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Numerical simulations of three-dimensional nonlinear electromagnetic fluid drift turbulence in a

tokamak plasma with externally applied stochastic magnetic-field perturbations are presented. The

contributions to the radial particle transport due to nonlinearities arising from E�B advection and

magnetic flutter are investigated for perturbation fields of varying strengths in the cases of low and

high collisionalities. The perturbation strength is varied to study the physics for Chirikov parameters

above 1. In all the cases considered a significant increase of E�B transport is found. A static

contribution in the density and velocity perturbations contributes significantly to the total radial

E�B transport. For low collisionality, the external perturbation leads to enhanced density and

velocity fluctuations over a broad range in the toroidal wave-number spectrum, resulting in an

enhanced turbulent flux. For high collisionality, the density fluctuations stay roughly the same and

the velocity fluctuations are increased in an intermediate range of the toroidal wave number

spectrum, separated from the maximum of the density fluctuations, thus leaving the turbulent flux

almost unchanged. © 2005 American Institute of Physics. �DOI: 10.1063/1.2141928�

I. INTRODUCTION

Stochastic magnetic fields and their effect on particle

transport across magnetic surfaces are inherently of interest

in plasma physics, in particular, fusion-oriented research.
1–8

On one hand certain regions around magnetic islands in stel-

larators and near the separatrix in tokamak divertors always

exhibit some stochasticity. On the other hand a well-directed

induced magnetic-field perturbation external to the plasma

volume might offer the possibility to control certain kinds of

instabilities and turbulence responsible for anomalous trans-

port degrading the confinement properties. Experimental set-

ups to study the impact of such ergodization fields have been

realized, e.g., at the tokamak devices Tore-Supra
9–11

and To-

kamak Experiment for Technology Oriented Research with

Dynamic Ergodic Divertor
12–14 �TEXTOR-DED�. Experi-

mental results at Tore-Supra have been interpreted as indicat-

ing a strongly modified turbulent behavior in the edge

plasma region leading to a decrease of density fluctuations

while the turbulent cross field diffusivity is unaffected.

Moreover the ergodized magnetic field offers an additional

channel of particle and heat transport to the walls which can

be utilized to cool the plasma locally and pull out energy and

particles in a controlled way. To study the impact of stochas-

tic magnetic fields, simplified analytical fluid models have

been employed to consider the enhanced radial transport.
15–17

These models estimate the additional transport in radial di-

rection along the perturbed magnetic-field lines assuming

that the underlying turbulent transport is unchanged. They

have shown that for a certain degree of stochastization the

mass flow due to parallel flow transport in radial direction

can be much stronger than the seed diffusion due to turbu-

lence. An attempt to investigate the modifications in the elec-

trostatic turbulence has been done by a three-dimensional

numerical modeling of resistive magnetohydrodynamic

�MHD� ballooning turbulence for Tore-Supra scenarios using

the RBM3D code.
18,19

This showed that the density fluctua-

tions in resistive MHD ballooning turbulence are decreased

but the turbulent E�B transport is unaffected by a static

ergodic magnetic field. The studies were, however, limited to

the single-fluid MHD approximations, which assume, in par-

ticular, that pressure forces on the electrons cannot compete

with the electric field. The self-correcting back reaction of

the electrons to force countercurrents is therefore neglected.

The self-consistent magnetic fluctuations produced by

pressure-gradient-driven turbulence are also neglected �i.e.,

by neglecting the attendant drift wave physics�. It has to be

noted that the MHD approximation in the RBM3D simulations

has been removed partly by the introduction of a dissipative

term in the density equation, reflecting a piece of the drift-

Alfvén dynamics, i.e., the coupling of density and current.

In this work a two-fluid model which does not make the

MHD assumptions is applied to this problem. We employ the

DALF3 code,
20,21

which uses the four-field version of the dis-

sipative drift-Alfvén model
22

to compute the nonlinear elec-

tromagnetic fluid drift turbulence in the presence of a static

magnetic ergodization field. The self-consistent magnetic

flutter effects associated with the interaction of the drift wave

dynamics in the E�B turbulence and the induced magnetic

disturbances are thereby taken into proper account. The two-

field resistive MHD ballooning model mentioned above is a

wholly contained subset of this four-field model. Thus our

approach allows us to study the turbulence characteristics

from a more general point of view �a more detailed discus-

sion of this point is given in Sec. V�.
We describe computations made for realistic edge

plasma parameters and perturbation fields of TEXTOR-DED.
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The parameters are chosen for two scenarios with low and

high collisionalities, respectively �but keeping the plasma �

constant�, to study the difference of drift wave driven and

strong ballooning turbulence in stochastic fields. In all the

cases considered, we find a significant increase in the density

and potential perturbations and in the E�B transport, when

moving from unperturbed magnetic fields to stochastic mag-

netic fields �Chirikov parameter ��1�. The strong balloon-

ing scenarios are less affected than the drift wave driven. An

analysis of the energy flow in the model system shows that

the character of the turbulence is preserved in static stochas-

tic fields. By time averaging the numerical solutions of the

model equations the stationary solutions are approximated

and it is found that strong resonant effects can be attributed

to �quasi-� static contributions of the perturbations in the

density, electrostatic potential, magnetic potential, and paral-

lel ion velocity at low toroidal mode numbers �n�40�. Con-

sidering the fluctuating parts a very different behavior of the

low and high collisional cases appears. In particular, the den-

sity fluctuations and the corresponding turbulent transport

show completely different tendencies with increasing mag-

netic perturbations in that they are almost unchanged in a

high collisional plasma, but are increased strongly for low

collisionality.

The structure of the paper is as follows: in Sec. II basic

features of the DALF3 code, namely, the underlying model

�Sec. II A� and its treatment of the magnetic geometry �Sec.

II B�, are recalled. The implementation of externally induced

stochastic magnetic fields is addressed in Sec. II C. The spe-

cific parameters and the simulation setup for numerical stud-

ies on TEXTOR-DED are elucidated in Sec. III. In Sec. IV

results of the numerical simulations are presented, which are

summarized and discussed in Sec. V. Finally a brief conclu-

sion is given in Sec. VI.

II. TURBULENCE MODEL AND NUMERICAL
APPROACH

A. Four-field fluid drift model

We employ the DALF3 code
20,21

to perform the turbu-

lence simulations. This code uses the most basic model con-

taining the principal interactions of dissipative drift wave

physics in a general closed magnetic-flux tube geometry, rep-

resented by a four-field model
22

describing the nonlinear

evolution of small scale dynamics of the electrostatic poten-

tial �̃, the density ñ, the parallel magnetic potential Ã�, and

the parallel ion velocity ũ�. The equations are derived from

the general two-fluid equations using drift ordering
23–25

and

appear as

dñ

dt
= − ṽE · �n +

1

e
B��

J̃�

B
− nB��

ũ�

B
+ nK��̃� −

Te

e
K�ñ� ,

�1�

�Ã�

�t
+

me

ne2

dJ̃�

dt
=

Te

ne
���n + ñ� − ���̃ − ��J̃� , �2�

nMi

dũ�

dt
= − Te���n + ñ� , �3�

nMi

B2

d

dt
�

�

2 �̃ = B��

J̃�

B
− TeK�ñ� . �4�

These are the equation of continuity, Ohm’s law, the total

momentum balance, and the quasineutrality condition � · J̃

=0, respectively. Here �� is the classical parallel resistivity,
26

me and Mi are the electron and ion masses, n is the equilib-

rium density �n=ne=ni�, and Te is the electron temperature.

