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Ab initio Green-function formulation of the transfer matrix: Application to complex band
structures
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A method for the first-principles calculation of the transfer matrix is presented. The method is based on a
Green-function formulation and allows one to relate the wave functions and their derivatives on boundaries at
opposite sides of a film or junction of finite thickness. Both the underlying theory and an actual implementation
in the full-potential linearized augmented plane wave method are described. Currently the embedding method
is used to evaluate the Green-function matrix elements and in turn we show that the transfer matrix can be used
to construct the embedding potential. Some possible applications of the transfer-matrix method such as the
calculations of the complex band structure or the calculation of the transmission and reflection coefficients for
ballistic transport are discussed. As a first example, complex band structures of Cu, Fe, and Si are presented.
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I. INTRODUCTION

An electron propagating through a crystal towards an
terface can either reflect or transmit. This rather simple st
ment is at the heart of fields such as nanoelectronics, m
netoelectronics, spin electronics, or molecular electronic
areas of great importance for future technolo
Understanding the transport properties on the basis of
underlying electronic structure is a key issue. On the ot
hand, over the past decades, the core of methods devel
to perform ab initio electronic structure calculations bas
on density functional theory focussed on finding eigensta
for electrons in increasingly more complex material syste
These eigenstates are usually calculated within some sla
supercell geometry with periodic boundary conditions,
used to calculate the total energy of the system or for
exerted on the atoms. In the field of transport, however
particular ballistic transport, one has to consider a scatte
problem. In the asymptotic region, i.e., in the interior of t
electrodes on both sides of the interface, transmitted and
flected electron waves are expressed as the superpositi
generalized Bloch states. The generalized Bloch states
clude the propagating Bloch waves as well as evanes
states that decay exponentially. The amplitudes of th
waves are determined such that the total wavefunction c
nects smoothly to the solutions of the Schro¨dinger equation
in the interface region.

In the past a number of methods have been develo
which address the problem of calculating the transmissio
ballistic electrons through interfaces. Among these are m
ods which directly integrate the Schro¨dinger equation acros
the interface and construct a solution of the entire prob
by matching the solutions at some boundary surface to
bulk solutions.1–5 To avoid numerical instabilities in integra
ing the Schro¨dinger equation, Wachutka6 and Stiles and
Hamann7,8 developed methods in which the initial valu
problem is translated into a boundary value problem. La9

invented a method to calculate the conductance for an
0163-1829/2002/65~16!/165103~10!/$20.00 65 1651
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lated molecule located between two semi-infinite jelliu
electrodes recently applied by Di Ventraet al.10,11 Van Hoof
et al.12 employed the embedding method of Inglesfield13 to
calculate the transmission matrices in magnetic interfac
Other schemes reformulated the Landauer-Bu¨ttiker14 formula
of ballistic transport in terms of a description based
single-electron Green functions. They are further classifi
into simple phenomenological models,15 tight-binding ~TB!
models,16–20 and those using the more realistic TB-LMT
~Refs. 21,22! or KKR methods.23,24 Currently also
methods25,26 are being explored which derive the ballist
conductance from calculations in supercell geometry.

In the present work, we will present a general meth
which can be applied to a wide variety of problems. F
example it can be used to calculate the complex bandst
ture of bulk crystals, ballistic transport properties of inte
faces, and the electronic structure of semi-infinite surface
is based on a transfer matrix for one-electron wave functi
which is calculated using a Green function in the lineariz
augmented plane wave~LAPW! basis. The method shoul
therefore inherit from the full-potential LAPW~FLAPW!
method the generality in the choice of systems and the a
racy in the description of the underlying electronic structu
which was often missing in previous approaches. As a pr
of principle, we calculate in this paper the complex ba
structures of bulk Cu, ferromagnetic Fe, and Si. The comp
band structure is a concept which is fundamental for
description of the scattering at interfaces. It has recently
ceived much attention as Mavropouloset al.27 has shown
that it provides a very good understanding of the sp
dependent tunneling in magnetic tunnel junctions. T
choice of systems was motivated in order to compare
results with those available in the literature as well as
demonstrate the wide variety of systems which can be s
ied ranging from semiconductors to ferromagnets. The g
agreement with previous results opens the perspective
treat complex multicomponent systems in the near future

The paper is organized as follows. In Sec. II we will giv
©2002 The American Physical Society03-1
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a general outline of our approach. The transfer matrix
defined and the relation to a specific Green function is p
sented leaving a more general expression to the Appendi
Sec. III we discuss two possible applications in more det
the calculation of the complex bandstructure and of transm
sion coefficients. In Sec. IV we show how the embedd
method is employed to construct the adequate Green f
tion. Details specific to the actual implementation in t
FLAPW method is discussed in Sec. V. Section VI conta
first numerical results. Finally, we summarize the main
sults of this paper and give a short outlook on possible fut
extensions. Unless stated otherwise we use the Ha
atomic units withe5m5\51 throughout this paper.

