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Stresses in inhomogeneous suspensions
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A microscopic expression for the divergence of the stress tensor is derived for inhomogeneous
suspensions of rigid colloidal particles of arbitrary shape. This expression is valid for arbitrary large
gradients in the shear rate, concentration, and orientational order parameters. The corresponding
Navier—Stokes equation is a necessary ingredient to describe phenomena like shear-banding, phase
separation kinetics, and phase coexistence under shear flow conditioB80ZAmerican Institute

of Physics. [DOI: 10.1063/1.1495842

I. INTRODUCTION The expression for the divergence of the stress tensor
derived in the present paper is of a simplicity that allows for
There are a number of nonequilibrium phenomena irits explicit evaluation in terms of shear rate, concentration,
systems subjected to shear flow, where strong inhomogenend the relevant order parameters. In a subsequent’paper
ities play an important role, both in transient kinetics and inshall perform this explicit evaluation for uniaxial, long and
patterned stationary states. Examples of such phenomena akén, rigid hard-core rods. As will turn out, equations of mo-
phase separation and phase coexistence under shear fltion contain convolution-type of integrals. Gradient expand-
conditions, and shear-banding. In order to describe such phéig these convolution-type integrals up to fourth order gra-
nomena, a closed set of equations of motion must be derivedients leads to equations of motion that are simitart not
for the suspension flow velocity, for the density and relevanidentica) in structure as the commonly used equations of
order parameters. These equations of motion should accountotion that are obtained from the above mentioned thermo-
for the occurrence of gradients in the shear rate, concentralynamic considerations. For systems with large gradients,
tion, and order parameters. Since within interfacial regionsuch a truncation may not be valid anymore, and the
these gradients can be very large, it is probably not sufficientonvolution-type integrals should be kept as they stand.
to use truncated gradient expansions of the equations of mo- The suspension flow velocity(r,t) at positionr and
tion. Instead, the equations of motion should account for altime t can be found by solving the Navier—Stokes equation,
higher order gradient contributions in closed form. The equa- JU(r0)
tion of motion for the suspension flow velocity is the ' _
Navier—Stokes equation, for which the divergence of the sus- . T Ut vU(ry | =v-2(r.), @

pension stress tensor must be specifiadhe present paper h i< th density of th ion. Th
we will derive an expression for the divergence of the susVNerepm IS the mass-density of the suspension. The suspen-

pension stress tensor which includes contributions due to;'on flow will be assumed incompressible, that is,
possibly very large, gradients in shear rate, concentration, V.U(r,t)=0. )
and orientational order parameters

A special feature of simple shear flow is, that it consti- To apply these equations in order to describe the above men-
tutes a nonconservative external field. One cannot define #oned phenomena, the divergence of the suspension stress
Hamiltonian for a system subjected to simple shear flow, andensor must be expressed in terms of shear rate, concentra-
therefore, one can not define a chemical potenptidturther-  tion, and orientational order parameters, including stress con-
more, even if a chemical potential could be defined locallytributions arising from gradients in these quantities.
mass transport would only be proportionaM@, when gra- A recent paper by Fangt al.” discusses mass transport
dients are small and the system is close to equilibrium. It iglriven by gradients in the stress. Here, gradients are assumed
not known how good the approximation is to ignore theseto be small enough that their explicit contributions to the
problems, and to assume that mass transport is driven kstress tensor need not be taken into account. Perhaps the
linear gradients in some local chemical potential. We therepresent theory may help to quantify how small spatial gradi-
fore chose to develop a microscopic approach to derive equants should actually be in order to be able to use constitutive
tions of motion, which does not rely on thermodynamic ar-equations for homogeneous systems to describe mass trans-
guments. As a first step toward the derivation of a completgort.
set of equations of motion, we shall derive a microscopic  The only work we are aware of that deals with stresses
expression for the divergence of the suspension stress tengarinhomogeneous colloidal suspensions is due to Prosperetti
simply by adding forces that act on an infinitesimally smalland co-workeré™* In these studies, ensemble averaged
volume element. quantities as considered by Lhuilltérare computed numeri-
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cally for inhomogeneous suspensionsspherical colloidal  point in the dispersion. We shall simply add up all forces due
particles Here, we shall derive a closed, general expressiomo interactions between solvent molecules and colloidal par-
for the divergence of the suspension stress tensor which ticles in order to obtain the divergence of the suspension
valid for arbitrarily shaped, rigid colloidal particlesThe  stress tensor.
main result of our calculation extends the expression for the  Consider a rectangular volume eleméM located atr,
stress tensor as derived by BatchBnd Doi and Edwards ~ with linear dimensionss, , éy, and é, in the x-, y-, and
to inhomogeneous suspensions. In fact, the derivation pre-direction, respectively. In the formal limit that the size of
sented here considerably simplifies the original derivation athe volume element vanishes, the ensemble averaged total
described by these authors, even though our result is valitbrce per unit volume of the surrounding material on the
also for strongly inhomogeneous systems. volume element is nothing but the divergence of the stress
This paper is organized as follows: Sec. Il outlines thetensor that should be used in the Navier—Stokes equétjon
general idea of our derivation. Sections IlI-V deal with the This force consists of three parts: forces that arise from in-
calculation of the various stress contributions. In Sec. VI it isteractions between colloidal particles outside on those within
shown from force balance on the Smoluchowski time scalethe rectangular volume element, from interactions between
that two terms cancel, leading to a relatively simple expressolvent molecules and colloidal particles, and from interac-
sion for the divergence of the total stress tensor, that is valitions between solvent molecules on either side of the bound-
for arbitrarily large gradients in shear rate, concentration, andry of the volume element. The corresponding stress tensors