The parallel magnetic potential and current density are re-

lated by Ampère’s law �0J̃� =−�
�

2 Ã�. A remark on the nota-

tion might be necessary at this point. The tilde in the notation

is used to label the scalar quantities as perturbations of a

given axisymmetric background equilibrium plasma �nontil-

ded quantities�, which is characterized by a constant radial

background density gradient. It should not be confused with

fluctuations because stationary and axisymmetric solutions

are, in principle, possible and might be assigned to a modi-

fied background plasma. The distinction between �quasi-�
stationary solutions and time-dependent fluctuations will be

of particular importance in the discussion of the simulation

results in Sec. IV D. The convention used in the following is

that we call the tilded quantities the “perturbations” and their

time-dependent pieces are denoted by “fluctuations.” The op-

erators appearing in the model equations are defined as fol-

lows. The nonlinear time derivative and parallel gradient

d

dt
=

�

�t
+ ṽE · �, �� =

B + B̃�

B
· � �5�

include advection by the E�B velocity ṽE and the magnetic

flutter effect due to shear-Alfvén-type magnetic disturbances

B̃�= B̃int+ B̃ext, given by

ṽE =
B � ��̃

B2
�6�

and

B̃int = −
B � �Ã�

B
, B̃ext = −

B � �ÃD

B
, �7�

where Ã� is the self-consistent parallel magnetic potential and

ÃD is an externally applied static perturbation field with zero

current. Correspondingly we call B̃int the intrinsic magnetic

flutter and B̃ext the externally induced magnetic flutter. We

note that the form of the applied perturbation field reflects a

scenario with external coils rather than an inductive drive

which would involve local currents. The curvature operator

K denotes the quasistatic compression of E�B and diamag-

netic flows in a toroidal magnetic field. The perpendicular

Laplacian �
�

2 describes the derivatives in the local drift

plane, perpendicular to the magnetic field, relating field

quantities �electrostatic and parallel magnetic potentials� to

the plasma-dependent variables �vorticity and parallel cur-

rent�. The implementation of these operators depends on the

coordinate system and is given below.
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Drift ordering refers to the neglect of parallel compared

to perpendicular derivatives �i.e., everywhere except in ���
and the neglect of all nonlinearities except for the action of

E�B advection or magnetic flutter. The background is a set

of constant parameters except where these two operators

act upon n. The background gradient �n is replaced by

�−n /L���x, defining the radial coordinate x and the profile

scale length L�. Apart from the neglect of dissipation and

extra instabilities due to fluctuations in the temperature, this

model forms a quite general set including �linear� physics

such as sound waves, drift Alfvén waves, and drift-resistive

ballooning modes. The inclusion of the magnetic flutter and

the induction term in Ohm’s law makes it an electromagnetic

model. A more detailed discussion of the basic physics de-

scribed by the model can be found in Refs. 22 and 27 and

references therein.

Application of this model or similar sets in studies on

electromagnetic turbulence is reported in Refs. 20 and 27–

30. In studies on resistive MHD ballooning turbulence in

Tore-Supra �RBM3D code� a two-field electrostatic MHD

model was used, i.e., sound waves and Alfvénic dynamics

besides parallel electron self-consistency have been ne-

glected, but externally induced perturbations in the magnetic

field have been retained.
18,19

This model is entirely contained

as a reduced subset in our model equations and can be re-

covered by retaining only the first two terms in Eq. �1� and

the last two terms in Eq. �2�, leaving Eq. �4� unmodified but

neglecting Eq. �3� entirely �a later version also keeps the

K��� term in Eq. �1�, as it should to conserve energy prop-

erly�. As mentioned in the Introduction the third term in Eq.

�1� is taken into account partly to keep a certain collisional

damping of the density perturbations �see the Appendix and

Sec. V�.

B. Magnetic geometry and differential operators

The other two coordinates besides the radial one de-

scribe the geometry within the magnetic surface. These are

defined by aligning to the magnetic field, such that only one

contravariant component of the undisturbed magnetic field is

nonvanishing.
31,32

Global consistency in the boundary condi-

tions is maintained,
32

and a shifted metric treatment is used,

defining a separate global coordinate system on each perpen-

dicular drift plane, taking the shifts in the drift angle coordi-

nate �y� when evaluating undisturbed parallel derivatives �in
the s coordinate�, thereby allowing equally precise represen-

tation of sheared slab and interchange/ballooning physics.
20

Our studies are confined to a radially thin region of the

�ergodized� edge plasma region which lies inside the last

closed surface of the underlying unperturbed equilibrium

magnetic field of an axisymmetric tokamak. The equilibrium

magnetic field is prescribed by the contravariant components

in toroidal coordinates �r ,	 ,
� as

Br = 0, B	 =
B0

qR
, B
 =

B0

R
, �8�

where R=R0+r cos 	 with R0 and r the major and minor

radii, respectively. Here 	 is the poloidal angle and 
 is the

toroidal angle. The magnetic-field strength at the magnetic

axis is denoted by B0 and q is the pitch parameter �safety

factor�. We use the field-aligned, shifted metric

coordinates,
20

given by

x = r − r0, yk =
r0

q0

�q�	 − sk� − 
�, s = 	 , �9�

where sk is an arbitrary global constant, r0 denotes a refer-

ence radius, and q0=q�r0�, with q expanded about x=0 as

q=q0�1+ ŝx /r0�. The subscript k refers to the particular field-

aligned coordinate system referenced at s=sk, such that the

off-diagonal element of the perpendicular metric vanishes

there. We use the simplest model of circular flux surfaces

with all finite aspect ratio effects neglected except for the

existence of the magnetic curvature. The metric coefficients

are

gxx = 1, gk
xy = ŝ�s − sk�, gk

yy = 1 + ŝ2�s − sk�
2, �10�

with a unit Jacobian.

The differential operators of Eqs. �1�–�4� are given by a

Poisson bracket structure for the E�B advection �for any

scalar f�,

ṽE · �f =
1

B0

� ��̃

�x

�f

�yk

−
��̃

�yk

�f

�x
	 , �11�

a Poisson bracket structure for the magnetic flutter,

��f =
1

q0R0

�f

�s
−

1

B0

� �Ã�
*

�x

�f

�yk

−
�Ã�

*

�yk

�f

�x
	 , �12�

where Ã�
*= Ã� + ÃD including both self-consistent and exter-

nally induced contributions, the perpendicular Laplacian,

�
�

2 f = gxx
�2f

�x2
+ 2gk

xy �2f

�x�yk

+ gk
yy �2f

�yk
2 , �13�

and the curvature operator,

K�f� =
2

B0R0


sin 	
�f

�x
+ �cos 	 + gk

xy sin 	�
�f

�yk

� , �14�

representing the toroidal magnetic divergences.

With the establishment of these definitions the subscript

k may be understood within the definition of the drift angle

coordinate �y� on each drift plane and it is dropped in the

sections below for clarity �note that the partial derivative

with respect to any of the yk is the same�. Boundary condi-

tions in the two angle coordinates �y ,s� follow global con-

sistency of toroidally topological, closed magnetic-flux

surfaces,
32

implemented following the shifted metric

procedure.
20

Further details can be found in Refs. 20 and 32.

C. Treatment of externally induced magnetic-field
perturbations

In this work we focus on scenarios where external cur-

rents �flowing in coils outside the plasma volume� induce a

static perturbation in the magnetic field. This reflects the

technical realization of ergodization experiments in

Tore-Supra
9–11

or TEXTOR-DED.
12–14

For this purpose we

consider the perturbations in the vector potential to consist of

two parts. One is the self-consistent intrinsic plasma re-
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sponse Ã� arising from the parallel current as forced by gra-

dients in the electrostatic potential and electron pressure. The

other is the constant contribution ÃD externally imposed by

coil currents, so that �
�

2 ÃD=0 within the computational do-

main. Both pieces appear in the Poisson bracket structure for

the magnetic flutter �Eq. �12��. The extension to dynamic

perturbation fields is simply done by introducing �ÃD /�t into

Ohm’s law as an additional forcing term, but this is left to

future work.

For TEXTOR-DED scenarios the externally induced

magnetic field can be described by the approximate vector

potential,
12

in terms of the original toroidal coordinates

�r ,	 ,
�,

ÃD
�n0�

= − �
m=−�

�

�− 1�m+3n0gm,n0
�r�cos�m	 − n0
� , �15�

where

gm,n0
�r� =

BDrc

m
� r

rc

	
m
sin��m − 3n0�	c�

�m − 3n0��
�16�

and rc=0.5325 m is the radial position of the perturbation

coils, 	c=2� /10 is half of the poloidal extension of the coil

system, and the magnetic field BD=4�0ID /	crc is given as a

function of the external current ID in the divertor coils. The

reference toroidal mode number is n0=4 for the 12/4 mode

operation, determined by the coil arrangement in the experi-

ment. The dominant mode is the one with m=3n0, which is

resonant at the q=3 surface located at x=0, i.e., in the center

of the computational domain in the radial direction. Accord-

ing to the radially local model used in this work the radial

extent of the computational domain is limited to a width of

L� �background gradient length� and this limits the number

of resonances of the perturbation field which can be taken

into account. Thus the perturbation field �15� is approxi-

mated by a three-mode perturbation using the basic mode

numbers 11/4, 12/4, and 13/4. For the computations ÃD

must be transformed to the �x ,y ,s� coordinate system,

wherein it is important to note that unlike the basic geometry

itself, this field perturbation is not axisymmetric. The expres-

sion of Ã
D

�n0�
in the shifted metric �Eqs. �9� and �10�� is given

by

ÃD
�n0�

= − �
m*=−�

�

�− 1�m*gm*,n0

* �x�cos�m*sk + n0Kyyk� , �17�

where

gm*,n0

* �r� =
BDrc

m* + n0q0

en0Ky�x−xc�sin�m*	c�

m*�
, �18�

with xc=rc−r0, m*=m−n*q0, and Ky =q0 /r0.