II. TRANSFER MATRIX

We start with defining a region of spaceV which has the
shape of a slab~see Fig. 1!, i.e., we assume thatV is infinite
in two dimensions and of finite size in the third dimensio
To get an idea we have in mind, the slab could consist o
single layer of atoms of bulk material with two-dimension
translation symmetry, called a monolayer, or of a few mo
layers, forming a heterostructure or describing an interf
between two semi-infinite crystals. The boundary surface
the slab volumeV is divided into two parts: the left bound
ary SL and the right oneSR . Throughout the paper we wil
use the indicesL and R to denote quantities defined onSL
andSR , respectively, and indexb to refer to eitherL or R. S
without any index refers to bothSL and SR . Given a local
and spin independent potential energy defined inV and onS,
V(rW), we consider solutions of the Schro¨dinger equation cor-
responding to this potential. Since the Schro¨dinger equation
is a second order differential equation, its solutionc(rW) in V
with complex energyZ5e1 id is completely determined by
specifying the valuec(rWb) and its local normal derivative
]ncb5]nc(rWb)5(]/]n)c(rWb), on one of the boundary sur
facesSb . As indicated in Fig. 1, the positive surface norm
is chosen to point outwards with respect to the regionV. To
simplify the notation, we define a vector of the bounda
values

Cb5S c~rWb!

]nc~rWb!
D . ~1!

FIG. 1. Setup used to calculate the transfer matrix. The regio
interest is a slabV between the two boundariesSL and SR . V is
infinite in two dimensions and of finite size normal to the boun
aries. The surface normals indicated by arrows are assumed to
outwards.
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The key quantity of the method presented in this paper is
transfer matrixT, called theT matrix hereafter. It maps the
left boundary values of a solution of the Schro¨dinger equa-
tion onto the right ones:

CR5TCL . ~2!

Now, we will show that the T matrix can be expressed
terms of the Green function defined inV

~Ĥ2Z!G~rW,rW 8;Z!52d~rW2rW 8!, ~3!

whereĤ is the usual Hamiltonian consisting of the potent
and kinetic energy terms. Applying Green’s theorem to
homogeneous and inhomogeneous Schro¨dinger equation, the
wave functionc(rW) in regionV including the boundary sur
face S can be expressed by the Green functionG(rW,rW 8;Z)
~see, for example, Ref. 13!,

c~rW !52
1

2ESL1SR

@G~rW,rWb!]nc~rWb!

2]nG~rW,rWb!c~rWb!#d2rWb , ~4!

where the energy dependence of the Green function has
omitted for simplicity. It should be noted thatc(rW) may ful-
fill a different boundary condition onS than the Green func-
tion G(rW,rW 8). By placingrW in Eq. ~4! either onSL or onSR ,
one obtains a set of linear equations relatingcb and ]ncb .
Comparing these linear equations with the definition of thT
matrix in Eq.~2!, one obtains an expression for theT matrix
in terms of the Green function and its surface derivative
particularly simple form is obtained by choosing a Gre
function which satisfies the von Neumann boundary con
tion of vanishing normal derivative onS:

]

]n
G~rW,rWb ;Z!50 for rWÞrWb . ~5!

In this case one can derive a simple matrix expression for
T matrix in terms of surface Green functions,

T5S GRRGLR
21

2
1

2
GRL1

1

2
GRRGLR

21GLL

22GLR
21 2GLR

21GLL

D , ~6!

where the surface Green functionsGLL , GLR , GRL , and
GRR are defined by placingrW andrW 8 onto the boundariesSb

and Sb8 , respectively. For exampleGLR(Z)5G(rWL ,rWR ;Z),
with the first argument of the Green function placed onSL
and the second onSR . Systems exhibiting collinear magne
tism are diagonal in spin space and the formalism ab
applies to both spin-up and -down states independently.

Let us consider a one-dimensional free-electron system
a simplest application of Eq.~6!. Assuming thatV occupies
the interval 0<z<d, the Green function satisfying Eq.~5! is
given by G(z,z8)52 cos(kz1)cos@l(d2z2)#/@ksin(kd)#, where
k5A2Z, and z1 and z2 denote the smaller and larger o
z and z8, respectively. Thus, we haveGLL5GRR

of

-
int
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Ab initio GREEN-FUNCTION FORMULATION OF THE . . . PHYSICAL REVIEW B 65 165103
52 cos(kd)/@ksin(kd)# andGLR5GRL52/@k sin(kd)#. Substi-
tuting these in Eq.~6!, one obtains a well-known expressio
found in elementary text books

T5S cos~kd! 2sin~kd!/k

2k sin~kd! 2cos~kd!
D . ~7!

Even though the formulation of theT matrix in terms of a
Green function with vanishing normal derivative onS is
simple, it is not compulsory to impose this boundary con
tion. The full expression forT taking also nonzero norma
derivatives of the Green function into account can be fou
in the Appendix. To avoid misunderstandings, we would l
to stress that the Green function with the von Neuma
boundary condition is not necessarily suitable to calcu
other quantities. For example the density of states gi
by the imaginary part of the Green functionn(rW;e)
522/p Im G(rW,rW;e1 id) @where d is an infinitesimal
imaginary energy#, corresponds to a density of states of
isolated slab with von Neumann boundary condition i
posed, which is of little use. In particular, ifV is part of a
bulk system, the density of states of this system can only
calculated from a Green function which fulfills bounda
conditions consistent with the bulk periodicity.