relevant order parameters. will be referred to as the “particle—particle stress tensor”
3PP the “particle—solvent stress tensorPs, and the
Il. THE BASIC IDEA “solvent—solvent stress tenso® s, respectively. The total

. . .. stress tensor is simply the sum of these stress contributions,
For most colloidal systems, the suspension flow velocity

U(r,t) at some pointr and timet is simply equal to the V.3=V.3PP+V.3PSLy.3sS (6)
ensemble average of the microscopic velogitiRefs. 2—6 o . ) ]
(the conditions under which this relation holds are discussedese three contributions will be considered separately in

in Appendix A), Secs. llI-V, respectively.
The position coordinate of colloidal particle will be
U(r,t)=(v(r[I)), () denoted as; . Its orientational state will be denoted as.

wherel is used as a short-hand notation for the phase spadeor uniaxial, rigid rods, one would have,
variables of the colloidal particles. For an assemblyNof
rigid, uniaxial rods, for exampld] is the 6\ dimensional
vector comprised o center-of-mass coordinates aNdinit  whereg; is the unit vector in the direction of the long axis of
vectors that characterize the orientations of the rods. Notehe rod. For biaxial rigid bodies, the variahig stands for
thatv(r|I) is either the local solvent velocity at(whenr at  two perpendicular unit vectoksr, equivalently, three angles
time t is within the solvent or is the velocity of a volume that are needed to specify the orientation.
element within the core of a colloidal particle. The ensemble  We should emphasize at this point, that E8). is not
average(- - ) is taken with respect to the probability density generally valid, also for other situations where, for example,
function of the phase space variablgsthat complies with a  sedimentation is considered. For the more general case of
chosen ensemble. In the present analysis there is no needtigo-phase flow, where one of the components is not of a
actually specify the ensemble. colloidal nature, the conditions for the validity of E&) that

Let P(I',t) denote the probability density function bf  are given in Appendix A are generally not satisfied. In the
that complies with the chosen ensemble. By definition wepresent analysis, that applies to suspensions of rigid colloidal

Ui, uniaxial rods,

W=

then have particles, the validity of Eq(3) is only needed for the evalu-
ation of the solvent—solvent contribution to the stress tensor
U(r,t)=<v(r)):f dI' P(T,t) v(r|T"). (4) [see Sec. V, Eq31) in particulad.