Note that our approach is to some extent a cylindrical

approximation, and that the exponential radial dependence is

necessary to fulfil �
�

2 Ã
D

�n0�
=0, according to the definition of

the Laplacian in Eq. �13�.
The use of Eqs. �15�–�18� needs some clarification be-

cause it is an approximation for the vacuum field induced by

external coils. The question arises if this is the correct per-

turbation field to take into account, due to the modification of

the perturbation by the plasma response. Those modifications

are studied, e.g., in Refs. 12 and 13, and they appear as a

change in the amplitudes of the perturbation spectrum. But

also our model equations describe partly the intrinsic �per-

pendicular� magnetic-field response and it would confuse

matters to take into account the plasma response twice. In

this work we do not attempt to resolve this question, but we

consider the model field described by Eqs. �15�–�18� as a

prototypical scenario to study the basic effects of overlap-

ping islands of realistic structure, even if the detailed spec-

trum is approximative.

To estimate the level stochasticity corresponding to the

model field described by Eq. �15� with m=11,12,13, we

consider the island width of the dominant modes as given in

Ref. 33,


m,n0
= 2�qR0

ŝB0

gm,n0
�rm,n0

� , �19�

where q and ŝ are the safety factor and the magnetic shear at

the resonant surface located at r=rm,n0
. The level of stochas-

ticity can be estimated by the Chirikov parameter as a mea-

sure for the overlap of the dominant mode island and the

neighboring islands,

�+ =

13,4 + 
12,4


r13,4 − r12,4

, �− =


11,4 + 
12,4


r11,4 − r12,4

. �20�

Using the parameters q0=3, r0=r�q0�=0.45 m, and ŝ=2 and

a linear profile q=q0 �1+ ŝ�r−r0� /r0�, one obtains for the

Chirikov parameters in the 12/4 perturbation �−=0.83ID
1/2

and �+=1.25ID
1/2 �with ID in units of kiloamperes�. Thus the

onset of stochasticity for the model field described by Eq.

�15�, and characterized by �=max��− ,�+��1, can be ex-

pected in the vicinity of a perturbation current of about ID

=1 kA. This is also illustrated by the Poincaré plots in Fig. 1

where field lines have been started inside our computational

domain �2.6�q�3.4� and have been followed for 300 tor-

oidal turns. It is evident that for ID=1 kA the overlap be-

tween the dominant island at q=3 and the neighboring is-

lands becomes significant. Besides the Chirikov parameter

another important dimensionless quantity to describe the

magnetic perturbation field is the ratio Lc /LK between the

connection length Lc, i.e., the length of a field line connect-

ing different points of the radial boundaries, and the Kol-

mogorov length LK, an e-folding length quantifying the di-

vergence of neighboring field lines due to the magnetic

perturbation field. The Kolmogorov length is estimated by

LK=�−4/3q0R0�2.5–4 m. The connection length Lc is com-

puted numerically for different starting points in our compu-

tational domain and the ratio Lc /LK for the case with ID

=2 kA is shown in Fig. 2. It can be seen that for the most

part of the computational domain the connection length Lc is

much longer than the Kolmogorov length LK; thus the radial

transport along the field lines is dominated by stochasticity

and not by a direct shortcut between points on the bound-

aries, and thus by boundary conditions. In particular, the re-

gion of island overlap is characterized by Lc /LK�1 and only
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in a small region close to the radial edges that we find

Lc /LK�2.

III. SETUP OF NUMERICAL COMPUTATIONS

In the turbulence simulations we consider dynamics in a

thin radial range �motivating the use of radially local geom-

etry�, but due to the long-wavelength character of ÃD we

carry the entire flux surface �in terms of Refs. 20 and 32 the

toroidal truncation number is k0=1�. The xy domain is ex-

tremely anisotropic, since the perpendicular distance within

the flux surface between two successive cuts by the same

field line, Ly =2�r0 /q0, is much larger than any reasonable

radial domain size. The radial domain is contained within a

single profile scale length L�, as required by the use of para-

metrically homogeneous equations �for further commentary

on the setup of edge turbulence computations see Ref. 34�.
The resolution is set equal in x and y, so the corresponding

grid node counts Nx and Ny are disparate by more than a

factor of 10. The s domain is given by the global consistency

constraint. The spatial domain is given by

−
Nx

Ny

�r0

q0

� x �
Nx

Ny

�r0

q0

,

−
�r0

q0

� y �
�r0

q0

, �21�

− � � s � � .

Given the pitch parameter expansion q=q0�1+ ŝx /r0� the he-

licity of the magnetic field takes the values

q0 −
Nx

Ny

ŝ� � q � q0 +
Nx

Ny

ŝ� . �22�

The boundary conditions for the dependent variables in the

computations are Dirichlet for x �vanishing at the bound-

aries�, fixing the profile at both boundaries but allowing fully

self-consistent evolution in the interior, periodic for y, fol-

lowing the toroidal periodicity, and pseudoperiodic in s,

f�x,y,s + 2�� = f�x,y − 2�ŝx,s� , �23�

following global consistency.
32

When the shifted metric is

implemented, Eq. �23� becomes
20

f�x,yk+N,sk+N� = f�x,yk,sk� , �24�

where N is the number of nodes in the s direction and sk+N

=sk+2�. The Dirichlet boundary conditions in the x direc-

tion for the hyperbolic model equations have the conse-

quence that �linear� perturbation waves moving towards the

radial boundary are allowed to pass the boundary without

any effect on them. On the other hand, no perturbation can

enter the computational domain, thereby neglecting effects

from the outside like, e.g., the impact of a conducting wall

intersected by magnetic-field lines leaving the domain. To

extend the model to such scenarios, one would have to in-

clude scrape-off-layer and sheath physics, which is beyond

the scope of the present work. The boundary effects men-

tioned in Sec. II C due to our use of a perturbation field

ranging from one radial edge to the other are expected to be

small.

For the simulation of edge turbulence we use parameters

representative of typical experimental scenarios in the

TEXTOR-DED. A low collisional case is set up by n=2

�1019 m−3, T=100 eV, r0=0.45 m, R0=1.75 m, q0=3, ŝ

=2, L�=0.03 m, B0=2 T, and Mi=2mp. A high collisional

case is prescribed by the same parameters except n=6.5

�1019 m−3 and T=30.8 eV �to keep the plasma �

=�0nTe /B2 constant�. A measure for the degree of collision-

ality relevant for the DALF3 model is the so-called ballooning

parameter �B given by

FIG. 1. Poincaré plots for the 12/4 perturbation field for ID=0.3 kA

���1, top� and ID=1.0 kA ���1, bottom�. The field lines have been

started inside the computational domain where 2.6�q�3.4 and have been

followed along 300 toroidal turns.

FIG. 2. Plot of the ratio Lc /LK for ID=2 kA. The field lines have been

started inside the computational domain where 2.6�q�3.4 and have been

followed along 20 toroidal turns.
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�B =
me

mi

q2R0�e

cs

, �25�

where �e denotes the electron-electron collision frequency. A

value �B�1 indicates that the dynamics is governed by bal-

looning activity, whereas a situation characterized by �B�1

is dominated by shear-Aflvén dynamics. The values for our

particular cases are �B=0.04 and �B=1.48 for the low and

high collisional cases, respectively.

