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We studied theoretically the influence of the progressive strain relaxation and the depolarizing-field
effect on the thickness dependence of the out-of-plane dielectric response of epitaxial ferroelectric
thin films sandwiched between extended metal electrodes. The calculations show that the inverse of
the measured capacitance varies with the film thickness almost linearly in the most part of the
thickness range at the majority of temperatures. Extrapolation of this linear dependence to zero
thickness usually gives considerable nonzero intercept even in the absence of nonferroelectric
interfacial layers. Remarkably, such apparent “interfacial capacitance” in a certain temperature
range becomes negative. The physical meaning of the effective dielectric constant, which can be
extracted from the slope of the reciprocal capacitance thickness dependence, is also analyzed. The
theoretical predictions are compared with the experimental data obtained for single-crystalline
SrRuO3/Ba0.7Sr0.3TiO3/SrRuO3 and Pt/Ba0.7Sr0.3TiO3/SrRuO3 thin-film capacitors. © 2007
American Institute of Physics. �DOI: 10.1063/1.2713934�

I. INTRODUCTION

Pronounced thickness dependence of the physical prop-
erties of ferroelectric thin films is a severe obstacle for the
application of these materials in electronic devices which
meet the demands of the current trend for miniaturization.
Indeed, many groups reported that, as the film thickness is
reduced, the dielectric response collapses,1,2 the remnant po-
larization decreases,3,4 while the coercive field increases.5,6

Even though very large permittivities ~10 000 can be ob-
tained for the bulk Ba0.7Sr0.3TiO3 material,7 its dielectric re-
sponse in the thin-film form is suppressed by at least one
order of magnitude1,2 and decreases further with decreasing
thickness, which renders this material less attractive for us-
ing as a high-permittivity layer in future dynamic random
access memories.8

The thickness dependence of the out-of-plane dielectric
response measured in a conventional plate-capacitor setup
was studied in many experimental and theoretical papers.
Experimentally, it was revealed that the inverse of the mea-
sured capacitance varies linearly with the film
thickness.1,2,9–15 This observation led to a widely accepted
interpretation of the experimental data in terms of a “series
capacitor model.”9 According to such model, the measured
capacitance density ct can be described by the relation

1

ct
=

1

ci1
+

t

�0�b
+

1

ci2
, �1�

where �b denotes the relative permittivity of the bulk-like
film interior, �0 is the permittivity of the vacuum, t is the film
thickness, and ci1 and ci2 are the capacitance densities asso-
ciated with two film/electrode interfaces. The simplest pos-
sible explanation of finite interfacial capacitances ci1 and ci2

is the presence of low-permittivity layers at the film surfaces.
Such a “dead” layer not necessarily has a different micro-
structure �e.g., due to reconstruction or high density of de-
fects�, because the intrinsic surface effect on the
polarization16 may also reduce the local dielectric
permittivity.17,18 The existence of a built-in electric field at
the film/electrode interface represents another possible origin
of suppressed dielectric response in the subsurface layer.2,18

On the other hand, the interfacial capacitance may mostly
originate in the finite electronic screening length of metallic
electrodes.19,20 This would be in agreement with the results
of recent first-principles calculations21 and the latest experi-
mental data on high quality BaTiO3 thin films,4 which indi-
cate that the observed polarization relaxation can be attrib-
uted to the depolarizing field determined solely by imperfect
compensation of ferroelectric polarization charges by elec-
tron density variations in SrRuO3 electrodes.

The form of Eq. �1� implies that the permittivity �b of
the film interior and the interfacial capacitances ci1 and ci2

are thickness-independent quantities.11 This assumption,
however, seems to be generally incorrect for real ferro-
electric capacitors. Indeed, several groups reported on the
observation of a thickness-dependent phase transition
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temperature.11,15,22,23 Moreover, the intrinsic film permittivity
is expected to vary with thickness at least for the following
two reasons. First, the dielectric response of epitaxial films
depends on the substrate-induced lattice strains,24 which re-
lax as the thickness increases due to the generation of misfit
dislocations.25,26 Second, the depolarizing field induced by
the polarization charges leads to a thickness-dependent shift
of the ferroelectric transition temperature.27 Such shift
changes the film permittivity and also makes it thickness
dependent.15 We have shown recently that variations of the
intrinsic dielectric response caused by these strain and
depolarizing-field effects usually do not break a linear rela-
tionship between the reciprocal capacitance ct

−1 and the film
thickness.14,15 At the same time, our theoretical model pre-
dicts that such variations may change the constant term in
Eq. �1� drastically.

In this article, we use a nonlinear thermodynamic theory
to study in detail the influence of strain relaxation and depo-
larizing field on the thickness dependence of the small-signal
dielectric response of ferroelectric capacitors. Our analysis
is focused on epitaxial films of perovskite ferroelectrics
grown on cubic substrates and sandwiched between
continuous metal electrodes. The theoretical predictions
are compared with the results of dielectric measurements
carried out for SrRuO3/Ba0.7Sr0.3TiO3/SrRuO3 and
Pt/Ba0.7Sr0.3TiO3/SrRuO3 thin-film capacitors grown on
SrTiO3 single crystals.