In the derivation of the general expression for the divergence
of the stress tensor, we shall encounter the ensemble avera%le,
II. THE PARTICLE—PARTICLE STRESS TENSOR 3PP

<V2V(f)>=f dI' P(I',t) V2v(r|I). The force that colloidal particles outside the volume el-

) ) ement exert on those within the volume element is equal to
Since the Laplace operator can be taken in front of the phase-

space integral, and the suspension flow velocity is given by 2*
Eq. (4), it trivially follows that J. Fi,

(VA(r)=V2U(r,0). ®) whereF; is the force on colloidal particlg, and thex on the
This result will be of importance later in this paper. summation is used to indicate that the summation ranges

Similarly to the definition(3) of the suspension velocity, only over those colloidal particles that are inside the volume
the divergence of the suspension stress tensor is simply trdement, that is, for which; e 6V. Itis used here that mutual
ensemble averaged force per unit volume that acts at a givanteractions between colloidal particles within the volume
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element can not give rise to a net force on that volume elewhereP is the pdf for all the phase space coordinafies
ment. The force per unit volume, for formally vanishing size cluding r;), and P(r;,t) is the 1-particle pdf for;. The

of the volume element, is thus equal to latter pdf is related to the local number densitgf colloidal
L N particles as
V.3PP—  |im > ) F, (7) 1
53,8,6,-0 Ox Oy 02 =1 P(r.t)=p(r.0).

where N is the total number of colloidal particles in the
system under consideration,is the position coordinate of a (-)©, Eq. (11) can be written, for identical colloidal par-
colloidal particle, andy, is the characteristic function of the .. L '

. . ticles, as
rectangular volume element that was introduced in the pre-

Denoting the ensemble average with respectP{® as

vious section. The characteristic function is defined as V-3PP=p(r,t) (F)O(r,1). (13
xr(R)=1 when Re ¥V, Here, (F)©)(r,t) is the conditionally averaged force on a
_ colloidal particle that resides atat timet. SinceV -2, is the
=0 otherwise. (8) body force per unit volume on the suspension, this expres-

sion could almost have been written down immediately; the
right-hand side of Eq(13) is indeed the force on a single
colloidal particle, given that its center is m multiplied by
the number of particles per unit volume at that point. The
above reasoning assumes mono-disperse suspefgibase
the conditional pdf in Eq(12) is independent of the particle
number indexj |, but is easily extended to the polydisperse
case.

Fi=—V, ¥ —kgTV;In{P}, (9) It is shown in Appendix B that for the calculation of the
suspension shear viscosity of @mmogeneous systerig.
(12) for the stress tensor reduces to

The subscript t” on the characteristic function is used to
indicate that the volume elemedV is located at position.
The characteristic function in Eq7) effectively limits the
summation to colloidal particles that are insid¥, that is,
for whichrj e 6V. Furthermore, the total fordg; on thejth
colloidal particle due to interactions with all other colloidal
particles is equal 91

whereV is the total potential energy of the assemblyMNof
rods in the suspension, aidis the probability density func-
tion of the phase space coordinates of all the colloidal par- N

ticles; —V,¥ is the force due to potential interactions, and Epp:;l (S(r=rj)r;F). (14)
—kgTV;In{P} is the Brownian force, wher¥; is the gradi-

ent operator with respect to . Since[with &(r—r;) the  This is identical to the expression for the particle—particle
three-dimensional delta distributihn stress tensor as derivetbr the first tim@ by Batchelof
except that the prefactor\1/(with V the volume of the sys-
tem) is now replaced by the delta distributiof{r —r;). In
fact, volume averaging of the above expression by acting
as is easily verified by integration of both sides with respecwith the operator (%) fdr(---) on both sides, reproduces

lim  x.(r))/ 646, 6,=o(r—r;), (10
8518y 6,0

tor;, Eq.(7) immediately leads to Batchelor’s expression for the particle—particle stress contri-
N bution,
V-SPP=2 (8(r—r)) Fy). (11) 1N
= SPP=C 2 (1 Fy), (15
i=1

