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On the quantum-field theoretical approach to the light-matter

interaction in solid state physics: A critical analysis
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Institut fir Schichten und Grenzflichen (ISG 1), Forschungszentrum Jilich, 52425 Jilich,

Germany

(March 17, 2005)

Abstract

The following analysis has been done in part in collaboration with W. Schafer
(Forschungszentrum Jiilich, Institut fiir Schichten und Grenzflichen (ISG1))
and consists of eleven parts. At the very beginning of our work, a detailed
description of the optical properties of an N —level quantum dot coupled to
an unlimited number of phonon modes was the most important topic. Later
on, however, our involved investigations lead to a critical analysis of a basic
element of the present theory of solid state physics, i.e., the standard coupling
of the electron-hole system to the quantized electromagnetic field. Clearly, such
a surprising and unexpected development requires an explanation. For this
reason, a short summary of the comprehensive work and some introductory
remarks are indispensable.

In section I, we are concerned with the general equations of motion of an
electron-hole system, interacting with phonons and photons. Here, the light-
matter interaction operator contains both the coupling of the electron-hole
system to the classical exciting light field as well as the coupling to the quan-
tized emitted light field. The time evolution of the photon number (a*a)(t)
is of particular interest, as it is directly related to the phenomenon of pho-

toluminescence. It is well known that the corresponding equation of motion



leads to an infinite system of coupled equations for the photon-assisted ex-
pectation values. We discuss the mathematical structure of these equations
up to an arbitrary order with respect to the particle-photon interaction. It
should be emphasized that these general results are of basic importance for
further conclusions and calculations, because both the linear part as well as
the quadratic part of the light-matter interaction operator have been taken
into account.

A numerical approach to quantum-field theoretical hierarchy equations is
possible only in combination with some basic approximations. A complete
list of those approximations which have been introduced previously in our
own calculations can be found in section [.B. We stress explicitly that most
of these approximations are standard approrimations which are often used in
the literature. Later on, however, it became clear that these approximations
are in complete contradiction to the underlying theory itself (details will be
explained below).

At the very beginning of our work, the application of the standard approx-
imations mentioned above was crucial. It turned out that an electron-hole two
level system coupled to a single photon mode (with fixed energy hQ2) and inter-
acting with an unlimited number of phonon modes is well suited for numerical
investigations under these circumstances. Here, the dispersion of the corre-
sponding phonon branch was taken to be constant (Einstein approximation).

In section 1.C, we derive the explicit equations of motion for the phonon-
assisted expectation values in the framework of the two-level system under
consideration. The calculation of the particle numbers, the polarization func-
tion and the optical absorption spectrum is of particular interest. If the power
of the emitted light field is much smaller than the power of the exciting light
field, one obtains five infinite systems of coupled equations to calculate the

expectation values (O), (Oete), (Ohth), (Oetht) and (OethThe) (O de-
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cribes the phononic part). It turns out that these equations can be reduced
further provided that the initial state is the vacuum state and the damping
constants are taken to be zero. Under these circumstances, only three infi-
nite systems of coupled equations are necessary to calculate the expectation
values (Oete), (Ohht) and (Oeth't). Moreover, we obtain the ezact relation
(Oeththe)(t) = (Oete)(t). These equations prove to be extremely useful for
various numerical tests.

In order to solve the Heisenberg equations of motion, we have performed
an involved numerical study up to 12—th order in the particle-phonon cou-
pling constant for different confinement parameters in a realistic range. The
numerical calculation of the optical absorption spectrum A(w) was based on
the well-known formula A(w) = Im[P(w)/E(w)] which is often used in the
literature. Actually, we obtained excellent agreement with the spectral prop-
erties of the underlying Hamiltonian. At this point, however, we have to call
the reader’s attention to another remarkable fact: In the limit of vanishing
(phenomenological) damping constants, a counter-example for the standard
formalism does exist! Later on, we shall illustrate the apparent shortcoming
of the quoted formula from above in more detail.

We have already mentioned above that the numerical calculation of the
photon number (a*a) was mainly based on standard approzimations (see
again section I.B). These approximations lead to an infinite system of cou-
pled equations for the photon-(and phonon-)assisted expectation values of
type (Oe+h+a>. Here, the time evolution is determined by the phonon-
assisted four-particle source terms <O€+h+h6>. For a fixed time tp and for
various excitation energies hw, a numerical calculation of the photon number
(a™a)(ty,w) makes sense even in the limit of vanishing (phenomenological)
damping constants and delivers an interesting result: If the system parame-

ters (and also () are chosen appropriately, the spectrum (a™a)(tg,w) consists
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of highly resolved peaks with a finite line width! Clearly, such a result is
in marked contrast to the basic features of the optical absorption spectrum
A(w): Under the conditions from above, A(w) can only be represented by a
distribution, i.e., we obtain wvanishing line widths in the discrete part of the
spectrum.

In view of our careful numerical analysis, there is no doubt that the ob-
tained result for (a™a)(tp,w) is in fact correct; moreover, it is in excellent
agreement with the spectral properties of the underlying Hamiltonian. During
our further investigations, however, it became clear that neither the approxi-
mations mentioned above nor the standard particle-photon interaction opera-
tor itself can provide an appropriate approach to the light-matter interaction
in solid state physics (details will be explained immediately). These surprising
findings demonstrate that some of the basic intrinsic properties of the phys-
ical system under consideration are not yet well understood. Consequently,
further investigations are necessary to obtain a satisfactory theory which is
in fact missing until now.

The following part of our considerations contains a summary of the details
of our critical analysis. We emphasize in advance that all statements are based
on ezxact results - and not on perturbational approaches. Some of our results
have already been published in Refs.!2. In the present work, the reader will
find further topics as well as detailed derivations of previous results.

In section II, we comment on the standard approrimations which have been
introduced in section I to calculate the desired photon number (a*a) numer-
ically. Interestingly enough, it turns out that the approximation (hea) = 0
does not provide an appropriate approach to the Heisenberg equations of mo-
tion, and it is completely wrong in the case of a purely electronic two-level
quantum dot model coupled to a single photon mode. How to understand

this?



As far as the general case of an N—level quantum dot model (coupled to
a phonon branch) is concerned, we obtain, for example, the result that there
exists a constant source term in the equation of motion for any expectation
value of type (hpena); here, any operator is in normal order. We empha-
size that this result does not depend on the electronic part of the underlying
Hamiltonian (see section I), but only on the standard particle-photon inter-
action operator itself. Obviously, the answer to our question from above is
already contained in these general statements.

Our next conclusion is that there must exist a non-trivial solution for
the complete infinite system of coupled equations for the expectation val-
ues even in the case that the exciting light field vanishes. If the initial state
|¥(t = 0)) = |0) is chosen, such a non-trivial solution leads to dynamical
vacuum fluctuations of the quantized electromagnetic field. According to a
basic physical experience, however, dynamical vacuum fluctuations do not ex-
ist! Consequently, a particle-photon interaction operator of standard type
is possible from a mathematical point of view, but can not be accepted for
physical reasons.

4

During our studies we realized that the denotation “vacuum” is actually
not well defined in the literature; instead, the situation is somewhat confused.
Because of the fact that the physical vacuum plays an important role in the
framework of our own argumentation, some further comments seem to be
appropriate:

(i) Physical phenomena do only exist and can only be established in con-
nection with matter (e.g. atoms, solids, accelerators or external fields ). As

far as the physical vacuum 1is concerned, no specific properties (like mass,

charge, current or polarization) do exist.



(ii) The experimental evidence for the vacuum ' leads straightforwardly
to the requirement that the vacuum state has to be a basic element of any
physical theory.

(i4i) By a suitable unitary transformation, it is always possible to choose
a specific representation of the underlying Hilbert space such that the physical
vacuum is represented by the basic state |0). In the framework of our present
work, it is understood that such a unitary transformation has already been
performed at the very beginning. Under these circumstances, any vacuum
expectation value which is defined by operator sequences in normal order does
vanish.

(iv) We close our compilation of comments with a technical remark: If a
semiclassical approach is preferred, the physical vacuum can be described by
the quantum-field theoretical vacuum state |0) in combination with the addi-
tional condition that any classical external field vanishes.

Turning to the energy spectrum, the existence of dynamical vacuum fluc-
tuations is nothing else but the statement that the vacuum state is not an
eigenstate of the Hamiltonian under consideration, if the exciting light field
vanishes. Consequently, the ground state of the standard Hamiltonian con-
tains, in general, electrons, holes and photons. In solid state physics, however,
it is well known that in many cases (e.g., in semiconductors) the ground state
is characterized by an empty conduction band and a full valence band. More-
over, the existence of a many-particle ground state leads to an important
consequence in connection with optical properties of semiconductors: Because

of the fact that the light-matter interaction operator of standard type does not

1As an interesting example, we mention the recent technical progress of CERN3: On the inside

of the available accelerators, the vacuum can be achieved with a high precision (p 22 10~ Pascal).



conserve the particle numbers of the electron system and the hole system, it
is possible, for example, to create a biexciton just by a one-photon absorption
process. To the best of our knowledge, however, such a behaviour is in com-
plete contradiction to the present experimental findings. Clearly, this is one
of the most convincing arguments against the standard coupling.

A general analysis shows that a constant source term can only appear in
the equations of motion for expectation values of type (... a), {...a*), (...a?)
and (...(a%)?). Apart from this, however, it is a simple exercise to verify
our general results for the special case of an electron-hole two-level system
coupled to a single photon mode with energy 2. The explicit calculation at
the end of section II, for example, leads to the relation (aTa)(t) ~ t?; here,
the following conditions are fulfilled: (i) hQ) is equal to the unrenormalized
excitonic energy. (i) |[¥(t = 0)) =10). (iii) The exciting light field vanishes.
(iv) The approzimation (hea) = 0 is introduced. An extension to a more
general class of initial states can be found in section III.

In section IV, we have analyzed the dynamical vacuum fluctuations of the
quantized electromagnetic field due to the standard particle-photon interac-
tion in more detail. As indicated above, the model under consideration is
now an electron-hole two-level system coupled to a single photon mode. It
turns out that no renormalizations are necessary in order to get finite results.
For a specific choice of the Coulomb matrix element, we obtain an analytical
expression for the state |¥(t)) provided that the initial state is the vacuum
state. Our result is based on a diagonalization of the complete Hamiltonian
and enables one to calculate the time evolution of a comprehensive class of
expectation values. The photon number (ata)(t), for example, is propor-
tional to the absolute square of the particle-photon coupling constant, i.e.,
the dynamical vacuum fluctuations may become in fact comparatively large.

The particle numbers (e*e)(t) and (h*h)(t) are bounded from above by 1/2.
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In the strong-coupling limit, the maximum value of the particle numbers is
~ 1/2. Interestingly enough, the polarization function proves to be an ex-
ception: We have demonstrated that the expectation value (eTh™)(t) is equal
to zero for any t. This is a surprising result, because the particle numbers
exhibit a non-trivial time evolution. Last but not least, we mention the in-
equality |(eThTa)(t)| < |(hea)(t)|: It demonstrates that the absolute value of
the photon-assisted polarization never exceeds the absolute value of (hea)(t).

We close our compilation of exact relations with the remark that we have
checked the validity of our analytical results for various equations of motion
at the beginning of the infinite hierarchy (a list can be found in section III).

As far as the energy spectrum is concerned, the purely electronic two-level
Hamiltonian in combination with the standard particle-photon interaction
and the additional condition for the Coulomb matrix element does provide
an example for a degenerate ground-state energy. Obviously, this property is
in marked contrast to the basic features of, e.g., polaronic systems. As has
been demonstrated in the literature, the ground-state energy of a large class
of generalized Frohlich models is in fact a simple eigenvalue. In the model
under consideration, there are two eigenstates which belong to the ground-
state energy Fj.

In section V, we have analyzed the dynamical behaviour of the two-level
system from section IV in the presence of an external light field. Here, the
initial state is a superposition of those eigenstates which belong to the ground-
state energy Fy. We have determined the time evolution of an arbitrary ex-
pectation value of type (F(a™)¥al)(t), i.e., we have obtained the solution for
the complete infinite system of coupled equations for the expectation values
(E’ denotes an electron-hole operator sequence). It should be emphasized
again that the validity of our solution has been checked for various equations

of motion at the beginning of the infinite hierarchy (see section III again).
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Surprisingly enough, it turns out that the photon number is just a constant.
As far as the occupation numbers of the electron-hole system are concerned,
our general formula shows that these expectation values are in fact not neg-
ative and bounded from above by 1. In the strong-coupling limit, we obtain
(ete)(t) = (hTh)(t) ~ 1/2.

If we split the complete Hamiltonian H(t) into H(t) = Hy + Vers(t),
where V,ps(t) decribes the coupling to the classical exciting light field, we
obtain the equation (¥ (¢)|Ho|U(t)) = (V(0)|Hp|¥(0)), i.e., the total energy
of the particle-photon system is a constant, too. Consequently, if the am-
plitude E(t) of the exciting light field vanishes in the limits ¢ — —oo and
t — +o0, the optical absorption spectrum A(w) of the particle-photon system
is equal to zero: A(w) = 0. Do we obtain the same result from the formula
A(w) = Im[P(w)/E(w)]? We expect that this relation is also applicable in
the limit of vanishing (phenomenological) damping constants provided that
A(w) is introduced as a distribution. In the framework of the two-level system
under consideration, however, a careful analysis of the exact formula for the
polarization function (e™h™)(t) leads to another surprising result: It turns
out that the optical absorption spectrum is - in general - different from zero;
moreover, A(w) may become negative.

We emphasize that our statements are valid even in the case that the
particle-photon coupling constant vanishes. Here, an additional numerical
study demonstrates that the formula I'm(P(w)/F(w)) leads to an incorrect
result also in a wvicinity of the specific Coulomb matriz element mentioned
above.?

We thus conclude that the standard formalism leads to wrong results at
least for sufficiently large values of the Coulomb matrix element We*. If TWeh
is small enough, the implications of the standard formalism are in excellent

agreement with the spectral properties of the underlying Hamiltonian (here, we
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refer again to our comments at the very beginning of the abstract). However,
the question whether A(w) shows the correct peak heights or not remains open.
If we use the improved formula A(w) = 2 (w/cp) - ny - Imy/1 + x(w)/ep, the
exact expression for (e"h™)(t) leads to a serious mathematical problem, the
reason being that the square root contains a distribution. Here, the optical
absorption spectrum A(w) does in fact not exist.

An extension of the two-level Hamiltonian from section IV to a more re-
alistic model can be found in section VI. Here, the electron-hole system is
coupled to an unlimited number of photon modes. In order to ensure that the
corresponding Hamiltonian is well-defined and bounded from below, we intro-
duce two basic conditions for the particle-photon coupling function. Under
these circumstances, no renormalizations are necessary in order to get finite
results.

Because of the fact that the photon dispersion Af); depends explicitly
on the k—vector, relaration phenomena in the dynamics of the expectation
values must exist. Surprisingly enough, such an intrinsic relaxation does not
lead to a damping of the dynamical vacuum fluctuations: Direct inspection
of the equations of motion for expectation values of type (...a), (...a™),
(...a?) and (... (a%)?) shows that a long-time behaviour with the properties
limy—oo(...) = 0 and lim;_,o, 9/0t(...) = 0 for any expectation value can be
excluded even in the most general case.

As far as the two-level system is concerned, we have demonstrated that
the photon number Npj (t) approaches a finite value for sufficiently large
t: Npp (t — o0) = N > 0. The time evolution of the occupation numbers
(ete)(t) and (hTh)(t) exhibits the same qualitative behaviour; here, we obtain
the result (e*e)(t — oo) = (hTh)(t — 00) = (1/2) - (1 — e 2Nex),

Last but not least, we have calculated the expectation values Pa :=

(eTht [d3k S, frx-arx)(t — o0) and Pta := (he [ d®k >, fux- arx)(t — o)
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(here, the function fx) has to be chosen such that the lemma of Riemann-
Lebesgue can be applied to perform the long-time limit). Again, it turns out
that the inequality |Pa| < |Ptal is valid, i.e., the expectation values (heag))
are not comparatively small. This confirms our previous result in section
IV and leads to the conclusion that the well-known interpretation that an
electron-hole pair and a photon are removed from the system under consid-
eration is incorrect. In fact, we only know that the expectation values are
determined by the hierarchy equations and by the initial state: Any further
assumption (which is often motivated by a so-called “physical interpretation”)
may cause intrinsic contradictions or contradictions to physical laws. We be-
lieve that these results are of basic importance in connection with the analysis
of quantum-field theoretical hierarchy equations.

We have already emphasized that the standard particle-photon interaction
operator does not provide an appropriate physical model in solid state physics.
What about alternative approaches?

In a first step, it proves useful to analyze the general relationship between
the fully quantized and the semiclassical light-matter interaction operator. In
section VII, we are concerned with a particle-photon interaction operator
Venp of general type Vep, = >, AnEﬁn, where A,, are purely photonic op-
erator sequences in normal order. We only require that the electron-hole
operator sequences FH,, fulfill the condition (0|EH,|0) = 0 (i.e., the normal-
ordered operators EH,, should not contain a constituent ~ 1.5). Under these
circumstances, it turns out that the electronic constituents of V., and the
semiclassical light-matter interaction operator V.,g(t) must have the same
mathematical structure, i.e., there exist time-dependent functions S, (t) such
that Vops(t) = X3, Sn(t) - EH, is true. Our proof is based on the physical
requirement that the vacuum expectation value of V,,g(t) must vanish.

In a next step, we are concerned with the complete Hamiltonian H(t) =
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Hy + Veps(t). Our analysis is based on two assumptions: (i) Apart from the
vector potential fl(r), the particle-photon interaction operator V., does only
contain non-photonic field operators (see section VII for an explicit definition).
(ii) The vacuum state is an eigenstate of Hy. Additionally, we choose the
initial state |¥(t = 0)) = [0). Under these circumstances, we obtain the
result |[¥(¢)) = |0) for any ¢ > 0. Consequently, neither a change of the
particle numbers nor an emission of photons is possible. In other words: If
we start from the initial state |¥(¢ = 0)) = |0), a non-trivial time evolution is
possible only if the quantum-field theoretical Hamiltonian under consideration
leads to dynamical vacuum fluctuations.

Although the interaction operator Ve, from above is quite general, it does
not contain, for example, the “time derivative” B (r) of the vector potential
A(r). By a suitable combination of A(r), B(r) and further Bose fields, it
may be possible to create an interaction operator of type Ve, = >, A,EH,,
where An\0> = 0 is true; here, the photonic constituents A,, are of density
type. If the latter condition is taken for granted, a non-trivial time evolution
is in fact possible. However, if the initial state is an element of the particle-
phonon subspace, we obtain the result (¥(¢)|A|¥(t)) = 0 for any ¢ > 0 (A is
a purely photonic operator sequence in normal order which does not contain
a constituent ~ 1pj,.¢.)-

In section VIII, we have extended our analysis to a general particle-photon
interaction operator of product type. As before, we require that the vac-
uum state is an eigenstate of Hy. Under these circumstances, the relation
(U(t)|ata|P(t)) = 0 is true provided that the initial state is the vacuum
state. The latter statement thus delivers a necessary condition for any alter-
native interaction operator: If - for a specific physical system - a restriction
to the weak-coupling limit and to only one mode for each particle is possible,

a realistic particle-photon interaction operator can never be of product type
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under these circumstances.

Clearly, our surprising results from above do provide a serious argument
against the existing quantum-field theoretical approach itself: It is already
the general mathematical structure of a comprehensive class of interaction
operators which leads to the conclusion that the corresponding Hamiltonians
have to be excluded.

If we want to ensure that the vacuum state is an eigenstate of Hy, the
introduction of electronic densities is sufficient. This can be achieved by
introducing two electronic field operators W(r) and ®(r) which fulfill the usual
anticommutation relations: W(r) =3 U, (r)-en , ®(r) =3, @ (r) - hop. It
is obvious that these expansions can no longer be compared with the standard

band structure expansion W(r) = 2 xn(r) - €n + 3, Am(r) - b

m?

i.e., the
denotations electron and hole have a completely different meaning under these
circumstances. In Ref.!, we have analyzed a model Hamiltonian which is based
on such an alternative approach. Here, we have introduced the additional
condition that the basic substitution p — p +e - fl(r) remains an essential
element of the modified theory. It turns out that the complete Hamiltonian Hy
commutes with the particlee-number operators of the electron system and the
hole system, i.e., a change of the particle numbers due to external excitation
or radiative recombination is impossible 2.

Having excluded a comprehensive class of alternative interaction opera-
tors, we are now concerned again with a particle-photon interaction operator
of standard type. Our starting point in section IX is the remark that our
previous investigations in sections III, IV, V and VI are essentially based on

a Hamiltonian which is restricted to interband transitions. Strictly speak-

2Note that the ground state is - in general - a many-particle state (see Ref.! for further details).
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ing, however, the complete interaction operator leads to further contributions
which are not contained in such an approximation. For this reason, we have
analyzed some extended versions of the two-level Hamiltonians from sections
III, IV, V and VI. Here, operator products of density type have also been taken
into account to describe the coupling of the electron-hole system to the quan-
tized electromagnetic field. Surprisingly enough, it turns out that most of our
analytical results obtained in sections IV, V and VI remain valid. Under the
initial conditions from above, the time evolution of the expectation values is
determined by the same solution |V (t)) as before, i.e., a particle-photon inter-
action operator of polarization type is in fact a reasonable approximation to
calculate, for example, the dynamical vacuum fluctuations in the framework
of the standard model.

Last but not least, we generalize our analysis of the hierarchy equations in
section III; again, the standard approximation (hea) = 0 is of particular in-
terest. In the framework of the extended two-level system (coupled to a single
photon mode), the explicit calculation in section IX.D leads to the result that
the photon number (a¥a)(t) is dominated again by an expression ~ ¢; here,
the following conditions are fulfilled: (i) hQ) is equal to the unrenormalized
excitonic energy. (ii) [¥(t = 0)) = a1-10)+ag-eT|0)+ag-hT|0)+ays-eThT|0),
where (a1,aq) # (0,0). (iii) The exciting light field vanishes. (iv) The ap-
proximation (hea) = 0 is introduced. We stress explicitly that the latter
statement is true for arbitrary Coulomb matrix elements.

