
JOURNAL OF CHEMICAL PHYSICS VOLUME 117, NUMBER 8 22 AUGUST 2002
Stresses in inhomogeneous suspensions
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A microscopic expression for the divergence of the stress tensor is derived for inhomogeneous
suspensions of rigid colloidal particles of arbitrary shape. This expression is valid for arbitrary large
gradients in the shear rate, concentration, and orientational order parameters. The corresponding
Navier–Stokes equation is a necessary ingredient to describe phenomena like shear-banding, phase
separation kinetics, and phase coexistence under shear flow conditions. ©2002 American Institute
of Physics. @DOI: 10.1063/1.1495842#
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I. INTRODUCTION

There are a number of nonequilibrium phenomena
systems subjected to shear flow, where strong inhomog
ities play an important role, both in transient kinetics and
patterned stationary states. Examples of such phenomen
phase separation and phase coexistence under shear
conditions, and shear-banding. In order to describe such
nomena, a closed set of equations of motion must be der
for the suspension flow velocity, for the density and relev
order parameters. These equations of motion should acc
for the occurrence of gradients in the shear rate, concen
tion, and order parameters. Since within interfacial regio
these gradients can be very large, it is probably not suffic
to use truncated gradient expansions of the equations of
tion. Instead, the equations of motion should account for
higher order gradient contributions in closed form. The eq
tion of motion for the suspension flow velocity is th
Navier–Stokes equation, for which the divergence of the s
pension stress tensor must be specified.In the present paper
we will derive an expression for the divergence of the s
pension stress tensor which includes contributions due
possibly very large, gradients in shear rate, concentratio
and orientational order parameters.

A special feature of simple shear flow is, that it cons
tutes a nonconservative external field. One cannot defin
Hamiltonian for a system subjected to simple shear flow,
therefore, one can not define a chemical potentialm. Further-
more, even if a chemical potential could be defined loca
mass transport would only be proportional to“m, when gra-
dients are small and the system is close to equilibrium. I
not known how good the approximation is to ignore the
problems, and to assume that mass transport is driven
linear gradients in some local chemical potential. We the
fore chose to develop a microscopic approach to derive e
tions of motion, which does not rely on thermodynamic
guments. As a first step toward the derivation of a comp
set of equations of motion, we shall derive a microsco
expression for the divergence of the suspension stress te
simply by adding forces that act on an infinitesimally sm
volume element.
3990021-9606/2002/117(8)/3992/8/$19.00
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The expression for the divergence of the stress ten
derived in the present paper is of a simplicity that allows
its explicit evaluation in terms of shear rate, concentrati
and the relevant order parameters. In a subsequent pape1 we
shall perform this explicit evaluation for uniaxial, long an
thin, rigid hard-core rods. As will turn out, equations of m
tion contain convolution-type of integrals. Gradient expan
ing these convolution-type integrals up to fourth order g
dients leads to equations of motion that are similar~but not
identical! in structure as the commonly used equations
motion that are obtained from the above mentioned therm
dynamic considerations. For systems with large gradie
such a truncation may not be valid anymore, and
convolution-type integrals should be kept as they stand.

The suspension flow velocityU(r ,t) at positionr and
time t can be found by solving the Navier–Stokes equati

rmF]U~r ,t !

] t
1U~r ,t !•“U~r ,t !G5“•S~r ,t !, ~1!

whererm is the mass-density of the suspension. The susp
sion flow will be assumed incompressible, that is,

“•U~r ,t !50. ~2!

To apply these equations in order to describe the above m
tioned phenomena, the divergence of the suspension s
tensor must be expressed in terms of shear rate, conce
tion, and orientational order parameters, including stress c
tributions arising from gradients in these quantities.

A recent paper by Fanget al.7 discusses mass transpo
driven by gradients in the stress. Here, gradients are assu
to be small enough that their explicit contributions to t
stress tensor need not be taken into account. Perhaps
present theory may help to quantify how small spatial gra
ents should actually be in order to be able to use constitu
equations for homogeneous systems to describe mass t
port.

The only work we are aware of that deals with stres
in inhomogeneous colloidal suspensions is due to Prospe
and co-workers.2–4 In these studies, ensemble averag
quantities as considered by Lhuillier5,6 are computed numeri
2 © 2002 American Institute of Physics
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cally for inhomogeneous suspensions ofspherical colloidal
particles. Here, we shall derive a closed, general express
for the divergence of the suspension stress tensor whic
valid for arbitrarily shaped, rigid colloidal particles. The
main result of our calculation extends the expression for
stress tensor as derived by Batchelor8 and Doi and Edwards9

to inhomogeneous suspensions. In fact, the derivation
sented here considerably simplifies the original derivation
described by these authors, even though our result is v
also for strongly inhomogeneous systems.