II. THICKNESS DEPENDENCE OF PERMITTIVITY
CAUSED BY STRAIN RELAXATION

In this section, we focus on the thickness dependence of
the dielectric properties that results from variations of lattice
strains in epitaxial films, assuming that the depolarizing field
in the ferroelectric capacitor is negligible. The strain effect
on the film permittivity is closely related to the strain-
induced shift of the paraelectric to ferroelectric phase transi-
tion. According to the nonlinear thermodynamic theory of
epitaxial ferroelectric films,24,28 the misfit strain Sm in the
film/substrate system has a strong impact on the transition
temperature Tc. The stability range of the paraelectric phase
in the “misfit strain-temperature” plane is defined by the con-
dition Sm

* �T��Sm�Sm
**�T�, where Sm

* and Sm
** are the critical

misfit strains, at which the paraelectric phase becomes un-
stable with respect to the appearance of the out-of-plane and
in-plane polarization components, respectively. These critical
strains can be calculated as29

Sm
* �T� =

�s11 + s12�
4�0CQ12

�T − �� , �2�

Sm
**�T� =

�s11 + s12�
2�0C�Q11 + Q12�

�T − �� , �3�

where � and C are the Curie–Weiss temperature and constant
of a stress-free bulk crystal, Qmn are the electrostrictive con-
stants of paraelectric phase, and smn are the film elastic com-
pliances at constant polarization. In the temperature range
T��, Eqs. �2� and �3� describe the boundaries of a triangular
region, where the paraelectric phase remains stable. It should

be noted that perovskite ferroelectrics like BaTiO3,
�BaxSr1−x�TiO3, PbTiO3, and Pb�Zr1−xTix�O3, which are con-
sidered in this paper, have Q12�0 and Q11+Q12�0. There-
fore, the critical strain Sm

* �T��� is negative, whereas Sm
**�T

��� is positive.

A. Paraelectric regime

Within the stability range of the paraelectric phase �Sm
*

�Sm�Sm
**�, the relative out-of-plane permittivity �33 of an

epitaxial film can be calculated as

�33 =
Ks

Sm − Sm
* , �4�

where Ks=−�s11+s12� / �4�0Q12��0 is the material parameter
governing the strain sensitivity of the reciprocal
permittivity.29 Equation �4� predicts the film permittivity to
increase drastically as the negative misfit strain approaches
the critical value Sm

* . At positive misfit strains, the out-of-
plane dielectric response should decrease monotonically with
increasing strain up to Sm=Sm

**.
The Curie–Weiss-type law described by Eq. �4� implies

that the inverse of the film capacitance per unit area, cf
−1

= t / ��0�33�, is a linear function of the misfit strain. When this
strain is a thickness-independent quantity, the reciprocal ca-
pacitance is directly proportional to the film thickness t so
that the intercept cf

−1�t→0� turns to zero. However, this par-
ticular situation takes place only in the range of small thick-
nesses t� tc, where the plastic relaxation of the film strains is
absent. As soon as the film thickness exceeds a critical value
tc, above which the formation of misfit dislocations in an
epitaxial system is energetically favorable,25 the strain Sm

becomes thickness dependent. According to Eq. �4�, this de-
pendence changes the film permittivity and modifies varia-
tion of cf

−1 with the film thickness.
The misfit strain at t� tc is equal to the nominal “mis-

match” strain Sm
0 = �b−a0� /a0 in an epitaxial couple, which is

defined by the difference between the lattice constant a0 of a
free standing paraelectric film and the in-plane lattice param-
eter b of the bottom electrode �usually deformed by a thick
substrate�. Restricting our analysis to epitaxial systems with
a small density ��1 of misfit dislocations situated near the
interface, we can evaluate the misfit strain at t� tc as Sm

= �b*−a0� /a0, where b*�b�1−�� is the effective lattice pa-
rameter of the bottom electrode.26 The formation of a dislo-
cation ensemble at the epitaxial interface starts during the
film growth and involves thermally activated nucleation and
motion of dislocations in the crystal lattice. The dislocation
density � increases with time, tending to an equilibrium
value �*, which depends mainly on the film thickness and the
nominal misfit strain Sm

0 .25,26 At the growth temperature Tg

�Tc, the density of misfit dislocations in an epitaxial system
may be estimated as ��Tg���Sm

0 �Tg��1− tc / t�, where the fac-
tor ��1 allows for the fact that usually the equilibrium den-
sity �* is not reached due to kinetic limitations.14 Since
Peierls barriers for the dislocation glide are rather high in
perovskites, the dislocation density is expected to remain
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practically unchanged during the cooling from the growth
temperature: ��T����Tg�. Hence, the thickness dependence
of the misfit strain at t� tc can be written as

Sm�t, T� � Sm
��T� + �Sm

0 �Tg�
tc

t
, �5�

where Sm
��T�=Sm

0 �T�−�Sm
0 �Tg� represents the strain in a very

thick epitaxial film �t� tc�. It should be noted that the misfit
strain Sm

� vanishes at Tg under equilibrium conditions ��
=1� but generally differs from zero at T�Tg. In the first
approximation, the temperature dependence of Sm

� may be
described by a linear relation

Sm
��T� � �1 − ��Sm

0 �Tg� + �	b − 	0��T − Tg� , �6�

where 	b and 	0 are the thermal expansion coefficients of the
substrate and the paraelectric film, respectively.

