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The aim of this paper is to decide which of the two possible thermodynamic expressions for the
cooperativity length in glass forming liquids is the correct one. In the derivation of these two expres-
sions, the occurrence of temperature fluctuations in the considered nanoscale subsystems is either
included or neglected. Consequently, our analysis gives also an answer to the widely discussed prob-
lem whether temperature fluctuations have to be generally accounted for in thermodynamics or not.
To this end, the characteristic length-scales at equal times and temperatures for propylene glycol
were determined independently from AC calorimetry in both the above specified ways and from
quasielastic neutron scattering (QENS), and compared. The result shows that the cooperative length
determined from QENS coincides most consistently with the cooperativity length determined from
AC calorimetry measurements for the case that the effect of temperature fluctuations is incorporated in
the description. This conclusion indicates that—accounting for temperature fluctuations—the char-
acteristic length can be derived by thermodynamic considerations from the specific parameters of
the liquid at glass transition and that temperature does fluctuate in small systems. Published by AIP
Publishing. [http://dx.doi.org/10.1063/1.4977737]

I. INTRODUCTION

Thermodynamics and its statistical mechanical interpre-
tation are originally developed for large (in the limit, infinite)
systems.1–4 When applying thermodynamics to finite equilib-
rium systems in contact with a thermostat, one has to take into
account the increasing role of fluctuations with a decrease of
the size of the considered subsystem in the analysis of its prop-
erties. As one of the problems, the question occurs regarding
the way to determine the state parameters of the system under
consideration.

In the determination of the extensive state parameters of
the subsystem, such as energy, U, number of particles of the
different components, ni, volume, V, no uncertainties arise.
This statement is true also for the set of intensive state param-
eters, which can be defined as ratios of the above mentioned
extensive state parameters, such as the particle density of the
different components, ni/V. The specification of these param-
eters for the systems under consideration requires multiple
measurements with a subsequent averaging over time or the
respective ensemble.

The situation is more complicated with respect to the set of
intensive state parameters, such as pressure, p, temperature, T,
or chemical potentials, µi, the definition of which requires from
the very beginning some averaging procedure. As even noted

a)Author to whom correspondence should be addressed. Electronic mail:
christoph.schick@uni-rostock.de

by Landau and Lifshitz: “Temperature is as entropy obviously
a quantity of purely statistical character, which has a definite
meaning only for macroscopic systems.” (Ref. 4, Chap. 2, para-
graph 9.) On the other hand in treating thermal fluctuations,
Landau and Lifshitz4 consider a small closed subsystem in an
extended thermostat (cf. also Ref. 5), so the question is obvi-
ously how small subsystems can be to be allowed to be treated
in such terms.

In analyzing the mentioned class of quantities, on one
side, when they are considered formally as unique functions
of the state parameters of the system, then they and even their
fluctuation characteristics can be easily determined, at least
for relatively moderate fluctuations.1–4 On the other hand, the
existence of such fluctuations leads to a variety of problems, for
example, how one has to determine the equilibrium conditions
(for the average or the most probable values), or whether the
macroscopic definitions of these quantities can be retained for
small systems (cf. also Refs. 5 and 6).

With respect to temperature, a straightforward resolution
of this circle of problems was proposed by Kittel, strictly deny-
ing the existence of temperature fluctuations. He wrote “the
energy of the system may fluctuate but the temperature does
not” (Chap. 6, comment to exercise 6.3 in Ref. 3). He retained
his point of view also later denoting temperature fluctuations
as an oxymoron, i.e., a combination of contradictory words.7

In contrast, this point of view was heavily opposed by Man-
delbrot considering temperature fluctuations as a “well-defined
and unavoidable notion”.8
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Indeed, the concept of temperature fluctuations has turned
out to be very useful in the interpretation of experimental
data.4,9,10 Moreover, denying of temperature fluctuations but
retaining energy fluctuations would lead to a conflict with
well-known relations between energy, temperature, and their
fluctuations (cf. the paper of von Laue11 mentioned also by
Kittel12). However, on the other hand, as shown in detail by
McFee9 (cf. also Ref. 5), for small systems one may arrive—at
certain weak assumptions—at the conclusion that the average
temperature of small systems in equilibrium with a thermostat
is different from the temperature of the thermostat, leading
to a severe contradiction between classical thermodynamics
(in particular the second law (Carnot’s principle5) and the
zeroth law of thermodynamics6) and its statistical mechani-
cal interpretation. For such case, the construction of a per-
petuum mobile of second order should be possible, as noted by
McFee.9

Based on the work, in particular, of Clausius, Maxwell,
and Boltzmann, Gibbs13 analyzed in detail the problem of the
derivation of the laws of thermodynamics from the principles
of mechanics. He noted in the introduction to his book: “The
laws of thermodynamics, as empirically determined, express
the approximate and probable behavior of systems of a great
number of particles,” they “may be easily obtained from the
principles of statistical mechanics, of which they are the incom-
plete expression.” Arriving at relations similar to the combined
first and second laws of thermodynamics, an alternative defini-
tion of temperature is advanced by him, which for macroscopic
systems is equivalent to the thermodynamic definition. It could
be denoted as the Boltzmann or Gibbs definition of temper-
ature (cf. also Ref. 8). Gibbs further discussed a variety of
problems in this approach, in particular, the non-uniqueness
of definition of temperature for systems with a small number
of degrees of freedom.

The problem in the difference of the average temperature
of a small system from the temperature of the surrounding
thermostat5–7,9 can be resolved by utilizing the basic concepts
as developed by Gibbs in the following way (cf. Ref. 5): by
employing Gibbs approach to the analysis of a perfect gas and
connecting temperature uniquely with energy, for subsystems
of any size, the average temperature is equal to the temperature
of the thermostat. Determining, in addition, the derivative of
entropy with respect to energy for this model system, it can
be shown that the thermodynamic definition of temperature
becomes applicable only if for the particle numbers the relation
1 >> (2/3N) holds.

