.
Concentration at the center of the plume.
Spatial covariance between variable z at
point x and at point y.

Coefficient of variation of variable z.
Local scale dispersion tensor.

ijth element of the local scale dispersion
tensor.

Mass of an indivisible microscopic solute
particle.

Anisotropy ratio of the spatial covariance
of the log, transformed hydraulic
conductivity (I5,/I;,).

Fluctuation of the log, transformed
conductivity (f = log, (K) — Ky).
Mean gradient vector.

Frequency vector.

Hydraulic conductivity.

Geometric mean of the hydraulic
conductivity.

Length of the injection volume in direction
i

Ordered Mahalanobis distance.

Number of particles that are at time ¢ = ¢,
in Aa centered around a.

Number of fictitious particles that are at
time ¢ in Ax centered around x of which
backward trajectories are calculated.
Number of particles that are at time ¢ in
Ax centered around x.

Number of particles that were at time ¢, in
Aa centered around a and at time ¢ in Ax
centered around x.

Number of fictitious particles that reach at
time ¢ in Ax centered around x and of
which the backward trajectory at time ¢’ is
in Aa centered around a.

Probability of z.

Peclet number, defined in terms of the
correlation scale of the log, transformed
conductivity in the direction of the mean
flow and the longitudinal local dispersion
(Pe = I1,U/Dyy,).

Peclet number, defined in terms of the
correlation scale of the log, transformed
conductivity transverse to the mean flow

R(¢; ¢y, a)

R, (t'; ¢, x)

S(t; tO’ b)

S22(K)

X(t; ty, a)

X, (1)

Y(t; tO’ b)

Z,(t; a, b)

5(1)

i

Aa

At

Axy

o[X; R(t; a), 2(¢; a)]

direction and the transverse local
dispersion (Pe = I;,U/D,,,).

Coordinate vector of the mean position at
time ¢ of particles that were released at
time ¢,, in one realization of the velocity
field in Aa centered around a.

Coordinate vector of the mean position at
time ¢’ of fictitious particles in one
realization of the velocity field that reach
Ax centered around x at time .
Coordinate vector of the mean position at
time ¢ of particles that were released at
time ¢, in one realization of the velocity
field in Ab centered around b.

Power spectrum of variable z.

Time.

Normalized time (¢,, = tU/I},).
Normalized time (¢, = tU/I,).
Injection time.

Pore water velocity vector at point x.
Mean pore water velocity vector.

Injection volume.

Coordinate vector of a point in the flow
domain.

Coordinate vector at time ¢ of the location
of a particle that is injected at time #, in a
volume Aa around a.

Covariance at time ¢ of the ith and jth
coordinate of a particle trajectory in
several realizations of the velocity field.
Coordinate vector of a point in the flow
domain.

Coordinate vector at time ¢ of the location
of a particle that is injected at time ¢, in a
volume Ab around b.

Covariance at time ¢ of the ith coordinate
of a particle that is injected in Aa around a
and the jth coordinate of a particle that is
injected in Ab around b in several
realizations of the velocity field.

Dirac function.

Kronecker delta.

Infinitesimal volume that is centered
around a.

Time step used in the particle tracking
procedure.

Infinitesimal volume that is centered
around x; grid size used in the numerical
flow and transport simulations.

Diffusive displacement of a particle during
a time At.

Probability density function of
X(t; to, a) at time ¢ in one realization of
the Darcian velocity field.

D4[A; Ry(t'5 1, x), 24(¢'; 1, x)] Probability density

D,[A; ¢, x]

function of A(¢’; ¢, x) at time ¢’ in one
realization of the Darcian velocity field.
Probability density function of A(z,; ¢, x)
at time ¢, in all realizations of the Darcian
velocity field.

D,u[A, B; ¢, x, y] Joint probability density function of

A(to; t, x) and B(t,; t, x) at time ¢, in all
realizations of the Darcian velocity field.
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®:[R; t, a] Probability density function of R(¢; a) at
time ¢ in all realizations of the Darcian
velocity field.
P 4[R, S; £, a, b] Joint probability density function of
R(¢; a) and S(¢; b) at time ¢ in all
realizations of the Darcian velocity field.
Probability density function of X(¢; a) at
time ¢ in all realizations of the Darcian
velocity field.
®[X, Y; ¢, a, b] Joint probability density function of
X(¢; a) and Y(¢; b) at time ¢ in all
realizations of the Darcian velocity field.
a2  Variance of variable z.
3(¢; a) Variance-covariance matrix of the
coordinates of X(¢; a) in one realization of
the Darcian velocity field.
Variance-covariance matrix of the
coordinates of A(¢'; ¢, x) in one
realization of the Darcian velocity field.
Variance-covariance matrix of the
coordinates of R(¢; a) in all realizations of
the Darcian velocity field.
Variance-covariance matrix of the
coordinates of Ax, in all realizations of the
Wiener process that represents local scale
dispersion.
Variance-covariance matrix of the
coordinates of X(¢; a) in all realizations of
the Darcian velocity field.
(z) Expected value of variable z in all
realizations of the Darcian velocity field or
ensemble average.
Difference between variable z and its
ensemble average.
X Difference between X and the expected
value of X in one realization of the
Darcian velocity field.

q)X[X7 t, a]

2,4(t'5 t, X)

2r(®)

2"A.J\cd

E()

N>
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