The substitution of Eq. �5� into Eq. �4� yields the follow-
ing relation for the out-of-plane permittivity of a paraelectric
film

1

�33�t, T�
=

1

�33
� �T�

+
�Sm

0 �Tg�
Ks

tc

t
, �7�

where �33
� �T�=Ks / �Sm

��T�−Sm
* �T�� is the permittivity of a

very thick strained paraelectric film �t� tc�. Equation �7�
shows that, depending on the sign of Sm

0 �Tg�, the film permit-
tivity either increases or decreases with increasing thickness.
Accordingly, the reciprocal capacitance at t� tc becomes

1

cf
=

t

�0�33
� +

�Sm
0 �Tg�tc

�0Ks
. �8�

It can be seen that the extrapolation of cf
−1 to zero thickness

gives a finite intercept caused by the strain relaxation. Re-
markably, when the in-plane film strains at Tg are compres-
sive �Sm

0 �0�, the intercept cf
−1�t→0� is negative. On the

other hand, in the case of tensile strains �Sm
0 �Tg��0� the

thickness dependence of cf
−1 has a positive intercept.

B. Ferroelectric regime

Consider now the dielectric behavior displayed by epi-
taxial films in the ferroelectric state. We first discuss the
range of relatively large negative misfit strains, where the
tetragonal c phase with the out-of-plane spontaneous polar-
ization �P1= P2=0 , P3�0� represents the energetically most
favorable state. Near the second-order phase transition,
where the P4 approximation is valid, the dependence of the
film permittivity �33 on the misfit strain takes the form14

�33�Sm� =
Ksc

Sm
* − Sm

, �9�

where Sm�Sm
* and Ksc=Ks /2. Using Eqs. �5� and �9�, we

obtain the relation

1

�33�t, T�
=

1

�33
� �T�

−
�Sm

0 �Tg�
Ksc

tc

t
, �10�

which defines the dielectric response of the c phase as a
function of the film thickness at t� tc. It can be seen that the
thickness-dependent term in Eq. �10� differs from that in Eq.

�7� by the opposite sign and by a two times larger magnitude.
The parameter �33

� �T�=Ksc / �Sm
* �T�−Sm

��T�� involved in Eq.
�10� usually represents the permittivity of a very thick ferro-
electric film. However, the misfit strain at t� tc may relax to
a value at which the inequality Sm

� �Sm
* is not valid anymore

so that �33
� becomes negative. In this situation, which may

take place at T��, the parameter �33
� has no physical mean-

ing since at t→� the film would be in the paraelectric state,
which is described by another formalism �see the preceding
subsection�.

According to Eq. �10�, the thickness dependence of the
reciprocal capacitance can be written in the discussed case as

1

cf
=

t

�0�33
� −

�Sm
0 �Tg�tc

�0Ksc
. �11�

Since the c phase can form only at negative misfit strains
Sm�Sm

* �T���,24,28 the strain Sm
0 �Tg� involved in Eq. �11�

usually must be also negative. Therefore, in the ferroelectric
regime the intercept cf

−1�t→0� normally is expected to be
positive. In principle, it may be possible to observe the de-
pendence cf

−1�t� with a negative intercept below the transition
temperature Tc as well. Equations �5� and �6� show that this
special situation occurs when the thermal expansion coeffi-
cient 	b of the substrate is considerably larger than 	0 so that
the negative strain change �	b−	0��Tc−Tg� during the film
cooling overcompensates the initial small positive strain
Sm�t , Tg� in the whole thickness range tmin� t� tmax studied
experimentally.

In the range of large positive misfit strains, the ferroelec-
tric phase transition must lead to the formation of an in-plane
polarization state �P1�0, P2�0, P3=0� in an epitaxial
film.24,28,30 For such ferroelectric state �e.g., orthorhombic aa
phase�, the permittivity calculated in the P4 approximation
obeys the Curie–Weiss-type law of the form

�33 =
Ksa

Sm − S̃m
*

, �12�

where Sm� S̃m
* �T� and Ksa

−1 is the strain sensitivity of the film
reciprocal permittivity.29 Equation �12� is similar to Eq. �4�,
but the parameters Ksa and S̃m

* �T� involved here differ from

Ks and Sm
* . In particular, S̃m

* represents the critical misfit
strain at which the in-plane polarization state loses its stabil-
ity against the appearance of the out-of-plane polarization
P3. From Eqs. �5� and �12� it follows that the dependence
cf

−1�t� remains linear, being described by a relation similar to
Eq. �8�. Since Ksa�0 �Ref. 29� and the strain Sm

0 �Tg� should
be normally also positive to ensure the formation of in-plane
polarization state, the intercept cf

−1�t→0� appears to be posi-
tive in the discussed case of a ferroelectric film grown on a
tensile substrate.

