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We present comprehensive two-dimensional �2D� particle-in-cell �PIC� simulations on the transport of a

relativistic electron beam in a plasma in the context of fast ignition fusion. The 2D PIC simulations are

performed by constructing two different simulation planes and have shown the complete stabilization and

destabilization of the Weibel instability due to the beam temperature and background plasma collisions, re-

spectively. Some three-dimensional PIC simulation results on the filamentary structures are also shown thereby

further shedding light on the filamentation of the electron beam in plasmas. The linear growth rates of fastest

growing mode in the beam-plasma system are compared with a theoretical model developed and are found in

good agreement with each other.
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I. INTRODUCTION

Transportation of a very high current electron beam

through overdense plasmas is a key problem in several areas

especially in fast ignition fusion �FI�. In the FI scheme, a

laser-generated relativistic electron beam with a few MeV

per electron energy must propagate through an overdense

plasma to heat a hot spot in the core of a precompressed

fusion fuel target �1�. The current carried by these MeV elec-

trons inside the plasma is much higher than the Alfvén cur-

rent limit I= �mc3
/e��=17� kA, where m is the electron

mass, e is the electronic charge, and � is the Lorentz factor

of the beam. Clearly, the transportation of this electron beam

is not possible unless it is compensated by a return plasma

current, thus maintaining the global charge neutrality. How-

ever, this configuration, where two beams are counterpropa-

gating, is unstable and the current beams are susceptible to

the Weibel �also referred to as the filamentation� and two-

stream instabilities. The Weibel instability �2� is an aperiodic

instability in collisionless plasmas and it produces strong

quasistatic magnetic field in the system. Huge magnetic field

associated with it has been observed in particle-in-cell �PIC�
simulations and in experiments in laser-plasma interaction

�3�. The Weibel instability is also considered to be the main

mechanism of the huge magnetic-field generation in the col-

lision of two plasma shells, which is also known as gamma

ray bursts �GRBs� in astrophysics. During the GRBs, strong

radiation is emitted which is believed to be of the synchro-

tron origin, requiring the presence of huge quasistatic mag-

netic fields at first place, thus necessitating the need of in-

voking the Weibel instability in astrophysical problems �4�.
In FI, the Weibel instability breaks the relativistic electron

beam into tiny filaments and can severely affect the energy
deposition in the core of the compressed fusion pellet. It has
been a subject of research for a long time �5–17�. Lee and
Lampe �5� first presented seminal PIC simulation results on
the Weibel instability in FI plasmas. Yoon and Davidson �8�
have developed a kinetic formalism of the Weibel instability
in the context of charged particle beam transport in accelera-
tor physics. Recently, various theoretical models, both ki-
netic and hydrodynamic ones, have been developed to study
this instability in linear and quasilinear regimes �9–11�.
Honda et al. �12� have studied the collective stopping of the
beam and ion heating in the context of FI. Three-dimensional
�3D� simulations of resistive beam filamentation correspond-
ing to the full scale FI configuration have been performed
�14�. Three-dimensional magnetic structures generated due
to the Weibel instability in a collisionless plasma have also
been reported �15�. Recently, the evidence of Weibel-type
dynamics and the resultant filamentation of electron beams
have been reported experimentally �17�.

As pointed out earlier, in 3D geometry the electron beam
is actually susceptible to the Weibel and two-stream instabili-
ties. Though the Weibel instability can be suppressed by the

transverse beam temperature �7�, the two-stream instability is

unaffected by the transverse beam temperature. Hence, in 3D

geometry we may still have filamentation of the beam irre-

spective of the transverse beam temperature. Until now PIC

simulations have been limited to the study of either the Wei-

bel instability in 2D geometry or the coupled Weibel-two-

stream instability in 3D geometry �12–16�. Thus they have

not separated the role of these instabilities on the filamenta-

tion of the electron beam. Moreover, these studies also did

not distinctly examine the influence of various factors such

as beam temperature, collisions in return plasma current on

the filamentation of the electron beam.

