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Full-Potential Linearized Augmented Planewave Method

Stefan Blugel and Gustav Bihimayer

Institute for Solid State Research
Forschungszentrum Jillich
52425 Jilich, Germany
E-mail: {s.bluegel, g.bihimayé@fz-juelich.de

The full-potential linearized augmented planewave (FLARWéthod has emerged as a widely
used very robust and precise state-of-theahrinitio electronic structure technique with reason-
able computational efficiency to simulate the electronimpprties of materials on the basis of
density functional theory (DFT). Due to the high precisibis widely accepted that it provides
the density functional answer to the problem. The shapeeo€ifarge density, the one-electron
potential and the wavefunction is taken into account witthfaccuracy. The FLAPW method
is an all-electron algorithm which is universally applilo all atoms of the periodic table,
in particular to transition metals and rare-earths and ttiiratomic systems with compact as
well as open structures. Due to the all-electron nature efntiethod, magnetism is included
rigorously and nuclear quantities e.g. isomer shift, hifpeffield, electric field gradient (EFG),
and core level shift are calculated routinely. Also opeunattires such as surfaces, clusters, or-
ganic and inorganic molecules as well as wires can be tregdtadut problems. The capability
of calculating atomic forces exerted on the atoms opensalietp structure optimization. In
this chapter, a short introduction to first-principles noetblogy is given, the FLAPW method
is reviewed, modern extensions of the LAPW basis set areistier], extensions of the method
to geometries suitable to applications in nanoscience asi¢he film and wire geometries are
presented. Details for the practical users e.g. importardrpeters controlling the accuracy of
the results and an analysis of the CPU time is given forRhEUR-code, a particular imple-
mentation of the FLAPW method.

1 Introduction

Societal requests for environment prediction and pratectihe durability of chemicals,
the vision of new applications in information technologgkas autonomous robots, bio-
diagnostic systems, or faster information processing,ekas demands on the sustainable
and efficient use of resources and energies translate in @ theigpand on understand-
ing, predicting, modeling and simulating the propertidgroical reactions, synthesis and
growth processes of emergent quantum materials. Modethstate materials have a mul-
tiplicity of novel properties exhibiting for example a rdgihase response to external stim-
uli such as light, pressure, magnetic field or electricablzantivity so that manifold uses are
possible even today or can be expected for the future. Médenf this sort are often mul-
ticomponent systems such as magnetic tunneljunctions Ké\MnShMgO|Co,MnSn),
high-temperature superconductors (e.g. HgBaCu:Og), or perovskite-type materials
with complex magnetic structures. A particularly rich arakof assets for material design
and tailoring of material properties is provided when thdeste of materials is provided as
templates for fabrication. Nanostructures down to the &@tale made of single atoms
or of small molecules can be manufactured to form chains arsders or structures with
specific electronic properties by employing the tip of a s@ag tunneling microscope
(STM) or relying on the instruments of self-assembly. Nanagured thin film systems
are decisive functional units in electronic devices, sesiaad in biological systems. The



existence of particular surface and interface alloys aad@timplex interplay between mor-
phological, structural, magnetic and electronic featimemnostructured systems stand as
examples for a wide field of phenomena which are largely ndeustood, while offering
exceptional technological opportunities at the same time.

During the past ten years, first-principles calculationselolaon the density functional
theory (DFTY in the local (spin-) density approximation (LDA) or in thergealized gra-
dient approximation (GGA) (for a review see Refs. 2—4) eradrgs the most powerful
framework to respond to the demands mentioned above on asoapic level. By first-
principles orab initio, respectively, is meant, that the parameters of the themryixed
by the basic assumptions and equations of quantum mechami;sor our discussion,
density functional theory. The overwhelming success ofddesity functional theory for
the description of the ground-state properties of largeenltclasses including insulators,
semiconductors, semimetals, half-metals, simple mdtalssition-metals and rare-earths
in bulk, at surfaces and as nanostructures makes it the Umehed foundation of any
modern electronic structure theory. The wide applicabdibmbined with the predictive
power of the approach turned it to the “standard model” inamat science. In principle,
the only input needed for the theory are the atomic numbetiseo€onstituent atoms of a
system, all other properties follow as a direct consequehtiee density functional equa-
tions. In practice, the definition has to be modified sinceisradways limited to some set
of model systems. These limitations might include systema, sirystal structure, neglect of
disorder, low or zero temperature, or any number of othéricéisns on the “phase space”
to probe. While some of these restrictions and limitatiaestairdensome, the goal of cal-
culations is not merely to obtain numbers, but rather irtsiBk focusing on well-defined,
but restricted models, by working on chemical trends rathan on isolated case studies,
by investigating systems in hypothetical non-equilibristmuctures or follow simulations
in idealized environments, which may not be realized in expents, one is able to de-
velop different levels of understanding of the system instjo@ and may hopefully learn
which aspects of the problem are important. In the densitgtional theory we work in
an effective one-particle picture: the wavefunctions atat®ons of the Kohn-Sham equa-
tions and the interaction of the particles is taken into aotdy a self-consistent field,
which depends on the density of the particles. The adequadyimitations of this ap-
proach have been extensively discussed in the literatudtgpmmeered b¥8. Successful
extensions of the theoretical framework treat quasigaréxcitations of weekly corre-
lated electron systems by many-body perturbation theosgd@&n Green function tech-
niques in the so-calle@W approximation for the electronic self-energy (for detaiée
chapter “Many-Body Perturbation Theory: TG8V Approximation” by C. Friedrich and
A. Schindimayr) or by time-dependent density functionadty (TDDFTY8. The treat-
ment of strongly correlated electron systems is currergindp explored investigating the
LDA+U approximation, the optimized effective potential thed (OEPJ and by combin-
ing the dynamical mean field theory (DMF)!1with the LDA.

In this chapter we review the full-potential linearized mented planewave (FLAPW)
method? *3to solve the density functional equations for a crystalioéd, ultrathin film
and one-dimensional system (a review is given by D. J. Sigifhe method originates
from the APW method proposed by Sladfet’. Great progress of the APW methodology
was achieved as the concept of linear meth®d$ was introduced by Andersen, and first
applied by Koelling and Arbman using a model potential witthie muffin-tin approxi-



mation. The linearized APW (LAPW) method reconciled theeéinalgebra formulation
of the variational problem with the convergence propexfebe original formulation and
allowed a straight forward extension of the method to thatinent of crystal potentials of
general shape. The treatment of the potential and chargétygerthout shape approxima-
tion?®>24and the implementation of the total enetgjied to the development of FLAPW
bulk!?24-3%ilm coded$2:3%-32 |t was during this time that the power and accuracy of the
method were demonstrated to the community, largely thraugaries of calculations of
surface and adsorbate electronic structures (for a revdewdmmeret al33). These and
other demonstrations established the FLAPW method as tHeoghef choice for accurate
electronic structure calculations for a broad spectrunppfiaations.

Constant conceptual and technical developments and redimsrauch as the proposal
and implementation of the scalar-relativistic approximat(SRAY*, the spin-orbit in-
teraction by second variatiéh and the possibility to calculate foréés® acting on the
ions to carry out structure optimizations, Quasi-Newtorthods?® to accelerate the self-
consistency iterations, the iterative diagonalizaticchtequeé®2 the proposal of new
efficient basis sets, the LAPW+®and APW+Id* basis, in which the APW basis is
amended by local orbitals (o), the extension of the metlaabin-collinear magnetist?
to the wire geometrp, to calculations of the quasiparticle self-energy in B ap-
proximatiort’, and the recent formulation and application of the scattggroblem in
semi-infinite crystaf$->has made APW-like methods, and for our discussion the FLAPW
method, a robust, versatile and flexible method, at readecamputational expense. Itis
an all-electron method, that means, one works with a trugtakpotential, which diverges
asl1/r at the nucleus, as opposed to the pseudo-potential (foievesee Refs. 51,52), in
which the singularity is removed. Due to the all-electrotun@of the method, magnetism
is included rigorously and nuclear quantifiés.g. isomer shift, hyperfine field, electric
field gradient (EFG), and core level shift are calculatedinaly. The method and the
breadth of applications has benefited from the large groWévailable computing power
and parallelization strategies.

This chapter starts with a quick overview to the Kohn-Shagsasmoutlining the general
aspects of the first-principles methodology followed by matnaduction of the APW-like
concepts to solve the Kohn-Sham equation for a periodid sdlien, the FLAPW method
is described in detail for bulk solids followed by a shortdgstion of adaptations of the
FLAPW methods to systems of reduced dimensions, the film drelgeometry. Finally
an analysis of the CPU time distribution across the diffeséaps of arab initio calculation
with an FLAPW program is presented. Strategies to speethaipdiculations in the light
of symmetry and parallelization concepts are described.

2 Kohn-Sham Approach in a Nutshell

2.1 Total Energy and Force

In the density functional theory, the total ene{{ R}, {¢;}] of a system of interacting
atoms and electrons is a functional of the atomic positi{dR$ and the electron density
n(r). The electron density can be expressed in termdd @iccupied single-particle orbitals
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Figure 1. Example: structural optimization of Mn and Cu aoef atoms in a Cu(100(x 2)Mn surface al-
loy. Right figure: Schematic representation of the suligiital surface alloy film of one monolayer thickness
(e indicates the Mn atoms) grown as overlayer on a fcc (001)tratiesp). Left figure: Total energy per Mn atom
vs. the buckling relaxatiol\z,,, of Mn in relative units with respect to the theoretical itager spacing of Cu,
dc,, = 1.76 A. The open squares represent the nonmagnetic and the giids the ferromagnetic results.
The solid lines (for Cu atoms fixed at the ideally terminatedifionsAz¢,, = 0) and dashed line (the top Cu
atom is always at its optimally relaxed position) are thénfitipolynomials. The upper (lower) inset shows the
contour plot of the nonmagnetic (ferromagnetic) total ggewith respect to the buckling of Mn and Cu. The
minimum, which determines the optimal structure is foundhie inner circle. The contour interval is 1 meV.
The energy of the nonmagnetic solution at 0% relaxation wasen as the origin of the total energy scale (taken
from Ref. 54).

¥i(r):

n(r) = Y |vi(r) P, (1)

i(occ)

wherei labels the states. If the total energy functioB§{ R}, {;}] is minimized with re-
spect to the electronic degrees of freedfafn}, we recover the Born-Oppenheimer surface

O[{R}]:
S[{R}] = min E[{R}, {i}], (@)

on which the atoms move. The derivative®f{ R }] with respect to the atomic position
R* gives the forcd#,

F* = —Vr.®[{R}] 3)

exerted on the atom, which ties electronic structure to structural optimiaatand molec-
ular dynamics calculations. The energy functional is didiéhto several terms:

E{R} {¢i}] = Bin[{i ]+ Bul{yi}]+ Exc[{¢)i}]+ Eexs {R}, {$i}]+ Bion[{R}], (4)

whereEy;, is the kinetic energy of non-interacting electrof'g; is the Hartree energy, i.e.
the classical Coulomb energy of the electrons, Bpdis the exchange-correlation energy
which contains terms coming from the Pauli principle (exdmhole), from correlations
due to the repulsive Coulombic electron-electron intéoacand from the contribution to
the kinetic energy of interacting electréng&.g. In the local density approximatidy.[n]



is written in the formEy.[n] = [ drn(r) exc(n(r)). Then,Eey, is the interaction energy
of the electrons with the ions, e.g. described byltfvepotential as in all-electron methods
or by pseudo-potentials, arid,,, is the classical Coulomb energy of the ions.

