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Ab I nitio Description of Electronic Transport

Daniel Wortmann

Institute of Solid State Research
Forschungszentrum Jillich
52425 Julich, Germany

E-mail: d.wortmann@fzjuelich.de

Ab initio calculations of electronic transport became an imporwuwitfor the interpretation of
quantum transport experiments on the atomic scale. Diffeheoretical concepts used in these
kind of calculations are presented. The Landauer equatiorirbduced, its basic assumptions
and the corresponding limits of applicability are discasaed compared to a calculation of the
tunneling current based on perturbation theory. We alse giglimpse on the techniques used
to treat open systems and systems out of equilibrium by mefathe Green function approach.

1 Introduction

Calculating the electronic current flowing in a system dusdme bias voltage is one of
the most difficult problems in theoretical solid state phgsDifferent levels of approxima-
tions have been applied to the problem and theoretical reddemany different aspects
of the problem have been discussed. Among these, one of thiewvath known methods to
treat electronic transport in solids is based on the Boltemfarmalism, which describes
the time-dependent change in the electronic distributiorcfion due to the applied field
E. Itis a classical approximation as it considers the elestto be moving freely between
individual scattering events. Interference effects dubéajuantum nature of the electrons
are neglected. On the other hand, the very fact that therefectmove in a solid without
scattering at every atomic site, i.e. the possibility toatiee the electrons as (quasi) par-
ticles moving freely around is of course a quantum mechaplbanomenon. Very often,
the Boltzmann equation is used in the so-called relaxatioe-approximation, assuming
a simple linear dependence of the scattering rate of theuzdimg) electrons on the change
A f of the distribution functiory that can be expressed in terms of a characteristic scatter-
ing time T or alternatively in terms of a characteristic average ledgt 7v between two
scattering events. In this approximation, the Boltzmanmida takes the form

0 L0 =10 1
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The average length between two such scattering eventsytballed mean-free path is
the basic input parameter in the Boltzmann formula (Figyr&®he can derive approxima-
tions for different contributions to such scattering egand e.g. find the low-temperature
dependence of the resistance of simple metals due to eleglronon scattering as given
in the famous Bloch™ law.

The approximations used in the Boltzmann approach regiigpplicability to the case
in which the sample dimensions are much larger than the rfrearpath and at the same
time the scattering events can be viewed as independentdemm other, i.e. quantum
interference effects can be neglected. Such quantum énéerée can lead to a drastic
variation of the resistance of a sample in an effect knownradefson localization.



Figure 1. Scattering of electrons traveling in a solid. Therage distance between such scattering events is the
mean-free patli.

A more basic approach to the problem of electric conductases the idea of treating
the current as a response of the quantum system to the ajfdiettic field. In its most
rigorous formulation this idea can be used in the lineareasp limitin which one assumes
that the current depends linearly on the field. Using theesponding time-dependent
guantum mechanical formulation one obtains the so-callggokformalism which can be
used to obtain the conductance of the system. While thisoagpris very general and
would allow to include all kinds of scattering, it is not edasyapply it to realistic systems.

In the following, we will concentrate on calculating the @lenic transport from a
guantum mechanical point of view. In particular, we will stater systems with typical
dimensions much smaller than the mean-free path due t@sogtat structural impurities,
by interface roughness, by phonons, magnons or other tetyperdependent excitations
present in real experiments. In the nanosize setups wedemshe resistance is due to
the scattering of the electrons on the potential changerimesscattering volume. A typ-

Figure 2. Different experimental setups used in nanoscafesport experiments. a) Metallic nanowires which
might have different length, b) Scanning tunneling micogsc with a tip scanning the surface, c) Transport
through single molecules.



ical experimental setup of such a system would be a breattipmwith an atomic wire
suspended between the two electrodes or a tunneling skip Bcanning tunneling mi-
croscope (STM) (Figure 2a),b) ). The same approximatiorsis frequently applied to
electron transport through single molecules (Figure 2a)enehough one could expect
that scattering due to molecular vibrations will be impottaere.

This lecture will cover two main subjects. First, we will disss the basic models to
describe electron transport in a single-particle pictiifgs part will cover the famous Lan-
dauer approach to ballistic transport (Section 2.1) as agH more specialized approach
to the tunneling problem — Bardeen'’s approach based onrpeatton theory (Section 2.3).
After introducing these models, we will focus on the spegifioblems one faces when
trying to apply these ideas using the density functionabtheln particular we will dis-
cuss how to deal with semi-infinite leads and open systent®witperiodicity (Section 3).
Our discussion will close with a short summary of the baseaglapplied to treat a non-
equilibrium situation with a finite applied bias voltage tr@nsport junction (Section 3.1).

2 Single-Particle View on Quantum Transport

Even when restricting the theoretical description to tleetbn system only, the transport
process is actually a complicated many electron problemsylsgem in non-equilibrium.
On the macroscopic scale one can already define some of teeedif quantities describing
the system like current and charge density or the appliedraldield. However, it is very
difficult to track these quantities down to the microscopiale due to the complicated
thermodynamically averaging taking place. In the follogwive will only deal with the very
restricted subset of phenomena that are due to quantum mieahaature of the electrons
and we will therefore consider systems which can be desttilyepure wavefunctions
without any statistical averaging. Still, in this pictureaeowould have to describe the
electron transport by the time-dependent many-body wantiion ¥ (¢). For example,
one could consider the probabilify; ¢ of the system changing its state from some initial
multi-electron staté; into a final multi-electron stat& ; where the two states differ with
respect to their charge distribution. Thus, this approaakes it necessary to calculate the
many particle time-dependent wavefunctions of the engistesn. This is a very difficult
task which cannot be solved in general.