In this paper, we study the filamentation of the electron

beam and present the results of 2D and 3D PIC simulations

on the transport of a relativistic electron beam in overdense

plasmas. Two different simulation geometries for the 2D

simulations are constructed: �1� transverse geometry, which

is a plane perpendicular to the direction of the beam propa-
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gation direction and �2� longitudinal geometry, a plane con-

taining the propagating beam. The rationale behind the con-

struction of these simulation geometries is borne out of the

fact that in transverse geometry the coupling of the Weibel

instability with the two-stream instability does not occur,

whereas the longitudinal geometry is appropriate to study the

coupling of the Weibel instability with the two-stream insta-

bility. Thus, these two geometries can separate the roles of

the Weibel and two-stream instabilities on the filamentation

of the electron beam. The effect of the background plasma

collisions and the beam temperature on the beam filamenta-

tion dynamics is studied in an intuitive way by choosing four

different simulation runs: �a� cold electron beam and colli-

sionless background plasmas, �b� cold electron beam and

background collisional plasma, �c� warm electron beam and

background collisionless plasma, and �d� warm electron

beam and background collisional plasma. Hence, we have

studied the filamentation of the relativistic beam extensively

highlighting the role of each physical process clearly. The

simulation results show that the Weibel instability cannot be

suppressed by thermal effects only, if small collisions are

present in the background plasma. We have performed fur-

ther full 3D simulations to study the filamentation of the

electron beam. These will be presented here briefly. The re-

mainder of the paper is organized as follows: the simulation

geometries and results of 2D PIC simulations are presented

in Sec. II. We also briefly present the results of 3D PIC

simulations in Sec. III. In Sec. IV, we derive the dispersion

relations for the simulation geometries and estimate the lin-

ear growth rate of the most unstable mode in different simu-

lation geometries. In Sec. V, we conclude our results.

II. 2D PIC SIMULATIONS

In 2D simulations, we choose two different simulation

planes namely transverse and longitudinal geometries. In

transverse geometry, the simulation domain is decomposed

in �X�Y� Cartesian plane. The electron beam propagates in

negative ẑ direction with relativistic velocity �bz��bx ,�by.

The cold background plasma is represented by ambient

plasma electrons and flows opposite to the beam electrons

with the velocity �pz to compensate the beam charge. The

plasma ions are considered as a fixed charge-neutralizing

background with the density n0=nb+np. In longitudinal ge-

ometry, the simulation domain consists of �X�Y� plane and

the electron beam propagates along the negative x̂ direction

with relativistic velocity �bx��by ,�bz. The beam density is

much smaller than the background plasma electron density,

i.e., nb�np, which is a usual situation in FI. The spatial

dimensions of the simulation domain L are large in compari-

son with the plasma skin depth, i.e., L��s, where �s

=c /�p, where c and �p are the velocity of light in vacuum

and the total electron plasma frequency, respectively. The

quasineutrality is maintained overall as the field evolutions

occur on a time scale slower than the electron plasma fre-

quency 	t�1 /�p. The collisional processes are simulated

with a newly implemented collision module in the relativistic

PIC code Virtual Laser Plasma Laboratory �VLPL� �18�. The

module is based on the stochastic scattering of the plasma

particles employing scattering cross sections.

The simulation planes have dimensions, �X�Y�=20�s

�20�s, and are sampled with a mesh of 160�160 cells. All

simulations are performed with 64 particles per cell and with

a spatial resolution smaller than the skin depth 
x=
y

=0.125�s. The density ratio between the plasma and beam

electrons is np /nb=9, whereas the beam and the background

plasma electrons have velocities vb=0.9c and vp=−0.1c, re-

spectively. The density ratio chosen is a typical example of a

scenario in which the electron beam is interacting with the

outer surface of the pallet in FI. The evolution of every com-

ponent Fi of the fields E and B is recorded at every diagnos-

tic step summed over all the particles as �S�eFi /mec�p�2hxhy,

where hx and hy are the spatial grid steps along x and y, and

eFi /mec�p represents the field normalization. The electron

beam has a temperature of Tb�70 keV and the ambient

plasma collision frequency �ei /�p=0.15 is used for these

simulations. In all simulations, the background plasma is al-

ways cold while the beam electrons do not face any colli-

sions.

A. Transverse geometry

In Fig. 1, the snapshots of transverse E and B fields and

the structure of the beam filaments are shown at a time T

=20�2� /�p� for four different simulation cases. The beam
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FIG. 1. �Color online� Snapshots of the transverse electromag-

netic fields �Bx and Ey� and beam filaments in transverse geometry

at a time T=20�2� /�p� for four different simulation cases: �a�, �b�,
�c�, and �d�. The horizontal and vertical axes represent the simula-

tion domain as described in the text.