This paper is organized as follows: Sec. II outlines t
general idea of our derivation. Sections III–V deal with t
calculation of the various stress contributions. In Sec. VI i
shown from force balance on the Smoluchowski time sc
that two terms cancel, leading to a relatively simple expr
sion for the divergence of the total stress tensor, that is v
for arbitrarily large gradients in shear rate, concentration,
relevant order parameters.

II. THE BASIC IDEA

For most colloidal systems, the suspension flow veloc
U~r ,t! at some pointr and time t is simply equal to the
ensemble average of the microscopic velocityv ~Refs. 2–6!
~the conditions under which this relation holds are discus
in Appendix A!,

U~r ,t !5^v~r uG!&, ~3!

whereG is used as a short-hand notation for the phase sp
variables of the colloidal particles. For an assembly ofN
rigid, uniaxial rods, for example,G is the 6N dimensional
vector comprised ofN center-of-mass coordinates andN unit
vectors that characterize the orientations of the rods. N
thatv~r uG! is either the local solvent velocity atr ~whenr at
time t is within the solvent!, or is the velocity of a volume
element within the core of a colloidal particle. The ensem
averagê¯& is taken with respect to the probability densi
function of the phase space variablesG, that complies with a
chosen ensemble. In the present analysis there is no ne
actually specify the ensemble.

Let P(G,t) denote the probability density function ofG
that complies with the chosen ensemble. By definition
then have

U~r ,t !5^v~r !&5E dG P~G,t ! v~r uG!. ~4!

In the derivation of the general expression for the diverge
of the stress tensor, we shall encounter the ensemble ave

^“2v~r !&5E dG P~G,t ! “2v~r uG!.

Since the Laplace operator can be taken in front of the ph
space integral, and the suspension flow velocity is given
Eq. ~4!, it trivially follows that

^“2v~r !&5“

2U~r ,t !. ~5!

This result will be of importance later in this paper.
Similarly to the definition~3! of the suspension velocity

the divergence of the suspension stress tensor is simply
ensemble averaged force per unit volume that acts at a g
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point in the dispersion. We shall simply add up all forces d
to interactions between solvent molecules and colloidal p
ticles in order to obtain the divergence of the suspens
stress tensor.

Consider a rectangular volume elementdV located atr ,
with linear dimensionsdx , dy , and dz in the x-, y-, and
z-direction, respectively. In the formal limit that the size
the volume element vanishes, the ensemble averaged
force per unit volume of the surrounding material on t
volume element is nothing but the divergence of the str
tensor that should be used in the Navier–Stokes equation~1!.
This force consists of three parts: forces that arise from
teractions between colloidal particles outside on those wit
the rectangular volume element, from interactions betw
solvent molecules and colloidal particles, and from inter
tions between solvent molecules on either side of the bou
ary of the volume element. The corresponding stress ten
will be referred to as the ‘‘particle–particle stress tenso
Spp, the ‘‘particle–solvent stress tensor’’Sps, and the
‘‘solvent–solvent stress tensor’’Sss, respectively. The tota
stress tensor is simply the sum of these stress contributi

“•S5“•Spp1“•Sps1“•Sss. ~6!

These three contributions will be considered separately
Secs. III–V, respectively.

The position coordinate of colloidal particlej will be
denoted asr j . Its orientational state will be denoted asv j .
For uniaxial, rigid rods, one would have,

v j5ûj , uniaxial rods,

whereûj is the unit vector in the direction of the long axis o
the rod. For biaxial rigid bodies, the variablev j stands for
two perpendicular unit vectors~or, equivalently, three angles!
that are needed to specify the orientation.

We should emphasize at this point, that Eq.~3! is not
generally valid, also for other situations where, for examp
sedimentation is considered. For the more general cas
two-phase flow, where one of the components is not o
colloidal nature, the conditions for the validity of Eq.~3! that
are given in Appendix A are generally not satisfied. In t
present analysis, that applies to suspensions of rigid collo
particles, the validity of Eq.~3! is only needed for the evalu
ation of the solvent–solvent contribution to the stress ten
@see Sec. V, Eq.~31! in particular#.