Under the additional condition as = a3 = 0, our previous result
{(ata)(t) ~ t? (see section III again) remains even vaild.

The basic topic of all previous investigations was the analysis of various
aspects of the particle-photon interaction. In fact, the semiclassical interac-
tion operator which describes the coupling of the classical exciting light field

to the electron-hole system can only be justified if the fully quantized theory
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is already known. For this reason, a microscopic theory of the light-matter
interaction is indispensable and should be regarded as a basic element of any
theoretical approach.

We have already seen that the standard coupling of the electron-hole sys-
tem to the quantized electromagnetic field leads to serious and fundamental
difficulties, the reason being that constant source terms do appear in the
equations of motion for a specific class of expectation values. At this point,
however, it is important to realize that the problem of dynamical vacuum
fluctuations is by no means restricted to the standard particle-photon in-
teraction operator. As a further and quiet important example, we mention
the Coulomb interaction between electrons and holes in a purely electronic
system. In view of the anticommutation relations for Fermi operators, it is
obvious that dynamical vacuum fluctuations can only appear in an N —level
system with N > 3.

In section X, we have analyzed the dynamical behaviour of a purely elec-
tronic three-level system. In order to gain some insight into possible mathe-
matical structures of exact solutions, we have introduced two additional con-
ditions for the Coulomb matrix elements of the underlying Hamiltonian. If
these conditions are fulfilled, the time evolution of the expectation values
can be calculated analytically provided that the initial state is the vacuum
state |0). Interestingly enough, it turns out that the mathematical struc-
ture of the obtained solutions is in marked contrast to the basic features of
the two-level systems from sections IV, V and VI: The formula for the state
|W(t)) contains an expression of type coupling times t ! As an impressable
illustration, we mention the occupation numbers of the electron-hole system:
(efen)(t) = (hjrhar)(t) = sin? (% -t) (V: Coulomb matrix element). The
latter equation demonstrates, for example, that the maximum value of the

particle numbers is actually 1 - even if V' is arbitrarily small.
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It is possible to introduce a third condition for the Coulomb matrix ele-
ments which is often used in numerical calculations. If this additional con-
dition is fulfilled, too, the Hamiltonian under consideration can be diagonal-
ized analytically. Moreover, it can always be achieved that the corresponding
three-level system has a unique ground state. At this point, the following ques-
tion immediately arises: What does happen in the presence of an external light
field? In order to analyze this problem in more detail, we have introduced re-
alistic conditions for the transition matrix elements which are contained in the
semiclassical interaction operator. Under these circumstances, it is in fact pos-
sible to calculate the time evolution of the state |¥(¢)) analytically provided
that the initial state is the ground state |¥(). The unexpected and surprising
result, however, is the trivial time evolution |¥(t)) = exp (—% - Fy - t) W)
(Eo: ground state energy). It is remarkable that such a solution is actually
possible in the framework of the standard model.

In section XI, we generalize our analysis in section IV. Here, we are con-
cerned with an electron-hole two-level system coupled to a single photon mode
in the presence of an external light field. As before, the initial state is the vac-
uum state |0); moreover, the Coulomb matrix element is fixed again. Under
these circumstances, we obtain exact analytical expressions for a comprehen-
sive class of expectation values; these results are valid for arbitrary electric
field amplitudes.

It turns out that the photon number (a™a)(t) has the same time evolution
as before, i.e., it does not depend on the external light field; additionally,
the semiclassical interaction energy (Vens(t)) vanishes for any ¢ > 0. Under
the initial condition from above, there is actually mo energy transfer from
the external field to the rest of the system. It is therefore highly surprising
that there are many expectation values which depend ezplicitly on E(t). As

important examples, we mention the particle numbers of the electron-hole
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system, the polarization function and the photon-assisted expectation values
(eth*a)(t) and (hea)(t). In the presence of an external light field, the upper
bound 1/2 for the particle numbers is no longer valid; here, the maximum
value 1 can be achieved under suitable conditions. The polarization function
(et h*)(t) has a non-trivial time evolution, too. If the particle-photon coupling
constant vanishes, the explicit formula is in agreement with our previous
findings in section V (here, the initial state was a superposition of those
eigenstates which belong to the ground state energy of Hp). As far as the
calculation of the optical absorption spectrum is concerned, we have already
discussed the implications of our analytical results. Last but not least, we
turn to the expectation value (hea)(t) which is a particular element of the
quantum-field theoretical hierarchy equations: Our generalized formula in
section XI demonstrates again that this expectation value is - in almost all
cases - not comparatively small.

We close our compilation of comments and exact results with our essential
statements (remember that H(t) = Ho + Veps(t)):

(i) The standard particle-photon interaction operator violates the basic
condition of physics that the vacuum state has to be an eigenstate of Hy.

(ii) The standard approzimation (hea)(t) =0 and related approzimations
are in complete contradiction to the underlying theory itself.

(iii) As far as the calculation of the optical absorption spectrum in the
framework of the semiclassical approach is concerned, a counter-example does
exist in the limit of vanishing (phenomenological) damping constants.

(iv) A comprehensive class of alternative particle-photon interaction op-
erators can already be excluded. Moreover, there is a necessary condition for
any alternative approach: If - for a specific physical system - a restriction
to the weak-coupling limit and to only one mode for each particle is possible,

a realistic particle-photon interaction operator can never be of product type
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under these circumstances.

Apart from the standard approximations already mentioned above, there
are further approximations which have been introduced in the literature to
calculate the photon number (a*a)(t). One of the most prominent examples
is the so-called rotating wave approzimation 3. Here, the Heisenberg equations
of motion are replaced by the equations 8/9t(A) = (i/h)-([H', A])(+(DA/dt)),
where H' is obtained from H by a cancellation of any operator product of
type eThTa™, hea etc. It is obvious that H’ is actually not a quantum-field
theoretical Hamiltonian, the reason being that H' can not be represented by a
functional form of the vector potential A(r) and the electronic field operators
Ut (r), U(r). A further remark is concerned with the time evolution of the
expectation values: Because of the fact that [H', H| # 0, the total energy (H)
is - in the absence of an external light field - no longer a constant of motion,
i.e., a fundamental symmetry property of the system under consideration is
violated, too.

At the end of our introductory remarks, we should also comment on
the well-known renormalization procedures of standard quantum field the-
ory. These procedures have been originally introduced in the framework of
relativistic quantum electrodynamics (see, e.g., Refs." 7) and can be regarded
as an answer to the failure of perturbation theory’. Because of the fact that
all statements in our present work are based on ezxact results and not on per-
turbational approaches, a “renormalization” in the spirit of Refs.> 7 makes
definitely no sense. If the physical vacuum is represented by the basic state
|0), the introduction of a modified Hamiltonian seems to be the only possi-

bility to overcome the difficulties caused by the existence of constant source

3See, e.g., Ref.%. Note that these authors do not use electron-hole operators.
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terms. Until now, however, such a modified Hamiltonian was not found.
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I. SUMMARY OF THE BASIC DEFINITIONS AND EQUATIONS
A. General part

In our first section, we are going to derive the whole set of equations which determines
the photon number in the framework of an electron-hole system, interacting with phonons
and photons. Setting up the Heisenberg equations of motion, the desired photon number is
obtained from an infinite system of coupled equations for the corresponding photon-assisted
expectation values. The detailed structure of these equations will be discussed now. We
should emphasize in advance that the following considerations are essentially based on com-

mutation relations and on the Heisenberg equation of motion:

%(A>:%-<[H,A]><+<aa—f>> . (1)

Our model Hamiltonian H reads as follows®?:

H=H +H, (2)
where
H1:Hl(eil,e;;,hjl,hjt,bql,b(;) (3)
depends on the electron operators e;, , e;;, the hole operators h;,, hjt and the phonon opera-
tors by, , b :
Hy =) eneten+ Y omhihm + > hw(q)bib, + (4)
n m q
+ Z ngqnn/bquen/ — Z gq]\Z/qm/mbqh:;hm/ + h.c. +
gnn’ gmm/

+> Sum(t)ef bl 4+ Sk (D) hmen +

ee + + hh + 3+
+ Z Wn1n2n3n4 : enl 6n26n36n4 + Z Wm1m2m3m4 : hm1 hmg hm3 hm4 +

ninansng mimomsma

=2 > W et e .

nmm/n'~n'"m
nmm'n/

Here, S, (t) represents the coupling of the classical exciting light field to the electron-hole

system. The second constituent
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Hy = / PES hQafyam + Vi + Vs (5)
A

corresponds to the emitted light field and contains the linear part V; and the quadratic
part V5 of the light-matter interaction operator as well as the photon dispersion A{; in
particular, agy and af, are annihilation- and creation-operator of the photons with wave

vector k and polarization A:
larn, ay] = 0(k = k') - 0xv , [awn, awn] =0, [agy, ¢ion] = 0. (6)
The vector potential A(r) reads as follows:
Al = | PR3 Bia(raes + / EONAGT (7)

where

7
2. (27)3 20 Q-

Bix(r) = Grepne™" | Gj = \/

The interaction operator Vi ~ A - p is given by
V= / PEY Poar + / Pk Phaty 9)
A A
here, the field operator Pk)\ has the structure
Py = > Uen €0 + 3 Vi~ e - (10)
ij ij
As far as the contribution V5 ~ A? is concerned, we have to apply the basic rule of quantum

field theory that any operator sequence has to be in normal order.” Under these circumstances,

the quadratic part V5 of the light-matter interaction operator has the structure
nm nm
where

inm = /dgk/dgk,Zankk’M'amakw +/dgk/dgk,ZQnmkk’A)\’azAa;’X + (12)

AN o

+ / d*k / P Rk o afyairn -

AN
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Now, let

0 = O(b,,.b3) (13)
be a functional form of the phonon operators by, , by, and let
EZE(‘ellv zg7h]17h;;) (14>

be a functional form of the electron and hole operators e;,, ef and h;,, hp, respectively. We

choose a fixed quantum number (kg\g) and introduce the abbreviations
a=Qreng > @ = a5, V= Qurg s Pi=Prgry s PT =Py, (15)

Under these circumstances, one obtains by a straightforward calculation the basic commu-

tation relation

[H, OE(aJr)iaj] = [H1,OE](G+)iaj +OLi; + (16)
+0 (Z Betntit) thmenHSnm>

(et B] T, + 3 [hunen, E] ﬁg;gm> |

where
Li; = (i — ))RQE(a)'d’ +i- PE(a*) ) — j- EPY(a®)'d’ " + (17)
+/d3/€ Z[PkAvE]<a+)iajakA + /d3k Z[Pii\a Elafy(a*)'d
A A
ﬁggl%m = {inmv (a+)iaj} = (18>

=1- /d3k Z Rk * @ia(a™® -7 /d3/€ Z Romigiron - (@7)'a’ gy +
+i - /d37€ Z Prmkgiror + Prmkkoano) (@7) 7 d agy +
A

—J- /dgk Z (Qumkokror + Qnmkkorre) @iy (at)'a? ! +
A

+i - (Z - 1) ’ ankokoAOAO ’ <a+)i72aj _j ’ (] - 1) ’ Qnmkok(J)\o)\o ' (a+>iaj72 )
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and

Lo = (S (@) 0’] = (19)
- / B 2 Famiioon - (0" —J /dgk Z Ry ko, * (@)@’ apy +
)
+i /dgk > (Q;mkokAo)\ + Q;mkko)\AO) (a™) ' adagy +
)
—7- /d?)kz (P;;m,m,CAOA + P;:mkkOMO) a}i‘)\(a—k)iaj—l +
)

+i- (l - 1) ) Q:mkok())\())\() ’ (a+)l 2 j (] - 1) : PrtmkokvoAo ' (a+)iaj_2 5

(15 = Sam (") = (20)

3 31! ' + oo+ (Vi
_ / &P / B Y (Pamisonn - () @ aaaion + Quaony - ataaiins (a*)ial) +
AN

+/d3k/d3k/Zankk’M’ ag(a®) ‘@ agy +
AN

+i- /d3k Z ankok)\())\ + ankk())\)\o) : (a+)i_1ajak)\ +
A

+i- /dgk > Rumikorro - @ia (@) 7'a? 40+ (i = 1) - Prmkgkororo - (a¥) 72’
X

me . i]+ (a+)iaj = (21)

ynm
3 37/ +Yi g * + o (oFYigd
B /d k/d K'Y (Qrmioan - (@) @ agpawy + Prpgoan - afaaioy (a®) aj) +
AX
/dBk/dsk/Zank’mo\ aiy(at) d apy +
AN

T /d3]<; Z Q”mkokAOA + Q;ktmkk())\)\o) ) (a+)i71ajam +

T /dskZankOkAOA ak)\(a’Jr)iilaj +- (Z - 1) Qnmkoko)xo)xo ’ (a+>i72aj .

By taking O=1,E=1andi= 1,7 = 1, it follows immediately that

[H7 a+a] P(l - P+(l+ + Z 6+h+ Hlll)nm + Z hmennﬁnm ) (22)
ﬁgll)nm = /dBk > Romkkoan * Gia@ — /d?’k > Rumkokror - @ apy + (23)
) )

+ / @k (Pumkokror + Prmkkoaro) Ay — /d3k > (Qumkokror + Qrmkkorno) Gira™
A by
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llnm /dgk'ZankomoA ajya — /dngankkoA)\o a’apy + (24)
+ / d3k‘Z szkokm + Q;mkkoMo aagx — / d3kZ P ;:mkokAo)\ + P, ;mkko)\)\o) aja’
X )

is true. Consequently, the determination of the expectation value (a*a) requires the knowl-
edge of the expectation value (f’a>. It is due to the particle-phonon interaction that the
Heisenberg equation of motion for an expectation value of general type (Ea} leads to an in-
finite system of coupled equations for the corresponding phonon-assisted expectation values.

In fact, by choosing i = 0 and j = 1, one obtains from Eqs. (16) and (17) the commutation

relation
OE [Hl, OE](I + OAlAzol + (25)
(zE S+ 5 Bl 1,) +
+0 (32 e B] 0 + 3 [ £] 1)
Lot = —hQEa — EP* + / &Pk S [Peor, Elaag, + / kS (B, Blafya (26)
A A
T = — / R R /dgk‘ > (Qnimkokror + Qrimkkorro) Ay - (27)
A A
Olnm = /dgk' Z R mkkorno Wkx — /dgk Z B mkokron + P;mkkoMo) agy (28)
Hé]?inm /dgk/dgklzpnmkk/)\N AQp AR )\ + (29)
AN
—F/dsk/ds/{?IZQnmkk/A)\/ az/\ak//\,ajt/d?’k/d?’k’Zankk/)\,\/ CLZ—)\CLCLk/)\/ y
AN AN
AN
+/d3k/d3klz nmkk! A\ akAak’A’a+/d3k/dgk/Zank/k:)\’)\ a;l}\a,ak;/)\/
AN AN

The hierarchy of equations for a phonon-assisted expectation value of general type <OE) is

provided by Eq. (16) by taking ¢ = 0 and j = 0:
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[H,OFE) = [Hy, OF] + OLy + (31)

+0 <Z e n),, B OOnm+Z[ men, ] oda)nm> ,

nm

Loo = /dgkz [P, E] ais + /d3kZ [P B afy (32)
A A
HOOnm /d3k/d3k/zpnmkk’)\)\’ Ap)ag > + (33)
AN
/d?’k}/dgk,ZQnmkki}\)\/ amak,)\, +/d3k/d3k,Zankk’)\>\’ a:)\ak/,\/
)\A/ A)\/
i = / 4’k / K'Y Qi - GeaGary + (34)
AN
+/d3kj/d3klz nmkk’)\)\/ a’k‘)\akﬁ/A' ‘I‘/dgkj/dgk:/Zank/kA/)\ a;l}\a,k./)\/ .
AN AN

Obviously, Egs. (22), (25) and (31) can be used to determine the photon number (a*a) in

the framework of our model Hamiltonian (2).

B. Approximations for numerical calculations

In this subsection, we present a list of the approximations which have been introduced to
calculate the photon number (a™a) numerically. Making use of the enveloppe approzimation,

we first obtain:

(& e
Uijin = - Fij - Upx , Vijia = - Fij - Vi, (35)
62 62
Pk = o Fij - Xiwow 5 Qijrekay = . Fij - Yirow (36)
and
62
Rijren = o Fij - Ziow (37)

where Upx, Vi, Xeroaw, Yeranw and Zip v contain, for example, interband transition matriz

elements. The expressions
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Fy = [ drvi) - o) (39)

contain the eigenfunctions W;(r) and @;(r) of an appropriate one-particle Hamiltonian for
the electron and the hole system, respectively; {2 denotes the domain of the unit cell. More

explicitly, ¥;(r) and ®;(r) are determined by the equations
2

[p +ve<r>]mi<r>=eiwi<r>,[p <>]<1><> 03, (r) (30)

2m 2mj,

As far as the overlap integral (38) is concerned, the further approximation Fj; = §;; is
often used and leads to the well-known selection rule that optical transitions can only take
place between states having the same quantum numbers. Strictly speaking, however, this
conclusion is correct only if the electron and hole eigenfunctions are identical (see Ref.1? for
further comments). In the framework of our own approach, there is no technical difficulty
to maintain the general expression Fj; in our equations.

Introducing the approximation e*” 2 1, it follows immediately that
Ukoro = Vigro =0 M (40)

is true.

Further approximations: We neglect the expectation values
(hjeia) , (e hia™), (e hfelh) (41)
and any expectation value of type

/ B / &k / Bk .. (42)

Under these circumstances, we obtain the equations

5 |
i) = 3 - (H.al) = (43)
:ﬁ'M'ZF’ij (e hfa) - M Z (hje;a™y

9 (Oethta) = L - ([H, Ot hia]) = (44)

ot po e A

:% ([Hy, O} hf]a) — %-hQ~(Oejhja> S ZFM (Ocf hihiex)
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0 A 1 0 7
§<O> =z ([H1,0]), a@%hm =3 ([Hy,Oet b)), (45)
9 06ty = Ll Octen]y . 2 (OnEh = Ly, OWE R, (46)
875 m-n h ’ m-n ) 8t m''n h ) m'n
and
9, A 11y i A 1+

Eqgs. (43)-(47) constitute the general part of our theory. It is obvious that the opera-
tor [Hl,Oe;r hj]a in Eq. (44) has the same mathematical structure as the commutator
[Hy,Oct ht]in Eq. (45), i.e., it is sufficient to calculate the expressions [Hy, O], [Hy, Oe; hit],

[Hy,O¢}e,], [Hy, Ot hy] and [Hy, Oef hf hye,] in Eqs. (45) - (47).

C. Analysis of a two-level quantum dot model

In the following part of our considerations, we restrict ourselves to a two-level quantum
dot model and to optical phonons, i.e., we take i = j = 0 and w(q) = w. Here, only the
factor Fyg appears in our equations. We replace M - Fjg — M and define the phonon-assisted

expectation values!!

Ok = ((AN¥(BM)A™B") , Ei = ((A")*(B")A"B"e"e) , (48)
HEL = (AN (BT A"B "R h) , P = ((AN)¥(B*)A™B"eth") , (49)
VE = (AT (BT) A™B"ethT he) (50)
and
PAR = % M - {((ADF(BY)A™ B et hta) | (51)
where
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A= qu ) quoobq , Bi= qu : M;oobq . (52)
q q
In view of our definitions from above, Eqgs. (43) and (44) now read as follows:

19) *
o {0t a) = PAR + (PAY)" . (53)

%PAﬁgn: ! -(50+g00—hQ+(k+l—m—n)hw)~PA’;,lm—2~%-W6h~PA’;,lm+ (54)

h
Ty (PAR,,, —PAY, )+ % (PAES — PAREY) 4

I
i I/ ee Treh k—11 i 17eh Y7hh kl—1
+ﬁ-k-(W — W) PAY, +ﬁ-l-(W — W) AR 4

M2
v

The phonon-induced Coulomb matrix elements W will be discussed below. We are now

going to derive the explicit equations for the expectation values O =~ EF =~ [k 1k and

mn) m> mn?

PK A straightforward calculation shows that the functions O = E = HE Sk and pH
are determined by the equations
9 ki ¢ kl kl kl
aOmn:ﬁ-(k+l—m—n)hw-Omn+EM1mn+HM2mn, (55)
gy : kl : KoL o mn\*
EEWL:ﬁ~(k+l—m—n)hw~Emn—ﬁ-S~Pmn+ﬁ~5 (P + (56)
+EM1® + VM2
9 kl i kl i kl i * mn *
+VMIE + HM2E
9 kl i kl i kl i * mmn\*
ann:ﬁ-(kﬂrl—m—n)hw-vmn—ﬁ-S-Pmn+ﬁ-S (P F (58)

+VMIE vk

and
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1

5 P = 7+ (G0 o+ (k+1—m —n)hw) - By, + (59)
i * kil kl kil i eh kil
L (pa P L (pi )+
v T ee Treh k—11 i T7eh T7hh ki—1
+ﬁ-k:-(W — W) P +ﬁ-l-(W — W)L PR

Here, we have introduced the abbreviations

EMLY, = 4o k- W Bl 4 = W BT 4 (60)
i Tree i e
_ﬁ'm'W 'Ele—m—ﬁ‘n‘wh'Elen—m
HM2J, = b W H — o W B (61)
+£'m'Weh'Hg,1n+i'n'Whh'Hﬁbln,17
I I
VMR = +%~k~VV"’6-VT§;”+%~l-W€h~V,fL§;1+ (62)
U Tree U Tre
_ﬁ'm'W -V,filn—ﬁ-n-Wh-V,foH
and
VM2, = = ke WV — L (63)
Pl VI v

It turns out that the infinite systems (55) - (59) can be reduced further by introducing the

expectation values

oM =0 | EY =EN  HY = ((A")B")A"B"hh") (64)
PH .= Pk — (AT)F(BT) A™B e hhTe) , PAR = pAM (65)

Making use of these definitions, we obtain from (55) - (59) the equations

Iom _ 1

o Omn =+ (k+1—m—n)hw-OF + EMI® — HM2M + OM2M (66)

mn
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and

ekl _ L okl i Dkl l x ( pmn\*
+EM1E 4+ EM2E VMM
d ikl _i ikl i Hkl v * pmn )™
+V M1
0 S v kel ¥ Kl
avmn:ﬁ-(k+l—m—n)hw~vmn+VM1mn (69)
0 v Skl

+%~S*-(Hffn—E,’;’n)—.Q-%~Weh-Pfjn+
+%'(pﬁbtu_p:gl)jL%'(Pﬁblﬂn_éfblnﬂ) +

?