2.2 The Kohn-Sham Equations

The single-particle wavefunctions (r) are obtained by minimization of the total energy
with respect to the wavefunctions subject to the normatinatonstraint

[ 1w =1, (5)

This leads to the Kohn-Sham equatighsan eigenvalue problem for the eigenfunctions
1;(r) and the eigenvalues:

Hin]4i[n] = &[n]vi[n], (6)

where all quantities depend on the electron densitpccording to the form of the total
energy Eqg. (4), the HamiltoniaH is a sum of corresponding terms and the eigenvalue
problem is written in the form:

(To + Vext + Vit + Vae) i (r) = &9 (r) (7
In the real space representation the individual terms a&réoffowing:
o . R?
kinetic energy: Ty = — % Ay (8)
external-potential ~ Vix ({R}, Z e RN | (9)
Hartree potentiai AVa(r) = 47re n(r (10)
xc-potential (LDA): Vie(r) = Sn(r / drn(r) exc(n(r)) (12)

In a pseudo-potential approaﬁ’lgkt is replaced for each atomby a pseudo-potentiﬂ)s.
The termsV[n] andV,[n] are local potentials and explicitly density dependent. sThu
the Hamiltoniani [n] and the wavefunctiong;([n], r) are also dependent on the electron
densityn(r). Together with the expression Eg. (1) a self-consistenaiglem to obtain the
charge density:(r) is established, which is solved iteratively until the indensity (used
to define the potential terms in the Hamiltonian) is equah® dutput density within the
required accuracy. The number of self-consistency itenatV;.. is considerably reduced
applying Quasi-Newton methotfs

The external potentidl,,[{R}] depends explicitly on the positiod® } of all atoms,
which change at certain steps to optimize the atomic streabu every time-step of a
molecular dynamics algorithm. Thus, the Hamiltoni&ii{ R}] and the wavefunctions
1¥;({R},r) are also dependent on the atomic positigls}. After the self-consistency
condition for the electron density has been fulfilled, thenafpositions are moved by a
molecular static or molecular dynamics time-st¢R.(t)} — {R(¢t + At)}. Thus, for
Nyp molecular time steps the eigenvalue problem has to be sdWgdNier times.
These arguments suggest a particular loop structure ofiealyfirst-principles method



initial guess:
charge density: n(r)
atom positions: {R}

Molecular Dynamics: 10-30 ... 1000 time steps

[ )
S L .
Electronic Self-consistency: 15-50 steps pute p

En] = To[n] + Eeqi[n] + Enn] + Eycln]
For each k of the Brillouin Zone: 1-10 ... 10,000 kpts

for all k-points:
Solve KS Equation:
-setupH, S
- diagonalize

Diagonalization of the Hamiltonian
Z,,/(H}é'" _ “kuslyéﬂ )(:;;1/ —0

— electronic eigenstates determine E-Fermi

— Electronic density; forces on ions

— Minimum of total Energy (Correlation functions) |c0mpute output density: F{n(n} |

structure optimazation?

Compute
Energy and Force

No
mix: ™, F{n™} |-
F{n™}

converged?

Figure 2. Right: Typical loop structure of a first-principleode based on density functional theory as applied to
solid state materials. Left: Schematic flow-chart for sslfisistent density functional calculations e.g. as redliz
by a FLAPW calculation.

and a particular sequence how the different elements azalatéd. This is summarized in
Figure 2.

Typical codes use LDA exchange-correlation potentials energies of Hedin and
Lundqvist’ or Vosko, Wilk, and Nusat, or GGA functionals of Perdewt al>® ¢ are
given as analytical expressions of the density and theivatdres in case of the GGA.

2.3 Magnetism

If magnetism occurs, the ground state has a broken symmethtree ground-state en-
ergy is described by functionals which depend on the vettagnetization densityn(r)
as an additional field to the ordinary charge densify), discussed so far. An additional
termupo - By (r) appears in the Kohn-Sham equations Eq. (7), wigre= ;;,’jc is the
Bohr magnetonB,. is the magnetic xc-field an electron experiences,arae the Pauli
spinors. Thus, calculating magnetic systems, one workswoadimensional spin-space
and the basis functiong;, carry an additional spin label = +1. The Hamiltonian is
a2 x 2 matrix in spin-space and is now hermitian and not symmet@omplex mag-
netic structures lower frequently the symmetry of the peablnd more states have to be
calculated or a much larger fraction of the BZ (see Secti@) Ras to be sampled, re-
spectively, pushing the computational effort to the lindfsnodern supercomputers. In
case of collinear magnetism, e.g. ferro-, ferri-, or amtdenagnetismg - B,. reduces
to o, - By, the Hamiltonian is diagonal in spin space, the magnetinadiensitym. is
then given by spin-up and -down densities,(r) = n4(r) — n,(r), and the effort of a
magnetic calculation is just twice that of a nonmagnetic dngeneral, the magnetic mo-
mentM = [ dr m(r) is a vector quantity, and the search of the magnetic streciam be
done dynamically bearing similarities to the dynamicalsture optimization combining




molecular dynamics and simulated annealing. Therefosxyéving said in this chapter on

structural optimization applies to both, the atomic andrtagnetic structure. Throughout
the paper, the spin label is dropped for convenience. Mdermation on the treatment

of magnetism can be found in the chapter “Non-collinear netigm: exchange parameter
and T¢” by G. Bihlmayer.

2.4 The Eigenvalue Problem

In all-electron methods, eigenvalue problem Egq. (7) issoffor all occupied statesbut
typically subject to different boundary conditions. As simsschematically in Figure 3 we
distinguish core electrons from valence electrons. Theéorhave eigenenergies which
are at least a couple of Rydbergs below the Fermi energy, dtenpal they experience
is to an excellent approximation spherically symmetric &mel wavefunctions have no
overlap to neighboring atoms. The eigenvalue problem cfdtstates is solved applying
the boundary conditions of isolated atoms, which is nunadlyidackled by a shooting
method. Valence electrons in a crystalline solid form et@tbands and the eigenvalue
problem is solved subject to the Bloch boundary conditidie eigenstate is classified by
the band index and a three-dimensional Bloch veclowithin the first Brillouin zone,

(¢ € {kv}). Some materials contain chemical elements with states §g.states of4 f
elements or Wp states of early transition metals) intermediate betweerd lzand core
states and those are coined semicore states. These argihighnd extended core states
and particular care has to be taken on their treatment shrgetteatment as core states
can cause significant errors in total energy, force and pha@atculations. According to
the different treatment of the electrons, we decomposetihgge density in the valence,
semicore and core densities

TL(I‘) = Tval (I') + Ngc (I‘) + Ncore (7'); (12)

the latter being spherically symmetric. The charge desssitire calculated according to
Eqg. (1). Wavefunctions and energies of core states givesadoéhyperfine quantities such
as isomer shifts, hyperfine fields and electric field gradé&ntvell as chemical shifts of
core levels.

There are many possible ways to solve the Kohn-Sham eggdtionalence electrons.
Frequently, a variational method is chosen by which a wawetfaniy, (r) of Bloch vec-
tork and band index is sought as a linear combination of basis functippék, r)

N
¢k,,(l‘) = Z ClT(Lu(pn(ka I') (13)
n=1

satisfying the Bloch boundary conditiong}, are the expansion coefficients of the wave-
function (coefficient vector), and/ is the number of basis functions taken into account.
By this expansion, the eigenvalue problem

Hi (r) = €10 (1) (14)
is translated into an algebraic eigenvalue problem of daizenVv
(H(k) — ek, S(k))ck, =0 vk € BZ (15)
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Figure 3. Schematic representation of the energy positioralence, semicore and core electrons in periodic
potential.

for the coefficient vectok}, corresponding to the eigenvalueg,. The Hamilton
H™" (k) and overlap matrice§™" (k) are hermitian or real symmetric, depending on
the point symmetry of the atomic structure. If the basis fioms are orthonormal, i.e.
(@n]pn) = 6™™ , as for example in case of simple planewaves, then the qvevddrixS,
defined as

smn’ (k) = / o (T (k, 1) dPr (16)

becomes diagonak™"’ k) = é™"  and the generalized eigenvalue problem Eq. (15)
becomes of standard typ@.is the volume of the unit cell.

In general, the general eigenvalue problem is reduced taradatd one using the
Cholesky decomposition. It can be shown (e.g. $fethat any hermitian and positive
definite matrix can be decomposed into a matrix product ofwetdriangular matrix with
only positive diagonal elements and its transposed. Gletmé overlap matrix satisfies
these conditions and can be writteér= LL!". Therefore, Eq. (15) becomes

HCi = EiLLtTCi, (17)
multiplying from the left withL.—! and introducing a unit matrix we finally find
PXi = £;X;, (18)

after we haveP defined as® = L~'H(L7!)!" andx; = L"c;. Thus, the generalized
eigenvalue problem has been reduced to a simple one. Theveigers:; can be obtained
by the back-transformation; = (L")~ 1x;.

The choice of the most efficient numerical algorithm to sdie (15) depends on
the number of basis function¥ and the numbe/ of statesv taken into account. If
M/N >~ 0.1, direct numerical diagonalization schemes are employedXample par-
allelized eigenvalue solvers taken from BeaL APACK library package. IfV/ /N <~ 0.1
orif NV is too large to fit the eigenvalue problem into the memory cbmputer the eigen-
value problem is solved iteratively. Any iterative solutiof an eigenvalue problem can be
divided into two parts: (i) the determination of the itevatimprovement of the state vector
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)[m]

oo™ at iteration stepn by multiplying the Hamiltonian with the state vector to dbttne
updatef™*:

el = 3™ e (), (19)

and (ii) the orthonormalization of the wavefunctions
Z cﬁ;,[mﬂ]cﬁ;,[,mH] =0y (20)
n

(ii) Frequently, each iteration step is accompanied byrealisub-space diagonalization of
a dimension proportional th/, on which HamiltoniarH is projected. If the multiplication
of H - ¢ can be made fast by expressing the Hamiltonian in terms aidy@oducts or
convolutions as in norm-conserving or ultra-soft pseudteptials minimizing thereby the
number of multiplications, iterative methods become patér beneficial.

2.5 The CPU Time Requirement

The number of basis function¥ is determined by the required precisiéhof a calcu-
lation and by the volumé& of the unit cell or the number of atoms in the unit cél4,
respectively. The precisioR is controlled by the finest real-space resolution the basis
functions can resolve. For three-dimensional unit caliscales asv oc P2. In general,

the triple (Vx, M, N), the number ok-vectors in the BZ used, the numh&f of statesy
considered, and the number of basis functidhare determined by the required precision
of the calculation and by the volume of the unit cell. Thesepeeters determine the CPU
time and memory requirements of the calculations. Keepeglaop-structure in mind
exhibited in Figure 2, typically the calculational CPU tiseales as

N3 direct diagonalization (21)
Miter( MNIn N + NMZ) iterative diagonalization

where M., gives the number of eigenvalue iterations. This gives jugtass estimate
as for iterative methods based on the Car-Parrinello idesrevbelf-consistency iterations

CPU « Nump - Niter - Nk {



and eigenvalue iterations can be combined to directly mizentotal energy functional
NMD - Niger - Miger depends on many details. The scaling relation for precsiating is:
the number ok-points: Ny o« P (22)
the number of basis functiod$: N x P3, (23)
where F is the precision controlling thk-point summation, e.g. of the force, the total

energy or the electron density. Assuming that the voléhad the unit cell is proportional
to the number of atomd 4, the scaling relation for volume scaling is:

the number ok-points: Ny o 1/Ny, (24)
the number of stateg M « Ny, (25)
the number of basis functio$: N x Na . (26)

From these considerations it is argued to develop elecrsinicture methods (see
Section 2.8) with efficient basis sets to reduce their nunieto develop algorithms to
accelerate the convergence (see Section 2.7) and to empéfficentk-point integration
scheme (see Section 2.6).