KARMAKAR et al. PHYSICAL REVIEW E 80, 016401 �2009�

016401-2



density filamentation is shown in the last column in each

panel. In the case �a�, the filaments are small, comparable

with the plasma skin depth. In the case �b�, the filament size

is bigger as the collective effects of plasma �collisional dif-

fusion of plasma electrons across the self-generated magnetic

fields� come into effect. In the third panel of the figure, simu-

lation case �c�, the electron beam has transverse temperature

Tb�70 keV and the background plasma electrons are colli-

sionless; we see no filament formation. The temperature of

the electron beam stabilizes the Weibel instability. Physically

the thermal pressure of the electron beam prevails over the

magnetic pressure in this case. Hence, the magnetic field

pinching that actually drives the instability does not occur

resulting in the suppression of the Weibel instability. The last

panel of figure depicts the filament formation in the simula-

tion case �d�. One remarkable result is that although the

beam temperature is the same as in the stable collisionless

case �c�, the background plasma collisions revive back the

instability. The role played by the collisions here is some-

what paradoxical as one might expect that the collective ef-

fects of both collisions and temperature must suppress the

instability. Yet, quite opposite is the case. This happens due

to the collision-induced negative energy waves generation in

the beam-plasma system, which drives the filamentation of

the beam. This is discussed later in the paper. Figure 2 shows

the temporal evolution of the filaments merging and fields

evolution for the case �a�.
Figure 3 shows the evolution of electric- and magnetic-

field energies in the four cases corresponding to the simula-

tions in Fig. 1. We wish to state here that in the simulations

the generated electric- and magnetic-field energies are a

small fraction of the initial beam kinetic energy. Hence, care

should be taken about the energy conservation issue in PIC

simulations as even small numerical errors in simulations

can produce unphysical field energy buildup. The energy

axes in Fig. 3 are in logarithmic scales. We see a stage of

linear instability, where the field energies build up exponen-

tially in time. It is followed by the nonlinear saturation of the

instability. The linear instability stage is present in the simu-

lations �a�, �b�, and �d�. The simulation case �c� shows no

linear instability and no significant buildup of the field en-

ergy. This is in compliance with the results of Fig. 1. After

the linear stage of the instability, filaments start merging due

to the magnetic attraction and the field energies saturate.

Some small fluctuations around the saturated field energies

can be seen. A magnified look into these fluctuations, corre-

sponding to the collective merging of the beam filaments in

the saturation regime, is shown in Fig. 4. We observe a surge

in the Ez field whenever the filaments merge. The merging of

bigger filaments produces very large fluctuation in the field

energy, also discussed by Honda et al. �12�.

B. Longitudinal geometry

The snapshots of transverse E and B fields and the struc-

ture of the beam filaments for longitudinal geometry are

shown in Fig. 5 for all four different simulation cases as in

Sec. II A. The beam density filamentation is shown in the

extreme right column in each panel. The filament pattern

differs significantly in this case due to the presence of

coupled instability. The filamentation process constructs

pipelike structures and the beam electrons get diffused lead-

ing to the field saturation. In the case �a�, the filamentation

occurs at a slower rate and the field energies reach the satu-

ration level at later times than the other three cases. Hence,
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FIG. 2. �Color online� Temporal evolution of electromagnetic

fields �Bx and Ey� and beam filaments at different times in trans-

verse geometry for the simulation case �a�.

FIG. 3. �Color online� Temporal evolution of the field energies

�E
�

2 , E�
2, B

�

2 , and B�
2� in the transverse geometry for four different

simulation cases as in Fig. 1. In all subplots, the vertical axes rep-

resent normalized field energy components in logarithmic scales as

described in text, whereas the horizontal axes show the time nor-

malized by 2� /�p.
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the snapshots for the case �a� is taken at T=15�2� /�p� and