III. THE PARTICLE–PARTICLE STRESS TENSOR Spp

The force that colloidal particles outside the volume
ement exert on those within the volume element is equa

(
j

!
Fj ,

whereFj is the force on colloidal particlej , and the! on the
summation is used to indicate that the summation ran
only over those colloidal particles that are inside the volu
element, that is, for whichr jPdV. It is used here that mutua
interactions between colloidal particles within the volum
 license or copyright, see http://jcp.aip.org/jcp/copyright.jsp
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element can not give rise to a net force on that volume
ment. The force per unit volume, for formally vanishing si
of the volume element, is thus equal to

“•Spp5 lim
dx ,dy ,dz→0

1

dx dy dz
(
j 51

N

^x r~r j ! Fj&, ~7!

where N is the total number of colloidal particles in th
system under consideration,r j is the position coordinate of a
colloidal particle, andx r is the characteristic function of th
rectangular volume element that was introduced in the p
vious section. The characteristic function is defined as

x r~R!51 when RPdV,

50 otherwise. ~8!

The subscript ‘‘r ’’ on the characteristic function is used t
indicate that the volume elementdV is located at positionr .
The characteristic function in Eq.~7! effectively limits the
summation to colloidal particles that are insidedV, that is,
for which r jPdV. Furthermore, the total forceFj on the j th
colloidal particle due to interactions with all other colloid
particles is equal to10,11

Fj52“jC2kBT“j ln$P%, ~9!

whereC is the total potential energy of the assembly ofN
rods in the suspension, andP is the probability density func-
tion of the phase space coordinates of all the colloidal p
ticles; 2“jC is the force due to potential interactions, a
2kBT“j ln$P% is the Brownian force, where“j is the gradi-
ent operator with respect tor j . Since @with d(r2r j ) the
three-dimensional delta distribution#,

lim
dx ,dy ,dz→0

x r~r j !/dx dy dz5d~r2r j !, ~10!

as is easily verified by integration of both sides with resp
to r j , Eq. ~7! immediately leads to

“•Spp5(
j 51

N

^d~r2r j ! Fj&. ~11!

Together with Eq.~9! for the forces, this is the microscopi
expression for the contribution to the divergence of the str
tensor which is due to intercolloidal particle forces. Th
particle–particle contribution to the stress tensor contains
osmotic pressure contribution to the total pressure of the
pension. The Brownian contribution in Eq.~9! for the force
on a colloidal particle gives rise to the ideal gas osmo
pressure, while the interaction contribution accounts for
effect of interactions on the osmotic pressure.

An alternative, intuitively may be more appealing e
pression, can be obtained by introducing the conditio
probability density function~pdf! for the phase space coo
dinates,

$r1 ,...,r j 21 ,r j 11 ,...,rN ,v1 ,...,vN%,

with a prescribed position coordinater j of colloidal particle
j . This conditional pdf is equal to

P(c)5P/P~r j ,t !, ~12!
Downloaded 21 Dec 2006 to 134.94.122.39. Redistribution subject to AIP
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whereP is the pdf for all the phase space coordinates~in-
cluding r j !, and P(r j ,t) is the 1-particle pdf forr j . The
latter pdf is related to the local number densityr of colloidal
particles as

P~r ,t !5
1

N
r~r ,t !.

Denoting the ensemble average with respect toP(c) as
^¯& (c), Eq. ~11! can be written, for identical colloidal par
ticles, as

“•Spp5r~r ,t ! ^F& (c)~r ,t !. ~13!

Here, ^F& (c)(r ,t) is the conditionally averaged force on
colloidal particle that resides atr at timet. Since“•S is the
body force per unit volume on the suspension, this expr
sion could almost have been written down immediately;
right-hand side of Eq.~13! is indeed the force on a singl
colloidal particle, given that its center is inr , multiplied by
the number of particles per unit volume at that point. T
above reasoning assumes mono-disperse suspensions@where
the conditional pdf in Eq.~12! is independent of the particle
number indexj #, but is easily extended to the polydisper
case.

It is shown in Appendix B that for the calculation of th
suspension shear viscosity of ahomogeneous system, Eq.
~11! for the stress tensor reduces to

Spp5(
j 51

N

^d~r2r j ! r j Fj&. ~14!