To overcome this fundamental obstacle we will switch to fhgle-electron picture of
electron transport. Similar to the replacement of the mamigie problem of determining
the ground state of a many-body quantum mechanical systelenisity functional theory
by a single-particle Kohn-Sham formalism we will treat thecgronic transport as due to
the transport of many independent single-electrons. Eumbre, we will assume that the
single-particle states in the Kohn-Sham formulation dttudescribe these independent
single-electrons. Of course, there can be no hope that ¢énissimplistic model actually
is able to catch all the essential physics of the transporxtges. However, in analogy to
standard band structure calculations of solids in equilibrin which in many cases the
Kohn-Sham single particle eigenvalues and eigenstatebeanccessfully interpreted as
the elementary excitations of the systems we will apply #mes procedure to the elec-
tronic transport and assume that the effects of the atomamgement, of the electronic
(self-consistent) charge density and single-particleptial on the current can actually be
modeled by this approach.



Many effects restrict the validity of the single-electrggpeoach. Most obvious might
be electron-electron scattering effects of different aatithg electrons, but also inter-
actions with the lattice beyond the static approximatiog, €lectron-phonon scattering,
screening and charging effects or many particle interastio magnetic systems might
limit the validity of the single-electron picture. Only ihése processes are sufficiently
weak, one can hope that the single-particle approximaiioterms of the Kohn-Sham
states will provide reasonable results. This correspondike limit discussed in the in-
troduction in which the mean-free path is much larger thamstystem size. In the single-
particle picture the description in terms of the Kohn-Shaawefunction will hold only on
length scales shorter than this length scale, since thesegses not included in the model
will lead to the scattering destroying the phase cohereeteden the single-electron states
involved.

One should note, that in many cases this description of #etreh current in terms
of single-particle physics is a completely inappropriaténp of view. As soon as quan-
tum many-body effects come into play, qualitatively diéfet phenomena can be observed.
Examples of such effects are the Kondo-effect in which a ewvellquantum scatterer em-
bedded in a metallic environment leads to conductance atadities at low temperatures
or correlation effects like the Coulomb blockade which ao¢ meproduced in standard
density functional theory treatments.

Obviously our description does not include any processestigh the single particle
energy of the states carrying the currentis changed. Hemlgetastic transport can be de-
scribed. This kind of quantum transport with only elastiattering included is frequently
called ballistic transport in mesoscopic physics as in maspects the electrons behave
like classical particles moving in a “billiard” like fashio However, one should be aware
of underlying quantum mechanical picture of single-elatstates by which the electrons
are described. These single-particle states describediement of the electrons between
scattering events which scatter them from one single pasdtate into another.

2.1 ThelLandauer Approach

Landauet proposed a theory of the transport process which is welltadap describe the
ballistic transport. A very intuitive and simple derivatiwill be presented here. The Lan-
dauer equation can also be derived more rigorously staftong linear response theory.
In the Landauer approach to transport one considers therr€pin which the electrons
travel ballistically to be attached to two reservdirand R (see Figure 3).

The conductancE of the regiorf is defined by the curredt, g divided by the poten-
tial difference between the two reservoirs. The curidgnt on the other hand is given by
the current due to all electrons traveling frdnto R minus the current due to the electrons
traveling vice versa

Itr=Ipr—IpL - (2

To arrive at an equation for these currents, one can stantavtimple one-dimensional
model. The current from the left to the right is determinedabyelectrons leaving the left
reservoir, entering the scattering reg@nand leave this scattering region by passing into
the right reservoir. If one now assumes a very simple piotéitbe region2 in which its
electronic structure is described by single band in whiakestwithk > 0 propagate from



Left lead Scattering volume Right lead

Figure 3. Basic setup of the Landauer approach to transpbetleads act as reservoirs and are assumed to be in
thermal equilibrium.

the left to the right the current is given by an integral ovéstates withk > 0 up to the
Fermi wave-vectokr

Ip = /0 " eo(kydk 3)

wherev denotes the group velocity of the state. Since

_10E
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and converting the integral ovérinto an energy integration using the density of states
n(E),

(4)
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where the energy integration has to be performed over atb@weup to the Fermi energy
(the chemical potential) of the left reservoir. This can lbelerstood from the require-
ment that the electrons were assumed to be incoming frometharid therefore must be

occupied in the reservoir.
Using the same derivation for the states incoming from thletnieservoir one obtains

ILg = %(NL — [4R)- (6)

Identifying the difference in the chemical potentials and ur with the applied voltage
eV = (ur, — pr) one obtains the following interesting equation for the amtence

ILR 62
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This equation is truly remarkable since it states that eadacting band contributes the
same to the conductance. Irrespectively of the densityatéstor the group velocity of
the conducting states the conductance is always given byutidamental quantum of
conductancéhi. Indeed, as Eq. (5) shows, states with a low velocity ancefoeg a low
currentj = ev are compensated by their higher density of states suchithabinductance
remains constant.

In the case of multiple bands, the derivation has to be mablifiethe inclusion of an
extra sum over the different bands. Therefore in the gemase of NV conducting bands
one obtains

62
r= A N. (8)

The different ,,bands" in this discussions are usuallyeth)jchannels”. The argumentation
presented so far did not care about the proper definition edefchannels. These were
simple assumed to form some kind of ,,band" witfirdescribed by the usual formalism
of a wave-vectok and a dispersion relatioR (k). Strictly speaking, since the system is
not periodic, one cannot speak of Bloch states with some wag#r having a component
k in the direction of the current.