Together with Eq(9) for the forces, this is the microscopic
expression for the contribution to the divergence of the streswhere the overbar is used to indicate volume averaging. Note
tensor which is due to intercolloidal particle forces. Thisthat, after such a volume averaging, this stress contribution
particle—particle contribution to the stress tensor contains thBecomes position independent, so that one might conclude
osmotic pressure contribution to the total pressure of the sudbat its divergence vanishes. This would imply that this stress
pension_ The Brownian contribution in E@) for the force contribution is irrelevant, since it does not contribute to the
on a colloidal partic|e gives rise to the ideal gas osmoticNaVier—SIOkeS equation. The traditional way to interpret the
pressure, while the interaction contribution accounts for the/olume avaraged contribution to the stress is as follows. In
effect of interactions on the osmotic pressure. an explicit evaluation of the right-hand side of Eg5), one

An a|ternative’ |ntu|t|ve|y may be more appea"ng ex- finds that it is proportional td'+ FT, with T" the VelOCity
pression, can be obtained by introducing the conditiona@radient tensor. The velocity gradient tensor is then inter-
probability density functior(pdf) for the phase space coor- Preted as YU)T, with U the suspension velocity. The con-

dinates, tribution to the Navier—Stokes equation is therW2U, as-
suming incompressible suspensions, and the proportionality
{ra 11, N, @1, 0N}, constant contributes to the suspension viscosity. In this way,

a nonzero contribution to the suspension viscosity of the
particle—particle stress tensor is found from Ef5). This
interpretation is explicitly accounted for by the delta distri-
PO=P/P(r; 1), (12 bution in Eq.(14).

with a prescribed position coordinatg of colloidal particle
j. This conditional pdf is equal to
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avu The ensemble averaged forE8“ of all colloidal particles
J outside the volume element on the solvent inside the ele-
ment, is thus equal to,

N
Fout:_<2 [1_Xr(rj)] é n AdS’fh(I”)Xr(l")>y
i=1 HVJ(rJ,wl) (17)

where, as beforey, is the characteristic function for the
volume element. The characteristic functior- ¥(r;) for
dx the volume outside the volume element assures that in the
summation over all colloidal particles, only those are
counted which are outside the volume element. Furthermore,
the characteristic functiog,(r’) assures that only points
r on the surface of the colloidal particle which are inside the
= volume element are taken into account. Including the char-
acteristic function in the integrand in E(L7) allows for the
y extension of the integration range to the entire surface area
dVj(rj,w;) of the jth colloidal particle.
Similarly, in case a colloidal particle is located inside the
volume element, that is, when e 6V, the instantaneous

FIG. 1. The rectangular volume elemef\t at positionr, intersects with the force that the colloidal partic'e exerts on the solvent outside
core of colloidal particlg with its position coordinate; outside the volume the volume element is equal to

eIement.&VJ(°”‘) is that part of the surface arg&/; of the colloidal particle
- ds fh(r"),
Lv}"”‘)(rj ;)

that is outside the volume elemer/{" is the part inside.
IV. THE PARTICLE—SOLVENT STRESS TENSOR Xf* with &VJ(O“O the part of the surface area of the colloidal par-
ticle located outside the volume elemésée Fig. L This is
The particle—solvent stress arises from forces on the volminys the force that is exerted on the colloidal particle by the
ume element due to interactions between colloidal particlegovent outside the volume element. Hence, similarly as be-
and solvent molecules. These forces are mediated to the Valyre the ensemble averaged fofe® on the volume element
ume element by colloidal particles that intersect with thegue to interactions between solvent molecules outside and

surface enclosing the rectangular volume element that waglioidal particles inside the volume element is found to be
introduced in Sec. II. Consider first the force that is mediategyqyal to

to the solvent within the volume element by a colloidal par-

ticle with its position coordinate outside the volume element _ N

(see Fig. 1 The instantaneous force that the colloidal par- ~ F" =<E X (rj) % ds f(r’) [1—Xr(f’)]>,
ticle exerts on the solvent inside the volume element is equal = il o) (19
to

X

where it is used again that-1y,(r’) is the characteristic
_J ds'- o(r') (16) function for the volume outside the volume element.
NI(r o)) ' From the representatidi0) of the delta distribution it is

, thus found that
Here, the surface are?a/J('“) is that part of the surface area of

the colloidal particle that is inside the volume elemésge V-3Ps=  lim  [F4+F"/ 86, 5,

