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Abstract

The main component of the Dynamic Ergodic Divertor (DED) consists of a
set of coils installed in the TEXTOR tokamak which creates resonant mag-
netic perturbations, preferentially at the plasma edge. The main purpose of
the DED is a study the effect of the magnetic perturbations on the tokamak
plasma. In particular, on the transport of the heat and particles to wall, the
plasma confinement and rotation. This report is devoted to the systematic
theoretical study of magnetic field and its structure in the TEXTOR-DED.
It contains the description of the DED coil system in different operational
regimes, the magnetic field created by this coil system, the study of formation
of chaotic magnetic field lines and the structure of stochastic (ergodic) zone
of field lines at the plasma edge and on the divertor plates, determination of
field line diffusion coefficients and the Kolmogorov lengths. The modern map-
ping method for integration of Hamiltonian field line equations is employed
for these studies. A description of the numerical Gourdon code to study the
ergodic zone of the DED is also given. The experimental observations of the
structure magnetic field lines performed recently in the TEXTOR-DED and
their comparison with the modelling are also briefly discussed.
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1

Introduction

1.1 Control of the plasma by the edge ergodization

During the last two decades, considerable progress has been made in im-
proving the plasma confinement. The sufficiently low error margin from the
different devices makes it now possible to extrapolate the confinement data
to a reactor scenario such it can be expected that the plasma of the proposed
ITER experiment will most likely ignite. The essential ingredient for a good
confinement is the existence of magnetic flux surfaces which form - typically
eccentric - onion shell like structures inside the fusion devices. Magnetic field
lines stay always on ”their” magnetic surface and these surfaces also form
isobars.

A key element for obtaining the good plasma confinement quality is the
poloidal divertor which allows for a relatively easy access of the high confine-
ment mode (H-mode) of a tokamak. The H-mode operation is considered the
standard scenario for ITER. In the H-mode, a barrier is formed at the plasma
edge which - together with an observed profile stiffness -leads to the over-
all improvement of the confinement. However, the confinement in the plasma
edge tends to be so good, that new edge instabilities develop, the so called
Edge Localized Modes, ELMs. The ELMs affect only the plasma pedestal and
therefore at a first glance not harmful with respect of the confinement. How-
ever, the ELMs show a sharp rise in the characteristics of ejected energy and
particle efflux and a short duration. At present day tokamaks, ELMs are dis-
turbing but not harmful. For ITER, however, the power to the walls is so high
that it may determine the lifetime of the device. Recent experiments in the
DIII-D tokamak by Evans et.al. (2004, 2005a); Moyer et.al. (2005) show that
the ELMs can be eliminated reproducibly in the presence of external resonant
magnetic perturbations. This is one of the reasons why ergodicity and ergodic
divertors attract recently high attention to the fusion community.

Ergodization of magnetic field lines is used in this context in contrast to
”good magnetic surfaces” where a magnetic field line remains on one surface;
ergodic magnetic field lines span up a whole volume. In particular, ergodicity
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means that any magnetic field line comes infinitely close to any point in an er-
godized volume. Ergodization results from perturbations which are resonant
to specific values of the safety factor q. When using an external perturba-
tion, one can select whether one ergodizes preferentially the inner surfaces or
surfaces closer to the edge. In the first case, the ”woven” magnetic field lines
form an internal ergodic layer which is typically characterized by an enhanced
radial transport of particles and energy. In the second case one generates in
addition to the ergodic field lines those which leave the plasma and intersect
the walls. These field lines will carry enhanced fluxes of particles and energy
to the wall and will lead to areas of enhanced plasma-wall interaction. In this
way, an open chaotic system is formed.

The open magnetic field lines, i.e. those which intersect the wall twice,
form the so called laminar zone. This zone is equivalent to the scrape-off layer
(SOL) of a poloidal divertor; however, in contrast to the conventional SOL,
the connection lengths of the magnetic field lines is not uniform but consists
of magnetic flux bundles with multiples of a poloidal turn. The investigation
of structure of the laminar zone, of the ergodic zone and the consequences for
the transport are of particular interest.

Below we give a definitions and fix notations which are used in the main
part of the report.

1.2 Description of magnetic field lines

Magnetic field lines in a toroidal system are conveniently presented in a Hamil-
tonian form. It gives the most convenient way to describe the regular and
chaotic field lines in the presence of non–axisymmetric magnetic perturba-
tions. Below we shortly recall this description.

In magnetically confined plasmas, like tokamaks and stellarators, magnetic
field lines lie on nested toroidal surfaces, magnetic surfaces, wound around a
circular closed magnetic field line, magnetic axis. The magnetic surfaces are
labeled by a so-called toroidal flux, ψ = ψ(x, y, z) = const, equal to a magnetic
flux through the surface perpendicularly to the magnetic axis where ψ = 0.
The position of field lines on the magnetic surface is uniquely given by a
poloidal angle, ϑ, (the short way around the torus) and toroidal angle, ϕ (the
long way around the torus).

In terms of toroidal flux ψ, poloidal and toroidal angles ϑ, ϕ a divergence
– free magnetic field B can be presented in the Clebsch form (see, e.g., Boozer
(1983); Balescu (1988); Boozer (1992))

B = ∇ψ ×∇ϑ+∇ϕ×∇H, (1.1)

and the equations for magnetic field lines take the Hamiltonian form

dψ

dϕ
= −∂H

∂ϑ
,

dϑ

dϕ
=
∂H

∂ψ
, (1.2)
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with (ϑ, ψ) as canonical variables, ϕ as independent time– like variable, and
the function H = H(ϑ, ψ, ϕ), a poloidal flux, plays role of Hamiltonian. It is a
2π− periodic function of ϑ, ϕ. The formulation of magnetic field line equations
in these variables corresponds to the formulation of Hamiltonian equations in
action – angle variables (I, ϑ) 1.

The equilibrium magnetic field configuration with the nested magnetic
surfaces, ψ(x, y, z) = constant, the poloidal flux is H = H(ψ), and the field
line equations (1.2) are given

ψ = const, ϑ = ϕ/q(ψ) + ϑ0, (1.3)

where

q(ψ) =

(
∂H0(ψ)

∂ψ

)−1

is the safety factor. The latter has a meaning of the number of turns along
the toroidal angle ϕ per one turn along the poloidal angle ϑ.

In the presence of these non-axisymmetric magnetic perturbation the
poloidal flux H can be presented as a sum of the unperturbed flux H0(ψ)
and the perturbed part of the flux εH1 = εH1(ψ, ϑ, ϕ) depending on the
poloidal and toroidal angles:

H = H0(ψ) + εH1(ψ, ϑ, ϕ), H0(ψ) =

∫
dψ

q(ψ)
. (1.4)

The dimensionless perturbation parameter ε introduced in (1.4) stands for the
relative strength of the magnetic perturbations. Since the perturbed part of
Hamiltonian (or the perturbation Hamiltonian) H1 is a 2π periodic function
of ϑ, ϕ, it can be always presented as Fourier series:

H1(ψ, ϑ, ϕ) =
∑

m,n

Hmn(ψ) cos(mϑ− nϕ+ χmn). (1.5)

The integer numbers m and n are called the poloidal and toroidal mode num-
bers, respectively, and the constants χmn represent their phases.

1.3 Onset of ergodic zone of field lines

The qualitative picture of formation of the ergodic zone of magnetic field lines
is following. Each harmonics of magnetic perturbations, Hmn(ψ) cos(mϑ −
nϕ + χmn), in Eq. (1.5) destroys the resonant magnetic surface ψmn, i.e.,
q(ψmn) = m/n, forming the magnetic island. Its width, ∆ψmn, is determined
by

1 A definition of action–angle variables can be found in the textbook by Arnold
(1989).



4 1 Introduction

∆ψmn = 4

∣∣∣∣
εHmn(ψ)

dq−1/dψ

∣∣∣∣
1/2

. (1.6)

At the sufficiently small level of magnetic perturbation magnetic islands
corresponding to the different poloidal mode numbers m are isolated. In this
case there exist un-destroyed (non-resonant) magnetic surfaces, located be-
tween magnetic islands, which act as transport barriers for magnetic field
lines.

With increasing the magnetic perturbation the radial width of islands
∆ψmn grow which results in overlapping the neighboring islands at the certain
level of magnetic perturbation. It destroys all intact magnetic surfaces between
magnetic islands and leads to the global chaos of field lines in a certain region
of the plasma. The onset of this region called ergodic zone can be established
by the qualitative Chirikov’s criteria of overlapping resonances, i.e.,

σChir =
∆ψmn +∆ψm+1,n

2|ψm+1,n − ψmn|
≥ 1, (1.7)

which means that the average width of neighboring resonances is larger than
the distance between corresponding resonance magnetic surfaces.

1.4 The DED and its operational regimes

The Dynamic Ergodic Divertor (DED) is a new set of coils installed in the
Jülich tokamak, TEXTOR which creates resonant magnetic perturbations of
type (1.5) at the plasma edge. The main purpose of this device is a study the
effect of these magnetic perturbations on the tokamak plasma, particularly, on
the transport heat and particles to wall, the plasma confinement and rotation.

The DED has been designed such that it can operate in different modes
such as static or dynamic, in perturbation modes: m/n = 12/4, m/n = 6/2
and m/n = 3/1:

1. ”12:4” mode. This standard operational regime describes the case when the
spectra of magnetic perturbation, Hmn(ψ), in Eq. (1.5) contains only on
the dominant toroidal mode number n = 4 and a group of several poloidal
modes m (10 ≤ m ≤ 14) which are resonant near the magnetic surface
q = 3.

2. ”6:2” mode. In this regime the toroidal mode is n = 2. The ergodic zone
may be formed due to overlapping the group of magnetic islands located
near the magnetic surface q = 3 with poloidal modes m = 5÷ 8.

3. ”3:1” mode. The dominant toroidal mode number is n = 1. This opera-
tional regime of the DED is employed to study a deep penetration of the
perturbed field into the plasma, and associated with this MHD phenom-
ena.
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1.5 Goals and a short description of the report

The goal of this report is to describe the magnetic field structure of the
TEXTOR–DED. It includes the description of the DED coil system in dif-
ferent operational regimes and the magnetic field created by this coil system,
the study of formation of chaotic magnetic field lines, the structure of stochas-
tic (ergodic) zone of field lines at the plasma edge and on the divertor plates.
We also briefly discuss the experimental observations of the structure mag-
netic field lines performed recently in the TEXTOR and their comparison
with the modeling.

The content of the report is follow. Chapter 2 is devoted to the description
of coil configurations in different operational regimes of DED and analytical
calculations of the perturbation magnetic field. A Hamiltonian formulation of
the equations for magnetic field lines in a toroidal system is given in Chapter
3. A model for the equilibrium magnetic field and spectra of perturbation
magnetic field, a mapping method to integrate the Hamiltonian equations for
field lines are also described in this chapter. The structure of ergodic and
laminar zones of field lines at the plasma edge and statistical property of
chaotic field lines are studied in Chapter 4. Finally, a brief description of the
Gourdon code to study the ergodic zone of the DED is given in Chapter 5.
Details of some lengthy calculations are prescribed in Appendices A-F.

1.6 Bibliographic notes

The influence of the external resonant helical fields on the tokamak plasma has
been first studied in the tokamak PULSATOR (Karger et.al. (1975)). The con-
cept of ergodic divertor (or limiter) has been first proposed by Engelhardt and
Feneberg (1978); Feneberg and Wolf (1981); Samain et.al. (1982) to control the
plasma edge by creating ergodic magnetic field lines using the external coils.
It has been later implemented in several tokamaks, like TEXT (see, Gentle
(1981); McCool et.al. (1990)), Tore-Supra (Samain et.al. (1984, 1990); Ghen-
drih et.al. (1992); Nguyen (1995); de Michelis (1995); Ghendrih et.al. (1996)),
JFT-2M (Shoji et.al. (1992); Evans et.al. (1989)), CSTN-II (Takamura et.al.
(1987, 1989)), HYBTOK-II (Shen et.al. (1989)), TBR-1 Caldas et.al. (2002),
TCABR (Pires et.al. (2005)), and other small fusion devices (Kawamura et.
al. (1982); Hattori et.al. (1984)).

The scheme of the TEXTOR-DED has been first proposed by Finken et.al.
(1995) (see also a special issue of Fusion Engineering and Design edited by
Finken (1997)). It started the operation since 2003. It is a first medium size
tokamak which has a new feature, namely, beside the conventional concept
of the ergodic divertor (or limiter) with a static perturbation field already
implemented in the above mentioned tokamaks, the DED also permits oper-
ation with a rotating (time–varying) perturbation magnetic field. Previously,
such a time–varying perturbations have been studied in small-size tokamaks
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CSTN-III (Takamura et.al. (1988)), CSTN-IV (Kobayashi et.al. (2000a,b))
and HYBTOK-II (Kikuchi et.al. (2004)).

External perturbation magnetic fields have been also used in poloidal di-
vertor tokamaks. Particularly the DIII-D tokamak was supplied with external
compensating coils (C-coils), installed in 1994, and internal coils (I-coils),
installed in 2002-2003. These coils are employed to control resistive wall
mode (Okabayashi et.al. (2001); Jackson et.al. (2003); Strait et.al. (2003);
Okabayashi et.al. (2004)) and to mitigate the edge localized mode in the H-
mode regime of the plasmas (Evans et.al. (2004, 2005a); Moyer et.al. (2005)).



2

DED coil system and magnetic perturbations

2.1 The DED arrangements

The sketch of the DED coils for the two different operational mode, m : n =
3 : 1 and 12 : 4, are shown in Fig. 2.1 (see Finken (1997)). It consists of a
quadruple set of four helical conductors, installed on the inboard side of the
TEXTOR vessel and aligned parallel to the magnetic field lines (for βpol ∼ 1)
at the nearby q = 3 surface. The coils are bundled such that the outlets are at
4 toroidal locations, 4 on top of TEXTOR and 4 at the bottom. This grouping
of the coils is technically favorable, but it requires the installation of a pair of
compensation coils which are indicated in green color. The coils are covered
by ceramic tiles and by 2D shaped graphite tiles forming a smooth toroidal
surface, the divertor target plate.

(a) (b)

Fig. 2.1. Sketch of the DED coils: a) for the 3:1 mode configuration; b) for the 12:4
mode configuration.

The quadruple set of 16 helical coils are located at the minor radius
rc = 53.25 cm. The geometry of coils on the (θ, ϕ) plane is presented in
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Fig. 2.9, where θ is poloidal angle (along a small circumference of the torus)
and ϕ is toroidal angle (along a long circumference of the torus). Coils cover
a poloidal section ∆θ ≈ 70◦ (including compensation coils ∆θ ≈ 80◦). Coils
are numbered by j which extends from 1 to 16 as shown on the top of Figure
2.2.

12-9 8-5j=4-1 16-13

C

C
80

130

180

230

280
θ

0 60 120 180 240 300 360
ϕ

Fig. 2.2. Coil configuration in the (θ, ϕ) plane.

There are two compensation coils, C, which are switched on during the
12:4 mode operation. These conductors compensate the net perturbation field
of n = 0 toroidal mode.

In the area covered by coils the poloidal position, θj of coils can be de-
scribed by a linear function of the toroidal angle, ϕ, i.e.,

θj(ϕ) = θj0 −
θc
π
ϕ 0 < ϕ < 2π, j = 1, . . . , 16, (2.1)

where δθ is an angular distance between coils, 2θc is a poloidal extension of
a set of coils, θj0 is a maximum poloidal position of the j− coil, and ϕj is a
starting toroidal position of the j− coil.

θj0 = θ0 − 4{(j − 1)/4}δθ,
ϕj = ϕ0 +

π

2

[
j − 1

4

]
( mod 2π), j = 1, . . . , 16, (2.2)

where {x} is a fractional part of x ({1} = 0), [x] is an integer part of x, and
θ0 is a starting poloidal angle of the first coil.

The values of θ0, δθ and ϕ0 are

θ0 = 224.662◦, δθ = 4.3364◦, ϕ0 = 337.2◦.
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2.2 Basic distribution of current over coils

We call the following current distribution over coils given by

I
(n)
j = Id sin

(
n

2πj

16
∓ ωt+ χn

)
, (j = 1, 2, . . . , 16), (2.3)

as a basic current distribution, where n is the integer number. The quantity
Id stands for the amplitude of current, and ω is a frequency of rotation of the
magnetic field perturbation. The sign (-) in Eq. (2.3) describes the co-rotating
magnetic field perturbation, while (+) describes the counter-rotating one. In
the DC operation ω = 0.

As we will see in Section 2.3.3 such a current distribution creates magnetic
perturbations with toroidal mode numbers n̂ = n + 4p, (p = 0, 1, 2, . . . ).

Therefore, the basic current distribution I
(n)
j with values of n = 1, 2, 4 will

create the 3 : 1, 6 : 2, and 12 : 4 operational modes, respectively.
The arbitrary current distribution Ij can be presented as a linear combi-

nations of I
(n)
j (2.3):

Ij =
∑

n

ιnI
(n)
j = Id

∑

n

ιn sin

(
n

2πj

16
∓ ωt+ χn

)
, j = 1, 2, . . . , 16.

(2.4)
Below we consider a several current distribution in the DED coils system. The
calculations of the Fourier amplitudes ιn and the phase χn for the different
current distributions, Ij , are given in Appendix A.

2.2.1 Current distribution for the 3:1 mode: DC operation

We consider the two kind of current distributions on the DED coils.
The case 1 is given by

Ij = Id

{
1, for 1 ≤ j ≤ 8,

−1, for 9 ≤ j ≤ 12 .
(2.5)

In this case the current distribution can be exactly presented as a Fourier
series (see Eqs. A.3)

Ij = Id

3∑

l=0

ι2l+1 sin

(
(2l+ 1)

2πj

16
+ χ2l+1

)
, 1 ≤ j ≤ 16, (2.6)

where the coefficients ι2l+1 and χ2l+1, (l = 0, 1, 2, 3) are given by

ι2l+1 =
1

4 sin((2l + 1)π/16)
, χ2l+1 = − (2l+ 1)π

16
. (2.7)

The leading term l = 0 has the following amplitude and phase
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ι1 =
1

4 sin(π/16)
= 1.28146, χ1 = − π

16
. (2.8)

The case 2 is given by

Ij = Id





1, for 1 ≤ j ≤ 4,

0, for 5 ≤ j ≤ 8 and 13 ≤ j ≤ 16,

−1, for 9 ≤ j ≤ 12.

(2.9)

The Fourier coefficients τ2l+1 and phases χ2l+1 in Eq. (2.6) for this current
distribution are

ι2l+1 =
sin((2l + 1)π/4)

4 sin((2l + 1)π/16)
, χ2l+1 =

π

16
(3− 10l). (2.10)

Particularly,

ι1 =
sin(π/4)

4 sin(π/16)
= 0.9061, χ1 =

3π

16
. (2.11)

-1.5

-1

-0.5

0

0.5

1

1.5
(a)

1
2

2 4 6 8 10 12 14 16

I j/
I d

j

-1.5

-1

-0.5

0

0.5

1

1.5
(b)

1

2

2 4 6 8 10 12 14 16

I j/
I d

j

Fig. 2.3. A current distribution over coils (curve 1). The smooth curve 2 corresponds
to the first term n = 1 in Eq. (2.6): (a) corresponds to the case 1; (b) − the case 2.

The first term with l = 0 in (2.6) is responsible for the generation of
magnetic perturbation with the toroidal modes n̂ = (2l+ 1) = 1, 5, 9, . . . , the
second term with l = 1 − for toroidal modes n̂ = 3, 7, 11, . . . , the third term
with l = 2 − for toroidal modes n̂ = 5, 9, 13, . . . , and the last term with l = 3
− for toroidal modes n̂ = 7, 11, 15, . . . .

2.2.2 Current distribution for the 3:1 mode: AC operation

In this case the current distribution is given by
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Ij = Id





sinωt, for 1 ≤ j ≤ 4,

sin(ωt+ π/2), for 5 ≤ j ≤ 8,

sin(ωt+ π), for 9 ≤ j ≤ 12 ,

sin(ωt+ 3π/2), for 13 ≤ j ≤ 16.

(2.12)

It can be presented as

Ij = Id

3∑

l=0

ι4l+1 sin

(
(4l + 1)

2πj

16
∓ ωt+ χ4l+1

)
, (1 ≤ j ≤ 16), (2.13)

where

ι4l+1 = (−1)l
sin[(4l + 1)π/4]

4 sin[(4l + 1)π/16]
,

χ4l+1 = − π

16
(4l+ 5) , l = 0, 1, 2, 3. (2.14)

For the leading coefficients ι1 and χ1 we have

ι1 =
sin[π/4]

4 sin[π/16]
= 0.9061, χ1 = −5π

16
. (2.15)

-1

-0.5

0

0.5

1

1 3 5 7 9 11 13 15

I j/
I d

j

4

2

1

3

Fig. 2.4. A current distribution over coils in the 3:1 mode in the AC operation at
different phases ωt: curve 1 corresponds to ωt = π; curve 2 − ωt = −π/4. Curves
3 and 4 describe the first terms n = 1 in Eq. (2.13) with the phases ωt = π and
ωt = −π/4, respectively.