This is identical to the expression for the particle–parti
stress tensor as derived~for the first time! by Batchelor,8

except that the prefactor 1/V ~with V the volume of the sys-
tem! is now replaced by the delta distributiond(r2r j ). In
fact, volume averaging of the above expression by act
with the operator (1/V) *dr (¯) on both sides, reproduce
Batchelor’s expression for the particle–particle stress con
bution,

S̄pp5
1

V (
j 51

N

^r j Fj&, ~15!

where the overbar is used to indicate volume averaging. N
that, after such a volume averaging, this stress contribu
becomes position independent, so that one might conc
that its divergence vanishes. This would imply that this str
contribution is irrelevant, since it does not contribute to t
Navier–Stokes equation. The traditional way to interpret
volume avaraged contribution to the stress is as follows
an explicit evaluation of the right-hand side of Eq.~15!, one
finds that it is proportional toG1GT, with G the velocity
gradient tensor. The velocity gradient tensor is then in
preted as (“U)T, with U the suspension velocity. The con
tribution to the Navier–Stokes equation is then;“

2U, as-
suming incompressible suspensions, and the proportion
constant contributes to the suspension viscosity. In this w
a nonzero contribution to the suspension viscosity of
particle–particle stress tensor is found from Eq.~15!. This
interpretation is explicitly accounted for by the delta dist
bution in Eq.~14!.
 license or copyright, see http://jcp.aip.org/jcp/copyright.jsp
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IV. THE PARTICLE–SOLVENT STRESS TENSOR Sps

The particle–solvent stress arises from forces on the
ume element due to interactions between colloidal partic
and solvent molecules. These forces are mediated to the
ume element by colloidal particles that intersect with t
surface enclosing the rectangular volume element that
introduced in Sec. II. Consider first the force that is media
to the solvent within the volume element by a colloidal p
ticle with its position coordinate outside the volume elem
~see Fig. 1!. The instantaneous force that the colloidal p
ticle exerts on the solvent inside the volume element is eq
to

2E
]Vj

(in)(r j ,v j )
dS8•s~r 8!. ~16!

Here, the surface area]Vj
(in) is that part of the surface area o

the colloidal particle that is inside the volume element~see
Fig. 1!. This range of integration depends both on the po
tion r j of colloidal particlej and its orientational state, whic
is denoted byv j , as discussed in Sec. II. Furthermore,dS8
is the normal surface element on the surface area of the
loidal particle, ands is the microscopic stress tensor of th
solvent. The minus sign in Eq.~16! arises from the fact tha
dS8•s(r 8) is equal todS8 f h(r 8), with f h(r 8) the force per
unit area that the fluid exerts on the surface elementdS8,
which is minus the force that this surface element exerts
the fluid. In terms of this hydrodynamic force, Eq.~16! is
more conveniently written as

2E
]Vj

(in)(r j ,v j )
dS8 f h~r 8!.

FIG. 1. The rectangular volume elementdV at positionr , intersects with the
core of colloidal particlej with its position coordinater j outside the volume
element.]Vj

(out) is that part of the surface area]Vj of the colloidal particle
that is outside the volume element,]Vj

(in) is the part inside.
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The ensemble averaged forceFout of all colloidal particles
outside the volume element on the solvent inside the
ment, is thus equal to,

Fout52K (
j 51

N

@12x r~r j !# R
]Vj (r j ,v j )

dS8 f h~r 8! x r~r 8!L ,

~17!

where, as before,x r is the characteristic function for th
volume element. The characteristic function 12x r(r j ) for
the volume outside the volume element assures that in
summation over all colloidal particles, only those a
counted which are outside the volume element. Furtherm
the characteristic functionx r(r 8) assures that only pointsr 8
on the surface of the colloidal particle which are inside t
volume element are taken into account. Including the ch
acteristic function in the integrand in Eq.~17! allows for the
extension of the integration range to the entire surface a
]Vj (r j ,v j ) of the j th colloidal particle.

Similarly, in case a colloidal particle is located inside t
volume element, that is, whenr jPdV, the instantaneous
force that the colloidal particle exerts on the solvent outs
the volume element is equal to

2E
]Vj

(out)(r j ,v j )
dS8 f h~r 8!,

with ]Vj
(out) the part of the surface area of the colloidal pa

ticle located outside the volume element~see Fig. 1!. This is
minus the force that is exerted on the colloidal particle by
solvent outside the volume element. Hence, similarly as
fore, the ensemble averaged forceFin on the volume elemen
due to interactions between solvent molecules outside
colloidal particles inside the volume element is found to
equal to

Fin 5K (
j 51

N

x r~r j ! R
]Vj (r j ,v j )

dS8 f h~r 8! @12x r~r 8!#L ,

~18!

where it is used again that 12x r(r 8) is the characteristic
function for the volume outside the volume element.