2.6 Brillouin Zone Integration and Fermi Energy

The calculation of the electron density, total energy, éasc stress tensor for infinite peri-
odic solids require the integration of functions over thél&uin zone that depend on the
Bloch vector and the energy band. These integrations btoetty over the occupied part
of the band, i.e. over the region of the Brillouin zone whéxetiand energy, (k) (v is the
band index) is lower than the Fermi energy. Hence, the iategre of the form

1
el MDD AU (27)

v,e, (k)<Ep

where f is the function to be integrated, e.fj.= 1 for the total number of electrons,
f = ¢ for the eigenvalue sum and so on. Numerically, these integigare performed on
a discrete mesh in the Brillouin zone. In fact the effort af 8 integration is in practice
significantly reduced by employing the point group symmeivizere the integration is
reduced to the irreducible wedge of the BZ (IBZ). There affedint methods that can
be used to perform the integration, e.g. the special poiethoat? 2 and the tetrahedron
method*-8. The special points method is a method to integrate smouwtimjing periodic
functions ofk. The function to be integrated has to be calculated at a sgtagfial points
in the IBZ, each of which is assigned a weight. Thus, the BEgrdtion is transformed
into a sum over a set &-points. At eactk-point a sharp energy cutoff is introduced to
include only those states in the summation whose energyasviibe Fermi energy. Thus,
the integrals become:

1
Y Ao #r— Y Y ARel. @9
BZ JBZ , . (10<Ep K€EIBZ v,e, (k)< Ep

Alternatively, this integration can be viewed as an intégraover the whole Brillouin
zone, where the function to be integrated is given by a produithe function f with
a step function that cuts out the region of the Brillouin zowkere the band energy is

10



above the Fermi energy. Clearly, the resulting functionsdoet satisfy the condition of
being smoothly varying. Therefore, the special k-pointshod does not converge very
quickly, and rather many k-points are needed to obtain atewesults. On the other
hand this method is simple to implement, because the wedgpend only ork and the
band energy (via the step function) at each k-point. Anotireblem arises from this
“sharp” differentiation between occupied and empty bapdsté of bands). Let's consider
a band that is very close to the Fermi energy at a certain ktpburing the iterations the
energy of this band might rise above or drop below the Fermigyn This leads to sudden
changes in the charge density, which can slow down or everepte¢he convergence of
the density. These sudden changes are clearly a result dfgtietization in momentum
space. To avoid this problem, the sharp edges of the stepidarere smoothened, e.g.
by introducing a so-called temperature broadening in thetecad of a the Fermi function
(ele=Er)/ksT 1 1)~1 rather than the step function. The temperafliar energyT'kp are
additional external parameters adjusted to obtain thedoestergence.

2.7 Achieving Self-Consistency

According to Section 2.2 the Kohn-Sham equation Eq. (7) achri&@linger-like
independent-particle equations which must be solved stutiy@ghe condition that the ef-
fective potential fieldVes (r) = Vext(r) + Va(r) + Vic(r) and the density fiela(r) are
consistent. The electron density(r) that minimizes the energy functional is a fix-point
of the mapping

n'(r) = F{n(r)}, (29)
i.e. it solves
F{ng(r)} =0, with F{n(r)} = F{n(r)} — n(r). (30)

(The same can be formulated for the potential.) Typicallg, density is expanded into a
large set of basis functions. Thus, in actual calculatitrescharge density is a coefficient
vector of dimensionVq ~ 8 * N (N defined as in Eqg. (13) and Eqg. (30) constitutes a
system ofNq nonlinear equations, which can be solved by iteration:

n™*(r) = F{n™(r)}. (31)

A starting densityn(%) (r) can be constructed by a superposition of atomic densities. A
straight mapping as is suggested in Eq. (31) is in generafgént. Convergence can be
achieved if the output densiy{n™(r) } is mixed with the input density™ (r).

The simplest and slowest of such mixing schemes is the $edcaimple mixing”,
which converges only linearly. The density for the nextdtem is constructed as a linear
combination of2(™) and F{n™} according to:

n(mt) = (1 = a)n(™ 4 aF{n™} = n™ + aF{n(™}, (32)

whereq is the so-called mixing parameter. If it is chosen small giguhe iteration
converges and is very stable. However, for the type of syst@ne is interested iny is
very small, requiring many hundreds of iterations. In spatarized calculations different
mixing parameters can be used for the charge and the maapiatilensity. Usually, the
spin mixing parameter can be chosen far larger than the Eaearfor the charge density.
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distance of charge densities [me/bohr3]

Iteration

Figure 5. Comparison of the convergence of charge denditylated by different methods for a non-magnetic
bce Fe crystal using the FLAPW method. Calculations ardezhout for mixing parameter = 0.04. + corre-
sponds to simple mixing, ang ¢, and] to different Quasi-Newton methods:Broyden’s 1st method; Broy-
den’s 2nd method.] generalized Anderson method. The distance of the resicdicabrvs. number of iterations
is plotted semi-logarithmicalfyf.

In the Newton-Raphson method, the functioffdln } is linearized around the approx-
imate solutiom (™).

F{n} m F{nm™}+ T {n™}(n—n™), J{n™(r)} = ‘”;57735)} ) (33)
n r

In actual calculations the Jacobighis a Nq x Ng matrix. Similar to the well-known
Newton method to find zeros of one-dimensional functions nibxt approximation tay,
n{m+1) is determined from the requirement, that the linearizettfional in Eq. (33)
vanishes at(™ 1), Thus,n(™+1) is given by:

p(mF+1) — p(m) _ [j{n(m)}] -1 }_{n(m)}‘ (34)

In opposite to the simple mixing, the Newton-Raphson mettma/erges quadratically.
The major drawback of this method is the difficulty to evadutite Jacobian. Even if the
functional F{n} were known, the evaluation would be cumbersome due to therens
size of 7{n}. In addition, the Jacobian has to be inverted where the atwdwalculation
scales with cube of the dimension. A further problem is that convergence radius is
rather small so that the method can only be used'f is already very close ta,.

The development of the Quasi-Newton methods made it peswit#xploit the advan-
tages of the Newton-Raphson method, i.e. to make use offiveration that is contained
in the Jacobian, for problems where the Jacobian cannotlbelated or its determina-
tion is too demanding. Rather than computing the Jacobielmigaration, an approximate
Jacobian is set up and improved iteration by iteration. Ftioeninearization ofF {n} in
Eq. (33) we find the following condition for the Jacobian, elhis usually called Quasi-
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Newton condition:

An(m = [j“““] T AFm (35)

An(m™) = p(m) _p(m=1) AFm) — Fep(m) _ Frpim=1))

Quasi-Newton methods converge super-linearly and havwgarlaonvergence radius than
the Newton-Raphson method. Since the Jacobian is buileugtibn by iteration, the “his-
tory” of the previous iterations is memorized jh, whereas the Jacobian of the Newton-
Raphson method depends only on the previous iterationidiséimse the Newton-Raphson
method is self-correctiv®, it “forgets” inadequately chosen corrections. The Quasi-
Newton methods sometimes need to be restarted, if theidrrabnverges only slowly.
This can happen if the starting density is very far fragnor when physical or numerical
parameters that affect the calculations are changed dtivenggeration. Eq. (35) does not
determine the Jacobian uniquely, instead Eq. (35) comssitusystem aVg equations for
N(% unknowns. The various Quasi-Newton schemes differ by tisatarhow the new in-
formation is used to build the inverse Jacobian. The quafitiie convergence is measured
by the distance of the residual vector:

dpemy = ||F{nt™ Y]] = [|[F{nt™} — n(™)]). (36)

2.8 The Electronic Structure Methods

The quest to solve the Kohn-Sham equation (7) efficientlypfriodic solids, solids with
surfaces and interfaces, clusters and molecules has lemdvite spectrum of very suc-
cessful and efficient electronic structure methods. Tingdtolated clusters or molecules,
methods based on localized orbitals are frequently selegdéng hand in hand with the
chemical intuition of the system in question. Consideringtmads applicable to periodic
solids, frequently algorithms are chosen where the Bloambdary condition can be in-
cluded in the basis set. Guiding principles to develop ed&it structure methods are
obtained by having a closer look at the mathematical natuteedSchrodinger-like Kohn-
Sham equation Eqg. (7) with the kinetic energy operatoand thel/r singularity at the
nucleus with the simultaneous necessity to calculate thpotentialV..[n](r) and the
Hartree potentiali[n](r).

The planewave basis is obviously a very good choice, as #meeplave is diagonal
to the Laplace operatah appearing in both the kinetic energy operator and the Pois-
son equation to calculate the Hartree potential (see E}.48¥ for a function expanded
in planewaves, its power is also completely expressible plaaewave expansion. This
property is needed for calculating the charge density froenvtave function. Thus, us-
ing a planewave basis set, the calculation of the kinetieggheharge density, and the
Hartree potential are obtained by simple algebraic exjmess The calculation of the
Vic(r) can be best performed if the charge density is expressedlrspace. The dis-
crete fast Fourier transformation (FFT) provides a fasb@dilgm to communicate between
both spaces. However, planewave basis sets do not convettye presence of the/r
singularity. Thus, planewave basis sets can only be usdtindntext of a pseudopoten-
tial approximation to the true potential where thé- potential has been replaced by an
appropriate smooth potential.
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— all electron, full-potential — real-space grid

planewaves (PW)

full-relativistic —| — all electron, spherical potential " (abinitio MD)
scalar-relativistic — I— pseudopotential (valence electrons) | non-linear methods
non-relativistic — — jellium approximation (structureless) — APW:

augmented PW

— KKR-GF

A VIR v w LIJ — linearized methods
A+ + =€

LA+ VERED + Vo) TR0 = 8, U= L o
linearized APW

— ASW
non-periodic — — local density approximation (LDA) L— LMTO
periodic —j | generalized gradient approx. (GGA) ) o
linear combination
symmetrized —| | non-spinpolarized — of atomic orbitals
(LCAO)
real-space — — spinpolarized, vector-spin density
tight-binding
— LDA+U, OEP
Gauss-O

— hybrid functionals
Slater type-O

— current functionals
numerical O

Figure 6. Very rough and schematic overview of electroniccstire methods indicating a rich spectrum of
methods developed for different purposes, applicatioasntetries and symmetries, chemical elements and ma-
terials requiring different approximations.

All-electron methods have to cope with thér singularity. Since this singularity can-
not be dealt with variationally, one typically works herghbasis functions, which are the
numerical solution of— A + Veg — E;) = 0 of the effective (spherical) potential contain-
ing thel/r singularity, computed in a sphere around the atom at a givergy parameter
E;. These basis functions treat the singularity exactly. Th&ching of this wavefunction
in such a sphere to the rest of the crystal outside the sphedesithe all-electron methods
with regard to the eigenvalue dependence of the basis setvntgroups: The nonlinear
methods as for example the Korringa-Kohn-Rostocker (KKRYthad (see lecture note
“The Korringa-Kohn-Rostoker (KKR) Green Function Methday Ph. Mavropoulos on
page 131) and the APW method, and the linear methods, of wh&imost commonly
used are the linear muffin-tin orbital method (LMT@)the augmented spheri€dhnd the
APW-based schemes, e.g. FLAPW method.
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Figure 7. Left figure: Volume of unit cell partitioned into ffin-tin spheres of two different types of atoms
and the interstitial region. Right figure: Actual self-ctent effective potential as obtained from an FLAPW
calculation.

3 APW-Like Concepts to Solve the Kohn-Sham Equations

3.1 The APW Concept

There are many possible ways to solve the Kohn-Sham eqgatimequently, a variational
method is chosen by which a wavefunctig@ , (r) of Bloch vectork and band index
is sought as a linear combination of basis functigiis) satisfying the Bloch boundary
conditions. The most straightforward choice would be toagxpthe wavefunction into
planewaves or Fourier series, respectively,

pk,v) = Y of expli(k + G)rl. (37)

k+G|<Kmax

Here G are all reciprocal lattice vectors up to the largest valuek@f,, and cgy
are variational coefficients. The planewave basis set ham dmportant advantages:
Planewaves are orthogonal, they are diagonal in momentaoesgnd the implementation
of planewave based methods is rather straightforward dtieefo simplicity. The credit
goes to Slatép having realized that owing to the singularity of the crystatential at the
nucleus, electron wavefunctions are varying very quicldsit, the planewave expansion
would converge very slowly, large wavevectofs,(,,) would be needed to represent the
wavefunctions accurately, which makes the set-up and degmtion of the Hamiltonian
matrix in terms of planewaves impracticable if not impoksibEven with the modern
computer hardware, the planewaves are used only in thextaftpseudopotential which
allow an accurate description of the wavefunctions betwberatoms, but avoid the fast
oscillations near the core. Thus, less basis functionsesded.