The distribution (2.12) and the first term in Eq. (2.13) are plotted in Fig.
2.4 for the two values of the phase ωt: curve 1 corresponds to ωt = π; curve 2
− ωt = −π/4; curves 3 and 4 describe the first terms s = 0 in Eq. (2.13) with
the phases ωt = π and ωt = −π/4, respectively.
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One should note that the ratio of the leading amplitudes, ι1,
corresponding to the DC operation with the current distribution
(2.5) and AC operation with Eq. (2.12) is

ι1(DC)

ι1(AC)
=

1

sin[π/4]
=
√

2 = 1.4142. (2.16)

2.2.3 A coil configuration for the 6:2 mode: DC operation

The case 1. In this case the current distribution is following (see Fig. 2.5a)

Ij = Id

{
1, for j = 1, 2, 7, 8, 9, 10, 15, 16,

−1, for j = 3, 4, 5, 6, 11, 12, 13, 14 .
(2.17)

This distribution is given by a sum

Ij = Id

[
ι2 sin

(
πj

4
+ χ2

)
+ ι4 sin

(
3πj

4
+ χ6

)]
, (1 ≤ j ≤ 16), (2.18)

where

ι2 =
1

2 sin(π/8)
= 1.30656; χ2 = 19π/8 ≡ 3π/8,

ι6 =
1

2 sin(3π/8)
= 0.5411961; χ6 = 41π/8 ≡ 9π/8.

The case 2. Current distribution on coils (see Figure 2.5b) is given by

Ij = Id





1, for j = 4, 5, 12, 13,

0, for j = 2, 3, 6, 7, 10, 11, 14, 15,

−1, for j = 1, 8, 9, 16 .

(2.19)

It can be presented as a sum

Ij = Id

[
ι2 sin

(
πj

4
+ χ2

)
+ ι6 sin

(
3πj

4
+ χ6

)]
, 1 ≤ j ≤ 16, (2.20)

where

ι2 = − sin(3π/8) = −0.92387953, χ2 = 3π/8,
ι6 = sin(9π/8) = −0.38268343, χ6 = π/8.

The first term in Eq. (2.20) generates a magnetic perturbation with toroidal
modes n̂ = 2, 6, . . . , while the second term − n̂ = 6, 10, . . . .
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Fig. 2.5. A current distribution over coils (2.19) (curve 1). The smooth curve 2
describes the first term in Eq. (2.20): a) Case 1, b) case 2.

2.2.4 A coil configuration for the 6:2 mode: AC operation

Current distribution on coils is given by

Ij = Id





sinωt, for j = 1, 2, 9, 10,

sin(ωt+ π/2), for j = 3, 4, 11, 12 ,

sin(ωt+ π), for j = 5, 6, 13, 14 ,

sin(ωt+ 3π/2), for j = 7, 8, 15, 16 .

(2.21)

For this case the current is presented as a sum

Ij = Id

[
ι2 sin

(
πj

4
+ ωt+ χ2

)
+ ι10 sin

(
5πj

4
+ ωt+ χ10

)]
,

(1 ≤ j ≤ 16), (2.22)

where

ι2 = cos
(π

8

)
, χ2 = −3π

8
,

ι10 = cos

(
5π

8

)
, χ10 = −15π

8
.

The distribution (2.21) and the first term in Eq. (2.22) are plotted in Fig.
2.6 for the two values of the phase ωt: curve 1 corresponds to ωt = 0; curve
2 − ωt = 3π/4; curves 3 and 4 describe the first terms in Eq. (2.22) with the
phases ωt = 0 and ωt = 3π/4, respectively.

In the 6:2 mode the ratio of leading amplitudes ι2, corresponding
to the DC operation with Eq. (2.17) and AC operation with Eq.
(2.21) is

ι2(DC)

ι2(AC)
=

1

sin[π/4]
=
√

2 = 1.4142, (2.23)

which coincides with the corresponding ratio (2.16) for the 3:1 mode.
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Fig. 2.6. A current distribution over coils in the 6:2 mode in the AC operation at
different phases ωt: curve 1 corresponds to ωt = 0; curve 2 − ωt = 3π/4. Curves 3
and 4 describe the first terms in Eq. (2.22) with the phases ωt = 0 and ωt = 3π/4,
respectively.

2.2.5 A coil configuration for the 12:4 mode: DC operation

The current distribution on coils for this operational mode is given by

Ij = Id

{
−1, for j = 1, 4, 5, 8, 9, 12, 13, 16,

1, for j = 2, 3, 6, 7, 10, 11, 14, 15.
(2.24)

One can show that this distribution can be exactly presented as

Ij = Idι sin
(
j
π

2
+ χ

)
, (1 ≤ j ≤ 16)

ι = 2 sin(π/4) =
√

2, χ =
5π

4
, (2.25)

which generates magnetic perturbations with n̂ = 4, 8, . . . . The distribution
(2.24) is plotted in Fig. 2.7.

2.2.6 A coil configuration for the 12:4 mode: AC operation

In this case we have the following current distribution:

Ij = Id





sinωt, for j = 1, 5, 9, 13,

sin(ωt+ π/2), for j = 2, 6, 10, 14 ,

sin(ωt+ π), for j = 3, 7, 11, 15 ,

sin(ωt+ 3π/2), for j = 4, 8, 12, 16 .

(2.26)

Such a distribution is presented by only one term,
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Fig. 2.7. A current distribution over coils (2.24) (curve 1) and the sinusoidal dis-
tribution (2.25) (a smooth curve 2).

Ij = Id sin

(
π(j − 1)

2
+ ωt

)
, 1 ≤ j ≤ 16. (2.27)

The distribution (2.27) is plotted in Fig. 2.8 for the two values of the phase
ωt: curve 1 corresponds to ωt = 0; curve 2 − ωt = 5π/4.
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Fig. 2.8. A current distribution over coils in the 12:4 mode in the AC operation at
different phases ωt: curve 1 corresponds to ωt = 0; curve 2 − ωt = 5π/4.

In this mode the ratio of amplitudes ι, corresponding to the DC operation
and AC operation coincides with the corresponding ratios (2.16) for the 3:1
and 6:2 modes, i.e.,

ι(DC)

ι(AC)
=
√

2. (2.28)
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2.3 Density of DED current

It is convenient to introduce the density of DED perturbation currents in order
to find the magnetic perturbations. The current density j(r, θ, ϕ) is introduced
as

j = jrer + jθeθ + jϕeϕ, (2.29)

where er, eθ, eϕ are unit vectors along the coordinates r, θ, ϕ, respectively.
The corresponding components, jr, jθ, and jϕ, are defined as

(jr, jθ, jϕ) = (0, j(r, θ, ϕ) sinα0, j(r, θ, ϕ) cosα0),

where

j(r, θ, ϕ) = δ(r − rc)
16∑

j=1

Ijr
−1
c δ(θ − θj(ϕ)), (2.30)

and α0 = θcrc/πRc is an angle between current direction and toroidal axis ϕ,
θj(ϕ) is a poloidal position of the j−th coil at the toroidal section ϕ.

For the basic coil distributions (2.3), Eq. (2.30) may be written as

j(n)(r, θ, ϕ) = δ(r − rc)g(θ, ϕ)
Id
rc

∞∑

j=−∞
sin

(
n

2πj

16
+ χn

)
δ

(
θ − θj(ϕ)

)
,

(2.31)

where g(θ, ϕ) is a step function equal to 1 in the area covered by coils and
zero elsewhere (see Eqs. (2.37), (2.44)).

Using the properties of the delta function, δ(x), the current density (2.31)
can be transformed the sum of continuous distributions (see Section B.1 in
Appendix B)

j(n)(r, θ, ϕ) = δ(r − rc)g(θ, ϕ)J0

×
∞∑

s=−∞
cos

(
m0(16s− n)

4
θ +

n0(16s− n)

4
ϕ+ χ(n)

s

)
,

(2.32)

where

χ(n)
s = −m0(16s− n)

4
θ0 + χn −

π

2
. (2.33)

In (2.32) the following notations are introduced:

J0 =
Id
δθrc

=
2m0Id
πrc

,

m0 =
π

2δθ
, n0 =

m0θc
π

=
θc

2δθ
, θ0 = θ01 + δθ. (2.34)
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The angle θ01 is a poloidal position of the first coil at the toroidal section
ϕ = 0.

Because of periodicity of J(θ, ϕ) along ϕ with a period 2π follows that
n0 must be an integer number equal to n0 = 4l, where l = 1, 2, . . . . Putting
n0 = 4, the term s = 0 in Eq. (2.32) which gives the main contribution the
perturbed magnetic field in the plasma can be presented as

j
(n)
0 (r, θ, ϕ) = δ(r − rc)g(θ, ϕ)J0 cos

(nm0

4
θ + nϕ− χ(n)

0

)

= Rej̃(n)(r, θ, ϕ),

j̃(n)(r, θ, ϕ) = δ(r − rc)g(θ, ϕ)J0e
i
“
nm0

4 θ+nϕ−χ(n)
0

”
. (2.35)

2.3.1 Fourier expansion of the current density

For calculations of the magnetic field created by helical coils it is convenient

to present the current density j
(k)
0 (r, θ, ϕ) in Fourier series in θ, ϕ:

j̃(n)(r, θ, ϕ) =
∑

m,n̂

jmn̂(r)ei(mθ+n̂ϕ+χmn̂)

jmn̂(r)eiχmn̂ = δ(r − rc)e−iχ
(n)
0

J0

(2π)2

2π∫

0

2π∫

0

dθdϕg(θ, ϕ)e−i(m−
nm0

4 )θ−i(n̂−n)ϕ.

(2.36)

The content of Fourier spectrum, jmn(r), depends on the function g(θ, ϕ)
which determined by the coil configurations. The ideal and real configurations
of coils are shown in Fig. 2.9. Below we consider these cases separately.

π 2π0 ϕ

θ

π - θc

(a)

π + θc

π
2θc

0 60 120 180 240 300 360

(b)

ϕ
120

140

160

180

200

220

240

θ

∆θ

Fig. 2.9. Models of the DED coil configuration: (a) ideal configuration, (b) real
configuration.
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2.3.2 Ideal coil configuration

For the ideal coil configuration (see Figure 2.9a) the function g(θ, ϕ) is a is
given by:

g(θ, ϕ) =

{
1 for π − θc < θ < π + θc,

0 otherwise.
(2.37)

The current density (2.32) can be presented as a Fourier series:

j(n)(r, θ, ϕ) = J0δ(r − rc)
∞∑

m=−∞

∞∑

s=−∞
g(s)
m cos [mθ + (16s− n)ϕ+ χns] ,

(2.38)
where

g(s)
m = (−1)m

sin([m−m0(4s− n/4)]θc)

[m−m0(n/4− 4s)]π
, (2.39)

χns = χ(n)
s + π

m0(16s− n)

4
=
m0(16s− n)

4
(π − θ0) + χn −

π

2
. (2.40)

The main contribution to the magnetic field comes from the term s = 0
which can be rewritten as (by changing the summation over m to −m)

j
(n)
0 (r, θ, ϕ) = J0δ(r − rc)

∞∑

m=−∞
gm cos (mθ + nϕ+ χ̄n0) , (2.41)

where

gm ≡ g(0)
m = (−1)m

sin[(m−m0n/4)θc]

(m−m0n/4)π
, (2.42)

χ̄n0 = −χn0 =
m0n

4
(π − θ0)− χn +

π

2
. (2.43)

2.3.3 Non-ideal coil configuration

For the non-ideal configuration of coils (see Figure 2.9b) the step function
g(θ, ϕ) should be replaced by

g(θ, ϕ) =

{
1, for π − θc(ϕ) < θ < π + θc(ϕ),

0, elsewhere,
(2.44)

where

θc(ϕ) = θc0 −
2∆θ

π
(ϕ− ϕl) for ϕl < ϕ < ϕl+1, (2.45)
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and

ϕl = ϕc + (l − 1)
π

2
, 0 < ϕc <

π

2
, l = 0, 1, 2, 3, 4. (2.46)

For the sake of simplicity we consider the term s = 0 in Eq. (2.32), i.e.,
Eq. (2.35). One can show that (see Section B.2 in Appendix B)

j
(n)
0 (θ, ϕ) =

∞∑

m=−∞

∞∑

s=−∞
Jm,s cos(mθ + (4s+ n)ϕ+ χms). (2.47)

The Fourier coefficients, Jm,0, corresponding to the term s = 0 which gives
the main contribution to the perturbed field is given by

Jm,0 = J0gmCm, χm0 =
m0n

4
(π − θ0)− χn +

π

2
, (2.48)

where gm is defined by Eq. (2.42), and

Cm =
sin[(m− nm0/4)∆θ/2]

(m− nm0/4)∆θ/2

is a correction factor due to non-ideal configuration. For the ideal configuration
∆θ = 0 and therefore Cm = 1.

As was shown in Section B.2 that in the case n = 4 it appears the com-
ponents of helical current distributions with the toroidal mode number n̂ = 0
which may disturb the plasma equilibrium. These components are compen-
sated using the currents on the compensation coils.

2.4 Magnetic field perturbations

In this section we present the formulae for the magnetic field created by the
surface current (2.29). Each term in the Fourier expansion (2.47) of this per-
turbation current describes a helical current on the toroidal surface of radius
r = rc. Consider a single helical current vector jmn corresponding to the
(m,n) mode

jmn(r, θ, ϕ) = δ(r − rc)jmnemn cos(mθ + nϕ+ φmn), (2.49)

emn =
(

0, eθ sinαmn, eϕ cosαmn

)
,

where eθ and eϕ are unit vectors along the poloidal and toroidal directions,
respectively, and αmn = nrc/mRc is a helicity, i.e., the angle between a helical
current direction and toroidal axis.

The total DED current (2.29) can be presented as a sum of helical currents
(2.49), i.e.,
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jh(r, θ, ϕ) =
∑

mn

jmn(r, θ, ϕ). (2.50)

with the same toroidal components of the vector jmn but different poloidal
components, i.e.,

jmn cosαmn = Jm,(n−k)/4 cosα0,
jmn sinαmn 6= Jm,(n−k)/4 sinα0.

For the coefficients jmn and the phases, phimn, of the helical current we have

jmn =
Jm,(n−k)/4 cosα0

cosαmn
, φmn = χm,(n−k)/4. (2.51)

The difference between jh(r, θ, ϕ) (2.50) and j(r, θ, ϕ) (2.29) can be ne-
glected, since the sum of differences of poloidal modes is negligible small, i.e.,

∞∑

m=−∞

(
jmn sinαmn − Jm,(n−k)/4 sinα0

)

=

∞∑

m=−∞
Jm,(n−k)/4

sin(α0 − αmn)

cosαmn
≈ 0. (2.52)

2.4.1 Cylindrical approximation

Here we consider the magnetic field created by a single component of the
helical current jmn(r, θ, ϕ) (2.49) in a cylindrical geometry. The magnetic
field B of this helical current can be expressed by the scalar potential Φ(r, θ, ϕ)
(B = ∇Φ(r, θ, ϕ)) (see e.g., Morozov and Solovev (1966))

Φ =





aiIm

(
nr
Rc

)
sin(mθ + nϕ+ φmn), for r < rc,

aeKm

(
nr
Rc

)
sin(mθ + nϕ+ φmn), for r > rc,

(2.53)

where Im(z) and Km(z) are modified Bessel functions (see Appendix C). Co-
efficients ai, ae are found by the boundary conditions at the r = rc:

Br

∣∣∣
r=rc−0

−Br
∣∣∣
r=rc+0

= 0,

Bθ

∣∣∣
r=rc−0

−Bθ
∣∣∣
r=rc+0

= µojmn cos(mθ + nϕ+ φmn) cosαmn.

Using the relations in Eqs. (2.51) we have

ai = −µ◦Jm,(n−k)/4rc cosαoK
′
m

(
nrc
Rc

)
.
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Further we consider only the leading terms s = 0 (2.48) for helical currents.
For them we have the following formula for the scalar potential Φ(r, θ, ϕ) of
the magnetic field created by a set of helical currents (2.50) inside the toroidal
surface r < rc:

Φ(r, θ, ϕ) =
∑

m

Φmn(r) cos(mθ + nϕ+ χm0),

Φmn(r) = −BcCmgmfmn(r)
rc
m
, (2.54)

where a quantity

Bc =
µ◦Idm0 cosα0

πrc
(2.55)

is the characteristic value of the DED magnetic field perturbation.
For the DED-TEXTOR parameters, rc = 53.25 cm, Rc = 130

cm, m0 ≈ 20, Id = 15 kA and n= 4 the value of Bc is 0.22535 T (or
2253.5 G).

The radial dependence of magnetic perturbations is described by the func-
tion fmn(r):

fmn(r) = −2nrc
Rc

K ′m

(
nrc
Rc

)
Im

(
nr

Rc

)
. (2.56)

This function and its radial derivative have the following asymptotics at r < rc
(see Eq. C.1 in Appendix C)

fmn(r) ≈
(
r

rc

)m
, f ′mn(r) ≈ m

rc

(
r

rc

)m−1

. (2.57)

The radial magnetic field Br(r, θ, ϕ) is given by

Br(r, θ, ϕ) =
∂Φ

∂r
=
∑

m

Bmn(r) sin(mθ + nϕ+ χmn), (2.58)

where

Bmn(r) = −BcCmgm
rc
m

dfmn(r)

dr
≈ −BcCmgm

(
r

rc

)m−1

. (2.59)

The ϕ-component of the vector potential Aϕ related the magnetic field as

Br(r, θ, ϕ) =
1

r

∂Aϕ
∂θ

, Bθ(r, θ, ϕ) = −∂Aϕ
∂r

, (2.60)

is determined by

Aϕ(r, θ, ϕ) =
∑

m

Amn(r) cos(mθ + nϕ+ χmn), (2.61)

where

Amn(r) = −m−1rBmn(r) ≈ BcCmgm
rc
m

(
r

rc

)m
.
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2.4.2 Toroidal corrections

According to Ref. Morozov and Solovev (1966) the effect of toroidicity on
the magnetic field can be taken into account, multiplying the scalar potential
Φ(r, θ, ϕ) by a factor

√
R0/R, if the small corrections (n0rc/2R0)m+3 are

neglected for each poloidal component m. In this approximations we have

Φ(r, θ, ϕ) =

√
R0

R0 + r cos θ

∑

m

Φmn(r, θ) cos(mθ + nϕ+ χm0), (2.62)

where the amplitudes Φmn(r, θ) are given by Eq. (2.54). Then, one can show
that the vector potential Aϕ(r, θ, ϕ) is determined by

Aϕ(r, θ, ϕ) = εB0R0a(r, θ, ϕ),

a(r, θ, ϕ) =
∑

m

amn(r, θ) cos(mθ + nϕ+ χm0), (2.63)

where ε is a dimensionless perturbation parameter defined by

ε =
Bc
B0

, (2.64)

B0 is the toroidal magnetic field at the center of torus R0, and

amn(r, θ) = − 1

BcR0

r

m

∂

∂r

(√
R0

R
Φmn(r)

)

≈ Cmgm
rc
mR0

(
r

rc

)m√
R0

R0 + r cos θ

(
1− r cos θ

2m(R0 + r cos θ)

)
. (2.65)

For the radial component of the magnetic field, Br(r, θ, ϕ), we have

Br(r, θ, ϕ) =
1

r

∂Aϕ(r, θ, ϕ)

∂θ
=
∑

m

Bmn(r, θ) sin(mθ + nϕ+ χm0),

Bmn(r, θ) ≈ BcCmgm
(
r

rc

)m−1√
R0

R0 + r cos θ

(
1− r cos θ

2m(R0 + r cos θ)

)
.

(2.66)

The examples of spatial dependence of the perturbation field are shown
in Figs. 2.10a-c and 2.11a-c. Particularly, contour plots of Br(r, θ, ϕ) in the
(θ, r) plane at the fixed toroidal section ϕ = constant are plotted in Figs.
2.10a-c for the three operational mode m : n, 3:1, 6:2, and 12:4, respectively.
The poloidal variation Br(r, θ, ϕ) at the fixed radius r and toroidal angle ϕ
are plotted in 2.11a-c. The perturbation DED current is taken Id=15 kA.
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Fig. 2.10. Contour plot of the radial magnetic field perturbation Br(r, θ, ϕ) in
(θ, r) plane at the cross section ϕ = 204.4◦: a) the m : n = 3 : 1 mode operation;
b) m : n = 6 : 2 mode; c) m : n = 12 : 4 mode. The perturbation DED current is
Id=15 kA.
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Fig. 2.11. Poloidal dependence of the magnetic field perturbation Br(r, θ, ϕ) at
the given radial coordinate r and at several the cross sections: a) m : n = 3 : 1
mode, r = 30 cm: curve 1 − ϕ = 0◦, curve 2 − ϕ = 90◦, curve 3 − ϕ = 204.4◦; b)
m : n = 6 : 2 mode, r = 43 cm: curve 1 − ϕ = 0◦, curve 2 − ϕ = 90◦, curve 3 −
ϕ = 204.4◦; c) the m : n = 12 : 4 mode, r = 43 cm: curve 1 − ϕ = 0◦, curve 2 −
ϕ = 204.4◦. The perturbation DED current is Id=15 kA.



3

Hamiltonian field line equations in a toroidal
system and the field lines mapping

In a study of field lines the most important is the fact that a divergence free
magnetic field is equivalent to Hamiltonian system with 1+1/2 degrees of free-
dom (see, e.g., Cary and Littlejohn (1983); Boozer (1983); Morrison (2000)).
In this section, first, we shall give a Hamiltonian formulation of magnetic field
line equations in a toroidal system, the mapping method to integrate field line
equations. Then the spectra of magnetic perturbations in the TEXTOR–DED
will be analyzed using some analytical models of the equilibrium magnetic
field.

3.1 Hamiltonian formulation of field line equations in a
toroidal system

Consider a cylindrical coordinate system (R,ϕ, Z) where R is a major radius,
ϕ is a toroidal angle, and Z is a vertical coordinate. Field line equations in
this coordinate system is given by

1

R

dZ

dϕ
=
BZ
Bϕ

,
1

R

dR

dϕ
=
BR
Bϕ

. (3.1)

The magnetic field components BR, Bϕ, BZ can be determined by the vector
potential A: B = ∇×A.

The coordinates (R,ϕ, Z) are related to the toroidal coordinates (r, θ, ϕ)
as

R = R0 + r cos θ, Z = r sin θ. (3.2)

Field line equations can be also formulated in a Hamiltonian form. We
choose the radial component of the vector potential, AR, to be zero, i.e.,
AR = 0, because of a gauge invariant of the vector potential, and suppose that
the z− component of the vector potential AZ which determines the toroidal
field Bϕ = −∂AZ/∂R be in form AZ = −B0R0/R, i.e., Bϕ = B0R0/R, where
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B0 is a strength of magnetic field at the major radius of torus R = R0. We also
assume that the equilibrium poloidal magnetic field of the plasma (BR, BZ)
and the perturbed magnetic field created by the external coils may completely
be described by the toroidal component of the vector potential Aϕ(R,ϕ, Z):

BZ =
1

R

∂(RAϕ)

∂R
, BR = −∂Aϕ

∂Z
. (3.3)

Introducing the normalized coordinate z and the canonical momentum pz as

z =
Z

R0
, pz = ln

R

R0
,

one transforms the equations (3.1) into Hamiltonian form

dz

dϕ
=
∂H

∂pz
,

dpz
dϕ

= −∂H
∂z

, (3.4)

where the Hamiltonian function H = H(z, pz, ϕ) is normalized ϕ- component
of the vector potential, i.e.,

H ≡ H(z, pz, ϕ) =
R(pz)Aϕ(R(pz), ϕ, zR0)

B0R2
0

, (3.5)

where R = R0 exp(pz).

3.2 Field lines in axisymmetric tokamak equilibrium

In the axisymmetric case the magnetic field does not depend on the toroidal
angle ϕ: Aϕ = Aϕ(R,Z), and thus H = H(z, pz). In this case the Hamiltonian
system (3.4) is completely integrable. The field lines lie on the nested toroidal
surfaces, determined by the surface function H(z, pz) = f(Z,R) = const. The
section of a toroidal surface with the plane ϕ = const is shown in Figure 3.1.
One can introduce the action–angle variables (I, ϑ):

I =
1

2π

∮

C

pzdz, ϑ =
∂

∂I

∫ z

pz(z
′, I)dz′, (3.6)

where the integration is taken along the closed contour C consisting of cross–
section of the surface function f(R,Z) =const with the poloidal plane ϕ =
const (see Figure 3.1). The action variable I coincides with the normalized
toroidal flux ψ:

I =
1

2π

∮

C

pzdz =
1

2π

∫

S

dpzdz

=
1

2πR2
0B0

∫

S

Bϕ(R,Z)dRdZ = ψ, (3.7)
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R

Z f(R,Z)=const

Fig. 3.1. Magnetic flux surfaces H(z, pz) = f(Z,R) = const.

which has a meaning of the normalized flux of the toroidal field Bϕ through
the area S enclosed by the closed contour C on the poloidal plane ϕ = const.
The angle variable ϑ is no more than the intrinsic poloidal angle.

In the action–angle variables (ψ, ϑ) the Hamiltonian H = H(ψ) and the
field lines are determined by Eq. (1.3). The inverse safety factor q(ψ) is de-
termined by dH(ψ)/dψ. It can be also found from the equation of field lines
(3.4). According to the definition of q it is equal to the number of toroidal
turns per one poloidal turn, i.e., q = ∆ϕ/2π, where ∆ϕ is the increment of
the toroidal angle ϕ when field line make one full poloidal turn. Then from
the first equation (3.4) it follows that

q(ψ) =
∆ϕ

2π
=

∫

C

dz

∂H/∂pz
, (3.8)

where the integral is taken along the closed contour C of H = H0(z, pz) =
const.

The geometrical coordinates (R,Z) (or (r, θ) ) of field lines are periodic
functions of the angle variable ϑ: R(ϑ, ψ) = R(ϑ + 2π, ψ), Z(ϑ, ψ) = Z(ϑ +
2π, ψ), and they can be presented by Fourier series:

Z(ϑ, ψ) =
∑

m

Zm(ψ)eimϑ, R(ϑ, ψ) =
∑

m

Rm(ψ)eimϑ, (3.9)

or

r(ϑ, ψ) =

∞∑

m=0

(
r(c)
m (ψ) cosmϑ+ r(s)

m (ψ) sinmϑ
)
,

θ(ϑ, ψ) = ϑ+

∞∑

m=0

αm(ψ) sinmϑ. (3.10)



28 3 Hamiltonian field line equations

The coefficients Rm(ψ), Zm(ψ) (or r
(c,s)
m (ψ), αm(ψ)) depending on a toroidal

flux ψ can be found by integrating of Hamiltonian field line equations (3.4).
The field lines R(ϕ), Z(ϕ) [or r(ϕ), θ(ϕ)] in real geometrical space (R,Z) or
(r, θ) are determined by Eqs. (3.9), (3.10), respectively, by taking the intrinsic
poloidal angle, ϑ, as ϑ = ϕ/q(ψ) + ϑ0.

3.2.1 Non–axisymmetric magnetic perturbations

In the presence of non-axisymmetric magnetic perturbations the toroidal com-

ponent of the vector potential A
(per)
ϕ (R,Z, ϕ) can be presented as a sum:

Aϕ = A(0)
ϕ (R,Z) +A(per)

ϕ (R,Z, ϕ). (3.11)

In typical situations the perturbed part of the component AZ is small and

it can be neglected in comparison with the unperturbed part A
(0)
Z (R) which

determines the toroidal magnetic field Bϕ. Then the magnetic perturbation
B(per)(R,Z, ϕ) has only two nonzero components BR and BZ which, accord-
ing to (3.3), are expressed via the perturbed part of the vector potential

A
(per)
ϕ (R,Z, ϕ):

B(per)(R,Z, ϕ) =

(
−eR

1

R

∂

∂Z
+ eZ

1

R

∂

∂R

)
RA(per)

ϕ (R,Z, ϕ). (3.12)

For the DED magnetic perturbations A
(per)
ϕ (R,Z, ϕ) is given by Eqs. (2.63),

(2.65).
Introducing the toroidal flux ψ and the intrinsic poloidal angle ϑ (3.6) (or

the action – angle variables) for the equilibrium magnetic field, the Hamilto-
nian equations for perturbed field lines (1.2), (1.5) can be presented as

dϑ

dϕ
=

1

q(ψ)
+ ε

∂H1

∂ψ
,

dψ

dϕ
= −ε∂H1

∂ϑ
, (3.13)

with the perturbed Hamiltonian εH1 ≡ H1(ψ, ϑ, ϕ) given by

H1(ψ, ϑ, ϕ) =
R(ψ, ϑ)

R2
0B0

A(per)
ϕ (R(ψ, ϑ), Z(ψ, ϑ), ϕ) , (3.14)

where R(ψ, ϑ) = R0 + r(ψ, ϑ) cos θ(ψ, ϑ). For the perturbation magnetic field
given by Eq. (2.63) it has the following Fourier expansion:

H1(ψ, ϑ, ϕ) = ε
∑

m

Hmn(ψ) cos(mϑ+ nϕ+ χm0), (3.15)

where the dimensionless perturbation parameter ε is given by Eq. (2.64), and
according to (2.63) the Fourier componentsHm,n(ψ) are given by the integrals:

Hmn(ψ) = Re

∫∫ 2π

0

R(ψ, ϑ)

(2π)2R2
0B0ε

A(per)
ϕ (R(ψ, ϑ), Z(ψ, ϑ), ϕ) e−imϑ−inϕdϑdϕ
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= Re

∫∫ 2π

0

R(ψ, ϑ)

(2π)2R0
a (r(ψ, ϑ), θ(ψ, ϑ), ϕ) e−imϑ−inϕdϑdϕ.

(3.16)

Note that Hmn(ψ) does not depend on the perturbation parameter, ε, i.e., on
the amplitude perturbation current Id.

Asymptotical behavior of Hmn and their numerical determination shall be
studied in Section 3.5.3.

3.2.2 Perturbation field in intrinsic coordinates

One can also expand the perturbed magnetic field, B(per) the in a Fourier
expansion with respect to the intrinsic poloidal angle, ϑ, and the toroidal
angle, ϕ, similar to the expansion of the perturbation Hamiltonian H1 given
by Eq. (3.15), i.e.,

B(per)(ψ, ϑ, ϕ) =
∑

m

Bmn(ψ) sin(mϑ+ nϕ+ χm0). (3.17)

Often one uses the Fourier components, Bmn(ψ), to estimate the width of
magnetic islands formed in the presence of magnetic perturbations.

The relation between the Fourier components of the perturbation Hamil-
tonian, Hmn(ψ), and the perturbation field, Bmn(ψ) can be found using Eqs.
(3.12) and (3.14). Supposing that |dHmn/dψ| � m|Hmn|, one obtains

|Bmn(ψ)| ≈ εmHmn(ψ)B0 = mHmn(ψ)Bc. (3.18)

3.3 Mappings of field lines

In the mapping approach to integrate the Hamiltonian system (1.4) (1.5), and
(3.13) one wishes to avoid small time–step integration replacing it by return
mappings of variables (ϑ, ψ) to a certain poloidal section of torus ϕ = ϕk .
Below we define a mapping of field lines in a toroidal system. To be more
general we consider the case when a toroidal mode number n take values
proportional to a certain numberN (N ≥ 1) which corresponds to theN− fold
symmetry of magnetic perturbation along the toroidal angle ϕ, i.e., n = sN ,
(s = ±1,±2, . . . ). Let (ϑk, ψk) be the poloidal angle and toroidal flux at the
poloidal sections ϕ = ϕk = 2πk/N , (k = 0,±1,±2, . . . ) as illustrated in Fig.
3.2a. We define the map

(ϑk+1, ψk+1) = M̂(ϑk, ψk), (3.19)

which relates the variables (ϑ, ψ) at the successive sections ϕk and ϕk+1. Then
the map (M̂)N defines Poincaré return map. The flux-preserving property of
the mapping (3.19) is expressed by
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∣∣∣∣
∂(ϑk+1, ψk+1)

∂(ϑk, ψk)

∣∣∣∣ = 1. (3.20)

ϕk+2ϕk
ϕk+3

ϕk+1

(ϑk,ψk)

(ϑk+1,ψk+1)

(a)

(ϑk , ψk)

(ϑk+N , ψk+N)ϕk =const

(b)

Fig. 3.2. Geometry of mapping in a toroidal system: a) Scheme of the mapping
along the toroidal angle; b) Poincaré return map of field lines on the poloidal plane
ϕk = const.

3.3.1 The Hamilton–Jacobi method to construct mappings

Symplectic mapping method for integrating Hamiltonian system (1.2), (1.4),
(1.5) based on the Hamilton–Jacobi method and perturbation theory has been
developed in Refs. by Abdullaev et.al. (1999); Abdullaev (1999, 2002, 2004).
The general form of the mapping (3.19) for the Hamiltonian system (1.4),
(1.5) is given by the following symmetric flux-preserving form (see Abdullaev
(2002)):

Ψk = ψk − ε
∂S(k)

∂ϑk
, Θk = ϑk + ε

∂S(k)

∂Ψk
, (3.21)

Ψk+1 = Ψk, Θ̄k = Θk + w(Ψk , ε)(ϕk+1 − ϕk), (3.22)

ψk+1 = Ψk+1 + ε
∂S(k+1)

∂ϑk+1
, ϑk+1 = Θ̄k − ε

∂S(k+1)

∂Ψk+1
, (3.23)

where w(Ψ, ε) = ∂H/∂Ψ is the frequency of perturbed motion, and S(k) ≡
S(ϑk, Ψk) is the value of the generating function G(ϑ, Ψ, ϕ, ϕ0; ε) taken at
sections ϕ = ϕk, i.e., S(ϑk, Ψk) = G(ϑk , Ψk, ϕk, ϕ0; ε). The generating function
obeys the Hamilton-Jacobi equation,

H

(
Ψ + ε

∂G

∂ϑ
, ϑ, ϕ

)
+ ε

∂G

∂ϕ
= H(Ψ, ε), (3.24)
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in the finite interval ϕk < ϕ < ϕk+1 and satisfying the condition G|ϕ=ϕ0 = 0
at the initial value ϕ0 (ϕk < ϕ0 < ϕk+1).

In the first order of ε the frequency w(Ψ, ε) is determined by the inverse
safety factor q(Ψ):

w(Ψ, ε) =
1

q(Ψ)
, (3.25)

and the generating function G(ϑ, Ψ, ϕ, ϕ0) in the finite interval ϕk+1 < ϕ < ϕk
is given by Abdullaev (2002):

G(ϑ, Ψ, ϕ, ϕ0) = −(ϕ− ϕ0)
∑

m,n

Hmn(Ψ)

×
[
a(xmn) sin (mϑ− nϕ+ χmn) + b(xmn) cos (mϑ− nϕ+ χmn)

]
, (3.26)

where

a(x) =
1− cosx

x
, b(x) =

sinx

x
,

xmn =

(
m

q(Ψ)
− n

)
(ϕ− ϕ0).

The free parameter ϕ0 lies in the interval ϕk ≤ ϕ0 ≤ ϕk+1.
The mapping (3.21) can be also considered as the alternative method of

the symplectic integration of Hamiltonian systems (1.4), (1.5). As was shown
in Abdullaev (2002) this map with large integration steps, ∆ϕ = ϕk+1 − ϕk ,
comparable with the characteristic periods of the system (e.g., a perturbation
period) has the same accuracy as the conventional symplectic integrators (see,
for example, a review Sanz-Serna (1992)) with integration steps two or three
orders smaller. The mapping can be applied to Hamiltonian systems with
moderately large perturbation ε ∼ 1 by taking the mapping step ∆ϕ = ϕk+1−
ϕk sufficiently small.

The mapping (3.21) is called symmetric if the free parameter is taken
exactly in the middle of the interval [ϕk, ϕk+1], i.e., ϕ0 = (ϕk+ϕk+1)/2. In the
cases when ϕ0 = ϕk (or ϕ0 = ϕk+1) the mappings have nonsymmetric form
(nonsymmetric maps). As was shown in Ref. Abdullaev (2002) the symmetric
map is more accurate that than the nonsymmetric maps.

3.3.2 Mapping with a numerical interpolation of Hamiltonian

The mapping method requires the knowledge of the safety factor q(ψ) and the
perturbation Hamiltonian H1(ψ, ϑ, ϕ) or its Fourier coefficients Hmn(ψ). An-
alytical determination of these functions for realistic magnetic configurations
is somehow difficult. In order to apply mapping procedure in these cases one
can calculate these functions by the numerical integration of the equations of
field lines (3.4) on a grid of magnetic flux ψ: ψi = i∆ψ, (i = 1, . . . , Nψ). The
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functions q(ψ), Hmn(ψ) for the arbitrary values of ψ can be interpolated by
the cubic splines using their pre-calculated values q(ψi), Hmn(ψi).

In order to display the orbits in real space coordinates x the relations of
these coordinates with the variables (ψ, ϑ) can be found during the numerical
integration of the equations of field lines in the absence of magnetic pertur-
bations. For instance, the relation between toroidal coordinate (r, θ, ϕ), (r is
a minor radius, θ is a geometrical poloidal angle, different from ϑ) and (ψ, ϑ)
can be sought in the form of Fourier series

r = r0 +
∑

m

(
r(s)
m (ψ) sinmϑ+ r(c)

m (ψ) cosmϑ
)
,

θ = ϑ+
∑

m

αm(ψ) sinmϑ.

The Fourier coefficients r
(s)
m (ψ), r

(s)
m (ψ), and αm(ψ) can be also calculated

numerically for the same grid coordinates of ψ, and their values for arbitrary
ψ can be interpolated by the cubic splines.

The described procedure replaces the equations of field lines (3.4) by the
Hamiltonian ones (1.2), (1.4), (1.5) which allows to integrate them using the
symplectic mapping instead of integrating the equations of field lines (3.4)
using the standard, usually, non-symplectic numerical integration schemes.

3.4 Models for the tokamak magnetic equilibrium

3.4.1 Equilibrium magnetic field with the Shafranov shift

As a model for the equilibrium magnetic field we will consider the tokamak
plasma with nested, circular magnetic surfaces. The model takes into account
the outward (Shafranov) shift of magnetic surfaces due to effects of the plasma
pressure and electric current. Schematically it is shown in Fig. 3.3. Here R0(ρ)
is the position of the center of the magnetic surface of radius ρ, and a is a
radius of the the last magnetic surface. The shift of R0(ρ) with respect R0(a)
is denoted ∆(ρ), i.e., ∆(ρ) = R0(ρ) − R0(a). This quantity is known as the
Shafranov shift. The Shafranov shift ∆(ρ) of the magnetic surface of radius ρ
is given by (see Ref. Nguyen (1995))

∆(ρ) =
[
R2

0(a) + (Λ+ 1)
(
a2 − ρ2

)]1/2 −R0(a), (3.27)

where Λ = βpol + li/2− 1. Here, βpol is the ratio of the plasma pressure, 〈p〉
to the magnetic pressure, B2

θ/8π of the poloidal field Bθ:

βpol =
8π〈p〉
B2
θ

,

li is the internal inductance. We consider low β and large aspect-ratio tokamak
plasma, and describe its equilibrium field with the following vector potential
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Fig. 3.3. Shifted magnetic flux surfaces in a toroidal plasma.

A = (0, Aϕ(r, θ), Az(r, θ)) ,

Aϕ(r, θ) =
B0

R

∫
dψ

q (ρ(ψ))
,

Az(r, θ) = −B0R0 ln(R/R0). (3.28)

In (3.28) R is a major radius of torus, related with the coordinates (r, θ):
R = R0 + r cos θ, B0 is a toroidal magnetic field at the center of torus R0.
The quantity q(ρ) is a safety factor as a function of radius of magnetic sur-
face ρ, which is related to the normalized toroidal magnetic flux. Using the
definition of the toroidal flux (3.7) one can show that for the toroidal field,
Bt = B0R0/R, the normalized toroidal flux, ψ, is determined by

ψ =
Rp(ρ)

Rp(a)

[
1−

(
1− ρ2

R2
p(ρ)

)1/2
]
≈ ρ2

2R2
p

. (3.29)

The relation between the radius ρ of magnetic surface and the cylindrical

coordinates (R,Z) is ρ =
√

(R−Rp(a)−∆(ρ))2 + Z2. The toroidal, Bϕ, and

poloidal, Bθ, magnetic fields corresponding to Eq. (3.28) are

Bϕ(r, θ) =
B0R0

R
,

Bθ(r, θ) =
B0

qR

dψ

dρ

1

1 +∆′(ρ) cos θ̄
≈ B0ρ

qR

1

1 +∆′(ρ) cos θ̄
, (3.30)

where θ̄ = sin−1(Z/ρ).
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3.4.2 The safety factor profiles

Here we present the profiles of the safety factor, q(ρ), for a several models of
the plasma with a circular cross–section.

Cylindrical approximation

In a cylindrical plasma model the safety factor profile is fully determined by
the toroidal current density profile of the plasma, j(ρ). According to Ampère’s
law

Bθ =
µoI(ρ)

2πρ
=

µo
2πρ

ρ∫

0

j(ρ′)dρ′, (3.31)

where I(ρ) is a current flowing inside the magnetic surface of radius ρ. Then
according to definition

qcyl(ρ) =
ρB0

RBθ
=

2πρ2B0

µoR0I(ρ)
. (3.32)

At the plasma edge, ρ = a, the value of the safety factor is determined by the
total plasma current Ip = I(a), i.e.,

qa = qcyl(a) =
2πa2B0

µoR0Ip
. (3.33)

Consider a simple model for q(ρ). For a large aspect–ratio circular plasma the
toroidal current density is modeled as

j(ρ) = j0
(
1− ρ2/a2

)ν
, (3.34)

which gives

I(ρ) = Ip

[
1−

(
1− ρ2/a2

)ν+1
]
, Ip =

πj0a
2µ0

ν + 1
,

qcyl(ρ) = qa
ρ2/a2

1− (1− ρ2/a2)
ν+1 . (3.35)

For this model of the plasma the value of the safety factor at the magnetic
axis, q(0), is determined by qa and the parameter ν: q(0) = qa/(ν + 1).

Toroidal corrections

The safety factor given by Eq. (3.32) is valid only for the cylindrical plasma
column. For a toroidal plasma the q−profile differs from (3.32). It should
approach to the cylindrical approximation in the limit of large aspect–ratio
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R/r � 1. We find a corrections to the safety factor due to toroidicity for
the simple model of the plasma. We consider the plasma equilibrium with the
following poloidal and toroidal fields:

Bθ =
µoI(ρ)

2πρ

(
1 + Λ

ρ

R

)
,

Bϕ =
B0R0

R
=

B0R0

Rp(ρ)
(
1 + ρ/Rp(ρ) cos θ̄

) , (3.36)

where Λ is defined above. As was shown in Ref. Abdullaev et.al. (1999) the
safety factor can be presented by the following expansion in a series of powers
of the inverse aspect ratio ε = ρ/Rp(ρ):

q(ρ) = qcyl(ρ)
R2

0

R2
p(ρ)

(
1 +

1

2
a2ε

2 +
3

8
a4ε

4 +O(ε8)

)
, (3.37)

where qcyl(ρ) is described by (3.32). The coefficients am are given by

ak = (−1)m
m∑

k=0

(m− k + 1)Λk. (3.38)

Similar type of q−profile has been obtained in Refs. daSilva et.al. (2001a,b)
by solving the Grad-Shafranov equation for the plasma equilibrium. In the
lowest order it is shown that for the current density profile (3.34) the q−
profile has the form

q(ρt) = qcyl(ρt)

(
1− 4

ρ2
t

R2
p(0)

)−1/2

, (3.39)

where qcyl(ρt) is a the safety factor in a cylindrical approximation (3.32).
The relation between the intrinsic poloidal angle ϑ and the geometrical

one θ may be presented in the form of a series of powers of ε,

ϑ(θ, ρ) = θ +

M∑

m=1

αm sinmθ +O(εM+1), (3.40)

where the expansion coefficients αm are series in powers of ε:

αm =

M∑

k=0

α(k)
m εm+k +O(εM+1).

The coefficients αm for the case M = 4 are given by

α1 = a1ε+

(
3a3

4
− a1a2

2

)
ε3 +O(ε5),
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α2 =
ε2

4

[
a2 +

(
a4 −

a2
2

2

)
ε2

]
+O(ε5),

α3 =
1

12
a3ε

3 +O(ε5), α4 =
1

32
a4ε

4 +O(ε5). (3.41)

The coefficients am are polynomial functions of the plasma parameter Λ:

am = (−1)m
m∑

k=0

(m− k + 1)Λk.

The relation (3.40), expressing the intrinsic poloidal angle ϑ via the geo-
metrical poloidal angle θ, can be inverted to find θ in terms of ϑ,

θ(ϑ, r) = ϑ+
M∑

m=1

α∗m sinmϑ+O(εM+1). (3.42)

The expansion coefficients α∗m can be expressed in terms of coefficients αm.
They are given in Table 3.1.

Table 3.1. The expansion coefficients in Eq. 3.42

−α∗1 α1 + α1α2 − 1
4
α3

1 +O(ε5)

−α∗2 α2 − 1
2
α2

1 − 3
2
α2

1α2 + 1
4
α4

1 + 3
2
α1α3 +O(ε6)

−α∗3 α3 − 3
2
α1α2 + 3

8
α3

1 +O(ε5)

−α∗4 α4 − 2α1α3 + 2α2
1α2 + α2

2 − 1
4
α4

1. +O(ε6)

The accuracy of the relations (3.40) and (3.42) is sufficiently high. At
M = 4 they deviate from the exact formulas by less than 1%. However, the
higher order derivatives, dkϑ/dθk (k > 2), calculated from these formulas are
less accurate because of divergence of series.

A dependence θ on ϑ is shown in Fig. 3.4a at the magnetic surface with the
safety factor q(ρ)=3, and the radial profile of the safety factor q(ψ) is plotted
in Fig. 3.4b. The plasma parameters are chosen: Bϕ = 1.9 T, Ip = 382 kA,
βpol = 0.5, li = 1.2 and Ra = 1.72 m, R0 = 1.75 m. The radial profile of
the plasma current density, j(ρ), is given by Eq. (3.34) with ν = qa/q(0)− 1,
where q(0) = 0.75 and qa determined through the plasma Ip according to Eq.
(3.33).

3.5 Spectrum of Hamiltonian perturbations

The perturbation harmonics Hm,n(ψ) of the DED magnetic perturbations
(2.63), (2.65) are given by Eq. (3.16). Introducing the inverse aspect ratio ε =
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Fig. 3.4. a) Dependence of the intrinsic angle ϑ on the poloidal angle θ ; b) Radial
profile of the safety factor q(ψ) vs the normalized toroidal flux ψ/ψa, where ψa ≡
ψ(a).

r(ψ)/R0 and using the definition of the dimensionless perturbation parameter
ε, (2.64), one can present R as R = R0(1 + ε(ψ) cos θ(ϑ, ψ)) and Amn(r) =
εR0B0amn(ψ), Eq. (2.63), where amn are coefficients of order of 1. In the case
of the DED perturbation is given by Eq. (2.65). Then using the expansion
(2.63) one can transform the coefficients (3.16) into

Hmn(ψ) =
∑

m′

Sm,m′(ψ)am′n(ψ), (3.43)

where Smm′(ψ) is a transformation matrix defined by

Sm,m′(ψ) = −Re
1

2π

∫ 2π

0

[1 + ε cos θ(ϑ, ψ)] eim
′θ(ϑ,ψ)−imϑdϑ. (3.44)

These Fourier integrals depend on the relation between the poloidal angle θ
and the intrinsic poloidal angle ϑ. For the large aspect ratio tokamaks, ε� 1,
with circular magnetic surfaces r = const, this relation can be approximated
by Eq. (3.10): θ ≈ ϑ − ε sinϑ. Then the diagonal terms Sm,m have an order
1, and the non-diagonal terms Sm,m±k, (k = 1, 2, · · · ) have an order of εk.
Therefore, the main contribution to Hmn comes from the harmonics Am,n of
the magnetic field with the same poloidal mode m, while the contribution to
this poloidal mode m from the sideband modes Am±k,n decreases as εk.

However, this commonly accepted feature of mode transformation matrix,
Sm,m′ , is valid only for small poloidal mode numbersm,m′. As was established
by Abdullaev et.al. (1999) for large mode numbers m,m′ the matrix Sm,m′
may grow withm′ at the fixedm. It means that the main contributions toHmn

may come not from the poloidal mode m and neighboring modes m′ = m± 1
of magnetic field perturbations, but from those modes m′ located far from m.
Below we study these new features of the mode transformation matrix Smm′

using the method of asymptotic estimations of the integral (3.44). Details of
calculations are given in Appendix E.
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3.5.1 Asymptotics of the transformation matrix elements Sm,m′

First of all we recall a typical feature of the dependence θ = θ(ϑ) ≡ θ(ϑ, ψ).
According to a definition we have θ(ϑ = 0) = 0 (the high field side) and
θ(ϑ = π) = π (the low field side) (see, e.g., Fig. 3.4a). These points are the
critical points of the function θ = θ(ϑ). At these points the second derivatives
d2θ/dϑ2 vanish. As we will see below that the asymptotics of the integral
(3.44) at large m,m′ is mainly determined by the behavior of the function
θ = θ(ϑ) near these points, namely by the first and third derivatives at the
points ϑ = 0 and ϑ = π:

γ1 =
dθ

dϑ

∣∣∣∣
θ=0

, γ3 =
d3θ

dϑ3

∣∣∣∣
θ=0

,

β1 =
dθ

dϑ

∣∣∣∣
θ=π

, β3 =
d3θ

dϑ3

∣∣∣∣
θ=π

. (3.45)

One should note that γ1 > 1, γ3 < 0, 0 < β1 < 1, and β3 > 0. The coefficients
γ1 and β1 determine the tangents of the curves θ versus ϑ at the low field side
and at the high field side, respectively (see Fig. 3.4a).

It is shown in Appendix E that for fixed values of m the main contribution
to the integral (3.44) comes from two intervals of m′. For small values of m′

m′ ≤ m/γ1 + xc(m
′|γ3|/2)1/3, (xc ≈ 2)

the integral Smm′(ψ) may be expressed as a product

Smm′(ψ) = f(0)Amm′(ψ), f(0) = 1 + ε, (3.46)

where f(ϑ) = 1 + ε cos θ(ϑ) and Amm′(ψ) is the the Fourier integral having
the following asymptotics at large m′,m:

Amm′(ψ) =
1

2π

∫ 2π

0

ei(m
′θ(ϑ,ψ)−mϑ)dϑ

≈
(

2

|γ3|m′
)1/3

Ai

(
− γ1m

′ −m
(|γ3|m′/2)1/3

)
, (3.47)

expressed via the Airy function Ai(z). The Airy function Ai(x) oscillates for
x < 0 and exponentially decays for x > 0. It has a local maximum at xc ≈ −1.

Similarly, for the values of m′,

m′ > m/β1 − xc(m′β3/2)1/3, (xc ≈ 3)

the quantity Smm′(ψ) may be approximated by the product

Smm′(ψ) = f(π)Amm′(ψ), f(π) = 1− ε, (3.48)

with the following asymptotics
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Amm′(ψ) ≈ (−1)m+m′
(

2

β3m′

)1/3

Ai

(
β1m

′ −m
(β3m′/2)1/3

)
. (3.49)

For the intermediate values of m′: m/γ1 +xc(m
′|γ3|/2)1/3 < m′ < m/β1 +

xc(m
′β3/2)1/3 unlike (3.47) and (3.49) the integral (3.44) is proportional to

1/
√
m′. Contributions from these terms may be neglected due to the rapid

oscillations of Amm′ with m′.
A typical example of the dependence of the transformation matrix Smm′

on m′ at the fixed value m = 12 is shown in Figure 3.5: a) shows Smm′ itself,
and b) shows it after multiplication by (−1)m

′
. The solid curves correspond

to the exact numerical evaluation the integral (3.44), and the dashed curves
describe their asymptotics by the Airy functions. As seen from Figure 3.5b
the asymptotic formulas well describe the transformation matrix Smm′ near
the values m′ ≈ m/γ1 and m′ ≈ m/β1.

From Figures 3.5a, b also follows that the main contribution to Hm,n with
the fixed m comes from a few magnetic perturbation modes am′,n located near
m′ ≈ m/γ1 or m′ ≈ m/β1. The contributions from other modes are negligible
because of rapid oscillations of the transformation matrix Sm,m′ .

3.5.2 Asymptotic behavior of Hm,n

Below we present asymptotical formulae for Hm,n in two cases, when the
perturbation field is localized on the lower field side (LFS) and on the high
field side (HFS).

The LFS perturbation

In this case am′,n changes with m′ smoothly. Then one can show that

Hmn(ψ) ≈ f(0)

γ1
Ba

(
m− xc(|γ3|m/2)1/3

γ1

)
, (3.50)

where B ≈
√

2π/|xc|Ai(xc), and xc ≈ −1 is the local maximum of the Airy
function, and a(m) ≡ am,n.

The HFS perturbation

In this case am′,n changes rapidly with m′ as am′,n = (−1)m
′
ã(m′), where

ã(m′) is a smooth function of m′. The asymptotic formula for Hm,n is given
by

Hmn(ψ) ≈ (−1)m
f(π)

β1
B ã

(
m+ xc(β3m/2)1/3

β1

)
. (3.51)

Asymptotic formulas (3.50) and (3.51) qualitatively describe the main features
of conversations of magnetic perturbations in a toroidal plasmas. They can be
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Fig. 3.5. Transformation integral (3.44) Smm1 as a function of m1 for the fixed
m = 12: (a) Smm1 ; (b) (−1)m1Smm1 . Solid curve describes the exact numerical
integration, dashed curve corresponds to the asymptotics given by (3.47), (3.49).
The plasma parameter are the same as in Figure 3.4.

also used for quantitative estimations of Hmn. To improve their accuracy the
two parameters B and xc in formulas (3.50) and (3.51) can be considered as
fitting parameters and chosen to have a better agreement with the numerically
calculated values of Hmn.

To illustrate the mode transformation consider the following example when
the magnetic perturbation modes, amn, is given by

amn(ψ) = Cm
sin(m−m0)θc
πm(m−m0)

. (3.52)

We consider two case type of coefficients Cm: (i) Cm = (−1)m and (ii)
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Fig. 3.6. Spectrum of magnetic amn (curve 1) and Hamiltonian perturbations Hm,n

obtained from (3.43) by numerical integration (3.44) (solid curve 2) and using the
asymptotics (3.51) or (3.50) (dashed curve 3): a) describes the case Cm = (−1)m,
m0 = 20, θc = π/5, fitting parameters: B = 1.3, xc = −1. ; b) the case (ii) Cm = 1,
m0 = 10, θc = π/5. Fitting parameters: B = 1, xc = 0.

Cm = 1. The modes are localized near the central mode with a width ∆m =
2π/θc. Suppose that the equilibrium magnetic field is described by the plasma
model considered in Section (3.4.1). The plasma parameters are the same as
in Figures 3.4 and 3.5.

As seen from Figure 3.6a in the first case (i) the center of the mode dis-
tribution m0 of magnetic mode perturbations, amn, (solid curve 1) is shifted
to the lower mode m∗0 ≈ m0β1 (solid curve 2 and dashed curve 3). The width
of the distribution ∆m = 2π/θc of magnetic perturbations became narrow:
∆m∗ ≈ β12π/θc. In the second case (ii) the central mode number m0 of
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magnetic perturbations is shifted to higher mode m∗0 ≈≈ m0γ1 and the dis-
tribution became wider: ∆m∗ ≈ γ12π/θc. The asymptotical formulae (3.50),
(3.51) qualitatively correct describe the transformation of magnetic perturba-
tions into Hamiltonian perturbations.

From the asymptotic formulae (3.50), (3.51) it follows that a particular
mode m of Hamiltonian perturbations is determined by the mode number
m′ ≈ m/γ1 (or m′ ≈ m/β1) of magnetic perturbations. They reflect the
specific features of mode conversations between the spectra of Hamiltonian
perturbation Hm,n and of magnetic perturbations is toroidal plasmas.

3.5.3 DED magnetic perturbation

Since the perturbation field is localized in the finite interval of poloidal angles:
π − θc < θ < π + θc at the HFS the spectrum Am,n of magnetic perturbation
(2.63) contains the factor gm ∝ (−1)m (see Eq. (2.42)). As have been shown
in Section 3.5.2 the spectra of Hamiltonian perturbations Hmn(ψ) in this case
originate from the spectra of magnetic perturbation Am′,n(ψ) with m′ located
near m/β1, and for large mode numbers m it is approximately described by

Hmn(ψ) ≈ (−1)mC

√
1− ρ

R0

(
ρ−∆(ρ)

rc

)m∗
sin(m∗ −mc)θc
πβ1m∗(m∗ −mc)

, (3.53)

where

C =

√
2π

|xc|
Ai(xc), m∗ =

m+ [mβ3/2β1]1/3

β1
.

The radial coordinate ρ is considered as a function of the toroidal flux ψ. For
the plasma model with nested circular magnetic surfaces the relation ρ = ρ(ψ)
is given by Eq. (3.29). The poloidal spectrum Hmn (3.53) is located near the
central mode m∗c ≈ mcβ1 with the width ∆m ≈ πβ1/∆θc. These quantities
are mainly determined by the parameter β1, which depends on the plasma
parameter βpol as well as the flux coordinate ψ. The spectra Hmn(ψ) can be
controlled by simple varying βpol.

3.5.4 Numerical determination of Hmn

Although the asymptotic formula for (3.53) qualitatively correct describes the
spectrum of Hamiltonian perturbation its accuracy is not enough to obtain the
quantitatively correct the critical perturbations for the onset of global chaos
of field lines. Since it is hard to obtain the exact analytical formulas for the
perturbation spectrumHmn(ψ) we have numerically calculated them using the
integral (3.16) and unperturbed field lines R(ψ, ϑ), Z(ψ, ϑ) obtained from the
numerical integration of the equations of field lines (3.4) over one poloidal turn
in the (R,Z) -plane. The safety factor q(ψ), Hmn(ψ), and R(ψ, ϑ), Z(ψ, ϑ) are
found numerically as described in Section 3.3.2.
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The safety factor

Figure 3.7 shows profiles of q(ψ) for three different values of the plasma pa-
rameter βpol: curve 1 corresponds to βpol = 0.2, curve 2 − to βpol = 1, and
curve 3 − to βpol = 1.8. As seen from Figure 3.7 the q− profiles are signifi-
cantly modified with a variation of βpol. The locations, ψmn, of the resonant
magnetic surface, q(ψmn) = m/n are shifted toward inward the plasma with
increasing the plasma βpol. Particularly, the resonant q = 3 magnetic sur-
face is shifted by ∆ψ ≈ 0.05ψa when βpol is changed from 1.8 to 1. Since

ψ/ψa ≈ r2/a2, one can obtain that ∆r ≈ (a/2)
√
ψa/ψ(∆ψ/ψa).

For the plasma of radius a = 46 cm the radial shift of the resonant surface
is ∆r ≈ 1.2 cm. It shows that the threshold of the formation of stochastic
layer changes drastically with the plasma βpol.
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Fig. 3.7. Safety factor profile q(ψ) for three different values of the plasma parameter:
curve 1 - βpol = 0.2, curve 2 − to βpol = 1, curve 3 − to βpol = 1.8. The crossing
points of these curves with the horizontal line q = 3 determine the resonant magnetic
flux ψmn: q(ψmn) = 3.

The perturbation spectra Hmn(ψ)

Below we shall give a several examples of the numerically found spectrum of
Hmn(ψ). They show characteristic features ofHmn(ψ) at the three operational
modes of the DED.

First we consider the characteristic dependence of Hmn(ψ) on the plasma
βpol, shown in Fig. 3.8 for the 12:4 operational mode at the resonant magnetic
surface ψmn, m : n = 12 : 4 for the same values of the plasma βpol as in Fig.
3.7. As seen from Fig. 3.8 that |Hm,n| strongly decreased with increasing βpol.
This is because of shifting magnetic surfaces towards the LFS with βpol which
reduces the influences of perturbation field localized on the HFS.

From Figure 3.8b also follows that only a group of few poloidal modes
contributes to the destruction of resonant magnetic surfaces located near the
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Fig. 3.8. Hamiltonian perturbation spectrum |Hm,n| (n = 4) for different values of
βpol at the resonant magnetic surface ψmn (m : n = 12 : 4): curve 1 corresponds to
βpol = 0.2, curve 2 − to βpol = 1, curve 3 − to βpol = 1.8.

magnetic surface with q = 3. The central mode m∗c of this group is shifted to
small modes m with increasing βpol.
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Fig. 3.9. a) Hamiltonian perturbation spectrum |Hm,n| (n = 4) at the resonant
magnetic surface ψmn, q(ψmn) = m/n: curve 1 corresponds to q = 3.25, curve 2 −
to q = 3, curve 3 − to q = 2.75. b) Dependence of |Hm,n| on the toroidal flux ψ/ψa:
: curve 1 − m=12 , curve 2 − m= 13, curve 3 − m=14. Plasma current Ip= 0.382
MA, toroidal field Bϕ = 1.9 T, the plasma radius a = 44.7 cm, R0 = 175 cm, Ra =
172 cm, βpol = 0.5.

The typical spectra of Hm,n(ψ) and their radial dependencies at the fixed
βpol are shown in Figs. 3.9 - 3.11 for the three operational modes, m : n =
12:4, 6:2, and 3:1, respectively.

First consider the m : n = 12:4 mode. The plasma parameters (the
plasma current Ip= 0.382 MA, toroidal field Bϕ = 1.9 T, the plasma radius
a = 44.7 cm, R0 = 175 cm, Ra = 172 cm, βpol = 0.5) correspond to the
TEXTOR discharge # 93100. Fig. 3.9a shows the spectrum of Hmn(ψ) at
three resonant magnetic surfaces, ψmn, q(ψmn) = m/n, corresponding to q = 4
(curve 1), q = 3.5 (curve 2), and q = 3 (curve 3). The dependence of Hmn(ψ)
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on the normalized toroidal flux ψ/ψa, where ψa is a toroidal flux of the last
magnetic surface, is plotted in Fig. 3.9b for the poloidal mode numbers m
=12 (curve 1), m =13 (curve 2), and m =14 (curve 3). The dependence of
Hm,n on ψ following from Eq. (3.53), i.e., Hm,n ∝ ψm/2β1 , is confirmed by the
curves in Figure 3.9b. As seen from Fig. 3.9a that only a few poloidal modes
m = 10, . . . , 14 are mainly responsible for the formation of the stochastic
layer.
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Fig. 3.10. a) Hamiltonian perturbation spectrum |Hm,n| (n = 2) at the resonant
magnetic surface ψmn, q(ψmn) = m/n: curve 1 corresponds to q = 4, curve 2 − to
q = 3.5, curve 3 − to q = 3, curve 4 − to q = 2.5. b) Dependence of |Hm,n| on the
toroidal flux ψ/ψa: curve 1 − m=4 , curve 2 − m= 5, curve 3 − m=6, curve 4 −
m= 7, curve 5 − m= 8. Plasma current Ip= 0.3 MA, toroidal field Bϕ = 2.25 T,
the plasma radius a = 46 cm, R0 = Ra 175 cm, βpol = 0.3.

The spectrum of Hm,n and their radial-profiles for the m : n= 6:2 mode
are plotted in Fig. 3.10 for the plasma parameters: the plasma current Ip= 0.3
MA, the toroidal field Bϕ = 2.25 T, the plasma radius a = 46 cm, R0 = Ra
175 cm, βpol = 0.3.

The case of the m : n= 3:1 mode is shown in Fig. 3.11 for the plasma
parameters corresponding to the TEXTOR discharge # 94809: the plasma
current Ip= 0.3 MA, the toroidal field Bϕ = 2.25 T, the plasma radius a = 46
cm, R0 = Ra 175 cm, βpol = 0.3.

3.6 Bibliographic notes on mapping methods

The most convenient and natural approach to this problem is to use the Hamil-
tonian equations of field lines and to study them using symplectic methods of
integration, particularly, symplectic mappings. They always preserve a mag-
netic flux, and run much faster. Several mapping models have been proposed
to study the formation of ergodic zone at the plasma edge. The first mapping
model has been proposed by Martin and Taylor (1984) for the rectangular
model of tokamak. This model has been used in Regianni and Sakanaka (1994)
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Fig. 3.11. a) Hamiltonian perturbation spectrum |Hm,n| (n = 1) at the resonant
magnetic surface ψmn, q(ψmn) = m/n: curve 1 corresponds to q = 4, curve 2 − to
q = 3, curve 3 − to q = 2. b) Dependence of |Hm,n| on the normalized toroidal flux
ψ/ψa: curve 1 − m=2 , curve 2 − m= 3, curve 3 − m=4, curve 4 − m= 7, curve 5
− m= 8. Plasma current Ip= 0.3 MA, toroidal field Bϕ = 2.25 T, the plasma radius
a = 46 cm, R0 = Ra 175 cm, βpol = 0.3.

to calculate the Lyapunov exponents and diffusion coefficients. The general-
ization of the Martin and Taylor mapping model to the toroidal plasma and
different statistical properties of magnetic field lines have been studied by
Viana and Caldas (1992); Caldas et.al. (1996); Viana and Vasconcelos (1997);
Ullmann and Caldas (2000); Portela et.al. (2003).

More realistic and generic mapping models for magnetic field lines in the
ergodic divertor, namely, the perturbed twist mappings have been proposed
by Abdullaev et.al. (1998); Fischer and Cooper (1998); daSilva et.al. (2001a,b,
2002a); da Silva et.al. (2002b). The numerical study and Hamiltonian analyses
of magnetic field lines have been also studied in Viana (2000). Rigorous map-
ping methods developed by Abdullaev et.al. (1999); Abdullaev (1999); Finken
et.al. (1999); Abdullaev et.al. (2001); Abdullaev (2002, 2004) were applied to
study a magnetic structure of the TEXTOR-DED.

Mapping methods have been also applied to study stochastic field lines
in poloidal divertor tokamaks. Particularly, simple algebraic mapping models
have been developed in a series of works by Punjabi et.al. (1992, 1994, 1996,
1997, 2003); Ali et.al. (2004) the structure of field lines near the separatrix and
on divertor plates. The more rigorous mappings, namely, the separatrix map-
pings have been constructed by Yamagishi (1995); Abdullaev and Zaslavsky
(1995, 1996); Abdullaev and Finken (1998); Abdullaev et.al. (2006).

Beside analytical mapping models numerical mapping methods have been
also developed to study field lines and modeling heat and particle transport
in tokamak plasmas. The numerical mapping technique has been proposed
for integrating Hamiltonian systems, particularly, the equations of magnetic
field lines and particles in realistic toroidal geometry. The main idea of the
method known as Interpolated Cell Mapping has been proposed by Tongue
(1987); Montvai and Düchs (1993); de Rover et.al. (1996), and later this nu-
merical mapping and its modifications have been employed by Kasilov et.al.



3.6 Bibliographic notes on mapping methods 47

(1997); Runov et.al. (2001); Feng et.al. (2002) for Monte–Carlo simulations of
transport processes in tokamak plasmas with stochastic field lines. The funda-
mental shortcoming of the numerical mapping is that it is not flux-preserving.

Recently another numerical twist mapping of field lines called TRIP3D_MAP
have been constructed by Roeder et.al. (2003); Evans et.al. (2005b) using a
magnetic field line integration code, TRIP3D code (Evans et.al. (2002)) in
poloidally diverted tokamaks.
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Properties of the ergodic and laminar zones

4.1 Formation of the ergodic zone

Below we study the formation of the stochastic layer of field lines at the
plasma edge in the presence of described above magnetic perturbations. The
Hamiltonian equations of field lines (3.13) in this case are integrated using the
mappings (3.21). The perturbation modes Hm,n(ψ) and the safety factor q(ψ)
are found using the cubic spline interpolations of their precomputed values.

4.1.1 Qualitative estimations

The strong influence of the perturbation (3.15) on the field lines originates
from terms εHmn(ψ) cos(mϑ+nϕ+χm0), which are resonant on the rational
magnetic surfaces ψmn, q(ψmn) = m/n. These perturbations destroy these
magnetic surfaces and create the chain of islands. The width of each magnetic
islands is given by (see, Chirikov (1979); Lichtenberg and Lieberman (1992))

Wmn = 4

∣∣∣∣
εHmn(ψmn)

dq−1/dψ

∣∣∣∣
1/2

. (4.1)

With increase the perturbation current the width of islands grows as Wmn ∝
I

1/2
d . At a certain value of perturbation the neighboring islands overlapping,

thus, giving a rise the chaotic motion of field lines. The stochastic layer or the
ergodic zone at the plasma edge is formed due to the interactions of several
magnetic islands ψmn, q(ψmn) = m/n, (m∗c − ∆m/2 < m < m∗c + ∆m/2),
located near the magnetic surface with q = 3.

The qualitative measure of the degree ergodization of field lines can be
described by the Chirikov parameter, σChir,

σChir =
Wmn +Wm+1,n

2|ψm+1,n − ψm,n|
, (4.2)
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which characterizes the degree of overlapping of magnetic islands. The Chirikov
criteria, (see, Chirikov (1979); Lichtenberg and Lieberman (1992))

σChir ≥ 1, (4.3)

determines the onset of chaotic motion.
A typical dependence of the Chirikov parameter, σChir, (4.2) on the ra-

dius ρ = (ρm,n + ρm+1,n)/2, where ρm,n is a radius of the rational magnetic
surface with q(ρmn) = m/n, is shown in Fig. 4.1. The area where σChir ≥ 1
approximately determines the ergodic zone of field lines.
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Fig. 4.1. Radial dependence of the Chirikov parameter σChir (4.2): curve 1 corre-
sponds to the perturbation current Id = 7 kA; curve 2 − Id = 15 kA. The plasma
parameters correspond to TEXTOR shot # 93100: βpol = 0.5, the plasma current
Ip = 382 kA, the toroidal field Bt = 1.9 T, the major radius of the magnetic axis
Ra = 172 cm.

The Chirikov criteria gives only a qualitative picture of the formation of
the ergodic zone. For the quantitative study of this problem one needs the
direct integration of field line equations. Below we study the problem using
the mapping (3.21)- (3.23) of Hamiltonian equations of field lines (3.13).

4.1.2 The m : n = 12 : 4 operational mode

The typical example of the formation of the stochastic layer in this case is
illustrated in Fig. 4.2 by plotting the Poincaré sections of field lines in the
(ϑ, ρ) plane and in the toroidal coordinates (θ, r) (see Eq. 3.2) for the differ-
ent levels of magnetic perturbation. A small rectangular area on the top of the
plots in Figs. 4.2 d-f corresponds to the divertor plate. At the sufficiently small
magnetic perturbation corresponding to Id = 1.5 kA the resonant magnetic
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surfaces (m : n), (m = 11, . . . 14), are destroyed and the chains of isolated
islands are formed as shown in Figs. 4.2 a,d. The increase of the divertor cur-
rent Id up to Id =4.5 kA results in overlapping of three magnetic island with
poloidal mode numbers m = 12, . . .14, and in the formation of the stochastic
layer of field lines bounded in a finite area along the radial coordinate ψ. The
magnetic field lines in the stochastic layer is practically isolated and only few
of chaotic field lines can reach the divertor plates. Figs. 4.2 b,e shows this
case. Further increase of the perturbation current creates the well–developed
stochastic layer with field lines open to the divertor plates which is shown in
Figs. 4.2 c,d for the divertor current Id = 7.0 kA.

In general the formation of the ergodic zone depends on the many parame-
ters of the plasma. It can be varied by changing the profile of the safety factor
q(ψ), the plasma parameter βpol, the perturbation current Id. These aspects
of the problem are discussed below (see also Abdullaev et.al. (1999); Finken
et.al. (1999); Abdullaev et.al. (2001, 2003)).

4.1.3 Variation of the ergodization level

There are several options to vary the ergodization of field lines at the plasma
edge. The first of them is a variation of the divertor current Id. Due to technical
constraints on the maximal value of Id this option is not sufficient to get
sizeable ergodic zone, especially for the higher βpol ≥ 1 (see Finken et.al.
(1999)).

The most convenient way to regulate the degree of ergodization and the
width of the ergodic zone is a variation of radial positions of main resonant
magnetic surfaces ψmn, q(ψmn) = m/n. Particularly, the ergodization can be
increased by shifting the ψmn towards the HFS which can be implemented by

− increasing the plasma current Ip;
− decreasing the toroidal field Bt;
− lowering the plasma βpol;
− shifting the plasma to the HFS as a whole;

In the case shown in Fig. 4.2 the center of the last magnetic surface, Ra,
is shifted from the center of torus, R0, to the HFS on 3 cm.

4.1.4 The m : n=6:2 operational mode.

In this operational mode the stochastic layer at the plasma edge is created
by overlapping the magnetic islands with the fixed toroidal mode n = 2 and
the poloidal modes 5 ≤ m ≤ 9. As was shown in Fig. 3.10 the corresponding
perturbation amplitudes Hmn(ψ) penetrate deeper into the plasma than in
the case of the 12:4 mode, since Hmn(ψ) ∝ ψm/2β1 . Therefore, the sufficiently
large stochastic layer can be created at the smaller perturbation currents. The
example of the stochastic layer for this operational mode is shown in Fig. 4.3.
The DED-coil configuration is given by Eq. (2.17).
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Fig. 4.2. Formation of stochastic layer of field lines with increasing the perturbation
current Id: (a) and (d) the perturbation current Id = 1 kA; (b) and (e) Id = 4.5 kA;
(c) and (f) Id = 7 kA. (a)-(c) show the Poincaré sections in the (ϑ, ρ) plane, (d) -(f)
− in the geometrical space (θ, r). The plasma parameters correspond to TEXTOR
shot # 93100: βpol = 0.5, the plasma current Ip = 382 kA, the toroidal field Bt = 1.9
T, the major radius of the magnetic axis Ra = 172 cm.

At the lower perturbation current Id = 3 kA the ergodic zone is less de-
veloped. It contains the remnants of magnetic islands m = 6, 7, 8, 9. The field
lines practically does not leave the ergodic zone. With increase the perturba-
tion current the ergodic zone is radially extended. The remnants of islands
become smaller, and field lines leave the stochastic layer by hitting the diver-
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Fig. 4.3. Poincaré sections of field lines in the m : n=6:2 operational mode: (a), (c)
− the perturbation current Id = 3 kA; (b), (d) − Id = 6 kA; The plasma parameters
are βpol = 0.3, the plasma current Ip = 300 kA, the toroidal field Bt = 2.25 T, the
major radii of the magnetic axis and the torus center are R0 = Ra = 175 cm, the
minor radius a = 46 cm.

tor plates. Such a case is shown in Fig. 4.3b for the perturbation current Id =
6 kA.

4.1.5 The m : n=3:1 operational mode.

In this regime the perturbation field penetrates deep into the plasma (see
Fig. 3.11b). The resonant magnetic perturbation with the toroidal mode n =
1 can trigger a forced reconnection of field lines creating magnetic islands
with the poloidal mode numbers m = 2, 3 at the resonant magnetic surfaces
q(ψmn) = m/n. It will certainly modify the plasma equilibrium. Therefore,
the study of ergodization of field lines in this case using the equilibrium plasma
configuration and vacuum magnetic perturbation field, in principle, may be
not quite correct. The correct treatment of the problem requires also taking
into account the plasma response to the external magnetic perturbations.
However, this is a complicated problem, and, to our knowledge, at the present
time no such an approach to the ergodization of field lines in the plasma has
been developed.
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Fig. 4.4. Poincaré sections of field lines in the m : n=3:1 operational mode: (a),
(c) − the perturbation current Id = 1.5 kA; (b), (d) − Id = 3.75 kA. The plasma
parameters corresponds to discharge #94809: Bt = 2.25 T, Ip = 300 kA, βpol=0.3,
the major radii of the magnetic axis and the torus center are R0 = Ra = 175 cm,
the minor radius a = 46 cm.

In order to obtain a qualitative picture of ergodization of field lines in the
this operational mode we have used the following simplified model. As was
observed in the experiments on the TEXTOR-DED when the perturbation
current, Id, exceeds a certain critical level it triggers the m : n = 2 : 1 MHD
mode and modifies the density and temperature profiles near this island (see
Finken et.al. (2004)). The modification of the plasma equilibrium in the case
can be taken into account by changing the current density j(r) of the plasma.
We have chosen the current density profile j(r) given by Eq. (D.1) which is a
constant in the small neighborhood of the resonant surface of the m : n = 2 : 1
mode (see Appendix D).

Poincaré sections of the field lines in this case are shown in Fig. 4.4 at the
two perturbation currents: (a) Id = 1.5 kA; (b) Id = 3.75 kA. The plasma
parameters corresponds to the TEXTOR discharge #94809 with the toroidal
field Bt = 2.25 T, the plasma current Ip = 300 kA, βpol=0.3, the major radii
of the magnetic axis and the torus center are R0 = Ra = 175 cm, the minor
radius a = 46 cm. The coil configuration is given by Eq. 2.9.
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As seen from Fig. 4.4 at the lower current, Id = 1.5 kA, the stochastic layer
is formed due to overlapping of islands (m,n) = (3, 1) and (m,n) = (4, 1). The
(m = 2, n = 1) island is isolated from the stochastic layer. With increasing
the perturbation current the island (m = 2, n = 1), as well as, the stochastic
layer grow. At certain level of the perturbation current they overlap which
leads to the disruptions of the plasma discharge. From the calculation follows
that the critical perturbation current Icrit for the disruption approximately
equal to 3.8 kA. For the standard plasma position, i.e., R0 = Ra = 175 cm,
the experimentally found disruption limit of Icrit is above 3.75 kA.

4.2 Ergodic divertor as a chaotic scattering system

Field lines at the plasma edge with initial coordinates located in the stochastic
layer eventually leave the plasma region hitting the divertor plate (expect
for those field lines being trapped inside the magnetic islands). In this sense
the ergodic zone with open field lines can be viewed as a chaotic scattering
system 1, whereby field lines enter into the plasma edge from the divertor
plate and leave when hitting it again after a certain number of poloidal turns,
Np, as illustrated in Figure 4.5.

45

46

47

48

-0.5 0 0.5 1 1.5

r

θ/2π

Divertor plate

1

2

3

Fig. 4.5. Field lines connecting the divertor plate with itself after a several turns,
Np, along the poloidal angle: curve 1 describes Np = 0, curve 2 corresponds to
Np = 1, and curve 3 − to Np = 2.

In chaotic scattering systems, a trajectory may leave a system in one of
several different ways. The space of initial coordinates corresponding to the
various exit ways are separated by a boundary, which may be a fractal (Bleher
et.al. (1990)). The set of initial conditions for which trajectories leave the

1 A definition of chaotic scattering systems can be found in Eckhard (1988); Bleher
et.al. (1989); Tel and Ott (1993) and references therein.
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system in a particular way is called a basin of a particular mode. In the case
of the ergodic divertor it is convenient to classify field lines by the number of
poloidal turns Np. Indeed, the perturbation field created by divertor coils are
localized on the HFS, and field lines enter into the plasma and leave it on this
side making almost full poloidal turns (see Figure 4.5). Therefore, the set of
initial conditions for which field lines cross the section θ = 0 (mod 2π) with
the same number of times may be referred as the basin of a particular number
of poloidal turns Np. Field lines with Np = 0 that do not cross the section
θ = 0 belong to a special set called a private flux zone. Spatial structures
of boundaries of basins belonging to different Np reveal fine details of the
structure of field lines which cannot be seen in Poincaré sections. Below we
study the structure of these basins by plotting the contours of Np within the
plasma edge and on the divertor plate.

4.2.1 Basin boundary structure at the plasma edge: Laminar plots

First we consider the structure of basin boundaries referring to the basin as
the set of points (ϑ, ψ) at the given poloidal section ϕ= constant which are
crossed by field lines with a particular number of poloidal turns Np. The
procedure to obtain these plots is the following.

At the poloidal plane ϕ= 0 the field line with a given initial coordinate
(ϑ, ψ) is traced by iterating the map (3.21) along the positive and negative
directions of the toroidal angle ϕ until a field line reaches the divertor plate.
Then we determine a fractional number of poloidal turns Npol as the ra-
tio of the total change of the poloidal angle ∆θ to the full circle 2π, i.e.,
Npol = ∆θ/2π. The values of Npol computed in this way are close to integer
numbers although they are not exactly integer. Let Np be the integer number
closest to Npol. Areas in the (ϑ, ψ)- plane with different poloidal turns Np
are topologically different. The dependence of Npol on the initial coordinates
(ϑ, ψ) is displayed by a contour plot with contour lines separating the basins
of different poloidal turns Np. This plot is called as laminar plot.

The examples such a plots are presented in Figs. 4.6 for the 12:4 opera-
tional mode (Fig. 4.6a) and for the 6:2 mode (Fig. 4.6b). The laminar plot for
the 3:1 operational mode is shown in Fig. 4.7a, b in the (θ, r)− and (R,Z)−
planes, respectively. Poincaré sections of field lines corresponding to these
laminar plots were given in Figs. 4.2c, 4.3b and 4.4b.

The basin with one poloidal turn has a non-fractal boundary with the
private flux zone. But it may have fractal boundaries with the basins cor-
responding to two and more poloidal turns. For Np ≥ 2 there are several
topologically different basins related to the same Np. As seen from Figure
4.6a the relatively large basins of a few poloidal turns Np ≤ 3 at the plasma
edge are clearly separated by non-fractal boundaries. But they are alternat-
ing with the long dark elongated areas (or stripes) containing the basins for
a few poloidal turns up to very large Np. In Eich et.al. (2000) these stripes
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Fig. 4.6. Contour plots of Np in the (θ, r) – plane on the HFS of torus: a) the 12:4
mode operation for the plasma parameters in Fig. 4.2c; b) the 6:2 mode operation
for the plasma parameters in Fig. 4.3b; c) Expanded view of the rectangular area in
(a); d) Expanded view of the rectangular area in (c).
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Fig. 4.7. Contour plots of Np for the 3:1 mode operation: a) in the (θ, r) – plane; b)
in the (R,Z) – plane. The plasma parameters corresponds to the discharge #94809
with the same parameters as in Fig. 4.4b.
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were called ”fingers”. At the HFS some of these stripes are radially extended
toward the divertor plate.

The structure of stripes has a complicated fractal nature. In order to study
the fine structure of stripes we have magnified the area of the stripe with the
fine resolution of basins of higher poloidal turns. In Figs. 4.6c, d show consec-
utive blow up of the rectangular areas in Figs. 4.6a and 4.6c, respectively. It
shows that the basins at the stripe are highly elongated and the boundaries
between them have fractal structure, i.e., the stripes consists of layered basins
of different poloidal turns with a self−similar behavior at different spatial
scales. As seen from Figure 4.6b the basins of field lines with a few poloidal
turns Np are ”sandwiched” between basins for field lines with large numbers
of poloidal turns Np � 1.

4.2.2 Magnetic footprints

In order to study the basin boundary structure on the divertor plate we will
use the following procedure. We follow a field line which enters into the plasma
starting from the divertor plate with a given initial coordinate (ϕ, θ) and re-
turns back to the plate after a certain number of poloidal turns Np. The set of
initial conditions (ϕ, θ) with a particular number Np determines a basin. The
whole picture of basin boundaries with Np ≥ 1 on the plasma wall determines
a structure known as magnetic footprints. Similar to the stripe at the plasma
edge the magnetic footprints have a fractal structure as well.

The examples of magnetic footprints are displayed in Figs. 4.8: a) for
the 12:4 operational mode; b) for the 6:2 operational mode; b) for the 3:1
operational mode. The corresponding Poincaré sections and laminar plots
were given in Figs. 4.2c, 4.3b and 4.4b, and Figs. 4.6 and 4.7, respectively.

One can see from Figs. 4.8a,b that for the 12:4 operational mode the
the field lines can enter into the plasma (or hit the divertor plate from the
plasma side) only along the four pairs of narrow helical stripes, for the 6:2
operational mode − along two pair helical stripe, and for the 3:1 operational
mode − along one pair helical stripe. (Dark blue areas in Figures correspond
to the field lines in a private flux zone). The distance between stripes of each
pairs depends on the plasma current Ip (see Ref. Abdullaev et.al. (2001)).
Each helical stripe has a fractal structure and it consists of layered basins
of different poloidal turns (see Fig. 4.8a, b). The width of layers is changing
along the toroidal direction ϕ. The area of the basin with one poloidal turn
Np = 1 is the largest. For the higher Np > 1 corresponding areas of basins are
drastically decreased in size. The boundaries between these basins are fractal.

The fine structure of helical stripes can be revealed by studying the de-
pendence of Np on the poloidal angle θ for fixed toroidal angle ϕ. Such a
dependence of Np on θ is described by Cantor-like, fractal curves. It is pre-
sented in Fig. 4.9 for the 12:4 mode at the fixed toroidal angle ϕ = 180◦.
The curve in Fig. 4.9a describes the poloidal section of the all four helical
stripes shown in Figure 4.8a, while the expanded view of the area along the
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Fig. 4.8. Basin boundary structure (magnetic footprints) on the (ϕ, θ) - plane at
the divertor plane: a) for the 12:4 mode; the plasma parameters are the same as in
Fig. 4.2; b) for the 6:2 mode for the same plasma as in Fig. 4.3. (c) for the 3:1 mode
during the discharge #94809 with the same parameters as in Fig. 4.4b.
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one helical stripe is shown in Fig. 4.9b. They clearly show areas of field lines
connecting plate to plate in one, two, three and more poloidal turns Npol.
These areas are described by almost horizontal steps in the fractal curve. The
width of layers becomes smaller with increasing Npol.
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Fig. 4.9. (a) Fractal dependence of Npol on θ at fixed toroidal angle ϕ = 180◦

corresponding the magnetic footprint in Fig. 4.8a; (b) a view of the one helical
stripe. The operational mode is 12:4.

The structure of the helical stripes plays an important role for heat and
particle deposition on the divertor plates. Indeed, the basins with Np � 1
correspond to the field lines coming from deep within ergodic zone. These
field lines may bring high energetic particles to the wall because the particles
predominantly move along field lines. Therefore one can expect that the spa-
tial distribution of power deposition within the helical stripes will depend on
the spatial structure of basins with Np > 1. The cross–field diffusion of parti-
cles broadens the spatial distribution of power deposition around the maxima
located at the basins corresponding to large number of poloidal turns. This
conclusion is confirmed with the Monte–Carlo simulations of heat and energy
transport in the ergodic zone (Runov et.al. (2001)).

4.3 Diffusion of field lines

The chaotic field lines in the ergodic layer contribute to the radial energy and
particle transport at the plasma edge in addition to the perpendicular en-
ergy transport caused by turbulent processes in the plasma. To illustrate this
consider for simplicity a collisionless plasma. Since electrons predominantly
follow magnetic field lines the radial transport of electrons is determined by
the radial deviation of field lines from the magnetic surfaces. Indeed, the ra-
dial diffusion coefficient of electrons is defined as De = 〈(∆r)2〉/2∆t where
∆r is a random radial advance of particle during time period ∆t, and 〈(· · · )2〉
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stands for averaging over magnetic surface. Suppose that ve is the thermal ve-
locity of electrons. They make a full toroidal turn in time ∆t = ∆l/ve where
∆l = 2πR0 is the length of field line. Therefore

De =
〈(∆r)2〉

2∆t
=
∆l

∆t

〈(∆r)2〉
2∆l

= DFLve, (4.4)

where

DFL =
〈(∆r)2〉

2∆l
, (4.5)

defines the diffusion coefficient of field lines. It means that in the collisionless
plasma the diffusion of charged particles is mainly determined by the radial
diffusion of field lines 2. Below we discuss the problem of determination of
field line diffusion coefficients.

4.3.1 Global and local diffusion coefficients

Let σ(l) is the second order displacement moment,

σ2(l) = 〈(ρ− 〈ρ(l)〉)2〉 =
1

N

N∑

i=1

(ρi(l)− 〈ρ〉)2, (4.6)

where 〈(. . . )〉 means over a set of initial conditions at l = 0 taken on a certain
magnetic surface.

First consider the definition of diffusion coefficients in an unlimited domain
stochastic layer. In this case the asymptotics of σ(l) at the large distance l
has the following general behavior,

σ2(l) = 2DFLl
γ , l →∞, (4.7)

where DFL is a constant coefficient. For a normal Gaussian process the ex-
ponent γ = 1, and the coefficient DFL is defined as a field line diffusion
coefficient, DFL = σ(l)/2l, l → ∞. Such a diffusion coefficient can be called
as global since it characterizes a global diffusive behavior of a system.

However, in the stochastic system with a finite domain, as the ergodic zone
of field lines, the asymptotics (4.7) is not valid at long distances l, since in this
case σ(l)→ constant at l→∞, i.e., one cannot introduce the global diffusion
coefficient DFL defined as a ratio DFL = σ(l)/2l, l→∞.

In this case one can also introduce the running diffusion coefficient of field
lines defined as

D(l) =
σ2(l)

2l
. (4.8)

2 Actually the radial transport of charged particles in the plasma is more compli-
cated. It is determined not only due to collisions of particles but also the different
kind of electromagnetic instabilities developing in the plasma (see Wesson (2004))
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In an unlimited domain D(l) tends to a finite value in the limit l → ∞.
However, in the ergodic zone the running diffusion coefficient D(l) goes to
zero when l →∞. At finite value of l it characterizes the radial diffusion rate
of field lines.

In order to describe a transport in the stochastic layer one can also intro-
duce a local diffusion coefficient DFL(r). It gives a quantitative measure of
field line diffusion near the given magnetic surface of radius ρ. Below we give
analytical and numerical determinations of diffusion coefficients.

4.3.2 Quasilinear diffusion coefficients

For the highly developed ergodic zone the diffusion coefficient DFL can be
obtained from the Hamiltonian equations of field lines with the Hamiltonian
(1.4), (1.5). According to the quasilinear approximation (see, e.g., Lichtenberg
and Lieberman (1992)) the diffusion coefficient D in the toroidal magnetic flux
ψ for the Hamiltonian system (1.4), (1.5) given by

DM = πε2
∑

m,n

m2 |Hmn(ψ)|2 δ
(

m

q(ψ)
− n

)
.

The relation between the diffusion coefficientDFL andDM in the magnetic
flux, ψ, and the radial r coordinates can be found using the relation ψ =
r2/2R2:

D
(Q)
FL =

R3
0

r2
DM = πε2

R3
0

r2

∑

m,n

m2 |Hmn(ψ)|2 δ
(

m

q(ψ)
− n

)
. (4.9)

It coincides with the traditionally used quasilinear formula for DFL (see
Ghendrih et.al. (1996)) if the term εmHmn is replaced by rBmn/R0B0 where
Bmn is the Fourier expansion coefficient of the perturbed field Br, i.e.,

D
(Q)
FL = πR0

∑

m,n

(
Bmn(r)

B0

)2

δ

(
m

q(ψ)
− n

)
. (4.10)

4.3.3 Numerical calculation of field line diffusion coefficients

To determine a local diffusion coefficient,DFL(r), numerically we calculate the
second order radial displacement moments according to Eq. (4.6) performing
the averaging over a set of initial field lines with initial angle θ being uniformly
distributed on the magnetic surface r = r0(θ).

As was mentioned above in the ergodic zone one cannot introduce a global
diffusion coefficient D = σr(l)/2l, (l →∞) as in the case of unlimited stochas-
tic domain. However, one can introduce a local diffusion coefficient DFL(r)
as σr(l)/2l which is valid for the initial linear growth regime of σr(l) with l
Abdullaev et.al. (1999).



4.3 Diffusion of field lines 63

0

1

2

3

0 50 100 150 200 250 300

σ2 (ϕ
)  

   
[c

m
2 ]

nt=ϕ/2π

2

1

(a)

0

0.5

1

1.5

2

2.5

0 5 10 15 20 25 30

D
(ϕ

)  
m

2 /m

nt=ϕ/2π

x 10-6 (b)

2

1

0

0.5

1

1.5

2

2.5

3

40 42 44 46
0

1

2

3

4

5

6
D

FL
   

m
2 /m

D
Q

ρ   [cm]

(c)x 10-6 x 10-5

1

2

3

4

Fig. 4.10. a) Mean square radial displacement σ2(l) vs the toroidal angle ϕ for
the different perturbation currents: curve 1 describes the case Id = 7 kA; curve 2
corresponds to Id = 15 kA. b) Running diffusion coefficient D(ϕ): curve 1 − Id = 7
kA; curve 2 − Id = 15 kA. c) Radial profiles of local field line diffusion coefficient
DFL and the quasilinear diffusion coefficient DQ (4.9) for the 12:4 mode at two
different perturbation currents: curves 1 and 3 corresponds to Id = 7 kA, curves 2
and 4 corresponds to Id = 15 kA. The equilibrium plasma parameters are the same
as in Fig. 4.2.

The 12:4 operational mode

Dependence σ2
ρ(l) along the toroidal angle ϕ = l/2πR0 is plotted in Fig. 4.10a

for the two different perturbation currents: curve 1 describes the case Id = 7
kA; curve 2 − Id =15 kA. The plasma parameters are the same as in Figs. 4.2.
The averaging in Eq. (4.6) is performed over initial field lines on the magnetic
surface of radius ρ = 40.84 cm. In the first case field lines are mostly confined
in the ergodic zone and they don’t reach the divertor plate, while in the second
case the field lines are open and they reach the divertor plate after a certain
number of poloidal turns. It has the following features: σr0(l) grows with l
up to a certain distance, when field lines reach the boundaries of the ergodic
zone, and then it tends to a constant value as shown by curve 1 in Fig. 4.10a
or it decreases when field lines leave the ergodic zone hitting the divertor
plates (curve 2 Fig. 4.10a). The corresponding running diffusion coefficients
D(l) defined by Eq. (4.8) are plotted in Fig. 4.10b.
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The profiles of the local diffusion coefficient DFL(r) as a function of mag-
netic surface radius ρ are shown in Figure 4.10c for the perturbation currents:
curve 1 − Id = 7 kA, curve 2 − Id = 15 kA. The corresponding quasilinear
diffusion coefficients DQ (4.9) are also plotted in this figure: curve 3 − Id = 7
kA, curve 4 − Id = 15 kA. One can see that DFL grows with ρ monotonically
up to the certain radius ρc then it decays in the zone ρ > ρc where the field
lines hit the divertor plates in very short lengths. The radius ρc characterizes
the inner boundary of the zone of almost regular (non-chaotic) field lines with
very short wall to wall connection lengths, i.e. the laminar zone The width of
the laminar zone grows with the perturbation current Id.

Usually the quasilinear diffusion coefficients overestimates the diffusion
transport rate in the DED ergodic zone. The quasilinear theory is not valid
in this case since the ergodic zone is formed by overlapping only a few neigh-
boring magnetic islands.
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Fig. 4.11. The same as in Fig. 4.10, but for the 6:2 operational mode for the different
perturbation currents:: curve 1 - Id = 6 kA, curve 2 - Id = 7.5 kA; In (a) and (b) ρ
=41.5 cm. The equilibrium plasma parameters are the same as in Fig. 4.3.

The 6:2 operational mode

The mean square displacement moment σ2, the running diffusion coefficients
D and the local diffusion coefficients DFL for this case are shown in Fig. 4.11
a-c, respectively, for the plasma parameters taken above in Figs. 4.3. As seen
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from Fig. 4.11 in this operational mode the diffusion coefficients of field lines
is one order larger than in the case of operational mode 12:4 at the same
perturbation current Id. This is mainly due to large radial excursions of field
lines in the presence of resonant magnetic perturbations m : n = m : 2, with
the poloidal modes m = 5, 6, 7, 8.

The 3:1 operational mode

The mean square displacement moment σ2, the running diffusion coefficients
D and the local diffusion coefficients DFL are presented in Fig. 4.12 a-c,
respectively, for the plasma discharge #94809. The corresponding Poincaré
section, the laminar plot of field lines were given in Fig. 4.4 and Fig. 4.7. As
expected, the diffusion coefficients, DFL, in this case are larger than in the
cases of 12:4 and 6:2 operational modes. Particularly, at the same perturbation
current the typical values of DFL of the 3:1 mode exceeds the corresponding
ones in the 6:2 mode by factor 10.
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Fig. 4.12. The same as in Fig. 4.10, but for the 3:1 operational mode. The per-
turbation current Id = 3.75 kA. In (a) ρ = 42 cm, and (b) curve 1 corresponds to
ρ = 34.1 cm, curve 2 − ρ =42 cm. The equilibrium plasma parameters are the same
as in Fig. 4.4.

One should note that the local and quasilinear diffusion coefficients do
not completely describe the transport processes in the ergodic zone. They are
valid only for the highly developed ergodic zone. The typical ergodic zone
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at the plasma edge is not well-developed, and it consists of areas with the
remnants of magnetic islands as well as areas with almost regular field lines
with short connection lengths (the laminar zone). The transport processes in
such an ergodic zone cannot be simply described by the quasilinear theory.

4.4 Lyapunov exponents and Kolmogorov lengths

One of important characteristics of chaotic systems is the Lyapunov exponent.
It gives the quantitative measure of exponential divergence of nearby orbits
(or field lines in the ergodic zone). The Lyapunov exponent is related with
another statistical characteristic of chaotic dynamical system, namely, with
the Kolmogorov time (or the Kolmogorov length of chaotic field lines) which
characterizes the loss of information on initial state of system in time.

In this section we estimate the Lyapunov exponent and the Kolmogorov
length of field lines in the ergodic zone. Since field lines in the ergodic zone
are open and have finite connection lengths we will introduce finite–time
Lyapunov exponent (or local Lyapunov exponent) and the local Kolmogorov
length.

4.4.1 Definition of Lyapunov exponent

Below we give a definition of the Lyapunov exponent and the method of its
calculation for symplectic mappings (3.19). Let

dIk =

(
dψk
dϑk

)
(4.11)

be an infinitesimal vector separating neighboring orbits at the k-th step. The
evolution of the vector dIk for one map iteration is described by the following
equation

dIk+1 = JkdIk, (4.12)

where Jk is the Jacobian matrix of the mapping (3.19):

Jk =



∂ψk+1

∂ψk

∂ψk+1

∂ϑk

∂ϑk+1

∂ψk

∂ϑk+1

∂ϑk


 . (4.13)

We recall the property detJk = 1. The calculation of the Jacobi matrix of the
mapping (3.21)– (3.23) is given in Appendix F.

Consider the evolution of the distance dsk =
√
dψ2

k + dϑ2
k between orbits

in the (ϑ, ψ) plane. According to (4.12) its square, ds2
k, can be written as

ds2
k = dITk dIk = dITk−1JTk JkdIk−1
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= dIT0 JT1 · · ·JTk Jk · · ·J1dI0. (4.14)

Let λ
(k)
1 , λ

(k)
2 be the eigenvalues of the matrix Jk which satisfy the eigenvalue

problem,

JkA = λA,

where A is the corresponding eigenvector. The eigenvalues are found as solu-
tions of the equation

det

(
∂ψk+1

∂ψk
− λ ∂ψk+1

∂ϑk
∂ϑk+1

∂ψk

∂ϑk+1

∂ϑk
− λ

)
= 0,

from which it follows that

λ
(k)
1,2 = D ±

√
D − 1, (4.15)

where

D =
1

2

(
∂ψk+1

∂ψk
+
∂ϑk+1

∂ϑk

)
.

In Eq. (4.15) we have taken into account that according to the volume–
preserving condition (3.20) the determinant of the Jacobi matrix Jk is unity.

In general, the eigenvalues λ
(k)
1 , λ

(k)
2 are functions of local coordinates

(ϑk, ψk). In the case D > 1 the eigenvalues λ1k , λ2k are real, and satisfy
the condition

λ
(k)
1 > 1, λ

(k)
2 < 1, λ

(k)
1 λ

(k)
2 = 1.

In this case the orbits is locally unstable. If D < 1 the eigenvalues λ1k and λ2k

are complex numbers, with the unity modules, |λ1k| = |λ2k | = 1. The orbits
in this case are locally stable.

The global Lyapunov exponent, σ, is defined as

σ = lim
N→∞

1

N
ln
dsN
ds0

, (4.16)

or dsn = exp(Nσ)ds0, i.e., it characterizes the degree exponential divergency
of orbit per one map iteration. According to (4.14), it is determined by the

largest eigenvalue, λ(k) = max (λ
(k)
1 , λ

(k)
2 ), of the Jacobian matrix Jk:

σ = lim
N→∞

1

N
ln

N∏

k=1

λ(k). (4.17)

When the eigenvalue λ(k) does not depend on the local coordinates (ϑk, ψk),
i.e., λ(k) = λ1, then σ = lnλ1. The Lyapunov exponent, σ, is positive for the
unstable orbits, and it vanishes, σ = 0, for the stable orbit. For a chaotic sys-
tem in a finite domain the Lyapunov exponent has a fixed value independent
on initial positions of the system.



68 4 Properties of the ergodic and laminar zones

4.4.2 Finite–time Lyapunov exponent

In the ergodic zone the field lines have a finite connection lengths. Therefore,
we cannot determine the global Lyapunov exponent, σ, defined by Eq. (4.17).
In this case one can use the so-called finite–time Lyapunov exponent, σN . It
is defined for a finite steps, N , of the map, (see, e.g., Ott (1993)), i.e.,

σN =
1

N
ln
dsN
ds0

=
1

N
ln

N∏

k=1

λ(k). (4.18)

It characterizes the local divergency of orbits in a chaotic system and depends
on the initial coordinates (ϑ0, ψ0). We call it as a local Lyapunov exponent.
The quantity,

LN =
l

σN
, (4.19)

where l is the length of field line per one map step, gives a quantitative measure
of the local e-folding length of exponential separation of neighboring orbits.

The quantity LN similar to σN sensitively depends on the initial condition.
Particularly, its dependence on the initial poloidal angle ϑ has a fractal nature.
A typical dependence of LN on ϑ is plotted in Fig. 4.13 for the 12:4 operational
mode. Initial field lines are taken on the magnetic surface of radius ρ = 42.8
cm, and they are run until crossing the divertor plate, i.e., the number N in
Eq. (4.19) is taken equal to the possible maximal number of map iteration.
As seen from Fig. 4.13a, b the dependence LN on the initial poloidal angle
has indeed a fractal nature.

4.4.3 The Kolmogorov length

As we have seen the length LN for open chaotic field lines depends on initial
conditions. Below we introduce the characteristic e-folding length of exponen-
tial divergence of neighboring field lines of given magnetic surface of radius ρ
(or toroidal flux ψ) by averaging over initial poloidal angles, i.e., we define the
length, LK(ρ,N), as the inverse of the finite-time Lyapunov exponent, σ̄(ρ),
averaged over the magnetic surface of radius ρ (or toroidal flux ψ):

LK(ρ,N) =
l

σ̄N
, (4.20)

σ̄N =
1

M

M∑

i=1

σN (i),

where σN (i) is the local Lyapunov exponent (4.18) with the initial coordinate
(ϑi = 2πi/M,ψ(ρ)), and M is a number of field lines. Following to Ghendrih
et.al. (1992, 1996) we call the quantity LK(ρ,N), as the Kolmogorov length
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Fig. 4.13. Local e-folding length LN vs the initial poloidal angle ϑ. Initial field lines
taken on the magnetic surface of radius ρ = 42.8 cm are run until they reach the
divertor plate. The perturbation current Id = 15 kA. a) shows the whole interval of
ϑ. b) shows the expanded view in the interval 0 ≤ ϑ/2π ≤ 0.06. The equilibrium
plasma parameters are the same as in Fig. 4.2.

which is a statistical measure of the e-folding length of exponential divergence
of neighboring field lines. According to the definition (4.20) is a function of
radius, ρ, (flux ψ) of magnetic surface and the length of field lines measured
in the map steps N .

The quasiclassical formula for the Kolmogorov length LK(ρ) has been
proposed by Ghendrih et.al. (1992, 1996),

LKQ(ρ) = πqR0

(πσChir
2

)−4/3

, (4.21)

where σChir is the Chirikov parameter defined by Eq. (4.2).

4.4.4 Numerical results

Below we present the Kolmogorov’s lengths numerically calculated for the
three operational regime: 12:4, 6:2 and 3:1 modes. They correspond to the
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Fig. 4.14. Local Kolmogorov length LK(l) for the 12:4 mode. a) LK(l) vs the
toroidal angle ϕ with a several initial radii: curve 1 corresponds to ρ = 41.3 cm;
curve 2 − ρ = 42.3 cm; curve 3 − ρ =43.3 cm; curve 4 − ρ = 45.1 cm. The
perturbation current Id = 15 kA; b) Radial profiles of the Kolmogorov length LK(l)
at different toroidal angles and perturbation currents: curves 1 and 3 correspond to
ϕ = 0, curves 2 and 4 correspond to ϕ = 6π. Curves 1 and 2 correspond to Id = 7
kA, curves 3 and 4 correspond to Id = 15 kA. c) Quasiclassical formula for the
Kolmogorov length LKQ: curves 1 corresponds to Id = 7 kA, curve 2 − to Id = 15
kA. The equilibrium plasma parameters are the same as in Fig. 4.2.

plasma discharges whose Poincaré sections were shown in Figs. 4.2, 4.3, and
4.4, respectively.

The case of the 12:4 operational mode is shown in Fig. 4.14. The evolution
of the local Kolmogorov length LK(l) along the toroidal angle ϕ is plotted
in Fig. 4.14a at the four magnetic surface with radii ρ = 41.3 cm (curve 1),
ρ = 42.3 cm (curve 2), ρ =43.3 cm (curve 3), and ρ = 45.1 cm (curve 4).
The dependencies of LK(l) on the radii, ρ, of magnetic surfaces is shown in
Fig. 4.14b for the two perturbation currents: Id = 7 kA (curves 1 and 2)
and Id = 15 kA (curves 3 and 4). Curves 1 and 3 correspond to LK(l) at
the beginning of evolution, i.e., l ∝ ϕ = 0, while curves 2 and 4 correspond
to LK(l) after three toroidal turns, i.e., ϕ = 6π. Finally, the corresponding
quasilinear Kolmogorov length, LKQ, given by Eq. (4.21) is plotted in Fig.
4.14c for the following perturbation currents: curve 1 corresponds to Id = 7
kA and curve 2 corresponds to Id = 15 kA. Similar plots for the operational
modes 6:2 and 3:1 are shown in Fig. 4.15 and Fig. 4.16, respectively.
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Fig. 4.15. The same as in Fig. 4.14 but for the 6:2 mode. a) curve 1 corresponds
to ρ = 32.8 cm; curve 2 − ρ = 41.5 cm; curve 3 − ρ = 46.4 cm; b) Radial profiles
of Kolmogorov length LK(l) at different toroidal angles: curve 1 corresponds to
ϕ = 0, curve 2 corresponds to ϕ = 6π. The perturbation current Id = 7.5 kA. The
equilibrium plasma parameters are the same as in Fig. 4.3.
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Fig. 4.16. The same as in Fig. 4.14 but for the 3:1 mode. a) curve 1 corresponds
to ρ = 34.7 cm; curve 2 − ρ =36.5 cm; curve 3 − ρ = 44.0 cm; curve 4 − ρ =
46.4 cm. The perturbation current Id = 3.75 kA; b) Radial profiles of Kolmogorov
length LK(l) at different toroidal angles perturbation currents: curve 1 corresponds
to ϕ = 0, curve 2 corresponds to ϕ = 6π. The perturbation current Id = 3.75 kA.
The equilibrium plasma parameters are the same as in Fig. 4.4.

As seen from Figs. 4.14, 4.15, 4.16 the local Kolmogorov length, LK(l),
depends on the radial positions of magnetic surfaces. The value of LK(0)
monotonically decreases with increasing the radius (see, curves 1 and 3 in
Figs. 4.14b, 4.15b, and curve 1 in Fig. 4.16b) where the perturbation field
grows outwardly. Particularly, LK(0) does not depend on the structure of
the stochastic layer. The influence of the latter starts to reveal on the radial
profiles of the local Kolmogorov length, LK(l), with long field lines (see, curves
2 and 4). They have local maxima near the radial positions of the remnants of
magnetic islands which are seen from the corresponding Poincaré sections in
Figs. 4.2c, 4.3b, and 4.4b. This is because of the regular field lines in magnetic
islands which effectively increase the statistical measure of e-folding length of
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exponential divergence of neighboring field lines, i.e., the Kolmogorov length,
LK(l).

One should note that the quasilinear Kolmogorov lengths, LKQ, calculated
using Eq. (4.21) (see, Fig. 4.14c) are larger than the numerically obtained
Kolmogorov lengths, LK , by a factor 2 ÷ 4. Probably, it is due the fact the
quasilinear theory is valid only for the highly developed stochastic layer in an
unlimited domain, unlike the stochastic zone for field lines in the TEXTOR-
DED. Nonetheless, the quasilinear formula (4.21) gives a right dependence of
LK on the perturbation current. Indeed, from Eq. (4.21) follows that LKQ ∝
I
−2/3
d , which is in a good agreement with numerical calculations. Particularly,

from data plotted in Fig. 4.14b the ratio δ = LK(Id = 7kA)/LK(Id = 15kA)
takes values in the interval [0.54, 0.65] which are close to the value 0.6 of the
ratio LKQ(Id = 7kA)/LKQ(Id = 15kA) predicted by the quasilinear formula.
Similarly, for the 6:2 mode one finds that the ratio δ takes the values in the
interval [0.47, 0.62] which close to the quasilinear value of δ=0.53.

4.5 Experimental observation of the magnetic structure

The model described in this work has been extensively tested against the ex-
periments. Since the DED system produces a relatively simple perturbation
field, it was possible to perform a direct comparisons between the plasma
structures and modeled magnetic field topologies. The main limitation of the
model comes from the linear addition of the applied perturbation and the mag-
netic equilibrium (so-called “vacuum” approximation). However, the overall
agreement of the predicted structures and the measured data is very good. The
general properties of the plasma edge resulting from the DED were predicted
in detail demonstrating that the changes in transport can be understood with
the knowledge of the calculated field line structures.

Fig.4.17a shows a false-color image of the CIII light emission, recorded by
means of CCD camera equipped with an interference filter at λ = 465 nm,
(#95592). The camera has a toroidal view, tangential to the inner wall (or
divertor target plate) and observes the light pattern of CIII which is located
near to the surface, around the equatorial midplane. Each frame is recorded
for 8 ms. The figure clearly shows the effect of the near field of the DED
resulting in a deformation of the flux zones to the wall. Superimposed to the
figure is a Poincaré plot visualizing the structure of the perturbed volume.
For the Poincaré plot magnetic field lines are analyzed for up to 15 poloidal
turns. One observes that the distribution of the CIII spectral line intensity not
only follows the symmetry of the perturbation field, but it strongly depends
on the magnetic structures predicted by the model. Assuming the electron
temperature Te ≈ 70 eV and electron density ne ≈ 7 ·1018 m−3 in the laminar
zone gives mean free path of order of 10 meters, which is of the same order
as the Kolmogorov length, LK . The particles following the field lines hit the
wall before the field lines can reveal a chaotic behavior. Therefore, the heat
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Fig. 4.17. a) The two-dimensional distribution of the CIII emission in the front
of the DED coils for the discharge #95592 overlayed with the Poincaré section
visualizing the calculated structure of the magnetic field. The colorbar indicates the
intensity of the CIII line at 465 nm in the arbitrary units. The m/n numbers on the
right hand side of the figure indicate the island chains. b) Corresponding laminar
plot representing the contour plot of the field lines connection length calculated for
the same conditions as in (4.17a) (Jakubowski et.al. (2005b)).

and particle deposition patterns are mainly driven by the laminar structures
in the outermost plasma layer.

The regular patterns of heat deposition, which are formed by the lam-
inar zone, have been identified since very first experiments with the DED
(Jakubowski et.al. (2005a)). Two examples of the infrared images recorded by
the infrared camera are shown in Figs. 4.18a-b. The images present the tem-
perature distribution over the divertor target plates at (a) low and (b) high
level of ergodization. The false color scale represents the temperature in centi-
grade degree. The plates are visible as a rectangles; each of them is attached
to the vessel by two screws. Unfortunately, the structure of the heat flux de-
position is affected by non-ideal alignment of the target plates. Protruding for
1-2 mm edges of the tiles, at190◦, cause that some areas are shadowed from
the heat flux and some of them are over-exposed. Since the angles of incidence
of the field lines intersecting the DED wall are very shallow (∼ 1◦), the heat
distribution is strongly influenced.

The immanent features of the DED heat flux density pattern are the stripe-
like structures parallel to the DED coils. One can see four pairs of strike
zones formed by the incoming heat fluxes, where the half width of one of
stripes is of order of 3 cm. At higher level of the ergodization each pair of
the ”power-stripes” contains a colder region in between (see Fig. 4.18b). At
the lower degree of ergodization these pairs merge together (see Fig. 4.18a).
The temperature distribution qualitatively resembles the footprint structure
of the field lines on the divertor wall, which is presented in Figs. 4.18c-d.

To perform a direct comparison of the heat deposition pattern with the
structure of magnetic footprints a heat flux profile along the poloidal angle
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Fig. 4.18. a-b) Temperature distribution over the divertor target plates in the pres-
sure measured by the infrared camera for (a) low and (b) high ergodization level in
the 12/4 configuration; c-d) The magnetic footprints calculated for the temperature
distribution shown above: case c) corresponds to Fig. 4.18a and case b) to Fig. 4.18b.

was evaluated (Jakubowski et.al. (2004)). In Fig. 4.19 the power flux profile
calculated from the temperature evolution along the tiles at the toroidal angle
ϕ = 187◦ is shown. To avoid incidental changes of the profile an average over
the whole time of the DED action was taken. For the same toroidal position
the connection length profile along the DED tiles has been calculated. The
abscissa represents the poloidal angle. The blue curve visualize the connection
lengths of the magnetic field lines (values are on the left ordinate); the green
line presents the heat fluxes towards the divertor target plates calculated
from the temperature distribution (the right ordinate is the corresponding
one). The power flux profile is in fair agreement with modeled connection
length profile. Indeed the middle power flux stripes are composed of the two
hotter “channels”, where the heat is transported from the ergodic region to
the divertor wall. The asymmetries in the power profiles are mainly caused by
the geometrical imperfections of the wall components. The connection length
profiles of the outer stripes are composed only from the field lines with Lc >
LK . Therefore the heat flux density distribution is more uniform. The heat
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Fig. 4.19. Comparison of the magnetic structures predicted by the model and
measured heat fluxes: the green curve presents the power flux profile evaluated with
the THEODOR from the measured temperature distribution (the left ordinate); the
blue curve (the left ordinate) represents the connection lengths of the field lines
starting along the line, for which the power flux was evaluated.

flux density profiles are broader than the footprints, which is consistent with
the assumption of a cross-field diffusion of the particles from the relatively
thin fingers to the laminar zone. In the case presented here, the ergodic layer
dominates the plasma edge. Most of the heat is brought from the plasma core
to the wall by the field lines with relatively long connection lengths (more
then 4 poloidal turns).

Results of extensive experiments in the TEXTOR-DED on the influence
of magnetic perturbations created the DED on the plasma transport, divertor
properties, plasma rotation are discussed by Finken et.al. (2004); Unterberg
et.al. (2004); Lehnen et.al. (2005); Finken et.al. (2006); Wolf et.al. (2005).





5

Magnetic field structure obtained by means of
the Gourdon code

In this chapter we briefly describe another method to study the ergodization
of magnetic field lines in the TEXTOR-DED based on the numerical Gourdon
code. This code developed by Gourdon (1970) uses the assumption that the
equilibrium magnetic field and the radial perturbing field can be superimposed
independently, the thus obtained total magnetic field vector can be used to
track the field lines. The influence of the perturbation currents on the plasma
equilibrium is neglected and ideal penetration of the perturbation field into
the plasma is assumed. It integrates the equations (3.1) for field lines using
the Adam integration scheme (see, e.g., Abramowitz and Stegun (1965), page
896).

The code requires the equilibrium magnetic field and the perturbation
magnetic field field created by external coils. The first one is a solution of the
Grad–Shafranov equation. The numerical solutions of the latter is given the
DIVA equilibrium code by Zehrfeld (1999). The perturbation magnetic field is
computed by means of Biot - Savart’s formula. This field is stored on a spatial
mesh set up in the (R, z, ϕ) domain which the field lines are expected not to
leave. The field needed during field line tracing is computed by interpolating
within the mesh.

The application of the Gourdon code to study the ergodization of field
lines in the TEXTOR-DED has been given by Kaleck et.al. (1997); Finken
et.al. (1998); Eich et.al. (1998, 2000); Kaleck (1999). Below we shortly describe
the equilibrium calculations, the spectra of magnetic perturbations and some
examples of Poincaré sections obtained by the Gourdon code.

5.1 Equilibrium calculation

The equilibrium calculation [see e.g. Nicolai (1989) for details] iterates between
the 2D - Grad - Shafranov equation (GSE) and the flux surface averaged Grad
- Shafranov equation. The GSE is given by
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∆∗ψ = −µ0R jϕ,

with the toroidal Laplace operator

∆∗ = R2∇ 1

R2
∇ =

∂2

∂R2
+

∂2

∂z2
− 1

R

∂

∂R
,

and the toroidal current density given by

µ0Rjϕ = −µ0R
2 dp

dψ
− f df

dψ
,

where p = p(ψ) is the pressure profile and f = f(ψ), the f function which
is closely related to the to the q− profile (see equation 5.2). The transport
equations (or the experimental data) provide the pressure profile p(ψ) and the
q− profile q(ψ) which enter the ODE. This equation is obtained by averaging
the Grad - Shafranov equation over the flux surfaces:

(
K +

Q2

A

)
ψ̄′′ +

[
K ′ +

µ0p
′

ψ̄′
+
Q

A

(
Q′ − A′Q

A

)]
ψ̄′ = 0 (5.1)

The following definitions were used:

Q = (2π)2q, K =

〈
|∇ψ|2
R2

〉
,

A =

〈
1

R2

〉
, f(ψ) =

Q(ψ)

A

dψ

dV
. (5.2)

Here

〈〉
denotes the flux surface average, ψ̄ the flux profile depending on the

enclosed volume V and the prime denotes the derivative with respect to V .
In the case of a force-free equilibrium the f− function mainly determines the
toroidal current density.

The equilibrium calculation iterates either between the ODE determining
the flux profile ψ̄(V ) and the PDE yielding the 2d− flux function ψ(R, y) [as
in Nicolai (1989)] or solves the PDE for a prescribed pressure profile p(ψ̄) and
f− function f(ψ̄) [as in Zehrfeld (1999)]. The outermost flux surface with
the volume Vmax is defined by the limiter or separatrix. The volume of this
surface allows to computer the effective plasma radius given by

ρmax =

√
Vmax
2π2R0

, (5.3)

where R0 is the radius of the magnetic axis. The effective radius ρ of an arbi-
trary flux surface with volume V is defined analogously (with Vmax replaced
by V ).

The equilibrium contributions to the radial and vertical fields are
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BRequ = − 1

R

∂ψ

∂z
, Bzequ =

1

R

∂ψ

∂R
. (5.4)

Thus the poloidal field is given by

Bp =
|∇ψ|
R

. (5.5)

The toroidal field is related to the f− function by

Bt =
f(ψ̄)

R
. (5.6)

Finally we define the ’intrinsic’ poloidal coordinate ϑ which is needed for the
Fourier analysis, ϑ, is defined by

dϑ

dϕ
=

1

q
, (5.7)

so that in (ϑ, ϕ) - coordinates the field - lines are straight. From the field line
equation we get

dθ

dϕ
=
RBp
rBt

. (5.8)

Thus we obtain for the dependence of ϑ on θ the differential equation

dϑ

dθ
=

1

q

rBt
RBp

, (5.9)

which can be integrated numerically for a given equilibrium.

5.1.1 Fixed boundary value problem

The boundary values at a rectangular domain are prescribed such that the
plasma boundary meets 8 prescribed positions [Nicolai (1989)] to describe
D− shaped (and thus also circular) tokamak plasmas. The boundary can be
defined by two composed ellipses with the major half b in common and two
different minor half-axis a1 < a2 this allows to define the elongation

ε =
b

a

with a = a1 + a2 and the excentricity,

e =
a2 − a1

a2 + a1
,

in a simple way.
An analytic expression [Nicolai (1989)] is used to compute the boundary

values. The parameters of this expressions are adjusted to obtain the afore-
mentioned 8 positions.



80 5 The Gourdon code

5.1.2 Semifree boundary value problem

The current in the vertical field coils and in the shaping coils are adjusted
such that the plasma boundary meets the outer limiter and upper limiter po-
sitions, respectively. The position of the inner rail - limiter is met by adjusting
the plasma volume. We note that the ’inverse’ equilibrium problem (with pre-
scribed shape - parameters and the unknown coil currents) is in general ’ill -
posed’.

5.1.3 Special equilibria

In the case of an equilibrium with a low poloidal βpol = 0.1 (Fig. 5.1 a) (ε=1,
e = 0 and ρmax=50 cm), we see that the Shafranov - shift is small (∆sh=2.9
cm) and the flux surfaces are almost concentric circular tori.

For a large poloidal βpol ≈ 1 we have a big Shafranov - shift ∆sh=8.7
cm and we get nested circular flux surfaces (Fig. 5.1 b) with a strong inside
- outside asymmetry. In both cases the fixed boundary value problem was
solved.

(a) (b)

Fig. 5.1. a) Low β equilibrium (βpol=0.1, Ip=450 kA, Bt=2.25 T) The flux surfaces
are concentric circular tori. The Shafranov shift is small (∆sh = 2.9 cm) so that the
centers of the flux surfaces almost coincide at R0=175 cm. b) High β equilibrium
(βpol ≈ 1, Ip=450 kA, Bt=2.25 T) The flux surfaces are circular tori as before, the
Shafranov shift, however, is large (dsh=8.7cm). Therefore there is a strong inside -
outside asymmetry.

Since we have chosen a parabolic current distribution the q− profile (see
Fig. 5.2) starts with q(ρ = 0) = 1.8 and has the boundary value q(ρ = 50
cm) = 4 which is mainly determined by the plasma current and the toroidal
magnetic field (Ip=450 kA, Bt=2.25 T). The transformer iron is simulated by
a surface current density [Nicolai (1989)].
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Fig. 5.2. Safety factor profile q(ρ). Since a parabolic current distribution was chosen
q(ρ = 0) = 1.8 is rather large. The boundary value q(ρ = 50cm) = 4 is mainly
determined by the plasma current and the toroidal field (Ip=450 kA, Bt=2.25T).

5.2 Fourier analysis of the perturbing magnetic field

The Fourier sine - coefficients of the radial field Br are given by

B(s)
mn =

1

2π2

∫ 2π

0

dϑ

∫ 2π

0

dϕBr(θ, ϕ) sin (mϑ− nϕ). (5.10)

An analogous formula holds for the cosine - coefficients B
(c)
mn. In the following

the geometrical sum

Bmn =

√(
B

(s)
mn

)2

+
(
B

(c)
mn

)2

, (5.11)

of both is envisioned because this sum is decisive for the island width and is
independent from the phase φm,n = arctan

(
B

(c)
mn/B

(s)
mn

)
. 100 grid points were

chosen in the toroidal and in the poloidal directions, respectively.
Since Br scales linearly with the currents in the helical coils Id, the current

Id can be prescribed arbitrarily. The shape of the spectrum is not influenced
by Id. We note, that the spectra are computed for one specific flux surface, e.g.
the q = 3 surface, with prescribed (effective) radius. Therefore the Poincaré
plot with non overlapping islands, the mean width of which is proportional to√
Br, provides a more appropriate Fourier analysis since the field strength is

computed at the specific flux surface.

5.3 Perturbation coils for the DED

The perturbation coils at TEXTOR are foreseen to have the dominant Fourier
components in resonance with the q = 3 surface, i. e. the pitch of the conduc-
tors corresponds to the (mean) field line pitch at the q = 3 surface.
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The winding is covered by carbon tiles the extension of which is indicated
by the rectangle on top of each Poincaré plot. We note that the ALT II (pump-
limiter) is sketched in the upper left corner of the same plot.

Due to the steps in upper and lower half of the winding these halves of
the winding are magnetically not completely neutral, i.e. there are conductor
sections with the current in the toroidal direction without the corresponding
sections with the current in the opposite direction. It means that for the 12/4
- configuration the current,

4

(
1

4
− 1

8

)
Id =

1

2
Id,

is not compensated in the upper half. The impact of this current on the island
configuration is given in the next section.

5.3.1 Magnetic fields generated by the DED

Using the torus coordinates, the radial and poloidal field component Br and
Bθ both depending on θ and ϕ can be computed. Fig. 5.3 a shows that the
oscillations of Br are roughly proportional to sin(12θ−4ϕ). The poloidal field
shows a similar behavior. Quite in contrast to the rapid oscillation of the

(a) (b)

Fig. 5.3. (a) Radial field of the 12 : 4 configuration. The oscillation in θ and ϕ
direction are roughly proportional to sin(12θ − 4ϕ). Outside the range of the DED
the field vanishes. Therefore the spectrum (Fig. 5.4a) becomes broad in the poloidal
mode number m. (b) Radial field of the 3 : 1 configuration. In contrast to the rapid
oscillation of the radial field in the case of the 12 : 4 configuration the radial field of
the 3 : 1 configuration (with the spectrum in Fig. 5.4 b) oscillates like sin(3θ − ϕ),
i. e. comparatively slowly.

radial field in the case of the 12 : 4 configuration the radial field of the 3 : 1
configuration (with the spectrum in Fig. 5.4 b) oscillates like sin(3θ−ϕ), i. e.
comparatively slowly (Fig. 5.3 b).
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(a) (b)

Fig. 5.4. a) Spectrum of the aforementioned configuration (12 : 4) at the q = 3
surface (Id=7.5 kA). Only the (m = 12, n = 4) - component can be compared
directly with the island width in Fig. 5.5b. In the case of the other island chains the
spectrum must be recalculated at the respective flux surface; b) Spectrum of the
configuration (3 : 1) at the q = 3 surface for Id=1.5 kA. Ip and Bt are almost the
same as before. We see that the component (m=2, n=1) is somewhat larger than
the component (m=3, n=1) because of its better penetration.

5.3.2 Spectra

The DED-configuration generates the radial field Br which depends mainly
on the coil currents. Here we investigate the aforementioned cases (12:4) and
(3:1).

(m = 12, n = 4) configuration

This spectrum was computed at the q = 3 surface for the parameters Id =
7.5 kA, Ip = 400 kA, Bt = 1.9 T). The spectrum is peaked at m = 11, n = 4
and has a minimum at m = 9. Since the winding is not interrupted toroidally,
mainly n = 4 components are available. At n = 8 weak harmonics can be seen
(Fig. 5.4 a).

(m=3, n=1) - configuration

The helical field of this configuration has the longest penetration length.
Therefore it was under intensive experimental investigation. The spectrum
(Fig. 5.4 b) peaks at m=2 because this amplitude penetrates better than
b3,2. The minimum of the spectrum (n=1) cannot be seen because it appears
for negative m, corresponding to a reverted plasma current or a reverted
toroidal field. This case, however is not discussed here. The uneven harmon-
ics n = 2, 4, 6, . . . are excited because in the (m=3, n=1) case there is no
symmetry with respect to the plane ϕ = 0.
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5.4 Poincaré plots

These plots are obtained under the assumption that the winding does not have
a periodicity. For each initial point 400 toroidal revolutions are are calculated.
The initial points are in the vicinity of the equatorial plane and they are
chosen to move radially (in the cylindrical coordinate system around the axis
of symmetry) to the outside.

5.4.1 (m=12, n=4) configuration

The Poincaré plot (Ip=400 kA, Bt=1.9 T) without compensation coils (Fig.
5.5 a) reveals the jump in the island chain in crossing the θ = 180◦ as expected
from the above considerations. Using the compensation coils with Icomp = 1

2Id
(Fig. 5.5 b) a chain of 12 islands which are aligned along the unperturbed q=3
surface is generated.

(a) (b)

Fig. 5.5. a) Poincaré plot without currents in the compensation coils shows a
pronounced step in the island chain (m=12, n=4); b) Poincaré plot with the currents
Icomp = Id/2 in the compensation coils (Id=1.5 kA). The islands are now well aligned
at the q=3 surface.

The (m=12, n=4), (m=13, n=4) (m=14, n=4), (m =15, n=4) island
chains can be seen in accordance with the spectrum of the winding (Fig. 5.4
a).

5.4.2 (m=3, n=1 - configuration

The Poincaré plot (Fig. 5.6 a) shows big islands at the q = 2 - surface under-
lining the good penetration ability of this mode. The 5

2 - and the 7
3 - island

chain have according to the spectrum a small width. The islands at q = 3 are
embedded in an ergodic sea which arises by the interaction with the q = 4
islands which are shown in Fig. 5.6 b. There the field line tracing (at reduced
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(a) (b)

Fig. 5.6. a) The Poincaré plot of the configuration (m = 3, n = 1) (Id=3 kA) shows
large islands at the q = 2 and the q= 3 surface. Also the (5 : 2) island chain can
be seen. The islands at the q = 3 surface seem to be embedded in an ergodic sea
because helical field increases strongly in approaching the DED. A calculation with
slightly different equilibrium confirms this (Fig. 5.6); b) The Poincaré plot of the
configuration (m = 3, n = 1) (Id=3 kA, Ip=315 kA) shows residual islands at the q
= 3 and the q= 4 surface. Also the strongly distorted q=5 island chain can be seen.
The islands are embedded in an ergodic sea because helical field increases strongly
in approaching the DED.

plasma current Ip=315 kA) was shifted to the region 35 cm < r < 50cm. The
strongly distorted q = 5 islands can be seen as well.





A

Calculations of amplitudes and phases in Eq.
(2.4)

Eq. (2.4) can be presented in the following complex form

Ij =
Id
2

∞∑

n=−∞
ιne

in2πj/16+iχ̃n . (A.1)

where

χ̃n = (χn − π/2)

{
1, for n > 0

−1, for n < 0
.

Using the formula
N∑

j=1

ei(n−n
′)2πj/N = Nδnn′ ,

we obtain the following formula for the coefficients ι̃n:
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iχ̃n =

1

8Id

16∑
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Ije
−in2πj/16. (A.2)

A.1 The 3:1 operational mode

The case 1. Consider the first case of current distribution (2.5). Inserting
the last one into Eq. (A.2) we have
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e−in2πj/16

=
1

8
e−inπ/8 [1− (−1)n]

7∑

j=0

e−in2πj/16 =
1

8
e−inπ/8

[
1− e−inπ

] 1− e−inπ
1− e−i2nπ/16

=
1

16
e−iπ/2−inπ/16 (1− (−1)n)2

sin(nπ/16)
.
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From the last expression we obtain the following non-zero components of the
amplitude, ιn and the phase χ̃n or (χn):

ι2s+1 =
1

4 sin(nπ/16)
, χ̃2s+1 = −π

2

(
1 +

(2s+ 1)

8

)
,

χ2s+1 = − (2s+ 1)π

16
, s = 0, 1, 2, 3. (A.3)

Particularly,

ι1 =
1

4 sin(π/16)
= 1.2814577, χ1 =

7π

16
,

ι3 =
1

4 sin(3π/16)
= 0.44998811, χ3 = −11π

16
,

(A.4)

The finite number of terms in Eq. (2.4) gives the exact values of Ij :

Ij = Id

3∑

s=1

ι2s+1 sin

(
(2s+ 1)

2πj

16
+ χ2s+1

)
, 1 ≤ j ≤ 16. (A.5)

The case 2. Using the current distribution Eq. (2.9) we have

ιne
iχ̄n =

x(1− x8)(1− x4)

8(1− x)
, x = e−i2πn/16.

It is easy to see that

x8 = (−1)n, 1− x8 = 1− (−1)n =

{
2, for n = 2k + 1

0, for n = 2k

1− x4 = x2(x−2 − x2) = 2ie−iπn/4 sin(πn/4),

1− x = x1/2(x−1/2 − x1/2) = 2ie−iπn/16 sin(πn/16).

The non-zero terms are

ιne
iχ̄n = e−i5πn/16 sin(πn/4)

4 sin(πn/16)
, for n = 2s+ 1, (s=0, 1, 2, . . . ).

or

ι2s+1 =
sin(π(2s+ 1)/4)

4 sin(π(2s+ 1)/16)
, χ2s+1 =

π

16
(3− 10s) . (A.6)

Particularly, we have

ι1 =
sin(π/4)

4 sin(π/16)
, χ1 =

3π

16
.

By similar calculations one finds the Fourier coefficients τk and phases χk
for the current distributions of the DED coils for the 6:2 and 12:4 operational
modes.



B

Current density of coils

B.1 Continuous current density

Using the coil positions (2.1), (2.2) we present the current distribution given
by Eq. (2.31) as

j(n)(r, θ, ϕ) = δ(r − rc)
Id
rc
g(θ, ϕ)

∞∑

j=−∞
sin

(
n

2πj

16
+ χn

)
δ (θ − θϕ + jδθ) ,

(B.1)

where θj is a poloidal position of the j−th coil at the toroidal section ϕ = 0,
i.e.,

θj = θ01 − (j − 1)δθ − θc
π
ϕ = θϕ − jδθ,

θϕ = θ01 + δθ − θc
π
ϕ = θ0 −

θc
π
ϕ,

θ0 = θ01 + δθ. (B.2)

The angle θ01 is a poloidal position of the first coil at the toroidal section
ϕ = 0.

Using the representation of delta function

δ(x) =
1

2π

∞∫

−∞

eixpdp,

one write

j(n)(r, θ, ϕ) = δ(r − rc)
Id

2πrc
g(θ, ϕ)

×Im



e

iχn

∞∫

−∞

dpeip(θ−θϕ)
∞∑

j=−∞
exp

[
ij

(
2πn

16
+ pδθ

)]
 .
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Using the Poisson rule

∞∑

j=−∞
ei2πjx =

∞∑

s=−∞
δ(s− x),

one obtains

j(r, θ, ϕ) = δ(r − rc)g(θ, ϕ)
Id

2πrc

×Im



e

iχn

∞∫

−∞

dpei(θ−θϕ)p
∞∑

s=−∞
δ

(
s− n

16
− p δθ

2π

)


= δ(r − rc)g(θ, ϕ)
Id
rcδθ

Im

{
eiχn

∞∑

s=−∞
ei2π(s−n/16)(θ−θϕ)/δθ

}

= δ(r − rc)g(θ, ϕ)
2m0Id
πrc

∞∑

s=−∞
sin

(
2π(s− n/16)

δθ
(θ − θϕ) + χn

)
. (B.3)

Using the dependence of θϕ on ϕ given in Eq. (B.2) we obtain the relation
(2.32)

B.2 Nonideal coil configuration

Consider the integral

fm,n̂ =
1

(2π)2

2π∫

0

2π∫

0

dθdϕg(θ, ϕ)e−imθ−in̂ϕ.

Using the definition of the function g(θ, ϕ) (2.44), (2.45), (2.46) and integrat-
ing with respect to θ it is reduced to

fm,n̂ = eimπ
i

(2π)2m

2π∫

0

dϕe−in̂ϕ
(
e−imθc(ϕ) − eimθc(ϕ)

)
.

One can show that

2π∫

0

dϕe−in̂ϕe±imθc(ϕ) = δn̂,4s exp

[
±im

(
θc0 −

∆θ

2

)
− in̂

(
ϕc −

π

4

)]
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×8 sin[(n̂±mα)π/4]

n̂±mα , s = 0,±1,±2, . . . , (B.4)

where α = 2∆θ/π, δn,k is the Kronecker symbol, i.e., δn,k = 0 for n 6= k and
δn,n = 1. Introducing a notation θc = θc0 −∆θ/2, we obtain the coefficients
fmn̂

fmn̂ = −e−iπmδn̂,4se−in̂ϕc
2 sin(mαπ/4)

π2m

×2[in̂ cos(mθc) +mα sin(mθc)]

n̂2 − (mα)2
. (B.5)

According to Eq. (2.36) we obtain the following expression for the Fourier
components of the current density jmn̂(r),

jmn̂(r)eiχmn̂ = δ(r − rc)eiχ
(n)
0 J0 fm−nm0/4,n̂−n. (B.6)

From Eq. (B.6) follows that due to nonideal configuration the current distri-
bution (2.32) creates the toroidal modes n̂ = n+ 4s, (s = 0,±1,±2, . . . ).

The main contribution to the toroidal spectrum n̂ comes from the terms
n̂ = n. In this case s = 0, and one obtains

fm,0 = e−iπm
sin[πmα/4]

πmα/4

sin(mθc)

mπ
, (B.7)

and from Eq. (B.6) we obtain

jmn̂(r) = δ(r − rc)J0gmCm,

χmn̂ = −χ(n)
0 +

πnm0

4
= −χn +

nm0

4
(π − θ0) +

π

2
, (B.8)

where gm is given by Eq. (2.42), and

Cm =
sin[π(m− nm0/4)α/4]

π(m− nm0/4)α/4
=

sin[(m− nm0/4)∆θ/2]

(m− nm0/4)∆θ/2
(B.9)

is a correction factor due to nonideal configuration. For the ideal configuration
α = 0 and therefore Cm = 1.

One should note that the current distribution (2.3) with n = 4 creates
also the toroidal mode n̂ = 0. (see Eq. (B.6)). This mode may disturb the
plasma equilibrium. For this reason in the m : n=12:4 operational mode of
the TEXTOR-DED one applies the compensation coils which annuls the effect
of the n̂ = 0 mode.





C

Modified Bessel functions Im(z) and Km(z)

For small arguments, z < 1, the Bessel functions and their derivatives have
the following asymptotics (see Abramowitz and Stegun (1965)) :

Im(z) =
1

Γ (m+ 1)

(
z

2

)m(
1 +

1

m+ 1

z2

4
+

1

2(m+ 1)(m+ 2)

z4

16
+ . . .

)
,

K ′m(z) = −m
4
Γ (m)

(
z

2

)−m−1

.

(
1− m− 2

m(m− 1)

z2

4
+

m− 4

2m(m− 1)(m− 2)

z4

16
+ . . .

)
.

The product of these functions with different arguments has the following
asymptotics

K ′m(z0)Im(z) ≈ − 1

2z0

(
z

z0

)m
(1 + C) , (C.1)

where

C =
1

m+ 1

z2

4
− m− 2

m(m− 1)

z2
0

4
+

1

2m(m+ 1)(m+ 2)

z4

16

+
(m− 4)

2m(m− 1)(m− 2)

z4
0

16
− (m− 2)

m(m2 − 1)

z2z2
0

16
+ · · · .

For large mode numbers, m� 1, the term C can be neglected.





D

Model of a current density profile j(r) in the
DED operation

Suppose that j(r) is given by

j(r) =





j0 + (jq − j0)
(

r
rq−w

)νi
, for r < rq − w,

jq , for rq − w < r < rq + w,

jq

(
a−r

a−rq−w

)νo
, for rq + w < r < a

. (D.1)

The current flowing inside the magnetic surface of radius r,

I(r) = 2π

r∫

0

j(r′)r′dr′, (D.2)

is

I(r) = πr2

(
j0 +

2(jq − j0)

νi + 2

(
r

rq − w

)νi)
≡ I1(r),

for r < rq − w, (D.3)

I(r) = I1(rq − w) + πjq
(
r2 − (rq − w)2

)
≡ I2(r),

for rq − w < r < rq + w, (D.4)

I(r) = I2(rq + w) + 2πjq

[
a(a− rq − w)

νo + 1

{
1−

(
a− r

a− rq − w

)νo+1
}

− (a− rq − w)2

νo + 2

{
1−

(
a− r

a− rq − w

)νo+2
}]

,

for rq + w < r < a. (D.5)

The full plasma current Ip is given by
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Ip = I(a) = I2(rq + w) + 2πjq(a− rq − w)

[
a

νo + 1
− a− rq − w

νo + 2

]

= π(rq − w)2

(
j0 +

2(jq − j0)

νi + 2

)
+ 4πjqrqw + 2πjq(a− rq − w)

×
[

a

νo + 1
− a− rq − w

νo + 2

]
.

(D.6)

We suppose that the following parameters, the full plasma current Ip, the
minor radius, rq , of the magnetic surface q = 2, its a half width, w, the value
of the safety factor at the magnetic axis, q0, are given. The parameters j0 and
jp in the current density distribution (D.1) should be determined from the
above parameters.

The safety factor q(r) is given by

q(r) =
It
I(r)

r2

R2(r)

(
1 +

a2

2

r2

R2(r)
+

3a4

8

r4

R4(r)

)
,

where
R(r) =

[
R2

0 + (Λ+ 1)(a2 − r2)
]1/2

.

Near the magnetic axis r → 0 we have I(r) = πj0r
2,

q(0) =
It

πj0R2(0)
≡ q0.

Therefore we have

j0 =
It

πq0R2(0)
.

The second parameter jq is determined from (D.6):

Ip = π(rq − w)2j0

(
1− 2

νi + 2

)

+2πjp

{
(rq − w)2

νi + 2
+ 2rqw + (a− rq − w)

[
a

νo + 1
− a− rq − w

νo + 2

]}
.

or

jq =
Ip − π(rq − w)2j0

(
1− 2

νi+2

)

2π
{

(rq−w)2

νi+2 + 2rqw + (a− rq − w)
[

a
νo+1 −

a−rq−w
νo+2

]} . (D.7)



E

Asymptotic estimation of the integral Smm′

(3.44)

We write down the integral (3.44) as the Fourier integral

Smm′(ψ) =
1

2π

∫ 2π

0

f(ϑ)eim
′Φ(ϑ)dϑ, (E.1)

where

Φ(ϑ) = θ(ϑ)− m

m′
ϑ, f(ϑ) = 1 + ε cos θ(ϑ)

are slowly varying functions of ϑ. Integrals of type (E.1) may be evaluated
using the methods of asymptotic expansions in a series of inverse powers of
m′ � 1. However, as we will see below, the method of stationary phase cannot
be directly applied to estimate the integral (E.1) for the values ofm′ being of
interest because of the specific behavior of the phase function Φ(ϑ).

According to the localization principle (see Fedoryuk (1989)) for m′ � 1
the integral (E.1) is equal to sum of the contributions at the critical points
for Smm′ . There are two critical points for the phase function Φ(ϑ):

ϑ1 = 0, ϑ2 = π.

As will be shown below, for m′ < m the main contribution to the integral
comes from the first critical point, ϑ1, and for m′ > m the second critical
point contributes to the integral.

Consider first the case m′ > m. One can expand the angle θ in terms of
(ϑ− π) around the second critical point ϑ2 = π:

θ(ϑ) ≈ π + β1(ϑ− π) +
1

6
β3(ϑ− π)3, (E.2)

where β1, β3 are defined by (3.45). In (E.2) we have taken into account that

d2θ/dϑ2

∣∣∣∣
θ=π

= 0. Since 0 < β1 < 1 and β3 > 0 the first derivative
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dΦ(ϑ)

dϑ
= (β1 −m/m′) +

1

2
β3(ϑ− π)2,

has two real zeros

ϑ1,2 = π ±
(

2|m′β1 −m|
m′β3

)1/2

,

for m′ < m/β1, and complex roots for m′ > m/β1. When the values of
m′ which are sufficiently close to m/β1 the singular points ϑ1,2 are close to
each other, and the integral cannot be estimated by the ordinary method of
stationary phase. In the case of degenerate stationary points one should apply
the method described by Fedoryuk (1989).

Using the expansion (E.2), and introducing the integration variable x =
ϑ− π, the integral (E.1) may be written as

Smm′ = (−1)m+m′ 1

2π

∫ π

−π
f(x+ π)eiλ(αx+x3/3)dx (E.3)

where

α =
m′β1 −m
m′β3/2

, λ = m′β3/2.

For large values of λ and for the small values of α, the leading term of the
asymptotic expansion of the integral (E.3) may be estimated by replacing
f(x+ π) by f(π) and expressing the integral by the Airy function Ai(z):

Smm′(ψ) = f(π)(−1)m+m′ 1

2π

∫ π

−π
eiλ(αx+x3/3)dx

= (−1)m+m′
(

2

β3m′

)1/3

Ai

(
β1m

′ −m
(β3m′/2)1/3

)
, (E.4)

where

Ai(z) =
1

π

∫ ∞

0

cos(zt+ t3/3)dt

is the Airy function (Abramowitz and Stegun (1965)).
The asymptotic formula (E.4) is valid for small values of α. Comparison

with the exact numerical calculations of the integral (E.1) shows that (E.4) is
a good approximation for Smm′ in the interval

m′ −m/β1 > −c(m′β3/2)1/3. (E.5)

where c ≈ 3.
A similar asymptotic estimation of Smm′ can be obtained for the small

values of m′ satisfying the condition

m′ −m/γ1 < c(m′|γ3|/2)1/3. (E.6)

There is the following formula for these m′:
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Smm′(ψ) = f(0)

(
2

|γ3|m′
)1/3

Ai

(
− γ1m

′ −m
(|γ3|m′/2)1/3

)
, (E.7)

where γ1 > 1 and γ3 < 0 are defined by (3.45).
Outside the intervals (E.4) and (E.5) the integrals Smm′(ψ) may be esti-

mated by the method of stationary phase. These integrals are fast oscillating
functions of m′, and have an order of (m′)−1/2. We will not evaluate them
here because of their small contribution.

The formulas (E.4) and (E.7) are the leading terms of an asymptotic ex-
pansion into a series of inverse powers of m′. The full asymptotic expansions
may be found by the method described in Ref. Fedoryuk (1989).





F

The calculation of the Jacobi matrix

Consider the mapping (3.21)– (3.23) determined by the generating function
(3.26). Use the presentation of the mapping in the form

M̂ = T̂−T̂0T̂+, (F.1)

of three successive mappings, T̂−T̂0T̂+, each of them are given by Eqs. (3.21),
(3.22) and (3.23), respectively. Then the Jacobian matrix (4.13) can be written
as a product of three Jacobian matrices, corresponding to three successive
mappings,

Jk = M̂k+1M̂0M̂k, (F.2)

where

M̂k =

(
∂Jk
∂ψk

∂Jk
∂ϑk

∂ψk
∂ψk

∂ψk
∂ϑk

)
, (F.3)

M̂0 =

(
∂Jk
∂Jk

∂Jk
∂ψk

∂ψ̄k
∂Jk

∂ψ̄k
∂ψk

)
=

(
1 0

ω′(Jk)(tk+1 − tk) 1

)
, (F.4)

M̂k+1 =

(
∂ψk+1

∂Jk

∂ψk+1

∂ψ̄k
∂ϑk+1

∂Jk

∂ϑk+1

∂ψ̄k

)
. (F.5)

The derivatives in the matrices (F.3), (F.5) are easily calculated from the
mappings given by Eq. (3.21) and Eq. (3.23):

∂Jk
∂ψk

=
1

1 + εA12(tk)
,

∂Jk
∂ϑk

= − εA22(tk)

1 + εA12(tk)
,

∂ψk
∂ψk

=
εA11(tk)

1 + εA12(tk)
,

∂ψk
∂ϑk

= 1 + εA12(tk)− ε2A11(tk)A22(tk)

1 + εA12(tk)
, (F.6)
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∂ψk+1

∂Jk
= 1 + εA12(tk+1)− ε2A11(tk+1)A22(tk+1)

1 + εA12(tk+1)
,

∂ψk+1

∂ψ̄k
=

εA22(tk+1)

1 + εA12(tk+1)
,

∂ϑk+1

∂Jk
= − εA11(tk+1)

1 + εA12(tk+1)
,

∂ϑk+1

∂ψ̄k
=

1

1 + εA12(tk+1)
, (F.7)

where

A11(t) =
∂2S1(ϑ, J, t, t0)

∂J2
, A12(t) =

∂2S1(ϑ, J, t, t0)

∂J∂ϑ
,

A22(t) =
∂2S1(ϑ, J, t, t0)

∂ϑ2
. (F.8)
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