The perpendicular grid node counts are Nx=64 and

Ny =1024. Consequently the pitch parameter q ranges be-

tween 2.6 and 3.4, covering well the resonances of the three-

mode perturbations at q=11/4, 12/4, and 13/4. The number

of drift planes �grid nodes in s� is 16. Perpendicular drift

dynamics is resolved down to 2�s=2�Te /Mi / �eB0 /Mi�. The

time step is �=0.05L� /cs. The initial state is a random spa-

tial distribution of density fluctuations with a Gaussian enve-

lope in s. The other dependent variables arise due to the

parallel dynamics, then saturation occurs within a few

100L� /cs, and then the mode structure is statistically station-

ary after about 500L� /cs. This is carried to 4500L� /cs, with

native turbulence diagnosis averaged over the interval 3000

�cst /L��4500. This procedure is applied to all the cases

considered. Examples of time traces of the rms density are

shown in Fig. 3.

IV. SIMULATION RESULTS

The results of our simulations will be discussed in terms

of several spatial and temporal averaged quantities. There-

fore we introduce the following notations for the different

kinds of averaging procedures of a scalar function

f = f�x ,y ,s , t� and their relation to the representation in Fou-

rier components with respect to standard toroidal coordi-

nates. A bracket like �¯�x, �¯�xy, or �¯�t denotes an aver-

age over the entire domain of the respective variables, i.e.,

here the x domain, the xy domain, and a certain time interval

T. Thus it follows that

�f2�V � �
n

�fn
2�x, �26�

�fn
2�x � �

m

�
fm,n
2�x, �27�

�f2�xy = �
n

�
m1,m2

�fm1,nfm2,n
* �xe

i�m1−m2�	. �28�

Fourier components fm,n are defined by

fm,n =
1

4�2�
0

� �
0

2�

fe−i�m	−n
�d	d
 . �29�

For the particular radial E�B flux,

� = ñṽE,r = −
ñ

B

��̃

�y
, �30�

where ṽE,r= ṽE ·er and er is the unit basis vector in radial

direction, one obtains

���V � �
n

��n�x, �31�

��n�x � −
nKy

B
�
m

�Im�ñm,n�̃m,n
* ��x, �32�

���xy = �
n

�
m1,m2

inKy

B
�ñm1,n�̃m2,n

* �xe
i�m1−m2�	. �33�

A. Amplitudes of density and eddy strength
and turbulent radial flux

In this section we present simulation results for the den-

sity perturbations, the E�B velocity, and the resulting

E�B flow. The perturbation levels and the E�B flow are

increased in the presence of a magnetic perturbation field for

low and high collisionalities as well, in particular, in low-n

modes �toroidal mode number n�40� resonant with the ex-

ternally induced magnetic field. However, the response of the

low collisional plasma is much stronger than that of a high

collisional plasma. The radial particle flux due to the parallel

mass flow along perturbed field lines �nũ�B̃� is found to be

small compared to the E�B flow in all the cases considered

and will not be discussed further here. Figures 4 and 5 show

the x-y-t-averaged amplitude squares of the density �ñ2�xyt,

the E�B velocity �ṽE
2�xyt, and the E�B flux ���xyt. The am-

plitudes of ñ, ṽE,r, and � are given in units of 
n, 
cs and


2ncs, respectively, where 
=�s /L�. As expected, the results

for the unperturbed cases with �B=1.48 show a more

pronounced ballooning structure compared to those for

�B=0.04. The externally induced magnetic-field perturba-

tions lead to an overall increase in the perturbation levels and

the radial E�B flux for �B=0.04 and �B=1.48 as well. The

response to the perturbation field does not reflect the pattern

of the magnetic perturbation field with its strong localization

at the high-field side at 	= ±� �see Fig. 8, bottom�. It is

obvious that the high collisional case is less affected by the

stochastic magnetic fields. While for low collisionality and a

coil current of ID=2 kA the density perturbations are in-

creased by a factor of 7 and the E�B flux by a factor of 5

with respect to the unperturbed case, in the high collisional

FIG. 3. Illustration of the time evolution of rms of volume-averaged density

ñ �in units of n�s /L�� for various magnetic perturbation fields induced by an

external current ID=0, 1, and 2 kA. The time is given in units of L� /cs.
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case one finds an increase of about 1.5 only. In particular,

for �B=1.48 and ID=1 kA, i.e., for a Chirikov parameter

�=1.25, the E�B flux is quite close to that of the unper-

turbed case �15% increase�.
The increase of perturbation levels is also illustrated by

Figs. 6 and 7 showing the averaged spectral components

�ñn
2�xt, ��ṽE,r

2 �n�xt and ��n�xt. It can be seen that the strong

reaction of the perturbations is mostly pronounced in the

resonant modes with toroidal mode numbers n=4,8 ,12, . . ..

The strongest effect of the magnetic perturbations is ob-

served for mode numbers below n=40, where density and

E�B flow are increased up to two orders of magnitude.

However, one observes that also nonresonant low-n modes

�n�40� and high-n modes �n�40� are affected �amplified�
by the perturbation and contribute noticeably to the overall

picture. Besides the similarities of the high and low colli-

sional cases it is apparent that the low-n modes have

relatively larger amplitudes in the unperturbed case for

�B=1.48, and perturbation effects add a smaller relative con-

tribution to the large scale eddy transport than for �B=0.04.

B. Magnetic flutter

The next point we consider is the intrinsic magnetic flut-

ter and its response to the externally induced static magnetic

flutter. It is found that the intrinsic magnetic flutter is much

smaller than the externally induced magnetic flutter for the

perturbation fields considered, in particular, in the high col-

lisional case.

Figure 8 shows the x-y-t-averaged strength of the intrin-

sic magnetic-field perturbation �
B̃int
�xyt compared to the ex-

ternally induced magnetic field �
B̃ext
�xyt. The magnetic field

in Fig. 8 is given in units of B0, the background field. For

both low and high collisionalities the intrinsic magnetic flut-

ter is increased with increasing externally induced perturba-

tion. Like for the density and the electrostatic potential the

FIG. 4. Plot of density �ñ2�xyt �top�, E�B velocity �ṽE
2�xyt �middle�, and

E�B flux ���xyt �bottom� vs poloidal angle 	 for �B=0.04.

FIG. 5. Plot of density �ñ2�xyt �top�, E�B velocity �ṽE
2�xyt �middle�, and

E�B flux ���xyt �bottom� vs poloidal angle 	 for �B=1.48.
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effect is more pronounced for the case with low collisional-

ity. In all the cases the maximum intrinsic response �
B̃int
�xyt

is at least a factor of 3 smaller than the externally induced

magnetic field �
B̃ext
�xyt. For increasing perturbation fields

the spatial structure reflects the localization at the high-field

side of the imposed static perturbation. In the presence of an

external perturbation the low collisional case features an in-

trinsic magnetic flutter a factor of 2 above that of the corre-

sponding high collisional case.

C. Energetics

To get more insight into the dominant mechanisms gov-

erning the turbulent dynamics we consider in this section the

different contributions to the energy theorem derived in the

Appendix. The basic results found are as follows: The sound

wave dynamics does not play a significant role. For low col-

lisionality the drift-Alfvén-wave dynamics is dominating and

the ballooning drive is negligible, whereas for the high col-

lisional case the situation is reversed and ballooning turbu-

lence becomes strongly pronounced. The low collisional case

exhibits significant electromagnetic effects, whereas electro-

magnetic effects do not play a role for high collisionality. An

externally induced magnetic perturbation field introduces ad-

ditional sources for the turbulent energy which are of signifi-

cant magnitude for low collisionality and act as a trigger for

modes resonant with the magnetic perturbation. This effect is

described by the source term M, representing a gain of free

energy from the background density gradient due to induced

magnetic flutter. Except for the additional sources M the

overall picture of energy flow in our model system does not

change significantly for the low and high collisional cases as

well. Figures 9–11 show the volume- and time-averaged con-

tributions of the sources, sinks, and transfer terms, where

FIG. 6. Fourier amplitude plot of density �ñn
2�xt �top�, radial E�B velocity

��ṽE,r�n
2�xt �middle�, and E�B flux ��n�xt �bottom� vs toroidal mode number

n for �B=0.04.