In the APW method the space is partitioned into spheres mhtt each atom site,
the so-called muffin-tins (MTs), and into the remaining istiial region (cf. Figure 7).
The MT spheres do not overlap and they are typically choseh that they nearly (to
allow for structural relaxations) fill the maximal possilsigace. Inside the muffin-tins, the
potential is approximated to be spherically symmetric, mnchany implementations the
interstitial potential is set constant. The restrictiomshte potential are commonly called
shape-approximations. Noting that planewaves solve thed8tger equation in a con-
stant potential, Slater suggested to replace the Bessetidas j;(Kr) in the Rayleigh
decomposition of the planewave inside the sphere by radmtionsw,; (K, r), which
match the Bessel functions in value at the sphere raBiys and whose product with
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the spherical harmonidg, () are the solutions in a spherical potential. Itis this praced
what is understood by the term augmentation. Thus, theesingVefunctiongy , (r) are
expressed as trial functions

Vo) = D dlpalkr) (38)
|G+k|<Kmax
in terms of the APW basis functions:
ikt G)r interstitial region
va(k,r) = ZaﬁG(k)ul(THE)YL(f") muffin-tin u (39)
im

The positiorr inside the sphergslocated atr* (see Figure 7) is given with respect to the

center of each spherd. abbreviates the quantum numbéendm andu; is the regular
solution of the radial Schrodinger equation

(Lo, K

2m or?2 = 2m  r2 +Vi(r) - E} ru(r) =0 (40)

to the energy parametéds;. Here,V (r) is the spherical component of the poteniidr).
The coefficients
akC (k) = d¥ (k + G) = 4r exp(ikr)i'Y} (IA()JL(I({T]?;;), K=k+G (41)
1
are determined from the requirement, that the wavefunstioa continuous at the bound-
ary of the muffin-tin spheres in order for the kinetic energyé well-defined. The varia-
tional coefficientss* uniquely determine the wavefunction in the interstitiajicen.

If E were kept fixed, used only as a parameter during the consinuattthe basis, the
Hamiltonian could be set up in terms of this basis. This wdeédl to a standard secular
equation for the band energies where for a gikepoint in the Brillouin zone (BZ) a set
of band energie&,, are determined. Unfortunately, it turns out, that the APWiddoes
not offer enough variational freedom# is kept fixed. An accurate description can only
be achieved if the energies are set to the correspondingdrardies ... In this case the
Hamiltonian matrixtl depends not only ok, H(k), but also onEx ., H(Ex_, ), and the
latter can no longer be determined by a simple diagonatiza®ince thes;'s depend then
on the band energies, the solution of the secular equatioonbes a nonlinear problem,
which is computationally much more demanding than a sequialblem. One way of
solving this problem is to fix the energy and scan ovek to find a solution, i.e. find
one band at the time, instead of diagonalizing a matrix to diththe bands at a givek.
Thus, in Slater’s formulation of the methdglenters as an additional non-linear variational
parameter varying the shape of the functiopsll the optimal shape is found for the band
energiedly , one has looked for. There are several other limitations eoted to the APW
method. One is rather obvious, whef{R) in Eq. (41) becomes zero at the MT boundary,
the radial function and the planewave become decoupleaykas the asymptote problem.
Others are beyond the scope of the chapter. Further infamabout the APW method
can be found in the book by LoucKswhich also reprints several early papers including
Slater’s original publicatiol?.
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Figure 8. Square of the LAPW basis function generatedGor= 0 andk at the origin T-point) (left) and
boundary M-point) (right) of the Brillouin zone of a 3-layer thin film a€u(100). The cuts are taken in the
{110} plane. The basis functions are optimally suited to repttetestates of Cu (left) andp states (right).

There is one remaining point. Please notice that the APW odehoduces per con-
struction principle wavefunctions with a discontinuitytive slope at the muffin-tin bound-
ary. Due to these discontinuous first derivatives the seegjaation in the APW basis

Y (palH - ewlpa) + (v lTslpar))el, =0 (42)
GI
contains a second term due to the matrix elemépts— V2|¢) of the kinetic energy

operatorT commonly defined a& = —V?2, which is replaced byV|V), lead-
ing then via Green’s theorem to the appearance of additisndbce integraldy o

[ [(g—f{)_ - (g—:f)Jr] dS, where+(—) indicates just outside and inside the muffin-

tin sphere. The matrix elements ©f are proportional to the difference of the logarith-

mic derivatives from the functiom;, D(u|E) = Zi% and that of an empty sphere
D(i|E) = jﬁ% , taken at the sphere boundary. The logarithmic derivativeselated to

the phase shifts in scattering events. Thus, the secondein. (42) can be interpreted
describing the scattering of a planewave coming from thstahat the sphere of the atoms.
It is well-known that the logarithmic derivatives and theaph shifts are energy dependent
quantities, which explains the explicit energy dependefitee APW Hamiltonian in par-
ticular, and all nonlinear electronic structure methodgeneral.

3.2 The LAPW Basis Functions

To avoid the problems connected with the APW method reguftiom the energy depen-
dence of the Hamiltonian, in the middle of the seventiesdliteed methods were invented
by Andersef® and Koelling and Arbmafi. Based on an idea proposed by Maréuthe
basis functions; in the muffin-tins were supplemented by their energy dexieaty,;, but
both,; and,;, are now evaluated at a fixed enetfy The original energy dependence
of the radial basis function is thereby replaced by the Tasdoies:

w(E) = w(E) + (E — E)i(E) + ... (43)
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terminated after the linear term. In this way, the wavefiomg are affected by an error
which is quadratic in the deviation of the eigenvaliérom the energy parameté;, the
error in the eigenvalues enter only to fourth ordewith this extension, the explicit form
of the basis functions is now:

Ya(k) = {

exp(i(k + G)r) interstitial

St (o (K)uf' (r) + boS (K)uf' (r)) Yim (24) - muffin-tin p. (44)

Examples of LAPW basis functions are shown in Figure 8. THeesof the coefficients
al'G (k) andbi-© (k) are determined to ensure continuity in value and derivatitee ba-

sis functions across the muffin-tin boundary. (A detailedadiption of these coefficients
will follow in Section 4.2.3.) Thereby, also the surfaceeigtals [ ¢* <%’j§) dS which

were encountered in the APW method disappear. In this wayetlergy dependence of
the Hamiltonian is removed, simplifying the eigenvaluelpem, Eq. (15), to a standard
problem of linear algebra. Instead of working withand<; several LAPW implementa-
tions follow the ASW idea, working only witly; but for two different energy parameters
E;, andE]. As we see below working with; andw, is rather elegant.

If ﬁyp denotes the spherical Hamiltonian in Eq. (4@)¢an be determined from the
energy derivative of this equation B}:

A

Aol = Byl + . (45)

The normalization of the radial functions is usually cholilest @
RF
/ r2ul“2dr =1 (46)
0
and the energy derivativeg,’, are orthogonal to the radial functions, i.e.
Rl—‘
/ riul'ul dr = 0. (47)
0

This is a relation, which will simplify the calculation of é¢helements of the Hamilton
matrix.

Stimulated by the idea of the LAPW basis set, one may ask todwgpthe basis set
by matching only the 1st derivative continuously, but alggkr derivatives working with
higher energy derivatives af;. This approach has actually been followed by Takeda and
Kubler® usingn energy parameters to match the wavefunction continuoilisliyet (n —
1)st derivative. However, it turned out that such wavefuntiare variationally very stiff
and the convergence of the results with respect of the nupnfiasis functions is rather
slow. This can be understood by following this procedure auphe extreme were the
wavefunction matches to all derivatives. Then we knowzgheust be the Bessel function
41 or the planewave, respectively. We have already arguedddtat this requires an
infinite number of planewaves to describe the wavefunctidhel /» singularity. Thus, it
is a great merit of the LAPW basis set, that the basis setaéatirbut nearly as efficient as

a|n many LAPW codes, the electrons in the muffin-tin are trédiethe scalar-relativistic approximatih This
means that a two-component wavefunction is used and theatiaation conditions are modified accordingly.
For the continuity conditions, only the “large component’tiee radial function is taken into account. To keep
the formalism as simple as possible, in the following we diticuss only the non-relativistic case.
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Figure 9. Schematic drawing of the logarithmic derivatiy‘jé%%, for I = 0 as a function of the energy. The
asymptotes indicate where the nodes of the wavefunctios thasugh the muffin-tin radius. They separate the
branches labeletls, 2s and3s.

the APW method. The speed of convergence with respect tautmdar of basis functions
can even be improved by the introduction of local orbita¢gse(Section 3.3).

The energieds; are chosen to minimize the linearization errors, i.e. inabeter of
gravity of thel-like bands. It should be noticed here, that the choice oétiezgy parameter
in a certain sense also determines the nodal structure afahefunction. A basis function,
where thd = 1 energy parameter is chosen to descrie-tike wavefunction in a certain
muffin-tin, will not be suitable to describe3a or als state. The energy parameter is then
said to be within th&s branch (cf. Figure 9). The flexibility of the basis functidicourse
also depends on the size of the muffin-tin radidsso that with the choice of a small&r
in some cases two branches can be forced to “collapse” taysedimanci®. On the other
hand, a smaller flexibility allows to separate core- fromenake states in a calculation.
Thus, in a typical calculation only high-lying valence stiare calculated (e.gs, 3p,
3d), while very localized states (e.bs, 2s, 2p) are excluded from the calculation. These
states are then treated in a separate, atomic like, catmlasing thel = 0 part of the
muffin-tin potential.

As a final point, we will address the question how latghould be in a realistic cal-
culation. Since thex andb coefficients in Eq. (44) should ensure continuity across the
muffin-tin boundary, the plane-wave cutoff,,, and thel cutoff, [,,,,, are normally
chosen to match: A planewave with waveved,, (given in inverse atomic units) has
Gmax/m™ nodes per atomic unit. A spherical harmonic with= 1,5 has2ly,x nodes
along a great circle on the muffin-tin sphere, i.e. therelgrg/(7R) nodes per atomic
unit. Therefore, a reasonable choice of the cutoffgis = RGnax, typically lnax = 8
is chosen.

3.3 Local Orbitals: LAPW+LO and APW+lo

In certain materials high-lying core states, the so-cadkicore states, pose a problem to
LAPW calculations: they are too delocalized to be descrémedore electrons (contained
entirely in the muffin-tin), but the energy paramefgr which would be needed for their
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description, is already used to describe higher lying \edestates. E.g. th&p levels of
La are too high in energy to be neglected in total energy tatioms™. Several possible
strategies have been proposed to overcome this problemalidtnee mentioned reduction
of the size of the muffin-tin radil4 so-called two-window calculatiof’s and the use of
local orbitalé®.

The local orbitals are an extension to the FLAPW basis, thatle used to improve
the variational freedom for a specific purpose, e.g. to imerine representation of the
semicore states. The extra basis functions are completedlited inside the muffin-tin
spheres, i.e. their value and derivative falls to zero atbéin-tin radius. Thus, no addi-
tional boundary conditions have to be satisfied. This canchéwged via a linear combi-
nation including three radial functions, the standard FMRinctionsu)* and;’ plus a
further radial function: . This new radial function is constructed in the same way;gs
but with a different energy paramet&y; . If the local orbitals are used to treat semicore
states, this energy parameter is set to the energy of tha&®s siThe local orbitals can be
used very specifically, e.g. if they are applied to #pesemicore states of tungsten only
local orbitals withp-character are added to the basis.