Concluding these considerations, we come to the con-
clusion that—as far as the systems are sufficiently large—
temperature fluctuations can easily be determined via standard
approaches of statistical physics. For smaller systems, the
thermodynamic definition may break down and definitions of
temperature could be employed instead connecting temper-
ature with energy. Consequently in both cases, temperatures
may be considered to be fluctuating without leading to internal
contradictions. However, taking into account the wide spec-
trum of opinions in this respect as discussed above, a direct
experimental proof of the question whether temperature fluc-
tuations do exist for small systems or not can be considered to
be of outstanding interest.

This circle of problems—does temperature fluctuate or
not—was discussed intensively in a series of papers by Donth
et al.6,14,15 Experiments have been suggested in the cited refer-
ences allowing one to assess whether this is the case or not. In
particular, it was shown that a decision between the alternatives
is possible by a calorimetric determination of the characteris-
tic length of dynamic glass transitions in confined geometries,
since the mentioned alternatives result in different formulas for
these lengths. Or more recently, it was suggested to compare
the characteristic length of glass transition for both cases at
time scales of the relaxation at which a length scale is indepen-
dently available at the same time scale from neutron scattering
experiments.16 Such an experiment is thought to contribute to
the two circles of problems: (i) Does temperature fluctuate?
and (ii) does the estimate for the characteristic length scale
at the glass transition derived by Donth under the assumption
of the existence of temperature fluctuations provide realistic
values?17

To obtain an independent measure of the characteristic
length scale from dynamics is often said to require four-
point correlation functions. While these are straightforward
to calculate from molecular dynamics simulations, cf. Ref. 18,
they cannot be obtained experimentally. Nevertheless, recent
experiments indicate a way to obtain cooperativity numbers
from non-linear susceptibilities.19,20 But these methods at the
moment cannot provide absolute values needed for a quantita-
tive comparison. Here, we propose a different access route and
describe how to obtain information about characteristic length
of cooperatively rearranging regions (CRR) determined from
glass transition dynamics by AC calorimetry in a wide fre-
quency range, as well as by quasielastic neutron scattering
(QENS).

Finally we would like to note that in the framework of
thermodynamics, one can also study size effects but from a
different point of view accounting for the existence of sur-
faces and specific surface energies. Respective theories have
been developed first by Gibbs and, in an alternative continuums
approach by van der Waals at the end of the 19th century.21,22

Another approach has been attempted to be developed by
Hill.23 With respect to the present paper, a discussion of pos-
sible advantages of one of these methods is not required since
they all discuss problems not relevant for the present research
topic.

The paper is structured as follows: First, the AC calorimet-
ric techniques and incoherent neutron spin echo spectroscopy
utilized are briefly described. Then results of polystyrene
and propylene glycol measured with AC calorimetry, laser-
modulated AC calorimetry, and with QENS for propylene
glycol will be presented for comparison. Finally, the paper
ends with a discussion and conclusion.

II. EXPERIMENTAL STRATEGY

It has been a longstanding question, whether there is a
characteristic length associated to the glass transition.14,17,24

Therefore, the characteristic length, ξα, for the dynamic glass
transition cooperativity remains widely investigated and a
long-running issue despite being still not fully understood.
The characteristic length is defined as the size of a CRR for
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theα-relaxation, where a subsystem of the sample, which upon
a sufficient thermal fluctuation, can rearrange into another
configuration independently of its environment. The average
size of a CRR is, therefore, determined by a spatial aspect of
statistical independence of thermal fluctuations.

The characteristic length of the CRR can be determined
from the parameters of the glass transition. The length is
expressed by cooperativity, Nα, the number of molecules or
monomeric units in a CRR. According to Ref. 15 referring to
Refs. 25–27, the formula for the cooperativities, Nα, derived by
neglecting temperature fluctuations (energy fluctuations only,
δT = 0), is given by

Nα(δT = 0) =
RT2

α

M0 · δT2
g
·

1
∆cv

, (1)

while for the case that temperature fluctuations are accounted
for, the following relation can be derived:17

Nα(δT ) =
RT2

α

M0 · δT2
· ∆(1/cv), (2)

with ∆(1/cv) = 1/cv
glass – 1/cv

liquid the step of reciprocal-
specific heat capacity at glass transition, while ∆cv = cv

liquid

� cv
glass. In Equation (1), δTg is the glass transition tempera-

ture distribution of CRRs with different internal configuration,
while in Equation (2), δT is the mean temperature fluctua-
tion of the CRRs. Both are assumed to be equal to the half
of the full width half maximum (FWHM) of the imaginary
part of complex heat capacity of the dynamic glass transition,
FWHM = 2δT. Tα is the dynamic glass transition temperature
for the frequency, ω, M0 the molecular weight (for polymers
of the repeat unit), and R the universal gas constant.15,28

As noted in Ref. 15, only with the determination from the
calorimetric glass transition, no ad hoc assumptions (besides
the decision whether temperature can fluctuate or not) are
necessary for the derivation of the characteristic lengths.

Application of AC chip calorimetry extends the accessi-
ble frequency range, and was further extended towards much
higher frequencies by application of modulated laser light
heating, instead of resistive heating. Hence, the characteris-
tic length across a wide temperature range can be determined
with calorimetric data in a wide frequency range. Within that
approach, the volume of a CRR, Vα, or the characteristic
length, ξα, of dynamically correlated segments at the glass
transition can be calculated according to Equation (2) as

ξα =

(
6
π
· Vα

)1/3

with Vα = vmolNα and νmol =
M0

ρNA
, (3)

where NA is the Avogadro constant and ρ the density.
Equation (3) depicts the conventional way to determine

the length scale in the form of a cooperativity length, ξα, by
converting the number of cooperatively rearranging molecules,
Nα, with the molecular volume into a cooperativity volume,
Vα = νmolNα, and subsequently into a length, ξα = (6Vα/π)1/3.
Here, we assume that ξα is the diameter of a sphere, which
will be utilized throughout the paper. Recent experiments by
non-linear dielectric spectroscopy confirm that the CRR is
a compact three-dimensional region, fixing the exponent to
1/3.19 The consequence of assuming another shape is discussed
below.