Fig. 1). This range of integration depends both on the posi- 0%, 8y, 8,0

tionr; of colloidal particlej and its orientational state, which N

is denoted byw; , as discussed in Sec. Il. Furthermod&' :2 (8(r—r)) |:Jh>

is the normal surface element on the surface area of the col- =1

loidal particle, ando is the microscopic stress tensor of the N

solvent. The minus sign in Eq16) arises from the fact that -> § ds s(r—r")fh(r')), (19
dS' - o(r') is equal todS' f"(r’), with "(r’) the force per =1 Javj(ry.ep)

unit area that the fluid exerts on the surface elenusit,
S . . where
which is minus the force that this surface element exerts on

the fluid. In terms of this hydrodynamic force, E@.6) is
more conveniently written as A= % ds f"(r’) (20)
(7Vj(l'j ,wj)
—J , ds f(r’). is the total force that the solvent exerts on fltie colloidal
V(1 ) particle.
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It is shown in Appendix C, that for hBomogeneous sys-
tem Eg. (19 leads to the following expression for the
particle—solvent stress tensor:

N

LD

=1

<5(r—rj) dS’(r’—rj)fh(r’)>.
(22)

Upon volume averaging this yields A

(7VJ(TJ ,wj)

N
fpszl

v < fﬁ dS’(r’—r]-)fh(r’)>, (22)

j=1 ﬁvj(rj,wj)
which reproduces Batchelor’s expression for the particle—
solvent stress tensBrThe interpretation of the difference
between the two expressiofal) and(22) is the same as for
the particle—particle stress tensor, as discussed at the end of
the previous section.

V. THE SOLVENT—SOLVENT STRESS TENSOR X°°

The force per unit volume that the solvent outside the
volume elemensV exerts on the solvent inside, for formally

vanishing size of the volume element, is equal to
d6V with the core of colloidal particl¢. The part ofAg on the uppee-side

1
V-3%= lim 5. 5.5 <f dS’~U(r’)>, (23
Sy .0y, 8,0 9x Oy 9z \ JAs
of the volume element is referred to A4, and on the lowez-side as

whereA; is the part of the surface area of the volume ele-,, -
ment that is occupied by solvent, which is the surface area of®
the volume element minus the part that is cut by cores of
colloidal particles(see Fig. 2 Here,dS' points outward of
S8V. The subscript 8" on the integrationAg refers to “sol-
vent.” For an incompressible solvent we have

o(r')=no[V'V(r')+(V'v(r'))T—p(r)T, (24)

with 7, the solvent shear viscosity andthe solvent flow
velocity. Furthermorep is the mechanical pressure in the

FIG. 2. The surface are@sV of the volume element that is occupied by
solvent is denoted a&; . This isddV minus the aread; of intersection of

<J dS’-[V’v(r’)+(V’V(r’))T]>
AS

N
=<H -> f }dS'~[V'v<r'>+(V'v<r'>>T]>,
v =1 JA

solvent, andl is the identity tensor. The superscript™
stands for the transpose of a tensor. Note that sWae(r)
=0 within the incompressible solvenp, is entirely deter-

(28)

whereA, is the area of intersection of the surface afg&/
of the volume element and the core of colloidal partigle

mined by the boundary conditions for the solvent flow im- (see Fig. 2. For a rigid colloidal particle, the velocity inside
posed by surfaces of the colloidal particles and the containehe core is given by

walls. Hencey(r")p(r’) depends implicitly on the position
and orientations of all colloidal particles. Substitution of Eq.

(24) into Eq. (23) leads to

V. ESS: M (l)+ M (2), (25)
where
. 7o
M@= lim
818y ,6,-0 Ox Oy 6,
><<f dS’~[V’v(r’)+(V’v(r’))T]> (26)
As
and
M@=— |im ! <f ds' p(r’)>- (27)
8.8y ,6,-0 Ox By 67\ Jag