Well below the transition temperature, the dependence
�33�Sm� cannot be described by Eq. �9� or �11� anymore since
the sixth-order terms in the free-energy expansion become
substantial here. Nevertheless, the numerical calculations
show that the inverse of the film permittivity, 1 /�33, still
varies with the misfit strain almost linearly. Accordingly, the
thickness dependence of reciprocal capacitance cf

−1 may be
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approximated by a linear relation similar to Eq. �11�. It
should be emphasized, however, that the parameters involved
in this relation do not admit of a simple physical interpreta-
tion.

In the intermediate range of small positive and negative
misfit strains, both the in-plane and out-of-plane polarization
components differ from zero, and the strain dependence of
the permittivity may be nonmonotonic.28,30 Therefore, the
thickness dependence of inverse capacitance cf

−1 is expected
to be nonlinear here and so beyond the scope of the present
article.

III. EFFECT OF DEPOLARIZING FIELD ON
PERMITTIVITY AND CAPACITANCE

We proceed now to the analysis of the influence of the
depolarizing field on the dielectric response of a ferroelectric
capacitor. The depolarizing field appears when the polariza-
tion charges �=−divP existing at the film surfaces are not
perfectly compensated for by other charges. Since the elec-
tronic screening length in metals is finite, the depolarizing
field may be significant even in short-circuited ferroelectric
capacitors.21,31 To simplify the theoretical description of the
depolarizing-field effect, we model the ferroelectric/electrode
interfaces by thin low-permittivity dielectric layers. The
thickness d� t and permittivity �d of these layers are taken
to be independent of the film thickness t. If variations of the
ferroelectric polarization near the film surfaces are negli-
gible, the parameters d and �d of the interfacial layer can be
evaluated as d=��mlTF and �d=�m, where lTF and �m are the
Thomas–Fermi screening length and the lattice dielectric
constant of the electrode material, respectively.32

Since the depolarizing field is created by the out-of-
plane polarization only, we focus on ferroelectric films
grown on compressive substrates, which stabilize in the te-
tragonal c phase �P1=0 , P2=0 , P3�0�. We assume the film
to be in the single-domain state, although the depolarizing
field generally favors the formation of 180° domains.33,34

This model enables us to determine the maximum effect of
depolarizing field on the dielectric response of a ferroelectric
film. Moreover, the application of an electric field stronger
than the coercive field makes the film polarization state uni-
form on the macroscopic scale. This uniform state is charac-
teristic of the films poled prior to the small-signal dielectric
measurements. Therefore, it should usually persist at zero
direct current �dc� voltage during the measurements of
capacitance-voltage loops as well. It should be emphasized
that well below the transition temperature the single-domain
state remains stable against the transformation into the 180°
domain pattern down to very small film thicknesses.35 It is
also worth noting that ultrathin PbTiO3 films grown on
SrTiO3 were found to be single-domain at room temperature
despite the absence of electrodes.36,37

The dielectric response in the presence of a depolarizing
field can be calculated from the dependence of the out-of-
plane polarization P3 on the measuring electric field. In turn,
this polarization is determined by the nonlinear equation of

state of the strained c phase. Assuming the film to be homo-
geneously polarized and differentiating the film thermody-
namic potential,24,38 we obtain

2a3
*P3 + 4a33

* P3
3 + 6a111P3

5 + 8a1111P3
7 + ¯ = E3, �13�

where a3
*=a1−2SmQ12/ �s11+s12�, a33

* =a11+Q12
2 / �s11+s12�,

a1= �T−�� /2�0C, and aij, aijk, aijkl are the higher-order di-
electric stiffness coefficients at constant stress. The electric
field E3 in the ferroelectric film can be calculated as a func-
tion of voltage V applied to the electrodes using the continu-
ity conditions for the electric displacement D3=�0E3+ P3 and
the electrostatic potential at the interfaces.27 The relation de-
rived for E3 enables us to rewrite Eq. �13� as

2�a3
* +

1

2��0 + cit�
�P3 + 4a33

* P3
3 + 6a111P3

5 + 8a1111P3
7 + ¯

= −
ci

��0 + cit�
V , �14�

where ci= �1/2��0�d /d is the total capacitance density of two
interfacial layers. Equation �14� shows that the coefficient of
the lowest-order polarization term changes due to existence
of a finite interfacial capacitance ci. This renormalization in-
dicates that the depolarizing-field effect reduces the stability
range of the c phase in the misfit strain-temperature plane.
The voltage-dependent term in Eq. �14� is also affected by ci,
but its change is usually negligible �for realistic values of the
parameters involved, �dt�d so that cit��0�.