+% k- (Wee _ Weh) ~15f22” + . l. (Weh _ Whh) ,]511;5;1 _

Eq. (69) exhibits an interesting feature of our two-level quantum dot model: In combination

with definition (65), we conclude that

V(1) = 0, Voo (8) = (1) (71)

is true provided that the initial conditions

VE(t=0)=0, EF (t=0)=0 (72)

are fulfilled. Under these circumstances, we obtain from Eqgs. (67), (68) and (70):

0

aE,’f{fn:%-(k:+l—m—n)hw-Ef,fn—%-S-P,fffn+%-5*-(P,QI")*Jr (73)
+EMI® + EM2K

0 - 7 = { D, v * pmn\*

aHj;ln:ﬁ-(1c+z—m—n)m-H,’;ln+ﬁ-S-j.ijn—%-s (P, (74)
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0 - o
ot m”_h. .
? « ( kl ikl [ eh Dkl

(€0+<po+(k+l—m—n)hw)-f)fffn+ (75)

b (PR = PR 4 (P — PiL) +
) )

+% k. (Wee _ Weh) ) -2 l. (Weh _ Whh) . phi=1

Consequently, if the initial conditions (72) are fulfilled, only three infinite systems of coupled
equations are necessary to calculate the expectation values EF . H* and Pk .= Moreover,

mn’ mn

the source term in Eq. (54) is nothing but the phonon-assisted electronic particle number

kl
EY .

D. Relationship between the phonon-induced and the pure Coulomb matrix elements

Any phonon-induced Coulomb matrix element W is related to the corresponding

Coulomb matrix element W by the relation

W:h—“(l—i%))W; (76)

here, €(0) and €(c0) are the static and high-frequency dielectric constants, respectively. In

order to derive Eq. (76), we start (without loss of generality) from the phonon-induced

Coulomb matrix element

e e * 14 e *
W = > |94]% - Moo - (M(?OO) - (2m)3 : /d3q|gq|2 - Moo - (M(?OO) g (77)
q

which is generated by the commutator [Hy, OE] The corresponding Coulomb matrix ele-

ment W€ is given by
W= [ @ w5V (o) o(r) (78)

where

2

V(r—r1") (79)

- 4rrege(oc0)|r — 1|
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Performing the Fourier transform

one obtains:
eh 1 3 1 e B \*
W :;~ER~aB~/dq?-MqOO~(Mqoo) . (81)
Here, we have introduced the excitonic Rydberg energy
Ep ¢ (82)

~ 87ep - €(o0) - ap
and the excitonic Bohr radius ag. The particle-phonon coupling function g, (Frohlich cou-

pling) is defined by the equation

e 1
go= 1| T2 o hw-— 83
! 14 lq| (83)

where a = /h/2mw is the so-called polaron radius; the particle-phonon coupling constant

« is given by

= 4;;71 ' 2777;; ' (e(io) N 6(10)> - % ' 2 (1 N Ee((o(;)> B (84)

Note that g, does not depend on m. From Egs. (83) and (84), we obtain:

1% , 1 €(o0) 1
(27?)3.‘gq| _2—7T2-ER-hw~<1— €<0>>'CLB'?- (85)

Eq. (76) now follows immediately from Eqs. (77), (81) and (85).

II. COMMENTS

In our next section, we comment on some approximations which have been introduced
in section I in the framework of a numerical calculation of the photon number (a*a)(t). To
do so, we refer again to the general commutation relation (16), to Egs. (17)-(21) and to Eq.
(25).
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By taking O = 1 and E = h,,e,, one obtains from Eq. (25) the equation of motion for

the expectation value (h,e,a):

0 7
E(hmen@ = B * Vamkoro + -+ - <86)

...+ (expectation values of normal — ordered operators) .

Relation (86) demonstrates that the complete infinite system of coupled equations for the
expectation values is inhomogeneous, the reason being that at least one overlap integral is
different from zero (otherwise, the emission of photons would be impossible). Consequently,
even for S =0, i.e., in the absence of an exciting light field, the infinite system of equations
must have a non-trivial solution. If the initial state |¥(¢ = 0)) = |0) is chosen, such a non-
trivial solution leads to dynamical vacuum fluctuations of the quantized electromagnetic
field. It is therefore obvious that the vacuum state is not an eigenstate of the Hamiltonian
under consideration, i.e., the standard particle-photon interaction operator does in fact not
provide an appropriate physical model in solid state physics.

While the source term in Eq. (86) is due to the interaction operator ~ A - p, there are
further source terms in other equations which can be derived from the contribution ~ A2
Direct inspection of the general commutation relation (16) and Eqgs. (17)-(21) shows that
a source term of type (86) (i.e., a constant) can only appear in the equations of motion for

expectation values of type

(...a™y, (a), (o.(aP)?), (. d?). (87)

By takingi =2, =0,0 =1 and E = ei h, one obtains, for example, from Eq. (16) the
equation of motion for the expectation value (ef h} (a™)?):

0 .
a(ejhj<a+>2> = 2 ' ﬁ : Qijkok())\o)\o _'_ e (88)

...+ (expectation values of normal — ordered operators) .

The corresponding equation for the expectation value (h;e;a?) is immediately obtained from

Eq. (88) or from Eq. (16) by taking i = 0,5 = 2,0 = 1 and E = hye; (if the second
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alternative is chosen, Eq. (88) and the following equation do provide an additional check
for the validity of Egs. (16)-(21)):

0 i
a(hjez’ff) =23 Qijkokororo T - - - (89)

...+ (expectation values of normal — ordered operators) .

It is an interesting task to investigate the standard particle-photon interaction further.
Intuitively, one might expect that (hea) = 0 does provide a good approximation for the
analysis of the Heisenberg equations of motion. This seems to be supported by the physical
interpretation that an electron-hole pair and a photon are removed from the system under
consideration®. But is this really true? Apart from the statement that the expectation value
(hea) has a constant source term (see again Eq. (86)), there is in fact a more serious problem
which can be illustrated in more detail in the framework of a simplified model.

Let
H=H+H,, (90)

where
Hy = Hy(e,e" h,ht), Hy=hQaTa+ (M-a+ M*-a")(eth"™ + he) . (91)

Hamiltonian (90) describes a purely electronic two-level quantum dot model coupled to a
single photon mode.

Now, let

A~

E = E(e,e*, h,h") (92)

be a functional form of the electron and hole operators e,e™ and h, h™, respectively. A
straightforward calculation shows that the general commutation relation
[H,E(a")'a’] = [Hy, E)(a")'a’ + (i — j) - hQ - E(a™)'a’ + (93)
+i- M- (ethT +he)E(a*) e/ —j- M* - E(e"h* + he)(at)'a? ™! +
+[(eThT + he), E)(M - (a™)ia™ + M* - (a*) " a?)
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is true. Introducing the operator
P:=cetht + he ,
one obtains from Eq. (93) the commutation relations

[H,a%a) = M - Pa — M* - Pa™ |

[H,P"a) = [Hy, P"la — hQ - P"a — M* - P!
and
[H, P") = [Hy, P"].
Additionally, we have
P2:2-e+h+h6+1—e+e—h+h, PP=pP.

To be explicit, we now choose

Hy=cpete+poh™h+S-e"h™ +8* -he—2- W .eThThe .

From Eqs. (95)-(98), we thus obtain the following equations of motion:

0, , . i . i s
§<GG>—hM<Pa> hM <Pa>’
3(15@——i-m-<ﬁa>—3-M*-<P2>+
o h h .
+%'(€o+s00—2-Weh)‘(6+h+a>+%'(—50—800+2'W6h) (hea) +
FE(5 = 8) - ((a) — {e*ea) — (n*ha)
and
9 5o
5 (P =0.

The latter equation demonstrates in combination with relation (98) that
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(94)

(95)

(96)

(98)

(99)

(100)

(101)

(102)



(P?) =1 (103)

is true provided that the usual initial conditions are fulfilled.

So far everything is exact. Now, we introduce the approximation
(hea) =0 . (104)

What are the consequences? Making use of the definitions

1
Qp = 7 (0+wo—2- W), (105)
PA::%-M-<e+h+a>,A:z%-M-(a), (106)
EA = % M- (e*ea), HA := % M- (h*ha) , (107)
we first obtain the equations
a9, 4 .
a(a ay = PA+ (PA) (108)
and
9, , IM> i,
—PA=i-(Qp—Q)- PA+ +--(S"=98)-(A-FA—-HA). (109)

ot ¥ h
In a next step, we choose 2 = Qg (i.e., the photon energy is equal to the (unrenormalized)
excitonic energy) and assume S = 0 (i.e., there is no external light field). Under these

circumstances, we obtain from Eqs. (108) and (109) the ezact solution

(aTa) = Mg—f 2 (110)
provided that the usual initial conditions are fulfilled. Although we have to keep in mind that
vacuum fluctuations of the quantized electromagnetic field do exist in our model, solution
(110) can not be accepted for obvious physical reasons. Consequently, relation (104) does
not provide an appropriate approximation to calculate the photon number (a*a) from the

Heisenberg equations of motion. We emphasize that these results can be extended to a more

general class of initial states; details can be found in section III.

36



III. THE BEGINNING OF THE INFINITE HIERARCHY OF EQUATIONS OF

MOTION FOR THE PHOTON-ASSISTED EXPECTATION VALUES

In our third section, we present a list of exact equations which appear at the beginning of

the infinite hierarchy of photon-assisted expectation values in the framework of the two-level
quantum dot model (90), (91) and (99).

First of all, the photon number (a*a) is determined by the equation

0

?

Oty = L Py — LA (Paty 111
O (ata)y =+ M- (Pa) £ M- (Pa) (1)
Here, the expectation value <pa) fulfills the equation
9 pay =L no(Pay — Loar (P74 (112)
o T T Y0 |
+% (eo+po—2-W) - (ethta) + ;L (—e0 — @o +2- W) - (hea) +
(5" =9)- (@) = (e*ea) — (W*ha))
where
0
9P~ 11
2P (13
is true. Making use of definitions (105)-(107), Egs. (111) and (112) read as follows
Slata) = PA+ (PA) + % M - (hea) — ¥ - M* - (¢*h*a*) (114)
i 0 : [M[*
— — M- —(hea) =1i-(Qg—Q)-PA (P 11
8tPA+h 8t< ea) =1-(Qp ) + 2 (P7) + (115)
_l’_

%.(S*_S).(A—EA—HA)+%~(QE+Q)~(hea)

To obtain (ethta), (hea), (a), (¢Tea) and (h™ha), we have the equations

%<e+h+a) - —% - M* - (e*h*he) + (116)
L

etea) — (h+ha)) +
+% - M - ((a2> — (eTea?) — (h+ha2>) + % < M* ((a+a> — {eTeata) — <h+ha+a>) ,

L (ot 0 — 20 W =) (T hta) 157 ({a) —
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2(hea) _ L M — i - M*- (<6+h+h6> —(ete) — <h+h)) + (117)

ot h f |
+% (o — o+ 2- W — Q) - (hea) — % .S ((a) — (c*ea) — (h*ha)) +
—% M - ((a®) — (¢Fea?) — (hHha?)) % -M* - ({a*a) — (e*eata) — (htha*a)) |
%(@:—%.m <a>_%.M*.<P>, (118)
%wea) _ —% M (Rt — % 1 - (etea) + (119)
—% .S {e*hTa) + % . S* - (hea) +
+% M- (—(e Bt a?) + (hea®)) + % M- (—(e*htata) + (hea*a))
and
%(h*h@ = LM () — - (hha) + (120)

S {eth*a) + % - S* - (hea) +

h
+% -M - (—<e+h+a2> + <hea2>) + % -M* - (—(e+h+a+a> + <hea+a>) .

Egs. (116)-(120) require the knowledge of the expectation values (e*h™), (eTe), (h*th) and

(eththe). The corresponding equations of motion read as follows:

%K@*h*) = % (g0 + 0 —2- W) - f€+h+> + % S (L= A(efe) = (hTh)) +  (121)
+% M - ({a) — {e*ea) — (h*ha)) + % M* - ({a*) — (e*eat) — (hTha™))
o i i
a»<€+€> = -z S {e*ht) + = 5 - (he) + (122)
+% M - (—(e*h*a) + (hea)) + % - M* - (—(e"h"a™) + (hea™)) ,
0 i i
a(iﬁm =~ S {eTht) + 5 -.S - (he) + (123)
+% M - (—{e*h*a) + (hea)) + % CM* - (—{e*hta®) + (hea'))

and
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O tptpoy — L Tty 4 Lo
age h he>——£-5-<e h )Jrﬁ-S - (he) + (124)
+% M - (—(e*h*a) + (hea)) + % CM* - (—{e*hta®) + (heat)) .

Eq. (117) is of particular interest, because it contains the source term (—i/h) - M* (i.e.,
a constant). As we have already mentioned above, such a source term leads to dynamical
vacuum fluctuations of the quantized electromagnetic field. From a physical point of view,
however, this is impossible! In sections IV-VI, we shall discuss this problem in more detail.

A further remark is concerned with the considerations at the end of section II. From Eqgs.

(122)-(124), we first conclude that the relations
(eTh™he) — (eTe) = const. = Cy , (eththe) — (hTh) = const. = Cy (125)
and
(ete) — (hth) = const. = C (126)
are valid. Consequently, we obtain, in combination with Eq. (98):
(P =14+ C,+C, . (127)

If, for example, the initial states |U(¢ = 0)) = |0) or | V(¢ = 0)) = e*h™|0) are chosen, we
obtain Cy = Cy = 0 and therefore (P?)(t) = 1.
We are now going to generalize our results obtained at the end of section II. We choose

the initial state
[U(t=0))=a;-[0) +az-e"|0) +az-hT|0) +ay-eTht|0), (128)
where
| |* +Jas|* + s + o) = 1. (129)
Under these circumstances, we obtain by a straightforward calculation:

(ethThe)(t = 0) = |au)?, (130)
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(ete)(t = 0) = [aol® + ol , (BTh)(t = 0) = |as|* + |ay|? (131)
and therefore
Cl = —|042|2 y 02 = —‘043‘2 . (132)

Additionally, we have PA(t = 0) = 0 and (a™a)(t = 0) = 0. From Eqgs. (127)-(132), we thus

conclude that
(P)(t) = |aa]* + | = 1 — Jao|* — |as]? (133)

is true for any ¢ > 0.

At this point, we introduce the approximation
(hea) =0 . (134)

From Egs. (114) and (115), we conclude that

%(cﬁa) = PA+ (PA)" (135)
and
a . |M|2 H2 Z *
EPAZV(QE—Q)JDA—F 2 (P >+ﬁ~(5 -S)-(A—EA—-HA) (136)

is true under these circumstances.
Now, we choose 2 = Qg (i.e., the photon energy is equal to the (unrenormalized) exci-
tonic energy) and assume S = 0 (i.e., there is no external light field). If these conditions are

fulfilled, we obtain from Eqgs. (133), (135) and (136) the ezact solution

M 2
(atay = B (o2 Jouf?) -2 (137)

We thus conclude that in the presence of electron-hole correlations, i.e., for ay # 0, approx-
imation (134) is obviously not appropriate to calculate the photon number (a*a) from the
Heisenberg equations of motion. It is only for oy = a4 = 0, i.e., for a pure electron-hole gas,

that relation (134) may provide a reasonable approximation. We summarize our results:
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Theorem 1:
Consider a purely electronic two-level quantum dot model, as defined by Eqs. (90), (91)
and (99) with Q2 = Qg. Choose the initial state

| U(t=0))=a;-|0) +az-e"|0) + az - h|0) + ay - e"hT]0) (138)

and assume that the exciting light field vanishes. Then, the relation

| M

M
(a¥a) = =5 (o ]? +foul?) - £ (139)

is true, if the approzimation (hea) = 0 is introduced (see text for details). The constant M

1s the particle-photon coupling constant.

IV. DYNAMICAL VACUUM FLUCTUATIONS OF THE QUANTIZED
ELECTROMAGNETIC FIELD IN THE STANDARD MODEL: THE ANALYSIS
OF A PURELY ELECTRONIC TWO-LEVEL QUANTUM DOT COUPLED TO A

SINGLE PHOTON MODE

In this section, we are going to analyze the dynamical vacuum fluctuations of the quan-
tized electromagnetic field due to the standard particle-photon interaction in more detail.
To do so, we consider a purely electronic two-level quantum dot model coupled to a single

photon mode. If the exciting light field vanishes, the corresponding Hamiltonian H reads as

follows:
H=H +H,, (140)
where
Hi=¢y-etetpg-hTh—2-W . eThthe (141)
and
HQZRQ-a+a+<M-a+M*~a+)~<e+h++he) : (142)
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Direct inspection of Eq. (142) shows that the particle-photon interaction operator is in fact
of standard type, i.e., the photons couple to the polarization. It is therefore obvious that
the vacuum state |0) is not an eigenstate of the complete Hamiltonian H. Consequently, if

the initial state
[W(t =0)) =10) (143)
is chosen, the solution |¥(t)) of the Schrodinger equation
L0
(1)) = (1) (144)

has a non-trivial time evolution. The same statement is true, for example, for the expecta-
tion values (U (t)|atalW(t)), (U(t)|eTe|W(t)), (¥(¢)|hth|¥(t)) and (¥ (t)|ethThe|¥(t)). The
expectation value (U(t)leTh™|W¥(t)) is an exception; as we shall see below, the polarization
function is equal to zero for any t. In the following part of our considerations, we are going
to determine the time evolution of the state |¥(¢)) under the initial condition (143). We
proceed as follows:

First of all, we remark that the electronic part of the Hilbert space under consideration

is defined by the basic states
1) =10eh) , [2) = €"[0ch) , [3) = h7|0ch) , [4) = €"hT|0cr) - (145)
From Eqs. (141) and (145), we obtain
Hy|i)|Pp) =N - |i)|Pp)y , 1 =1,2,3, 4, (146)
where
M =0, =¢c0, Ag=wo, Md=¢e0+po—2-W". (147)

|®p) denotes an element of the photonic Fock space. For the following part of our consider-

ations, we need the basic states

ler) = —= - (1) +14) , le2) = |2) , [es) = [3) , lea) = —= - (I1) = [4)) (148)

N
N
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Making use of definition (148), we obtain
Hyle)|®p) = (hQ2-ata+ Pi- (M-a+ M -a"))le)|@p) (149)
where
Pi=1,P=0,P=0,P=—1. (150)

At this point, we emphasize again that we are interested in the calculation of the vacuum
fluctuations which appear in the model under consideration. We already know from our
general results in section II that the existence and the strength of the constant source terms
in the Heisenberg equations of motion do not depend on the electronic part of the model
Hamiltonian, but only on the particle-photon interaction operator. In order to analyze a

non-trivial example, it is therefore reasonable to introduce the additional condition
g0t @o—2- W =0 (151)

for the Coulomb matrix element W¢*. Under these circumstances, we obtain from Egs.

(146) and (148) the relation
Hile;)|®p) = Ei “|ei)|Pp) (152)
where

E1:0,E2:€0,E3:¢0,E4:0. (153)

A. Eigenstates and energy spectrum of H

In view of Eqgs. (149) and (152), Hamiltonian (140) can immediately be diagonalized.

The eigenstates |U;,) are given by
Win) = |€:)| Pin) (154)

where
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1 n 1 .
| Pin) = ﬁ : (CL+ +%') " €Xp <—§ : \%’|2) " exXp (—%’ ~a+) 0phot.) (155)
and
M - P;
=0t (156)

The energy spectrum of H is obtained from the equation
Ei = E; + (n = |5?) - hQ . (157)

Direct inspection of Eq. (157) shows that our model Hamiltonian H is bounded from below;

in particular, the inequality
En,.>FEy,i=1,2,3,4 (158)
is immediately derived. Because of
Eyy = —|’Y1‘2 I, B =¢0, B30 =0, By = —|’Y4‘2 - sy, (159)

the ground-state energy Fj is found to be

| M

E pr—
0 70

(160)

From Egs. (150), (156) and (159), we conclude that there exist two eigenstates which belong

to the ground-state energy Ej; these are

Wi0) = e Pu) = = (1) + 1) -exp (=5 ) -exp (<57 -a) Do) (161

and

W) = e} P = = (1) = ) - exp (=5 - ) - exp (<2 -a*) D) - (162)

Consequently, Hamiltonian (140) in combination with the additional condition (151) for the
Coulomb matrix element We" does provide an example for a degenerate ground-state energy.

Obviously, this property is in marked contrast to the basic features of polaronic systems. As
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has been demonstrated in Refs.!? 1°, the ground-state energy of a large class of generalized
Frohlich models is in fact a simple eigenvalue.
According to Egs. (161) and (162), the eigenstates |¥) and |W,) contain electrons,

holes and photons. The same statement is true for the excited states
(Win) = le)[Pin) 5 [Wan) = |ea)[Pan) , n =15 (163)
these eigenstates belong to the energies
Ei,=FE;u,=n-+Ey,n>1. (164)

Apart from the solutions (161), (162) and (163), there exist further eigenstates of our model

Hamiltonian H which can be obtained from Eq. (155) by taking i = 2 or ¢ = 3:

[Wan) = |e2)|Pon) = [2) (a™)"|0phor.) ; (165)

-

[W3n) = les)|Psn) = |3>% (@) |0pnot.) - (166)
The corresponding energy eigenvalues are found to be
Eoy=co+n-hQ, B3, =po+n-h2, n>0. (167)
From Eq. (155), we obtain the useful relations
(a+ + %‘) |Pin) = Vn+1-|Pyiy) (168)
and

(@+97)[Pn) = Vn - |Pun-a) ; (169)

consequently, a purely photonic operator sequence of type (at)™a™ always leads to finite

superpositions of eigenstates |¥;,). In particular,
a*a|Pp) = (n + \%’|2) | Pin) = vi- Vo [Pino1) = - V4 1+ | Pinga) (170)
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Is true.
The generalization of Egs. (168) and (169) is straightforward: For k¥ > 0 and [ > 0, we

conclude that

11 =3 (5) - ot (2 e ()

n!