Since a key point in the discussion was the preparation cfta staveling from within
the reservoirs through the regiéhone should clarify this idea. For such a state traveling
to the right, one might assume the typical scattering prabMithin the left reservoir one
considers a wavefunction being a Bloch state propagatiwgrids the region. ,,Prop-
agate towards" in this context should be understood as a ktating a current flowing
towards2. Within the reservoirs the resulting scattering state camvlitten in terms of
reflectedy, and transmitted; states which are all solutions of the bulk Schrédinger equa
tion in the reservoirs with the same energy as the incomate#t, . Thek values of these
transmitted and reflected states have to be chosen sucthéhstates ,,propagate away*
from Q.

() + X2, rinn 1) 7in left reservoir
V() = {an tin VP (F) 7in right reservoir. ©)

Here the summations can be considered to be performed dveflatted Bloch states
or all transmitted Bloch states. In principle, also statesaying away from the interfaces
into the reservoirs must be included in this expansion. Henesince these do not carry
any current and by shifting the interface far enough intordeervoirs one can eliminate
these decaying states.

Looking back to the derivation of the Landauer formula, apamant change has to be
made. While in Eq. (3) and Eq. (4) the summation over the iringrstates and the evalu-
ation of the current from their group velocities were allfpemed within the same single
band picture, now one has to distinguish more carefully. A tmegration in Eq. (3) has to
be performed over the ,,in“ label of the expansion in Eq. {@)e sum over the velocities
on the other hand is best performed in the right electrodés iStpossible since current is
conserved and can be very easily be done if all transmiteédsaind the incoming state are
normalized to carry unit current. Using the orthogonalityte Bloch states one can per-
form the same steps as in Eq. (2) to (6) again to derive the geareral Landauer equation



for ballistic transport in the presence of some scatterfrtb@incoming electrons,

2
e
r=- > Il (10)

wherei, j label the Bloch states in the reservoirs traveling from #fetb the right.

Eq. (10) allows a simple interpretation of the transporeimts of the underlying quan-
tum mechanical property of the transmission probabifity = |¢;;|? of an electron from
the incoming Bloch stateinto the transmitted Bloch staje This interpretation makes the
requirement of normalizing the incoming and transmitteddBl states to unit current very
clear, since in this normalization the direct interpretatdf this probability is reasonably
well defined and Eq. (10) can be seen as a simple generaliz#teq. (8).

2.2 Interpretation of the Landauer Formula

The Landauer formula (Eg. (10)) was the source of some camfder quite some time
after its first formulatiof 2. The most striking feature of the equation might be its lifoit
a perfectly transmitting region, i.e. for a region witty = |¢;;|> = 1 for some set of, j.
For example if one would consider a perfect bulk crystal saclded between reservoirs
of the same bulk material the expansion of Eq. (9) would pskgto

W(7) = Yin(F) + 3 0y 7 in left reservoir
Y10 = () 7 in rightreservoir,

and one would rediscover Eqg. (8) wiffi denoting the number of incoming Bloch states.
At first glance, this means that the Landauer equation piedidimited conductance of
a system without any de-coherent scattering, i.e. of a pelfielk crystal. In the same
way the Landauer equation would also give a finite conduygtvi a free electron gas. In
this case a question which can always be asked only becomesabweious to ask: How
can a region with ballistic transport, i.e. without any ssive processes, have a finite
conductance? Since there is a voltage drop over the regiba aarrent is flowing, some
energy must dissipate. The key to the answer to this quektioin the definition of the
reservoirs which were assumed to be in thermal equilibriuth 8ome chemical potential
u attached to them. This is only possible, if there are agtuifisipative processes in the
reservoirs leading to the ,,thermalization” of the ,,hd€atrons being transfered across the
region of ballistic transport.

The surprising result of a finite conductance in the case ddréept crystal can now
been interpreted in different ways. Either the setup desdrivas not correct, since the
reservoirs could not remain in thermal equilibrium and bgiarfect crystals like the region
of ballistic transport at the same time or, which is actualyy much the same, no finite
voltage can be applied across such a system. The finite ctamhgcof such a system
with perfect ballistic transmission can now be interpreiediue the finite resistance at the
interface between the reservoir and the ballistic regiohis Ts also called the Sharvin-
resistance of the system.

Another point to mention in the discussion of the physioghgicance of the Landauer
equation is its formulation in terms of a two-terminal devicBoth the current and the
voltage drop are defined between the same two reservoirs.ahy mxperiments, espe-
cially in mesoscopic physics a four point measurement ifopied in which the current
is driven between electrodes different than those betwleevadltage drop is measured.

(11)



Buittiker® presented a generalization of the Landauer equation te thaki-terminal cases.
While this approach is very appropriate for mesoscopic jglsysn the atomic scale multi-
terminal arrangements are not the typical experimentahgements and thus Eq. (10) will
be sufficient. As depicted in Figure 4, additional resiseangresent in the current circuit
are frequently eliminated in a four-point measurement, liriclv two additional potential
probes are attached close to the scattering volume. Howrescattering volumes on
the atomic scale, these geometries are not appropriatéhasdve will restrict ourself to
simple two point geometries.

additional
resistance

()
(Y

Junction

I ) |

Figure 4. Four point geometry used experimentally to detegnthe voltage drop across a junction without
including additional resistances present in the currewtiti

We will come back to this point when discussing the non-elgilm transport later in
this manuscript.

While the Landauer equation is valid in many cases reachiomg ystems with high
conductivity to systems in the tunneling regime, one hasetodreful in its application in
some cases. Only states in which the incoming and transhvité@es can be described by
Bloch states contribute to the tunneling current. Thisedes any state which is localized
within the region of ballistic transport to contribute. $huorresponds to the fact that these
states do not carry any current within the simple one-abeqpicture of transport chosen.
In reality, there exist processes beyond this picture whael to some coupling of these
localized states to the otherwise orthogonal Bloch statésd reservoirs. For example the
many-body electron-electron interaction, electron-piroscattering, or structural defects
not included in the description can provide such a couplifius, while the Landauer
approach will be correct for cases of high transmissionughoBloch states, one could
imagine that in the limit of a very low transmission probéhibther processes of transport
across the ballistic region become important. In the oeetsdn picture these processes
could be thought of as the transition of an electron from #servoirs into some localized
state of the reservoir, the transition of the electron frame side of the reservoir to the
other and than the transition of the electron into a statb@bther reservoir. The validity
of the Landauer model is now limited by the transmission phility between the reservoir
states and the localized state. If this probability becoowesparable to the probabilities
P;; = |t;;|* the Landauer equation breaks down.

