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The theoretical description of the dynamics of liquids by

the theory of Mori and Zwanzig is in practice mostly applied

to simple liquids, where the molecules have no internal

structure.
1

Recently a second-order Mori-Zwanzig model for

the incoherent intermediate scattering function has been em-

ployed in order to interpret quasielastic neutron scattering

�QENS� experiments on water and aqueous solutions of non-

polar molecules.
2–4

In this framework the time evolution of

the single particle correlation function F�q , t�= �exp�iq�R�t�
−R�0���� is described by

Ḟ�q,t� = − �
0

t

d�M�1��q,t − ��F�q,�� , �1�

Ṁ�1��q,t� = − �
0

t

d�M�2��q,t − ��M�1��q,�� , �2�

where M�1��q , t� and M�2��q , t� are, respectively, the first and

second order memory functions. Their initial values are de-

termined by the short time behavior of F�q , t� �“sum rules”�,
M�1��q ,0�= �v2�q2, and M�2��q ,0�=2�v2�q2+�

2. Here �
2

= �v̇2� / �v2� is the square of the so-called Einstein frequency.

The pivot of the model, which as been used for the interpre-

tation of the QENS data in Ref. 2–4 is a second order

memory function in form of a weighted sum of two expo-

nentials, describing, respectively, fast collision-induced re-

laxation of the single-particle dynamics and slower structural

relaxation of the surrounding liquid,

M�2��q,t� = M�2��q,0��� exp�− t/�1� + �1 − ��exp�− t/�2�	 .

�3�

Here �1 and �2 are the fast and the slow relaxation times,

respectively, and � is a positive number with 0���1. The

dependence on q of these parameters is here omitted. Since

QENS is sensitive to slow diffusive long range motions of

the water molecules, the latter were treated as point masses,

using the predominantly scattering hydrogen atoms as probes

for the center-of-mass motion.

In this note we use molecular dynamics �MD� simula-

tions and numerical calculations of memory functions to

verify and to extend the validity of the analytical model de-

scribed above. We show, in particular, that the model can

also be used for a more detailed description of the molecular

dynamics, where molecules are considered as rigid bodies. In

this way both diffusive motions and fast intermolecular vi-

brations and librations can be accounted for. The rigid-body

model corresponds, in particular, to what thermal neutrons

“see” in scattering experiments.
5

The MD simulations have

been performed in the same picture, using the simple point

charge/extended �SPC/E� potential
6

in which a rigid body

description of the simulated water molecules is employed.

The simulated system consisted of 256 water molecules in a

cubic box. All simulations have been performed with the

simulation program DL�POLY �Version 2�,7using Ewald sum-

mation for long-range electrostatic interactions and ambient

temperature and pressure conditions. To estimate F�q , t�, its

memory function and its Fourier spectrum from MD trajec-

tories we use autoregressive modeling for the time series of

the underlying dynamical variables.
8

The numerical method

for the calculation of higher order memory functions will be

described in a forthcoming paper.

Within the rigid-body picture, the mean square velocity

of the hydrogen atoms can be expressed by

�v2� = kBT/meff�H� , �4�

where meff is an effective mass depending on the the geom-

etry of the molecule under consideration and on the masses

of its atoms.
9

We note here that the effective mass can be

identified with the Sachs-Teller mass of the scattering atom,

which describes the inertia of atoms in collisions between

rigid molecules and thermal neutrons.
5

For the SPC/E water

model one finds that meff�H1�=meff�H2�=1.896, using atomic

mass units. Formally, the square of the Einstein frequency is

given by
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�H
2 


��FH + ZH�2�

mH
2

meff�H�

kBT
, �5�

where mH=1.008 is the mass of a free hydrogen atom in

atomic mass units and FH and ZH are, respectively, the ex-

ternal force and the constraint force. The latter is due to the

geometrical constraints and it should be noted that it contains

contributions from inertial forces involving themselves the

atomic masses. In the present study we obtained �H
2

=11881 ps−2 by direct calculation from the MD trajectories,

using �
2=M

v

�1��0�, where M
v

�1��t� is the first order memory

function of the velocity autocorrelation function.

Fixing the parameters �vH
2 � and �H

2 , we fitted the dy-

namic structure factor of the model to the simulated incoher-

ent dynamic structure factor, S�q ,��= �2��−1�−�

+�dt exp�
−i�t�F�q , t�. The results are shown in Fig. 1, together with

the fitted values for �, �1, and �2. Using the fit parameters

corresponding to q=5 nm−1 we computed the model density

of states �DOS� of the hydrogen atoms, which is given by

g���=limq→0��2 /q2�S�q ,��. Since the limit q→0 cannot be

performed numerically, we used the smallest possible value

q=5 nm−1 on account of the box size and statistical accuracy.

In this approximation we find D�3.1�10−5 cm2 / s from the

simulation, as compared to D�3.4�10−5 cm2 / s for the

model fit. We note that D�2.55�10−5 cm2 / s is obtained

from the slope of the mean square displacement, which is

close to the experimental value of D�2.23�10−5 cm2 / s.
10

The above findings show that treating the water molecules as

rigid bodies and the predominantly scattering hydrogen at-

oms as mass points carrying the Sachs-Teller mass, allows us

to correctly reproduce not only the quasielastic, diffusive re-

gime, but also the inelastic regime corresponding to intermo-

lecular vibrations and fast librations.

To further test the validity of the model, we computed

the corresponding first and second order memory functions.

Figure 2 shows as an example the comparison between the

memory functions obtained from the model and those com-

puted from MD simulation at q=10 nm−1. The model

memory functions have been calculated using the parameters

given in Fig. 1. Figure 2 shows that the first order memory

function �top� is remarkably well reproduced by the model,

and that the second order memory function �bottom� shows

the correct limiting behavior.
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FIG. 1. Log-log plot of S�q ,�� from MD simulation �solid lines� and the

corresponding fits of the analytical model �dotted lines�. The inset shows the

DOS of the hydrogen atom in water obtained from MD simulation �solid

line� and from the analytical model �dotted line�. More explanations are

given in the text.

FIG. 2. First order and second order memory function of F�q , t� for q

=10 nm−1, as obtained from MD simulation �solid lines� and from the ana-

lytical model �dotted lines�, using the parameters given in Fig. 1.
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