[P = z (1) m NP (172)

is true. As far as Eq. (172) is concerned, the additional condition

and

<n>:0,z’f n<p (173)
I
has to be taken into account. A combination of Eqgs. (171) and (172) gives immediately
k
( k l|Pm Z @klm |Pm+m> ) (174)
m=—I
where
i +m)! [l k _ B
Ofin(n) = Jm (): $ et () (1) e
. —ptr= m,égl,ogugk K (TL - M)' 2 4
(175)

Eq. (175) will be used at the end of this section in connection with expectation values of

type (E(a*)*a')(t), where E denotes an electron-hole operator sequence.

B. Time evolution of the state |U(t))

We are now going to determine the time-evolution of the state |¥(¢)) under the initial
condition (143). First of all, we remark that the vacuum state |0) can be represented by a

superposition of the eigenstates |V, ):

chm' in) s (176)

i=1n=0
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where

en = (01" = - exp (= Pif) - (01" Ol ()

is immediately obtained from Eq. (155). The solution |¥(¢)) is thus given by the equation

4 o0

W) =33 e (—5 B t) - Vi) (173)

i=1n=0

C. Calculation of the expectation value (ata)(t)

It is now a simple task to calculate the time-dependent expectation value (¥ (¢)|a™a|¥(¢))
under the initial condition (143). Making use of Eqgs. (170), (177) and (178), we obtain the

result

M

()|t alW(B) = 2- [y*- (1= cos Q1) , 7= o

(179)

Direct inspection of Eq. (179) shows that the photon number (a*a)(t) is proportional to
the absolute square of the particle-photon coupling constant M. Equation (179) can also be

obtained from Egs. (111) and (112) in section III.

D. Calculation of the expectation values (e¢Te)(t) , (hTh)(t) , (e"hT)(t) and (eThThe)(t)

The calculation of the expectation values (ete)(t) , (RTh)(t), (eTht)(¢t) and (eTh*he)(t)
is more difficult. Our starting point is an electron-hole operator sequence E which is defined

by the equation
X 4
Ele;) => Ay ler) (180)
=1

The calculation of the expectation value (¥(¢)|E|¥(t)) requires the knowledge of the expres-
sions (Pj,,|Py,) for different indices ¢ and j, where |P,,) is defined by Eq. (155); a detailed
derivation of these expressions will be given now.

Introducing the unitary operator
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M- P

U, == exp (—%* cat + e a) VY= g (181)
we first obtain the result
| Pin) = Uz‘L : <a+)n 10phot.) ; (182)
vn!
consequently, the desired expression (Pj,|P;,) is given by
(Pl Pin) = ——— - Oppoe |a™ U Uy ()" 0o ) (183)

vmln!

In the following part of our considerations, the operator U]~+Ui is of particular interest.

Making use of the commutation relation

[7;.6["—7]--&,—’yi*'a—i_-i-’)/i'a}:’}/j'”)/i*_f}/;'%a (184>

this operator can be represented by an operator of exponential type:

1

Uj - Ui = exp (5 (e = 7)) cexp ((v; =) at = (=) -a) . (18D)

In a next step, we decompose the operator on the right-hand side of Eq. (185). To do so,

we introduce the commutation relation
=i —v)-a, (g =25)at] ==l — %l (186)

the latter equation demonstrates in combination with relation (185) that

1

U Ui=exp (5 (28 =75 -+ b =) ) (187)

cexp (= (v; =) -a) -exp ((v; =) - a¥)

is true.

Let us now assume m > n. Under these circumstances, the relation

1 1 . e
= (mA4k) "
| = wl) m2 188
kz:%k!(m—nJrk)! ( i ’V|) m>n (188)
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is immediately obtained from Eqs. (183) and (187). In order to determine the sum

o~ (m+k) k
Yo () = ¥ m>n, 189
(z) kzzok!(m—wrk)! vom=n (189)
we introduce the function
00 xk—l—m " .
fm(z) = = (190)
k=0
A straightforward calculation shows that
(n)
Son(z) = 2@ s (191)
xmfn

is true; consequently, the desired expression 3,,,(z) is given by

S () = 1l - €7 - i (nTk) % . (192)

Introducing the Laguerre polynomials

L) =3 () 4 (198)

m—k

we thus obtain from Eqgs. (188) and (192) the result
TL' 1 * * 2 * \Tn
(Pjm| Pin) =1/ - exp (5 (v == by =l )) (=) (194)
L (Jyy = l?)  m=n.
The corresponding equation for m < n reads as follows:
m! 1 . . 9 n—m
(Pjm| Pon) =\ 5 - exp (5 (w9 == =l )) (=) (195)
L (=) m<n.

At this point, we remark again that the expressions ~; are defined by the equation ~; :=
M - P;/RS), where P; is a real number; making use of this definition, we obtain from Egs.

(194) and (195) the useful relation
<Pim|Pjn> = (_1)‘m_n‘ ) <PJM|Pm> : (196)
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From Eqs. (157), (177), (180) and (196), we conclude that

(U(t)| B (t) =

DO | —

(A1 ) + (Mg + ) -

Z Z exp (i(m —n)Q-t) - e, - Cin (Pim|Pan)

m=0n=0

is true. Obviously, the remaining task is the determination of the expression

ZZ exp (i(m —n)Q-t) - c,, - Cin - (Pin|Pan) -

m=0n=0

Making use of the general formula

m=0n=0 m<n m>n

we obtain, in combination with Eqgs. (196) and (194):

D(t) = exp (—

1

m=0k

m=0

here, we have introduced the abbreviation

M
TR

From Ref.1%, we already know the general relation

o0

,;m L Lo(2) =

z

n

Jo(2Vz2) - €” - (z2

> A

3 b)Y i LA - QR - cosk £+

=0
e (-3 h)- Y '”' IR

)*%O‘,Oz>—1,

i.e., the sums of the Laguerre polynomials in Eq. (200) can be performed:

D(t) = exp (—4- |7*) - fj(—i)’f i (4i]5]?) - cos kQ - £ +

k=0

— e (=4 ) o (4D F)

In Eq. (203), we have introduced the Bessel functions

Jn(2)

1 T
—~/ cos(zsint —nt)dt , n=0, 1
7w Jo

90

(197)

(198)

(199)

(200)

(201)

(202)

(203)

(204)



The remaining sum of the expressions (—4)* - Ji(4i|y|?) - cos k§2 - ¢ is related to the Fourier

expansion of the function e ¥; according to Ref.!%, we have:
exp (izcos ) = Jo(z) +2- D" - Jy(2) - coskyp . (205)
k=1
The formula of Bessel and Hansen (Eq. (204)) gives immediately [J,(2)]* = J,(2*); conse-

quently, the relation

(=i)* - Ju(2) - coskp = 3 - (e7==2 — Jo(2)) (206)
k=1
is valid, too.
From Eqs. (206) and (203), we obtain:
1 2
D(t) = 5 eXp (4- |7]” - (cos Q2 -t — 1)) . (207)
So we conclude that the expectation value (¥ (¢)|E|¥(t)) is given by

(208)

1
(A A+ Aag) + (Mg + Aa) - 5 OXP (4' [7[? - (cos -t — 1))

N | —

(T()|EN(t) =
According to Eq. (208), it is now a simple task to calculate the expectation values
(ete)(t), (hTh)(t) and (eThT™he)(t); here, one obtains immediately

(209)

1 1
11 2 ) 14 ) 41 2 ) 44 2

and therefore

(eTe)(t) = (WTR)(t) = (e"hthe)(t) = E1(t) =
(210)

: (1 — exp (4- 1Y% - (cos -t — 1))) :

| —

Direct inspection of Eq. (210) shows that 0 < E1(t) < 1/2 is true, ie., the expectation

values E1(t) are bounded from above by 1/2.
What about the polarization function (e*h™)(¢)? Because of the fact that the particle

numbers exhibit a non-trivial time evolution, one might expect a similar behaviour for the

expectation value (eTh*)(t), too.
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From Eq. (148), however, we obtain
(211)
and therefore

(eth™)(t)=0. (212)

We emphasize that we have checked the validity of our results (210) and (212) in the frame-
work of the hierarchy equations in section III. Especially the non-trivial time evolution of
the particle numbers (ete)(t) = (h*h)(t) is remarkable, because these expectation values
are bounded from above by 1/2. In the strong-coupling limit, the maximum value of the

particle numbers is ~ 1/2.

E. Expectation values of type (E(a™)¥al)(t)

In our last subsection, we are concerned with combinations of electronic and photonic
operators, i.e., we consider expectation values of type (F(at)*a')(t). Making use of the

relation
O (n) = (—1)F . ) (n) (213)

and proceeding along lines similar to the above, we obtain at first

(1) B(a*)a| ¥ (1) = (214)
=2 X chuao(t) - 1a(t) - Ohio(m) - (har (=) dua) +

E3 S Y (I (P Pana) - in(8) - 1n(t) - O () - (haa 4+ (<1 )

m=0n=0oc=—1
As far as our further calculations are concerned, the formula

i i Amn = Z Apn + Z A, — Z Ann (215)

m=0n=0 m>0;n>0m<n-+o m>0;n>0m>n+o m2>0;n>0;m=n+o

ZYUy e Y,y ZYUy e Yy

is extremely useful; a combination of Eqs. (214) and (215) leads to the result
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(T()|E(at) a|U(1) = B4 () + 20 (t)

where
1 *
E,(;)(t) = 2 : (’7 )l : ’Yk : ((_1)k+l “ A1+ )\44) :
k , l k
> (=1)7 -exp (ic- Q- t) - > :
o=—1 —ptr=0:0<p<l;0<v<k \H v
and

S () = TR ) + T () + T2 (1) ;

k

T,(:l)(t) = % - eXp (—3- |7|2) - exp(io-Q-t)- >

1 k »
Tl(j)(t) =5 exXp (—3'\’7\2) : Z exp (i - Q- t) - Z
o=-—1 m>0;n>0;m+0>0
2 m-+ao n m-+n-r+ao *\M-—+n n
L) (m,n) - (=1)7F7 . 2m . ymbmte  (yeymin . o
3) 1 o .
Tkl(t)3:—§'exp<—3'|7|)'Zexp(w-Q-t)- Z
o=-1 m>0;m—o>0

D4 (m, 0) - (=1)™ - 4™ - ()™ - L0 (4 - |y]?) .

In Egs. (219)-(221), we have introduced the abbreviations

Tl (m,n) = (=1)7 - (=1 Ay + Aar ) - >

(m+n i o—p! (i) | (i) P

and

P’(j‘)’(m’ n) = (=1)7- <(_1)k+l “Aug+ >\41) ‘ Z
(m+0)! . l . Lk s
(m—pw)!(m+n+o)! <M> <V> (v") ~ETY
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o=-—1 m2>0;n>0;m+n—o>0

T () - (—1)™ - 2% ™5 (e L2 (4 |y [2) - exp (—in - Q1)

(4 |7%) -exp (in-Q-t)

(216)

(217)

(218)

(219)

(220)

(221)

(222)

(223)



Remark: According to Eq. (175), we have to keep in mind that for the simplified expression
(222) the additional condition m+n—o —p > 0 and for the simplified expression (223) the
additional condition m — p > 0 has to be taken into account. Under these circumstances,
the inequalities m + o0 >0 and m+n+ o0 > 0 (see Eq. (223)) are automatically fulfilled.
In the following part of our considerations, we are going to discuss a large class of

expectation values in more detail. By taking E =1, for example, we obtain \;; = J;; and

therefore
(U(t)|(a®) a'|W(t)) = % () A (DM ) (224)
‘_Z(—l)a-exp(icr-ﬁ-t)- _.Z | (i)(i)

Our next example are expectation values of type (Ea')(t). Because of the fact that Eqs.
(218)-(221) come into play, extra care has to be taken.

From Egs. (219), (220) and (221), we first conclude that o < 0 is true; consequently, we
obtain:

D DRI DR D DI DI DI 25)

m>0;n>0;m+n—o>0 m>0n>0 m>0;n>0;m+o0>0 n>0m+0c>0 m>0;m—o>0 m>0

In view of the second relation in Eq. (225), we should emphasize that the minimum value

of m + o is in fact zero. As far as the coefficients 1"((]}) (m,n) and 1"((5) (m,n) are concerned,

(& (&

the relations

) = 0 (G0 At ) e () e
and
T (m,n) = (=17 (=1)" - Mg + ) - m : (_10) () (227)

are immediately derived from Eqgs. (222) and (223). After these preparations, the desired

expression E((ﬁ) (t) can now be calculated; making use of Bessel functions again, we obtain:

Zg) (t) = ((—1)l “Ag >\41) () (228)

-(1—exp(—i-Q-t))l-%-exp<4-|7|2-(cos(2-t—1)) :
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According to Eqs. (217) and (228), the expectation value (Ea')(t) is thus given by

(W(O)|Ea'[W(t) = 5 - (1—exp (=i -Q-)) - () (229)

1
2
‘ ((—1)1 A+ Aag [(—1)l A+ )\41} - exp (4' 7[? - (cos Q-1 — 1))) :

Because of the fact that the electron-hole operator E can be chosen arbitrarily, the expec-

tation values of type (E(a™)¥)(t) are also contained in our general result (229). By taking

E =¢etht and | = 1, for example, we obtain the photon-assisted polarization function

(ethta)(t):
(ethta)(t) = —% (T—exp(=i-Q-1) -7 (1—exp(4- |y (cosQ-t—1))) . (230)

Finally, we should remember that the expectation value (hea)(t) was decisive in our previous
investigations and calculations; by taking E = he and | = 1, we obtain our most important

result:
(hea)(t) = —% (I—exp(—=1-Q-t))-v"- (1 + exp (4~ V)% - (cos Q- t — 1))) . (231)

It is now obvious that the approximation (hea)(t) = 0 does not provide an appropriate
approach to the Heisenberg equations of motion. In fact, we conclude from Eqs. (230) and
(231) that

1—exp(4-|y[* (cosQ-t—1))

[{(e*hta)(t)] = [(hea)(t)| 1 +oxp (4|72 (cosQ -1 —1))

(232)

is true; consequently, the absolute value of (e*h*a)(t) can never exceed the absolute value
of (hea)(t). At this point, we refer additionally to our general results in sections II and III.
As far as the expectation value (hea)(t) is concerned, the physical interpretation that an
electron-hole pair and a photon are removed from the system under consideration is often
used in the literature. If this interpretation is correct, the absolute value of (hea)(t) is
expected to be comparatively small®. In the framework of the standard model, however, Eq.
(232) demonstrates explicitly that such a picture is obviously not correct.

We summarize our basic results:
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Theorem 2:

Consider a purely electronic two-level quantum dot model, as defined by Eqs. (140),
(141) and (142) (i.e., the exciting light field vanishes). Assume (i) that the Coulomb matriz
element W fulfills the condition g9+ po — 2 - W =0 and (ii) that the initial state is the

vacuum state. Then, analytical solutions are available and the following relations are valid

for any t:
(ata)(t) =2 |y* (1 —cosQ-t) , (233)

(eTe)(t) = (hTR)(t) = (e"hThe)(t) = % (1—exp(4- |y (cosQ-t—1))) ,  (234)
(eThT)(t) = (a™)(t) = (a)(t) = 0, (235)

(eth*a)(t) = (236)

:_%.(1_COSQ.t+i-sinQ~t)-fy*~(1—exp(4~|fy|2-(cos§2-t—1))) ,

(hea)(t) = (237)

1
:—5-(1—cosQ-t—|—i~sinQ-t)~fy*-(1+exp(4~|fy\2~(cosQ~t—1))) ,

(hea™)(t) = (238)

:—%-(l—cosQ-t—z'-sinQ-t)-'y-(l—exp(4-|'y|2-(cosQ-t—1))) :

(eThTa™)(t) = (239)

:_%.(1_COSQ.t_Z‘.SinQ-t)~fy~(1—|—exp(4-|fy|2-(cos§2-t—1))) .

The expression v is related to the particle-photon coupling constant M : ~ := M /hS).
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V. FURTHER PROPERTIES OF THE TWO-LEVEL SYSTEM: TIME
EVOLUTION OF THE EXPECTATION VALUES IN THE PRESENCE OF AN

EXTERNAL LIGHT FIELD

In section IV, we have analyzed the dynamical vacuum fluctuations of a simplified
electron-hole system coupled to a single photon mode. Because of the fact that analyti-
cal solutions are available at least for a specific choice of the Coulomb matrix element, it is
an interesting task to analyze the time evolution of the expectation values in the presence of
an external light field and to calculate, for example, the optical absorption spectrum A(w).

In solid state physics, the calculation of optical absorption spectra is often based on a
semiclassical approach. Here, the electron-hole system is coupled to a classical exciting light

field, and the absorption coefficient A(w) is obtained from the well-known equation

Aw) =2+ oy Iy 14 X&) (240)
Co Ep

Basic definitions as well as various illustrations of Eq. (240) can be found in many textbooks
(see, e.g., Ref). For this reason, we are not going to explain further details here (as these
are not decisive for our further considerations). In the limit y(w)/e, < 1, A(w) is - apart

from unimportant factors - given by the formula®
Alw) = Im——= . (241)

Eqgs. (240) and (241) are well established in the literature. In many cases, the desired optical
absorption spectrum can only be obtained in the framework of a numerical approach. In
order to perform a numerical calculation explicitly, the introduction of phenomenological
damping constants is indispensable. From a strictly formal point of view, however, there
is no doubt that such a procedure has to be regarded mainly as a technical trick: Any
relazation process - if it exists at all - has its origin in the Hamiltonian. For this reason,
Eqgs. (240) and (241) should also be valid in the limit of vanishing (phenomenological)

damping constants - provided that A(w) is introduced as a distribution.
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Surprisingly enough, it turns out that the two-level system from section IV in the pres-
ence of an external light field does provide a counter-example: For the same choice of the
Coulomb matrix element and for a specific class of initial states, the complete infinite hi-
erarchy of coupled equations for the expectation values can be solved analytically in closed
form for arbitrary electric field amplitudes. Making use of the exact formula for the po-
larization function (e*h™)(t), we shall demonstrate that neither Eq. (241) nor Eq. (240)
can be applied to calculate the optical absorption spectrum A(w) in the limit of vanishing
(phenomenological) damping constants. Our statements are valid even in the case that the
particle-photon coupling constant vanishes, i.e., the coupling of the electron-hole system to

the quantized electromagnetic field is not decisive in this context.

A. Introduction of the model Hamiltonian

In the following part of our considerations, we are concerned with an extended version

of the model Hamiltonian from section IV:

H = H, + Hy 4 Vos(t) (242)
Hi=¢p-ee+po-hth—2- W ethThe, (243)
Hy=hQ-a*a+ (M-a+M -a*)-(e"h* +he) (244)
Vans(t) = S(t) - (e"h* + he) . (245)

Here, S(t) contains the amplitude E(t) of the exciting light field as well as the coupling

matrix element. We require in advance that E(t) fulfills the following conditions:

E() =0, ift<0: E(t) =0, if t — o0 /O+W|E(t)\dt<+oo. (246)
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B. Solution of the time-dependent Schrodinger equation

As before, we introduce the additional condition
g0+ po—2- W =0 (247)
for the Coulomb matrix element W€, If we split H(t) into
H(t) = Hy+ S(t)- (e"h* + he) (248)
we conclude from our results in section IV that
Ho|Vin) = Ein - [Vin) (249)
is true. The solution |¥(¢)) of the time-dependent Schrodinger equation
() = HOI () (250)

can be represented by a superpositon of the eigenstates |¥;,):
4 oo
() =D D cinlt) - [Win) - (251)

i=1n=0

According to our assumption from above, the coefficients c;,(t) are explicitly given by the

equations
ein(t) = e1n(0) - exp (—% {(n ~ 1P -hQ-tJr/OtS(T)dTD , (252)
Con(t) = ¢2,(0) - exp (—% - leo+n-hQY - t) : (253)
C3n(t) = c3n(0) - exp <—% “[po +mn-hQY - t) , (254)

' ¢
can(t) = can(0) - exp (_% . [(n —lP)het— [ S(T)dTD . (255)
0
Here, the coefficients ¢;,,(0) correspond to the initial state |V (t = 0)).
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C. Optical absorption spectrum: Part I

Our results from above exhibit an interesting feature of the model Hamiltonian under

consideration: Because of the fact that S(t) is a real number for any ¢, the relation
[cin(B)] = lein(0)] (256)

is immediately derived from Eqs. (252)-(255). The latter equation demonstrates in combi-

nation with relation (249) that
(W) HolW(t)) = (U(0)[Ho|¥(0)) (257)

is valid for any ¢ > 0: The total energy of the particle-photon system is just a constant. In

combination with condition (246), we obtain additionally
(H(t — —00)) = (H(t — +00)) . (258)
i.e., the optical absorption spectrum A(w) of the particle-photon system is equal to zero:
Alw)=0. (259)

Later on, we shall see whether the formula A(w) = Im[P(w)/E(w)] leads to the same result

- or not.

D. Time evolution of the expectation values: General part

After these preparations, we are now going to determine the time evolution of an ex-
pectation value of type (E(at)*a!)(t), where E denotes an electron-hole operator sequence.

Making use of the relations
. 4 ol +k @)
Ele) =3 Aij - leg) , (a7)'d|Pr) = Y O45p(n) - [Pinso) (260)
j=1

and proceeding along lines similar to those in section IV, we obtain by a lengthy but straight-

forward calculation the general result
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. 1
()| E(a®)ra |V(t) Aij - ex i —7il”) - 261
(OB 00) = 5 -exp (=5 -1y =P (261)

Y (Awo(i,7) + Brio(i, ) — Crio(i, §)) +

o=—1
Nw 3 S o) 8- ) X o)

o=—In=0

where
Ao (i, 5) == 3 yml(m+n— o)l Elt) - Camno(t) - (262)
m2>0;n>0;m+n—o>0
(v =) (=) L (| — vl . x @ (m,n)
/YJ ’YZ m ’YJ ’YZ klo 9 9
Bklo‘(ia j) = Z \/m' m +n+ U) jm—i—n—i—o‘(t) ’ Clm(t) ’ (263)
m>0;n>0;m+n+0>0
' (7; - %*) Lo (|%‘ - %‘|2) ‘Yk(zg(mjn)
and

Cro(i,J) = > ml(m — o) ¢, (t) - Cim—o(t) - (264)

m>0;m—o>0

L, (| = wl?) - Xiih(m, 0) .