It has been suggested by Donth to compare AC calorime-
try and QENS, in order to determine the characteristic length in
two independent ways. This comparison is usually performed
employing approximate relations, which can be justified as
order-of-magnitude estimates but not necessarily with the pre-
cision required to make an unambiguous decision between the
two concepts of the cooperativity length, Equations (1) and (2),
to be distinguished. Therefore, we propose a picture enabling
a more quantitative comparison.

With AC calorimetry, where we measure complex heat
capacity, it is possible to obtain the characteristic frequency,
ωmax, of the fluctuations of the entropy relevant for the α-
relaxation. In order to assign this characteristic frequency to a
length scale, the τK(Q) relation obtained from a neutron scatter-
ing experiment is used together with the length scale, which is
generally determined as l = 2π/Q*. Here Q* denotes the scat-
tering vector at which, for a given temperature, the time scales
of the AC calorimetry experiment and the QENS experiment
coincide. Therefore, the equality to be tested in the experiment
would be

ξα = l ≈
2π
Q*

. (4)

The numerator 2π is strictly justified only for the case of
a periodic structure, where l signifies a distance of Bragg
planes. Indeed in some instances, other factors can be found
in the literature, e.g., π as numerator in the case of the deter-
mination of particle diameters.29 In one particular instance,
even the relation l ≈ 1/Q* is proposed.30 Note that all these
relations are not derived rigorously from models and theory
and thus can only be considered order-of-magnitude esti-
mates. This uncertainty of the estimate of the length scale
from the scattering vector of the QENS experiment may not
be tolerable for a reliable comparison with the cooperativity
length.

In order to reach more quantitative terms, we propose
to take the mean-square displacement (MSD) of particles
observed by incoherent QENS as a measure of the length scale
of the experiment. In the Gaussian approximation, the inco-
herent intermediate scattering function is related to the MSD
as

Sinc(Q, t) = exp *.
,
−

Q2
〈
r2(t)

〉
6

+/
-

. (5)

Due to the fitting of the data with the Kohlrausch function,
the exponential term becomes �1 when t = τK, where τK is the
Kohlrausch time constant. This leads the MSD at τK to be〈

r2(τK)
〉
=

6

Q*2
. (6)

To associate this length with the cooperativity length, it seems
natural that this quantity corresponds to the average squared
distance constructible within the cooperativity volume. As
known from the theory of small angle scattering from par-
ticles, this average is twice the squared radius of gyration of
the volume, 〈

r2(τK)
〉
= 2R2

g. (7)
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Assuming the volume to be spherical, as in Equation (3), the
radius of gyration is calculated as

Rg
2 =

3
5

R2 (8)

and the volume of a sphere is V = 4πR3/3. By combining
Equation (6) to the spherical volume, we obtain the correct
volume to be compared with the cooperativity volume, Vα
from AC calorimetry as

V =
20
√

5π

3Q*3
=

46.8

Q*3
. (9)

Finally since we defined the cooperativity length as the
diameter of the sphere, the corresponding quantity from the
QENS has to be

l = 2R (10)

and the cooperativity length to be compared with the charac-
teristic length, ξα, from AC calorimetry is

l =

√
20

Q*
=

4.47
Q*

(11)

replacing Equation (4).
Concerning the time scale, the usual relation between

frequency and time is ω = 1/τ. However, even this relation
requires some refinement on closer look. In the AC calorime-
try experiments performed here, the characteristic frequency,
ωmax, is the position of the maximum in the imaginary part
of complex heat capacity (phase angle), cp

′′(ω). On the other
hand, the fits of the neutron spin echo (NSE) data result in the
Kohlrausch time constant, τK. The (standard) comparison is to
associate ωmax with the maximum position of the imaginary
part of the susceptibility, corresponding to the intermediate
scattering function, i.e.,

χ′′(Q,ω) = −

∞∫
0

d
dt

exp
(
−(t/τK)β

)
sin(ωt)dt. (12)

A numerical determination of the maximum for the value β
resulting from our fits gives

ωmax =
0.83
τK

(13)

which will be utilized in this paper for the determination
of cooperativity length, while acknowledging other possible
attributions, which will be presented in Sec. V.

III. EXPERIMENTAL
A. Sample

Atactic polystyrene, PS168N (IUPAC name: poly(1-
phenylethene), was purchased from BASF (MW = 354 kg
mol�1 and ρ = 1.05 g cm�3), while propylene glycol (IUPAC
name: propane-1,2-diol) was purchased from Carl Roth GmbH
(M0 = 76.10 g mol�1 and ρ = 1.04 g cm�3). Both samples were
used without further purification.

The available dielectric relaxation data31–33 for a wide
frequency range are fitted to the Vogel-Fulcher-Tammann
(VFT) equation. From the fit, the glass transition temperature
(defined as temperature where τα(Tg) = 100 s) of polystyrene is
Tg = 373± 2 K, while for propylene glycol Tg = 167± 1 K. The
VFT equation, which represents the temperature dependence
of the dielectric relaxation time τα = 1/(2πνpeak) accurately,
is

log10(τα) = A +

(
B

T − T0

)
(14)

with A = �10.5, B = 475.3 K, and T0 = 334.4 K for polystyrene,
and A = �14.1, B = 881 K, and T0 = 112.5 K for propylene
glycol. The dielectric relaxation data and the fits by the VFT
function are displayed in Fig. 12 below. Propylene glycol does
not crystallize as it is a racemic mixture, where its stereoiso-
mers are unable to fit into each other.34 Consequently in our
investigation, no crystallization and subsequently no melting
of propylene glycol have been observed. The characteris-
tic frequency, ωmax = 1/τα, is calculated from the correlation
time as in Equation (14), as the average time constant from
AC, laser-modulated measurements, and dielectric relaxation
data.