The three functions’, 4;" anduj, have to be combined, so that the value and the
derivative of the local orbital go to zero at the muffin-tinlias. Additionally, the resulting
radial functions can be required to be normalized. Hencdetermine the coefficients of
the radial functiong}’ , b andé! we make use of the following three conditions:

lo!

gy uy (R") + baf (RM) + &ufy (R*) = 0, (48)
8ul o O, Oy
o — 4
- (R + By S () + 8, 1o (R = 0, (49)
RI—‘
/ (@ ul (R™) + B i (RY) + & ul* (R))*r%dr = 1, (50)
0

wherelo is the index of the local orbital, which is necessary becansee than one local
orbital can be added for each atom. The local orbitals ardlyfinaupled to “fictitious”
planewaves(z;,, in the same way as the FLAPW basis functions:

o) = Y (S (0ut + B (0t + S G0ufy ) i) (50)

m

with

S (k) = 0O 3l g i Vi (K Gho) (52)
and similarly for theb andc coefficients (cf. Eq. (79)).

It should be noted here that, although originally develdjpedeat semicore states, the
LAPW+LO scheme allows also the treatment of higher lyingestathat are far above the
energy parameterk; of conventional LAPW and which are impossible to describthwi
decent accuraéy Similar concepts have been explored by Krasovskii and tBa "3in
the extended LAPW method.

bOf course accuracy refers here always to the linearizatimr & comparison to the APW method. Whether an
accurate description of individual states, especiallh&idying ones, is possible in DFT at all is not our concern
here.
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Another drawback of the linearized methods (as comparetiecAPW method) is
the slower convergence of the results (e.g. eigenvalués)yespect to the number of basis
functions that are used in the calculation. The conditiotomitinuous first derivative at the
muffin-tin boundary made the LAPW basis functions “stiffas’ compared to the APW’s.
Although the LAPW'’s are flexible in describing wavefunctiofar from the linearization
energyE;, they provide a poorer basis closefp. This leads to an increasing number
of LAPW's, that have to be used to describe the wavefunctanalternative way of lin-
earizing the APW method has been proposed by Sjostedf*: The APW basis functions
(Eq. (39) but now evaluated at a fixed energy) are complerdemithin the muffin-tin by
another type of local orbitals:

i kr) = 3 (af S ol + S ()i ) Vi (E) (53)
m

which are evaluated at the same energy as the APW’s. Theaeeffia andb are chosen
such, that this local orbital vanishes at the muffin-tin kabany. This introduces again a dis-
continuous first derivative at the muffin-tin radius, and soeface integral, that appeared
in the APW method, has to be calculated. But in many casegghiall) additional nu-
merical effort is compensated by a faster convergence wgheact to the number of basis
functions. Especially for structures with atoms with srmallffin-tin radius (like O or N)
this APW-+lo method can lead to significant savings in commuutime** 4. The question,
up to whichi the APW's should be supplemented with these lo’s withoubihiicing too
large computational costs and from whitlon a normal (L)APW basis set can be used
without causing numerical errors has been investigated bg<dret al.’*.

4 The FLAPW Method

4.1 The Concept of FLAPW

The full-potential LAPW method (FLAPW?Y 12 combines the choice of the LAPW ba-
sis set with the treatment of the full-potential and chargesity without any shape-
approximations in the interstitial region and inside theffimetins. This generalization
is achieved by relaxing the constant interstitial potdritid and the spherical muffin-tin
approximationVyr(r) due to the inclusion of a warped interstitil V,%e’“* and the
non-spherical terms inside the muffin-tin spheres:

> Vleier interstitial region
G

Vi) = > Vit (r)YL(#) muffin-tin.
L

(54)

This method became possible with the development of a tqaknfor obtaining the
Coulomb potential for a general periodic charge densitheit shape-approximations
and with the inclusion of the Hamiltonian matrix elemente da the warped interstitial
and non-spherical terms of the potential. The charge dens# represented analogously
to Eq. (54), just exchanging by n. Details of the solution of the Poisson equation for an
arbitrarily shaped periodic potential are described intiSact.6.
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4.2 Construction of the Hamiltonian Matrix

The FLAPW Hamiltonian and overlap matrices consist of twotdbutions from the two
regions into which space is divided.

H=H;+Hyr and S=S;+Syr (55)

Both contributions have to be computed separately.

4.2.1 Contribution of the Muffin-Tins

Writing the product of the radial functionswith the spherical harmonics &g, = «; Y7z,
the contribution of the muffin-tin to the Hamiltonian materd the overlap matrix is given

by:

> /. <Za K)o (r bﬁf;’(k)qis%,(r)) Hgra

’

<Za + 06 (k)gg (r )) (56)

(The overlap matrixSMT (k) is obtained by replacing?MTa by 1.) It is distinguished
between the atom index and the atom type index(u). In most applications they are
symmetry equivalent atoms in the unit cell, i.e. some atoars e mapped onto each
other by space group operations. Clearly, these atoms nogseps the same physical
properties, e.g. the potential has to be equal. As a coneequthe Hamiltonian and the
basis functiong$ (r) do not differamong the atoms of the same type. This fact ifoébepl

in that the muffin-tin potential of an atom type is only stowatte for the representative
atom, and the matrices in Eq. (58) are also calculated forgesentative onlye ;7 is
the scalar relativistic Hamiltonian operator. It can betspd into two parts, the spherical
Hamiltonianﬁsp (cf. Eq. (40)) and the nonspherical contributions to theeptal V..

Hyro = HS + V2 (57)
The above integrations contain the following type of maélements:
990 = / 6%, (v) Hprro ¢ (v)d®r . (58)
MTx

These matrix elements do not depend onA}ié; (k) andBﬁGr (k) coefficients. Thus, they
are independent of the Bloch vector and need to be calcubatigcbnce per iteration. The
functions¢g and¢g have been constructed to diagonalize the sphericaliggytof the

muffin-tin HamiltoniaanMTa:
HS,07 = Eigg and Hg,¢%+ = Eidg + ¢5. (59)

Multiplying these equations with¢, (r) and¢L, (r) respectively and integrating over the
muffin-tins gives

(6% [H 03 T = S mme By 5 (% |HE$E ) rre = 6 S
($8|HL G Y mra =0 5 (3% |HLS ) mra = S Smmy By (4[4 pr7er ,  (60)
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where the normalization condition fai* has been used. So, only the expectation values
of the nonspherical part of the potential are left to be deiteed. Since the potential is
also expanded into a product of radial functions and sphldn'm:rmonics,

=Y V& (r)Yp (® (61)

LII
the corresponding integrals consist of a product of radigdgrals and angular integrals
over three spherical harmonics, the so-called Gaunt caeffe
1507 = 3 TG + 8y 8y F (62)
lll
with

mnm :/Yl;Yl,m,YlumudQ and Iﬁﬁ,’f:/uﬁ(r)u?(r)w,‘,’(r)r2dr (63)

as well as similar expressions féf%# and others. Thd matrices contain the radial
integrals. Finally, the Hamiltonian and overlap matrixneénts become

= 303 (@ (k) 13820k (k) + (04 (k)" 1202 84S (k)
nw L'L
+(ahS (k)" 128904C (k) + (04 (K))* 13720k (k) (64)

=33 (@4 (6))*ahC (k) + (04 (k) *b5C (k) () agwe - (65)
p L

4.2.2 The Interstitial Contribution

The interstitial contributions to the Hamiltonian and daprmatrix have the following
form:

1 ]_ . h? ] !
HES (k) = 5 /, e T (‘% A +v(r>> GG (66)

SIGGI — é/efi(G+k)rei(G’+k)rd3T . (67)
I
The potential is also expanded into planewaves in the ititiafsegion:

r) =) Vge G, (68)
GI

Without the existence of the muffin-tin spheres the intégraould stretch over the entire
unit cell and the integration would become rather simplee Rihetic energy is diagonal in
momentum space and the potential is local, diagonal is peadesand of convolution form
in momentum space.

’ h2
HFG (k) = %|G +k*0ge + Vie-a) ;

'
GG _
SI — 6GGI .
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However, these matrix elements are not as straightforwaddlculate as they appear at
first glance, because of the complicated structure of tlestitial region. The integrations
have to be performed only in between the muffin-tins. Theesfa step functio®(r) has
to be introduced, that cuts out the muffin-tins:

_ [ 1interstitial region
Or) = {0 muffin-tins. (69)

Using the step function the matrix elements can be written as

1 1 . 1
HEC (1) = 1 / ) e {C- Gy (1) (r)ddr

1 ' 1 : !
+-(G +k)?= e HG=CIrg(r)d®r | (70)
2 Q cell
SF’GI = l/ e_i(G_Gl)'G)(r)d3r . (71)
Q cell
In momentum space Eq. (70) becomes:
GG’ R 2
Hp™ (k) = (VO)(g_g') + %(G +k)°0g_g)> (72)
SF¢ =0 g ; (73)

where®g and (VVO)g are the Fourier coefficients @(r) and V' (r)O(r) respectively.
Apparently these coefficients are needed up to a cutdfhf... The step function can be
Fourier transformed analytically:

i ® 471'( ey )3 jl (GRa )
_ _ iGT MT MT
Oc = dg,0 E e O GR3,p

I

wherer* indicates the position of atopa. The Fourier transform of the product Bf(r)
andO(r) is given by a convolution in momentum space:

(VO)e =Y Va0 a) -
G/

This convolution depends on bott and G', therefore the numerical effort increases
like (Gmax)®. However,(V©O)g can be determined more efficiently, using Fast Fourier
Transform (FFT). In Figure 10 it is shown schematically hGi©)g can be obtained
using FFT. Using this scheme the numerical effort increis@$G max ) In(Gmax)® With
Gmax-
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Figure 10. Schematic representation of the calculatidiV@®) g . First@(r) is Fourier transformed analytically
with a cutoff 0f2Gmax yielding ©g. Then®g and Vg are fast Fourier transformed and multiplied on a real
space mesh. Finally, the res@it ©)(r) is back-transformed to momentum space.

4.2.3 The Muffin-Tin a- and b-Coefficients

Within FLAPW the electron wavefunctions are expanded diifely in the interstitial re-
gion and the muffin-tins. Each basis function consists ofaa@lvave in the interstitial,
which is matched to the radial functions and spherical haiosoin the muffin-tins. The
coefficients of the function inside the spheres are detexdiiirom the requirement, that the
basis functions and their derivatives are continuous aspiere boundaries. These coef-
ficients play an important role. In this section we will thiere discuss how the matching
conditions can be solved and what properties they induce.

In many systems that the FLAPW method can be applied to soonesadre symmetry
equivalent, i.e. these atoms can be mapped onto each otheispgce group operation
{R|t}. Such a group of atoms is called an atom type, representedégfahe atoms. Let
{R*|t*} be the operation that maps the atpronto its representative. This atom can now
be assigned a local coordinate fras# (cf. Figure 11), where the origin §* is at the
atoms positionr*. The local frame is chosen such that the unit vectors of tbal likame
S* are mapped onto those of the global frameRgy(R*S* = S9). The local frame of
the representative atoff* is only translated with respect to the global frame, i.e Sti@e
rotationR* mapsS* onto S®. The potential (and other quantities) inside the mulffirs-tin
can now be written in terms of the local coordinate systeme @uthe symmetry we find
Ve (r®) = Ve (v#), wherer® andr® are expanded in terms of the local frants
andS* respectively. As a consequence the radial functigfs) and the t-matrices are the
same for all atoms of the same type. This way symmetry is éeoldo save memory and
computer time (during the calculation of the t-matrices).

Any planewave can be expanded into spherical harmonichgi&ayleigh expansion:

eiKr — 471-2 gt g (TK) YE (K) YL (f) ) (74)
L

wherer = |r|, K = |K| andK abbreviate4G + k). Looked at from the local frame
K andT* appear rotated, besides the origin of the local frame igeshifTherefore, the
planewave has the following form in the local frame:

ei(R”K)(r+R”‘T") . (75)
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Figure 11. Local coordinate frames inside each muffin-tin.