In Egs. (261)-(264), we have introduced the abbreviations

lo

X9 (m, K) = Z (265)

SUSHUSVS

! ; k l—p k—v
(m+K—a—M)!'<M> ' (,,) (=) (=)

and

Y@ (m, K) = Z (266)

SpSHUSVS

(m+1§ﬁi)clr()}n— 0l (i) ' (i) (=) )

As far as Eqgs. (265) and (266) are concerned, we refer additionally to the detailed remarks

in section IV.
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E. Time evolution of the expectation values: Special part

We already know that there exist two eigenstates of Hy which belong to the ground-state

energy Fj; these are

Wi0) = e} Pu) = = (1) + 1) -exp (=5 ) -exp (<37 -a) Do) (267
and
W) = e} P = = (1) = 1) -exp (=5 - P - exp (<2 -a*) D) . (265)

In the following part of our considerations, we are going to analyze the time evolution of the

expectation values (E(a™)*al)(t) under the initial condition
[W(t =0)) = ci0- | Wi0) + a0 - [Pao) ; |ero]* + eao]* =1, (269)
where ¢19 = ¢10(0) and ¢q9 = ¢49(0). From Eq. (261), we obtain:

(UOIE@) a0 (b) =" () (D" M- el + Aaa - Jeaol?) + (270)

texp (=2 [7?) % () A1)
where
it
A(t) == (—=1)" - Ay - c10 - € - exp (—2 Ty / S(T)dT) + (271)
0
k * i t
+(_1) “ A41* Cjg * Cap - €XP (2 : ﬁ . /0 S(T)dT) .

Eq. (270) is remarkable because it contains the solution for the complete infinite system
of coupled equations for the expectation values under the initial condition (269). We have
checked the validity of relation (270) for various equations of motion at the beginning of the
infinite hierarchy (see section III again).

By taking £ =1 and k = [ = 1, for example, we obtain the photon number (a*a)(t):

(ata)(t) =" (272)
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We thus obtain the surprising result that the photon number is just a constant, i.e., it does
not depend on the strength of the external light field.

By taking £ = [ = 0, we obtain the occupation numbers of the electron-hole system:

(e e)(t) = (R (1) = 5 — 5 - exp (~2+ 1) - Ao 1) (273)
where
Aoee (1) := 10+ Cig - €XP (—2 . % . /Ot S(T)dT) + (274)

t
+Clg - Ca0 - €XP (2 . % : / S(T)dT)
0

determines the time evolution of the expectation values under consideration. Because of

|c10|? + |ca0]® = 1, we conclude from Eq. (274) that
—1 < Apee(t) <1 (275)

is true, i.e., we may derive upper and lower bounds for the expectation values (e*e)(t) and

(W h)(1):

+ % - exp (—2 : MQ) . (276)

N | —

coxp (=2 [7?) < (eTe)(t) = (hTh)(t) <

Do | —
DO | —

Obviously, both expectation values are not negative and bounded from above by 1 - as it
must be. In the strong-coupling limit, we obtain (e*e)(t) = (hh)(t) ~ 1/2.
A further important example is the polarization function'™ (e*h*)(t). By taking £ =

e"h™ and k = = 0, we obtain from Eq. (270):

(e"h)(t) = 5 - (\010\2 . |C40|2) - % " €Xp (—2 : "7‘2) Apor (1) 5 (277)

| —

here, we have introduced the abbreviation

' ¢

Apor (1) :=c10 - €y - €Xp (—2 . % . /0 S(T)dT) + (278)
i ¢

—Clo - Ca0 * €XP <2 T /0 S(T)dT) .

According to Egs. (245), (277) and (278), the semiclassical interaction energy (Vens(t)) is

thus given by
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(Vens () = S(t) - (Jewol® = [caol?) - (279)

Remark: In the following part of our considerations, the coefficients c1g and cq are

chosen to be real numbers.

From Eqs. (277) and (278), we conclude that

Pt) = (" hH)(t) = % (lewol? = lewl?) + (280)

9t
+i - exp (—2 : |7|2) - €10 * €40 - SID (ﬁ : /0 S(T)d7'>

is true under these circumstances.

F. Optical absorption spectrum: Part II

We have already seen at the very beginning of this section that the optical absorption
spectrum A(w) of the particle-photon system under consideration is equal to zero: A(w) = 0.
This statement is true because of the fact that the total energy (Hy) of the particle-photon
system is just a constant and condition (246) is additionally assumed to be valid. What do
we obtain from the well-known formula A(w) = Im[P(w)/E(w)]?

As far as P(w) is concerned, we first remark that

Pw) = | :’O P(t) - e*dt — (281)

0 . +o0 . +o00 .
- / P(0) - e™tdt + / (P(t) — P(c0)) - é“di + / P(00) - é“tdi
—00 0 0
is true. Introducing the distributions

/ e“tdt = 2 - §(w) ; / etdt =m-S(w)+i- P <;) , (282)
—o0 0
we obtain from Eqs. (280) and (281):

P(w)=m-Q-d(w) +exp (=2-|11?) - c1o - cao - R(w) , (283)

where
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2

+o00
Q = |eio|* = [eaol* +i - exp (_2 ' "7‘2) “ €10 * Cq0 * SIN <ﬁ /o S<T)d7>

and

w250 (7 (2) 1)
—% . /O+OO cos (% . /OtS(T)dT) - S(t) - coswt dt +

2 [~ <3 [ sy ) S(0) st d
o ) cosly ) S(mdr sinwt dt .
In a next step, we split the Fourier transforms of P(¢) and E(t) into
E(w) = ER(U_)) +7- E[(w)
and
P(w) = Pg(w) +i- Pr(w);

consequently, the imaginary part of P(w)/FE(w) is given by

P(w) Pi(w)- Fr(w)— Pr(w) - Er(w)
E(w) Ef(w) + Ef(w) '

(284)

(285)

(286)

(287)

(288)

Remark: In order to avoid confusions, we omit the expression ~ (P(1/w) —1/w) (see Eq.

(285)) in the following part of our considerations. It is needless to emphasize that our further

conclusions are not affected.

From Eq. (283), we thus obtain

Pr(w) - Ep(w) — Pp(w) - Ej(w) = D(w) - 7 - (w) +

_% " exXp (_2 : "7‘2) w19 - Cao - (Br(w) - Er(w) — Xg(w) - Er(w))

under these circumstances. Here, we have introduced the abbreviation

D(w) = (Jeswl* = lewl’) - Br(w) +

2

+o0o
+ exp (—2 : \7\2) - €10 * €40 - SIN <ﬁ : /0 S(T)dT) - Fr(w)

and the non-linear integral transforms
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Salw) = | " cos (% g t S(r)dr) - (1) - coswt di (201)
and
Yr(w) = /OJFOO Ccos <% : /Ot S(T)dT) - S(t) - sinwt dt . (292)

Now, it is obvious that the second term on the right-hand side of Eq. (289) is - in general
- different from zero. The proof proceeds by reductio ad absurdum: We assume that the
equation Yg(w)/¥r(w) = Fr(w)/Er(w) is valid for arbitrary amplitudes E(¢) and replace

E(t) — XA+ E(t); under these circumstances, we obtain the relation

o> cos (% Ay S(T)dT) -S(t) - coswt dt _ Egr(w) | (203)
o7 cos (% Ay S(T)dT) -S(t) -sinwt dt  Er(w)

Introducing the power series expansion of the cosine-function, Eq. (293) reads as follows:

SRz an(w) - A Ep(w)

- ) 294
@) W Ei(o) 2
where
(_l)k (2)2k 400 t :|2k
— B . . )
(@)= (5 /0 /0 S(r)dr| - S(t) - coswt dt (295)
and
(_1)k (2)2k +o0 t ]219 ‘
— (Z2) . . : : 2
) =Gor (s /O /O S(r)ydr| - S(t)-sinwt dt (296)
According to our assumptions from above (see Eq. (246)), we obtain the inequalities
1 /2-G\™ 1 /2-G\™
<G — . (== <G — . (== 9
() <G op) < h > Il = & o ( h > ’ (297)
where
+o0
G::/ 1S(r)dr < 400 . (298)
0

These inequalities ensure that the power series on the left-hand side of Eq. (294) are in fact

absolutely convergent, i.e., we obtain well-defined expressions for arbitrary values of A and w.
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Now, direct inspection of Eqgs. (295) and (296) shows that the coefficients ax(w) and by (w)
are - in general - different from each other; consequently, Eq. (294) exhibits a contradiction,
because the left-hand side does - in general - explicitly depend on A. This finishes our proof.

In the last part of our considerations, we choose c¢;p = £1/ V2 and ¢y = +1 / v/2; under

these circumstances, we obtain P(t <0) =0, (Vers(t)) =0 and

Plw)=m-i-exp (—2 : |7|2) : <i%> - sin <% . /O+OO S(T)d7'> -O(w) +

+exp (—2 : MQ) : (i%) -R(w) , (299)
Pi(w) - Eg(w) — Pr(w) - Erf(w) = (300)

= exp (—2 . |7|2) . (:i:%) - sin <% . /O+OO S(T)dT) -Fr(w) -7 6(w) +

= exp (=2 ) - (£53) - (B1(0) - Brle) = Srlw) - Bilw)

We thus conclude that the optical absorption spectrum is - in general - different from zero,
too; moreover, A(w) may become negative. We emphasize that these results are valid even
in the case that the particle-photon coupling constant vanishes, i.e., the standard coupling of
the electron-hole system to the quantized electromagnetic field is not decisive in this context.
Instead, our findings clearly demonstrate that the formula A(w) = Im[P(w)/E(w)| does - in
general - not provide an appropriate approach to the optical properties of an electron-hole
system. Last but not least, it is important to realize that our conclusions are only based
on the mathematical structure of Eq. (280) - and not on specific examples for the exciting
light field.

According to our results from above, it is necessary to demonstrate for any spe-
cific model that the expression I'm[P(w)/E(w)] is in fact equal to the optical absorp-
tion spectrum. If such a proof is missing, a numerical calculation of A(w) (which is
based on the formula A(w) = Im[P(w)/E(w)] in combination with phenomenological

damping constants) is at least highly questionable. If we use the improved formula

Alw) =2 (w/co) -mp - Imy/1 + x(w)/ep, Eq. (283) leads to a serious mathematical problem,
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the reason being that the square root contains a distribution. Here, the optical absorption
spectrum A(w) does in fact not exist.

We summarize our basic results:

Theorem 3:

Consider a particle-photon system, as defined by Eqs. (242), (243) and (244). Assume
(i) that the Coulomb matriz element W fulfills the condition ey + pg —2- W = 0 and (ii)

that the initial state is given by
[W(t=0)) =cio- |[W10) + cao - [Pao) , [erol* + |ea]” =1, (301)

where |[Wyg) and |Vy) are defined by Eqs. (267) and (268), respectively. Then, the following
relations are valid for any t > 0:
(W) E(@) a0 (0)) =" (4) - (D M- feol® + Aaa - leaol”) + (302)

+exp (=2 [7) % () A

A(t) == (=1)" - Ay - c10 - € - exp (—2 . % : /Ot S(T)dT) + (303)

’ ¢
+(—1)k A1 - Clg - Cao - €XP (2 . % . / S(T)dT) :
0

(e (1) = 5 - (Jewl® = [eal?) — % cexp (=2 [72) - Apar. (1) , (304)

DO | =

. it
Apor () == c10 - € - €XD (—2 5 /0 S(T)dT) + (305)

—Cip * C40 * XD (2 Ty /0 S(T)dT) .

Here, the expressions \;; are defined by Eq. (260); v is related to the particle-photon
coupling constant M : ~ := M/hS). As far as the optical absorption spectrum is concerned,
the following statements are true: (i) The total energy of the particle-photon system is a
constant. (ii) The expression Im|[P(w)/E(w)] is - in general - different from zero and may

become negative.
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VI. DYNAMICAL VACUUM FLUCTUATIONS OF THE QUANTIZED
ELECTROMAGNETIC FIELD IN THE STANDARD MODEL: THE ANALYSIS
OF A PURELY ELECTRONIC TWO-LEVEL QUANTUM DOT COUPLED TO

AN UNLIMITED NUMBER OF PHOTON MODES

According to our general results in section II, a particle-photon interaction operator of
standard type always leads to dynamical vacuum fluctuations of the quantized electromag-
netic field. Here, the existence and the strength of the constant source terms in the Heisen-
berg equations of motion do not depend on the electronic part of the model Hamiltonian,
but only on the particle-photon interaction operator itself. The detailed analysis of the time
evolution of various expectation values in sections IV and V is based on a purely electronic
two-level quantum dot model coupled to a single photon mode. It is important to realize
that analytical solutions are available at least for a specific choice of the Coulomb matrix
element. In view of our basic Hamiltonian (2), however, a more realistic model is highly
desirable, the reason being that the standard interaction operator V; + V5 (as defined by
Egs. (9) and (11)) describes a coupling of the electron-hole system to an unlimited number
of photon modes. In combination with the additional property that the photon dispersion
h€), depends explicitly on the k—vector, relazation phenomena are therefore expected.

Intuitively, one might argue that such an intrinsic relaxation leads to a damping of
the dynamical vacuum fluctuations. But is this really true? At this point, the equations
of motion for expectation values of type (...a), (...a™), (...a*) and {...(a™)?) become
important again. Direct inspection of these equations demonstrates that there must exist
at least one expectation value or at least one derivative which remains finite even in the
limit t — +o0o (otherwise, Eqs. (86) and (88) would exhibit an intrinsic contradiction).
Consequently, a smooth damping of the dynamical vacuum fluctuations (i.e., a long-time
behaviour with the properties lim; oo (. ..) = 0 and lim; ., 9/0¢(...) = 0 for any expectation
value) can be excluded.

In order to analyze the long-time behaviour of the expectation values further, we now
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introduce a purely electronic two-level quantum dot model coupled to an unlimited number

of photon modes; if the exciting light field vanishes, the corresponding Hamiltonian H reads

as follows:
H=H, + H,, (306)
where
H =¢o-ete+py-hth—2-W". ethThe (307)
and

Hy = /d3k3 > ROy - afyap, + (e*ffL + he) : /d%Z (Mm “agy + My, - G;A) . (308)
A A
As before, we introduce the additional condition
co+wo—2-W=0 (309)

for the Coulomb matrix element W "*; moreover, we require that the particle-photon coupling

function My, fulfills the inequalities

/d%z

We shall see that Hamiltonian (306) does provide a basic model for a particle-boson system,

|Mm| |M1~M|2

/d?’kz Fo. < oo (310)

which is well suited to study the phenomenon of relaxzation in the framework of quantum
field theory. In particular, condition (310) ensures that H is well-defined and bounded from
below: No renormalizations are necessary in order to get finite results. Last but not least,
we should emphasize once more that the particle-photon interaction operator is in fact of

standard type, i.e., the photons couple to the polarization.

A. Eigenstates and energy spectrum of H

Making use of condition (309) and proceeding along lines similar to those in section IV,
we obtain the eigenstates |W;x,x,.. kA, ) and the energy spectrum Fi, », . k,x, of Hamiltonian

(306):
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(Wikiarkodn) = €00 | Pikiarckndn) (311)
1
| Pikyny..hndn) = €XP (‘5 : /d?’kZ |%m|2> : (a?;xl + %‘ml) o (312)
A

ce (a,‘;An + %kn%) - exp (— /d?’kZ%'*m : a,‘&) |0) ;
)

Bk korn = Ei 0, + .+ Ay, — /d?’kzh@k il (313)
)
My - P;
L S 314
YikX N (314)

For mathematical convenience, we have introduced the indices (ik1A; ... k,\,) instead of the
quantum numbers 3 to number the eigenstates and the corresponding energy eigenvalues of

Hamiltonian (306). Note that there exists a map
in particular,

Wik A dendn) = ‘\I]z‘P(klAl...knAn)> s ik kore = EiP(kirg. kon) (316)

is true for an arbitrary permutation P(kiA; ... k,A,) of the indices (kiA1) ... (knAn).

From Eq. (312), we conclude that

Ao | Pikianckudn) = —Yikoro * | Pikiareknrn) + | Pikorokir . knrn) (317)
Akoro | Piki . kenrn) = _’V:koko N Pikyiry . knrn) T
+i5 (kj = ko) * Onjno * [ Pikanks 00y 1kj1asetedondn) (318)
=
and
Ao no @koro | PikeiAr k) = (319)
= —YikoXo i 0 (k5 — ko) * Ox;xo * [ PikiArkj— i\ -1 ka1 A sk dn) T
J=1 .
+Vikoro * [ Pikir. o) + ;5 (ki — ko) * Oxjno | Pikrrkj— -1 korokjsi Ajsr.oknn) T
_”Y;kvo | Pikodoki Aok An)
is true.

71



B. Time evolution of the state |V(t))

The time evolution of the state |¥(¢)) under the initial condition

|¥(t=0))=|0) (320)
is determined by the equation
4 o0 1
) =33 /d3k1 @l Y ko (8) 7 Wik k) (321)
i=1n=0 AAn b
where
)
CikiAr..enn () = €XP (_ﬁ Bk kpn 't) * CikyArdnrn (0) (322)
and
1 o« %
Ciki Ar. ki (0) = €XD (‘5 : /d3kz Wz'k)\P) “[(Ocnles)] “Yikiaa " Yiknan (323)
by

The coefficient 1/n! in Eq. (321) has been introduced for mathematical convenience.

C. Time evolution of the expectation values: General part

We are now going to determine the time evolution of an expectation value of general type
(U(t)|EA|¥(t)), where E denotes an electron-hole operator sequence and A describes the
photonic part. Making use of Eqs. (321)-(323), we obtain by a straightforward calculation

the basic formula

(FOIEAND) = £ -exp (— [ary |71m|2> - (321)

= = 1 3 3 3 3
DIDSE TN KRN SR K S
m=0 n=0 H1---Hm Al...An
’quM/Ll et ’yl(JmMm : ’Yikk‘l)\l et ’Yikk‘n)\n ’
exp (i (g + o+ Qg — Uy oo = Q) 1) - Bgrpanogmpim ki M ke

here, we have introduced the abbreviation
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Baasir.ampmbirsdnrn = (€11E1€1) * (Pigyurqmpim | Al Pitios. oorn) + (325)
+(_1)n . <61|E|64> : <P1q1u1...qmum|A|P4k1)\1...kn)\n> +
+(_1)m : (64|E|61> : <P4q1u1...qmum|A|P1k1)\1...k;n)\n> +

+(=1)""" - (es| Eles) - (Pagip..qumpm | Al Pakirr.knrn) -

D. Calculation of the photon number

By taking £ = 1 and A = [ d®kY, afyaxs, we obtain from Egs. (319) and (324) the

time evolution of the photon number:

M 2
Non (t \/d%Zak/\ak,\Nf —9. /d?’kz | ’”' (1—cosQ-t) . (326)
The coupling matrix element My has the structure

Mix = g(k) - (p-ex) , g(k) = g([k]) , (327)

where p denotes a fixed vector; consequently, we have:

Minl?

ey Mo Ot = 328
/ Z ()2 (328)

2m : 2 [To° > (9(q)
:/0 dﬁ/o dgp?smﬁ-(p-sgw\) ./0 dq q -(th)Q ~cos{l, -t

According to the lemma of Riemann-Lebesgue, we thus conclude from Eqgs. (326) and (328)

that

|Mm|

(329)

lim Np, (1) = 2- /d?’kz

is true: For sufficiently large t, the photon number approaches a positive value.

Eq. (329) is in accordance with our previous statement that there must exist at least
one expectation value or at least one derivative which remains finite in the limit ¢ — oo.
From a physical point of view, the relaxation of the photon number illustrates the coupling

of the electron-hole system to an unlimited number of photon modes. It is obvious that
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our nonperturbative results exhibit once more a serious problem of the present theory of
particle-photon interaction:

(i) In the absence of an external light field, Hamiltonian (2) does not prefer a specific
point of time; consequently, if the initial state is the vacuum state, the time evolution of the
expectation values has to be homogeneous (because there is nothing which can disturb the
homogeneity of the dynamics).

(ii) The existence of dynamical vacuum fluctuations demonstrates explicitly that the
time evolution of the expectation values is not homogeneous.

Statements (i) and (ii) taken together constitute an intrinsic contradiction on a physical
level. Tt is needless to emphasize that our conclusion is correct even in the weak-coupling
limit, i.e., a particle-photon interaction operator of standard type is possible from a mathe-

matical point of view, but can not be accepted for physical reasons.