the snapshots in the next three panels are at a different time

T=8�2� /�p�. The filaments in the case �a� are small and

comparable to the background plasma electron skin depth,

likewise the transverse case. In the case �b�, the filament size

is bigger and the extent of electron diffusion is broader. One

expects a lower buildup of the field energies than the previ-

ous case in the presence of collisions, which is also seen

from the simulation results here. The third panel of Fig. 5

shows the simulation case �c� and one does not see any fila-

ment formation similar to the transverse geometry case, but

evolution of the field energies can be noticed in Fig. 7. Al-

though the Weibel instability, which is largely responsible for

filament formation in relativistic conditions, gets suppressed

the two-stream instability still persists and contributes to the

buildup of field energies in the system. The two-stream in-

stability results in large-scale filament formation of the beam

which is not clearly visible in the simulation case �c�. �These

filaments can be observed in 3D PIC simulations in the next

section.� The last panel of the figures depicts the filament

formation in the simulation case �d�, where electron beam is

hot and the background plasma is collisional. Figure 6 shows

the temporal development for the filament merging process

for the case �a�.
Figure 7 shows the evolution of the electric- and

magnetic-field energies for the four cases in the longitudinal

geometry. Likewise to the transverse geometry, one notices a

stage of linear instability where the field energies build up

exponentially in time, which is then followed by nonlinear

saturation. Unlike the transverse geometry, the linear insta-

bility stage is present in all the simulations �a�–�d�. A very

small growth of the fields is observed in the simulation �c�,
where the electron beam has high temperature and the back-

ground plasma is collisionless. This small growth rate results

due to the presence of unsuppressed two-stream instability.

FIG. 4. Fluctuations in the longitudinal electric-field energy Ez
2

corresponding to collective merging of the filaments in the satura-

tion regime. The insets show the merging of the filaments by a

corresponding fluctuation in the field energy.
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FIG. 5. �Color online� Snapshots of the electromagnetic fields

�Bz and Ey� and beam filaments in longitudinal geometry for four

different simulation cases as in Fig. 1. The top most panel, i.e., in

case �a�, is taken at a time T=15�2� /�p� and the other three are

taken at times T=8�2� /�p�.
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Nevertheless, the field energies saturate rapidly and do not

grow to higher magnitudes as in the other three cases. This is

in compliance with the results of Fig. 1. Afterward, during

the nonlinear stage of the instability, the filaments merge

rapidly due to the magnetic attraction and the field energies

saturate. We also see strong diffusion of the beam electrons

during the merging process. In the cases �b� and �d�, this

diffusion prevails more widely and the saturation occurs

much earlier than the collisionless cases. The drop in the

fields E�, E�, and B� in �b� and �d� can be explained due to

the dominance of collisional diffusion of the beam electrons

over merging of the filament structures. Moreover, a growth

of the longitudinal magnetic field B� �broken red lines� also

occurs due to collisions in the system.

III. 3D PIC SIMULATIONS

We have also carried out full 3D simulations to fully un-

derstand the structure of the filaments and fields. For 3D

simulations, the simulation box dimensions are X�Y �Z

=20�s�20�s�20�s. The simulation domain is sampled

with a mesh of 160�80�20 cells. The evolution of the E

and B fields is done in the same way as in 2D simulations.

All other parameters also remain same. Figure 8 shows the

structure of the beam filaments during the nonlinear regime

at a time T=16�2� /�p� for the simulation case �a�. The fila-

ments have high density in the central core surrounded by a

low density plasma electron cloud. Figure 9 shows the mag-

netic fields associated with each filament in the simulation

case �a�. The filament formation in the simulation case �c� is

shown in Fig. 10. In this case, one may recall that in the

transverse geometry, the Weibel instability is completely

suppressed due to the beam temperature. In longitudinal ge-

ometry, some field energy buildup is seen albeit without any

significant filamentation. The filamentation of the beam in

3D geometry is clearly seen here now. This filamentation is

due to the coupling of the Weibel and two-stream instabili-

ties, which manifests itself into the so-called “oblique mode”

�9�. The filamentation of the beam in this case can be attrib-

uted to the effective collisionality of the beam-plasma sys-

tem, arising due to the turbulence caused by the stochastic

fields associated with the two-stream instability �19�. Full 3D

FIG. 8. �Color online� 3D filamentary structures for the case of

the cold electron beam and collisionless background plasma, i.e.,

case �a�, at a time T=16�2� /�p�.

FIG. 7. �Color online� Time evolution of the field energies �E
�

2 ,

B
�

2 , E�
2, and B�

2� of longitudinal geometry for four different simula-

tion cases as described in Fig. 1. The axes in subplots are the same

as in Fig. 3.
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FIG. 10. �Color online� 3D filamentary structures of the electron

beam in the simulation case �c�, i.e., hot electron beam and colli-

sionless background plasma, at a time T=10�2� /�p�.
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simulations for all the other cases have been performed and

these are discussed elsewhere �20�.