Consider first the contributiom ). We can rewrite the
integral as

v(r')=v;+Q;x(r'—ry),

r' e core of particlej, (29

wherev; is the translational velocity anf; the rotational
velocity of colloidal particlej. Hence (with € the Levi—
Cevita tensor, andl); , the pth component of};),
Vinvn= V[ QX (r' =) 1=V €npq Q2 p g
= €npm 2 p>
where summation over repeated indices is assumed. From
the antisymmetry of the Levi—Cevita tensor, it is thus found
that
f dsS' -[V'v(r')+(V'v(r"))T]=0. (30)
A
]
Using Gauss' integral theorem, we thus find from E@8)
and (30), for incompressible solvents,
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VI. THE DIVERGENCE OF THE TOTAL STRESS
<f ds’.[V’v(r’)+(V’V(r’))T]>=<f dr’V’zv(r’)>. TENSOR
Ag by,

On the Smoluchowski time scale, the interaction fdfce
in Eqg. (9) balances with the hydrodynamic force in Eq.
(20),'% that is,

. 770
MOB= " |im <f dr’V’Zv(r’)> h
5y 3,008 0y 02\ v F+Fi=0. (35)

Hence, Eq(26) reduces to

— o{ V2U(r)). On using force balance, admissible values of the inverse lo-
cal shear rate and time scales are bounded from below by the
From Eq.(5), it is thus finally found that Smoluchowski time scale, which is of the order of
a_ ) 10 8-10 7 s. This is well within the range of shear rates of
M= 70 V2U(r,1). 31 interest and time scales on which phase separation and shear-

banding occurs in colloidal systems. The first term in Eq.

(19) for the particle—solvent stress thus cancels against the
particle—particle stress in Eqll). Adding Egs.(11), (19),

(34) thus leads to the following expression for the divergence
of the total stress tensor:

The contributionM(® can be expressed in suspension
properties as follows. LeAZ ™" denote the top-side oA,
and similarly AZ™ the lower-side, as indicated in Fig. 2.
Furthermore, le€, denote the unit vector along the positive
z-axis. Since the unit normal oAZ" is & while the unit
normal onA%~ is —#&,, the contributionM () from the top- V-3= 17 V2U(r,t)— VPSr,t)
and lower-side ofA, to M(?) is equal to

N
1 - < 35 ds s(r—r")fhr")). (36)
Mgz):_éz Ilm j=1 [JVj(rJ-,wj)
[ —>05X 5)’ 52 . . . . .
X0y tz This expression is the main result of the present paper. This
seemingly simple expression is valid for suspensions with
! ! . . . . .
X jAN_ JAL* dS' p(r')). arbitrary large gradients in shear rate, concentration and ori-
s N entational order parameters.
For small sizes of the volume element, the scalar, When evaluating this general expression explicitly in

terms of shear rate, concentration and orientational order pa-
f ' o(r!) 32 rameters, there are two possible ways to deal with theT pres-
Oy Oy \ Jaz* ' sure. One can either separate all terms that can be written as
~Vf, with f a scalar field, and identify?>>+f as the sus-
defines the contribution to the suspension pressure dugension pressuréwhich includes the osmotic pressurer
solvent-solvent interactions at the position of the top-side obne can leavéSs as it stands as an unknown scalar field. In
the volume element. A similar expression can be writtemoth cases one has just as many equations as unknown fields.

PS(r+ 35,&,,t)=

down for P** at the lower-side. It thus follows that The main result36) has a quite straightforward interpre-
1 tation. The last term on the right-hand side is simply the
M@= —g, lim—[Pr+ 15,81 ensemble averaged force per unit volume that surface ele-
5,09z ments of colloidal particles exert on the fluid, provided that
that surface element is locatedratas indicated by the delta
—P(r—36,%,0)] distribution.

IPSY(r 1) Like for homogeneous systems, divergent integrals are
a7 encountered when explicitly evaluating our formal result
9z (36) for the stress tensdf.These divergencies are due to the

In the same way the contribution 8@ from the left- and long ranged nature of hydrodynamic interactions. Batch-

right-sides, and front- and back-sides of the volume elemerft!o"'S argumgm’é to deal with these divergencies should be
are obtained. Summing these contributions leads to extended to inhomogeneous systems when(&4).is evalu-
ated for systems where hydrodynamic interactions are impor-