Thus, the Rayleigh expansion of the planewave in the loeahéris given by:

e™ T 4n Y il ji(rK) Y7 (R*K) YL (F) - (76)
L

The requirement of continuity of the wavefunctions at theesp boundary leads to the
equation:

Za 11,1 RMTa)YL( ) + b” (k) ﬂl(RMTa)YL(f‘)
=T 4r Y i Gi(rK) Y (RMK) Yy (#), (77)
L

whereR 7« is the muffin-tin radius of the atom type The second requirement is, that
the derivative with respect tq denoted by)/dr = ', is also continuous:

Za k) uj(Ryre) Vi (8) + b5C (K) gy (Rarre) Vi (£)

=e™T" 4r Y it Kjj(rK) Y7 (R*K) YL.(f) - (78)
L

These conditions can only be satisfied, if the coefficientagh spherical harmonig; ()
are equal. Solving the resulting equations &4 (k) and B4S (k) yields:

a'C (k) = KT g L ol il Y7 (R*K)
[ﬂl(RMTa)KJ'z(RMTa K) — iy(Ryre)ji(Ryure K)]
BC (k) = KT 4rr Wﬁ Y7 (R*K)

[w;(Ryvre)ji(Rure K) — wi(Ryre ) Kjj(Ryr= K)] .
(79)
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The Wronskiari¥ is given by:
W = [w(Ryra)uy(Ryra) — wp(Rpsre )iy (Rarra)] - (80)

4.3 Brillouin Zone Integration and Fermi Energy

In the current implementation of the FLAPW method the Ferrérgy is determined in
two steps. First the bands are occupied (at all k-points IsBmeously), starting from the
lowest energy, until the sum of their weights equals thd toianber of electrons per unit
cell, i.e. the discretized equivalent of Eq. (27) is solve@'a= 0. Then, the step function
is replaced by the Fermi function and the Fermi energy isrdeteed from the requirement
that:

N = ;Z ’U)(k,é,,(k) - EF) ) (81)

where the weights are given by:
1
e(eu(k)—EF)/kBT + 1 .

The weightav(k, ¢, (k) — EF) are stored to be used for later Brillouin zone integrations.

w(k, e, (k) — Er) = w(k)

(82)

4.4 Representation of the Density and the Potential

The expansion of the charge densityand the potential is very similar to the expansion
of the wavefunction. In the interstitial region the two gties are expanded into three-
dimensional planewave, inside the muffin-tins they areasgnted by spherical harmonics
and radial functions, which are stored on an exponentiahnaesl in the vacuum they
are expanded into two-dimensional planewave and z-deplefodetions, which are also
given on an exponential mesh. However, the charge densgivén by Eq. (1), which
contains terms of the forri(S~S")r_ Consequently, for a consistent representation the
charge density cutoff has to be twice the wavefunction ¢u@gf... In Section 4.2.2 we
explained, that the potential is also needed up to cuto#(®f,.x. This leads to a large
number of coefficients, that need to be stored. Fortunatéynumber can be reduced, if
the symmetry of the system is exploited.

Of course, the charge density and the potential possesattive symmetry. Therefore,
the expansion into planewaves is more general than negesEhe planewaves can be
replaced by symmetrized planewaves, the so-called staey, dre defined by:

1 .
B3P (r) = — D MO, (83)

op op

where{R|t} are the symmetry operation of the lattice space group; ithalltranslation
vectorst are zero, the space group is call symmorphic. By this coastnuall planewaves,
that are symmetry equivalent, are combined to form one 3tae two-dimensional stars
2P (r) are defined in the same way, applying the operations of thedimensional space
group only.

The same arguments can be applied to the expansion af(figinside the muffin-tins.
In this case the relevant symmetry group is the point grougn®fatom under considera-
tion. Thus, different expansions are used at different atongeneral. The symmetrized
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functions are called lattice harmonics and they are lineankinations of spherical har-
monics

£) =2 Vi) (84)

The lattice harmonics are real, orthonormal and invariadieun the point group operations.
Finally, the expansion of the charge density has the form:

S, n.dP@) rel
n(r) = {22() K, () r € MT® . (85)

The potential is expanded in exactly the same way.

4.5 Construction of the Electron Density

In this section we will discuss the determination of the geatensity from the eigenfunc-
tions. In density functional calculations of an infinite joelic solid, the electron density is
given by an integral over the Brillouin zone (cf. Eq. (27)):

=g [ X ol (86)

v,ey (k)<ER

whereVgz is the volume of the Brillouin zone; is the band index an&r is the Fermi
energy. In spin-polarized calculations the summationuides also the spin-index (cf.
Section2.3), while in a non-magnetic calculation a fac@rtas to be added to account
for the spin-degeneracy. In the case of film calculationsttinee-dimensional Brillouin
zone is replaced by a two-dimensional Brillouin zone. Inhbedses integration methods
that sample eigenfunctions and the eigenvalues on didcigéint are used to compute the
integrals. These methods transform the integration inteigfited sum over the k-points,
where the choice of k-points and their weights depend onrntegiation method used.
These weights depend not only on the k-point, but also on ieegy of a band, i.e. on
the band (index), because each band contributes to thealet#nsity only if its energy is

below the Fermi energy:
=> > [k r)Pu,k) . (87)
k v

Within the FLAPW method the eigenfunctions are represeimeerms of the coefficients
of the augmented planewaves:

¥, (k,r) = Zc k)pa(k,r) . (88)

Inside the muffin-tin spheres each planewave is coupled toraaf spherical harmonics
and radial functions. Hence, in a sph@ran eigenfunction is given by:

(k) = Zc ) S M0uf (072 @) + YE Wi OV . @)

The aﬁG( ) and bﬁG( ) coefficients can be replaced by band dependent A- and B-
coefficients, obtained by performing the contraction oherplanewaves:

Yl (k1) = Za“ Yi(8) + b7, (K)af (r) Yz (8), (90)
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where

A k) =" cG(k)atC(k),  BY (k)= Sk (k). (91)
G

G

4.5.1 *l-Like” Charge

Since the wavefunctions are expanded into spherical haononside the muffin-tin
spheres, they can be split up into contributions with a aeftaharacter:

YH(k,r) Zzp ) (92)

The particle density of a certain state depends on the sqddne wavefunction. There-
fore, it contains cross-terms with a mixture of differ&at

nk(r) VBZ/ Z|¢ k,1)*+> 2 ( u(k r) ¥l (k,r)d*k. (93)

"
If, however, the density is integrated over the muffin-te tross-terms vanish because
of the orthogonality of the spherical harmonics. Thus, titaltelectron density inside a
sphere can be written as a sum over contributions with defiruharacter:

nk =Y nb,, nt / / vy (kT Vdird3k (94)
zl: ot 4 Vez Joz Jare | )
wherenﬁ’l is called “I-like” charge. We can also define a k-dependdikel-charge by:
nlt (k) = / [t (e, 1) P (95)
MTr
Substituting Eg. (90) yields:
Z AL, +|BE, ()N, (96)
m=—1
where
0 RMTOL o o«
Ne= [T areyrrd (97)
0

and the orthogonality of the spherical harmonics, the néimatéon of u* and the orthog-
onality of u* andaj* have been used.

4.5.2 Determination of the Optimal Energy Parameter

In order to minimize the linearization error, the energygmaeters should be chosen as
close to the band energies as possible. However, the bamdiese (k) depend ork
whereas the energy paramet#ig are constants. In addition, the radial functions con-
tribute to the eigenfunctions of different band with diffet energies. Therefore, devia-
tions between, (k) andE;* have to be accepted. An optimal choice can be obtained from
the requirement, that the energy parameters minimize

/B Y (@) - B al G (98)

ven(k)<EF
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which is the quadratic error weighted with the amount of gbdhat each band contributes
to the I-like charge with the I-character of the energy partan Setting the derivative
(0/0E}) equal to zero yields the optimal energy parameter:

Be = (zkaeu<k)n5,,<k>w<u,k)> / (;Znﬁ,l(kw,k)) . (99)

4.5.3 Construction of the Electron Density in the Muffin-Tins

Substituting Eg. (90) into Eq. (86) yields the electron digria the muffin-tin spheres:

=g [ 0% X (A0 + B0 0) Vi),

v,en (k)<Ep L'

> (4, G (r) + B, (0a (1)) Yi@)dk. (100)
L
The particle density inside the muffin-tins is also expandeaspherical harmonics
n'(r) =Y CLYL(#). (101)
L

The coefficient£,, (r) can be determined by multiplying Eq. (100) wifhdQY7» (£):

1 *
ull = 5 Au/ k Clt Bu, k C/t
Chur) =5 | . ;EZ( b () + Bl (€)if ()

> (4, () + BE, (g () G ™ d*k, - (102)
L

where it has been used, that the Gaunt coefficients are sal, i
/i/lmyﬁm’ Y;f:mu dQ = /}/;:n)/;'m' Y;Hmu dQ) . (103)

Finally, applying a Brillouin zone integration method yisl

SACEDS (ZZ > (44, 00)" AL RGEE ™ w(, k)) g (r)uf(r)

Il k v m'm

+---A*B+B*A+B*B--- . (104)

4.5.4 Construction of the Electron Density in the Interstiial Region
In the interstitial region the wavefunctions are represéiim the following form:

bo(k,r) =Y ef (k)elGHhr (105)
G
Starting from Eq. (1) the electron density is given by:

1 ' el i(G"-G')r
n(r) = /B Y Y (W) e ok S (108)

v,e0 (k)<Ep G'G"
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The electron density in the interstitial region is also exged into planewaves:
n(r) = ZnGeiGr . (107)
G
Hence, the planewave coefficients of the electron density ar

1 R
ne = 5 /B ) 3 3 (cS (k)) S (K)dk . (108)

ven(kK)<Er G'G”
G"-G'=G
Apparently, the planewave cutoff of the particle densitg lmbe twice the cutoff of the
wavefunction expansiord,,x) to allow an accurate description. Tkeand state depen-
dent density

nfk) = > (€M) 1) =3 (£'1) S (109)
G'G" G
G"-G'=G

is given by a convolution in momentum space. For each coeiffieci sum ove& has to be
performed. Consequently, the numerical effort put intodbermination of$ (k) scales
proportional to the number @f-vectors squared, i.e. proportional@m.x )®. However,
nC (k) can be calculated more efficiently using the fast Fouriendi@am (FFT). First,
c% (k) is Fourier transformed to real space, where it is squaredrealapace mesh yield-
ing n, (k,r), then all states are summed up and finally the resultinggbardensity is
back-transformed to momentum space.

FFT™!

G (k) £ T nu(k, ) 2y nk,r) " — n%(k)

¢, (k) — ¢ (k,r)

With this scheme the numerical effort increases propoalith(G .y ) In Gimax )2, Which
is a major improvement for large systems. In a last step thegwaves have to be com-
bined to form the three-dimensional stars.

4.6 Construction of the Coulomb Potential

The Coulomb potential consists of two parts, the Hartrem t&f;(r) and the external
potential of the nucleV;(r):

Ve(r) = Vu(r) + Vi(r) . (110)

The Hartree potential has to be determined from the changsitgevia the Poisson equa-
tion:

AVg(r) = 4mn(r) . (111)
In real space the solution of Eq. (111) is given by
!
Vi) = [ 200 o, (112)
v —r'|

In reciprocal space, however, the Poisson equation is dialgas a result the solution is
very simple:
_ 4m(G)

Var(G) = — g5 - (113)
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Therefore, and because of the representation of the chargdtyland the potential in the
interstitial and vacuum region, the solution of the Poissqgunation in reciprocal space
appears to be convenient. However, due to the rather lechtinre and valence states
the charge density changes on a very small length scale nearuclei. Therefore, the

planewave expansion afconvergences slowly, and a direct use of Eq. (113) is immalct

if notimpossible. This difficulty can be circumvent via thegadocharge method.