From the representation~10! of the delta distribution it is
thus found that

“•Sps5 lim
dx ,dy ,dz→0

[Fout1Fin]/dx dy dz

5(
j 51

N

^d~r2r j ! Fj
h&

2(
j 51

N

^ R
]Vj (r j ,v j )

dS8 d~r2r 8! f h~r 8! &, ~19!

where

Fj
h5 R

]Vj (r j ,v j )
dS8 f h~r 8! ~20!

is the total force that the solvent exerts on thej th colloidal
particle.
 license or copyright, see http://jcp.aip.org/jcp/copyright.jsp
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It is shown in Appendix C, that for ahomogeneous sys
tem, Eq. ~19! leads to the following expression for th
particle–solvent stress tensor:

Sps5(
j 51

N K d~r2r j ! R
]Vj (r j ,v j )

dS8 ~r 82r j ! fh~r 8!L .

~21!

Upon volume averaging this yields

S̄ ps5
1

V (
j 51

N K R
]Vj (r j ,v j )

dS8 ~r 82r j ! fh~r 8!L , ~22!

which reproduces Batchelor’s expression for the partic
solvent stress tensor.8 The interpretation of the differenc
between the two expressions~21! and~22! is the same as fo
the particle–particle stress tensor, as discussed at the e
the previous section.

V. THE SOLVENT–SOLVENT STRESS TENSOR Sss

The force per unit volume that the solvent outside
volume elementdV exerts on the solvent inside, for formall
vanishing size of the volume element, is equal to

“•Sss5 lim
dx ,dy ,dz→0

1

dx dy dz
K E

As

dS8•s~r 8!L , ~23!

whereAs is the part of the surface area of the volume e
ment that is occupied by solvent, which is the surface are
the volume element minus the part that is cut by cores
colloidal particles~see Fig. 2!. Here,dS8 points outward of
dV. The subscript ‘‘s’’ on the integrationAs refers to ‘‘sol-
vent.’’ For an incompressible solvent we have

s~r 8!5h0 @“8v~r 8!1~“8v~r 8!!T#2p~r 8! Î , ~24!

with h0 the solvent shear viscosity andv the solvent flow
velocity. Furthermore,p is the mechanical pressure in th
solvent, andÎ is the identity tensor. The superscript ‘‘T’’
stands for the transpose of a tensor. Note that since“

2p(r )
50 within the incompressible solvent,p is entirely deter-
mined by the boundary conditions for the solvent flow im
posed by surfaces of the colloidal particles and the conta
walls. Hence,v~r 8!p(r 8) depends implicitly on the position
and orientations of all colloidal particles. Substitution of E
~24! into Eq. ~23! leads to

“•Sss5M (1)1M (2), ~25!

where

M (1)[ lim
dx ,dy ,dz→0

h0

dx dy dz

3K E
As

dS8•@“8v~r 8!1~“8v~r 8!!T#L ~26!

and

M (2)[2 lim
dx ,dy ,dz→0

1

dx dy dz
K E

As

dS8 p~r 8!L . ~27!

Consider first the contributionM (1). We can rewrite the
integral as
Downloaded 21 Dec 2006 to 134.94.122.39. Redistribution subject to AIP
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K E
As

dS8•@“8v~r 8!1~“8v~r 8!!T#L
5K F R

]dV
2(

j 51

N E
Aj

GdS8•@“8v~r 8!1~“8v~r 8!!T#L ,

~28!

whereAj is the area of intersection of the surface area]dV
of the volume element and the core of colloidal particlej
~see Fig. 2!. For a rigid colloidal particle, the velocity insid
the core is given by

v~r 8!5vj1Vj3~r 82r j !,

r 8P core of particle j , ~29!

wherevj is the translational velocity andVj the rotational
velocity of colloidal particle j . Hence ~with e the Levi–
Cevita tensor, andV j ,p the pth component ofVj !,

“m8 vn5“m@Vj3~r 82r j !#n5“m8 enpqV j ,p r q8

5enpmV j ,p ,

where summation over repeated indices is assumed. F
the antisymmetry of the Levi–Cevita tensor, it is thus fou
that

E
Aj

dS8•@“8v~r 8!1~“8v~r 8!!T#50. ~30!

Using Gauss’ integral theorem, we thus find from Eqs.~28!
and ~30!, for incompressible solvents,

FIG. 2. The surface area]dV of the volume element that is occupied b
solvent is denoted asAs . This is]dV minus the areasAj of intersection of
]dV with the core of colloidal particlej . The part ofAs on the upperz-side
of the volume element is referred to asAs

z,1 , and on the lowerz-side as
As

z,2 .
 license or copyright, see http://jcp.aip.org/jcp/copyright.jsp
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K E
As

dS8•@“8v~r 8!1~“8v~r 8!!T#L 5K E
dV

dr 8 “82v~r 8!L .