On the other hand, one can of course treat the other limit iiclwne transition prob-
ability between the two sides of the reservoir becomes verglisand the details of the
scattering processes needed to couple the states can leetadgIThis limit can be suc-



cessfully described by theories for the quantum mechahicaleling process.

2.3 TheBardeen Approach to Tunneling

The following description of the tunneling process is basedBardeen’s approach to
tunneling which essentially applies time-dependent pledtion theory to the problem.
Figure 5 shows the tunneling setup used in this approach. serd-infinite crystals are
separated by a barrier region, which will be assumed to bewwna barrier for simplicity.
If this vacuum barrier is sufficiently high and wide one caimktthe total setup to consist
of two independent systems: one at the left (L) and one afdie (R) side.

Left system Vacuum barrierRight system

L R

Figure 5. Tunneling setup used in Bardeen’s approach tegmh The two semi-infinite crystals at the left and
the right are separated by a vacuum barrier.

This total separation of the systems leads to two indepér8igmodinger equations
for the two sides

(T +UL)yr = eryr

(T + Ur)Yr = €rYr (12)

whereT denotes the operator of the kinetic energy of a single ele@ndlU;, andUpg, are
the potentials of the left and right system respectivelye $hngle-particle wavefunction
1 (t) of the entire setup is determined by the total Hamiltorfae= T + Uj, + Ug.

Now one can apply time-dependent perturbation theory tordesthe tunneling of an
electron across the vacuum barrier. Tunneling from thedefie right is assumed, the case
of an electron tunneling vice versa may be treated complatelogously. The initial state
of the tunneling process is localized in the left system.réfee, there exists an eigenstate
i with [(t = —o0)) = |¢}). The time-dependence of the st§dg(t)) is governed by
the Hamiltonian of the whole system.

., 0
iho, [b(t) = H[$()) - (13)

The tunneling probability is given by the overlap of this éirdependent wavefunction with
awavefunction),) of the right system. Multiplying Eq. (13) from the left witlp}; | leads
to

wil (ings ) 16(0) = WHl HT (@) (14)



Using the Schrddinger equation for the left state one abtai

iy (k| ¥) = (WRI H [¥) = (V| Hr|v) (15)
= (k| Ur 4) |

Substituting|y(t — —oc0)) = | ) for |¢) at the right hand side of Eq. (15) leads to
first order perturbation theory

iho (W] ) = (il UL 104). (16)

Even though this equation looks familiar one has to empbasiat this is not a result
obtained by standard time-dependent perturbation thebimg stategyr) and|¢g) are
eigenstates of the Hamiltonia#f;, and Hg, respectively. Therefore, they do not form a
complete orthogonal basis of the eigenspace of the totalilktemian H = 7'+ Uy, + Ugr
and the matrix elements at the left side of Eq. (16) are ndicserit to determine the
total time-dependence ¢§). This is a basic weakness of Bardeen’s approach. However
many applicatiorfs’ of this formalism have shown that Bardeen’s approximatimapces
reliable results for systems which are well separatedsystems where the overlap of the
two wavefunctiongyg andyy, is small.

Since the potentid/z, is not small in the left region, the question arises whettmer o
is allowed to use perturbation theory at all. However, it banseen from Eq. (16) that
the quantity which in fact determines the strength of theéysbation of the initial state
is (¢%|Ug [¢F). Since the final wavefunctioh)g) is localized in the right region in
which the left potential/z, is very weak this perturbation might still be regarded as albm
perturbation and thus time-depended perturbation witl leereasonable results.

By separating the time-dependence of the statdy = eis!|®4) and |[¢%) =
etert | I¥), integrating Eq. (16) and performing the limit> oo, one obtains an expression
for the tunneling probability per time interval

11 /¢
LR _ 1: - v w2
P = tlggo th2/o Wkl U o) 4
2 2 [ ev—e€u
4 8in” (=521
= lim = ( 2 ) |MEE?, (18)

t—oo R (6,, - GH)2t

where the matrix eIemeanf,,R is given by the stationary-state matrix element of the
potential

Mt = (VR UL [1) .- (19)

Assuming a continuous range of energy lewglgor ¢,) the limit of Eq. (18) can be
evaluated directf; One obtains

27
PLE = Ea(ey — )| ML (20)

This result is similar to the well known 'Golden Rule’ Ferniitained for standard time-
dependent perturbation theory. It describes elastic timpaith energye, = ¢, only.
Formally this condition is taken care of by thdunction in Eq. (20).

To evaluate this matrix element one can introduce an additiapproximation. He
assumed the potenti#l, to be zero in the right region of space. Similar the right ptis

10



should be zero in the left region. More formal one assumeparaton surfac& which
separates the regions in which the two potentials diffemfmero. This can be written
down by the conditiod/;,Ur = 0 for any point in space. Figure 6 shows the setup as used
in this additional approximation.

._“ UR

©
Q
<
8
=
3
(2]
<
k=l
=1
<
2
[}
Q.
5]
%2}

Left system Vacuum barrier Right system

Figure 6. Potential used in the Bardeen approach to turqn€line left (right) potential/;, (Ug) is then assumed
to be zero in the right (left) region.