Fig. 1 shows the glass and liquid specific heat capacity
lines of polystyrene and propylene glycol extrapolated from
Refs. 35 and 36, respectively. The specific heat capacity of
propylene glycol (solid black squares and line) was measured
with (isoperibol) Nernst calorimetry. The specific heat capacity
lines of glass and liquid state are fitted with a linear (solid red
line) and a polynomial function (solid green line), respectively,
and their difference, ∆cp(T ), changes with temperature. For
each temperature, the corresponding cp

glass and cp
liquid were

taken from the curves, in order to determine ∆cp and ∆(1/cp)
= 1/cp

glass
�1/cp

liquid, for the calculation of characteristic
lengths, as mentioned above. However, in order to increase the
accuracy of the calculation, cp is converted to cv employing

FIG. 1. Specific heat capacity for (a)
polystyrene35 and (b) propylene gly-
col36 with adiabatic calorimetry (or
Nernst method) from glass to liquid state
(solid black squares and line). The spe-
cific heat capacity lines of glass and
liquid state are extrapolated, as red and
green solid lines, respectively. The ∆cp
is determined as the difference between
cp

liquid and cp
glass at its respective tem-

perature. The molecular structure of
polystyrene and propylene glycol is also
included as inset.
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FIG. 2. Schematic of (a) the laser-modulated AC chip
calorimeter and (b) the calorimetric cell.

the following equation:

cp − cv =
M0α

2T
ρβT

, (15)

where α is the coefficient of thermal expansion, βT
glass the

isothermal compressibility, and ρ the density. For polystyrene
with density, ρ = 1047 kg m�3, the coefficients of thermal
expansion37 and isothermal compressibility38 are αglass = 0.75
× 10�4 K�1 and βT

glass = 1.8 × 10�10 Pa�1 for glass, and αliquid

= 2.0 × 10�4 K�1 and βT
liquid = 3.4 × 10�10 Pa�1 for liquid,

respectively, whereas the coefficients of thermal expansion for
glass and liquid of propylene glycol are obtained from Ref. 36,
with αglass = 2.0 × 10�4 K�1 and αliquid = 6.3 × 10�4 K�1. The
isothermal compressibility39 for propylene glycol is βT = 4.45
× 10�10 Pa�1 and ρ = 1040 kg m�3 is the density. The relative
difference between cp and cv of glass and liquid is about 0.7%
and 2.5% for polystyrene and about 1.5% and 7%-10% for
propylene glycol, respectively. Even though the difference is
small, we employ cv in our calculation of the characteristic
length for better accuracy and consistency.

B. Laser-modulated AC calorimetry

The laser-modulated AC chip calorimetry is similar to that
described in detail by Shoifet et al.,40 but was further modified
to allow measurements at sub-ambient temperatures. Fig. 2
shows the scheme.

The calorimeter cell was cooled with liquid nitrogen
reaching temperatures down to 129 K. In the laser-modulated
calorimetry mode, the periodic heating is generated by a mod-
ulating laser light with wavelength λ = 675 nm from a pigtailed
laser diode (Thorlabs LPS-675-FC with optical fiber SM600)
and the mean temperature scan is controlled by the on-chip
resistive heater.

Fig. 3 shows the calorimetric sensor XI274 on the ceramic
housing XEN-40014 used for the AC calorimetry and laser-
modulated calorimetry measurements in this work. The sen-
sors are chip-nanocalorimeters fabricated by Xensor Integra-
tions, NL.41 In the laser-modulated calorimetry mode, the
glass fiber is first manually positioned as close as possible
to the sensor membrane and finally realigned by a three axis
electromechanical stage (MP-285, Sutter Instrument, USA) to

shine the laser light on top of the sample and the hot junction
of the thermocouple, as shown in Fig. 4.

The temperature was calibrated with the plastic crystal
I—liquid phase transition of cyclopentane at 178.59 K42 and
dynamic glass transitions of 5-phenyl-4-ether (5PPE).43

C. Incoherent neutron spin echo spectroscopy

Neutron scattering offers the unique possibility to observe
the dynamics of disordered materials on a microscopic length
scale. This is possible because the wavelength of neutrons
matches the characteristic intermolecular distance and their
energy allows the resolution of energy transfers by the slow
process involved at the same time. The scattering function
S(Q,ω), which is basically the probability of scattering depen-
dent on the wave vector, Q, and the energy transfer, ~ω,
contains the spatial information in the Q dependence and the
temporal information in the ω dependence—both in a Fourier
transformed representation of the particle correlation function.

Neutron spin echo (NSE) spectroscopy measures directly
the intermediate scattering function, i.e., the inverse Fourier
transform of the scattering function S(Q,ω) in conventional
QENS experiments.44 In our experiments, due to the high
incoherent scattering cross section of protons, the scattering
is predominantly incoherent, i.e., from the self-correlation of
hydrogen nuclei. In the classical approximation, the incoher-
ent intermediate scattering function is directly related to the
trajectories of the hydrogen atoms,45

Sinc(Q, t) =

〈∑
j

exp[Q · (rj(t) − rj(0))]

〉
. (16)

NSE measurements of the incoherent scattering of hydro-
gen suffer from the problem that the scattering is spin-
incoherent. This implies that with 2/3 probability, the neutron
spin is flipped in the scattering event. This does not preclude
NSE experiments, but makes them more difficult in terms of
counting statistics.