Hence, Eq.~26! reduces to

M (1)5 lim
dx ,dy ,dz→0

h0

dx dy dz
K E

dV
dr 8 “82v~r 8!L

5h0^“
2v~r !&.

From Eq.~5!, it is thus finally found that

M (1)5h0 “
2U~r ,t !. ~31!

The contributionM (2) can be expressed in suspensi
properties as follows. LetAs

z,1 denote the top-side ofAs ,
and similarly As

z,2 the lower-side, as indicated in Fig. 2
Furthermore, letêz denote the unit vector along the positiv
z-axis. Since the unit normal onAs

z,1 is êz while the unit
normal onAs

z,2 is 2êz , the contributionM z
(2) from the top-

and lower-side ofAs to M (2) is equal to

M z
(2)52êz lim

dx ,dy ,dz→0

1

dx dy dz

3K F E
As

z,1
2E

As
z,2GdS8 p~r 8!L .

For small sizes of the volume element, the scalar,

Pss~r1 1
2 dz êz ,t ![

1

dx dy
K E

As
z,1

dS8 p~r 8!L , ~32!

defines the contribution to the suspension pressure
solvent-solvent interactions at the position of the top-side
the volume element. A similar expression can be writ
down for Pss at the lower-side. It thus follows that

M z
(2)52êz lim

dz→0

1

dz
@Pss~r1 1

2 dz êz ,t !

2Pss~r2 1
2 dz êz ,t !#

52êz

]Pss~r ,t !

]z
.

In the same way the contribution toM (2) from the left- and
right-sides, and front- and back-sides of the volume elem
are obtained. Summing these contributions leads to

M (2)52“ Pss~r ,t !. ~33!

We thus find from Eqs.~25!, ~31!, ~33! the following
expression for the divergence of the stress tensor that a
from solvent–solvent interactions:

“•Sss5h0 “
2U~r ,t !2“ Pss~r ,t !. ~34!

This expression is identical to that derived by Batchelor8 for
homogeneous systems.

Note thatPss is not just determined by boundary cond
tions, contrary top in Eq. ~24!, since the suspension is inho
mogeneous, resulting in a spatially varying viscosity.
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VI. THE DIVERGENCE OF THE TOTAL STRESS
TENSOR

On the Smoluchowski time scale, the interaction forceFj

in Eq. ~9! balances with the hydrodynamic force in E
~20!,10,11 that is,

Fj1Fj
h50. ~35!

On using force balance, admissible values of the inverse
cal shear rate and time scales are bounded from below by
Smoluchowski time scale, which is of the order
1028– 1027 s. This is well within the range of shear rates
interest and time scales on which phase separation and s
banding occurs in colloidal systems. The first term in E
~19! for the particle–solvent stress thus cancels against
particle–particle stress in Eq.~11!. Adding Eqs.~11!, ~19!,
~34! thus leads to the following expression for the divergen
of the total stress tensor:

“•S5h0 “
2U~r ,t !2“Pss~r ,t !

2(
j 51

N K R
]Vj (r j ,v j )

dS8 d~r2r 8! f h~r 8!L . ~36!

This expression is the main result of the present paper. T
seemingly simple expression is valid for suspensions w
arbitrary large gradients in shear rate, concentration and
entational order parameters.

When evaluating this general expression explicitly
terms of shear rate, concentration and orientational order
rameters, there are two possible ways to deal with the p
sure. One can either separate all terms that can be writte
;“ f , with f a scalar field, and identifyPss1 f as the sus-
pension pressure~which includes the osmotic pressure!, or
one can leavePss as it stands as an unknown scalar field.
both cases one has just as many equations as unknown fi

The main result~36! has a quite straightforward interpre
tation. The last term on the right-hand side is simply t
ensemble averaged force per unit volume that surface
ments of colloidal particles exert on the fluid, provided th
that surface element is located atr ~as indicated by the delta
distribution!.

Like for homogeneous systems, divergent integrals
encountered when explicitly evaluating our formal res
~36! for the stress tensor.12 These divergencies are due to th
long ranged nature of hydrodynamic interactions. Bat
elor’s arguments12 to deal with these divergencies should
extended to inhomogeneous systems when Eq.~36! is evalu-
ated for systems where hydrodynamic interactions are imp
tant, like hard sphere suspensions. This nontrivial problem
outside the scope of the present paper. In a forthcom
publication,1 we shall evaluate Eq.~36! for suspensions of
very long and thin, hard rods. Since volume fractions
interest scale likeD/L ~with D the thickness andL the
length of the rods!, hydrodynamic interactions are much le
important for very long and thin rods as compared to h
sphere systems. Stresses are now predominantly gene
by direct interactions rather than hydrodynamic interactio
so that divergence problems are not encountered.

