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The representative volume element (RVE) is a basic concept in the continuum mechanics of sintering of random heterogeneous
porous materials. A quantitative determination of its size was performed by using synchrotron X-ray microtomography data
of constrained sintering of thin glass film on a rigid substrate. A RVE size is associated with a property of interest; we determined
it for relative density, specific surface area, and hydrostatic component of sintering stress. The RVE size was estimated to be
from 11 to 17 times larger than the average initial particle size. The RVE size was associated with a given precision of the
property. It depended on the volume fraction of porous structure, or, relative density, so that it varied with microstructural
evolution.
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1. Introduction

The macroscopic shrinkage in sintering occurs as a result of
the microstructural evolution in particle scale that is driven by
capillarity. The shape and form of pore structures, either open
or closed, generate the thermodynamic driving force of shrink-
age, i.e., sintering stress. In a macromechanical approach, the
heterogeneous microstructure of the porous body is replaced by
a homogeneous medium. For the macroscopically isotropic
medium, the continuum mechanical modeling of sintering is
expressed as1),2)

_Eij ¼
�0

ij

2G
þ ¤ij

ð�m ��sÞ
3K

ð1Þ

where _Eij is the macroscopic strain rate, �0
ij and �m are

deviatoric and hydrostatic components of macroscopic stress, �s

is the sintering stress, and G and K are the shear viscosity and the
bulk viscosity, respectively. The shrinkage occurs spontaneously
due to the presence of the sintering stress, even if the applied
stress is zero. The sintering stress is useful also to analyze the
thermal stability of porous structures,3),4) such as electrodes in
solid oxide fuel cell at elevated temperatures.
The macroscopic properties are defined as the average over the

representative volume element (RVE).5),6) RVE is a volume of
heterogeneous material that is sufficiently large to contain enough
information at the micro scale in order to be representative, but it
should be much smaller than the macroscopic body, in fact as
small as possible. The concept of RVE links the heterogeneities

at the microscale with macroscopic quantities; this separation of
scales is known as the Micro-Meso-Macro principle.6) Several
works have investigated the existence of an RVE and the
possibility to determine its size by using statistical-numerical
analysis.7)­11) These studies intended to predict the effective
mechanical properties of composites. Recent advances in X-ray
microtomography12) and focused ion beam-scanning electron
microscopy13) have opened the door for observation of detailed
microstructural evolution during sintering, and provides an
opportunity to analyze the RVE from the knowledge of micro-
structure experimentally. In the field of particle packing, for
example, Razavi and coworkers14) reported that the concept of
RVE provides an effective means of developing macroscopic
measures in the description of granular materials. The RVE size
has been determined for electrodes of a Li-ion battery15) and solid
oxide fuel cell.16)­18)

Wakai and Guillon19) studied glass films sintered by viscous
flow and imaged by X-ray microtomography in order to evaluate
the sintering stress tensor from 3-D visualization of microstruc-
ture. The hydrostatic component of sintering stress in a volume
element V is simply calculated from its relative density µ and its
specific surface area SV � Apore=V for viscous sintering19),20)

�s ¼ 2£sSV
3ð1� µÞ ð2Þ

where £s is the surface energy, and Apore is the surface area of
pores.
In the present paper we determine the RVE size for funda-

mental properties in sintering: relative density, specific surface
area, and hydrostatic component of sintering stress. We show that
the minimum size of RVE depends on the material property and
level of precision required for the analysis.
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2. Experimental

Processing of glass films from spherical particles and synchro-
tron X-ray microtomography has been fully described else-
where12) and will be only outlined here. A soda lime glass
powder with average particle size of ³8¯m was used for sample
preparation. Aqueous slurry was casted on alumina substrate by
using a doctor blade. The thickness and relative density of the
green film were 300¯m and 61.5%, respectively. Sintering was
conducted at heating rate of 5°C/min up to 600°C and then
20°C/min up to 700­750°C. Isothermal times between 0 and
10min resulted in four different densities ranging from 64 to
98%.
X-ray microtomography data have been acquired at the

European Synchrotron Radiation Facility (ESRF, Grenoble,
France). Radiographs were acquired by rotating the sample by
steps of 0.12° until 180°. The 3-D mapping with voxel size of
0.28 © 0.28 © 0.28¯m were reconstructed. The 3-D visualiza-
tion and geometrical measurements were performed using Amira
(VSG) in the present study. The watershed transform was used to
segment the gray value image into pore and material. The pore
surface was discretized using triangular meshing, from which the
surface area and the pore volume were calculated.

3. Results and discussion

3.1 Microstructural evolution in viscous sintering
The pore space evolution in viscous sintering of spherical glass

particles are shown in Fig. 1. In the initial stage [Fig. 1(a), Stage
1], the pore structure is a continuous network with numerous
circular holes resulting from contacts between particles. As holes
expand with the neck growth, ligaments are pinched-off, break-
ing the continuous network into fragments: closed pores are
formed one by one in the intermediate stage [Fig. 1(b) Stage 2,
and (c) Stage 3]. Complicated shaped pores become spherical in
the final stage of sintering [Fig. 1(d) Stage 4].
Figure 2 shows a 2-D section extracted from the specimen in

Stage 1, which is easier to examine the microstructural hetero-
geneity. The smallest particles have segregated at the bottom of
the layer, then, we analyze the average properties of the layer in
the middle region marked in Fig. 2. Sub-volumes extracted from
a total material domain are restricted to cubic geometries. As
many as possible independent cubes with edge length of 160, 80,
40, 20, and 10¯m were extracted from each sample for four
stages. The RVE size is given by using the edge length L of cubic
volume element.

3.2 Relative density, specific surface area and
sintering stress

The relative density of sub-volume in each stage is plotted as a
function of the edge length of cubic volume element in Fig. 3.

Figures in brackets refer to the number of sub-volumes. The
mean relative density is almost independent of edge length when
sufficiently large number of sub-volumes are analyzed; the
number of voxels per particle diameter was 29 in the present
experiments. The scatter of data at small edge length indicates the
scale of microstructural inhomogeneity. Figures 4 and 5 show
the specific surface area and the sintering stress as functions of
edge length. For all three quantities the scatter of data increases
with decreasing the edge length L, while their mean values were
almost independent of the edge length.
Both mean value of specific surface area and that of sintering

stress depends on sintering stage or mean value of relative den-
sity. The linear relation was observed between mean specific
surface and mean relative density.19) The mean sintering stress
was almost constant from stage 1 to stage 3, and decreased
slightly at the final stage. In the final stage of sintering, where
closed pores are dispersed sparsely, the macroscopic sintering
stress is dominated by the largest residual pores.20) The mean
sintering stress decreased in stage 4, because the coarsening in
pore structure resulted in residual pores more than two times
larger than the initial particle size as shown in Fig. 1(d).
Standard deviation for given edge length is shown in Fig. 6, as

a function of L. It can be seen that the standard deviation is quite
large for a small L; it decreases as L increases, and converges to a
constant value. The variation of standard deviation on L reflects
the microstructural heterogeneity. We may assign the edge length
Lr, above which the heterogeneity no longer affects the standard
deviation, as the minimum size of the RVE. From this definition
the RVE size is estimated to be from 90 to 135¯m for relative
density, specific volume, and sintering stress. Here, the non-
dimensional RVE size L� is defined as

L� ¼ L=d ð3Þ

Fig. 1. Evolution of pore space in sintering: (a) stage 1 (relative density, µ = 63.5%); (b) stage 2 (µ = 87.8%); (c) stage 3
(µ = 94.1%); (d) stage 4 (µ = 98.4%).

Fig. 2. Section of a sample (stage 1, relative density µ = 63.5%). The
sizes of cubic volume elements are illustrated for comparison to the initial
particle diameter.
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where d is the average initial particle size (8¯m). The non-
dimensional RVE size was from 11 to 17 in the present experi-
ments. This result agrees with the values reported for granular
materials.14) However, this normalization is done with respect to
the initial microstructure, which completely disappears during
sintering.

Alternatively the RVE size can be defined from standard
deviation-edge length curves. Since both mean value and
standard deviation of each quantity varies with relative density,
we normalized standard deviation by the mean value at stage 1
(µ = 63.5%). The RVE size was defined with the normalized
standard deviation; either 5 or 2% for the RVE size of relative

Fig. 3. Relative density of each volume element: (a) stage 1, (b) stage 2, (c) stage 3, (d) stage 4. The dotted line shows the
mean value.

Fig. 4. Specific surface area of each volume element: (a) stage 1, (b) stage 2, (c) stage 3, (d) stage 4. The dotted line shows the
mean value.
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density Lr,d and specific surface area Lr,a, and either 8 or 5% for
that of sintering stress Lr,s. The RVE size was plotted as a func-
tion of relative density in Fig. 7. The RVE size must be larger
when the desired accuracy is higher. The RVE size of relative
density [Fig. 7(a)] is relatively small in stage 1 where inhomo-
geneities can be envisioned as local fluctuation caused by
differences in random particle packing. However, larger RVE

size in the later stages suggests that the characteristic length to
describe microstructural heterogeneity increases from the particle
size to the distance between coarse spherical pores during the
microstructural evolution. The increase in the characteristic
length can be called coarsening in a broad sense. The RVE size of
specific surface area [Fig. 7(b)] decreased at stage 4. We suppose
it is an artifact due to the definition of Lr,a from the normalized

Fig. 5. Sintering stress of each volume element: (a) stage 1, (b) stage 2, (c) stage 3, (d) stage 4. The dotted line shows the
mean value.

Fig. 6. Standard deviation as a function of the edge length of cubic elements: (a) relative density, (b) specific surface area,
(c) sintering stress.

Fig. 7. RVE size as a function of relative density. (a) relative density (Lr,d), (b) specific surface area (Lr,a), and (c) sintering
stress (Lr,s).
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standard deviation, because the mean value of specific surface
area and also its standard deviation approach to zero at the final
stage of sintering. The RVE size of sintering stress [Fig. 7(c)]
increased with densification. The scatter of sintering stress in
each volume element increases with the relative density µ,
because the sintering stress is inversely proportional to porosity
1 ¹ µ which is close to zero in the final stage. Since the sintering
stress is dominated by the largest pores, the RVE size for
sintering stress is related to the average distance between large
pores in the final stage.

4. Conclusions

The microstructural evolution of thin glass film during
constrained sintering on a rigid substrate, imaged by synchrotron
X-ray microtomography, was analyzed to evaluate fundamental
quantities, i.e., relative density, specific surface area, and
sintering stress. These parameters are important for the contin-
uum mechanical description of viscous sintering. The minimum
size of RVE was defined as the edge length of cubic volume
elements above which the heterogeneity no longer affects the
standard deviation. The RVE size was estimated to be from 11 to
17 times larger than the average initial particle size. Alternatively
the RVE size was defined from the value of normalized standard
deviation. The RVE size increased when the desired accuracy
was higher. The RVE size was dependent on relative density, and
varied with microstructural evolution. The relationship between
RVE size and relative density was dependent on the physical
property of interest.
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