FIG. 7. Fourier amplitude plot of density �ñn
2�xt �top�, radial E�B velocity

��ṽE,r�n
2�xt �middle�, and E�B flux ��n�xt �bottom� vs toroidal mode number

n for �B=1.48.
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again the time averages have been computed over the last

interval of T=1500L� /cs in the simulations. Figure 9 shows

the contributions of the sinks and sources in terms of growth

rates. For both low and high collisionalities the dominant

source for the turbulent dynamics is provided by the driving

term S, gaining energy from the background density gradient

via E�B advection. The other dominant contribution is the

collisional dissipation C. For the unperturbed cases these are

the only terms of relevance and the sources M and Q due to

the appearance of magnetic flutter do not play a role. The

difference between S and C is positive and is compensated

by numerical dissipation acting at small scales, representing

viscous effects. By imposing an externally induced perturba-

tion field this picture does not change significantly for high

collisionality, but for low collisionality the contribution from

M becomes important, i.e., it is of the same order of magni-

tude as the collisional dissipation. It has to be noted that a

spectral analysis of the sources �not shown here� proves that

the additional source M acts almost solely on modes with

toroidal mode number n=4, i.e., the resonant modes are trig-

gered by the strong externally induced magnetic flutter. The

slight decrease of �S and �C with increasing perturbation

field is explained by the fact that the growth rates are defined

as source strengths divided by the total free energy of the

FIG. 8. Plot of intrinsic magnetic flutter �
B̃int
�xyt for �B=0.04 �top� and

�B=1.48 �middle� and of the externally induced magnetic flutter �
B̃int
�xyt

�bottom� vs poloidal angle 	.

FIG. 9. Energetics plot. Shown are the V-t-averaged growth rates ��S�Vt,

��M�Vt, ��Q�Vt, and ��C�Vt for �B=0.04 �top� and �B=1.48 �bottom� for per-

turbation currents ID=0 kA �black�, ID=1 kA �striped�, and ID=2 kA �grey�.

FIG. 10. Energetics plot. Shown are the V-t-averaged transfer rates ��nJ�Vt,

��nu�Vt, ���J�Vt, and ��K�Vt for �B=0.04 �top� and �B=1.48 �bottom� for per-

turbation currents ID=0 kA �black�, ID=1 kA �striped�, and ID=2 kA �grey�.
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system. But this content of free energy consists of a static

piece, increasing with the perturbation field, thus reducing

the growth rates, if the source strengths are unchanged. The

appearance of such a static contribution will be discussed

more in detail in Sec. IV D.

In Fig. 10 the transfer rates are plotted. As expected the

cases with �B=0.04 and �B=1.48 differ strongly. For low

collisionality the transfer due to TnJ and T�J dominates the

internal energy transfer in the system, i.e., the transport is

governed by the drift-Alfvén-wave dynamics. The balloon-

ing effect represented by the curvature term K does not con-

tribute noticeably. For high collisionality the situation is dif-

ferent and TnJ and K regulate the internal energy flow, where

K is opposite in sign to TnJ. The increasing relevance of K is

reflected by the increase of �B which is actually an approxi-

mation for the ratio K /TnJ extracted from the dissipative cou-

pling model.
30

Its approximative character is obvious by the

fact that the ratio 
K /TnJ
 is less than 1 for �B=1.48, in con-

tradiction to an expected ballooning dominated regime.

However, the ballooning activity is strongly pronounced—

although not dominant compared to drift-Alfvén

dynamics—as can be seen also in Figs. 5 and 13 with a

relative increase of amplitudes of a factor of about 4 at the

low-field side at 	=0. In both cases the sound wave dynam-

ics, represented by the transfer rate �nu, plays a less impor-

tant role. By increasing the magnetic perturbation field no

significant change in the transfer characteristics occurs, ex-

cept that the ballooning drive becomes even less relevant for

the low collisional case.

Finally Fig. 11 shows the growth rates of the different

contributions of the free energy due to fluctuations in the

four scalar quantities of the DALF3 model. All simulations

done prove that the change of the total free energy is guided

by the increase of density fluctuations due to the background

gradient drive S, i.e., by the growth rate �n. Again strong

differences can be found between low and high collisionality

scenarios. The low collisional case exhibits, in addition to �n,

a strong contribution from ��, the time change in kinetic

E�B energy, and—more importantly—a strong impact of

electromagnetic effects represented by the rate �A�
. This is

not seen for the high collisional case, where electromagnetic

effects for ID=0 kA and ID=1 kA do not play a role at all

and appear as small even for the highest perturbation consid-

ered, where ID=2 kA. Like for the energetic quantities

above, one can observe for both collisionalities that the

change of the characteristic pattern is only small with in-

creasing perturbation field.

D. Static versus time-dependent contributions

In this section we address the issue of discriminating the

static and time-dependent �turbulent� contributions of the re-

sults discussed in Sec. IV A. It is found that the strong in-

crease in the amplitude levels of density and E�B velocity

perturbations at resonant mode numbers presented in Sec.

IV A is of static nature, resulting in large scale eddies which

contribute significantly to the total E�B transport. However,

the turbulent E�B flux is always larger than the static piece.

For low collisionality the density and velocity fluctuations

are increased over a broad range of the toroidal wave-

number spectrum when the magnetic perturbation field is

increased. The strong increase of turbulent E�B flux for low

collisionality is mainly caused by enhanced fluctuations of

high-n modes, i.e., small scale eddies. For high collisionality

the density fluctuations stay roughly the same for the mag-

netic perturbation strengths considered and despite an in-

crease of E�B velocity fluctuations in high-n modes, the

turbulent E�B flux is almost unchanged because this range

is separated strongly from the maximum of density fluctua-

tions at low-n modes. Before presenting the simulation re-

sults a few remarks are necessary. Actually the model equa-

tions �1�–�4� allow stationary solutions, which can be

assigned to a modified background plasma, as mentioned in

Sec. II A. To resolve the turbulent contributions is of particu-

lar importance for a comparison with experimental observa-

tions, which are often capable to study only time-varying

perturbations in the plasma parameters, e.g., by means of

reflectometry. To analyze the fluctuations, we divide the nu-

merical solutions into a static and a time-dependent �fluctu-

ating� piece, e.g.,

ñ�x,y,s,t� = n̄�x,y,s� + n̂�x,y,s,t� , �34�

and discriminate n̄ against n̂ by averaging over a time inter-

val of T=1500L� /cs at the end of the computations. We note

that this kind of time averaging does not give the true sta-

tionary piece, fulfilling the stationary form of the model

equations; rather it gives a rough picture of the ratio between

static and turbulent contributions, strongly dependent on the

time interval considered for averaging.

However, if we compare Figs. 4 and 5, showing the total

�static and fluctuating� perturbations and radial transport,

with Figs. 12 and 13, showing only the time-dependent con-

FIG. 11. Energetics plot. Shown are the V-t-averaged growth rates ����Vt,

��u�
�Vt, ��n�Vt, and ��A�

�Vt for �B=0.04 �top� and �B=1.48 �bottom� for per-

turbation currents ID=0 kA �black�, ID=1 kA �striped�, and ID=2 kA �grey�.
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tributions as obtained by subtracting the static contributions,

it is found that the strong increase in the amplitude levels of

density and E�B velocity perturbations is to a large extent

of static nature. The fluctuations show even more clearly the

different behavior of the low and high collisional cases men-

tioned in the sections above: while the cases with �B=1.48

indicate a maximum increase of only 10%–20% in the den-

sity and E�B flux, the fluctuations and the corresponding

radial flux for �B=0.04 are increased by a factor up to 3 and

4. In all the cases considered the turbulent piece of the

E�B flux is larger than the static piece. For the unperturbed

scenarios the static E�B flux is negligible compared to the

turbulent transport, but for increasing perturbation fields the

static part can reach half of the turbulent part. The compari-

son of Figs. 6 and 7 with Figs. 14 and 15 proves that the

resonance effects at toroidal mode numbers n=4,8 ,12, . . .,

occurring for finite magnetic perturbation fields, are for the

most part of static nature. After subtraction of the static part

reminiscents of the resonances are visible for �B=0.04, and

for �B=1.48 those resonances are almost vanished. The remi-

niscents of resonances might occur due to the approximative

calculation of the static part. It is advantageous to continue

the spectral analysis of the fluctuations and the turbulent E

�B flux by the use of the half-logarithmic plots in Figs. 16

and 17 �showing the same results as Figs. 14 and 15�. These

demonstrate that the increase in the turbulent radial flux for

the low collisional case with �B=0.04 is caused mainly by

enhanced fluctuations of density and E�B velocity in high-

n modes, i.e., small scale eddies. For the high collisional case

the situation is different. Although there is also an increase in

ṽE,r fluctuations for high-n modes, the density fluctuations

are strongest for low-n modes. Due to numerical errors

caused by the averaging procedure to obtain the static part,

the low-n part of the spectrum is quite noisy and there is no

clear tendency observable, whether low-n modes are damped

or amplified. It looks rather like a zero net effect, even

FIG. 12. Plot of density �ñ2�xyt �top�, E�B velocity �ṽE
2�xyt �middle�, and

E�B flux ���xyt �bottom� vs poloidal angle 	 for �B=0.04. The “static” part

�taken from time averaging� has been subtracted.