The NSE experiments were performed on the J-NSE
instrument at the neutron source of Heinz Maier-Leibnitz
Zentrum, Garching, Germany.46 For the experiments on
polystyrene, all measurements were done using an incident
wavelength of 8 Å, except for Q = 0.15 Å�1 where 10 Å

FIG. 3. (a) Calorimetric sensor XI274 on ceramic hous-
ing XEN-40014. (b) Enlarged view of the chip with
the free-standing SiNx membrane (green square) and
the bond pads (small white squares). (c) The working
area with the heater and the thermocouple hot junction.
Reproduced with permission from Rev. Sci. Instrum. 84,
073903 (2013). Copyright 2013 AIP Publishing LLC.
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FIG. 4. The position of the modulated laser beam that shines directly only
on the sample and on the hot junction of the thermocouple. The two heaters
and the aluminum electric connections are shown in blue. The doped poly-
Si stripes of the thermocouple are colored in red and the hot junction of the
thermocouple, made by an aluminum connection, in gray. Reproduced with
permission from Chua et al., Colloid Polym. Sci. 292, 1893 (2014). Copyright
2014 Springer.

was used. Although the larger wavelength extends the time
range from 40 to 75 ns, the measuring time increases drasti-
cally. Therefore, this choice was only taken once. While for the
experiments on propylene glycol, the incident wavelength was
always chosen to be 8 Å, which is close to the optimum flux. At
that wavelength, J-NSE allows a measurement of incoherent
scattering up to 40 ns at reasonable registration times (about 1
h per Fourier time, half a day for a whole time spectrum at one
temperature). The sample was held in an aluminum cuvette
with a nominal thickness of 0.34 mm over the complete area
of the beam (3 cm × 4 cm). The thickness corresponds to a
scattering efficiency of 20%. Due to the partially depolariz-
ing effect of incoherent scattering, the detection of multiple
scattering events is strongly reduced.

Neutron spin echo measures directly the normalized inter-
mediate scattering function Sinc(Q,t). In our experiment with
propylene glycol, the scattering wave vectors are fixed at val-
ues Q = 1.0 Å�1 and Q = 1.6 Å�1 for temperatures of 220 K,
230 K, 240 K, and 250 K. For the temperatures of 240 K
and 250 K, additional measurements for Q = 0.6 Å�1 were
done to increase the accuracy of the determination of the Q
dependence of the relaxation time. Fourier times were chosen
in the range between 20 ps and 40 ns, depending on where
the data showed significant behavior. The resulting data were
interpreted in terms of a model involving two independent
relaxation mechanisms, SMG and Sα,

S(Q, t) = A(Q, T ) · SMG(Q, t, T ) · Sα(Q, t, T ), (17)

where the prefactor, A(Q,T ), is an amendment of the conven-
tional model due to peculiarities of the NSE experiment. It
contains possible further dynamics (relaxation or vibrational),
which are faster than the lower time limit of the NSE exper-
iment (20 ps). Due to the uncertainty of how these dynamics
vary the amplitude in the concrete situation, e.g., polarization
efficiency, detector efficiency at high neutron energies, the fac-
tor has to be fitted for each combination of Q and T separately.

In all cases, the plateau value of S(Q,t) could be observed
reliably in the NSE window. Therefore, the uncertainty of
A(Q,T ) ranges from 1% to 3%. The ensuing uncertainty in the
relaxation times has been considered in the error calculation.
The assumption of two independent relaxation mechanisms is
justified by the data shown in Fig. 5.

As shown in Fig. 5, the fit with only the α-relaxation is
not appropriate for the combination of the lowest temperature
T = 220 K with the highest Q = 1.6 Å�1. It rather seems that
there is an additional relaxation step around 200 ps. In ret-
rospect, this is not surprising because earlier (conventional)
QENS experiments have revealed a relaxation of the methyl
group (MG).47 It could be described by a three-site jump
motion of the hydrogen atoms in the methyl group

SMG(Q, t, T ) =
5
8

+
3
8

[A0(Q) + (1 − A0(Q)) · φ(t)] (18)

with the elastic incoherent structure factor (EISF)

A0(Q) =
1
3
·

(
1 + 2 ·

sin(QdHH)
QdHH

)
, (19)

where dHH = 1.78 Å as the H-H distance in the methyl group,
and a distribution of Debye relaxations

φ(t) =
∫ ∞

0
exp *

,
−

t

τ0
MG exp(EA/kBT )

+
-
· g(EA) · dEA (20)

resulting from a normal distribution of energy barriers, where

g(EA) =
1

√
2π · ∆EA

exp *
,

(EA − E0
A)2

2∆E2
A

+
-

. (21)

The model parameters for propylene glycol, τMG
0 = 5.8

× 10�15 s, EA
0 = 2273kB K,∆EA = 311kB K were all taken from

Ref. 47 and not fitted from the data here. Therefore, the intro-
duction of the methyl group rotation term does not induce any
additional uncertainty in the determination of the α-relaxation
times. It only changes the values at low temperature slightly.

Except for the methyl group rotation, which is substan-
tiated by Ref. 47, we do not consider other internal modes

FIG. 5. Fit of NSE data of propylene glycol at low temperature, T = 220 K,
and high scattering vector, Q = 1.6 Å�1. Blue: fit with α-relaxation only, red:
fit with methyl group rotation + α-relaxation.
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neither a rotation of the molecule as a whole. We assume that
these motions are sterically hindered so that they do not play
a role in the observed time range.

IV. RESULTS
A. Incoherent neutron spin echo spectroscopy

Fig. 6(a) shows the α-relaxation incoherent intermediate
scattering function, Sα(Q, t) for polystyrene, measured by neu-
tron spin echo at wave vectors Q = 0.15 Å�1, Q = 0.25 Å�1,
Q = 0.4 Å�1, Q = 0.6 Å�1, and Q = 0.8 Å�1 for different tem-
peratures from 390 K to 455 K, while Fig. 6(b) shows the same
for propylene glycol at Q = 0.6 Å�1, Q = 1.0 Å�1, and Q = 1.6
Å�1 for different temperatures from 220 K to 250 K.

For polystyrene, the complete incoherent intermediate
scattering function was fitted by the usual Kohlrausch function

Sα(Q, t) = A(Q, T ) · exp[−(t/τK(Q, T ))β], (22)

where the Kohlrausch characteristic time, τK, was fitted indi-
vidually for each combination of scattering vector and tem-
perature, while the Kohlrausch exponent was fitted for all
combinations of Q and T as a single value, β = 0.70 ± 0.06.
The prefactors A(Q,T ) had to be left free because of residual
contributions of coherently scattered neutrons (instrumental
background). In order to demonstrate the accuracy of the
Kohlrausch function fit to the NSE data for polystyrene and
propylene glycol, each individual Sα(Q, t) and its fit curves are
presented in the supplementary material. The residuals for the
NSE data and its Kohlrausch function fit are also presented,
where it shows scattering around zero, except for large time,
t, which accounts for a systematic deviation.