IV. LINEAR ANALYSIS OF THE BEAM-PLASMA SYSTEM

We have developed a theoretical model based on the

Maxwell-fluid system of equations to study the growth rate

of the Weibel instability as well as the coupled Weibel-two-

stream instabilities for the two simulation geometries. The

fluid model describes well the linear stage of the instability

and has been used to study the Weibel instability in a colli-

sionless as well as collisional plasma recently �10�. In trans-

verse geometry, the Weibel instability is not coupled with the

two-stream instability hence can be studied by taking a one-

dimensional perturbation to linearize the Maxwell-fluid sys-

tem of equations. However, in longitudinal geometry, the

coupling between the Weibel and two-stream instabilities

does occur. So we take a 2D perturbation to solve the

Maxwell-fluid system of equations. The normalized

Maxwell-fluid system of equations is

� � E = −
�B

�t
, �1a�

� � B =
�E

�t
+ 	

a

Ja, �1b�

�na

�t
− � · Ja = 0, �1c�

�pa

�t
+ ��a · �pa� = − �E + �a � B� − �eipa −

�Pa

na

, a = p,b ,

�1d�

where the subscripts p and b refer to the background plasma

and the beam, respectively. All quantities are normalized by

the velocity of light, initial plasma density, and plasma fre-

quency.

We begin with a 2D perturbation of the form F�x ,y , t�
=A exp�ikxx+ ikyy− i�t�. The electron beam �background

plasma� moves in x�−x� direction. For kx=0, we get the Wei-

bel instability while for ky =0, we get the two-stream insta-

bility in the system. For kx�0 and ky �0, we enter into the

regime of so-called oblique mode studied by Bret et al. �9�.
As the plasma flow velocity is small, we move to the plasma

frame of reference and solve the system of equations in this

frame of reference. Since the plasma flow velocity is essen-

tially nonrelativistic, moving to this frame of reference does

not affect the magnitude of the growth rate in the laboratory

frame of reference. The complete dispersion relation corre-

sponding to the PIC simulations is still lengthy so we write

here expressions for the various components of the permit-

tivity of the beam-plasma system,


xx = 1 −
nbkx�b

���b
3

−
nbky

2�b
2

�b��2
−

nb

�b
3�Rb

−
np

��
, �2�


xy = −
nbky�bRb

�b�2�
, �3�


yx = −
nbky�b

�b�2Rb

−
3nbky

3�th
2 �b

�b
2�2�Rb

, �4�


yy = 1 −
np

�2�
−

nb

�b�2
−

3nbky
2�th

2

�b
2�2�

, �5�

where nb and np are the density of the electron beam and the

background plasma, respectively, �= �1+ i�̃ei� , �̃ei=�ei /� is

the normalized collision frequency, �th
2 =Tb /m is the square

of the electron thermal velocity, �b= �1−�b
2�−1/2, �b is the

electron beam velocity in the plasma frame of reference, �
= ��−kx�b�2−3�th

2 ky
2
/�b and Rb= ��−kx�b�. In deriving these

expressions we have taken �b�1, and the background

plasma as a cold collisional fluid while the electron beam is

a relativistic, hot, and collisionless fluid. The normalized 2D

dispersion relation in this case is written as

kx
2
xx + ky

2
yy + kxky�
xy + 
yx� − �2
xx
yy + �2
xy
yx = 0.

�6�

A. Transverse geometry calculations

For transverse geometry, we set kx=0 in the dispersion

relation �6� and solve the dispersion relation numerically in

different limits by setting the appropriate values of the colli-

sion frequency and the beam temperature. In cases �a� and

�b� ��̃ei=0 �th=0 and �̃ei�0 �th=0, respectively�, we recover

the same dispersion relations as in Ref. �10�. Similarly we

also recover the dispersion relation for the case �c� ��̃ei

=0,�th�0�. The growth rates of the Weibel instability for

these cases are shown in Fig. 11. We see that in the cold

collisionless case �subplot �a��, the most unstable mode in

the system has characteristic scale length less than the elec-

tron skin depth, �s. This results in small-scale filament for-

mation. The simulation result �Fig. 1�a�� confirms the small-

scale filamentation of the cold beam propagating in a

collisionless plasma. The growth rate of the instability varies

for small value of ky as ��ky�nb�b
2
/�b�1/2, while it is inde-

pendent of ky for large value of ky����nb�b
2
/�b�1/2�, a scal-

ing also observed in Ref. �10�.
The influence of collisions in the case of a cold beam is