Equation �14� determines the film polarization P3

= P3�V� at a given voltage V. Since the electric displacement
D3 in the capacitor equals D3= �P3+�0V / t�cit / ��0+cit�, the
total capacitance density ct�V�=�D3�V� /�V can be calculated
via Eq. �14� as well. The calculation gives

ct =
cit

��0 + cit�
��0

t
+

ci

1 + ��0 + cit�
33
� , �15�

where 
33=2a3
*+12a33

* P3
2+30a111P3

4+56a1111P3
6+¯ repre-

sents the inverse susceptibility 
33=�E3 /�P3 of the ferroelec-
tric film in the capacitor. The depolarizing field affects 
33

via the suppression of the film out-of-plane polarization P3.
At constant misfit strain, this polarization becomes smaller in
thinner films. Hence, the film intrinsic permittivity �33 must
increase with decreasing thickness t within the stability
range of the single-domain ferroelectric state. This unusual
dependence is illustrated in Fig. 1, where the small-signal
permittivity �33�V→0� and the spontaneous polarization Ps

= P3�V=0� of Pb�Zr0.5Ti0.5�O3 thin films are plotted at some
representative values of the interfacial capacitance and misfit
strain.39 �For clarity of presentation, in this section the misfit
strain is taken to be independent of the film thickness.�

We focus now on the thickness dependence of the small-
signal capacitance ct�V→0�, assuming that cit��0. Since
the coefficient a33

* is positive for perovskite ferroelec-
trics,24,38 we may first evaluate ct�t� using the P4 approxima-
tion for the film thermodynamic potential. This approxima-
tion yields Ps

2�−�a3
*+1/ �2cit�� / �2a33

* � and 
33�−4a3
*

−3/ �cit�. Accordingly, the inverse of the total capacitance
ct�V→0� can be written as
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1

ct
� 
33 t +

1

ci
=

t

�0�33
� −

2

ci
, �16�

where �33
� is the relative film permittivity in the absence of

the depolarizing-field effect �ci→��. Equation �16� demon-
strates that the extrapolation of ct

−1 to zero film thickness
gives a negative intercept ct

−1�t→0�=−2/ci, in striking con-
trast to the prediction of the series capacitor model �see Eq.
�1��. This remarkable feature is due to the thickness depen-
dence of the intrinsic dielectric response, which is character-
istic of the ferroelectric c phase in the presence of depolar-
izing field. For the paraelectric phase and the in-plane
polarization states, this dependence is absent so that the stan-
dard result ct

−1�t→0�=1/ci is recovered. Moreover, when the
linear approximation P3= Ps+
33

−1E3 is used for the field de-
pendence of polarization, this standard result is erroneously
obtained even for the out-of-plane ferroelectric state. This
fact explains why only positive values of the parameter
ct

−1�t→0� were predicted in the recent paper by Mokrý et
al.40

In the P6 and higher-order approximations, the depen-
dence ct

−1�t� becomes nonlinear. The numerical calculations,
however, show that the nonlinearity is usually negligible
when ct

−1�t� is plotted over a limited thickness range tmin

� t� tmax only. Hence, the thickness dependence of the re-
ciprocal capacitance may be approximated by a relation ct

−1

� t / ��0�eff�−� /ci, which is similar to Eq. �16� but involves
two fitting parameters, �eff and �. Remarkably, the extrapo-
lation to zero thickness gives a negative intercept different
from −2/ci. In the case of Pb�Zr0.5Ti0.5�O3 films, this differ-
ence was found to be relatively small and only weakly de-
pendent on temperature. For the strained Pb�Zr0.5Ti0.5�O3 ca-
pacitor �Sm=−15�10−3� with electrodes made of an
elemental metal like Cu or Pt �ci	0.2 F/m2, see Ref. 20�,
for instance, the parameter � was calculated to be about 2.4
at 25 °C and about 2.3 at 700 °C.

In contrast, BaTiO3 films were found to have a strong
temperature dependence of �. Using the P8 approximation,
which was proposed recently for BaTiO3 crystals,41 we cal-

culated the reciprocal capacitance ct
−1�t , T� for the thickness

range between tmin=100 nm and tmax=1000 nm at a repre-
sentative misfit strain Sm=−10�10−3.42 Extrapolating ct

−1 to
zero thickness, we determined the intercept ct

−1�t→0� as a
function of temperature �see Fig. 2�. The plot shown in Fig.
2 demonstrates that the intercept changes rapidly near the
critical temperature Tcr�470 °C, above which the single-
domain state becomes unstable at our minimum thickness of
100 nm �see Sec. IV�. Here it falls from −3.25/ci at T
=470 °C down to −4.9/ci at T=400 °C. Well below Tcr, the
intercept becomes only weakly dependent on temperature,
being about −5.3/ci.

Thus, the apparent interfacial capacitance extracted from
the measured dependence ct

−1�t� may be negative and
temperature-dependent. The calculated values of ct

−1�t→0�
correspond to strongly polarized films, where the macro-
scopic remanent polarization Pr is close to the spontaneous
polarization Ps. The reduction of the ratio Pr / Ps is expected
to shift the intercept toward zero. In the limiting case of a
film having zero average polarization and a dense domain
structure, the depolarizing-field effect should be negligible so
that the intercept becomes positive and close to 1/ci.

