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Single electron transistors with two ferromagnetic electrodes in the antiferromagnetic alignment and

a superconducting island can induce spin polarization in the superconductor. The effect of spin

polarization on the superconducting properties is studied theoretically. Spin injection is an

interesting alternative to high magnetic fields to induce large spin polarization in a superconductor.

Since this method is not restricted to extremely thin superconductors, it provides a mean to verify

exotic states in s superconductors, such as the Fulde-Ferrel-Larkin-Ovchinnikov state. The

combination of spin injection and nanosized islands promises an approach to investigate

superconductors with high spin polarization. © 2006 American Institute of Physics.
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In recent years the technique of single electron transis-

tors with ferromagnetic electrodes and a superconducting is-

land has made it possible to inject one spin orientation into

the superconducting island and extract the other spin

orientation.
1–6

The tunneling properties of such a polarized

superconductor have been investigated theoretically.
7,8

In

this paper, we want to demonstrate that a superconductor

with an imposed finite spin polarization can have rather in-

teresting properties.

Superconductors with spin polarization have been inten-

sively investigated in the past.
9–13

In these experimental and

theoretical investigations the polarization was imposed by an

external magnetic field and the superconductor was in ther-

mal equilibrium. In contrast, in single electron transistors

with injected spin polarization the spin up and down elec-

trons are not in equilibrium with each other.

A typical single-electron transistor �SET� in these ex-

periments consists of a superconducting Al film with dimen-

sions of the order of 1–2 �m length, 50–100 nm width, and

20–40 nm thickness. The Al is oxidized and crossed by two

narrow ferromagnetic Co strips. These form two tunneling

junctions with the Al which are separated by 0.5 �m or less.

The magnetization of the two Co films are aligned antiparal-

lel. When a current is passed through the two junctions and

the Al film, the polarization of the injected and the extracted

current is opposite and electrons of one spin orientation are

accumulated in the Al film. This spin accumulation can be

achieved in zero magnetic field. Although the Al island is

small its superconductivity can still be described by the

Bardeen-Cooper-Schrieffer �BCS� theory, confinement ef-

fects are not yet important. This is demonstrated by the de-

pendence of the transition temperature on a parallel magnetic

field, the tunneling I-V curve in SETs consisting of an Al

island and two Al electrodes, the observation of the Coulomb

blockade with charge units of two electrons, etc.
14–16

Strong

one-dimensional deviations from BCS theory occur at much

narrower film strips, such as carbon nanotubes covered with

thin films of superconductors.
17

In this paper, we consider the effect of spin injection on

the properties of the superconducting island. It is assumed

that the spin-orbit interaction is small and therefore the life-

time of the spin polarization is long and the spatial distribu-

tion of the polarization is homogeneous. This condition ap-

pears to be fulfilled in these small Al islands as shown by

Jedema et al.
3

who observed precession of the injected spins

in the Al island.

We describe the polarization m by the dimensionless pa-

rameter � so that m= �n↑−n↓�=�NkBTs �where n↑ ,n↓ are the

electron densities of spin up and down electrons, Ts is the

transition temperature of the superconducting island, and N

is the BCS density of states of the island in the normal con-

ducting state�.
In Fig. 1 the superconducting and the normal ground

state �at T=0� are sketched for a finite spin polarization. The

abscissa gives the occupation number for spin up and down

while the ordinate gives the �free electron� band energy �k

measured from the Fermi energy �not the quasiparticle en-

ergy Ek�. In the normal state the Fermi energy has different

values for the spin up and down electrons. For a given value

of � this shift is �↑−�↓=�kBTs. For the superconducting

state the pair states within ±�kBTs /2 of the Fermi energy �F

are blocked by the spin up electrons and only the remaining

states for ��k���kBTs /2 are occupied with the pair probabil-

ity hk �using the original BCS nomenclature�.
The BCS theory �Ref. 18� expressed the superconducting

state in terms of the pair-state occupation hk and the quasi-

particle occupation fk. If one adds to their free energy the
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term ���k�fk↑− fk↓�−m� as a condition of constant electron

polarization �� is the LaGrange parameter� then one obtains

in complete analogy to BCS’s minimization of the free en-

ergy the results

fk↑,↓ = �exp�Ek � �

kBT
� + 1	−1

, �1�

hk =
1

2
�1 �

�k

Ek

� , �2�

and the self-consistent equations for the gap ��T� and the

LaGrange parameter � �see also Ref. 7�

1 = VN

0

kB	D 1

Ek

�1 − �fk↑ + fk↓��d�k, �3�

2N

0

kB	D

�fk↑ − fk↓� = m = �NkBTs, �4�

where Ek=��2�T�+�
k

2 is the quasiparticle energy, N is the

BCS density of states, V represents the BCS interaction, and

	D the Debye temperature.

At zero temperature the gap equation becomes �see Fig.

1�

1 = VN

�kBTs/2

kB	D 1

��0
2 + �2

d� ,

yielding the solution for the gap �0 at zero temperature and

finite polarization �

�0 = ��00��00 − �kBTs� ,

where �00 is the gap at zero temperature and zero polariza-

tion. The superconductivity disappears at zero temperature

when � reaches the famous gap ratio.

� =
�00

kBTs

= 1.75.

At finite temperature one has to iterate the self-consistent

equations �3� and �4�. In Fig. 2 the temperature and

polarization-dependent energy gap ��T� is shown as a func-

tion of temperature for different polarization parameters �.

Only the gap curve for �=0 has its maximum at zero tem-

perature. For finite polarization parameter � the maximum of

the gap moves towards half the transition temperature. For

���00 /kBTs one has an island of superconductivity. As a

function of temperature one has two transition points and at

sufficiently low temperature the normal state is stable.

The dependence of ��T ,�� on the polarization param-

eter � corresponds to an extremum in the free energy of the

superconducting state. To ensure that its free energy lies be-

low the free energy of the corresponding normal state with

the same polarization we calculate the difference of the two

free energies Fs−Fn.

The free energy of the superconducting state is given in

terms of �, hk, and fk
 �
=↑ or ↓� by

Fs = 2N

0

kB	D

d�k�k�2hk�1 − fk↑ − fk↓� + fk↑ + fk↓�

− N
���T��2

NV
+ 2kBTN

���





0

kB	D

fk
 ln�fk
� + �1 − fk
�ln�1 − fk
�d�k	 .

The free energy of the normal conductor with finite polariza-

tion �kBTs is

Fn = N�−
�2

3
�kBT�2 +

1

4
��kBTs�

2	 .

In Figs. 3�a� and 3�b� the difference between the super-

conducting and the normal free energies Fs−Fn in the units

of N �kBTs�
2 is plotted as a function of temperature for dif-

ferent polarization parameters �. Only for �=0 does the

minimum of Fs−Fn lie at zero temperature. For finite � the

minimum moves towards a finite temperature. The supercon-

ducting state is stable for the whole range of �T ,�� in which

we obtained a finite energy gap.

We can construct a phase diagram in the t−� plane

where t=T /Ts. The boundary between the superconducting

and the normal state is given by the condition that �=0.

Then the Fermi distribution in Eq. �1� becomes also the

Fermi distribution for the normal conducting phase. As a

consequence the chemical potentials of spin up and down

FIG. 1. Electron distribution for a metal with finite electron polarization in

the superconducting and normal states. The light shaded region in the su-

perconductor represents occupation with �k↑ ,−k↓�-electron pairs, the dark

spin up region is occupied with single electrons, having the k↑ occupied, and

the white region −k↓ is empty.

FIG. 2. The energy gap ��T� /kBTs as a function of temperature for different

imposed spin polarizations �. For a finite range of ���00 /kBTs supercon-

ductivity is destroyed at zero temperature but exists at finite temperature.
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electrons differ by 2�. This corresponds to a polarization of

m=2�N yielding �=�kBTs /2 and one obtains the condition



0

kB	D 1

�
�1 − f�� − �kBTs/2

kBTm

� − f�� + �kBTs/2

kBTm

�	d�

=
1

NV
.

Combining this equation with the condition for Ts, one finds



0


 1

x
�2f�xt� − f�x +

�

2t
� − f�x −

�

2t
�	dx = 0, �5�

where x=� /kBTm, t=Tm /Ts, and �Ts /2Tm=� /2t. Equation

�5� is an implicit condition between t and � for the boundary

between the normal and the superconducting state. In Fig. 4

the phase diagram is shown.

As a conclusion, we compare the two procedures to in-

duce spin polarization in superconductors, high magnetic

fields and spin injection. A type I superconductor tries to

screen any external magnetic field until the field reaches the

thermodynamic critical field Bc where the superconductivity

is destroyed. Since the interesting effects of spin polarization

require a much larger magnetic field than Bc one turns to thin

films where the film thickness is much smaller than the mag-

netic penetration length �. For example, Meservey and Ted-

row used Al films with a thickness of 5 nm. By using such

thin films one has to pay the price that the mean free path of

the conduction electrons is strongly reduced. This may have

prevented, for example, observing the exotic Fulde-Ferrel-

Larkin-Ovchinnikov �FFLO� superconducting state in highly

polarized s superconductors. In the ferromagnet-

superconductor-ferromagnet �FSF�-SETs one is not restricted

by an external magnetic field. Once the magnetic electrodes

are brought into the antiferromagnetic alignment the external

magnetic field can be turned off. Therefore one can use

thicker superconducting films with larger mean free path.

This could improve the chances to observe the FFLO state in

the highly polarized Al nanostructures. The combination of

spin injection and nanosized islands promises an approach to

investigate superconductors with high spin polarization.
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FIG. 3. �a� The free energy difference �Fs−Fn� /NkBTs as a function of

reduced temperature for different electron polarizations � in the range of

0���1.6. �b� The free energy difference �Fs−Fn� /NkBTs as a function of

reduced temperature for different electron polarizations � in the range of

1.7���2.1.

FIG. 4. The phase diagram in the temperature-polarization plane.
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