not straightforward. It is seen from Fig. 11�b� where the most

unstable mode with wavelength around the plasma skin

depth is weakly influenced by small collisions. Its growth

rate decreases only slowly with increase in the collision fre-

quency in agreement with the results of Ref. �10�. For large

collision frequency, �̃ei�1, it varies as �̃ ei
−1/2. At the same

time, the growth rate of the most unstable mode with larger

wavelength grows with collisions and is proportional to �̃ei
1/2.

This leads to formation of larger filaments as seen in the

simulation �Fig. 1�b��. The third subplot �c� of Fig. 11 shows

the simulation case �c� of the transverse geometry. Evidently,

increase in the beam temperature results in the disappearance

of the filamentation of the beam. Physically, it can be attrib-

uted to the Debye screening. For a beam temperature Tb

=70 keV ��th=0.4�, the Weibel instability is completely sup-

pressed in sync with the simulation results. The case of hot

electron beam and cold collisional background plasma is
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fairly complicated for analytical studies due to the higher

order �tenth order� of the dispersion relation. So we further

simplify the dispersion relation �6� to give a simple disper-

sion relation in this case. As is the case in our simulations,

we assume np�nb and simplify by keeping the lowest order

terms in Eq. �6�, and write the dispersion relation in a diffu-

sionlike approximation as

�2 � 3�th
2

ky
2 −

nbky
2�b

2

�b�ky
2 + np/��

. �7�

This dispersion relation is analogous to the one derived by

Molvig �21�. The role of the magnetic field which stabilizes

the Weibel instability in Molvig’s model is replaced here by

the beam temperature; which does the same thing as the

magnetic field. A plot of the instability growth is shown in

Fig. 11�d� for several values of �̃ei for beam temperature

Tb=70 keV ��th=0.4�. The important result is that even

small collisions revive the instability and the growth of the

instability initially increases with ky vector and decreases

later on after attaining a maximum value. The maximum

growth rate increases with collision frequency for small col-

lisions. For higher collision frequency, �̃ei��p, the growth

will decrease again. Hence, collisions play a different role

here. Although the role of collisions in reviving the Weibel

instability is mathematically apparent from Eq. �7�, it could

be understood physically in terms of the unstable negative

energy waves. For small collision frequency, the dispersion

relation �7� yields three modes. The energy density associ-

ated with one of the growing modes can be found to be

negative �19�. Thus, we may interpret the collisional Weibel

instability in terms of these unstable negative energy waves.

The phenomenon of negative energy wave generation and its

consequent effects on the instability have been studied in

beam-plasma systems before as well �22,23�. The linear

growth rates calculated from theory match well with the

simulation results.

B. Longitudinal geometry calculations

For longitudinal geometry, we retain both kx and ky in Eq.

�6� and solve the dispersion relation numerically by setting

the appropriate values of parameters as in Sec. II A. Figure

12 shows the growth rate plot with kx and ky in the case �a�.
One may recover the growth rates of purely Weibel and two-

stream instabilities if one moves along the ky and kx axes,

respectively. The two-stream instability stabilizes for small

wave vector kx while the Weibel instability saturates at large

value of ky. Thus, one may expect to see long scale filaments

in x direction while short scale filaments must be formed in y

direction. The existence of the oblique mode is evident from

the figure, which has been studied in detail by Bret et al. �9�.
The oblique mode, which is the most unstable mode, causes

beam spraying for finite width beams. Consequently, one

may have less energy being deposited in the forward direc-

tion. However, for infinite width beam, the oblique mode

should not cause much beam spraying. The magnitude of the

maximum growth rate is well approximated by the relation

�24�

� =

3

24/3� nb

np�b

�1/3

. �8�

For the simulation parameters, the oblique mode makes

�80° angle with the direction of beam propagation describ-

ing the dominance of the Weibel instability over the two-

stream instability during the linear stage of the filamentation

dynamics of the beam. If one looks at the beam density fila-

ments �Fig. 5, top right panel�, we see more filaments are

being formed in y direction than in x direction, which con-
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FIG. 11. �Color online� The growth rates calculated from the

