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Abstract – We develop a stochastic model for the programmed frameshift of ribosomes synthesizing
a protein while moving along a mRNA template. Normally the reading frame of a ribosome decodes
successive triplets of nucleotides on the mRNA in a step-by-step manner. We focus on the
programmed shift of the ribosomal reading frame, forward or backward, by only one nucleotide
which results in a fusion protein; it occurs when a ribosome temporarily loses its grip to its mRNA
track. Special “slippery” sequences of nucleotides and also downstream secondary structures of
the mRNA strand are believed to play key roles in programmed frameshift. Here we explore the
role of an hitherto neglected parameter in regulating -1 programmed frameshift. Specifically, we
demonstrate that the frameshift frequency can be strongly regulated also by the density of the
ribosomes, all of which are engaged in simultaneous translation of the same mRNA, at and around
the slippery sequence. Monte Carlo simulations support the analytical predictions obtained from a
mean-field analysis of the stochastic dynamics.
Key words: ribosome traffic, master equation, programmed frame shift.

Introduction. – A protein is a linear hetero-polymer
made of a sequence of monomeric subunits, called amino
acids, each of which is linked to its immediate neighbor by
a peptide bond. Nature normally uses 20 different types
of amino acids to make proteins in living cells. The partic-
ular sequence of the types of amino acids in a protein is
determined by the sequence of nucleotides, the monomeric
subunits, of the corresponding template mRNA molecule.
The actual synthesis of the protein, as directed by the
mRNA template, is carried out by a molecular machine
[1], called ribosome [2–4] and the process is referred to as
translation (of genetic message). Translation is broadly
divided into three stages: Initiation, elongation and termi-
nation. Elongation of the growing protein by the ribosome
takes place in a step-by-step manner, the addition of each
amino acid monomer to it is accompanied by a forward
stepping of the ribosome on its mRNA template by one
codon, each codon being a triplet of nucleotides. Thus,
a ribosome is also a molecular motor [2, 4] that exploits
the mRNA template as its track and moves forward along
it, by three nucleotides in each step, converting chemical
energy into mechanical work.

At each position of the ribosome its “reading frame”
decodes a triplet of nucleotides on the mRNA template
and then slides to the next triplet as the ribosome steps
forward by a codon. This reading frame is established
in the initiation stage of translation and must be main-
tained faithfully during the course of normal elongation
of the protein. However, in all kingdoms of life, on many
template mRNA strands there are some special “slippery”
sequences of nucleotides where a ribosome can lose its grip
on its track, resulting in a shift of its reading frame either
backward or forward by one or more nucleotides. These
processes are referred to as ribosomal frameshift [5,6]. The
most commonly occurring, and extensively studied, cases
correspond to a shift of the reading frame backward or for-
ward by a single nucleotide on the mRNA track. These are
referred to as -1 frameshift and +1 frameshift, respectively,
and will be the main focus of our study in this letter.

The rate of frameshift at any arbitrary position on the
mRNA track has been found to be negligibly small. In
contrast to such a random frameshift, a “programmed”
frameshift at a specific location on the mRNA track is
known to occur with much higher rate and have important
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Wt of a rod from the special site is assumed to be

Wt = W exp(−c ∆G̃) (3)

Rods can detach prematurely from the special site only if
the nearest neighbour site from the rightmost part of the
rod in the forward direction is already covered by another
rod. In an alternative version of this model, defined in the
supplementary material, the rods can detach prematurely
if the nearest neighbor of the left most part of the rod in
backward direction, i.e., the site targetted for -1 frameshift,
is already covered by another rod. The choice of the form
(3) is motivated by our postulate that (a) in the absence of
the pseudoknot (i.e., in the limit ∆G̃ → 0) both the forward
hopping and premature detachment at the slippery site are
equally probable, and that (b) for very stiff pseudoknots
(i.e., ∆G̃ → ∞) practically a ribosome stalls (no forward
movement because Ws → 0) and, therefore, no possibility
of premature detachment [30]. Although, in principle, the
two parameters a and c in (1) and (3) are not necessarily
equal, we use a = c just for the sake of simplicity.

The kinetics is implemented by the following rules:
(a) A new rod can attach at site 1, if and only if all initial
ℓ sites are empty. The rate of attachment at site 1 is α.
(b) If there is a rod at site i = L or i = L− 1, then it can
detach from the lattice, and the rate of detachment is β.
(c) Inside segment I and III rods can jump in forward
direction by +3 nucleotides only if the target site is empty
and the rate of forward jump is W .
(d) Inside segment II there is one special site i = L1 + 1.
Except at this special site a rod can jump forward, by step
size +3, if the target site is empty and the rate of forward
jump in segment II is Ws.
(e) From the special site i = L1 + 1 the following
movements are possible:
(e1) A Rod can jump forward with rate Ws, with step size
+3, if the target site is empty.
(e2) A Rod can slip back with step size −1 with rate Wfs,
if the target site is empty.
(e3) A Rod can detach, with rate Wt, from the lattice if
the site L1 + 1+ ℓ (i.e., the site immediately in front of its
forward edge) is occupied by another rod.

In the analytical treatment of this model p(j|i) is the
conditional probability of finding the site j empty, given
that the site i is already occupied, where j is the target
site when a rod tends to move by ±1 nucleotides. Similarly,
q(k|i) is the conditional probability of finding the site k

empty, given that the site i is already occupied, where k

denotes the target site when the rod tends to move by 3
nucleotides. P (i, t) is the occupational probability and it
is defined as the probability of finding the left edge of the
rod at site i at time t.

In this work we are interested in the frameshift flux (Jfs)
from the special point which is defined as the total number
of ribosomes that undergo frameshift per unit time from

this site. Thus, Jfs is given by

Jfs = Wfsp(L1|L1 + 1)P (L1 + 1). (4)

We can get the value of P (i, t) at each individual site i

and time t by solving master equations under mean field
approximation (MFA). At site i = 1 one has

dP (i, t)

dt
= α[1−

ℓ∑

a=1

P (a, t)]

−Wq(i+ ℓ+ 2|i)P (i, t),

(5)

since a new rod can attach only when all initial ℓ sites are
empty. Therefore a summation up to ℓ is taken in the gain
part of Eq. 5.
At the special site i = L1 + 1 one gets

dP (i, t)

dt
= Wsq(i+ ℓ− 1|i− 3)P (i− 3, t)

− [Wsq(i+ ℓ+ 2|i) +Wfsp(i− 1|i)]P (i, t)

−WtP (i+ ℓ, t)P (i, t),

(6)

and at site i = L1

dP (i, t)

dt
= Wsq(i+ ℓ− 1|i− 3)P (i− 3, t)

+Wfsp(i|i+ 1)P (i+ 1, t)

−Wsq(i+ ℓ+ 2|i)P (i, t).

(7)

At the site of termination of translation

dP (i, t)

dt
= WP (i− 3, t)− P (i, t)β, (8)

where i = L for non-frameshifted ribosomes where i = L−1
in case of frameshifted ribosome. Note that when the rod
is located at i = L − 4 or at i = L − 3 it does not face
any exclusion at its target site L − 1 or L, respectively;
consequently, there is no factor of q in the gain term on
the right hand side of (8).
For the same reason, for all the sites i ≥ L − ℓ + 1,

exclusion effect appears neither in the gain terms nor in
the loss terms in the master equations

dP (i, t)

dt
= WP (i− 3, t)−WP (i, t). (9)

At all other sites in segment I and III

dP (i, t)

dt
= Wq(i+ ℓ− 1|i− 3)P (i− 3, t)

−Wq(i+ ℓ+ 2|i)P (i, t).
(10)

In segment II

dP (i, t)

dt
= Wsq(i+ ℓ− 1|i− 3)P (i− 3, t)

−Wsq(i+ ℓ+ 2|i)P (i, t).
(11)
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