FIG. 13. Plot of density �ñ2�xyt �top�, E�B velocity �ṽE
2�xyt �middle�, and

E�B flux ���xyt �bottom� vs poloidal angle 	 for �B=1.48. The “static” part

�taken from time averaging� has been subtracted.
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though almost all amplitudes for n�40 seem to be damped

for �B=1.48 and ID=2 kA. As a consequence the radial

E�B flux for high collisionality is carried to a large extent

by low-n modes and does not exhibit a significant change in

the presence of an ergodic magnetic perturbation.

V. SUMMARY AND DISCUSSION

Three-dimensional nonlinear electromagnetic fluid drift

transport has been simulated using the DALF3 code. We con-

sidered a thin toroidal annulus centered around the q=3 sur-

face and computed the small scale dynamics of the scalar

quantities density ñ, electrostatic potential �̃, parallel ion ve-

locity ũ�, and magnetic potential Ã� for plasma parameters

representative for TEXTOR-DED discharges. To study the

effect of ergodized magnetic fields on the small scale dynam-

ics, externally induced three-mode perturbation fields, con-

sisting of 11/4, 12/4, and 13/4 modes, have been imposed

introducing a stochastic magnetic structure in the plasma.

Simulation results for different combinations of different ex-

ternal coil currents, representing Chirikov parameters of

�=1.25 and �=1.78, and different collisionalities of the

background plasma, corresponding to ballooning parameters

�B=0.04 and �B=1.48, have been compared with unper-

turbed turbulence simulations. Averaged poloidal profiles of

density, E�B velocity, and E�B flux have been presented,

accompanied by a spectral analysis with respect to toroidal

mode numbers. By means of time averaging of the saturated

turbulent state, fluctuating and static pieces of the transport

have been separated approximately. The energy flow of the

model system has been analyzed by means of an appropriate

energy theorem to study the turbulence characteristics. The

results can be summarized as follows:

�1� The static ergodization fields introduce a strong static

FIG. 14. Fourier amplitude plot of density �ñn
2�xt �top�, radial E�B velocity

��ṽE,r�n
2�xt �middle�, and E�B flux ��n�xt �bottom� vs toroidal mode number

n for �B=0.04. The “static” part �taken from time averaging� has been

subtracted.

FIG. 15. Fourier amplitude plot of density �ñn
2�xt �top�, radial E�B velocity

��ṽE,r�n
2�xt �middle�, and E�B flux ��n�xt �bottom� vs toroidal mode number

n for �B=1.48. The “static” part �taken from time averaging� has been

subtracted.

122308-12 D. Reiser and B. Scott Phys. Plasmas 12, 122308 �2005�



perturbation in all scalar fields of the four-field model

considered. This happens predominantly in modes

resonant with the externally induced perturbation and

its harmonics, i.e., with toroidal mode numbers

n=4,8 ,12, . . ., and is more pronounced for a low colli-

sional plasma than for a high collisional plasma.

�2� Even though the parallel ion velocity ũ� builds up sig-

nificant static profiles too, this does not contribute no-

ticeably to the radial particle transport via the corre-

sponding transport �nũ�B̃�. This parallel mass flow

along the perturbed field lines is much smaller than the

E�B transport in our calculations.

�3� The intrinsic magnetic flutter responding to the exter-

nally induced magnetic flutter is also for the most part

static and follows the spatial structure of the perturba-

tion field. The intrinsic magnetic flutter is always

smaller than the externally induced one, but can reach

values up to about 30% of the perturbation fields for low

collisionality. For high collisionality the intrinsic flutter

is by a factor of 2 smaller than for low collisionality.

�4� The analysis of energetics shows that characteristic fea-

tures of the energy flow are preserved when increasing

the perturbation field strength. The sound wave dynam-

ics does not play a significant role. The energy-

conserving transfer terms due to sound waves, kinetic

shear Alfvén waves, and curvature effects show the typi-

cal pattern of a strong ballooning drive for �B=1.48 and

drift-Alfvén-wave-dominated turbulence for �B=0.04.

The rate of change of the energies corresponding to the

four turbulent scalar quantities proves that for low col-

lisionality the electromagnetic effects play an important

role, whereas they are negligible for high collisionality.

An additional source appears for the low collisional case

FIG. 16. Fourier amplitude plot of density �ñn
2�xt �top�, radial E�B velocity

��ṽE,r�n
2�xt �middle�, and E�B flux ��n�xt �bottom� vs toroidal mode number

n for �B=0.04. The “static” part �taken from time averaging� has been

subtracted.

FIG. 17. Fourier amplitude plot of density �ñn
2�xt �top�, radial E�B velocity

��ṽE,r�n
2�xt �middle�, and E�B flux ��n�xt �bottom� vs toroidal mode number

n for �B=1.48. The “static” part �taken from time averaging� has been

subtracted.
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via the driving term M ��J̃���n�V, which triggers

strongly the modes with n=n0, where n0=4 is the central

toroidal mode number of the perturbation considered.

�5� The time-dependent density perturbations �fluctuations�
behave completely different for the low and high colli-

sional cases in the presence of an ergodic magnetic field.

The density fluctuations for �B=1.48 are only slightly

increased �and this increase is likely to be smaller than

the error bar due to the approximative separation of the

static and fluctuating pieces�, but the density fluctuations

for �B=0.04 are increased by a factor of 5 for �=1.78. A

similar result has been found for the turbulent radial

E�B flux: only a slight increase for high collisionality

and an increase by a factor of 3 for low collisionality.

For both collisionalities considered a significant increase

of ṽE fluctuations appears for modes with n�40. For

�B=0.04 also the density fluctuations for these mode

numbers are of considerable magnitude, but for

�B=1.48 the density fluctuations have their largest am-

plitudes in the range of n�10. Therefore the turbulent

E�B flux is increased in the low collisional plasma and

is carried predominantly by small scale eddies. In the

high collisional case, however, only large scale eddies

�n�40� contribute significantly to the turbulent trans-

port, and these are almost unchanged by a magnetic per-

turbation field.

�6� The turbulent E�B flux is always larger than the static

piece. An overview of the different contributions is

given in Table I, listing the volume- and time-averaged

E�B-fluxes.

The observations can be cast in the following picture:

Static ergodic magnetic fields cause strong static profiles in

the plasma parameters, reflecting the spatial symmetry of the

perturbation field. These static structures are increased in

amplitude with increasing magnetic perturbation and exhibit

a significant radial E�B transport due to large scale eddies.

On the other hand also the fluctuation energy and the related

turbulent transport are affected by the stochastization field,

but very differently for low and high collisionalities. For low

collisionality an additional source for the turbulent energy

appears and increases the fluctuation amplitudes and the tur-

bulent E�B flux as well. For high collisionality this does not

appear. There the additional source does not play a role and

correspondingly the fluctuation amplitudes are rather un-

changed.

This raises the following questions:

�1� Why are the static perturbations increased by the pertur-

bation field?

�2� Why does the source M contribute significantly only for

the low collisional �electromagnetic� case and not for the

high collisional �electrostatic� case?

�3� Why does the reduced MHD model of Refs. 18 and 19

give different results? Like in this work it has been

found that significant static structures appear, but the

density fluctuations are reduced and the total radial

E�B transport �static+turbulent� is unchanged.

To discuss the first question, the buildup of static pro-

files, we try to find a simple relation between the magnetic

perturbation and the static solutions of the model equations.