dispersion relations �Eq. �6�� for the four cases: �a�, �b� �dash-dot

line, �̃ei=0.1, dash line, �̃ei=1, solid line, �̃ei=100�, �c� �solid line,

�th=0.05, dash-dot line, �th=0.15�, and �d� �dash-dot line, �̃ei

=0.001, dash line, �̃ei=0.1, solid line, �̃ei=1�. In all subplots, the

vertical axis represents the normalized growth rate, �, and the hori-

zontal axis represents the normalized wave vector, ky. The last sub-

plot �d� corresponds to Eq. �7�. The other parameters for the beam

and plasma are nb=0.11, vbz=0.92, and np=0.9, respectively.

FIG. 12. �Color online� Growth rate variation with normalized

kx and ky for the simulation case �a� showing the existence of the

oblique mode �9�. The parameters are the same as in other figures.
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firms the theoretical results. Figure 13 depicts the growth

rate in a collisional plasma at normalized collision frequency

�̃ei=0.1. The growth rate map is almost unchanged except

the maximum growth rate of the oblique mode is slightly

increased. This increase can be attributed to the generation of

negative energy waves in the beam-plasma system �22�. Col-

lisions also make the spectrum of the instability slightly

broader in kx direction. Hence, stable regions in k space for

collisionless two-stream instability become unstable though

the growth rate of these regions is significantly small. Due to

collisions, the collective effects of plasma come into play

and it results in the longer beam filaments formation during

the nonlinear stage of the instability. Figure 14 shows the

growth rate map in the case �c�, where the electron beam has

transverse temperature Tb=70 keV, which is high enough to

suppress the Weibel instability as seen in Fig. 11�c�. How-

ever, the oblique mode, which is the manifestation of cou-

pling of the Weibel and two-stream modes, is not suppressed;

although the growth rate of the instability is significantly

reduced. We again notice longer filaments formation in x

direction and comparatively small filaments formation in y

direction. These results are in agreement with the results ob-

tained by Bret et al. �9�. On inferring from the results of the

last section, we may consider that the two-stream instability-

induced turbulence is providing an effective collisionality to

the beam-plasma system, which revives the Weibel instabil-

ity even though the transverse beam temperature is high

enough to suppress the Weibel instability. One may conclude

that in 3D geometry, the Weibel instability cannot be sup-

pressed completely due to transverse beam temperature

alone. This result is important in the context of FI. Figure 15

depicts the growth rate map for the simulation case �d�, i.e.,

the hot electron beam and collisional background plasma. We

observe that collisions make the spectrum of the instability

broader. The linear growth rates calculated from theory show

good agreement with the simulation growth rates.

V. CONCLUSIONS

In summary, we have carried out detailed 2D PIC simu-

lations in two different geometries on the Weibel instability

and coupled Weibel-two-stream instabilities of an electron

beam, in a parameter regime which is relevant to the FI

scheme. Additionally, full 3D PIC simulations have also been

performed to understand the filamentation of the beam in a

realistic geometry. We have studied the effects of various

factors such as electron beam temperature and collisions in

the return plasma current separately as well as collectively,

thus highlighting the influence of each physical process

clearly. The transverse temperature of the electron beam

tends to suppress the Weibel instability but collisions in the

return plasma current play a paradoxical role and revive back
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FIG. 13. �Color online� Growth rate map with kx and ky for the

simulation case �b�. The other parameters are the same as in other

figures.
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FIG. 14. �Color online� Growth rate map with kx and ky for the

simulation case �c�. Though the purely Weibel instability is sup-

pressed, the oblique mode is not suppressed.
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the Weibel instability. This paradoxical role of collisions is

attributed to the instability of negative energy waves. The

coupled Weibel-two-stream instability or the so-called ob-

lique mode remains unsuppressed for significantly high

transverse beam temperature. One may treat two-stream in-

stability as a source of an effective collisionality of the beam

system, which can drive the filamentation of the hot electron

beam in 3D geometry. Thus, the complete suppression of the

filamentation instability appears to be difficult in the context

of FI. The linear stage of the field energy buildup in simula-

tions is found to be in good agreement with the analytical

model developed to study the beam-plasma system.
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