4.6.1 The Pseudocharge Method

The pseudocharge method, developed by Weihiésta very elegant technique to calculate
the interstitial and vacuum Hartree potential. The undegydea is to divide the solution
of the Poisson equation into two steps. In the first step tie tnuffin-tin charge is re-
placed by a convergent pseudocharge densitihat leads to the same potential outside
the muffin-tins. Then, the interstitial (and vacuum) poi@ns calculated in reciprocal
space. In the second step the muffin-tin potential is detexchirom the Dirichlet bound-
ary value problem, defined by the exact muffin-tin charge &edrterstitial potential on
the muffin-tin sphere boundaries. The potential outsidentiuiéfin-tin spheres due to a
charge distribution inside the sphere is determined cotelyl®y its multipole moments

qr:

0=3 3 ST, s

=0 m=—1

However, the multipole moments do not define the charge tyeasiquely. The charge
density is given by:

n(r) =nr(r)O(x el) + Zna(r)G(r € MT®) . (115)

Of course, in film calculation there is also a vacuum chame vee will come back to this
later. Eg. (115) can be rewritten as

) = ng(r +Zna —nr(r)]O(r € MT®). (116)

Thus, the interstitial charge has been extended into thdinviirf and subtracted there
again. The second term in Eqg. (116) can now be replaced byusipskargéi®, that has
the same multipole moments @fT.for details). The resultant pseudochafigis given by

) =ns(r +Zq (117)

ni(r) is constructed to have a more rapidly converging Fourieaagjon than the original
charge density.(r). Therefore, the Poisson equation can now be solved usin(lLE8).

Still, the muffin-tin potential/;,- remains to be determined. For this step the exact
muffin-tin chargen,, has to be used. Since the interstitial potential is alreatyw at
this point, the calculation o¥ %, constitutes a classical spherically symmetric Dirichlet
boundary value problem, which can be solved by the Greenistion method:

0G

2
Ve (r) = / na(@)G, ) — Be f venCa (us)
MTe 47]' So 8 !
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The second integral is over the muffin-tin sphere bound&ryand it is necessary to satisfy
the boundary conditions. The Green'’s function is given by:

YL I" YL Tl< rs 241
=4z 11— =—— 119
2o ot U R 119
wherers, = maz{|r|, |t'|}, r< = min{|r|, |r'|}. Finally, the muffin-tin potential has to
be expanded into lattice harmoniKg(f):

Viir(r ZVMTV J(E) . (120)

The potential of the nucléi*(r) = | | is added to the sphericdl £ 0) component of
the potentialV/{r o (r).

The muffin-tin potential is computed in the same way for bdillk and film calcu-
lations. Apparently, the interstitial and the vacuum havéeé treated differently in the
two cases, due to the different boundary conditions andiffereht representation of the
vacuum potential. Therefore, in the next two sections thetiem of the Poisson equation
will be outlined separately for these cases.

4.6.2 Determination of the Interstitial Coulomb Potentialin Bulk Calculations

In the case of bulk calculations we have periodic boundanglitions in three dimensions.
Therefore, the solution of the Poisson equation,

G2V (G) = 47i(G) (121)

is very simple. Obviously, this equation can only be solied{0) = 0. Sincefi(0) is the
average charge density, this means, that charge neuisaéigsential. Still})’(0) remains
undetermined by Eq. (121), i.e. one has the freedom to dtefpbtential by a constant.
This is a consequence of the periodic boundary conditioesalise they do not fix the
reference of the potential. Usuall§(0) is chosen to be zero, hence the Coulomb potential
in the interstitial region is given by:

Vi(r) = 4 (G) $iGr A7, Amrls g

(r),
2 2
G#0 G s#0 G

where the first summation is expressed in termé&efectors and the second in terms of
stars.

(122)

4.7 Computation of the Exchange-Correlation Potential

The problem of the determination of the exchange-cor@iagpiotential is quit different
from the Coulomb potential. On one harid?, is a local quantity, i.eV,%(r) depends
only onn¢(r) andny(r) at the same position Thus, the muffin-tins, the interstitial and
vacuum region can be treated independently. On the othel Wgfnande?,, are non-linear
functions ofny andn . Therefore}V,7, ande?, have to be calculated in real spad€’, and
€7, are determined in the same way. First,andn are transformed to real space, where
V2. andeZ, are calculated. Thew,7, ande?, are back-transformed. TheW, is added to
the Coulomb potential, yielding the spin-dependent paaeit andV,. €7, is needed for
the determination of the total energy.
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4.7.1 Calculation ofeZ . and V.7 in the Interstitial Region

In the interstitial region the charge density is expandéd three-dimensional stars with
coefficientsng. Multiplying these bye'RG* yields the planewave coefficients,. If the
space group is symmorphic the star and planewave coeficgatidentical. However, due
to numerical inaccuracy, the calculated coefficients ofreyatmy equivalent planewaves are
not exactly equal, and the corresponding star coefficieabiained from the average of
the planewave coefficients. In the next step a three-dirnaakFast Fourier transform is
carried out. Then, the exchange-correlation potentiaisutated on a real space mash
Finally, V.2, is back-transformed, and the star coefficients are computed

FFT FFT™!
’I’Lg ? ng na(ri) ? an;:(rl) ? Vzg:’G Vzags‘

4.7.2 Calculation ofeZ . and V.7, in the Muffin-Tin Spheres

The muffin-tin charge is expanded into lattice harmonics @il functions. The radial
functions are stored on a discrete real-space mesh. Theusatisform to real space affects
only the angular part. The charge density is calculated agt afsspecial angular points
t; = (0;, ¢;). Again, the exchange correlation potential is calculatectal space. There-
after, the resulVZ,(r) is expanded into spherical harmoniés. TheYy, are orthonormal,
therefore the coefficients can be obtained from

V7, p(r / Y1 (#)VS (r, £)dS2. (123)

The choice of the point&; = (6;, ¢;), on whichn? (r) andV,%.(r) are calculated, depends
on the integration method, that is used to perform the amgndegration. In the current
implementation Eq. (123) is computed via a Gaul3-Legendegiation and the angular
points are chosen such, that the orthonormality conditibthe Y, holds also for the
angular mesit;.

5 The FLAPW Method for Specialized Geometries

5.1 The Film Geometry for Surfaces and Thin Films

Today, the physics of surfaces and films is an field of majarégt and investigation.
However, surfaces are difficult to treat, because they btleakranslational symmetry,
i.e. there is only the 2-dimensional symmetry parallel te surface left to be used to
reduce the problem, and a semi-infinite problem is left pedp=ilar to the surface. In
our approach surfaces are approximated by thin films, tylgit8—15 atomic layers thick.
Obviously, this approximation, which is called the thiatsbpproximation, can only yield
good results if the interaction between the two surfacedeffim is week enough, so
that each of them shows the properties of the surfaces ofemh &&mi-infinite crystal. In
the case of film calculations space is divided into thredrdisregions, the muffin-tins,
the interstitial and the vacuum region (cf. Figure 12). Tteiistitial region now stretches
from —D/2 to D/2 in z-direction, which is defined to be the direction perpentiir to
the film. The representation of the wavefunctions insidertiuffin-tin spheres remains
exactly the same as in the bulk case. Since the periodiatygahe z-direction is lost, the
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Vacuum unit cell

Figure 12. The unit cell in film calculations contain two sdnfinite vacuum regions.

unit cell extends principally from-oo to oo in z-direction. Still the wavefunctions can be
expanded in terms of planewaves. However, the wavevectopepdicular to the film are
not defined in terms ab, but in terms ofD, which is chosen larger thai to gain greater
variational freedom. Therefore, the planewaves have time fo

. . , 2
pe . (k1) = GIHkn Gz with G = %", (124)

whereG andk are the 2-dimensional wave- and Bloch vectaysis the parallel com-
ponent ofr andG is the wavevector perpendicular to the film. The basis fomstin the
vacuum region are constructed in the same spirit as theifungcin the muffin-tins. They
consist of planewaves parallel to the film, and a z-depenfd@wtionug, (k| z), which
solves the corresponding one-dimensional Schrodingeatesn Eq. (125), plus its energy
derivativeuG” (k” s Z):

h2 62 h2 )
_%ﬁ + Vb(z) — Eyac + —(G'” + k||) UG (kH’Z) =0. (125)

2m
E,q. is the vacuum energy parameter dndz) is the planar averaged part of the vacuum
potential. As in the case af in the muffin-tins, the functiong, (k, 2) is calculated from
a Schrodinger-like equation, which can be obtained bwitegiEq. (125) with respect to
the energy:

r? 0? A2 ).
_%ﬁ + %(Z) —Eyac + %(GH + kH) UG, (k”,z) = ug, (kH’z) . (126)
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The resulting basis functions have the form

a6 (k1) = {agyo. (k)ug, ki, 2) + bay 6. (K )ig, (kj, 2)} ez(G'|+kll)r:127)
The coefficientsig, ¢, (k) andbg,c, (k) are determined in exactly the same way as it
is done for the muffin-tins by requiring that the functions aontinuous and differentiable
at the vacuum boundary. It should be mentioned, that thewaduasis functions offer
less variational freedom than the basis set in the intedstégion does. This can be seen
by noting that there are only two functionsg, andug, times the corresponding planar
planewave, to be matched to all planewaves of the intexstéggion with the samé& . But
there are generally far more than two differéht’s, i.e the number of basis functions in
the vacuum region is significantly smaller than in the irtéa$ region. However, this can
be improved rather easily. In Eq. (125) only one energy patank,,. is used. Instead
one can used a whole series of paramefg/s, to cover an energy region. A possible

choice of the energy parameters couldfg,, = ESL = Eyue — %GQ , Which leads
correspondingly ta7, dependent basis functionss ¢, (k|,2). For more details see
Ref. 76. In general, however, the present approximationdgsirate, the energy spectrum
of the electrons in the vacuum region is small due to the wonlction.

Finally we would like to summarize the basis set used for filimcalculation with the

FLAPW method:

[ UG+k))r) giG Lz interstitial
{aco. Kpug, (K, 2)
(PGHGL (k” ? I‘) =9 +bGIIGJ_ (kH)uGII (k“ ’ Z)} ez(G”—H‘II)"II vacuum (128)

> ahC () (r)Yr () + b5 (k)i (r) Yz () MT#

This expansion has been suggested by H. Krakauer, M. Paktard A. J. Freem&h
Correspondingly, the charge density and potential is edgdin the form:

>, ns®3P(r) r € interstitial region
n(r) = ¢ 3, ns(2)@2P(r) r € vacuum (129)
>, k() K, (F) reMTH
and the Hamiltonian and overlap matrix consists now of aritiaél term (compare to

Eq. (55)), the vacuum contribution, paying tribute thatgpace is now partitioned in three
regions

H=H;+Hpyr +Hy and S =Sr+4+Smr + Sv. (130)

ns(2)®2P contains important information for the analysis and intetation of STM to-
pography and spectroscopy results on the basis of the Te¢taafiann modél as worked
out by Heinzeet al.’®.

5.2 The Wire Geometry for Chains, Wires and Tubes

In the FLAPW method for one-dimensional systéfnthe infinite three-dimensional space
is again partitioned into three regions: the muffin-tin gelsearound the atoms, the inter-
stitial region between the atoms and within a cylinder altimg axis of the wire ) of
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Figure 13. Spatial partitioning of space into muffin-tin eps (MT), interstitial region (IR) and vacuum region
(VR) (shown in blue color) is shown from aside (left) and frtim top (right). The vacuum region is the infinite
region outside the cylinder with the diamet®kac. In-plane reciprocal vectoi& are generated in an in-plane

square lattice with the lattice constait> Dyac.

the radiusR,,.. Outside this cylinder there is an infinitely extended vanuegion (VR
in Figure 13). From here on we define thexis as the axis of one-dimensional trans-
lational symmetry. As our method is based on the use of LAPWisbianctions® 3112
the set of reciprocal vectolG = (G, G>) is generated in a rectangular box, which re-
flects the translational periodicity of the systenridirection. The corresponding Bloch
number.k., lies within the first one-dimensional Brillouin zone. Theplane reciprocal
lattice vectorsG are generated in an in-plane square lattice with the latirestantD.
The vacuum region is an infinite region outside the cylindi¢hwhe diameteD,,. < D
(Dyac = 2Ryac), With the axis along-direction.