Fig. 12(a) below shows the resulting time constants for
polystyrene for Q = 0.8 Å�1 (in the case of 455 K as the extrap-
olated value) in comparison to data from non-Q-resolving
methods.5 The offset by about one decade is not surprising
because the NSE relaxation times can be shifted by adjusting
Q. What is more disturbing is that the temperature dependence
is much weaker than expected for the α-relaxation and rather
Arrhenius-like. Already during the experiment, it became clear
that a decay of Sα(Q, t) could be observed at unexpectedly low
temperatures, like 390 K and 410 K. This seems to indicate

that in this experiment, Sα(Q, t) is predominantly influenced
by a secondary relaxation, except maybe for the two highest
temperatures, 420 K and 455 K. We suspect that the origin
of the secondary relaxation is a motion of the phenyl rings
but could not identify the exact mechanism of motion. Due to
that (unexpected) result, the evaluation of the polystyrene data
towards a cooperativity length was not continued. Therefore,
no comparison with the calorimetric data is possible.

For propylene glycol, the α-relaxation part of the incoher-
ent intermediate scattering function is described by the usual
Kohlrausch function, shown in Equation (22) with A(Q,T ) = 1.
The function was combined with the methyl group contribution
and the fast processes, as described by Equations (17)–(21).
As for polystyrene, the Kohlrausch characteristic time, τK, was
fitted individually for each combination of scattering vector
and temperature, while the Kohlrausch exponent was fitted for
all combinations of Q and T as β = 0.69 ± 0.04.

It can be seen that the fit function describes the data well.
Fig. 11 shows the resulting Kohlrausch times, τK, depending
on the temperature and the scattering vector, Q. In the dou-
ble logarithmic representation, the points fall on straight lines
indicating that τK(Q) follows a power law

τK(Q, T ) = const(T ) · Q−n (23)

with n = 2.67 ± 0.11. In passing, we note that n·β = 1.85
± 0.13. This value is marginally smaller than 2, indicating a
violation of Gaussianity, as it was observed for polyisoprene
in the range Q > 1 Å�1.48

The resulting Kohlrausch times, τK, depending on the
temperature and the scattering vector, Q, obtained from the
Kohlrausch function fit are presented in Fig. 11, where straight
lines for each temperature are indicated as described above.
With the relaxation times at the same temperatures determined
from AC calorimetry, τK

AC, the corresponding scattering vec-
tor, Q*, and subsequently cooperativity length, l, and vol-
ume, V, can be obtained for comparison, as will be discussed
Section IV C.

B. AC calorimetry

AC calorimetric temperature scans at constant frequency
were performed in the vicinity of the glass transition. The

FIG. 6. Synopsis of fits of the NSE data. Data points and fit curves are offset vertically to avoid crowding. Temperatures are indicated with colors (bottom to
top) and scattering vectors Q with symbols. (a) Polystyrene: 390 K (blue), 410 K (green), 420 K (orange), and 455 K (red), with 0.15 Å�1 (squares), 0.25 Å�1

(diamonds), 0.4 Å�1 (stars), 0.6 Å�1 (triangles down), and 0.8 Å�1 (hexagonals). (b) Propylene glycol: 200 K (blue), 220 K (green), 230 K (dark yellow), 240
K (orange), and 250 K (red), with symbols: 0.6 Å�1 (triangles down), 1.0 Å�1 (circles), and 1.6 Å�1 (triangles up). See the supplementary material for more
details.

ftp://ftp.aip.org/epaps/journ_chem_phys/E-JCPSA6-146-019710
ftp://ftp.aip.org/epaps/journ_chem_phys/E-JCPSA6-146-019710
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FIG. 7. Laser-modulated AC calorimetric measurement in the temperature range of the glass transition of (a) polystyrene at 400 kHz and (b) propylene glycol
at frequency 10 kHz. (I) Thermocouple voltage amplitude, (II) phase angle between oscillator voltage and thermocouple voltage, (III) corrected phase angle,
and (IV) first derivative of the thermocouple voltage amplitude with fitted Gaussian function. The maximum is the dynamic glass transition temperature, Tα(400
kHz), for polystyrene and Tα(10 kHz) for propylene glycol.

amplitude of the thermocouple signal shows a step at the glass
transition and the phase angle between power and temperature
oscillation shows a peak (Fig. 7). The phase angle was cor-
rected for the influence of the changing heat capacity at the
glass transition as described in Ref. 49.

For direct comparison of the temperature position and
the shape of the measured signals, we normalized all curves
by subtracting the tangent to the values measured below the
dynamic glass transition and dividing the remaining curves by
the tangent above the dynamic glass transition. Fig. 8 shows
the resulting normalized heat capacity curves. The first order
derivatives of the normalized curves are fitted with a Gaussian
function, in order to determine the full width at half maxi-
mum of the transition, FWHM = 2δT , as shown in Fig. 9.
Besides the shift of Tα by about 90 K for polystyrene and
about 40 K for propylene glycol, a significant broadening of the
dynamic glass transition with increasing frequency is seen in
Figs. 8 and 9.

The dynamic glass transition temperatures Tα from the
laser-modulated AC calorimeter together with data from other
calorimetric methods and dielectric spectroscopy are plotted
in the relaxation map in Fig. 12 below. The VFT from the
dielectric data, shown as solid black line, fits the results from
AC and laser-modulated calorimetry too.