E. Expectation values of type (E)(t)

In our next subsection, we are going to analyze the time evolution of expectation values of
type <E) (t), where E is an electron-hole operator sequence which is defined by the equation
4
By taking A = 1, we obtain from Eqs. (324) and (330) the formula

- 1
OIENO) = 5+ O+ da) + 5o (= [ @5 ) (331)
> 1
DIDI= '~/d3q1...d3qm 3 /d3k;1...d3k:n 3
m=0n=0 """ TV 1 -+t AL An

o0

n=

fYQI,Ul feet fYQm,Ufm : 721A1 et le:nAn '
cexp (i (Qg + o+ Qg — Dy oo — Q) - 1) - Dy gmpimka b An 5
where
Dy gmpmbins kndn = (= 1)" = At (Prgypir - qmpon | PakiArknrn) + (332)

F(=1)" - Mg+ (Pagipncc.gmpim | Pria A kndn)
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and

M
= —". 333
Ve o (333)
Now, we introduce the representation
| Pikinnkern) = Ui - aff sy, - a5 [0phot.) (334)

U; == exp (— /d3k Zfﬁm Cagy + /dBkZ%k)\ : akA) (335)
A )

for the eigenstates |Pig,a,. ko, ). In view of Eq. (332), the relation

U1+ Uy = exp (2 . /d?’k:z |7m|2> ) (336)
)
- exp <—2 : /dng%A ' akA) - exp <2 : /dngVZA ' ak&)
S )

and the corresponding formula for the operator sequence U, - U; prove to be extremely

useful. Making use of Eqs. (334) and (336), Eq. (331) reads as follows:

. 1 1
(POIEN () = 5 - (An+ Aag) + 5 - exp </ kY |%A|2> ' (337)
)
2j+i ) )

S [ e g
mt=nys MLjInti!
. /d3]€1 e dBkn+Z’ Z "}/kl)\l‘Q L |7kn+¢An+¢ 2

Ao At
> exp (1 (Quy, + ...+ Qy,, — Dy oo — Q) - 1)

Ut U =P (k1. Knyi)

Here, P(k;...k,1;) denotes a permutation of the wave vectors kj ...k,.;. Note that the

condition m + j = n+ ¢ in Eq. (337) leads to the relation
(1) = (1) = () = (1) (338)

consequently, we have:

. 1 1
<\I’(t)‘E|\I’(t)> = 5 . ()\11 + )\44) + 5 - exp </ dskz |’)/k)\|2> . ()\41 —+ )\14) . (339)
A
L (=) (=2 2 / 3 3 2 2
— . A2 By P TV RN LA
m+jzn+i m' TL' ]' 'l! 1 + Al.§+i| k‘l)\1| | k + A + |

Ul...Um+j =P(k1 kn+z)
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Making use of the lemma of Riemann-Lebesgue, the long-time limit in Eq. (339) is immedi-
ately obtained: Direct inspection of this equation shows that only those contributions have

to be taken into account, which fulfill the conditions
m=n,j=i,u...u,=Plki... k), Upi1.. Upri = P(kni1.. knyi) - (340)
We thus conclude that

(EY(t — 00) = = - (Mg + Aaa) + % - (Ma1 + Asa) - exp (—4 : / PEY |m|2> (341)

1
2
is true. As important examples, we mention the expectation values (eTe), (h™h) and

(eThThe):

(eTe)(t — 00) = (hTh)(t — o) = (eThThe)(t — o0) = (342)

— % : (1 — exp (—4-/d3k;|7m|2>> :

Again, any expectation value approaches a finite value for sufficiently large t.
The polarization function (eTh™)(t), however, proves to be an exception: From FEq.

(339), we obtain additionally

(e h)(t) =0 . (343)

F. Expectation values of type <E’fd3k S fex - aly)

In our last subsection, we are concerned with expectation values of type (E [ A3k frr-

ayy). From Eq. (324), we obtain by a lengthy but straightforward calculation the formula
<E/d3k2 S - afy) () = (M1 — Aaa) - (B1 + 22) + (Aar — Awa) - (T + 1I) (344)
)

where

1 1 )
21 2—5'/d3/{?2fk)\"}/k)\, 22: 5'/d3kZ’YkA'fk)\'eXp<ZQk't) ) (345>
A A
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1
I =2 - exp (/d?’k > :|7k>\|2> '/d?’k E Jix i - (346)
1 (=1 ‘
E _ . ( ) /d3 d3 n+z E : ‘7’61%1‘2 BRI |7kn+iAn+i ?

| |
m+j=n-+i m. n: : AL Andti

Z eXp( (QQ1+ +QQm_le_an).t)

Q1qm+J:P(k‘1k‘n+z)

and

1
I, = 5 exD (/ &Pk |%A|2> : (347)
A

| | |
m+j:n+1+i m: n. j >\1~~~)\n+1+i

2 2
h/kl)q‘ BRI |7k‘n+¢>\n+i " Ventitidntits fkn+1+i>\n+1+i '

Z exp( (qu—|— +qu—Qk1—an)t)

q1.-qm—+;=P(k1..kny144)

In the following part of our considerations, we assume that the function f;, is chosen such
that the lemma of Riemann-Lebesgue can be applied to perform the long-time limit in Eq.
(344); in particular, fy, should not contain a distribution. Under these circumstances, we

obtain from Eq. (344) the relation

E/d kaM ah ) (t — o0) <——) /d?’/ngkA ex - (348)
: <)\11 — Ay + [)\41 - )\14 - €Xp ( /d%Z \’Vk,\\2>>

Note that the electron-hole operator E can be chosen arbitrarily; consequently, the expec-
tation values of type (E [d3k S frr - agy) are also contained in our general results. In

particular, the long-time limit is given by

E/d?’kz Fir - @) ( — 00) (——) /d?’kz Fir -l (349)
: (An — Ay + [)\14 - >\41 * €Xp ( /dgkz |'Yk)\| ))

From Eq. (349), we obtain, for example

<6+h+/d3/{32fk>\ : am>(t - OO) = (350)

_ (_%) ./d?’kz;ka'ﬁx <1 — exp <_4'/d3k;w“|2>> ’
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<h6/d3k’z fk)\ . (lk)\)(t - OO) = (351)

1
“(a) fori (1row (4 [ )
and therefore
(eth* / PES for - a)(t — 00)| = (352)
By

L —exp(—4- [Pk, [yml?)
L+exp(—4- [dB3EX, mal?)

Eq. (352) demonstrates explicitly that the expectation values (heay,) are - in general - not

= |(he/d3k;fm-akx>(t — 00| -

comparatively small. Consequently, the physical interpretation that an electron-hole pair
and a photon are removed from the system under consideration is incorrect. In fact, we
only know that the expectation values are determined by the hierarchy equations and by
the initial state: Any further assumption (which is often motivated by a so called “physical
interpretation”) may cause intrinsic contradictions or contradictions to physical laws.

We summarize our results:

Theorem 4:

Consider a purely electronic two-level quantum dot coupled to an unlimited number of pho-
ton modes, as defined by Eqs. (306), (307) and (308) (i.e., the exciting light field vanishes).
Assume (i) that the Coulomb matrix element W fulfills the condition eg+ o —2- W =0

and (ii) that the initial state is the vacuum state. Then, the following relations are valid for

any t > 0:
Npn(t )] / d3k2amak)\|\1/ —2. / d%Z “' “cosQ-t),  (353)
Npp(t — 00) =2 /d?’kz |M“l (354)
(eTe)(t — 00) = (W h)(t — 00) = (e"hThe)(t — o0) = (355)
_ % . (1 — exp ( /d%z |M’“|2>>
(e () = 0. (356)

My, denotes the particle-photon coupling function.
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VII. GENERAL RELATIONSHIP BETWEEN THE FULLY QUANTIZED AND
THE SEMICLASSICAL LIGHT-MATTER INTERACTION OPERATOR.

FURTHER CONCLUSIONS

We have already emphasized that the standard particle-photon interaction operator does
not fulfill the basic condition of solid state physics that the vacuum state has to be an eigen-
state of the complete Hamiltonian, if the exciting light-field vanishes. Apart from trivial
cases, this observation leads to the conclusion that the ground state of the standard Hamil-
tonian contains, in general, electrons, holes and photons. Moreover, dynamical vacuum fluc-
tuations of the quantized electromagnetic field do appear, if the initial state |U (¢t = 0)) = |0)
is chosen. According to a basic physical experience, however, dynamical vacuum fluctuations
do not exist! It is therefore necessary to replace the standard interaction operator by another
one.

In this section, we shall not discuss possible alternative approaches in detail. Instead, it
proves useful to analyze the general relationship between the fully quantized and the semi-
classical light-matter interaction operator in advance. To do so, we introduce at first the

general particle-photon interaction operator
Vg = > A EH, (357)

where A, are purely photonic operator sequences in normal order. We assume that any

electron-hole operator sequence EH, fulfills the condition
(0|EH,|0) =0 . (358)

We proceed as follows:
(i) The coupling of the electron-hole system to the classical exciting light field can be

described by an interaction operator of general type

Vens(t) = 3 Sin(t) - FGry 3 (0[P G,y |0) =0, (359)
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where FG,, are electron-hole operator sequences in normal order. In order to demonstrate
this, we start from the general expression Vous(t) = 3, Sm(t) - oI, and split oI, into
DTy, = fim - 1+ FGo, (0| FG,|0) = 0. For physical reasons, we require (0|Vang(t)[0) = 0.
This finishes our proof.

(ii) Now, let I be an arbitrary operator of the electron-hole system. Under these circum-
stances, the Heisenberg equation of motion leads to the expectation values

(Ve 1]) = 22 (As | BRL, 1] (300)

n

and

(Vars: 1]} = 3 ,(0) - ([ 1] (361)
Performing the semiclassical limit in Eq. (360), we obtain
(Vo 1) ~ S48 (B ]y 0

Because of the fact that the expressions (361) and (362) must contain the same basic physics,

we conclude (without loss of generality) that

\EH,, 1| = [FG,, 1| (363)
and
\EH, - FG,, 1| =0 (364)

must be true. We remark that the electron-hole operator I in Eq. (364) can be chosen

arbitrarily; consequently, we have
EH, - FG, =)\, -1. (365)

By taking vacuum expectation values, we obtain, in combination with Egs. (358) and (359),

A, = 0 and
‘/ehp == ZAnEﬁn 5 %hS(ﬂ = Z Sn<t> . EHn s (366)
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i.e., the electronic parts of the interaction operators V.5, and V.us(t) have the same mathe-
matical structure.

We summarize our results:

Theorem 5:

Consider an electron-hole system, interacting with phonons and photons. Let Vo,s(t) be
the semiclassical light-matter interaction operator. Assume that the electronic constituents

of the particle-photon interaction operator

Vg = > A EH, (367)
fulfill the condition
(0|EH,|0) =0 . (368)

Then, the electronic parts of the interaction operators Vep, and Veps(t) have the same

mathematical structure:

‘/eh5<t> = Z Sn@) -EH, . (369)

n

After these preparations, we now consider a particle-photon interaction operator V.,

which is represented by a functional form of the vector potential A(r) and the electronic

field operators W (r), ¥(r):

Viw =3 B (370)
m=1

E, = (371)

. .Aym(lvl)(’rum(Ll)) .. 'AVm(l,j)(rum(Lj)) .. .Aym(lvm)(’rum(Lm)) et

S

o) (Tam @) -+ A0 T 09)) -+ Avn @) (T @m)) -+ +

1 C
s

U, denotes the (linear) “operator environment” of the [—th constituent of F,.. Our basic

assumption is that photonic operators do only appear in fl(r) The electronic field operators
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are contained in UJ,,;. The functions v,,(l,7) and pu,,(l,j) decribe the distribution of the
indices v and u for a fixed functional form F,,. Any constituent of £, contains exactly m
expressions of type fly(ru).

~ ~ ~

According to Eqs. (7) and (8), the vector potential A(r) = (A;(r), Ay(r), As(r)) reads

as follows:
_ / kS Bin (1) ags + / PES" Bl (1) afy | (372)
A A
(v) Zk r h
Bk)\,,<7“) = Gk Ekx G = 5. (271')3 o - Qk . (373)

For the following part of our considerations, it proves useful to introduce the abbrevia-

tions
(1) . lkr
Bk)\z/<r> = Bk)\,,< ) Gk 8 (374)
B® — B G —ik-r 375
o (1) = Biy, (1) = Gy 5k,\ e (375)
and
al) == ap, al?) = ai, . (376)

Making use of these definitions, we obtain

/ &k Z B (r) a . (377)

In view of Eq. (371), we now introduce the expansions
AVm(lJ)<THm ©.5) /dgk Z iilj,\ jvm (L7) T“m(lvj)) agfzj/zj : (378)
1;=1
We emphasize that the indices i, k, A are labelled only by the column index j. A combination
of Egs. (371) and (378) leads to the result

-/ d3k;1 [k Sy Z B ) g (379)

Am t1=1 m

82



where
£ (i1 eim)
EHigll,\l..J.kj,\j...kmAm = (380)

(41) (i5) (im)
U e kll)\lum(l,l) <Tﬂm(171)) e Bkjj)\jl/m(l, i) <Tﬂm(17j)> te Bkm)\mum(l,m) (Tum(l,m)> St

N

(i1) (45) (im)
U- e Bkll,\lum(l,n("’um(l,l)) s Bk; jl/m(l,j)<rﬂm(l7j)) s Bkm,\mum(l,m) (Tﬂm(l7m)) St

Note that EH, ,glll)\lz",;)m »,, does not contain photonic operators. The symbol :...:in Eq. (379)
denotes normal order. We remark that (J,,; does neither act on (7, k, A) nor on a,(f/)\.
So far the representation of V., is quite general. However, if we are concerned with

a physical theory, we have to require that at least the following symmetry conditions are

fulfilled:
A 7r(1..1) A (Ll A 7r(2..2) A (2.2
EnglAl...kmAm = EH](D(kl))\l...km)\m) ) EnglAl...kmAm = EH](D(kl))\l...km)\m) : (381)

Here, P(kiAy ... knAy) denotes an arbitrary permutation of the indices (k1A1) ... (kmAm)-
It is needless to emphasize that condition (381) is due to the Bose character of the photons.

In the absence of an external light field, the vacuum state |0) has to be an eigenstate of
the Hamiltonian under consideration. As usual, it is understood that any eigenvalue of |0)

is equal to zero; consequently,

0= Viny|0) = (382)
oo 2 2 . . . .

=Y (@Y [ @RS Y BAGET el 10 =
el N Am i1=1  im=1

N (2.2
=3 [ [ R BAED 0 b, i, 10)
m=1 A Am

is true.
Now, let (qipt1 - .. gnttn) be a fixed configuration of g—vectors and py—indices. From Eq.

(382), we obtain immediately
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0= [&1 Y [y
A1 An
(2.2
<0Ph0t~‘aq1ﬂl et a(In/an azl)\l et azn)\n ‘OPhot_> ’ EH]gl)\l.?.kn)\n |06h> =

= 3 EHZ ,\ 0a) - (383)

k1>\1~~~kn>\n:P(q1/J«1 qn,ufn)

Making use of the symmetry condition (381), we conclude from Eq. (383) that

EHZ2  0,) =0 (384)

q141---gnin

is valid, too.

In a next step, we consider an expression of type EH ,ﬁﬁ;fkjf;jkm x,, and replace k; — —k;
for a fixed index j (1 < j < m). We remark that k; does only appear in the expressions
B,(;))\jym(l,j)(rum(l,j)),l > 1 (see Eq. (380) again). From Eqs. (374) and (375), we obtain, in

combination with the formula

o= (=D e, (385)
the relations
B(flz:j)\jum(l,j)(rﬂm(hj)) = (=Y Big),\jum(l,j)("’um(m)) foranyl>1 (386)
and
Eﬁlgzllx\fjigz\]km,\m = (_1))\j ) Eﬁlgilx'i'.l.:éjmj...km,\m ) (387)

ie, (...2...) is replaced by (...1...) and —k; is replaced by k;. From Eq. (384), we thus

conclude that

EH{ ) L 0e) =0 (388)

q1p1---Gnfn

is valid for an arbitrary configuration (i;...4,). Consequently, the complete interaction

operator V., reads as follows:
Vg = > A, EH, with  EH,[0)=0. (389)
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Roughly speaking, Eq. (389) tells us that the particle operators EH, are of density type.

We summarize our last result:

Theorem 6:

Consider an electron-hole system, interacting with phonons and photons. Assume (1) that
the particle-photon interaction operator Veny, 15 a functional form of the vector potential A(r)
and the electronic field operators Ut (r), U(r) (see Eq. (370)) and (ii) that the vacuum state
s an eigenstate of the Hamiltonian under consideration, if the exciting light field vanishes
(as usual, it is understood that any eigenvalue of |0) is equal to zero). Then, V., has the

structure
Vo =S A EH,  with  EH,|0)=0. (390)

In view of Theorems 5 and 6 from above, it is now a simple task to derive one of our
most important results. To do so, we assume that conditions (i) and (ii) of Theorem 6 are
fulfilled. Under these circumstances, the particle-photon interaction operator V.p, has the

structure
Vg = > A EH, with  EH,|0)=0. (391)

From Eq. (391), we conclude that Theorem & can be applied; consequently, the electronic

parts of the interaction operators Vp, and V.,s(t) have the same mathematical structure:
Vins(t) = Y Su(t) - EH,, . (392)
n
In a last step, we assume that the initial state is the vacuum state:

[W(t=0))=10). (393)

[W(t)) = 10) (394)

is the solution of the time-dependent Schrodinger equation. Consequently, neither a change

of the particle numbers nor an emission of photons is possible under these circumstances.
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Theorem 7:

Consider an electron-hole system, interacting with phonons and photons. Assume (1) that
the particle-photon interaction operator Veny 15 a functional form of the vector potential A(r)
and the electronic field operators Ut (r), U(r) (see Eq. (370)) and (ii) that the vacuum state
s an eigenstate of the Hamiltonian under consideration, if the exciting light field vanishes

(as usual, it is understood that any eigenvalue of |0) is equal to zero). Choose the initial

state |V (t = 0)) = |0). Then, the relation
[W(t)) =10) (395)

is true for any t > 0.

We add four comments:

(i) Apart from the symmetry conditions (381), the details of the mathematical structure
of the functional form £, in Eq. (371) are unimportant. Consequently, it is essentially the
Bose character of the photons which leads to our basic result in Theorem 7. However, we
have to emphasize again that the following condition has to be fulfilled: Photonic operators
do only appear in 121(7“) This condition is violated, if further bosonic field operators due
to the quantized electromagnetic field are contained in E, (as an important example, we
mention the so-called “time derivative” of A(r)). In Theorem 7, the existence of further
Bose fields is excluded by the requirement that the particle-photon interaction operator Vep,
does only contain the vector potential A(r) and the electronic field operators ¥ (1), ¥(r).

(ii) The essential physical statement of Theorem 7 can be summarized as follows: If we
start from the initial state |¥(¢ = 0)) = |0), a non-trivial time evolution is possible only if
the quantum-field theoretical Hamiltonian under consideration leads to dynamical vacuum
fluctuations.

(iii) The reader will verify by a careful inspection that the proofs for Theorem 5 and
Theorem 6 remain valid, if the light-matter interaction depends on further non-photonic
field operators. In view of condition (i) of Theorem 7, it is therefore sufficient to require

that - apart from the vector potential 121(7’) - only non-photonic field operators do appear in
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the matter-photon interaction operator V..

(iv) A final remark is concerned with the so-called rotating wave approximation. Here,
the corresponding Hamiltonian H can not be represented by a functional form of the vector
potential A(r) and the electronic field operators Ut(r), ¥(r), i.e., H is not a quantum-
field theoretical Hamiltonian; consequently, Theorem 7 can not be applied (condition (i) is

violated).

A. Introduction of photonic densities

Our previous investigations are based on a particle-photon interaction operator V.,
which is represented by the functional form (370) of the vector potential A(r) and the
electronic field operators U+ (r), U(r). As has been demonstrated above, condition (i) of
Theorem 6 leads to the conclusion that the electronic parts of Vi, have to be of density
type.

Although the interaction operator V;j, from above is quite general, it does not contain,

for example, the Bose field
Br) = [@F 3 Ba(r) - (=i%) i + [ kY Bis(r) i - aiy (396)
A A

which is the so-called “time derivative” of A(r). By a suitable combination of A(r), B(r)

and further Bose fields, it may be possible to create an interaction operator of type
Vg = > A EH, with  A,|0)=0. (397)

In the following part of our considerations, we take Eq. (397) for granted and discuss the

question whether V., leads to a realistic model or not. Obviously, the complete Hamiltonian
H(t) = Ho + Vars(t) =t Hag + [ d% 3" hOuaisan + Vo + Vans (1) (398)
A

fulfills the condition Hy|0) = 0, provided that the vacuum state is an eigenstate of Hy; (H
corresponds to the particle-phonon system). Consequently, the statement Eﬁn|0) =01is-

in general - no longer valid.
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We proceed as follows:

First of all, it proves useful to introduce the time-dependent operator

N

O(t) :== Hpp + Veps(t) . (399)
We are going to analyze the solution |¥(¢)) of the Schréodinger equation

L, 0 A

iho, [¥(1)) = O)[T(t)) (400)
under the initial conditon

|U(t =0)) = EHP|0) , (401)

where EHP is a particle-phonon operator sequence. We remark that both the initial state
|U(t = 0)) as well as the operator O(t) itself are restricted to the particle-phonon subspace;
consequently, the same statement is true for the solution |¥(t)) of Egs. (400) and (401). We

thus obtain
al () = 0 A, U(1)) =0 (102)
and therefore
O()[¥(t)) = H(1)| (1)) , (403)
i.e., |W(t)) is the solution of the time-dependent Schrédinger equation
L 0
iho, [2(1)) = H{)[P(0)) , (404)

too.

So we conclude that a non-trivial time evolution of |¥(#)) is in fact possible, if we use a
particle-photon interaction operator of type (397) which violates condition (i) of Theorem
7. Surprisingly enough, however, it turns out that the photon number is just a constant:

From Eq. (402), we obtain immediately
@O [ kY el (1) =0 (405)
A
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We should emphasize that the validity of Eq. (405) has only been demonstrated for a subset
of initial states (see Eq. (401) again). In other words: If condition (397) is fulfilled, the
photon number is - in general - not a constant of motion.

Eq. (405) can be extended to an arbitrary photonic operator sequence A which is in

normal order and does not contain a constituent ~ 1p;,.;
(U()AI (1)) = (Ophor| (e n phon. (DAY b phon. (£))[0phor.) =0 - (4006)

We summarize our last result:

Theorem §:

Consider an electron-hole system, interacting with phonons and photons. Assume that
any photonic constituent A, of the particle-photon interaction operator Ven, = >, A,FH,
fulfills the condition A,|0) = 0. Choose the initial state |¥(t = 0)) = EHP|0), where

Eﬁ[ﬁ\@ is an element of the particle-phonon subspace. Then, the relation
(U(t)|A[¥ (1)) =0 (407)

1s true for anyt > 0, zfA 1s a purely photonic operator sequence in normal order which does

not contain a constituent ~ Lpp; -

VIII. GENERAL PARTICLE-PHOTON INTERACTION OPERATOR OF

PRODUCT TYPE

In our next section, we are concerned again with an electron-hole system, interacting
with phonons and photons. The particle-photon interaction operator V., is chosen to be of

product type:
Veny = A~ EH ; (408)

here, A denotes the photonic part and FH is an electron-hole operator sequence in normal
order.