As characteristic for the FLAPW method, optimally adjusbedis functions are used
it three different regions of space. In the interstitialioggand in the spheres, the usual
LAPW basis functions are used. In the vacuum the followinesentation is used:

ek r) = 3 (a5 (k) uly (s, r) + b5 (k)i (ke,r) Jemeei @Rz (131)

m

The space coordinateis written in terms of cylindrical coordinatés, ¢, z) and the sum-
mation overm goes up to the angular expansion parametg, which ensures that the
oscillations of the plane-waves on the cylindrical vacuwnrdary continue smoothly to
the vacuum side. Since the vacuum potential is rather flativistic effects on the basis
functions can safely be ignored, and the cylindrically syetmoal part of the vacuum po-
tential V5 (r) and the vacuum energy paramelgy, determined in every iteration, enter in
solving the radial Schrodinger equation for every dair, G,,) giving rise to the vacuum
radial basis wavefunctions’= (k,,r) and their energy derivatives;- (k.,r).

The sets of augmentation coefficientandb both for the MT spheres and the vacuum
region are determined such that the basis functions andgpatial derivatives are con-
tinuous across the MT spheres, interstitial and vacuunmoregoundaries. All the basis
functions with reciprocal lattice vectdk that fulfill the condition|k, + G| < Kmnax are
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included. The corresponding representation of the chaggsity and potential involves all
vectorsG with |G| < Gmax. Typically, Gmax = 3 - Kmax in order to describe multipli-
cation of the interstitial potential with the step functiofhe vacuum parametet,,, is
defined in the same mannerlagy in the sphere$? mmax ~ Kmax - Ryac-

6 Where has the CPU Time Gone?

A thorough understanding where and how much CPU time is shemig a FLAPW cal-
culation is compulsory to judge which problems can be solvigtl given computers and to
develop strategies to overcome possible limitations. §ltre discussion of two possible
paths to speed-up the calculations put forward in the fallgvtwo sections, we estimate
the CPU time requests for different parts of the FLAPW methedmplemented in the
FLEUR cod€e”.

6.1 Using Symmetry to Speed-Up Calculations

As surface science is an important field of materials sciandecondensed matter physics,
in this section we compare the very efficient film approack Section 5.1) to simulate
surfaces in electronic structure calculations with theyvaopularly used repeated slab
model within a super-cell approach, where the unit cell taasf a film of a finite number
of layers of a material and empty space describing the vaandthe decoupling of the
films from unit cell to unit cell. To repeat was has been saifiéation 5.1, the key fact is,
that the film approach reduces the number of LAPW basis fansiVapw as compared
to the super-cell model.

To illustrate the effect, we choose as reference systencalatibn of a 9-layer film of
Cu(110) with a singl&-point in a p@ x 2) unit cell containing 72 atoms. This system was
also chosen in performance tests of the unparallelized \W&H#E® % which offers the
possibility to gauge different implementations of the sarmethod. Our calculations were
performed with equivalent cutoff parameters also on a singde IBM/RS 6000 AIX-SP2
system to facilitate a comparison of the run times. We madstempt to optimize the code
for a certain architecture. In comparison to a repeatedcd#dulation Napw = 7069),
the film geometry D = 30 a.u.) reducesVapw by approx. 1000 or 14%. This reduces
the computational effort in the Hamiltonian setup (scalimith N3py,) by 27%, in the
diagonalization & N3pw) by 37% (cf. chart in Figure14). Potential generation @ine
with Napw) and charge density construction for the IR (this is donedigarete FFT and
scales withVapw In(Napw)) are moderately affected.

Our reference system, as well as many other systems of sttgra@ssesses inversion
symmetry. In the above calculation, we exploited this fdetay, solving a symmetric
rather than an hermitian eigenvalue problem, saving tindena@mory. But a further benefit
can be drawn from this symmetry: The augmentation coefﬂisifﬁf (P = a,b cf.
Eq. (79)) for an aton at a positionr,, are evaluated as

PS¢ = 4ni 04 Tu () V7 (K + G) (132)

whereR,, is the MT radius and;(z) is a linear combination of Bessel functions of argu-
mentz = (k + G)R,,. This time consuming evaluation has to be done for all atontise
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Figure 14. Left: Breakup of the computing time for a caldolatof the pé x 2) Cu(110) film. The run-times are
given for a repeated slab model, a true film calculation, heddtter with making use of inversion and z-reflection
symmetry. The total time of 178 min. per self-consistenogleghould be compared to 174 min. obtained with
the optimized WIEN cod® at the same computer using standard diagonalization amaivatie similar cutoff
parameters. Middle: Speed-up from the parallelizatiorr dweE—points for a 9-layer film of Fe(100) with 196
k-points. Right: Speed-up and memory requirements due aneggtor parallelization tested on a 9-layer film
of p(4 x 2) Cu(110) with a singlé-point on a Cray T3E. The memory requirements for the caficuiavith two
processors was extrapolated and a similar value was alsad fiou the unparallelized calculation.

Hamiltonian as well as in the charge density setup. If twoivedent atomsy andy' are
connected by inversion symmetry, themr, = 7, and therefore it is easily verified from

Eq. (132) thatP° = (—1)"+™(P,“5, )*. This simple relation helps to speed-up both
the matrix setups and the charge density generation. Inpmaific example 44% of the
coefficients can be constructed in this way. The actual speeyhined from this procedure
can be seen in the chart of Figure 14.

A film with a mirror plane perpendicular to its surface norr@hich shall point in

z-direction), i.e. z-reflection symmetry, allows the useyrhmetrized basis functiofts

YE, 6 (r) = V2t {Sclzifs)((j)) (133)

whereG = (G|,G:). Here we exploit the fact, that in film calculatioks= k. There-
fore, not only the density and potential, but also the basistions have z-reflection sym-
metry. This enables a block diagonalization of the eigare@roblem, decomposing the
Hamilton- and overlap matrix into symmetric and antisynmieeblocks. Apart from a
small overhead — resulting from sorting the eigenvectorg-expect a speed-up of a factor
4 for a N3 py scaling diagonalization routine. From the chart in Figudeohe finds that
this value is almost obtained. In summary, we gained a sppeaf-more than a factor 2.5
as compared to a repeated slab calculation where these gyiesweere neglected.

Using the same concept for one-dimensional systems, c@dparthe conventional
FLAPW formulation, the 1D-method can be 150 times fasten tha& supercell approach,
and the Hamiltonian construction and the diagonalizatiart pf the 1D code even 270
times faster than that of the bulk super-cell cfdés compared to the supercell approach
using the film geometry, per self-consistency iteration Ibemethod is then 15 times
faster, and the Hamiltonian construction and the diageattin part of the 1D code is 25
times faster than that of the film super-cell code.
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6.2 Parallelization of the Algorithm

Due to the rather complex algorithm of a FLAPW program as camreg to a quantum
Monte Carlo code for instance, there exists no straight #odwparallelization strategy.
From the chart in Figure 14 it is evident that there is no singlell-defined part of the
program that consumes almost all computer time. Moreowepedding on the actual
problem, the computational costs are distributed quiteiftly: while in large systems
most of the time is spent in the diagonalization of the eigdure problem, in systems of
moderate size other parts of the code might get equally tomswming. But even small
systems can become supercomputer applications when teevaige problem has to be
solved for a huge number &-points, Ny, as it is required in many magnetic problems.
Applications on workstation clusters require a minimiaatof communication between
the nodes, while on massively parallel machines the mensopyirements for the setup of
the Hamilton matrix may surpass the resources availablesamgde processor. This calls
for flexible parallelization strategies.

To fulfill adequately the needs of all different kinds of aditions we introduced par-
allelization on two levels: a coarse grainkegboint parallelization and a fine grained com-
bined eigenvector and eigenvalue parallelization. Dejendn the actual values d¥y
and the number of processorg,., available for the application as well as on the memory-
resources on the individual processors, the simultangopigcation of both strategies al-
lows a flexible load balancing.
k-point parallelization
For a calculation of the g(x 2) Cu(110) surface with only orle-point we find that 92.6%
of the time was spent in tHe-dependent part of the code, whereas the rest was used mainly
for the potential construction (5.7%). From this we expbat thek-point parallelization
will be a very efficient strategy beyond okepoint.

In the parallelized version of tHeL EUR-code the setup and the potential construction
are done on a single processor. All necessary variablehanebiroadcasted to the other
processors and the potential can be read from a file if there@nmon file system for all
nodes. The eigenvalue problem that has to be solved fkr@dlints can now be distributed
over the processors and the results (eigenvalues and rgkate written to a global direct-
access file. If no common file system exists, each node mag té results to a private
file and send the eigenvalues back to the node that did the aatliwhich determines now
the Fermi-level. With this result, the occupancy of the sigdues can be calculated and
the result is sent to all processors. With this informatibmades can calculate a partial
charge density (and e.g. forces on the atoms, orbital m@waf) from the eigenvectors
that were calculated in the last step. Up to this point theroomication between the nodes
was almost negligible, but now the charge densities frormadles are sent back to and
summed up by the first node. Here, the charge density mixidgagimecessary output is
done that finishes a step of the self-consistency cycle.

Since there is no additional computational effort and a mageamount of communi-
cation between the nodes, the performance is almost ideakde of the film containing
72 Cu atoms a parallelization of more than 92% can be expéaedthe unparallelized
calculation. But the performance is also splendid for senalstems as it is shown in
Figure 14. Test was carried out for a 1RBoint calculation as it occurs typically in the
connection with calculations of the magnetic anisotropgudations where often even a
denser sampling of the Brillouin zone is necessary.
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Eigenstate parallelization

Due to memory (per node) limitations on massively parallethinesk-point paralleliza-
tion alone does not suffice to calculate big systems. In #ée one distributes the eigen-
value problem for eack-point on N5y nodes.

We found it most useful to adopt a parallel QR-algorithm Far $olution of the general-
ized (symmetric or hermitian) eigenvalue problem that tisesnatrices in a column-wise
distributed fashion, i.e. a columrof the Hamilton and overlap matrix can be found on the
processor with the numbenodi, N¢). Since our matrices are symmetric or hermitian
we calculate only one part of every column, the other pareig ffom the other nodes to
complete the column. Compared to the unparallelized coierevpacked matrices are
used, this gives us no big improvement on the use of memaWjf = 2, but when four
processors work on orle-point we use only half of the memory per node for the matri-
ces (and they normally use most of the memory in this stepicesthe communication is
moderate and no additional computational effort ariseshfemmatrix setup, the scaling of
this part with the number of processors is almost linear. fdrallel QR-algorithm reduces
the generalized eigenvalue problem via a Cholesky-fation (see also Section 2.4) to
a normal one and uses a Householder transform to get a witdhgnatrix. From this
matrix the & 10%) lowest eigenvalues are determined and the eigenvectouladbn
is distributed over theéVgy nodes. Finally, each processor holds approximately theesam
number of eigenvalue/eigenvector pairs.

For the determination of the charge density there is no quneédifference whether
each node calculates a partial charge density from a subkepaoints or from a subset of
eigenvalues of a selectédpoint. Therefore, it is rather easy to implement a pariakel
charge-density generator once the complete eigenveg®e/ailable on the nodes. The
efficiency of this parallelization strategy for the Cu(11&ference system is shown in the
right panel of Figure 14.

The parallelization of FLAPW codes enabled calculationsysftems with unprece-
dented complexity involving unit cells of several hundtedf atoms dealing simultane-
ously with complex magnetic structures. The strategy oélbelization presented com-
bines the flexibility required to tackle very different ptetms with transparency in the
source-code and an acceptable performance on variousgbatahputer platforms.
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