The δT , which is half of the full width at half maximum
(FWHM) of the Gaussian fits, FWHM = 2δT , is shown in
Fig. 10(I), while the resulting characteristic lengths consider-
ing energy fluctuation (δT = 0; Equation (1)), and consider-
ing temperature fluctuation (δT ; Equation (2)), are plotted in
Fig. 10(II). For the calculation, the glass transition temperature
and half of FWHM of the transition were determined from AC
calorimetry measurements, shown in Fig. 9, and heat capacities
were taken from Fig. 1. Experimentally derived and calculated
parameters determined from averaged AC calorimetry mea-
surements for polystyrene and propylene glycol are presented
in Table I.

FIG. 8. Normalized heat capacity
(reciprocal product of thermocouple
voltage amplitude times frequency) at
the dynamic glass transition for differ-
ent frequencies for (a) polystyrene28

and (b) propylene glycol. Reproduced
with permission from Chua et al.,
Colloid Polym. Sci. 292, 1893 (2014).
Copyright 2014 Springer.

FIG. 9. First order derivative of the heat
capacity for different frequencies, and
fitted with the Gaussian fit function.
The dynamic glass transition tempera-
ture and the full width half maximum
(FWHM) are labelled as Tα and FWHM
= 2δT, respectively.
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FIG. 10. (I) δT , half of FWHM of the
glass transition for (a) polystyrene28

and (b) propylene glycol, respectively,
which is determined from the Gaus-
sian fit of the first derivation of heat
capacity curves. (II) The correspond-
ing characteristic lengths, ξα , are deter-
mined (top) considering energy fluctu-
ation, δT = 0, with Equation (1) and
(bottom) considering temperature fluc-
tuation, δT , with Equation (2). The solid
black line for δT is average fit, which is
subsequently calculated for solid black
lines for ξα(δT = 0) and ξα(δT ).

For propylene glycol, for which reliable NSE data for
the α-relaxation are available, the cooperativity length scales
considering temperature fluctuations (δT ; Equation (2)) and
neglecting temperature fluctuations (δT = 0; Equation (1)) dif-
fer only by a factor of two, making comparison with the
NSE derived length scale difficult. On the other hand for
polystyrene, the two values differ by a factor of 6, which would
allow better comparison with the NSE derived length scale, if
reliable NSE data for the α-relaxation would be available.

C. Combination of NSE and AC calorimetric data

With neutron spin echo for propylene glycol, the normal-
ized intermediate scattering function Sinc(Q,t) at fixed scat-
tering wave vectors of Q = 1.0 Å�1 and Q = 1.6 Å�1 for
temperatures of 220 K, 230 K, 240 K, and 250 K, and for the
temperatures of 240 K and 250 K with additional measurement
for Q = 0.6 Å�1 is available. The resulting Kohlrausch times,
τK, for the corresponding temperature and scattering vector Q
determined from Equation (22) with NSE data are illustrated in
Fig. 11 as solid symbols. Each solid line represents the power
law dependence (Equation (23)) for a temperature from 220 K
to 250 K. They all have the same slope, which means that the
exponent n was considered temperature independent.

Comparison between the length scales determined with
Equations (1) or (2) and the cooperativity length derived from
the NSE data for the same temperature requires comparable
time scales for both data. Due to the high frequency AC
calorimetry and the comparable low frequency NSE data, we
have a certain overlapping time range allowing such direct
comparison. With the τK

AC = 0.83/ωmax (horizontal dashed
lines), the corresponding Q* and l (vertical dashed lines) can
be determined, via the intersections with solid lines or using
Equation (23) for each temperature. The neutron scattering
based cooperativity length, l, is calculated with l = 4.47/Q* as
in Equation (11).

The results are shown in Table II. The error estimates are
based on two sources: (i) the errors of the constant and the
exponent n in Equation (23) resulting from the least-square fit,
(ii) the error inωmax resulting from the fit of the AC calorime-
try curves. The values from 230 K were unavailable from
AC calorimetry and therefore replaced by an extrapolation
from 220 K using the VFT Equation (14). (For this tempera-
ture, no error estimate is given because the uncertainty of the
extrapolation cannot be judged.)

Finally the calculated cooperativity length and volume
from neutron scattering, l and V, in Table II are compared

TABLE I. Experimentally derived and calculated parameters for (a) polystyrene and (b) propylene glycol: characteristic frequency,ωmax, specific heat capacity
of glass and liquid, cv

glass and cv
liquid, half-width, δT for respective temperature determined from averaged AC calorimetry measurements based on solid black

line in Fig. 10(I), and characteristic length and volume, ξα , and Vα , calculated based on Equations (1) and (2), for energy fluctuation, δT = 0, and temperature
fluctuation, δT , respectively.

(a) Polystyrene – AC calorimetry

T (K) ωmax (rad s�1) cp
glass (J/mol·K) cp

liquid (J/mol·K) δT (K) ξα(δT = 0)(nm) ξα(δT )(nm) Vα(δT = 0)(nm3) Vα(δT )(nm3)

390 128 169.8 194.0 5.2 8.44 2.20 314.8 5.59
400 2 900 174.6 196.6 7.0 7.32 1.76 205.1 2.88
410 27 500 179.4 199.9 8.7 6.64 1.47 153.5 1.67
420 1 47 000 184.2 201.6 10.5 6.22 1.25 126.2 1.03
430 5 42 000 189.0 204.2 12.2 5.97 1.08 111.5 0.67
440 1 500 000 193.7 206.7 14.0 5.85 0.94 104.9 0.44
450 3 600 000 198.5 209.2 15.7 5.85 0.82 104.9 0.29
455 5 200 000 200.9 210.5 16.6 5.90 0.76 107.5 0.23

(b) Propylene glycol – AC calorimetry

T (K) ωmax (rad s�1) cv
glass (J/mol·K) cv

liquid (J/mol·K) δT (K) ξα(δT = 0)(nm) ξα(δT )(nm) Vα(δT = 0)(nm3) Vα(δT ) (nm3)

190 548 90.8 138.0 5.1 3.85 2.17 29.9 5.3
200 10 900 94.8 139.1 6.3 3.53 1.87 23.0 3.4
210 1 18 000 98.8 140.7 7.5 3.30 1.66 18.8 2.4
220 8 19 000 102.8 142.8 8.7 3.13 1.49 16.1 1.7
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FIG. 11. The neutron scattering vector, Q, with its corresponding time con-
stant, τK, according to Equation (23) as solid symbols for propylene glycol.
Solid lines are linear fits with the same slope for each temperature. Dashed
horizontal lines are τK

AC at respective temperature, in order to determine the
corresponding Q* and l according to Equation (11). The values are shown in
Table II.

with the characteristic length and volume from AC calorimetry,
ξα and Vα, in Table I for each temperature. The results are
summarized in Fig. 13.