Note that for the evaluation of Eq.~36!, the solvent flow
and pressure around each rigid, colloidal particle must
 license or copyright, see http://jcp.aip.org/jcp/copyright.jsp
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calculated in order to be able to calculatefh(r 8). This is
precisely what is done in our forthcoming publication1 for
very long and thin rods.

VII. SUMMARY AND CONCLUSIONS

The main result of this paper is expression~36! for the
divergence of the suspension stress tensor. This express
a necessary ingredient to describe phenomena under s
flow where~possibly large! gradients in shear rate, conce
tration, and orientational order parameters are present.

In an application of Eqs.~1!, ~2!, ~36! to a particular
system, the expression~36! should be expressed explicitly i
terms of shear rate, concentration and relevant order pa
eters. In a future publication, this highly nontrivial step w
be performed for suspensions containing very long and t
uniaxial, rigid rods with hard-core interactions. In fact, it w
be shown that the stress tensor~36! contains convolution-
type integrals that involve the joint probability density fun
tion r(r ,û,t) for the position coordinater and the orientation
û of a rod. Hence, for systems of rods, an additional equa
of motion for this joint probability density function must b
derived to complete the set of Eqs.~1!, ~2!, ~36!. This re-
quires a separate analysis, independent from the one give
the present paper for the stress tensor. As for the stress
sor, the equation of motion forr(r ,û,t) turns out to contain
convolution-type integrals. Equations of motion that are o
similar structure as commonly used equations are recove
when the convolution-type integrals are expanded in a sp
gradient series, and truncating after the fourth order der
tives. Such a truncation is questionable when gradients
come large, in which case the convolution-type of integr
must be kept as they stand.

Since simple shear flow is a nonconservative exter
field, no Hamiltonian can be defined for systems in sh
flow, and hence, no free energy can be defined. This obsc
thermodynamic reasoning in deriving expressions for
stress tensor. The derivation of Eq.~36! for the stress tenso
doesnot rely on thermodynamic reasoning, but is a me
summation of forces that act on a volume element.

The unknown scalar fieldPss ~the contribution to the
suspension pressure due to solvent–solvent interactions! can
be dealt with in two ways. First of all, in an explicit evalu
ation of Eq.~36! for a particular system, one may identify a
contributions of the form“ f , with f a scalar field, and in-
troduce the total suspension pressureP as P5Pss1 f . The
second way to deal withPss is to keep it as it stands; just lik
the total pressure,Pss is ana priori unknown field that can
be found from the complete set of equations. For exam
for the rigid rods discussed above, there are three equa
for the three unknown fieldsU, Pss, andr(r ,û,t); Eqs.~1!,
~2! @with an explicit expression for the stress tensor deriv
from Eq. ~36!#, and the equation of motion forr(r ,û,t).
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APPENDIX A: ON THE VALIDITY OF EQ. „3…

Let G denote the phase space variables of the rigid c
loidal particles. Letrm(r uG) denote the microscopic mas
density at positionr . This mass density is equal to that of th
fluid when r is inside the solvent, and equal to that of th
colloidal material whenr is inside the core of a colloida
particle. Similarly, letv(r uG) denote the microscopic veloc
ity. This is the solvent flow velocity whenr is inside the
solvent and is the velocity of a colloidal material eleme
otherwise. On averaging the microscopic Navier–Sto
equation in order to obtain the effective Navier–Stokes eq
tion ~1!, the suspension flow velocityU(r ,t) must be defined
as2–6

U~r ,t !5^rm~r uG!v~r uG!&/^rm~r uG!&. ~A1!

The ensemble averaging brackets^¯& denote averages with
respect to a probability density functionP(G,t) that com-
plies with the particular ensemble under consideration. T
ensemble averagêrm(r uG)& is the macroscopic mass den
sity rm that appears in the Navier–Stokes equation~1!.

Let x f(r uG) denote the characteristic function for th
solvent@x f(r uG)51 whenr is in the solvent and50 other-
wise#. Similarly, let xc(r uG) denote the characteristic func
tion for the colloidal material@xc(r uG)51 whenr is inside
the core of a colloidal particle and50 otherwise#. For any
phase functionf(r uG) we can then write

^rm~r uG! f ~r uG!&5E dGP~G,t !rm~r uG! f ~r uG!