Of course, this approximation will become better if the ptigds Uz, andUg, are rea-
sonably small at and beyond the separation surface. THib&athe case if the separation
surface is located far out in the vacuum.

Using the Schrodinger equation for the left wavefunctiad &aving in mind that the
potentiall/z, is zero in the right space one can now rewrite the matrix etgimean integral
over the left region only

B2 L.
MER = / T (7)* (W + 2—v2> Th (7)dV (21)
L m

which can be written in a more symmetric form

MEE = [, {04 e, W4 () + W47 L2 Wi ()} av
= [ u@ T O v@ + v £w@ ey (22)
=~ & [ WO - U e | av

In these transformations in the first step the eigenvglweas substituted by, because
energy conservation requires the calculation of matrirelets withe, = €, only. In the
second step the Schrddinger equation for the right staseusad (the arrow indicates the
wavefunction the operators acts on). The integration a&dhd left region. Since the
potentialUg is assumed to be zero in this region, it was dropped in thestagt Using
Greens theorem and the boundary condition that the righefuaction is zero at infinite
distance from the separation surface this integral candrstormed into an integral over

11



the separation surface
LR h? Vi V4
Mit = —g [ (WP - ) () ds. (23)
So far only an expression for the probability of the trawsitof an electron from a left

state into a right state was obtained.
Slightly modifying Eqg. (20) this probability can be writtes

2
PLR = %a(eﬁ — el —eV)|MLRP, (24)

where the additional terral” is introduced to account for the bias voltageapplied
between the two sides. To calculate the tunneling curreetas to sum over all different
possible left and right states and one has to keep in mindhkeaglectrons might tunnel
from the left to the right as well as vice versa. The total enttherefore is given by

J = JL—R _ [R—L

=eX fle)A = flev +eV) P —eX (1 flew) flew +eV)PJIE  (o5)
% uv
=e E (f(ew) = flev +eV) Pt

wheref (¢) denotes the Fermi-distribution function which is introdd¢o ensure that only
tunneling from occupied to unoccupied states can occur.gln(®5) the symmetry of the
tunneling probabilityP~® = P!l which can easily be deduced from Eq. (23) was used.
The sum in Eq. (25) has to be performed over all right statesi¢al byv and all left states
labeled byu. No further assumption is made on the nature of these leftrigihdl states,
i.e. both Bloch states and surface states decaying intaulkebntribute to the current and
therefor this formula differs significantly from the Landadormula.

2.4 Landauer Conductance Versus Bardeen's Tunneling

One might wonder which the difference will be between thelte®f the Bardeen formula
of tunneling and of the Landauer approach. Of course, asssttan Section 2.3 the results
will differ significantly as soon as localized states arespre in the vicinity of the barrier
region. However, it remains to be clarified what should beseigd in the absence of these
states. Before the difference between these two transponufias will be investigated for
more realistic systems, it is instructive to look at a vermpgie model that one can treat
analytically.

Figure 7 shows the setup chosen for this simple model, arrgatar barrier of height
Vo and widthd between leads in which the electrons are described by festreh wave-
functions. In the Landauer picture of transport, the wamefion is constructed as

+ (exp(ikz) + r exp(—ikz)) < 0 in left region
P(z) = { a exp(—kz) + b exp(kz) 0 <z <d inthe barrier (26)
+ t exp(ikz) x > d in right region

The decay constant is given by= +/2V, — k2, the coefficients, b andr,t can be de-
termined by wavefunction matching, i.e. by the requirentleat the wavefunction and its

12



a) b)

Figure 7. a) Setup of a one-dimensional rectangular bansed for the analytic evaluation of the Landauer
equation. b) Corresponding system for the Bardeen formililae two sides are separated by extending the
Barrier to infinity. Only the left system of Bardeen’s setashown, the right is constructed mirrored.

derivative are continuous at= 0 andxz = d. The normalization factot has been chosen
such that the Bloch states carry unit current as requirechplgi algebra reveals the well
know formula

4ikk e~ tkd

= . 27
t (ik + K)2e—rd + (k + iKk)2end 27)

Inserting this expression into Eq. (10) one obtains the¢ling conductance of this simple
barrier in the Landauer approach

1-\ — é (4K/k)z e—2K/d
TR (B2 + R2)2(1 — e 2nd)2 o (4rk)Ze2nd
| 4rk |° _,. .
T h et R2 e+ 0 (7). (28)

The second term in this expressions denotes contributiooslere—*%? which can be ne-
glected for any sufficiently thick barrier. This accounts&mlecting the multiple scattering
processes in which the electron is scattered multiple tmése interfaces.

If one wants to treat the same system using Bardeen'’s formn&has to separate the
two systems by extending the barrier to infinity as indicateBligure 7b). The wavefunc-
tions of the two systems are of course equal except for tmsfivtematiorne < d — 2 and
can be written, e.g. for the left side, as

exp(ikz) + #EE oxp(—ikz) = inthe leads
oy { p(ikz) p(~ikz) (29)

itk—kK
2ik . .
o exp(—Kx) z in the barrier

This formula does not depend on the barrier thickness asdriees completely decoupled
systems. The conductance in Bardeen'’s approach is now bivémserting a separation
surface att = d/2 and to evaluate the transition probabilities of Eq. (24)rargye, to
obtain

T | 2k _pam 20k gl
Prardeen = o2 2m6 rd/ A T— rd/ d(e — €o)
Th3 akk |* _
=5 2 i € 2rd§(e — €g). (30)
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Finally the summation over all states gives according to(E5)

2
e 2R, (31)

2

e 4kk

Mlg=—|5——
7 h R+ k2

Hence, both Egs. (28) and (31) reveal the same conductattoe imit of largexd, i.e. for

a small conductance. Figure 8 illustrates this equivaléaca set of parameters typical

for an STM setup. It is seen that for barriers thicker thahA Eqgs. (31) and (28) give

practically identical results.
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Figure 8. Conductance (in units of the conductance quawrfyyfh) through a rectangular barrier of 5eV barrier
height between free electron leads= 1eV) as a function of the barrier thickness &