43

Therefore, at some intermediate value of the ratio Pr / Ps the
intercept must turn to zero despite the presence of a finite
interfacial capacitance ci.

IV. COMPETITION BETWEEN STRAIN AND
DEPOLARIZING-FIELD EFFECTS

When the film thickness exceeds the critical thickness tc

for initial generation of misfit dislocations and the misfit
strain Sm favors the out-of-plane polarization state, both the
strain relaxation and the depolarizing field affect the thick-
ness dependence of the spontaneous polarization, dielectric
response, and other physical characteristics. This applies, in
particular, to the critical temperature Tcr, above which the
single-domain polarization state becomes unstable with re-
spect to the transformation into the 180° domain pattern.44

FIG. 1. Thickness dependence of the out-of-plane permittivity �33�V→0�
and spontaneous polarization P3�V=0� calculated for epitaxial
Pb�Zr0.5Ti0.5�O3 thin films. The temperature equals 25 °C, the interfacial
capacitance is taken to be 1 F/m2, and the misfit strain is −15�10−3.

FIG. 2. Temperature dependence of the intercept ct
−1�t→0� caused by the

depolarizing-field effect. The calculations are performed for ferroelectric
BaTiO3 capacitors kept at a fixed misfit strain of −10�10−3. The interfacial
capacitance is assumed to be 1 F/m2.
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The lower bound of Tcr is given by the temperature at which
the film inverse susceptibility 
33=�E3 /�P3 goes to zero.35

In the P4 approximation, the condition 
33=0 yields

Tcr 	 � +
4�0CQ12

�s11 + s12�
Sm

��Tg�

− �0C� 3

2ci
−

4Q12tc�

�s11 + s12�
Sm

0 �Tg��1

t
, �17�

where we took into account the thickness dependence of the
misfit strain given by Eq. �5� but neglected its weak tempera-
ture dependence described by Eq. �6�. It can be seen that the
thickness dependence of Tcr is determined by the difference
between two terms in square brackets, which are involved in
Eq. �17�. Since the first term is positive whereas the second
one must be negative �Sm

0 �0 and Q12�0�, the variation of
Tcr is governed by the competition of the strain relaxation
and the depolarizing-field effect. When the latter prevails, the
critical temperature is expected to decrease in thinner films.
On the other hand, Tcr will increase with decreasing thick-
ness, if the dominant term in Eq. �17� is associated with the
relaxation of compressive misfit strain. The theoretical analy-
sis shows that the temperature Tm, at which the film has the
maximum dielectric response, may also increase or decrease
with the film thickness in similarity with the critical tempera-
ture Tcr. The reduction of Tm in thinner films was observed in
SrRuO3/Ba0.7Sr0.3TiO3/SrRuO3, Pt/Ba0.7Sr0.3TiO3/Pt, and
Au/Ba0.5Sr0.5TiO3/La0.5Sr0.5CoO3 thin-film capacitors.11,15,23

At the same time, the dielectric-peak position Tm was found
to shift to higher temperatures with decreasing thickness in
Pt/Ba0.7Sr0.3TiO3/SrRuO3 and Au/Ba0.5Sr0.5TiO3/SrRuO3

capacitors.15,22

The competition between the strain and depolarizing-
field effects also governs the thickness dependence of the
film polarization and permittivity at t� tc. The reciprocal ca-
pacitance calculated in the P4 approximation is given by the
relation

1

ct
�

t

�0�33
� − 2� 1

ci
−

4Q12tc�

�s11 + s12�
Sm

0 �Tg�� , �18�

where �33
� is the relative permittivity of a thick strained film

in the absence of the depolarizing-field effect �t→�,ci→��.
Equation �18� demonstrates that the dependence ct

−1�t� re-
mains linear, but the intercept is defined now by the algebraic
sum of two terms opposite in sign. Evidently, the intercept
becomes positive when the contribution due to strain relax-
ation is larger than the depolarizing-field contribution. The
situation reverses in the paraelectric state, where we have
ct

−1�t→0��ci
−1−4Q12tc�Sm

0 �Tg� / �s11+s12�. Remarkably, the
intercept here becomes negative when the strain-related ef-
fect prevails over the depolarizing-field one.

To investigate the thickness dependence of reciprocal ca-
pacitance in a wide temperature range, we performed nu-
merical calculations of ct

−1�t� for epitaxial BaTiO3 films in
the P8 approximation. The variation of the film thickness t
was restricted to values between tmin=100 nm and tmax

=1000 nm, and the misfit strain Sm was assumed to vary with
t in the same way as in Ba0.7Sr0.3TiO3 films grown on
SrRuO3-covered SrTiO3 �see Ref. 14�. The interfacial ca-

pacitance ci was taken to be either 1 or 0.2 F/m2 in order to
model electrodes with good and poor screening properties.
For the ferroelectric c phase, the dependence ct

−1�t� was de-
termined at temperatures not exceeding the minimum critical
temperature Tcr

min=min�Tcr�t�� calculated from the equation

33�T , t�=0, since above this temperature the single-domain
state may be already unstable. For the same reason, the
paraelectric regime was studied only down to the tempera-
ture Tc��+4�0CQ12Sm�tmin� / �s11+s12�=255.5 °C, below
which the inverse susceptibility 
33=2a3

* of the paraelectric
film becomes negative.