Therefore we insert explicitly the static and time-dependent

pieces �see Eq. �34�� of the scalar fields into the model equa-

tions �1�–�4� and consider their statistical time average. To

simplify matters we neglect all radial derivatives of the sca-

lar fields, except for the magnetic potential Ā�, which is—

according to the simulation results—assumed to be the static

externally induced perturbation field only, i.e., an intrinsic

magnetic flutter is neglected. Only terms of the first order in

the perturbations n̄, �̄, J̄�, and ū� are kept, thus retaining the

nonlinear terms including the magnetic potential, which

is approximated by a single mode perturbation resonant at

q0=m0 /n0 and with exponential radial dependence, i.e.,

Ā� = − A0 cos�m0	 − n0
�,
Ā�

�r
=

Ā�

L
. �35�

In toroidal coordinates and using the scaling �̄→Te�̄ /e,

n̄→nn̄, J̄�→
encsJ̄�, and ū�→
csū� with 
=�s /L�, one

obtains

��ū� = −
1

r0

��̄

�	
+

2L�

R0

cos 	

r0

��̄

�	
, �36�

���̄ = − 

�B

1.96q2R0

J̄� , �37�

��n̄ =
1

B0L�

1

r0

�Ā�

�	
, �38�

��J̄� =
2L�

R0

cos 	

r0

�n̄

�	
, �39�

which are the simplified versions of the difference between

Eqs. �1� and �4�, the sum of Eqs. �2� and �3�, Eq. �3�, and Eq.

�4�, respectively. According to the assumptions made the par-

allel gradient is given by

�� =
1

qR0

� �

�	
+ q

�

�

	 −

Ā�

B0L

1

r0

�

�	
. �40�

It is apparent that due to the finite static magnetic perturba-

tion field in Eq. �38�, a zero static solution is not possible.

Inspecting Eq. �38� by means of a Fourier transform

n̄=�m,nn̄m,n exp�i�m	−n
�� one finds

TABLE I. Volume- and time-averaged radial E�B fluxes, separated into

static and turbulent contributions. The flux � is given in units of 
2ncs and

the coil current ID in units of kA.

�B ID ���Vt stat ���Vt turb

0.04 0 0.00 0.20

0.04 1 0.12 0.34

0.04 2 0.40 0.54

1.48 0 0.07 2.00

1.48 1 0.45 2.10

1.48 2 1.38 2.30
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m − nq

qR0

n̄m,n +
A0

2B0L

m − m0

r0

n̄m−m0,n−n0

+
A0

2B0L

m + m0

r0

n̄m+m0,n+n0

= −
A0

2B0L�

m

r0

�
m,m0
+ 
m,−m0

� , �41�

and this can be written as a recurrence relation for the reso-

nant modes n̄k= n̄km0,kn0
,

k�n̄1 + 2bn̄2 = − c ,

�42�
�k − 1�bn̄k−1 + kk�n̄k + �k + 1�bn̄k+1 = 0,

where k=2,3 , . . . and

k� =
n0�q0 − q�

qR0

, b =
m0

r0

A0

2B0L
, c = b

L

L�

. �43�

The recurrence relation �Eqs. �42�� can be interpreted as a

trigger for the buildup of static profiles in the resonant mode

and its harmonics. The trigger of the static modes is provided

by the radial perturbation field �represented by the coefficient

c� and the mode coupling by the poloidal perturbation field

�represented by b�. In particular, for k� =0 and L /L��1, one

obtains n̄2k+1= �−1�k / �k+1�n̄1 and n̄2k=−
3

2
�−1�k / �2k+1�,

where k=1,2 , . . .. If now n̄1� n̄2 this resembles very much

the results for the resonant static modes in the density shown

in Figs. 6 and 7, with amplitudes in the order of magnitude

of the background density and a strong decay with increasing

toroidal mode number. This gives a rough explanation of the

appearance of the strong static modes in resonant mode num-

bers. It has to be noted that a similar explanation can be

found even if the sound wave dynamics is neglected.

The second question, why the source M contributes for

low but not for high collisionality, can be discussed by in-

specting Ohm’s law �Eq. �2�� and the corresponding part of

the energy theorem �Eq. �A10� in the Appendix�. Equation

�2� describes essentially the evolution of the magnetic per-

turbation field and thus a perturbation in the current density

J̃�. The term M in the energy balance tends to increase the

energy stored in the magnetic flutter and consequently the

current density for the main resonant mode. If the collision-

ality is high this source is compensated completely and this

mode cannot grow strongly. Also the other contributions in

Eq. �A10� are compensated by the resistive term, thus lead-

ing to an electrostatic behavior. For low collisionality this

mechanism does not work anymore, i.e., before the current is

strong enough such that C can cancel the other effects, the

energy transfer due to drift Alfvén waves �via T�J� offers a

channel to pass the energy gained via the term M to the

system. This allows J̃� and M to have a larger value com-

pared to the high collisional case. For increasing magnetic

perturbation this should be more pronounced, even for high

collisionality, and, in fact, we have observed �see Figs. 9 and

11� an increase of M for �B=1.48 and ID=2 kA, accompa-

nied by some electromagnetic signature, i.e., finite value of

�A�
.

The third question, concerning the discrepancy of the

results presented here with the results of Refs. 18 and 19, can

be discussed also by an energy balance for the different

model systems. First we recall in our notation the electro-

static drift-resistive ballooning limit of our model neglecting

here the ��B contributions in the parallel derivatives to sim-

plify the formulas and the discussion,

dñ

dt
= − ṽE · �n +

1

e
��J̃� + nK��̃� −

Te

e
K�ñ� , �44�

��J̃� =
Te

ne
���n + ñ� − ���̃ , �45�

nMi

B2

d

dt
�

�

2 �̃ = ��J̃� − TeK�ñ� . �46�

The energy diagnostics in our simulations proved that this is

a reasonable reduction for the high collisional case �sound

wave dynamics and electromagnetic effects are negligible�.
Thus the third term in Eq. �44� can be expressed by

1

e
��J̃� =

Te

ne2��

��
2�n + ñ� −

1

e��

��
2�̃ . �47�

The energy theorem for the model equations �44�–�46� reads

as �n=�S−�nJ−�K, ��=��J+�K, and �M +�nJ−��J−�C=0,

giving a temporal change in the total free energy of

� ln Ẽ

�t
= �S − �C + �M . �48�

Thus like before �compare with Eq. �A25�� the background

density source, the resistive dissipation, and the source due

to magnetic flutter govern the energy content of the system,

just the source term �Q is removed by the neglect of sound

waves. Now the RBM3D model of Refs. 18 and 19 in our

notation appears as

dñ

dt
= − ṽE · �n + nK��̃� + ����

2�n + ñ� , �49�

��J̃� = − ���̃ , �50�

nMi

B2

d

dt
�

�

2 �̃ = ��J̃� − TeK�ñ� . �51�

Here we did not write explicitly the additional viscous terms

which provide dissipation on the perpendicular subscales.

Such terms are always present and necessary in turbulence

simulations, and in the DALF3 algorithm these are provided

by numerical dissipation. It is also important to note that the

model equations in Refs. 18 and 19 are written for the elec-

tric potential and the pressure perturbations �̃ and p̃. But due

to their equal treatment of pressure and density fluctuations

in the interpretation of their results it is justified to consider

the density equation �Eq. �49�� for the following discussion.