2.5 Cu-Vacuum-Cu Tunneling

To demonstrate the two formulas for a more realistic, blltsithple case we investigated
the electron transmission with normal incidenkg & 0) through a 8.3 vacuum barrier
separating two Cu(111) surfaces. The calculation was padd within the DFT using the
FLAPW-method, as implemented in the embedding version@FttEUR-codé 1,

Figure 9 compares the results of the Landauer formula anchadd2n’s approach. In
contrast to the simple analytic model discussed beforeisnsiitup both localized surface
states and delocalized propagating Bloch states can be fdarthe energy range below
~ —0.9 eV a band of Bloch electrons witk) = 0 can be found which due to their low
energies have very low tunneling probabilities. This traission probability is described
by both formulas and similar to the analytic case discusséarb both approaches lead to
essentially identical results.

At —0.4 eV, however, a surface state on the Cu(111) surface can be fouk; = 0.

In the case of the setup required for the Landauer equatesetburface states will occur
on both sides and hence these states will be split into twelddwy hybridization. On the
other hand, in Bardeen'’s approach, because of the comglgseation of the two systems
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Figure 9. Conductance through a vacuum barrier separatiogCt(111) surfaces. Only electrons with normal
incidence are considered. The peak width is due to a finitgimaay part in the energy and its height has been
scaled down by a factor of five. The inset shows the normatieraie part of the Cu band structure relevant for
the energy window in which transmission from Bloch statestwafound from both approaches.

only a single surface state peak occurs and no hybridizapéiiing is seen in Figure 9.
The finite width of this peak is due to the introduction of aragmary contribution to
the energy o = 0.03 eV for illustrative purpose only. Such a small broadeninghef
peak is needed for a numerical integration of the total cotahce as well but should
not be confused with the modeling of the coupling of the stefstate to the leads. For
reasonably small imaginary parts the integrated condaetahthe peak does not depend
on the exact choice of the imaginary energy.

In the case of the setup required for the Landauer equati@pty estimate the elec-
tron hopping rate between the two levels from the energytisigi Nevertheless, these
states do not contribute to the conductance in the Landaueatien as no Bloch states are
present in the leads at this energy. Bardeen’s equationeatiier hand contains a strong
contribution from the surface state. In this very artifigé@lation with the same surface
state on both sides of the barrier this effect can only be aeexactly zero bias. However,
the arguments presented here are equally valid for sitsiio which one encounters a
localized state at one side of the barrier and a continuuimeadther.

In order for electron hopping between two surface stateg tméasured as the current,
they must be coupled to extended states in both leads, fon@ravia impurity-induced
random potentials, electron-phonon interactidand electron-electron scatterift Ap-
plying Bardeen’s equation to the surface-state conduetassumes implicitly that the tran-
sition between two localized states on both sides is thelirmiéng process.

The present results clearly indicate the limits of validifyhe two different approaches.
While the Landauer formula will be suitable in cases in wideklatively high conductance
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is obtained by the coupling of Bloch states, it must be appliéth care for tunneling
setups in which states localized at interfaces might plaguaial role. On the other hand
the Bardeen approach to tunneling is only suitable for éx#oese situations and requires
a hight barrier leading to a low conductance.

3 DFT Calculations of Transport Setups

The most challenging problem when evaluating most of thesesport equations starting
from a DFT single-particle description is the particulaogetry of the system. While
most computer codes are build to treat either (i) periodétesys making use the periodic
boundary conditions and the Bloch construction of the staie(ii) finite systems like
molecules or clusters with vacuum boundary conditions, tirmasport system one has to
deal with an open system. At both sides of the region of isterewhich the quantum
scattering on some potential perturbation takes place;isdimite leads are attached. The
system has no periodicity in this direction of space andisglthe Kohn-Sham equation
within the scattering volume will only be possible by takittge appropriate boundary
condition into account which ensures that the effects ok#mai-infinite leads are treated
correctly.

To formalize the task, we want to treat this scattering vawnly, i.e. we want to deal
with the Kohn-Sham Hamiltonian limited to this finite volunig,. Of course we cannot
simply consider the equation

Hoyo = g (32)

since such a simple approach will completely miss out thecefff the attached leads. In
fact the way we wrote Eq. (32) it is not even well defined. Theniimnian of the total
system can not be written as

Hq +Hp + Hg (33)

containing contributions from the lefi;, and the rightd g lead as well as the central re-
gion as such an description does not contain the couplingdasst these volumes. Hence
the Kohn-Sham Hamiltonian can not simply be restricted éocinter region without spec-
ifying the boundary condition imposed at the boundary of thgion or equivalently, with-
out considering the coupling to the leads and the propesfidss leads.