The nonlinearity of the dependence ct
−1�t� was proved to

be negligible at all studied temperatures, except for a narrow
temperature range just below Tcr

min, where the thickness de-
pendence of reciprocal capacitance becomes strongly nonlin-
ear and even nonmonotonic. The intercept ct

−1�t→0� was
then evaluated using the extrapolation procedure and plotted
as a function of temperature �see Fig. 3�. The plots shown in
Fig. 3 demonstrate that at both values of the interfacial ca-

FIG. 3. Temperature dependence of the intercept ct
−1�t→0� calculated for

BaTiO3 thin-film capacitors with different electrodes. The interfacial capaci-
tance ci is taken to be 1 �a� and 0.2 F/m2 �b�. The thickness-dependent
misfit strain Sm in the epitaxial film is assumed to be defined by the follow-
ing set of parameters: Sm

0 �Tg�=−15�10−3, tc=10 nm, �=0.7, and �Sm /�T
=4�10−6 K−1.
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pacitance the intercept changes sign on crossing the transi-
tion region Tcr

min�T�Tc�tmin�. In the case of electrodes with
good screening properties �ci=1 F/m2�, the strain effect
dominates so that the sign of ct

−1�t→0� is positive at low
temperatures and negative at high temperatures �Fig. 3�a��.
The decrease of ci down to 0.2 F/m2, however, is sufficient
to reverse the temperature dependence of the intercept �see
Fig. 3�b��. In capacitors with ci=0.2 F/m2, therefore, the
depolarizing-field effect overrides the influence of strain re-
laxation.

V. COMPARISON WITH EXPERIMENT

We compare the above theoretical predictions with the
results of our experimental studies of SrRuO3/
Ba0.7Sr0.3TiO3/SrRuO3 and Pt/Ba0.7Sr0.3TiO3/SrRuO3 ca-
pacitors �termed SRO and Pt samples later�. These thin-film
capacitors were fabricated on �100�-oriented SrTiO3 single
crystals. The perovskite trilayers and bilayers were epitaxi-
ally grown in situ by pulsed laser deposition, whereas the Pt
top electrode was ex situ deposited on the bilayer samples by
dc sputtering. The epitaxial Ba0.7Sr0.3TiO3 films were found
to be single-crystalline and �001�-oriented �see Refs. 14 and
15 for details on the preparation and characterization of
ferroelectric capacitors�. The dielectric measurements have
been carried out at 10 kHz using an HP4194 impedance ana-
lyzer. The capacitance-voltage curves were recorded at dif-
ferent temperatures for samples with the thickness of
Ba0.7Sr0.3TiO3 layer ranging from 10 to 200 nm. These
curves were used to determine the maximum value of the
capacitance density ct as a function of the film thickness and
temperature. For all Pt samples, the maximum of the
capacitance-voltage curve was found to be shifted to Vmax

	−0.4 V. This shift can be attributed to an internal electric
field caused by the difference in the work functions of two
electrodes �5.2 eV for SrRuO3 �Ref. 45� and 5.65 eV for Pt
�Ref. 46��. Accordingly, the capacitance densities obtained at
Vmax=−0.4 V were used to characterize Pt samples.

The analysis of experimental data demonstrated that the
dependence ct

−1�t� can be fitted by a linear relation similar to
Eq. �1� at all studied temperatures, as demonstrated by rep-
resentative plots shown in Fig. 4. At room temperature, the

slope of the linear fit is similar for both sample series, cor-
responding to the thick-film permittivities �33

� 	6700 and
5700 for the SRO and Pt samples, respectively. However, the
intercept ct

−1�t→0� was found to be much larger for the Pt
samples than for the SRO ones. Accordingly, the apparent
“interfacial” capacitance density in the case of SrRuO3 top
electrode �	1.03 F/m2� is about five times higher than the
value derived for samples with the Pt top electrode
�	0.2 F/m2�. At T=220 K, the dependence ct

−1�t� measured
for SRO samples changes drastically �see Fig. 4�. The slope
of the linear fit strongly increases ��33

� 	1000� and the inter-
cept becomes negative �	−2 m2/F�.

Figure 5 shows variations of the measured intercept val-
ues in a wide temperature range for both types of capacitors.
In the case of Pt samples, the intercept always remains posi-
tive and decreases at high temperatures �see Fig. 5�a��. Al-
though it does not reach negative values in this range, the
observed temperature dependence resembles the theoretical
curve shown in Fig. 3�a�. On the contrary, the intercept de-
termined for SRO samples changes from positive to negative
with decreasing temperature �see Fig. 5�b��. This trend is
similar to the theoretical temperature dependence of ct

−1�t
→0� shown in Fig. 3�b�. Although the inaccuracy of the
intercept obtained from the linear fit increases up to ±2 m2/F
at T=100 K due to the increase of slope, the intercept values
remain negative in the whole temperature range below 240 K
even within the experimental error.