Before describing possible applications of the theory,
shortly want to compare our approach with existing metho
At first glance our method may appear similar to real-sp
methods such as those in Refs. 1,2. However, one impo
difference is that we do not obtain the transfer matrix
solving an initial value problem in which one choos
boundary values only at one surface and integrates
Schrödinger equation on a real space grid to obtain the v
ues on the opposite side. Because of the existence of
exponentially increasing solutions of the Schro¨dinger equa-
tion such an approach is intrinsically unstable. Furthermo
so far the application of such methods has been restricte
local pseudopotentials and extensions to the nonlo
pseudopotentials or an all-electron description is very d
cult. In our calculation of theT matrix by Eq. ~6! both
boundaries are treated on the same footing. A further p
we want to mention is the difference between our definit
of the transfer matrix and the one used for example by
Hoof et al.12 While van Hoofet al. use an additional plane
wave basis outside regionV, i.e., to the left ofSL and to the
right of SR , to define a transfer matrix which operates
states given in this basis at the boundaries, our method tr
the regionV only and does not depend on any outside
gion. As an advantage, Eq.~6! can be applicable to an
curved surface.

III. APPLICATIONS

Having obtained theT matrix one can calculate variou
quantities of which we will present two in more detail: th
complex bandstructure and the calculation of transport pr
erties.
16510
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A. Complex band structure

Most fundamental is the calculation of the complex ba
structure as it is the basis of further applications of t
theory. Generally, the term complex band structure28,29refers
to the so-called ‘‘real bands’’ consisting of the solutionse(kW )
with real energye and in general complex Bloch vectorskW

5qW 1 ikW . In the bulk of a crystal, the translation symmet
requires that the Bloch vectors are purely real. But nea
crystal surface or interface the wave function of complexkW
vector can match with wavefunctions in the crystal, and th
are describing evanescent surface, interface, or metal
duced gap states. Although these states with complexkW vec-
tors occur only in systems with broken translation symme
their general properties can be derived from the bulk ba
structure of the material, if one formally allows complexkW
vectors to characterize the solutions of the Schro¨dinger equa-
tion for the bulk potential. This can be understood from t
observation that the modification of the charge density a
the potential due to the interface is confined in the vicinity
the interface and stretches at most over a few atomic lay
An evanescent wave, on the other hand, can extend
many layers far into the bulk crystal, and is therefore rep
sented by solutions of the bulk Schro¨dinger equation, but for
complex wave vectors.

We now assume that the regionV is a principle layer of a
bulk crystal with three-dimensional translation symmet
The principle layer is a bulk unit that can generate the in
nite three-dimensional bulk material upon application
translation-symmetry operations normal to the layer. For
ample, for a lattice with bcc or fcc crystal symmetry th
principle layer is just a monolayer, or a plane of atoms. Th
there exists a translation vectordW betweenSL andSR , which
is a lattice vector and one can exploit this translation sy
metry by the generalized Bloch theorem. In contrast to
usual~propagating! Bloch states, in applying the generalize
Bloch theorem one does not require the states to be nor
izable in the whole space, i.e., one also allows solutions
the Schro¨dinger equation which decay exponentially. Sin
these decaying states grow exponentially in the opposite
rection of the crystal, these solutions are not solutions of
infinite crystal. For any generalized Bloch state the followi
condition will hold betweenCL andCR :

CR5S c~rWL1dW !

]nc~rWL1dW !
D 5exp~ ikWdW ! Ĩ CL , ~8!

where the matrixĨ 5(0
1

21
0 ) was introduced to take the defi

nition of the positive surface normal into consideratio
which reverses its direction asrWb changes fromSL to SR .
Together with Eq.~2! one obtains an eigenvalue problem

T̃CL5lCL , ~9!

whereT̃5 Ĩ T. TheT matrix is a general complex matrix with
complex eigenvaluesl5exp(ikWdW) which determine the com
plex bandstructure of the system. We obtain the real ba
3-3
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D. WORTMANN, H. ISHIDA, AND S. BLÜGEL PHYSICAL REVIEW B 65 165103
e(kW ) in terms ofkW (e) by determining theT matrix T(e) for
a set of real energiese and solving Eq.~9! for l(e).

At this point we would like to stress some important pro
erties of theT matrix. As the solution of the Schro¨dinger
equation is uniquely determined by the vector of the bou
ary valuesCL ~or CR), the eigenvectors of theT matrix are
linearly independent and theT matrix can be inverted. The
inverseT matrix mapsCR ontoCL . For a real band, i.e., fo
an energyZ5e, it is easy to prove thate(kW )5e(2kW ) if the
potentialV(rW) is real and periodic.29 Thus, the eigenvalues o
the T matrix appear in pairsl,l8 with ll851. In other
words, for each eigenvaluel of the eigenvalue spectrum ofT

corresponding to the generalized Bloch vectorkW , there exists
an inverse eigenvaluel21 corresponding to2kW . Therefore,
the inverseT matrix T21 has the same eigenvalue spectru
asT. This opens up an interesting aspect of the theory.
eigenvectors ofT can be grouped into two sets. One set
eigenvectors corresponds to states which propagate to
left if ulu51 or decay to the left ifulu.1. The other set
contains eigenvectors describing states propagating to
right (ulu51) or decaying to the rightulu,1. This classifi-
cation of the eigenstates is important for the second app
tion of the theory, which we discuss below: the calculation
transport properties.