In order to understand a scheme suitable to achieve theeddsratment of the barrier
volume only, we write the total Hamiltonian of the system iatrix form

Hr Vig O
H=|Var Ho Var |, (34)

whereVig andVgq denote the coupling of the left and right lead to the centrattsring
region. As the Kohn-Sham Hamiltonian is local no direct dowpbetween the leads
needs to be considered and one obtains Eq. (34) by using #igjently localized basis
set. Starting from this Hamiltonian the Green function & fieattering volumé&'q can be
obtained. The single-particle Green function is formakyided by

(H(7) — €) G(F,7";€) = 6(F — '), (35)
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or more concise in matrix notation
(H—¢€)G(e) =1. (36)

Our goal is the calculation of the Green function for theltetamiltonian restricted to the
scattering volumél. In analogy to the partitioning of the Hamiltonian we canteri

HL—E VLQ 0 GL GLQ GLR 100
VQL HQ — € VQR GQL GQ GQR = 010 . (37)
0 VRQ HR—G GRL GRQ GR 001
Hence, the Green functidd, is defined by
VarGra + (Ha — €)Ga + VarGRra = 1. (38)

From the off-diagonal elements of Eq. (37) one obtaXis£ L or X = R)

Gxq = —(Hx —€) 'VxaGa

where the Green functiof} = (Hx — €)' of the isolated leads has been introduced.
consequently one can rewrite Eq. (38) into

(HQ—G—EL—ER)GQ:].. (40)

This demonstrates that one can calculate the Green funatitwe scattering volumé&'q
by adding two additional ternisy, , ; to the Hamiltonian which take into account the effect
of the attached semi-infinite leads. These so-called sefegges are given by

Yx = Vax(Hx —€) 'Vxa = VaxG% Vxa. (41)

and play a crucial role in thab initio calculation of scattering setups. By means of the self-
energy the coupling to the leads is described. Consequéntly the interaction between
the leads and the scattering voluiiig, and the electronic structure of the leddg enter
in its definition. Since thesE are energy dependent, one can not easily cast Eq. (38) into
an eigenvalue problem to obtain the single-electron wanatfans but instead must express
the quantities of interest in terms of the Green function.

The linear response conductivity of the Kohn-Sham systemb®en expressed by
many authors in terms of the Green function. This approaellyi

2
r= %Tr (GaSTRGHSTL) . (42)
One can prov¥ °that this expression is equivalent to the Landauer formsigivgen in Eq.
(10). We will not repeat this derivation here but insteacegiome handwaving arguments
which create understanding by analogies in the interpoetatff the different constituents
of the expression:

e Asone cansee from Eq. (41) the imaginary part of the selfeggagof the two leads is
due to the Green function of the lea@% . Hence the imaginary part of the self energy
contains the information on the Bloch states in the leadspaagcts out the propa-
gating states in the trace performed in Eq. (42) in analoglygsum over asymptotic
Bloch states in the original Landauer equation (Eq. (10)).
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e As the self-energy describes the coupling to the leads theyhighhly localized at
the surface between the scattering volume of the leads aptbtucts of the form
I GSE R the two spacial arguments of the Green are basically plangtetwo
opposite sides of the scattering volume. Hence this Greectifin basically corre-
sponds to the transmission coefficient in the original Lard&quation.

3.1 Non-Equilibrium Calculation

The formalism we discussed so far is restricted to the treatrof electrical conductivity
in the linear response regime valid for the limit of zero hiakage. This limit is definitely
appropriate for systems with nearly perfect transmissitinthere would be very little
scattering of the incoming electrons, i.e. if the incominghi-States do not couple to
reflected states but are perfectly transmitted, it wouldniygoissible to apply a large bias
voltage. This can be understood very simply from Ohm'’s laviciltells you that you can
not have a potential drop if you have no resistance. Hendéajsrhighly conducting case
the zero bias treatment is the only reasonable descripsitong as one does not go beyond
our model of ballistic transport without scattering pragesmaking the DFT description
invalid.

Scattering
volume
My !
3 eV
o !
)
L My

Figure 10. Potential and local Fermi-levels in a system duwtquilibrium. The bias applied between the two
leads gives rise to a potential drop which is confined to tlatexing volume so that the leads stay in local
equilibrium.

The situation is different in the case of a strong reflectibthe electrons within the
scattering volume. In this case a substantial potentigb daxurs within the scattering
volume and this effect can be treated. In the limit of vertlditransmission like in a
tunneling setup, one can safely assume that the totalaesesimeasured in an experiment
is actual due to the tunnel barrier, i.e. to the effect of ttettering volume. In this case
the potential is flat in the leads, and all the potential drdptve across the barrier.

The basic assumption one makes when calculating a condyatiction under non-
equilibrium conditions is the neglect of the effect of thepkgd bias on the leads. This
includes the assumption that the potential in the leadséas™fle. the leads are assumed
to have the bulk potential. Additionally, no effect of ther@nt in the leads is considered,
the electronic structure of the leads is unchanged fromithat®n of the bulk. These
assumptions of course require that the current is reaspeatall.
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We will consider the bias voltagé as being applied to the left lead changing the local
potential in the lead

Vi = Vi, +eV. (43)

As the leads are assumed to be in a local equilibrium one cAgraa local chemical po-
tentialy;/r) to both leads. These different chemical potential levedssaifted according
to the applied bias voltage

pr = pr +€ev. (44)

The basic task in the self-consistent DFT cycle for the systethis non-equilibrium
situation is the calculation of the charge density in thetscdag volume. This charge
density can be viewed as being composed out of the charg@diiectrons incident from
the left leadNy, and the charge due to electrons incident from the right®

N = N + Ng. (45)

Due to the different Fermi levels in the leads two differeatri distribution functiong
have to be considered in the evaluation of these charges

Ni=1 [ fu0An@de and Na= 1 [ fn(@ande,  @0)

where fr,/r(e) = f(e — p(L/R)) and AL, r denotes the spectral function due the left
and right incoming states. This left and right spectral fions are key quantities in non-
equilibrium calculations. They are given in terms of Kohma8 states),,r which are
incoming from the respective ledd

Ap/r(e) =m Z¢ZL/R¢i;L/R5(6i —€). (47)

The sum has to be performed over all possible incoming eleatiates. While some codes
exist that use such an expression of the spectral functigerins of the wavefunctions
most approaches employ a reformulation of the spectraltimmain terms of the Green
function of the scattering volume and the self-energiebef¢ads.