Our complete Hamiltonian H reads as follows:
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H(t) = Hy + / kS B%afyas + Vi + Vs (1) | (409)
A
H,; corresponds to the particle-phonon system and fulfills the condition
Hy|0)=0. (410)
We assume that the initial state is the vacuum state:
[W(t =0)) =10). (411)

In order to proceed, we are now going to analyze two different cases:

A. First case: A|0) =0

Here, we introduce the operator

O(t) := Hy + Vs (t) . (412)
We remark that the solution |W¥(¢)) of the time-dependent Schrodinger equation

L0 A
iho,[¥(1)) = O)[T(t)) (413)

under the initial condition (411) is restricted to the particle-phonon subspace. According to

our assumption from above (A|0) = 0), we thus obtain

O(t)|w(1)) = H(B)| V(1) , (414)
i.e., |¥(t)) is the solution of the time-dependent Schrédinger equation

L 0

tho [9(t)) = HOL()) , (415)
too. Moreover,

(W) [ kY aianlw(n) =0 (416)
A

is true for any ¢t > 0. In view of Eq. (416), we should emphasize that the photon number

([ A3k, afyarn)(t) is, in general, not a constant of motion.
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B. Second case: A|0) # 0

If the vacuum state |0) is not an eigenstate of A, any constituent of the operator sequence
EH must contain at least one annihilation operator of the electron-hole system, the reason
being that the vacuum state has to be an eigenstate of the complete Hamiltonian, if the

exciting light field vanishes. Consequently,
EH|0) =0 (417)

is true. According to Theorem &5 in section VII, the electronic constituents of the inter-
action operators V.p, and Vgpg(t) must have the same mathematical structure under these

circumstances:

A A

Vip = A-EH | Vs(t) = S(t)- EH . (418)
In view of Egs. (417) and (418), we thus conclude that
[W(t) = 10) (419)

is the solution of the time-dependent Schrodinger equation, i.e., Eq. (416) remains valid.

We summarize our results:

Theorem 9:

Consider an electron-hole system, interacting with phonons and photons. Assume (i)
that the vacuum state is an eigenstate of the complete Hamiltonian, if the exciting light
field vanishes (as usual, it is understood that any eigenvalue of |0) is equal to zero) and
(i) that the particle-photon interaction operator is of product type. Choose the initial state
|W(t =0)) =10). Then, the relation

we) [ P Y aba V(1) =0 (420)

1s true for any t > 0.
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IX. ANALYSIS OF A PURELY ELECTRONIC TWO-LEVEL QUANTUM DOT
COUPLED TO THE QUANTIZED ELECTROMAGNETIC FIELD IN THE

FRAMEWORK OF AN EXTENDED MODEL HAMILTONIAN

Our previous investigations are essentially based on the particle-photon interaction op-
erators V) and V, (defined by Egs. (9) and (11)), where only interband transitions have
been taken into account. Here, the coupling of the electron-hole system to the quantized

electromagnetic field is characterized by operator products of polarization type:

Vit Va=Y An-efhf + 3T AL - hen (421)
where
A = / PES Uppaior - s + / P S Vor - 0y + (422)
A A
+ / &Pk / EE S P - apaaioy + / &Pk / EES Quunao - Gty +
%Y ¥Y,
+ [ @ [ K S Rumspors - afraix
AN

Strictly speaking, however, the complete interaction operator

V= / &b (r) <_% LA p+ ew(r)) U(r) (423)

2m

leads to further contributions which are not contained in Eq. (421); these contributions are
characterized by operator products of density type and may change some of our analytical
results obtained in sections III, IV, V and VI. In the following part of our considerations,

we are going to analyze this problem in more detail.

A. Two-level quantum dot coupled to a single photon mode
In a first step, we consider an extended version of Hamiltonian (140) in section IV:
H=H +H,, (424)

where
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H =¢cy-eetpo-hTh—2-W". eThthe, (425)

Hy =hQ-a%a+ Ve, (426)
and
Ve = (e" +h) (M-a+ M -a") (e+h") . (427)

Making use of the basic rule of quantum field theory that any operator sequence has to be in

normal order, the particle-photon interaction operator V., reads as follows:
Venp = (M ca+ M*- a+) (eJrffL +he +ete— h+h) . (428)
In view of the additional contribution e*e — h*th in Eq. (428), we first remark that
<e+e - h+h) le:) = Qi - |es) (429)
is true; here, the eigenvalues @); are defined as follows:
Qi=0,Q:=1,0Q3=-1,0Q4,4=0. (430)

From Egs. (429) and (430), we obtain, in combination with our previous result (149) and

(150),
Hyle)|®p) = (hQ2-ata+ R - (M -a+ M -a")) |e)|®p) , (431)
where now
Ri=1,R=1,R3=—-1, Ry=-1. (432)
As before, we introduce the additional condition
go+wo—2-Wh=0 (433)
for the Coulomb matrix element WW*¢"; consequently, the eigenvalue equation

Hile)|®p) = E; - |es)|p) (434)
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remains valid, where
E1:07E2:50’E3:¢0’E~4:0_ (435)

A comparison of Egs. (431) and (434) with Egs. (149) and (152) in section IV demonstrates
immediately that the eigenstates and the energy spectrum of Hamiltonian (424) can be

obtained from Eqs. (154) and (157) by the replacement
P2—>17P3H—1. (436)

As an example, we mention the energy spectrum FEj,:

. M - P
f— - —_— . 2 . .= 4
Ein = Ei+ (n—|wl?) - b, 7 1= RE (437)
Because of |P;| = 1, we obtain from Eq. (437):
: | M
By = Ej+n-hQ— 120 438
+n _ (438)

i.e., the energy eigenvalues Fs, and Ej3, now have an additional photon shift. It should be
emphasized, however, that this additional shift has no influence on the ground-state energy

EQZ

M
he)

Ey = Eyg = Ly = — (439)

Turning to the time evolution of the system under consideration, we now choose the initial

state

W (t=0))=10). (440)

From Eq. (177), we conclude that ¢y, = c3, = 0 is true, i.e., only the expressions for i = 1,4
do appear in Eq. (178). Here, it is important to realize again that the constants P, and P,
do not change their values. Consequently, we obtain the same solution |¥(t)) as before, and

Theorem 2 remains valid.
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B. Two-level quantum dot coupled to a single photon mode in the presence of an

external light field

The extended version of Hamiltonian (242) in section V reads as follows:

H = Hy+ Veps(t) , (441)
where
HO - H1 -+ H2 5 (442)
H =¢cy-eetpo-hTh—2-W". eThthe, (443)
Hy =hQ-ata+ (M ca+ M*- a+) (e+h+ +he+ete— h+h) : (444)

According to Theorem & in section VII, the mathematical structure of the semiclassical
light-matter interaction operator V.,s(t) is determined by the particle-photon interaction

operator V., in Eq. (444):
Vars(t) = S(t) - (¢"h* + he + ete — h*h) . (445)

As before, analytical results are available at least for a specific choice of the Coulomb matrix

element Wb

cotpo—2-W=0. (446)
If condition (446) is fulfilled, the eigenvalue equation

Ho|Vin) = Eip - [Vin) (447)

is true, provided that the constants P, and Pj in Eqs. (154) and (157) are replaced by 1
and —1, respectively.

Turning to the solution
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W) =33 en(t) - [U) (448)

i=1 n=0
of the time-dependent Schrodinger equation, we obtain by a straightforward calculation the

relation

; t
Cin(t) = n(0) - exp (—% - (Em~t+PZ-~ / S(T)dT)) , (449)
0
where now
P1:17P2:1,P3:—1,P4:—1. (450)

Again, the constants Py and Py do not change their values. Because of the fact that S(t) is

a real number for any ¢, we obtain additionally
|cin(t)] = [cin(0)] (451)
and therefore
(W ()| HolW(t)) = (U(0)[Ho[¥(0)) , (452)

i.e., our previous result (257) remains valid. It is needless to emphasize that we can proceed
along the same lines as in section V.C to demonstrate that the optical absorption spectrum
A(w) of the particle-photon system is equal to zero: A(w) = 0.

Now, we choose again the initial state
[W(t=0)) = cio [W10) + cao - [Vao) , [erol* + |eao]” =1, (453)

i.e., a superposition of those eigenstates which belong to the ground-state energy Fy. From
Eqgs. (448) and (449), we conclude that co,(t) = c3,(t) = 0 is true under these circum-
stances, i.e., only the expressions for i = 1,4 do appear on the right-hand side of Eq. (448).
Consequently, we obtain the same solution |¥(¢)) as before, and Theorem 3 remains valid,

too.
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C. Two-level quantum dot coupled to an unlimited number of photon modes

Here, the model Hamiltonian (306) from section VI should be replaced by the Hamilto-

nian
H=H +H, (454)
where
Hi=¢cy-ete+py-hTh—2- W . eThThe , (455)
Hy = / kS B, - atyaps + Vi (456)
)
and

Venp = (€+ + h) /d3kz (Mm capa + M - a;ﬁ\) (e + h*) —
A
— /d?’kz (Mk)\ “apx + My, - aﬁ) : (e*hjL +he+ete— h*h) . (457)
A
Under the additional condition
g0+ @o—2-Wh=0 (458)

for the Coulomb matrix element W¢", the eigenstates and the energy spectrum of Hamilto-

nian (454) can be obtained from Egs. (311) and (313) in section VI by the replacement
P2—>]_,P3—>—]_, (459)

i.e., the constants Py and P, do not change their values.

Turning to the dynamical vacuum fluctuations, we conclude from Eq. (323) that only
the expressions for i = 1,4 do appear in Eq. (321). Consequently, the time evolution of
the system under consideration is determined by the same solution |V(¢)) as before, and

Theorem 4 remains valid.
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D. Analysis of the standard approximation (hea) =0

Last but not least, we are going to analyze the standard approximation (hea) = 0 in the

framework of the extended model Hamiltonian (424):

A

H=H+hQ-a'at+ (M-a+ M -a")R, (460)
where
R:=etht + he+ete—hth. (461)
In a first step, we obtain by a straightforward calculation the basic commutation relation

[H,E(a*)'a’] = [Hy, E)(a™)'d + (i — j) - hQ - E(a¥)'a + (462)
+i-M-RE(a™)" '/ —j - M*- ER(a")'a?" +

+[R, E)(M - (a¥)'a’™ + M* - (a7)F 1) .

As before,

A

E=FE(ee hh") (463)

is a functional form of the electron and hole operators e, e™ and h, h*, respectively.

Introducing the further abbreviation

P:=e"h" +he, (464)
the useful relations
(efe—h*h)P=0, P(ete—h"h) =0, (465)
RP = P? PR = P? (466)
and
RP" = P"*' | P"R=P"" pn>1 (467)



are immediately derived. From Eqgs. (98) and (465), we obtain additionally
RP=1. (468)

A combination of Eqs. (462) and (466)-(468) leads to the commutation relations

[H,a*a} =M -Ra— M*- Ra™, (469)
|H, Ra| = [Hy,R]a—hQ- Ra— M" (470)
|H, Pa| = [Hy, Pla—hQ- Pa— M* - P* (471)
and
\H,P?| = [H,,P’| =0. (472)

A

Because of [Hy,ete — hth] = 0, we may replace [Hy, R] — [Hy, P] in Eq. (470). From Egs.

(469)-(472), we thus obtain the following equations of motion:

%<a+a> - % .M - (Ra) — % - M* - (Rat) | (473)
2(1%)——i hQ <R>—i M* + (474)
o T T Y0 |
+% (oo —2- WY (eFhta) + % (=20 — o+ 2- W) - (hea)
2<15 ) = L (Pa) — LY (P?) + (475)
o T h Y0
+% : (80 + Yo — 2. Weh) . <e+h+a> + - (—Eo — @0 +2- Weh) . <hea>
and
o .
—(P?) =0. 476
8t< ) (476)
Again, we introduce the initial state
‘\I/(t = 0)> = Qg - ‘O> + Qo - €+|0> + asg - h+|0> + oy - €+h+|0> s (477)
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where
|aa]? + [o2l? + |as|® + |au|* = 1 (478)
under these circumstances, the solution of Eq. (476) reads as follows:
(P(t) = lonf* +Jaul” =1 — ool — Jas* = 1 - K . (479)
Making use of the abbreviation
y = (Ra) = (Pa) , (480)
we conclude from Eqs. (474), (475) and (479) that
dy

i
Qe —~ MK 481
= iy~ (481)

is true. Because of y(t = 0) = 0, we thus obtain

y(t) = (Ra) — (Pa) = ;‘fQ K -exp (=i - t) — ;‘fQ

K. (482)

~

Obviously, we can use Eq. (482) to eliminate the expectation values (Ra) and (Ra*) from
Eq. (473):

0 (ot ! Pay L i
h

~ M
M*~(Pa+)—|—2-|

o K -sinQt . (483)

So far everything is exact. Now, we introduce the approximation
(hea) =0 . (484)

From Eq. (475), we conclude that the expectation value (Pa) fulfills the equation

0, - i

5 (Pa) =+ (60 +pg—2- Weh — m) - (Pa) — % - M* - (P?) (485)

under these circumstances.

In a last step, we choose

Q:QE = . <€0+()00—2'W6h) s (486)

SEES
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i.e., the photon energy is equal to the (unrenormalized) excitonic energy. A combination of
Eqgs. (479), (483), (485) and (486) leads to the final result
| M?

M M)?
(a*a)(t) = -(|a1|2+|a4|2)-t2+2-%2é2-(|a2|2+|a3|2)-(1—cos§2t). (487)

If, for example, ay is different from zero, the photon number (a*a)(t) is dominated again
by an expression ~ t2.

We summarize our last result:

Theorem 10:

Consider a purely electronic two-level quantum dot model, as defined by Eqs. (425), (460)
and (461) with Q = Qg. Choose the initial state

[U(t=0))=a;-[0) +ay-e"|0) +az-hT|0) +as-eTht|0) . (488)

Then, the relation

| M

(@ta)(t) = 220 (o + o) 2 + 2 1o

2 (Jaa|* 4 as|?) - (1 — cos Q) (489)

is true, if the approzimation (hea) = 0 is introduced (see text for details). The constant M

15 the particle-photon coupling constant.

X. DYNAMICAL VACUUM FLUCTUATIONS OF A PURE ELECTRON-HOLE

SYSTEM DUE TO THE COULOMB INTERACTION

A. General remarks

We have already seen that the standard coupling of the electron-hole system to the
quantized electromagnetic field exhibits a serious and fundamental difficulty, the reason
being that constant source terms do appear in the equations of motion for a specific class of
expectation values. In order to get an idea of the origin of these constant source terms, it is
important to realize the basic fact that the problem of dynamical vacuum fluctuations is by

no means restricted to the standard particle-photon interaction operator. If - in the absence
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of any external perturbation - the vacuum state |0) is not an eigenstate of the underlying
Hamiltonian H, the existence of constant source terms is obviously a necessary feature of
the quantum-field theoretical hierarchy equations.

As a further and quiet important example, we mention the Coulomb interaction between
electrons and holes in a purely electronic system. Here, the standard interaction operator

Veoour. Teads as follows:
Veou. = /d3'r’/d3r' ‘iﬁ(’r’) i’*(r') Vir—r') ‘il(r') \il('r) : (490)

As usual, the symbol : ... :in Eq. (490) denotes normal order (here, we refer additionally
to Ref.!8); moreover, V(r — r’) is the two-particle potential.

Introducing the exact band structure expansions

\iﬁ(r) = Z Uy (r)-ef + Z Dy (1) - hany (491)
Uy =30 () el 4308 (1) By (492)

no m2
(') =3 Wy (') - €y + Y oy (') - B, (493)

n3 m3

and

U(r) =" U (r) eny + Y Py (r) - B, (494)

n4 ma

into Eq. (490), it is immediately seen that the existence of a constant source term at least

in one equation of motion is due to the constituents of type

et el nt ht (495)

n

provided that the sum of these expressions is different from zero. According to the anticom-
mutation relations for Fermi operators, an expression of type (495) can never appear in a
two-level system. In order to obtain dynamical vacuum fluctuations in a pure electron-hole

system, it is therefore necessary to choose an N-level system with N > 3.
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In the following part of our considerations, we denote the sum of the expressions of type

(495) by V. From Eqs. (490) - (494), we obtain immediately:

V= > Wk el el bbb (496)
where
Wit o= [ [ Vi =) W) - Wi (r) - B (1) - (1) (497)

If on the right-hand side of Eq. (496) the condition n = n’ or m = m/ is fulfilled, the

corresponding contribution vanishes; consequently, we may replace

nn’ n<n’
and
Z By — Z Bt + Boim) (499)
m<m/

From Eqs. (496) and (497), we thus obtain

=D D Viwwwm 6 €l Bt (500)

n<n’ m<m/

here, we have introduced the abbreviation

veh

nn'm/m

Weehh o Weehh + Wslehh Wee}lh . (501)

nn/m’'m n'nm’m nmm/ nn/mm’

According to the Fermi character of electrons and holes, we must now require that the

Coulomb matrix elements W, satisfy the anti-symmetry conditions

Weehh — _Weehh Weehh — Weehh ) (502)

nn'm’'m n/nm’'m nn'm’'m nn'mm/

These physical conditions ensure that the complete expressions (Coulomb matriz element
times operator) in Eq. (496) remain unchanged, if (nn') is replaced by (n'n) or (m'm) is

replaced by (mm/). 4

4If we introduce the exact band structure expansion into Eq. (490), the theory describes physical

electrons and physical holes. It is well known that these particles are identical.
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From a strictly mathematical point of view, condition (502) is not obvious. It is in fact
the ezact band structure expansion (491) - (494) which must deliver these important anti-
symmetry conditions. For this reason, Eq. (502) does also provide an important check for
the validity of the well-known enveloppe approximation.

A combination of Egs. (501) and (502) gives immediately

Viewimim = 4 Wi (503)

nn/m’'m nn/m’'m

In the following part of our considerations, we shall not use the complete quantum-field
theoretical expression Vi, (as defined by Eq. (490)); instead, we shall restrict ourselves to

a simplified model which is defined by the interaction operator

Vo =W Wwee  Whe v 4 vt (504)
where
Weh = —2. S Wk el bt Ry e (505)
Wee = S W ek el en en, (506)
ninanana
and
Whh .= mm%m Wi s P o Bang Ty (507)

Direct inspection of Eqs. (4) and (505)-(507) shows that the interaction operator We" +
Wee 4 Whh agrees formally with the Coulomb interaction operator introduced in Eq. (4).
However, we emphasize again that the Coulomb matrix elements We* We and W"" are
now determined by the ezact band structure expansion (491) - (494); for this reason, the

matrix elements W and W have to fulfill the anti-symmetry conditions

W@e — _W@e W@e — _W@e (508)

ninansng nanin3ng ninNan3ng n1N2M4N3

and
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Whh — _Whh Whh — _Whh ) (509)

mima2ms3mayg m2Mmi1msamsq mimamsamaqg m1momaqams

In the framework of our simplified model, the complete Hamiltonian H thus reads as follows:

H = ane:; en + Zcpmh; o + Vo (510)

Before going on, we should emphasize that the anti-symmetry conditions (502), (508) and
(509) are not essential for the following part of our considerations. However, it is quiet
convenient to use them, the reason being that various mathematical expressions can be

simplified considerably.

B. Analysis of a three-level system: Analytical solutions I.

We are now going to analyze a purely electronic three-level system (as defined by Eq.

(510)) in more detail. Here, the possible values of the indices n and m are given by
n=1,2 and m=1,2. (511)

As far as the time evolution of the expectation values of interest is concerned, it is important
to gain some insight into possible mathematical structures of exact solutions. For this reason,
we now introduce two additional conditions:

Condition 1:

(‘/16221)* =Vigm =V ; (512)
Condition 2:
g1+ e+ o+ 1+ Croo +4- Wigy +4- Wiy, =0, (513)
where
Chagn = =2~ (WlthQl + Wity + Wi, + W261h12) : (514)

Here, it is understood that the Coulomb matrix elements are independent system parameters.

It is obvious that conditions (512) and (513) do not cover the most general case. However,
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the corresponding analytical solutions (which will be discussed below) may lead to a critical
judgement of, e.g., perturbational approaches to the dynamics of an electron-hole system.

Making use of Egs. (512)-(514), we obtain immediately
Hley) =V -le1) , Hlea) = =V - [e) ; (515)

here, we have introduced the abbreviations

o) = % (10) + ef ef W hF10)) |, lea) = % (10) = et e b BEI0)) . (516)

The knowledge of the two eigenstates |e;) and |es) enables one to analyze the dynamical
vacuum fluctuations of the system under consideration analytically. In fact, if we start from

the initial state
[W(t =0))=10), (517)
the time evolution of the expectation values is determined by the state

|U(t)) = cos (% ~t) -|0) — i -sin (% -t) el es hy hi|0). (518)

The exact solution (518) exhibits a remarkable feature: It does only depend on the com-
bination (coupling times t)! In other words: If the Coulomb matrix element V' is different
from zero, the coupling of the electron-hole system is always strong.

Turning to the expectation values, we obtain from Eq. (518) by a simple calculation the

result

%
(ehen) = (hhhar) = (ehht hasen) = sin? (E - t) . (519)

Direct inspection of Eq. (519) shows that any occupation number of the electron-hole system
is not negative and bounded from above by 1 - as it must be. Furthermore, the maximum
value of the particle numbers is actually 1 - even if V' is arbitrarily small!

As before, the polarization functions (e}{;h};) prove to be an exception: From Eq. (518),

it follows immediately that
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(ki) =0 (520)

is true for arbitrary values of N and M. In combination with relation (519), this equation
is in complete contradiction to our physical expectation.

Last but not least, we mention the expectation value (efe3 hg hi). Here, the time evo-
lution is determined by the equation

(efeshihi) = % - sin (2 : % ~t) : (521)

As far as the latter expectation value is concerned, the physical interpretation that two
electrons and two holes are created in the system under consideration is often used in the
literature. If this interpretation is correct, the absolute value of (efe3hdhi) is expected
to be comparatively small. In the framework of the standard theory, however, Eq. (521)
demonstrates again that such a picture is obviously not correct. This statement is further
supported by the fact that the maximum value of |{efejhihi)| does not depend on the

numerical value of the coupling constant V.

C. Analysis of a three-level system: Analytical solutions II.

Our preceding investigations can be extended considerably. To begin with, we first

introduce the abbreviations

Iny o) = oooef [0) , [my.omy) =Rt R Op) (522)

and

Anynmam = —2- W;:anlm ) (523)
1 o eh eh
B1(11)nm1m2 =2 (an1m1n1 + angmgnl) ) (524)
2 o eh eh
Br(zl)ngmlm =2 (Wnlmmlnl + anmmlng) ) (525)
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Chrsmpmymy = =2+ (Weh +wen +Weh L weh (526)

nimimini nimz2msani na2miming n2m2m2n2) .