5E dGP~G,t !

3$r0x f~r uG!1rcxc~r uG!% f ~G!,

wherer0 is the solvent mass density andrc that of the col-
loidal material. This can be rewritten as

^rm~r uG! f ~r uG!&

5r0E dGP~G,t !H 11
rc2r0

r0
xc~r uG!J f ~r uG!,

where it is used thatx f1xc51. Since the local volume frac
tion w(r ,t) of colloidal material is equal to

w~r ,t !5E dGP~G,t !xc~r uG!,

it follows that

^rm~r uG! f ~r uG!&'r0E dGP~G,t ! f ~r uG!

5r0^ f ~r uG!&,

wheneverw and/or (rc2r0)/r0 are small. Under these con
ditions we thus have~with f5v!,
 license or copyright, see http://jcp.aip.org/jcp/copyright.jsp
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^rm~r uG!v~r uG!&'r0^v~r uG!&,

and ~with f 51!

^rm~r uG!&'r0 ,

so that Eq.~A1! for the suspension flow velocity reduces
Eq. ~3!.

For many real colloidal systems, the relative differen
in mass density between solvent and colloidal materia
indeed small, like for solvent-swollen microgel spheres a
many biological macromolecules. In addition, for anisotro
colloidal particles, volume fractions of interest are usua
small. For example, for long and thin rigid rods, the volum
fractions of interest scale likeD/L ~with D the thickness of
the rods andL their length!, which is indeed a small numbe

There is another good reason for approximating Eq.~A1!
by Eq.~3!, even when the two above conditions are not m
Contrary to more general two-phase flow, for colloidal sy
tems the microscopic velocity varies relatively smooth
with position for any configuration of the colloidal particle
The reason for this is the overdamped dynamics of the
loidal particles; friction forces between colloidal particl
and solvent dominate over inertial forces, so that colloi
particles attain much the same velocity as the surround
solvent. Hence, for large mass density differences betw
solvent and colloidal particles, the mass density is a m
more strongly varying function ofG as compared to the ve
locity. This validates the factorization̂rmv&'^rm&^v&,
which again reduces Eq.~A1! to Eq. ~3!.

APPENDIX B: Spp FOR A HOMOGENEOUS SYSTEM

Consider a flow in thex-direction with its gradient in the
y-direction, as depicted in Fig. 3. Since all suspension pr
erties, including the suspension flow velocity, do not vary
xz-planes, the stress tensor is a function ofy only. Hence,

“•S~r !5ê2•
dS~y!

dy
,

where ê2 is the unit vector in they-direction. Since in a
homogeneous system the force^d(r2r j ) Fj& on rod j at r is
independent ofr , it thus follows immediately from Eq.~11!
by integration that

FIG. 3. A simple shear flow in thex-direction with its gradient in the
y-direction.
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ê2•S~y!5y (
j 51

N

^d~r2r j ! Fj&5ê2•(
j 51

N

^d~r2r j ! r j Fj&.

Here, the integration constant is set equal to 0, since it d
not contribute to the force on a given volume element, an
therefore irrelevant. Since for the calculation of the sh
viscosity only the componentê2•S of the stress tensor is o
importance, it follows that expression~14! for the stress ten-
sor can be utilized for such calculations.

APPENDIX C: Sps FOR A HOMOGENEOUS SYSTEM

Since r 8P]Vj in the integrand in Eq.~19!, the magni-
tude ofr 82r j is never larger than the linear dimension of t
rigid colloidal particles. Hence, for not too large gradients
suspension properties, the delta distributiond(r2r 8) can be
Taylor expanded aroundr 85r j ,

d~r2r 8!5d~r2r j !1 (
n51

`
1

n!
~r j2r 8!n

(“

nd~r2r j !,

where (r j2r 8)n and“n are polyadic products, and( is the
n-fold contraction of these two products. On substitution
this expansion into Eq.~19!, it is found that

“•Sps52 (
n51

`
1

n!
“

n (
j 51

N K d~r2r j !

( R
]Vj (r j ,v j )

dS8 ~r j2r 8!n f h~r 8!L .

For homogeneous systems, only the leading order grad
term ~the term for whichn51! survives, and hence,

“•Sps5“•(
j 51

N K d~r2r j ! R
]Vj (r j ,v j )

dS8 ~r 82r j ! f h~r 8!L .

Since a divergenceless contribution to the stress tensor
no significance, since the suspension flow velocity is de
mined solely through the divergence of the stress tensor,
result immediately leads to Eq.~21! for Sps for a homoge-
neous system.
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