AL/RZG*%EL/RG. (48)
This equation can be derived from the definition of the spéétinction as the imag-
inary part of the Green function. Hence, assuming that teetsal function can be sepa-
rated into a left/right part one can write
AL+AR=%’(G—G*). (49)
The Green function of the scattering volume is given in teafnthe Hamiltonian and the
self-energies of the leads (Eq. (38))

Gl=e-H-%, -3z (50)

@ Actually, this statement is not valid if states exist whick calized within the scattering volume and which
decay exponentially into the leads. Such states imposenaidable problem if they are energetically located
between the two Fermi levels. In this case the occupatioheofdcalized state is not defined without considering
further effects beyond the simple DFT approach.

bThese states are usually called scattering states.

19



and
G*l=e-H-%} - %%, (51)

as the Hamiltonian is Hermitian. Subtracting Eqgs. (50) &1 @nd multiplying withG*
from the left andZ from the right one obtains

;(G —G*) = G*ST.G + G*STRG (52)
from which one can easily identify Eq. (48).

We will finalize the discussion of this expression of the/l&jht spectral function with
some comments:

e While we only presented a rough and handwaving derivatiothe$e expressions,
one can also obtain them most rigorously within the non{édayiim Keldysh Green
function technigue. Such a derivation also allows to syatérally improve the level
of approximation by including further interactions in a fpebative treatment.

e The two expressions in terms of the Green functions andingef the wavefunctions
are equivalent. However, in practical calculations theg@runction formalism is
more widely used.

e The presence of localized states in the scattering volutrednces a significant prob-
lem in non-equilibrium calculations. Since these statesiaiocouple to the Bloch
states of the left or right leads it is unclear how the occaganf such states has to
be chosen as soon as their energy will be between the two Fearets. In reality, the
occupancy of these states is determined by the scatterauggses beyond the DFT
which provide a small coupling to the leads. However, sitesé processes are not
modeled in the simple non-interacting DFT calculation,iididal assumptions must
be introduced to deal with localized states.

e The decomposition of the spectral function into a right aftidart allows to interpret
the Landauer equation in a slightly different way. Compgufigs. (42) and (48) one
realizes that

2 2
r= %Tr (ALSZR) = %TT (ArSEL). (53)

Hence, the Landauer conductance is given by the projecfitredeft spectral func-
tion on the Bloch states of the right lead or vice versa.

3.2 Typical Flow of a Non-Equilibrium Calculation

We will finalize our discussion by summarizing the differéatks one has to perform in
order to put the non-equilibrium scheme into practice. €htasks are summarized in
Figure 11 as well. One of the most crucial parts is the catmraof the self-energy of
the leads. When using the definition of Eq. (41) the most dilfiproblem in this step
is the calculation of the Green function of the isolated leathile the Green function of
the infinite lead is relatively easy to obtain, the calcwiatof the Green functio®? R

of the isolated, semi-infinite leads imposes a substant@pm due to the breaking of
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translational symmetry. The missing hopping to the cersitaktering volume make the
first layers of the lead substantially different from thekywbhile — at the same time — the
potential should remain unchanged. Different approaches been developed to solve this
problem, most of which employ some kind of iterative caltiola of the Green function
or the self energy. In many codes this calculation of these#rgies is a time-consuming
and difficult task.

Green function

Bulk DFT potentials of semi-infinite Self-energy of
leads the leads
VHartree Vxc Gy Yx

Scattering volume

= DFET-potentials with correct . = Green function from Hamiltoni
boundary conditions ~~ and lead self-energies

.Boundary
value

."ﬁ—[grtreeyVXC .. _DET. GZCH—€—Z> .

- : : - : self-c‘onsi‘sten‘cy - : : - : : -
. . e J
Charge density —_—  Spectral function
.

Figure 11. Flow of a self-consistent calculation using tbe-eqilibrium Green function formalism.

Once the self-energy of the leads is known, the self-cagrdis@alculation of the charge
density in the scattering volume can be started. The twomstgps here are the calculation
of the Hartree potential in the scattering volume and thessgbent calculation of the left
and right spectral functions.

The applied bias enters the calculation of the Hartree pialeAt the boundaries of the
central volume, the Hartree potential has to fulfill a Ditettboundary condition imposed
by the bulk Hartree potential of the leads. The bias shifis plotential on one side of
the leads effectively imposing an electric field into thetsang volume. Obviously, the
Hartree potential depends on the charge density within ¢hdesing volume and hence
this calculation is the starting point of a DFT self-consisty cycle.

The calculation of the Green function of the scattering waduincluding the self-
energies of the lead is the next important task. Very ofténitha very time consuming
and memory intensive part as a possibly very large Hamétoiwif the scattering volume
has to be inverted (see Eq. (38)) for a huge set of differeatgi@s and possibly different
E||-values in a periodic junction. The Green function of theitezang volume then allows
the calculation of the left and right spectral functions az@rdance with Eq. (48). The
DFT self-consistency circle will ensure that the chargesteitbution due to the applied
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bias is taken into account properly. For example, screeaiagges will be induced at
the interface such that the metallic leads become free odtternal electric field and the
applied bias voltage, which will lead to a simply linear putal drop across all the scat-
tering volume without considering the self-consisteniseibution of the charge, will be
confined to a smaller volume which includes only the scattgpiotential.

4 Summary

Electronic structure calculations on the basis of the dgfishctional theory allow to in-
vestigate the effect of details of the atomic structureshenttansport in nanostructures.
We discussed the approximations most frequently used getbalculations, the Landauer
formula and Bardeen'’s tunneling approach and stressedsih@larities as well as the dif-
ferences in the treatment of the tunneling conductancealligjrwe introduced the basic
ideas used to treat systems out of equilibrium in which adibias voltage is applied across
a scattering region. The key formulas of the non-equilibrireen function technique ap-
plied to the non-interacting DFT system were introducediatetpreted.
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