Making use of these abbreviations, we obtain by a straightforward calculation the following

equations:
Werny . .ong)my...m) =0, if k=0orl=0, (527)
Weh|n1 )|ma) ZAmnmlm |n)|m) , (528)
W [ny) lmyma) = ;Bfﬁ)nmlmg - [n)[mams) (529)
W ning)my) ZBnanWHm |ning)|m) , (530)
W nany) | mimy) = Cringmyms - |1102)|[mams) ; (531)
(W W) g oni)lm o) =0, if k< Tand <1, (532)
(Wt W) [y o) 21) = 4 W, - [nyoni)|21), if k<1, (533)
(Wee s W) [12) [y o) = 4 Wiy, - [12)[ma . om) , if 1< 1, (534)
(Wee 4 Whh) [12)[21) = (4 Wigy, +4- Wi, ) - [12)21) . (535)

In combination with condition (512) from above, we obtain additionally:

(VAV) ler) =V -Jer) ; (536)

(V+V+) |ny...ng)my...my) =0, (537)

if |ni.oong)ma..omy) #£10) and |ng .. ong)|my.oomy) #(12)]21) ;

~

(VAVH) fea) = =V - Jea) . (538)
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Now, it turns out that Hamiltonian (510) can immediately be diagonalized, if one uses the
preceding condition (513) and if one introduces the following additional condition for the
Coulomb matrix elements We":

Condition 3:

wen =0, if n#n or m#m'. (539)

nmm'n/

In fact, making use of conditions (513) and (539), it follows immediately that the following

eigenvalue equations are true:

Hley) =V -lep), (540)

H|0.)|m1) = oy - [0c)ma) (541)

H(0:)[21) = (02 + 1 + 4- Wi, ) - 0c)[21) (542)

H|na) 0n) = g, - [r1)[0n) (543)

Hlna)|ma) = (en, + oy + Ansmimams) - 1) [ma) (544)
Hm)|21) = (en, + @2 + @1+ By +4- Wikh,) - [n1)[21) | (545)
H|12)(05) = (61 + e +4 - Wi5,) - [12)|04) , (546)
H12)[ma) = (214 &2+ @y + Blgpym, +4- Wis) - [12)[ma) , (547)
Hles) = =V - |es) . (548)

Note that the validity of condition (513) is not affected by condition (539). Furthermore,

the Coulomb matrix element V' does not appear in conditions (513) and (539).
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In the following part of our considerations, V' is chosen to be positive and sufficiently
large; if these conditions are fulfilled, the ground state energy Ey and the ground state |¥g)

are given by
Ey=-V (V>0) (549)
and
[Wo) = lez2) - (550)

It is obvious that the ground state |Wg) is unique under these circumstances. Basic ground-

state expectation values are contained in the following equation:

1
(ToleNen|Wo) = =, (Wo|hi har|Po) = 3 (ToleXhy|Wo) = 0. (551)

| —

D. Analysis of a three-level system: Analytical solutions III.

It is an interesting task to analyze the time evolution of expectation values in the pres-

ence of an external light field. For this purpose, we now introduce the time-dependent

Hamiltonian
H(t) == H + Vens(t) (552)
where
Vers() == Sum(t) - et hf 4+ >S5 (8) - hiney, (553)

describes the coupling of the classical exciting light field to the electron-hole system in

accordance with the standard model. Introducing the abbreviations

M(1) = 5 (Sn(®) + 55(0) + Malt) == 5 - (Sult) = Sa(0) (554
1 : L *
alt) i= < (Sult) = Sl0) , Mlt) = - (Sualt) + S50 (559)
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we obtain by a straightforward calculation the following equations:

Vens(t)lex) = A - [D[1) + Mg - [1)[2) = A5 - [2)[1) + A1 - [2)]2) (556)
Vens(t)le2) = Az - [D[1) + As - [1)[2) + A1 - [2)[1) = A3 [2)]2) (557)
Vens(O)[1)[1) = A7 - lex) + A3 - [ea) (558)
Vens(D)[1)]2) = A5 - lex) + AJ - fea) (559)
Vens(0)[2)[1) = =Xz - |er) + Aa - [ea) (560)
Vens(1)12)]2) = Av - lex) — As - [ea) - (561)

Egs. (556) - (561) demonstrate explicitly that the three-level system under consideration
exhibits a remarkable - and unexpected - feature. In order to illustrate this in more detail,
we now introduce the additional - and by no means unrealistic - Condition 4:

Condition 4 (First alternative):
511 = 552 3 512 = _S>2kl . (562)

Because of the fact that the amplitude of the exciting light field is a real valued function of
t, Eq. (562) contains nothing else but additional conditions for the corresponding transition
matriz elements.

From Eq. (555), we conclude that A3 = 0 and Ay = 0 is true under these circumstances.

Consequently, Eq. (557) yields immediately the simple relation
Vens(t)|ea) =0 . (563)
In a next step, we choose the initial state

[W(t =0)) = [To) = [e2) . (564)
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Turning to the solution of the time-dependent Schrédinger equation
L0
iho [9(t) = H(O[Y(t)) = H[P(?)) + Vers()[ T (1)) , (565)

we thus obtain the surprising result

W(8)) = exp (% Vet Jea) = exp (% Vb)) (566)

i.e., the time evolution of the three-level system under consideration is in fact trivial (pro-
vided that the initial condition (564) is fulfilled).

In a second step, we replace the first version of Condition 4 by the following alternative:

Condition 4 (Second alternative):

(i) Si; is a real valued function for arbitrary indices i, j.

(ii) S12 =0 ; Sy =0.

(i) e1+ o1 = 2- Wiy = e+ 02 = 2- Wi, = E.

From Egs. (554) and (555), we first conclude that Ay = 0 and Ay = 0 is true under these

circumstances. Consequently, if we choose the initial state
[W(t=0)) = [Wo) = le2) (567)
again, the time evolution of the state |¥(¢)) has the general form
[W(t) = cr(t) - |er) + ca(t) - [e2) + du(t) - [1)[1) + da(t) - [2)]2) - (568)

Here, the functions ¢;(t) and d;(t) are determined by the following equations of motion:

ihey =V er+ M - (di +dy) (569)
ihéy = =V - ca+ A3+ (dy — dy) (570)
ihd; =X\ -c1 +Xs-co+ E-dy | (571)
ihdy =X -c1 —Xg-co+ E-dy . (572)
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One realizes immediately that the complete system (569)-(572) can be replaced by the

following one:

ilicy =V 1+ My - (dy + dy) (573)
ih(dy+ds) = 2\er + E- (dy + do) | (574)
ihéy = =V - ot A3+ (dy — dy) (575)
ih(dy — dy) " = 2X300 + E - (dy — da) . (576)

From Egs. (573) and (574), we obtain, in combination with the initial condition (567), the

solutions
c(t)=0 (577)
and
di(t) +dy(t) =0. (578)
Introducing the abbreviations
Ti=cy, y:=2dy, (579)

the last two equations (575) and (576) now read as follows:

ihi=—V 24Xy, (580)

ithy=2\s-z+FE-y. (581)

In the following part of our considerations, we restrict ourselves to a static electric field,
i.e., we choose \3(t) = const. Moreover, we require E + V # 0.

Making use of the definitions
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E+V E+V\?
ho=1 ,fztz\/< ) +2%, (582)

E-V E+V\? E-V E+4+V\?
hwy = +\/( ; )+2)\§,hw2:: 5 —\/( ;r )+2)\§ (583)

and

Z1(t) == (eiml't + e—in-t) , Zg(t) —

5 (et —emtet) (584)

DO —

one obtains by a straightforward calculation the result

olt) = Z(t) — L 2o(t) , da() = 22 Z0(1) (585)

fa f

The time evolution of the state |W(t)) is thus determined by the equation
|U(t)) = —= - ca(t) - [0) + dy(t) - ef hi |0) —di(¢) - e5 hy |0) + (586)
7 ceo(t) - ef eg hd h|0) .

Before going on, we should remark that the functions Z;(t) and Z,(t) fulfill the equations
1ZiOF + 1 Z()] = 1, Zi(t) - Za(t) + Zu(t) - Z5(t) = 0 ; (587)

consequently, the norm of the state |VU(¢)) is given by

(T)|W()) = lea(t)]* + 2 |du(t)]* = (588)
=210 + | Z(t)* - % (Z1() - Za(t) + Zu(1) - Z5(1)) = 1

- as it must be. This basic check confirms that our calculation is in fact correct.

Turning to the occupation numbers of the electron-hole system, one obtains immediately
1
(er en)(t) = (€3 e2)(t) = (b1 ha)(t) = (hy ha)(t) = 5 , (589)

i.e., a change of the particle numbers can not take place under the conditions from above.
Our next result is somewhat strange. For this reason, we decided to write down some
basic steps of the underlying (and by no means difficult) calculation. From Eq. (586), we

first obtain:
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el hi |¥(t) = % ~ep(t) el B [0) —di(t) - ef e5 hy hi |0) (590)
and
(W(t)ley hi |W(t)) = % (3(t) - da(t) + e2(t) - di (1)) (591)

the corresponding results for e5 hi read as follows:

e5 hy [U(t)) = ca(t) €3 hg 0) +da(t) - ef e hg B |0) (592)

ol

and

(W(t)leg hg [(t)) = —\% (e3(t) - di(t) + () - dr (1)) (593)
From a strictly physical point of view, both subsystems (with indices 1 and 2) are equiv-
alent. On the other hand, however, there is a change of sign in Eqgs. (591) and (593) (if
A3 # 0). Although the basic features of the three-level system under consideration are al-
ready indicated by Eqgs. (556)-(561) and (554)-(555), one has to realize that these purely
mathematical properties itself can - of course - never provide a physical explanation for the
observed behaviour.

A combination of Egs. (591), (593), (585), (587) and (584) leads to the result

(ef W) = —(ef hi) = % : 2 <1 — cos 2—;:2 t) . (594)

Under the conditions from above, the time evolution of the semiclassical interaction energy

is thus determined by the equation

2
(U()|Vars ()| W (2)) = —2- A3 - ;1 (1 - cos% -t) : (595)
P
From a strictly physical point of view again, the conclusion A3 = 0 seems to be the only
possibility to avoid the difficulties in connection with the change of sign in Eq. (594). But

this would mean that conditions (i), (ii) and (iii) from above actually imply Sy = S and

therefore |V (t)) = exp ( -V t) |Wo) for arbitrary external fields!
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We summarize our basic results:

Theorem 11:

Consider a purely electronic three-level system, as defined by Eqs. (504) and (510).
Assume that the following conditions are fulfilled:

Condition 1:

(Vighy) = Vihy =V, (596)
Condition 2:
1t ety t+p2+
-2 (Wf{Ln + W162h21 + W261h12 + W262hz2) +4-Wigy +4- W1h2h21 =0. (597)

Statement 1:

If the initial state |V(t = 0)) = |0) is chosen, the following relations are valid for any

t>0:
el en)(t) = (bt ha)(t) = (el hi, hay en)(t) = sin® K~t , 598
N M N 7
[ 1%
RO =0 . (el ef hf B)(E) = -sin <2 o t> . (599)
Statement 2:
Assume additionally that
Condition 3:
weh =0, if n#n or m#mnm (600)

1s fulfilled and that V' is chosen to be positive and sufficiently large. Then, the three-level
system under consideration has a unique ground state |Wo) with energy eigenvalue Ey.In

particular, the following relations are valid:

1
o) = —= - (10) —ef ef b h{]0)) , Ey=—V, (601)

>
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1
(WoleFen|Wo) = (Wo|hi har|Wo) = 3 (WoleR i Wo) = 0. (602)

Statement 3:

Consider now the time-dependent Hamiltonian H(t) := H + Vepg(t), where Vous(t) de-
scribes the coupling of the classical exciting light field to the electron-hole system (see Eq.
(553)). Assume additionally that the transition matriz elements are chosen such that

Condition 4 (First alternative):
Sll == 552 3 512 == —Sékl (603)

is fulfilled. Choose the initial state |¥(t = 0)) = Vo) (ground state). Under these

circumstances, the time evolution of the three-level system under consideration is determined

by
W (8)) = exp (% Vet) ). (604)

Statement 4:

Consider again the time-dependent Hamiltonian H (t) and replace Condition 4 from above
by the following alternative:

Condition 4 (Second alternative):

(1) Sij is a real valued function for arbitrary indices i, j.

(ii) S12 =0 ; Sg =0.

(i) e1+ o1 = 2- Wiy = e+ 02 = 2- Wil = E.

Choose a static electric field and assume E 4+ V # 0. If the initial state is the ground

state again, the following relation is valid for any t > 0:

(e3 hy) = —(ef hf):%% <1—cos%-t> : (605)

Here, the expressions A3, fi and fo are defined by Eqs. (555) and (582).
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XI. THE QUANTUM-FIELD THEORETICAL VACUUM STATE IN THE

PRESENCE OF AN EXTERNAL LIGHT FIELD

Our previous analysis in section IV is restricted to the case S(t) = 0. Here, one of our
most important results was the statement that the particle numbers (e*e)(¢) and (h*h)(t)
are bounded from above by 1/2. At this point, the following question arises: Is it possible
to achieve the maximum value (eTe) = (h*th) = 1 by a suitable choice of E(t)?

Actually, it is an interesting task to determine the time evolution of the expectation

values in the presence of an external light field and under the initial condition
W (t=0))=10). (606)

The underlying Hamiltonian in the extended version of section IX.B reads as follows:

H = Hy+ Veps(t) , (607)
where
Hy=H, + H, , (608)
Hi=¢cy-eetpo-hTh—2-W". eThthe, (609)
Hy =hQ-ata+ (M ca+ M*- a+) (e+h+ + he +ete— h+h) , (610)
Vans(t) = S(t) - (e*h* + he + eTe — h¥h) . (611)

It turns out that the general formula (261) in section V leads to exact analytical results also

for S(t) # 0 provided that the additional condition
g0t o —2- W =0 (612)

is fulfilled; under these circumstances, no further restrictions on the electric field amplitude

E(t) have to be introduced.
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In order to apply Eq. (261), we first remark that Eq. (263) can be replaced by the

relation

B (i, j) = S mlm o) o (t) - Cam(t) (613)

m>0;n>0;m+0>0
(5 =8)" Lo (g =) - ¥ m.m)

In the following part of our considerations, we are going to calculate the time evolution of
the expectation values (Ea')(t). Because of k = 0, we conclude from Eq. (261) that o < 0
is true; consequently, we may replace

> = X D P DD DR DI (U5

m>0;n>0;m+n—o>0 m>0;n>0 m>0;n>0;m+0>0 n>0;m~+o0>0 m>0;m—o>0 m>0

in Egs. (262), (613) and (264). Note that the minimum value of m+¢ in the second relation

in Eq. (614) is equal to zero. From Eqs. (265) and (266), we obtain additionally

(4) _ 1 l NE=4
X 1) = o ()20 (615)
and
@) B 1 DY e
W 1) = e () -0 (616)

We already know that the initial condition (606) leads to the explicit expressions

1 1o\ e

where

= S (618)

According to our previous investigations, the time evolution of the system under considera-

tion is thus determined by the equations

l

c1n(t) = c1,(0) - exp (—% - By, - t) - exp <_ﬁ : /Ot S(T)dT) (619)
and
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) t
can(t) = (=1)" - exp (2 = S(T)dT) Cem(D) . (620)

0

We are now prepared to calculate the expressions
Aot (1, J) + Boio (4, §) — Cois (4, 5) (621)

for (i,7) = (1,4) and (4,7) = (4, 1) (see again Eq. (261)). Introducing the abbreviations

= iexp(—inﬂ-t)'(2'|7| )" i:o e (=)L (4 ) L (622)
Zo(t) : = ioexp (i - t) - (2 . |7|2)n : (623)
1 g\mto 9
mgzom (=) L (4 1)
20 == 3 o (<) (1 1) (624
and
Z(t) :== Zy(t) + Za(t) + Zs(t) (625)

one obtains by a lengthy but straightforward calculation the following results:

Ao (1,4) + By (1,4) — Coip(1,4) = (626)

=5 e (-hE) 200 6+ () 1o o0

—0

(1) e (<202 [Cs(ryar) |

Agis(4,1) + Bos(4,1) — Coip(4,1) = (627)

=5 e (-hR) 200 6+ () 1o o0

- exp <2-%-/0t5(7')d7'> .

In order to calculate Z(t), we have to remember that the minimum value of m + o in Eq.

(623) is in fact zero; consequently,
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- 1 2\™ 7o 2
- Oﬁ-(—lvl) LD, (4+ ]4)
is true. Making use of Egs. (202) and (206) in section IV, the remaining sums can be

performed and our final result for Z(¢) reads as follows:

Z(t) = exp (—MQ) - exp (4~ 1v]? - cos Q2 - t) : (629)

From Egs. (626), (627) and (629), we thus conclude that the first expression on the right-

hand side of Eq. (261) in section V is given by

3o (<5 b= ) 2 (Al ) + Bl ) = Conli ) = (6
= % - (v*) - exp (4- 1Y% - (cos -t — 1)) (1 —exp (—iQ- 1)) -
: ((—1)1 - exp (—2 : % . /OtS(T)dT> - A4 +exp <2 : % . /OtS(T)d7'> . )\41) .

In order to calculate the second expression on the right-hand side of Eq. (261), we use the

relations

(F)7 () = (1) A7t = (631)

and refer additionally to the detailed remarks in section IV. We thus obtain:

k

N 30 Sl o)l i ®) - enlt) - X5 (0, m) = (632)

o=—Iln=0

() At {( DF Ay + )\44} - Y (—1)7 - exp (i0Q2 - ) -

o=-1
HTV= J,O<ﬂ<l 0<v<k M v

SHpHUSV >

DO | =

Note that the latter expression does not depend on the external light field.
From Egs. (630) and (632), the desired expectation value (Fal)(t) is now immediately

obtained:
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(7)) exp (4 [y? - (cos et — 1)) - (1 —exp (—iQ- 1)) - (633)
—1) - exp (—2 . % : /Ot S(T)dT) - A4 + exp (2 . % : /Ot S(T)dT) : )\41) +

() ((—1)l A+ )\44) (1 —exp (—iQ2- 1)) .

Making use of the formula!®

:Zj (Z> ' (p Z k) - S'Té?); Tl (634)

we derive additionally from Eq. (632):

no | (2n)! " cospsl -t
a) " a™ (@) = (|y*) - ( +2-(2n)!- —1)P- 635
((atyrar)e) = () | e 20 Cmt X0 o e (635)
Eq. (635) leads to the surprising result that the photon number
(ata)(t) =2 |y[* (1 —cosQ-t) (636)

does actually not depend on the external light field. On the other hand, however, there are
many other expectation values which depend ezplicitly on E(t). As important examples, we
mention the particle numbers of the electron-hole system, the polarization function and the

photon-assisted expectation values (eth*a)(t) and (hea)(t):

(efe)(t) = (hTh)(t) = (e"hThe)(t) = (637)

= % . (1—exp (4- 7%+ (cosQ -t — 1)) 'COS%'/OtS(T)dT) :
(et hY(t) = % cexp (4 - (cos Q£ — 1) ~sin% - /Ot S(r)dr | (638)
(" hFa)(t) = 5 7" (1 —exp (~if2-1)) (639)

' {1 — &Xp (4‘ 7 - (cos Q- t — 1)) 'COS%'/OtS(T)dT} ,

(hea)(t) = —% (1= exp (=i - 1)) - (640)

: [1+8Xp (4- V]2 - (cos Q- — 1)) -COS%-/OtS(T)dT] .
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From Eqgs. (637) and (638), we obtain, in combination with Eq. (611), the remarkable result
(Vers(t)y =0 foranyt>0. (641)

Because of the fact that (Hy) () is a constant under all circumstances (see again Eq. (452)
in section IX.B), we conclude that there is actually no energy transfer from the external
field to the rest of the system.

In the following part of our considerations, we are going to discuss some specific cases in
more detail:

First case:
2 to
V<1 cos / S(r)dr = —1. (642)
0

Here, our generalized equation (637) demonstrates immediately that the upper bound 1/2
for the particle numbers is in fact no longer valid. Under the conditions from above, we

obtain:
(e*e)(to) = (B (to) 2 1. (643)
Second case:
2 +0oo T
7 ./0 S(r)dr = 3 (644)

Here, we obtain from Eqgs. (637)-(640):

(eTe)(t) = (hTh)(t) = (ethThe)(t) = % , larget, (645)
(eThT)(t) = % - exp (4- 1Y% - (cos -t — 1)) , larget, (646)
(eThTa)(t) = (hea)(t) = —% (1 —exp(—if2-t)) , larget. (647)

Eq. (647) demonstrates once more that even in the presence of an external light field the

photon-assisted expectation value (hea)(t) is - in general - not comparatively small. Our
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previous conclusions in sections II, III, IV and VI are thus confirmed (see also Ref.? for an
additional discussion).

We summarize our basic results:

Theorem 12:

Consider a particle-photon system in the presence of an external light field, as defined by
Eq. (607). Assume (i) that the Coulomb matriz element W fulfills the condition gy + o —
2-We =0 and (ii) that the initial state is the vacuum state. Then, the following relations

are valid for any t > 0:

(ata)(t)=2-|]9* - (1 —cosQ-1) , (648)
(ete)(t) = (hTh)(t) = (eThThe)(t) = (649)

= % . <1—exp (4- |7|2-(COSQ-t—1)) -COS%-/OtS(T)dT) :
(e"h™)(t) = % - exp (4 |y]? - (cos -t — 1)) . sin% : /Ot S(r)dr , (650)
(ethta)(t) = —% " (1 —exp (—i§2- 1)) - (651)

1 —exp (4- 7% - (cosQ -t — 1)) -cos% : /OtS(T)dT:| ,
(hea)(t) = —% -y (1 —exp (—if2- 1)) - (652)
: [1 + exp (4~ 17]? - (cos Q- — 1)) ~cos% . /OtS<7')dT] .

The expression v is related to the particle-photon coupling constant M: ~v := M/hS). The

semiclassical interaction energy (Veps(t)) fulfills the equation
(Vers(t)y =0 foranyt>0, (653)

and there is no energy transfer from the external field to the rest of the system.
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