In many applications one considers the scattering
transport of electrons at surfaces and interfaces. In this c
the corresponding surface or interface planes of the b
crystal exhibits two-dimensional periodicity in the plane, a
it is convenient to choose the planar componentkW i of kW as
real. As the Hamiltonian, the Green function, and theT ma-
trix of the bulk crystal are diagonal inkW i , one can calculate
the perpendicular component ofkW , kz(kW i ,e), as functions of
kW i ande. For magnetic systems all quantities have an ad
tional spin index.

B. Reflection and transmission coefficients

To define the problem, we will consider a ballistic ele
tron approaching the left boundary surface from the left a
being reflected inV or being transmitted into a lead to th
right. As shown in Fig. 2 the total setup now consists of th
regions, the left and right leads, and the regionV. We as-

FIG. 2. Setup of the transport problem. The regionV is sand-
wiched between two leads and contains all scattering potential.
potential in the leads to the left and the right is assumed to
bulklike. In the leads one incoming wavec in and the reflectedc r

and transmittedc t generalized Bloch states of the complex ba
structure are sketched.
16510
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sume that the scattering potential is confined withinV, i.e.,
the potential in the leads is assumed to be the bulk cry
potential. The wave function corresponding to this scatter
process is written as

c~rW !55 c in
n ~rW !1(

m
r nmc r

m~rW !, rW left of V,

(
n8

tnn8c t
n8~rW !, rW right of V,

~10!

wherec in
n denotes an incoming Bloch staten propagating to

the right, the sum overm is carried out over all reflected
statesc r propagating or decaying to the left into the left lea
and the sum overn8 is carried out over all transmitted state
c t propagating or decaying to the right into the right lea
According to the formulation of Landauer and Bu¨ttiker14 for
ballistic transport, the conductanceG is obtained as

G5
e2

h (
n

(
n8

utnn8u
2. ~11!

The first and second sums in Eq.~11! are carried out over al
the incoming and transmitted propagating states at the Fe
energy, respectively, and it is understood that they are n
malized to have a unit current density. The reflection a
transmission coefficientsr nm and tnn8 can be determined
matching the wave function acrossV, i.e., by the require-
ment that the total wave function is continuous and has c
tinuous normal derivative at both boundaries ofV.

The actual evaluation of the transmission coefficients
each incoming Bloch wave is generally a nontrivial proble
However, it can quite naturally be related to the transfer m
trix, which gives the transfer-matrix method a high potent
for later applications in areas of transport. The derivation
the transmission coefficient from the transfer matrix
straight forward. PlacingrW either onSL or SR one can rewrite
Eq. ~10! in terms of boundary valuesCL5C in

n 1(mr nmC r
m

andCR5(n8tnn8C t
n8 . Relating the boundary values by th

T matrix in regionV according to Eq.~2!, we obtain the
equation

(
n8

tnn8C t
n85T̃C in

n 1(
m

r nmT̃C r
m , ~12!

whose solution gives the transmission and reflection coe
cientstnn8 and r nm .

IV. THE EMBEDDING METHOD

In the following we discuss the embedding method dev
oped by Inglesfield13 from the viewpoint of the presen
transfer-matrix method. At two different points one can ma
contact between the embedding method and the trans
matrix method:~i! the embedding method can be used
obtain a Green function with the proper von Neuma
boundary condition and~ii ! the transfer-matrix method ca
be used to calculate the embedding potential.

In the embedding method, the HamiltonianĤS contains

he
e

3-4
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Ab initio GREEN-FUNCTION FORMULATION OF THE . . . PHYSICAL REVIEW B 65 165103
an additional term, which acts only at the boundary surf
S, leading to the following form of the Schro¨dinger equation:

~ĤS2Z!c~rW !50, ~13!

where

ĤSc~rW !5Ĥc~rW !1 (
b5L,R

1

2
d~n2nb!3S ]c~rW !

]n

22E
Sb

VS~rW,rWb ;Z!c~rWb!d2rWbD , ~14!

wheren is the surface normal coordinate andnb specifies the
position ofSb alongn. In Eq. ~14! the one-dimensional delt
function ensures that the extra term acts only whenrW is on
Sb . The extra termVS is called the embedding potential an
can be thought of as a generalized logarithmic derivative
the solutionc at the boundarySb of V:

]c~rWb!

]n
52E

Sb

VS~rWb ,rW b8 ;Z!c~rW b8 !d2rW b8 . ~15!

In our scheme we use the embedding method only to ob
a Green function satisfying the von Neumann boundary c
dition on Sb . One realizes directly from Eq.~15! that this
boundary condition is imposed if the embedding potentia
set to zero,VS(rWb ,rWb8)50. If one furthermore solves in Eq
~13! the Green function

~ĤS2Z!G~rW,rW 8;Z!52d~rW2rW 8!, ~16!

instead of the wave function, one obtains the desired Gr
function with the von Neumann boundary condition Eq.~5!.
As pointed out in Ref. 30 the embedding method has
additional advantage of producing an accurate Green fu
tion especially when the arguments of the Green function
placed at the boundary surface, which is of crucial imp
tance in our scheme. Since the present Green function co
sponds to that of a finite slab, it has discrete poles on the
energy axis. Theoretically, the singularities related to th
poles should be canceled such that theT matrix itself exhib-
its no singularity even on those energy values. It has tur
out that this statement holds very well also numerically.
far we never had instability related to the poles of the Gre
function in our numerical calculations of theT matrix.

In the original paper by Inglesfield13 and in subsequen
applications to electronic structure calculations,31–34 it was
shown that the correct boundary condition of a small reg
embedded into a larger one can be incorporated by impo
a suitable embedding potentialVS . Formally, the embedding
potential VS is defined as a surface inverse of the Gre
function of the larger region, which has vanishing norm
derivative onSb , and which fulfills the outward boundar
condition at the outer boundary of the larger region. Ho
ever, this prescription is not suitable for practical calcu
tions. In previous applications the embedding potential w
generated either from a reflection matrix as obtained from
layer-KKR method35,23 or by iterative schemes.36,32 The
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former approach suffers from the muffin-tin approximati
in the potential whereas the latter converges poorly when
imaginary part of the energy is too small. However, t
boundary values obtained in a complex band structure ca
lation may be used to overcome this. The boundary valu
i.e., the eigenvectors ofT, do include both the valuesc(rWb)
and the derivatives]nc(rWb) of the wave function at the
boundary surfaceSb . Thus, by writing down Eq.~15! for all
the generalized Bloch states propagating/decaying a
from the surface and then inverting a matrix that compri
all of c(rWb) as its column vectors, one can obtain the e
bedding potential.

V. IMPLEMENTATION

The calculations in this paper are based on the FLAP
method, thus the Green function is expanded in LAPW’s.
all APW based methods the space of the unit cell is pa
tioned into muffin-tin~MT! spheres around the atoms and
interstitial~int! region. Generally it is not possible to define
planar surface between adjacent monolayers which does
cut through muffin-tin spheres. Cutting through muffin-t
spheres introduces limitations in the numerical accuracy
the final results and should preferably be avoided. Usin
curved surface, however, would make the formulation of
scheme extremely complicated. One option to overcome
difficulty may be the application of the augmented Four
components method developed by Krasovskiiet al.37 in
which the LAPW basis is substituted by a plane wave ba
except for relatively small spheres surrounding the nuc
However, his method cannot be applied, for example, to v
nal surfaces. In the present work, we use a setup as in
duced in Refs. 36,38. As illustrated in Fig. 3 we add fi
auxiliary volumesDL and DR to the left and right of the
curved boundary surfacesS̃L and S̃R of the slabV, respec-
tively, until planar surfacesSb

1 can be constructed. In add
tion, we use a second volume between the surfacesSb

2 con-
taining no muffin-tin spheres but only the regionsDL and
DR . They can be joined together at the curved surfacesS̃L

FIG. 3. Setup used to generate planar boundary surfaces.
additional volumes are added (DL andDR) to V to obtain region 1.
The second region consists only of the these additional volume
3-5
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andS̃R , which are simply shifted by the lattice vectordW . We
calculate theT matrix in both regions 1 and 2:

T15TDR
TVTDL

,

T25TDR
TDL

. ~17!

From theseT matrices we determine

T5T1T2
215TDR

TVTDR

21 . ~18!

The eigenvalues of the so-definedT matrix T and TV are
identical. The eigenvectors ofT are given onSR

2 and can be
transfered byT2

21 to SL
2 which can be identified withSL

1 . In
principle, the potential energy in auxiliary volumesDL and
DR can be chosen arbitrarily. In the present work, we use
continuous extension of the FLAPW-interstitial potential.
advantage is that the resultant potential becomes sm
throughout the entire regions 1 and 2, and that, as a re
one does not need to define the curved surfacesS̃b explicitly.

We expand the Green function with complex energyZ and
the two-dimensional wave vectorkW i as

GkW i
~rW,rW 8;Z!5 (

gW ,gW 8
fkW i ,gW~rW !GkW i

~gW ,gW 8;Z!fkW i ,gW 8
* ~rW 8!,

~19!

wherefkW i ,gW(rW) are defined in region 1 as

fkW i ,gW~rW !5
1

AA H f gz
~z!ei (kW i1gW i)r

W
i, rWP int,

fkW i ,gW
MT

~rW !, rWP MT,
~20!

where A denotes a normalization area. In the muffin-
spheres, the functionsfkW i ,gW

MT (rW) are linear combinations o

radial functionsul(r ) and their energy derivatives multiplie
by spherical harmonicsYlm( r̂ ) given in a local coordinate
system. They match the basis functions in the interstitial
gion at the muffin-tin spheres in value and slope. They co
also be supplemented by local orbitals39–41 or alternatively
an APW1LO basis set could have been chosen as sugge
by Sjöstedtet al.42 The vectorsrW5(rW i ,z) andgW 5(gW i ,gz) are
split into a vector parallel to the surfaces and az component
perpendicular to the surface or interface, wheregW i are two-
dimensional reciprocal lattice vectors corresponding to
lattice structure in the plane.

We implemented the formalism into two differen
FLAPW codes ~e.g., see URL http://www.flapw.de!, in
which two forms of the z-dependent functionsf gz

(z)

have been used: f gz
(z)5(2/D̃)1/2sin(gzz) and f gz

(z)

5(1/D̃)1/2exp(igzz). Both implementations do lead to th
same results.gz is chosen to be

gz5
2p

D̃
n, ~21!
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where in the case of the sin basis,n is a half-integer number
ranging from 0.5 to nmax10.5 (n50.5,1,1.5, . . . ,nmax
10.5), and in the case of the exp basis,n is an integer with
2nmax<n<nmax. The width D̃ is larger than the width of
the region 1. This ensures that the basis set has suffic
variational freedom to describe the Green function at
boundaries of region 1. UsingNi two-dimensional vectors
gi , this basis consists ofNi3(2nmax11) functions. The ba-
sis functions in region 2 containing no muffin-tin spheres
constructed in the same way without any augmenting fu
tions fMT in muffin-tin spheres and withD̃ larger than the
width of DL1DR . Using the basis set, Eq.~16! turns into a
matrix equation for the Green-function matrixG(gW ,gW 8). The
T matrix in Eq.~6! can be written in terms of the matrices o
the surface Green functions

Gbb8~gW i ,gW i8 !5
1

A (
gzgz8

f gz
~zb!G~gW ,gW 8! f g

z8
* ~zb8!. ~22!

One should note that these matrices of the boundary sur
Green functionsGbb8 are contractions of the total Green
function matrix over the basis functions describing the var
tional degrees of freedom normal to the surfaceS. These
matricesGbb8 are defined only in the two-dimensional bas
and therefore are only of size (Ni3Ni). The T matrix is a
(2Ni32Ni) matrix and the boundary valuesCb are vectors
of dimension 2Ni . Some extra care has to be taken when
lattice vectordW is not normal to the surfaceS, i.e., when the
projectiondW i onto the surfaceSdoes not vanish. In this cas
an additional phase factor has to be included in the gene
ized Bloch condition and the final Eq.~9! is rewritten as

(
gW i8 ,i 851,2

eigW id
W

iT̃~gW i ,i ;gW i8 ,i 8!CL~gW i8 ,i 8!5lCL~gW i ,i !,

~23!

wherei 51 denotes the value andi 52 the normal derivative
component ofT̃ andCL . Equation~23! is then solved for a
set of kW i points and energiese, and in case of magnetic
systems also for spin up and down states.

To ensure sufficiently accurate two-dimensional surfa
Green-function matricesGbb8 , the basis functions have bee
chosen such that thegW vectors are taken out of a cylinde
with radiusgi

max, $gW uukW i1gW iu<gi
max,gz5(2p/D̃)n%, and not

from the standard sphere$gW uukW1gW u<g3D
max%. Typical cutoffs

in our calculations wereNi525 @(gi
max)2'9 –16 Ry#

two-dimensional plane waves and for each of these 2nmax
'30 basis functions in thez direction. This includes some
unusually largegW vectors in the plane wave basis set, whi
requires additional attention. LargegW vectors correspond to
high kinetic energy contributions to the interstitial part of t
Hamiltonian matrix. To obtain a sphere representation of
basis function which is well matched at the sphere bound
to the plane waves and represents the kinetic energy co
bution in the muffin-tin sphere with the same accuracy as
the interstitial region, we work with a high angular mome
3-6
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tum l max cutoff for the sphere representation. In our calcu
tions values ofl max'20–30 had to be taken into accoun
However, as the basis functions with largegW describe nearly
free electrons, the highl max cutoff is only necessary for the
calculation of the overlap matrix and the matrix elements
the kinetic energy part of the Hamiltonian but not for t
potential. Since these parts are diagonal inl and independen
of the orbital numberm, no significant additional compute
time is consumed calculating these matrix elements to h
cutoffs. Alternatively, the highl max cutoff can be avoided
using the modified basis set introduced by Soler a
Williams.43 However, this modification does not lead to a
significant difference of the results while being computatio
ally more demanding.

VI. RESULTS

As a first application of the method we present comp
band structures of bulk Cu, Fe, and Si. For Cu and Fe
band structures include states along the@001# directions, i.e.,
states propagating or decaying perpendicular to a~001! ori-
ented interface or surface, and for Si states in the@111# di-
rection relevant for a~111! interface. The systems have be
selected on grounds to show the flexibility of the method
cover semiconductors to ferromagnets, any interface or
face orientation, and to compare the results with exist
ones in the literature. With respect to the latter, Cu and Si
particularly good cases as they have been studied extens
in the past. Fe is shown, because it is magnetic, and a m
netic complex band structure does not exist in the literat
so far, although it is of increasing importance due to ap
cations in the magnetoelectronics. In general our results
in excellent agreement with those published in the literatu

All calculations employ the density functional theory
the ~spin-polarized! local density approximation~S!LDA. At
first we determined a self-consistent bulk charge-density
potential at the experimental lattice constant of Cu (aCu
53.61 Å), Fe (aFe52.87 Å), and Si (aSi 55.43 Å). In a
second step, we apply for the given potential the meth
described in the preceding sections which leads finally to
diagonalization of theT matrix for a selectedki point of the
two-dimensional Brillouin zone on a grid of real energiese.
The figures are produced using an equidistant energy gri
approximately 200 points.

In general, there is an infinite number of complex band
any energy, but we only calculate a finite subset and sh
only the smallest wave vectors (kz&2 a.u.21). Complex
bands depart at right angle from the~real! qz axis whenever
there is a local minimum or maximum of the real band str
ture with respect toqz and they can either extend in energ
to 2`, forming free-electron-like parabolic solutions or co
nect back to other extrema of the real band structure, form
closed loops. One can show analytically29,44 that actually at
all points where bands have zero slope, i.e., where band
parabolic inkW around a minimum or maximum, one find
another band crossing at right angle, which also has an
tremum and opposite curvature.

In Figs. 4–6 we present the complex band structures, e
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for one high-symmetry point in the two-dimensional Br
louin zone corresponding to the surface orientation un
consideration. The~propagating! Bloch states, i.e., real band
with kz50, are plotted as black dots in the center panel
each figure. The complex bandstructure includes all pro
gating Bloch states (kW i ,qz) along a line in a first bulk Bril-
louin zone which are projected onto the samekW i point of the
two-dimensional Brillouin zone. For the examples selec
here,qz are solutions along a high-symmetry line connecti
two high-symmetry points withqz50 andqzÞ0, to which
we refer to as the left and right high-symmetry point, resp
tively. The imaginary partkz of the wave vectors of the
complex bands are plotted in the right- and left-hand pan
of the figures in units of a.u.21. Red and green dots deno
states corresponding to a wave vectorqz at the left (qz50)
and right (qzÞ0) high-symmetry point, respectively. Com
plex bands with generalkz-values are indicated in the figure
by two yellow dots corresponding to a projection ofkz onto
the real and the imaginary plane. The real componentqz is
plotted in the center panel together with the Bloch states w
kz50 and the imaginary componentkz is shown in the left-
hand panel together with the evanescent states withqz50.

A. Cu„001…-M̄

Figure 4 shows the complex bandstructure of bulk Cu
the @001# direction at theM̄ point kW i5(1,1)3p/aCu of the
two-dimensional Brillouin zone. Theqz values follow the Z
line in the bulk Brillouin zone, connecting theX point and
the W point, left and right high-symmetry points, respe
tively. Figure 4 shows all features expected from the gene
considerations discussed above. At the high-symmetry po
complex bands leave the realkz50 plane. These bands e
ther form loops connecting two of these maxima or th

FIG. 4. ~Color! Complex band structure of bulk Cu forkW i cho-

sen at theM̄ point of the two-dimensional Brillouin zone of a
~001! oriented interface plane. States for complex wave vect
(kzÞ0) are shown in the left (qz50) and right (qz51/2
3p/aCu) panel, the center panel shows bands with real wave v
tors kz50. kz is given in absolute units of a.u.2151.89 Å21. For
an explanation of the line colors, see text.
3-7
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FIG. 5. ~Color! Spin-dependent complex band structure of bcc Fe forkW i chosen at theḠ point of the two-dimensional Brillouin zone o
an~001! oriented interface plane. Left~right! figure shows the majority~minority! states. States for complex wave vectors (kzÞ0) are shown
in the left (qz50) and right (qz5p/aFe) panel, the center panel shows bands with real wave vectorskz50. kz is given in absolute units
of a.u.2151.89 Å21. For an explanation of the line colors, see text.
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form open parabolas. Some general complex bands plo
with pairs of yellow dots can be spotted, for example,
bands leaving the extrema of the complex bands withqz
50 ~red! and connecting them with a small oval shaped r
~green! at qz51/23p/aCu . Due to the finite energy mesh
very flat bands are hard to obtain as one can see for the
crossing the real bands at about22.3 eV as indicated by the
dashed line. Comparing the complex band structure with
results obtained in Refs. 6,45 one finds a good overall ag
ment. However, a closer inspection reveals some differen
with the results of Krasovskii and Schattke45 in the complex

FIG. 6. ~Color! Complex band structure of bulk Si forkW i chosen

at the Ḡ point of the two-dimensional Brillouin zone of an~111!
oriented interface plane. States for complex wave vectors (kzÞ0)
are shown in the left (qz50) and right (qz5A33p/aSi) panel
(aSi 55.43 Å), the center panel shows bands with real wave v
torskz50. kz is given in absolute units of a.u.2151.89 Å21. Dot-
ted lines indicate the indirect band gap along theG-L line. For an
explanation of the line colors, see text.
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part of the band structure. In particular, differences can
found for the flat band at about22.3 eV. In Fig. 3 of Ref.
45 this band has a minimum in the right panel while t
present results as well as in the ones of Wachutka6 show a
very flat band up tokz;1.2 a.u.21. For the same band a
second difference is found in the left panel. While we a
Wachutka6 find three bands intersecting atkz;1.2 a.u.21,
this accidental degeneracy is not obtained by Krasovskii
Schattke.45 As stated by these authors, the differences mi
be due to the overestimation of the dispersion of flat ba
by thekp method used.

B. Fe„001…-Ḡ

As second example we present in Fig. 5 the complex b
structure of ferromagnetic bulk Fe in the@001# direction, at

the Ḡ point kW i5(0,0) of the two-dimensional Brillouin zone
The qz values follow theD line in the bulk Brillouin zone,
connecting theG point and theH point, left and right high-
symmetry points, respectively. Since Fe is a ferromagnet,
two spins are no longer degenerate and both a complex b
structure for the majority and minority spin are displaye
The topology of the minority and majority bands is the sam
but the energy positions of the bands are shifted by the
change splitting. This affects largely the 3d bands and
amounts to about 2.2 eV. The relatively flat real 3d bands in
the energy range between23 and 0 eV in the case of th
majority spin are shifted to higher energy in the minor
spin. At theG and X points the bands have either maxim
and minima and continue dispersing on new branches
complex bands. A peculiarity can be seen at the comp
band marked by the arrows. At around21.2 eV ~0.5 eV!
for the majority ~minority! spin this band shows a rapi
change in slope in both, its real and complex part. This mi

-
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be due to some interaction between the states of this b
and the very flat real and complex bands near theG point of
the Brillouin zone at the same energy.

C. Si„111…-Ḡ

As the last example we consider Si in a diamond str
ture. It is chosen as an example of semiconductors and
as a system containing more than one atom in a bulk u
cell. Differently from the former two examples, we calcula
the complex bands in the@111# direction. Perpendicular to
this direction, the Si atomic planes are stacked with two
ternating interlayer spacings, where the larger distance
responds to the nearest-neighbor Si-Si bond length. If
chooses the boundary surfacesSL and SR at the center of
those neighboring Si planes bonded in the@111# direction,SL
and SR do not cut any muffin-tin spheres of Si atoms. Th
signifies that the present system belongs to one of the ex
tional cases where one does not need to introduce extra
iliary regionsDL and DR . It may be studied easily also b
previous LAPW-based methods7 having no prescription for
treating the overlap of muffin-tin spheres in the surface n
mal direction.

In Fig. 6 we show the calculated complex band struct
of Si in the@111# direction at theḠ point (kW i50), where the
energy is measured relative to the valence-band maxim
The qz values follow theL line in the bulk Brillouin zone,
connecting theG point and the L point, left and right high
symmetry points, respectively. The calculated minimum
ergy difference between the conduction and valence ba
along theG-L line amounts to 1.4 eV, which reproduces
typical LDA value for Si. Our calculation reproduces th
well-known real energy-band dispersions of Si along theG-L
line. At both ends of this line, these bands take either ma
mum or minimum values and evolve as new branches
disperse within thekz-e plane. There also appear gene
complex bands with nonvanishingqz andkz , which connect
minima and maxima of the real and imaginary energy ban
Stiles and Hamann7 studied the complex band structure of
in the @111# direction using a wave-function method that r
lies upon the LAPW basis functions and a bivariational pr
ciple. Their complex band structure is in excellent agreem
with ours in Fig. 6.

VII. SUMMARY

We presented a new flexible and widely applicab
method to calculate the transfer matrix from first principle
The transfer matrix is expressed in terms of a single-elec
Green function that fulfills an arbitrary boundary conditio
on both sides of the slab. We have shown that a particul
simple form can be obtained by imposing the von Neuma
boundary condition. The Green function satisfying this co
dition is constructed by making use of the embedding the
of Inglesfield. The formulation allows us to describe syste
with arbitrary boundary conditions making the formulatio
of wavefunction matching possible. We expanded the Gr
function and the transfer matrix in the LAPW basis of t
FLAPW method. This guarantees a precise and flex
16510
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method, applicable to almost any system with tw
dimensional translation symmetry including magnetic ma
rials and systems with open structures.

The applicability of this new method has been demo
strated determining the complex band structures of bulk
Fe, and Si. The results are in excellent agreement with
ones existing in the literature. Future applications of mo
intrinsic interest for the magneto-electronics may inclu
half-metallics and oxide barrier materials for tunnel magn
toresistance devices.

So far the calculation of the transfer matrix relies on t
assumption that the potential of the region of interest can
determined in some slab and supercell geometry. The tr
fer matrix opens the perspective to study semi-infinite s
tems or systems with internal interfaces separating se
infinite half spaces, by taking into account self-consisten
the surface or interface induced changes of the potential
charge density. As we have shown this may become poss
either using the transfer matrix to obtain the embedding
tential necessary to embed a surface or interface region
Green-function method or use wave function matching. T
wave function matching introduced for the calculation
transmission coefficients also enables the calculation of
corresponding boundary values of the states exten
throughout all space. The boundary values together with
~4! govern the wave function of the embedded system
consequently also the charge density and potential. In
future we may also invoke the linear scaling algorithm inh
ently available in theT-matrix method. RegionV would be
split up into smaller subregionsV i , the transfer matrixTi is
calculated for each subregion, and the total transfer matri
obtained by successive application of theTi ’s, T5) iTi .
Such a method would scale linear in the number of layers
V and thus could make the treatment of large systems ac
sible.
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APPENDIX

As described in Sec. II the calculation of theT matrix
does not require the use of a special Green function. In g
eral theT matrix is given by

T5S T11 T12

T21 T22
D . ~A1!

The submatricesT11, T12, T21, and T22 are given by the
following set of equations:
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T115
1

A
~2GLR

21]nGLL12GLR
211GRR

21]nGRL!, ~A2!

T125
1

A
~GLR

21GLL2GRR
21GRL!, ~A3!

T21522GLR
211GLR

21]nGLL1GLR
21]nGLRT11, ~A4!
e

t

s

n

J

s.

v

d

16510
T2252GLR
21GLL1GLR

21]nGLRT12, ~A5!

with

A52GRR
21]nGRR12GRR

211GLR
21]nGLR . ~A6!
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