V. DISCUSSION

As shown in the relaxation map in Fig. 12, the fre-
quency dependence of the calorimetric dynamic glass tran-
sition temperatures of polystyrene and propylene glycol
measured with different calorimetric devices indicates consis-
tency and coincides with the dielectric relaxation data.31–33

The laser-modulated AC calorimeter proved to be a reli-
able device to measure dynamic glass transition up to high
frequency range.

From AC calorimetry measurements characteristic
lengths, ξα, are calculated based on Equations (1) and (2), by
neglecting and taking into account temperature fluctuations,
respectively. In order to calculate the characteristic length, the
CRR is taken as a sphere where the characteristic length is the
diameter of the sphere, and the cp is converted to cv. On the

TABLE II. Calculation of the co-operativity length for propylene glycol from
dynamic neutron scattering based on Fig. 11. ωmax is the maximum position
in the imaginary part of the dynamic heat capacity, τK

AC is the equivalent
Kohlrausch time which is calculated from ωmax = 0.83/τK

AC, Q* is the scat-
tering vector at which the Kohlrausch time of the NSE experiment coincides
with the latter, l is the cooperativity length calculated as spherical diameter,
and V the cooperativity volume.

Propylene glycol – QENS

T (K) ωmax (rad s�1) τK
AC (ns) Q* (Å�1) l (nm) V (nm3)

220 8 19 000 1009 0.65 0.68 0.17
230 4 086 000 203 0.70 0.64 0.13
240 15 800 000 52 0.74 0.60 0.11
250 50 400 000 16 0.73 0.61 0.12

other hand from neutron scattering measurements, the coop-
erativity length, l as spherical diameter is determined based
on the Kohlrausch time, τK

AC = 0.83/ωmax. These results
from AC calorimetry (solid blue triangles for energy fluctu-
ation and solid red circles for temperature fluctuation) and
QENS (solid green diamonds) are depicted in Fig. 13 for
comparison.

The cooperativity length from QENS, l, is about a factor
of three smaller than the calculated characteristic length from
AC calorimetry, ξα, by consideration of temperature fluctua-
tions. The calculated characteristic length considering energy
fluctuation only yields values, which are about 5 times larger
than l at 220 K, where an overlap between QENS and AC
calorimetry is realized. On the other hand, in order to check
to what extent this result depends on the choice of the shape
of the cooperativity volume as a sphere, here we repeat the
calculation of Section II assuming the shape of CRR as a cube
and ξα as the edge length a. Then the radius of gyration is Rg

2

= a2/4, which leads to

l =

√
12

Q*
=

3.464
Q*

. (24)

Comparing this to Equation (11), it seems that there is an
additional uncertainty in the comparison because this value
is smaller by 23%. But one has to take into account that the
change of the assumption of the shape of the cooperativity

FIG. 12. Relaxation map for (a) polystyrene28 and (b) propylene glycol, showing data from different calorimetric devices, from dielectric spectroscopy,31–33

as empty black squares, and from AC and laser-modulated calorimetry measured in this work as solid symbols. The solid black lines are the VFT fits, based
on Equation (14), with parameters listed. The empty magenta stars denote the QENS relaxation times with Q indicated in the legend. These points from QENS
deviate significantly from the VFT curve for polystyrene, while they follow closely the expected trend for propylene glycol.
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FIG. 13. Data for propylene glycol from Fig. 10(II) and cooperativity length,
l as spherical diameter (solid green diamonds) determined from dynamic neu-
tron scattering, with l = 4.47/Q* (Equation (11)) and ωmax = 0.83/τK

AC

(Equation (13)).

volume also implies a change of the definition of ξα in Equa-
tion (3), which partially compensates this uncertainty. With
the cooperativity volume as a cube, the characteristic length is
about 20% smaller in comparison to ξα in Equation (3).

What is effectively compared is the volume of the coop-
eratively rearranging unit. Based on that, one obtains

Vα =
24
√

3

Q*3
=

41.569

Q*3
(25)

for the cube, which is about 12% smaller as compared to the
spherical case in Equation (9).

One can see that the different choice of the shape only
leads to a 12% change of the volume. The reason is that going
to a less compact shape increases the Rg, but on the other hand
increases the volume too, so that both effects partially com-
pensate. The shape-related uncertainty in volume corresponds
to an uncertainty of 4% in Q*, which is clearly below the
experimental accuracy. In addition, a different choice of the
characteristic length with respect to the shape (e.g., the diago-
nal in case of the cube) would lead to a change of the equation
defining ξα (Equation (3)) but not the comparison between the
cooperative volume Vα and Q*. Because the sphere has the
smallest radius of gyration at a given volume,50 Equation (11)
gives the maximum possible factor in the inverse proportional
relation between ξα and Q*. Concluding, we have to admit
that there is a significant definition-dependence in ξα but this
will not affect the decision between the different expressions
for the cooperativity on grounds of neutron scattering data.

Even with the consideration of different geometries of the
CRR, the general conclusion of the results remains unaffected
because the characteristic length, ξα, from AC calorimetry
from Equation (2) by considering temperature fluctuation is
significantly closer to the cooperativity length l from QENS,
which is almost 5 times smaller than the characteristic length
obtained from Equation (1) assuming there is no temperature
fluctuation. Nevertheless, the difference between the charac-
teristic length, ξα, from AC calorimetry by considering tem-
perature fluctuation and cooperativity length, l, from QENS

cannot be disregarded. