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The shrinking process of anionic sodium polyacrylate �NaPA� chains in aqueous solution induced by
Sr2+ counterions was analyzed by anomalous small-angle x-ray scattering. Scattering experiments
were performed close to the precipitation threshold of strontium polyacrylate. The pure-resonant
scattering contribution, which is related to the structural distribution of the Sr2+ counterions, was
used to analyze the extent of Sr2+ condensation onto the polyacrylate coils. A series of four samples
with different ratios �Sr2+� / �NaPA� �between 0.451 and 0.464� has been investigated. From the
quantitative analysis of the resonant invariant, the amount of Sr cations localized in the collapsed
phase was calculated with concentrations v̄ between 0.94�1017 and 2.01�1017 cm−3

corresponding to an amount of Sr cations in the collapsed phase between 9% and 23% of the total
Sr2+ cations in solution. If compared to the concentration of polyacrylate expressed in moles of
monomers �NaPA�, a degree of site binding of r= �Sr2+� / �NaPA� between 0.05 and 0.11 was
estimated. These values clearly differ from r=0.25, which was established from former light
scattering experiments, indicating that the counterion condensation starts before the phase border is
reached and increases rather sharply at the border. © 2007 American Institute of Physics.
�DOI: 10.1063/1.2787008�

I. INTRODUCTION

The density of charges along a polyelectrolyte chain
makes the chain conformation sensitive to electric charges.
The two most efficient techniques to control changes in poly-
electrolyte conformation are �i� the screening of electrostatic
interactions among charged polymer segments by adding an
inert salt1 and �ii� the extinction of charges on the polyelec-
trolyte chain by adding specifically interacting
counterions.2,3 Synthetic polyelectrolytes may therefore be
used as simple models for biopolymers, where the role of
electric charges is essential for the proper functioning of
nucleic acids, numerous enzymes, and proteins.

Theoretical understanding of the mechanism underlying
the first technique has made significant progress. With in-
creasing electrostatic screening, the shape of the polyelectro-
lyte gradually changes from a coil to a compact sphere, pass-
ing a cascade of transition states. For these transition states,
cigarlike or pearl necklace structures are discussed. The lat-
ter were predicted in analogy to the Rayleigh instability of
oil droplets while being electrically charged.4,5 Beyond all

doubt, the actual shape depends in a subtle way on the coun-
terion concentration and interactions between solvent and
chain backbone.4–10 Although, the pearl necklace model has
attracted much attention,11–15 a quantitative analysis of the
condensed phase is still lacking.

The present investigation focuses on the behavior of so-
dium polyacrylate �NaPA� chains, subjected to the addition
of alkaline earth cations as an example for technique �ii�.
Alkaline earth cations are known to specifically interact with
the anionic carboxylate residues, located on every other car-
bon atom of the polymer backbone. Formation of complex
bonds between the anionic groups and alkaline earth cations
neutralizes electric charges and thereby changes the nature of
the respective chain segments. As a consequence, solubility
of the polyelectrolyte is lowered, which leads to a significant
coil shrinking and eventually causes a precipitation of the
respective alkaline earth salt.2,3,14,15

The precipitation depends on the concentration of NaPA
and of the alkaline earth cations, denoted as M2+. Beyond a
threshold concentration �M2+�0, an additional stoichiometric
amount of M2+ per NaPA function is required to precipitate
the polycarboxylate chains. This correlation can be repre-
sented in a phase diagram by means of a linear relation of the
form �M2+�c= �M2+�0+r0�NaPA�c which separates the one
phase regime of a dilute solution from the precipitate, thus
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acting as a phase boundary.3,14 Based on light scattering mea-
surements, changes in coil shape and size are expected to be
more pronounced the closer one gets to this phase boundary.
Although the coils adopt a spherelike shape prior to
precipitation,14 the shape of intermediates along the coil-to-
sphere transition and especially the extent of M2+ condensa-
tion close to the phase border is still an unsettled question.

In this presentation, the question of how to determine the
amount of Sr cations localized in the collapsed phase with
respect to the total amount of Sr cations in the solvent, by
precise analysis of what will be introduced below as the reso-
nant invariant, while approaching the phase boundary of
strontium polyacrylate �i.e., M2+=Sr2+� shall be addressed.

Anomalous small-angle x-ray scattering enables the
quantitative and structural characterization of the counterion
distribution around the macroions by tuning the energy in the
vicinity of the absorption edge of the counterion �i.e., Sr2+�
in question. The distribution of the counterions is not acces-
sible by conventional small-angle x-ray scattering measure-
ments because the scattering contributions of the counterions
and the macroions superimpose and cannot be distinguished.
The first anomalous small-angle x-ray scattering �ASAXS�
experiment on counterion distributions was reported by
Stuhrmann.16 Interest in the application of this promising
method to macromolecules only revived at the turn of the
century, propelled by the synthesis of new model
polyelectrolytes.17–21

II. ASAXS MEASUREMENTS

In the case of a dilute solution of negatively charged
polymers, which are surrounded by positively charged Sr
counterions, the scattering amplitude writes

A�q� = �
V

��poly�r� · exp�− iqr�d3r + �
V

��Sr�r�

· exp�− iqr�d3r . �1�

q is the magnitude of the scattering vector �=�4� /��sin ��,
where 2� is the scattering angle and � the x-ray wavelength.
��poly and ��Sr are the excess electron densities of the poly-
electrolyte chains and the counterions,

��poly�r� = �fpoly · u�r� = �fpoly − �mVpoly� · u�r� ,

��Sr�r,E� = �fSr�E� · v�r� = ��f0,Sr − �mVSr� + fSr� �E�

+ ifSr� �E�� · v�r� , �2�

calculated from the electron density �m of the solvent and the
volume of the chain Vpoly and the Sr2+ ion VSr, respectively,
while u�r� and v�r� are the particle densities of the polymer
chains and the Sr2+ ions, respectively. The molecular scatter-
ing factor �number of electrons� of the chain fpoly�E�
�const is nearly energy independent, while the atomic scat-
tering factor of the counterions fSr�E�= f0,Sr+ fSr� �E�+ ifSr� �E�
shows strong energy dependent variation in the vicinity of
the absorption edge of the Sr2+ ion due to the so-called
anomalous dispersion corrections, fSr� �E� and fSr� �E�. Calcu-
lating the scattering intensity I�q�= �A�q��2=A�q� ·A*�q� by
means of Eqs. �1� and �2� and averaging over all orientations

of the polymer yields a sum of three contributions I�q ,E�
= �Apoly�q��2+2 Re Apoly�q� Re ASr�q ,E�+ �ASr�q ,E��2, with
the integrals16

�Apoly�q��2

= 4��fpoly
2 �

V
� u�r�u�r��

sin�q�r − r���
q�r − r��

d3rd3r�,

2 Re Apoly�q�Re ASr�q,E�

= 4�2�fpoly�f0,Sr − �mVSr

+ fSr� �E���
V
� u�r�v�r��

sin�q�r − r���
q�r − r��

d3rd3r�,

�ASr�q,E��2

= 4���fSr�E��2�
V
� v�r�v�r��

sin�q�r − r���
q�r − r��

d3rd3r�.

�3�

Equation �3� gives the nonresonant scattering of the polymer
chains �Apoly�q��2, the cross-term or mixed-resonant scatter-
ing 2 Re Apoly�q� Re ASr�q ,E� originating from the superpo-
sition of the scattering amplitudes of the polymer and the
Sr2+ ions, and the scattering of the counterions �ASr�q ,E��2,
which contains the so-called pure-resonant scattering. By
measuring the scattering curves at two energies in the vicin-
ity of the absorption edge of the Sr2+ ions and subtracting the
two scattering curves �I�q ,E1 ,E2�= I�q ,E1�− I�q ,E2�, the
nonresonant scattering contribution of the polymer is vanish-
ing:

�I�q,E1,E2� = 4�2�fpoly�fSr� �E1�

− fSr� �E2���
V
� u�r�v�r��

�
sin�q�r − r���

q�r − r��
d3rd3r� + 4����fSr�E1��2

− ��fSr�E2��2��
V
� v�r�v�r��

�
sin�q�r − r���

q�r − r��
d3rd3r�. �4�

Now the scattering function is reduced to the resonant
contributions—the so-called separated scattering—but the
scattering of the polymer is still present in the cross-term.
The significance of this term was outlined by Jusufi and Bal-
lauff, who were able to demonstrate that it may lead directly
to the Fourier transform of the density distribution of the
polyelectrolyte component if the polyelectrolyte component
is a rigid colloid.22,23 However, additional knowledge of the
third integral in Eq. �3� is required. One route to determine
the third integral is to perform measurement at a third en-
ergy. When subtracting the separated scattering curves ob-
tained at the two energies E1 and E3 from the separated scat-
tering obtained from the two energies E1 and E2, the cross-
term is vanishing and the form factor SSr

form�q� of the spatial
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distribution of the Sr2+ ions remains after normalizing to the
energy dependent anomalous dispersion corrections of the
atomic scattering factor of the Sr2+ ions at the related ener-
gies:

SSr
form�q� = 4��

V
� v�r�v�r��

sin�q�r − r���
q�r − r��

d3rd3r�

= � �I0�q,E1,E2�
fSr� �E1� − fSr� �E2�

−
�I0�q,E1,E3�

fSr� �E1� − fSr� �E3�	 1

F�E1,E2,E3�
,

F�E1,E2,E3� = fSr� �E2� − fSr� �E3� +
fSr�

2�E1� − fSr�
2�E2�

fSr� �E1� − fSr� �E2�

−
fSr�

2�E1� − fSr�
2�E3�

fSr� �E1� − fSr� �E3�
. �5�

Due to Eq. �5�, ASAXS provides a technique to access di-
rectly the scattering of the Sr2+ ions. The structural informa-
tion of the Sr2+ ion distribution surrounding the macroions
can be obtained from the analysis of the form factor SSr

form�q�.
Generally speaking, Eq. �5� provides a method which gives
access to the pure-resonant scattering contribution by mea-
suring the small-angle scattering at only three suitable
energies.15,24,25 An alternative route to separate all three in-
tegrals was achieved by Ballauff and co-workers,26,27 which
could afford to record scattering curves at 4 �Ref. 26� and 13
�Ref. 27� different energies below the absorption edge of the
fluctuating counterions. This enabled them to determine the
three scattering contributions �nonresonant, mixed-resonant,
and resonant terms� by means of a plot of I�q ,E� vs feff� and
a fit with a sum of the integrals of Eq. �3� at variable q.

In addition to the structural information, which can be
obtained from SSr

form�q�, important quantitative information
related to the amount of Sr atoms localized in the collapsed
phase can be deduced from the integral QSr:

QSr�E� =
1

4�
�

Q

�ASr�q,E��2d3q

=
1

4�
��fSr�E��2�

Q

SSr
form�q�d3q . �6�

In analogy to the so-called invariant,28 we will call QSr

the resonant invariant of the inhomogeneously distributed
resonant scattering Sr ions. The invariant QSr, as defined in
Eq. �6�, is related to the averaged squared excess electron
density of the resonant scattering atoms,28 �Sr

2 :

QSr�E� = �2��3V�Sr
2 �E� . �7�

where V is the sample volume. With the averaged squared
excess electron density of the Sr ions, �Sr

2 �E�
= ��Sr�E�− �̄Sr�E��2=�Sr

2 �E�−�Sr�E�2, Eq. �7� writes

QSr�E� = �2��3V��Sr
2 �E� − �Sr�E�2� . �8�

Introducing �Sr�r ,E�= fSr�E�v�r�, which represents the elec-
tron density distribution of the Sr ions in the solution �Eq.
�2��, into Eq. �8� yields

QSr�E� = �2��3V�fSr�E��2�v2 − v̄2� . �9�

For the subsequent calculations, the calibration of the scat-
tering curves into macroscopic scattering cross sections in
units of cross section per unit volume �cm−1� is mandatory.
To obtain the calibration, Eq. �9� must be multiplied with
r0

2 /V, where r0 is the classical electron radius:

QSr�E� = �2��3r0
2�fSr�E��2�v2 − v̄2� . �10�

Because only the excess electron density of the Sr ions with
respect to the solvent contributes to the scattering, fSr�E� can
be replaced by �fSr�E� from Eq. �2�:

QSr�E� = �2��3r0
2��fSr�E��2�v2 − v̄2� . �11�

The averaged squared number density of Sr ions can be writ-
ten as

v2 =
NSrVSr

V

1

VSr
2 =

v̄
VSr

, �12�

where VSr=4� /3RSr
3 is the volume of a single Sr ion with the

radius RSr=0.126 nm. NSr represents the total number of Sr
ions in the solvent. Inserting Eq. �12� into Eq. �11� yields

QSr�E� = �2��3r0
2��fSr�E��2v̄
 1

VSr
− v̄�

� �2��3r0
2��fSr�E��2

v̄
VSr

. �13�

Combining Eqs. �6� and �13� yields

QSr�E� =
��fSr�E��2

4�
�

Q

SSr
form�q�d3q

� �2��3r0
2��fSr�E��2

v̄
VSr

, �14a�

dQSr�E�
dq

= ��fSr�E��2SSr
form�q�q2. �14b�

Equation �14b� represents the first derivative of the resonant
invariant with respect to q and will be used in Fig. 3. Finally,
from Eq. �14a� the number density of the Sr ions can be
calculated:

v̄ =
VSrQSr

�2��3r0
2��fSr�E��2

. �15�

It should be mentioned that the number density calculated
from Eq. �15� includes the Sr ions, which are homogeneously
distributed in the solvent. These Sr ions provide an isotropic
scattering contribution at small q values similar to the isotro-
pic scattering of the solvent but with a different amount. As
will be discussed in more detail below, the amount of the
isotropic scattering contribution originating from these re-
maining Sr ions in the solvent can be neglected.
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III. EXPERIMENTAL

Preparation of NaPA solutions with Sr2+ in aqueous
NaCl was performed in two steps. In the first step, a solution
of NaPA in bidistilled water with 0.01M NaCl at pH 9 �so-
lution I� was prepared together with another solution of
3 mM SrCl2 and 4 mM NaCl in bidistilled water at pH 9
�solution II�. The pH was set with 0.01M NaOH. It is note-
worthy to mention that both solutions had the same number
of cationic charges, which was 2�Sr2+�+ �Na+�=0.01M. After
3 days of storage, equal volumes of both solutions were
combined. Thus, a stock solution of NaPA in distilled water
with 1.5 mM SrCl2 and 7 mM NaCl with a pH of 9 was
obtained �solution III�. In an analogous way, an amount of
solution II was combined with an equal amount of bidistilled
water with 0.01M NaCl, resulting in a NaPA-free solution of
1.5 mM SrCl2 and 7 mM NaCl at a pH of 9 �solution IV�.
Solution IV is denoted as solvent and served as the solvent
background for all scattering experiments. The phase bound-
ary for Sr2+-PA precipitation was approached by diluting the
stock solution �III� with the solvent �IV�. By means of this
procedure,25 four different ratios of �Sr2+� / �NaPA� were ob-
tained at constant concentrations of �Sr2+� and �Na+�
��Sr2+� / �NaPA�=0.451, 0.4575, 0.458, and 0.464�, denoted
as samples D, C, B, and A, respectively. As the shape of the
polymer chains in solution depends on the extent of com-
plexation, different ratios correspond to different intermedi-
ates, bordering the precipitation threshold of SrPA.

Combined static and dynamic light scattering measure-
ments �ALV 5000E CGS� allowed us to locate the precipita-
tion threshold and to characterize the global dimensions of
the polymer chains in dependence on the ratio of
�Sr2+� / �NaPA�.25

The four samples selected for ASAXS as well as the
solvent were filled into capillaries from Hilgenberg GmbH,
Malsfeld, Germany. The capillaries are made of borosilicate
glass with an inner diameter of 4 mm and a wall thickness of
0.05 mm. The inner diameter of 4 mm is nearly the optimal
size for the energy range of the Sr K edge at 16.105 keV.
The capillaries were closed with a pipette plug fixed by two
component quick setting adhesive.