M@ =—V PSYr t). (33)  tant, like hard sphere suspensions. This nontrivial problem is
i ) outside the scope of the present paper. In a forthcoming
We thus find from Eqs(25), (31), (33) the following publication* we shall evaluate Eq36) for suspensions of
expression for the divergence of the stress tensor that ansggry long and thin, hard rods. Since volume fractions of
from solvent-solvent interactions: interest scale likeD/L (with D the thickness and. the
V. 355= 5, V2U(r,t)— V PSr,t). (34) !ength of the rodg hydrodynami_c interactions are much less
important for very long and thin rods as compared to hard
This expression is identical to that derived by BatcHefor ~ sphere systems. Stresses are now predominantly generated
homogeneous systems. by direct interactions rather than hydrodynamic interactions,
Note thatP*®® is not just determined by boundary condi- so that divergence problems are not encountered.
tions, contrary tg in Eg. (24), since the suspension is inho- Note that for the evaluation of E¢36), the solvent flow
mogeneous, resulting in a spatially varying viscosity. and pressure around each rigid, colloidal particle must be
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calculated in order to be able to calculdfér’). This is are grateful to Professor D. Bedeaux for pointing us to the

precisely what is done in our forthcoming publicatidor ~ fact that Eq(Al) is the appropriate definition for the suspen-
very long and thin rods. sion flow velocity in case of significant variations of the
mass density.

VIl. SUMMARY AND CONCLUSIONS

. The main result of thi; paper is expressi(@@ for the . APPENDIX A: ON THE VALIDITY OF EQ. (3)
divergence of the suspension stress tensor. This expression is
a necessary ingredient to describe phenomena under shear et I' denote the phase space variables of the rigid col-
flow where (possibly largg gradients in shear rate, concen- |oidal particles. Letp(r|T) denote the microscopic mass
tration, and orientational order parameters are present.  density at positiom. This mass density is equal to that of the

In an application of Eqs(1), (2), (36) to a particular  fluid whenr is inside the solvent, and equal to that of the
system, the expressidB6) should be expressed explicitly in colloidal material wherr is inside the core of a colloidal
terms of shear rate, concentration and relevant order paramarticle. Similarly, letv(r|T") denote the microscopic veloc-
eters. In a future publication, this highly nontrivial step will ity. This is the solvent flow velocity when is inside the
be performed for suspensions containing very long and thinsolvent and is the velocity of a colloidal material element
uniaxial, rigid rods with hard-core interactions. In fact, it will otherwise. On averaging the microscopic Navier—Stokes
be shown that the stress teng@6) contains convolution- equation in order to obtain the effective Navier—Stokes equa-
type integrals that involve the joint probability density func- tion (1), the suspension flow velocity(r,t) must be defined
tion p(r,0,t) for the position coordinate and the orientation a£-6
0 of a rod. Hence, for systems of rods, an additional equation
of motion for this joint probability density function must be U, ) =(pm(rD)V(r[D){pr(r|T)). (A1)
derived to complete the set of Eqd), (2), (36). This re-  The ensemble averaging brackéts ) denote averages with
quires a separate analysis, independent from the one given iespect to a probability density functida(I',t) that com-
the present paper for the stress tensor. As for the stress teplies with the particular ensemble under consideration. The
sor, the equation of motion fqs(r,(,t) turns out to contain  ensemble averagg,,(r|T')) is the macroscopic mass den-
convolution-type integrals. Equations of motion that are of ssity p,,, that appears in the Navier—Stokes equatibn
similar structure as commonly used equations are recovered, Let y(r|I") denote the characteristic function for the
when the convolution-type integrals are expanded in a spatiaolvent[x;(r|I")=1 whenr is in the solvent and=0 other-
gradient series, and truncating after the fourth order derivawise]. Similarly, let y.(r|I") denote the characteristic func-
tives. Such a truncation is questionable when gradients beion for the colloidal material x.(r|I') =1 whenr is inside
come large, in which case the convolution-type of integralghe core of a colloidal particle ang0 otherwisg. For any
must be kept as they stand. phase functiorf(r|I") we can then write

Since simple shear flow is a nonconservative external
field, no Hamiltonian can be defined for systems in shear <pm(r|[‘)f(r|]")>:f dI'P(T,t) pp(r|TD) F(r|T)
flow, and hence, no free energy can be defined. This obscures

thermodynamic reasoning in deriving expressions for the

stress tensor. The derivation of E§6) for the stress tensor Zf dI'P(I',t)

doesnot rely on thermodynamic reasoning, but is a mere

summation of forces that act on a volume element. X{pox(r|T) + pexc(r[T)}(T),

The unknown scalar fieldP>* (the contribution to the \\herep, is the solvent mass density apd that of the col-
suspension pressure due to solvent—solvent interagtoams loidal material. This can be rewritten as

be dealt with in two ways. First of all, in an explicit evalu-

ation of Eq.(36) for a particular system, one may identify all {Pm(r[D)f(r[I))
contributions of the fornWVf, with f a scalar field, and in-

troduce the total suspension pressBras P=P*+f. The =p0f dI'P(T',t)
second way to deal witR*%is to keep it as it stands; just like

the total pressure?*®is ana priori unknown field that can where it is used thag;+ xy.= 1. Since the local volume frac-
be found from the complete set of equations. For examplejon ¢(r,t) of colloidal material is equal to

for the rigid rods discussed above, there are three equations

Pc™ Po
Po

1+

Xc(le)]f(r|F),

for the three unknown fields), P55, andp(r,0,t); Egs.(1), <P(r’t):f dIP(T,t) xo(r|T),

(2) [with an explicit expression for the stress tensor derived

from Eq. (36)], and the equation of motion fgr(r,0,t). it follows that
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/ Here, the integration constant is set equal to 0, since it does

not contribute to the force on a given volume element, and is
therefore irrelevant. Since for the calculation of the shear
viscosity only the componer&, - %, of the stress tensor is of

€ importance, it follows that expressidt4) for the stress ten-
sor can be utilized for such calculations.

e
3 APPENDIX C: %°* FOR A HOMOGENEOUS SYSTEM

FIG. 3. A simple shear flow in the-direction with its gradient in the Sincer’ e 3Vj in the integrand in Eq(19), the magni-

y-direction. tude ofr’ —r; is never larger than the linear dimension of the
rigid colloidal particles. Hence, for not too large gradients of
suspension properties, the delta distributi#fn—r’) can be
{pm(rID)V(r|I))~po{v(r|I)), Taylor expanded around =r,
and (with f=1) w
! 1 n
{pm(r|T))=~ po, Sr—r)=ar=r)+ 2 —r(rj=r’)
so that Eq(A1l) for the suspension flow velocity reduces to

For many real colloidal systems, the relative differencewhere ¢;—r’)" andV" are polyadic products, an@ is the
in mass density between solvent and colloidal material is-fold contraction of these two products. On substitution of
indeed small, like for solvent-swollen microgel spheres andhis expansion into Eq.19), it is found that

many biological macromolecules. In addition, for anisotropic o N

colloidal particles, volume fractions of interest are usually V.3Ps— _ 2 —yn E S(r—r))

small. For example, for long and thin rigid rods, the volume -t = !

fractions of interest scale likB/L (with D the thickness of

the rods and. their length), which is indeed a small number. o) é ds (rj_r/)nfh(r’)>_
There is another good reason for approximating (B4.) aVi(rj,))

by Eq.(3), even when the two above conditions are not metgqr homogeneous systems, only the leading order gradient
Contrary to more general twq-phasg flow, fqr colloidal sys-arm (the term for whichn= 1) survives, and hence,
tems the microscopic velocity varies relatively smoothly N
with position for any configuration of the colloidal particles.
7 ) V-3Ps=V. > (8(r—r))
The reason for this is the overdamped dynamics of the col- = T,
loidal particles; friction forces between colloidal particles ) o )
and solvent dominate over inertial forces, so that colloidalSince a divergenceless contribution to the stress tensor is of
particles attain much the same velocity as the surrounding© Significance, since the suspension flow velocity is deter-
solvent. Hence, for large mass density differences betweeined solely through the divergence of the stress tensor, this
. . s
solvent and colloidal particles, the mass density is a mucfesult immediately leads to E¢21) for %P° for a homoge-
more strongly varying function of as compared to the ve- N€OUS system.
locity. This validates the factorizatioqpy,Vv)~{pm){V),
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