Thus, both types of the theoretical temperature depen-
dences shown in Fig. 3 can be observed experimentally. At

FIG. 4. Representative thickness dependences of the reciprocal capacitance
density obtained for SrRuO3/Ba0.7Sr0.3TiO3/SrRuO3 and
Pt/Ba0.7Sr0.3TiO3/SrRuO3 capacitors at different temperatures. The straight
lines represent linear fits to the experimental data points.

FIG. 5. Temperature dependence of the intercept ct
−1�t→0� extracted from

the experimental data for Pt/Ba0.7Sr0.3TiO3/SrRuO3 �a� and
SrRuO3/Ba0.7Sr0.3TiO3/SrRuO3 capacitors �b�.
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the same time, it is difficult to explain the drastic difference
between the dielectric behavior of Pt and SRO samples
�Figs. 5�a� and 5�b�� by the competition of the strain and
depolarizing-field effects alone. Indeed, as shown experi-
mentally in Ref. 15, these capacitors have practically the
same strain state at a given film thickness so that we must
assume the interfacial capacitance of the Pt samples to be
larger than that of the SRO ones. This assumption, however,
contradicts to the theoretical estimates of the capacitance
densities associated with the screening space charge in the
electrodes, which give ci	0.27 F/m2 for the Pt samples and
ci	0.44 F/m2 for the SRO ones.47

The revealed discrepancy between theory and experi-
ment is probably due to one of the following factors, which
were not taken into account in our calculations. First, the
polarization charges may be additionally screened by the
space charge layers forming inside the film owing to the
finite conductivity of perovskite ferroelectrics.48,49 The theo-
retical description of the combined internal and external
screening of the polarization charges represents a compli-
cated problem.48 Here we only note that, for both types of
electrode combinations, this effect is expected to increase the
interfacial capacitance in comparison with the value deter-
mined solely by the screening inside the electrodes.

Second, we ignored the intrinsic size effect on the film
permittivity17 resulting from local changes of the polariza-
tion state near the ferroelectric/electrode interfaces.16 The
thickness dependence of the permittivity caused by this ef-
fect also modifies the intercept ct

−1�t→0�.50 Remarkably, this
dependence is governed by the extrapolation length 
, which
may be sensitive to the electrode material.50 Therefore, the
revealed electrode effect on the dielectric response of
Ba0.7Sr0.3TiO3 films could be partly due to the polarization
variations near the interfaces. According to the phenomeno-
logical theory,17 the increase of the film permittivity with
decreasing thickness, which was observed for SRO samples,
can be attributed to the polarization suppression near the film
surfaces �
�0�. At the same time, the polarization enhance-
ment at the Ba0.7Sr0.3TiO3/Pt interface �
�0� is required to
explain the thickness dependence of the dielectric response
obtained for the Pt samples.

Finally, the dielectric behavior may be also affected by
the presence of an internal electric field in the capacitor,
being induced, for instance, by the depletion layers50 or by
the difference in the electrode work functions. If the mean
internal field differs from zero, the dielectric peak will be
shifted to a higher temperature Tm in similarity with the trend
caused by an applied electric field.51 In asymmetric capaci-
tors like Pt/Ba0.7Sr0.3TiO3/SrRuO3 ones, therefore, the tem-
perature Tm may increase with decreasing film thickness thus
providing a positive contribution to the intercept at low tem-
peratures.

VI. CONCLUSION

In this article, we showed theoretically that the strain
relaxation and the depolarizing-field effect usually do not
impart pronounced nonlinearity to the thickness dependence
of the reciprocal value ct

−1 of the measured capacitance. This

is due to the fact that the variation of the intrinsic film per-
mittivity �b with thickness t, which is caused by these ef-
fects, can be approximated by the relation

1

�b
=

1

�33
� +

const

t
, �19�

where the constant parameter has the dimension of length.
Using Eq. �19�, we obtain

1

ct
=

t

�0�33
� + 
 1

ci
+

const

�0
� �20�

so that ct
−1 still varies linearly with the film thickness. How-

ever, the simple series capacitor model is not valid anymore
because the intercept ct

−1�t→0� differs from the reciprocal
interfacial capacitance ci

−1. Since the constant parameter in
Eq. �20� is a temperature-dependent quantity which can be
positive or negative, the intercept value may strongly vary
with temperature, changing its sign on crossing the ferroelec-
tric transition temperature.

Thus, the intercept of the linear thickness dependence of
ct

−1 generally cannot be identified with the actual capacitance
density associated with the film/electrode interfaces. In par-
ticular, the observation of a negligible intercept at one
temperature52 does not represent a convincing proof for the
absence of “dead” layers in the capacitor. Indeed, such zero
intercept may result from the mutual compensation of the
positive and negative contributions to ct

−1�t→0�, but not
from the zero interfacial capacitance ci. For the better under-
standing of the influence of interfaces on the dielectric re-
sponse of ferroelectric capacitors, the intercept has to be
measured in a wide temperature range and analyzed care-
fully.
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