Except the last term in Eq. �49�, i.e., ����
2�n+ ñ�, where �� is

the classical thermal heat conductivity, Eqs. �49�–�51� are

identical with the resistive MHD model, of which energy

balance is given by �n=�S−�K, ��=��J+�K, and ��J+�C
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=0. It follows that the temporal change of the total free en-

ergy in the RBM3D model is given by

� ln Ẽ

�t
= �S − �C +

1

Ẽ
� Te��

n
ñ��

2�n + ñ�dV . �52�

Neglecting surface terms the integral can be rewritten by the

use of

� ñ��
2�n + ñ�dV = −� ���ñ�2dV −� ��ñ��ndV . �53�

The last integral in Eq. �53� can be neglected due to the same

arguments used in the discussion of the source term M for

high collisionality. Thus we are left with

� ln Ẽ

�t
= �S − �C −

1

Ẽ
� Te��

n
���ñ�2dV , �54�

i.e., due to the neglect of the coupling between the electric

field and pressure forces acting on the electrons the source

term M is vanished, but still the main source S and the re-

sistive dissipation are present. As discussed above, the

source term M is also not important in our simulations for

high collisionality. But the last term in Eq. �54� indicates an

important difference between our model �see Eq. �A25�� and

the RBM3D model. Compared to the model of this work the

energy balance �Eq. �54�� contains an additional negative

definite term offering an additional channel for the loss of

turbulent energy by damping of density fluctuations. This is

of particular importance if externally induced magnetic per-

turbations come into play. Due to the increase of the parallel

gradient ��ñ, then also containing a radial derivative, the

damping of density fluctuations is increased with increasing

magnetic perturbations and this is what has been found in the

previous simulations of Refs. 18 and 19. How does this dif-

ference in the models match the statement made in the Intro-

duction that the RBM3D model is wholly contained in our

model �Eqs. �1�–�4��? By noting that

�� =
3.2

1.96

Te

ne2��

�
Te

ne2��

, �55�

it can be seen from Eq. �47� that the dissipative term

����
2�n+ ñ� of the RBM3D model also appears in the density

equation �Eq. �44�� of the drift-resistive ballooning limit, but

there it is part of the drift-Alfvén dynamics and does not

change the total energy balance, i.e., the corresponding term

TnJ cancels out. Thus the connection between the different

models can be summarized as follows: the RBM3D model can

be extracted from our model by the neglect of sound waves

and electromagnetic effects and using the MHD assumption.

The remaining parallel density dissipation is found to be a

part of the drift-Alfvén dynamics in our model. Conse-

quently the RBM3D model is, in fact, a subset of our model,

but an important difference occurs by the incorporation of

the full drift-Alfvén dynamics in our model taking into ac-

count also counteracting terms which compensate the paral-

lel density dissipation. In agreement with the energy bal-

ances �Eqs. �A25� and �54�� this gives an almost unchanged

level of density fluctuations for high collisionality in our

simulations, whereas the previous results of Refs. 18 and 19

show that a certain decrease of density fluctuations occurs

for increasing magnetic perturbations.

VI. CONCLUSION

Static ergodic magnetic fields have a twofold impact on

the edge plasma transport of present day tokamak devices:

on one hand they induce pronounced static profile deforma-

tions in the density, electrostatic potential, etc., providing a

significant radial E�B transport due to large scale eddies,

which can be of the same order as the turbulent transport in

the unperturbed plasma, or even stronger. The radial trans-

port due to mass flow along the perturbed field lines is found

to be small compared to the E�B flow in our nonlinear

simulations, in agreement with simple estimates given in

Refs. 15 and 16. Besides the static large scale transport, an

impact on high-n modes �small scale eddies� has been ob-

served, which increases the turbulent E�B transport

strongly in the low collisional case but is less effective in the

high collisional case. Basic assumptions of the simulations

discussed in Refs. 18 and 19, such as the electrostatic ap-

proximation, the neglect of sound waves, and the strong im-

pact on the resonant large scale dynamics, giving reason for

a strong reduction in the number of modes taken into ac-

count, could be verified in our calculation for the high colli-

sional case. But the results obtained with the RBM3D code,

namely, the decrease of density fluctuations and an almost

unchanged total �static+turbulent� radial E�B transport

could not be recovered. As shown by means of energy bal-

ances the reason for this discrepancy can be found in a den-

sity dissipation of the RBM3D model, which is increased in

the presence of externally induced magnetic perturbation

fields. According to the fact that the RBM3D model is a subset

of the model considered in this work, this effect is also

present in our simulations, but it is compensated due to the

implementation of the full drift-Alfvén dynamics. All things

considered the numerical results of our turbulence studies

demonstrate that a low collisionality makes the plasma more

susceptible for an enhancement of turbulent transport due to

magnetic perturbation fields. The turbulent transport is in-

creased strongly for the less collisional, electromagnetic

drift-Alfvén turbulence-dominated plasma, whereas in the

more collisional plasma with strong electrostatic ballooning

turbulence the turbulent transport is almost unchanged. But

due to a strong static contribution an overall increase of cross

field transport is found in both regimes. To make a statement

about how these effects can alter the plasma transport in real

experiments a more sophisticated modeling is required, tak-

ing into account warm ions and temperature dynamics. This

is planned for the near future.

APPENDIX: ENERGY THEOREM FOR THE
FOUR-FIELD MODEL

For the purpose of numerical diagnosis and analysis of

the dynamics of our model system �Eqs. �1�–�4�� we consider

the fluctuation free-energy density functional which in the

DALF3 model represents self-consistency in the energy con-

servation and transfer. �See Fig. 18.� Here, we add the effects
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arising from the external magnetic-field perturbation. The

free-energy density is given by

Ũ =
1

2
nMi�ṽE

2 + ṽ�
2� +

B̃2

2�0

+
me

2e2n
J̃�

2 +
1

2
nTe

ñ2

n2
, �A1�

where ṽE
2 = 
���̃
2 /B2 and B̃2= 
��Ã�
2. The time derivative

of the total free energy Ẽ= �Ũ�V is then

�Ẽ

�t
=

�Ẽ�

�t
+

�Ẽu�

�t
+

�Ẽn

�t
+

�ẼA�

�t
, �A2�

where

�Ẽ�

�t
= −� nMi

B2
�̃

��
�

2 �̃

�t
�

V

, �A3�

�Ẽu�

�t
= �nMiũ�

�ũ�

�t
�

V

, �A4�

�Ẽn

�t
= �Te

n
ñ

�ñ

�t
�

V

, �A5�

�ẼA�

�t
=� J̃�� �Ã�

�t
+

me

e2n

�J̃�

�t
	�

V

. �A6�

The subscripted angle brackets �¯�V denote the volume av-

erage. Inserting Eqs. �1�–�4� into each corresponding piece of

this expression leads to �we neglect surface terms�

�Ẽ�

�t
= T�J + K , �A7�

�Ẽu�

�t
= Q + Tnu, �A8�

�Ẽn

�t
= S − TnJ − Tnu − K , �A9�

�ẼA�

�t
= M + TnJ − T�J − C , �A10�

where the different contributions are defined as

S = − �Te

n
ñṽE · �n�

V

, �A11�

M = � Te

en
J̃���n�

V

, �A12�

Q = − �Teũ���n�V, �A13�

TnJ = � Te

ne
J̃���ñ�

V

, �A14�

Tnu = − �Teũ���ñ�V, �A15�

T�J = �J̃����̃�V, �A16�

K = − �TeñK��̃��V, �A17�

C = ���J̃�
2�V. �A18�

The quantities S, M, and Q act as sources for the turbulent

dynamics, extracting energy out of the background density

gradient. The quantity C is a sink for the fluctuation free

energy due to resistivity, and TnJ�
, Tnu�

, and T�J�
are transfer

terms due to drift-Alfvén-wave and sound wave dynamics.

Also K is a transfer term, which represents the ballooning

mechanism �toroidal compression of diamagnetic flows and

currents and of the E�B velocity�. It is obvious that the

transfer terms do not contribute to the temporal change of the

total free energy in the volume considered and it follows that

�Ẽ

�t
= S + M + Q − C . �A19�

However, the transfer pieces in the energy theorem are well

suited to gain insight into the interaction of the various dy-

namical mechanisms in the model system. For the purpose of

analyzing the importance of the different contributions in the

computational results we also define the following growth

rates:

�S =
S

Ẽ
, �M =

M

Ẽ
, �Q =

Q

Ẽ
, �C =

C

Ẽ
, �A20�

�nJ =
TnJ

Ẽ
, �nu =

Tnu

Ẽ
, ��J =

T�J

Ẽ
, �K =

K

Ẽ
, �A21�

and according to Eqs. �A7�–�A10� we define the growth rates

for the different contributions to the total energy,

�� = ��J + �K, �u�
= �Q + �nu, �A22�

�n = �S − �nJ − �nu − �K, �A23�

FIG. 18. Schematic of picture energy flow in the model system Eqs. �1�–�4�.
The direction of the arrows corresponds to a positive value of the respective

quantity defined by �A11�–�A18�. The dashed line indicates the boundary of

the open model system.
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�A�
= �M + �nJ − ��J − �C, �A24�

such that

� ln Ẽ

�t
= �� + �u�

+ �n + �A�
= �S + �M + �Q − �C. �A25�
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