ASAXS measurements were performed at the JUSIFA
beamline29 at HASYLAB, DESY Hamburg at three different

energies in the energy range of the K absorption edge of
strontium at 16.105 keV. Measurements were made with a
two-dimensional detector at three energies. A q range from
about 0.07 to 2.7 nm−1 was covered. A detailed description
of the experiments can be found in Ref. 25.

The table in Fig. 1 provides the anomalous dispersion
corrections for Sr at the three energies used here based on the
calculations of Cromer and Liberman.30,31 These were used
to permit the separation of the Sr-related pure-resonant scat-
tering described in detail by Eqs. �1�–�5�. Constant back-
ground effects due to resonant raman scattering and fluores-
cence occurring near the K absorption edge at 16.105 keV
have been subtracted from the measured intensities. The
scattering intensity is calibrated into macroscopic scattering
cross sections in units of cross section per unit volume
�cm2/cm3=cm−1�. Transmission measurements were per-
formed with a precision of 0.001 using a special �window-
less� photodiode �Hamamatsu S2387-1010N�. The amount of
the integrated form factors �Eq. �5�� with respect to the inte-
grated total scattering, i.e., 	=�SSr

form�q�d3q /�I�q ,E�d3q, of
the four samples was between 0.25% and 0.60% �last column
in Table I�.

FIG. 1. Anomalous dispersion corrections obtained by Cromer-Liberman
calculations �Refs. 30 and 31�. The values at 16.105 keV result from the
convolution with the energy resolution of the JUSIFA beamline.

TABLE I. Structural and quantitative parameters of the four diluted NaPA samples with different concentration
ratios �Sr2+� / �NaPA� obtained from the ASAXS analysis. v̄ represents the concentration of Sr atoms in the
condensed phase deduced from the experimentally accessible section of resonant invariant. Values of v̄u repre-
sent the upper limits of these concentrations calculated with the different theoretical model functions of the
dumbbell �PD and PS+D�. c is the relative amount of Sr atoms in the condensed phase with respect to the total
concentration of Sr ions in the entire solution and r represents the ratio of Sr cations to carboxylate side groups
in the collapsed phase. Sample A represents an outlier possibly due to degradation of the sample. The latter was
evidenced by LS experiments showing strong differences of the radius of gyration taken before and after the
ASAXS measurements �Ref. 25�.

Sample �Sr2+� / �NaPA�
v̄

�1017 cm−3�
v̄u �PD�

�1017 cm−3�
v̄u �PS+D�
�1017 cm−3�

ca

�%� r
	

�%�

A 0.464 0.77�14� 0.94 1.17 10.5–13.1 0.049–0.061 0.30
B 0.458 1.50�8� 1.92 2.09 21.4–23.3 0.097–0.106 0.50
C 0.4575 1.73�21� 2.01 2.09 22.3–23.2 0.102–0.106 0.60
D 0.451 0.73�12� 0.80 ¯ 8.9 0.041 0.25

aThe values refers to 9.0�1017 Sr2+ cations per cm3 which correspond to 1.5 mM.
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IV. RESULTS AND DISCUSSION

The focus of the present work is the development of the
resonant invariant of the Sr2+ ions. A detailed description of
the scattering pattern is given only for sample B with
�Sr2+� / �NaPA�=0.458 in Fig. 2. The shape of the total scat-
tering curve �black squares� is compatible with the form fac-
tor of spherical objects. The latter was already suggested by
former small-angle neutron scattering measurements.32 This
interpretation is strongly confirmed by the separated scatter-
ing curve �blue triangles� and the separated form factor �red
circles� of the Sr ion distribution. The error bars of the sepa-
rated form factor were calculated from the error bars of the
total scattering curves measured at the three energies consid-
ering the error propagation through Eq. �5�. In the q range
between 0.07 and 0.3 nm−1, relative errors between 10% and
40% have been obtained. Both curves exhibit a number of
characteristic structures for q
0.1 nm−1 with pronounced
maxima, minima, and shoulders revealing a scattering func-
tion, which is strongly influenced by correlation effects be-
tween rather monodisperse subdomains within the collapsing
chains. Especially, the form factors of the spatial distribution
of the Sr counterions reveal a correlation maximum at
0.1 nm−1. For a counterion condensation-induced shrinking
process, an appropriate model was first suggested by Dobry-
nin et al.5 which was confirmed later by computer
simulations.7,8,10 The model, denoted as pearl necklace, gives
the scattering function of N spheres with radius R and with a
distance d between the spheres.

Scattering data corresponding to the resonant scattering
curves can also be represented by means of Eq. �14b�. This
representation is shown in Fig. 3 for all four samples. The
area corresponding to these data represents the experimen-
tally accessible portion of the invariant, denoted as QSr�exp�.

Table I summarizes the concentrations v̄ of Sr ions in the
condensed phase obtained from this resonant invariant de-
picted with Eqs. �14b� and �15�.

For a more quantitative discussion of the data, this lim-
ited area has to be extended onto the whole regime of 0
�q�
. Estimation of the extensions �especially to very
small q values, q�0.075 nm−1� will be carried out by three
sphere-based models being capable of reproducing the scat-
tering data under consideration. It has to be emphasized that
the major purpose of these model applications in the present
case is to estimate the contribution of the low and high q
regimes of the SSr

form �q� to the resonant invariant of Eq. �15�,
determined experimentally.

Two models have already been applied to the same data
in a preceding work.25 The model consisting of a polydis-
perse sphere, denoted as the PS model, is the simplest model.
It provided already a good representation of the data.25 The
PS model is based on a Schulz-Flory type of distribution
P�M� of the polymer mass M,25,33

P�M� = 
 z + 1

Mw
�z+1 Mz

��z + 1�
exp
−

�z + 1�M
Mw

� . �16�

In Eq. �16�, the polydispersity is fixed by z=1/ �Mw /Mn

−1�, with Mw and Mn the weight averaged and the number
averaged mass of the spheres. However, the averaged par-
ticle size of this model was considerably smaller than the
respective value established independently by light scatter-
ing. Hence, we added an appropriate portion of monodis-
perse dumbbells, which increased the average size of the
model without significantly affecting the scattering curves at
q
0.1 nm−1. This second model is denoted as the PS+D

FIG. 2. �Color online� Total scattering �squares�, separated scattering �tri-
angles�, and the form factor of the pure-resonant scattering contribution
�circles� of the aqueous polyacrylate solution with Sr ions from sample B
with a concentration ratio �Sr2+� / �NaPA�=0.458.

FIG. 3. The first derivative of the resonant invariant �Eq. �14b�� of the four
samples ��Sr2+� / �NaPA�=0.451 �D�, 0.4575 �C�, 0.458 �B�, and 0.464 �A��.
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model in what follows. In order to provide one more curve,
which is easily accessible from a least squares fit to data, a
third model will be introduced here. This model represents a
pearl necklace with N identical spheres and a distribution of
the sphere size according to the Schulz-Flory type of distri-
bution. The sphere size is R and the distance between two
neighboring spheres on a dumbbell is d.

In Eq. �17�, the form factor of a sphere is multiplied with
the correlations �first bracket� introduced by the interference
of the scattering from the two spheres. Polydispersity of the
pearls is considered by means of a Schulz-Flory type of dis-
tribution P�M�, again following Eq. �16�.25,33 The particle
mass M in Eq. �17� is proportional to 2R3 and the polydis-
persity is fixed by z=1/ �Mw /Mn−1�, with Mw and Mn the
weight averaged and the number averaged mass of the dumb-
bells.

SSr
form�q� = const�

0




P�M�R��
2 + 2
sin�qd�

qd
�

�
4�R3

3

3�sin�qR� − qR cos�qR��
�qR�3 �2

dR . �17�

This PD model has to provide only an alternative esti-
mation of the portion of the invariant not accessible to the
ASAXS experiment. No further development of a structural
concept of the collapsing PA coils which goes beyond the
interpretation given in Ref. 25 is intended in the present
work. Model parameters for all three models which suc-
ceeded to reproduce the experimentally determined resonant
scattering curves are summarized in Table II.

From the resonant invariant in Figs. 3�a�–3�d�, an
amount between 0.73�1017� v̄�1.73�1017 Sr atoms per
cm3 was calculated to be in the condensed phase for the four
samples �column 3 in Table I�. An estimation of the amount
of scattering contributions, which could not be detected due
to the limited q resolution of the experiment, is outlined in
Fig. 4 for sample B. The gray area represents this contribu-
tion of the anomalous small-angle x-ray scattering from the q
range below the resolution of the experiment. It has been
extrapolated from the different model functions as mentioned
above. Above the resolution, we integrated up to q

=10 nm−1 obtaining additional contributions, which can be
neglected with respect to the contributions of the gray area.
Addition of the values from the gray area to the respective v̄
values of column 3 derived from QSr�exp� via Eq. �15� re-
sults in estimations of the Sr2+ concentrations shown in col-
umns 4 and 5 of Table I. The numbers in columns 4 and 5 are
considered to be upper limits for the Sr concentration in the
collapsed phase suggested from the different models and are
denoted v̄u. In addition, the inset of Fig. 4 represents the
contribution of homogeneously distributed Sr ions with a
concentration of 1.5 mM to the resonant invariant. Although
this corresponds to the maximum possible amount—a con-
siderable portion of the Sr2+ ions are condensed on the NaPA
chains—the contribution is many orders of magnitude

TABLE II. Model representations have been applied to the scattering curves obtained from ASAXS experiments in order to estimate the extension of these
scattering curves beyond the limits accessible to the experiment. Representation with the PS model and the PS+D model was inferred from Ref. 25.
Representation of the data with the PD model was performed by means of a least squares fit making use of Eq. �17�. The symbols have the following meaning:
The values for Rg in column 3 represent values for the radii of gyration of the polymer particles determined experimentally by light scattering. �Ref. 25�. The
PS model is a polydisperse sphere model where Rz denotes the z-averaged outer sphere radius. In the PS+D model, Rz, d, and RD denote the z-averaged radius
of the outer sphere radius of the sphere component, the distance between two spheres in the dumbbell component, and the outer sphere radius of the
monodisperse spheres in the dumbbell component, respectively. In the PD model, Rz, d, and z denote the z-averaged radius of the outer sphere radius of the
spheres in the dumbbells, the distance between two spheres in the dumbbell component, and the polydispersity parameter z=1/ �Mw /Mn−1� of the spheres of
the dumbbell component, respectively. Model parameters of the models are applied to reproduce the resonant invariants in Fig. 3.

Sample �Sr2+� / �NaPA� Rg
a �nm�

PS model
Rz �nm�

PS+D model PD model

Rz
a d RD Rz d z

A 0.464 17.3 16 16 55 16 15 55 1.30
B 0.458 23.2 15 16 55 16 13 71 1.31
C 0.4575 21.3 15 16 55 16 13 56 1.42
D 0.451 30.7 15 16 55 16 14 67 1.13

aThe sphere fraction is characterized by a polydispersity parameter of z=5.

FIG. 4. �Color online� The first derivative of the resonant invariant �Eq.
�14b�� of sample B compared to three different model functions, PD �solid
red line�, PS+D �black dashed line�, and PS �black solid line�. The different
model functions were calculated in order to estimate the contribution of the
missing scattering to the resonant invariant beyond the resolution of the
ASAXS experiment �gray area on the left�. The inset 4 represents the upper
limit of the scattering from 1.5 mM of homogeneously distributed Sr ions in
the solution, contributing to the resonant invariant.
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smaller than the contribution detected from the Sr ions in the
collapsed phase and thus can be neglected. Hence, the reso-
nant invariant estimated here can be attributed unambigu-
ously to the condensed Sr2+ ions.

As inferred from the preparation, the concentration of Sr
ions of 1.5 mM corresponds to 9�1017Sr2+ ions per cm−3.
Together with the concentration values v̄u deduced from the
resonant invariant, this led to a fraction of condensed Sr ions
lying between 9% and 23% of the total Sr ions in the entire
solution. From the concentrations of condensed Sr2+ ions, v̄u,
the corresponding ratios, r= �Sr2+� / �NaPA�, were calculated
by taking into account the q regimes beyond the experimen-
tal cutoff. The values depend on the ratio of the component
concentrations expressed as �Sr2+� / �NaPA� and fall in a re-
gime of 0.05�0.11 Sr ions, which are bound per carboxylate
residue on the polymer backbone. This result can be com-
pared to a value of r=0.25 extracted from the phase diagram
in Fig. 5 established by Schweins et al.25 The straight line in
Fig. 5 represents the phase border between Sr-polyacrylate
precipitates and the collapsed polymer or partially collapsed
macroions in solution. The value of r=0.25 indicates the
amount which is needed to cross the phase border along the
collapsed state. For a quantitative discussion of the r values
in Table I, sample A has to be considered with great care
because light scattering of the samples performed prior to
and after the ASAXS experiments indicated a slight
instability.25 Except for this sample A, the values of r follow
our expectations. Samples B and C are close together and
sample D shows a smaller degree of Sr2+ binding in line with
a drop of �Sr2+� / �NaPA� from B/C to D. The drastic effect
confirms that small changes in �Sr2+� / �NaPA� cause strong
changes in the conformation and hence in r once we get
close to the phase boundary, as has been already observed in
our preceding experiment.15 The closer the sample gets to the
phase boundary, the higher the degree of Sr2+ binding be-
comes.

Noteworthy, Molnar and Rieger34 published a molecular
dynamics simulation13 of the interaction of NaPA oligomers
with Ca2+ cations. They found an abrupt increase of free Na+

ions if more than three Ca2+ cations have been added to the
“simulated cubic solution box.” This supports the feature of a
rather abrupt increase of the decoration of the PA coils with
Sr2+ if the system gets close to the phase boundary.

The discrepancy between the value obtained from the
phase diagram and the values deduced from the resonant
invariant can be explained as follows: �i� There is an error of
the slope due to the scattering of the points, which is fairly
large. Beyond this, the exact location of the phase boundary
may depend on the molar mass of the polyacrylate sample
actually used.2,14 �ii� At the phase border, an upper limit of
Sr2+ ions is considered to be captured by the PA coils, while
the Sr2+ condensation is a process gradually starting before
the phase border is reached. Under the assumption that we
have not yet reached the phase border with our samples B–D,
the actual degree of Sr binding may still be considerably
lower than the characteristic value at the phase boundary.
Thus, the discrepancy between r=0.11 and r=0.25 corre-
sponding to the phase boundary implies another steep in-
crease of the bound Sr2+, in agreement with the drastic
changes observed at the precipitation edge.

The latter explanation demonstrates that precise quanti-
tative ASAXS measurements employing the algorithm in
Sec. II. with the goal to obtain the resonant invariant could
serve as a suitable tool for detailed quantitative analysis of
those phase diagrams in the future.

V. CONCLUSIONS

In the last years, anomalous small-angle x-ray scattering
became a precise quantitative method for element specific
structural analysis on the mesoscopic length scale. Due to the
precision of the techniques, small-angle scattering contribu-
tions in the resolution regime 10−3��I / I�10−2 can be reli-
ably separated and the form factor of the pure-resonant scat-
tering of counterion distributions around macroions becomes
accessible, as was demonstrated for Sr-counterion-induced
shrinking of polyacrylates.

The form factor of inhomogeneously distributed Sr
counterions was separated with an amount between 0.3% and
0.6% with respect to the total scattering. The form factor is
attributed to a collapsed phase in a diluted aqueous polyacry-
late solution with the Sr counterions condensing in the col-
lapsed phase. From the integral of the separated form factor
�resonant invariant�, different amounts between 9% and 23%
of the Sr counterions were deduced as being captured in the
collapsed phase. The numbers also indicate a sharp increase
of Sr2+ binding close to the phase border established from
light scattering �LS� measurements. The example demon-
strates the capability to determine quantitatively the extent of
ion binding to polyelectrolytes which condense to or interact
specifically with the polyelectrolyte.
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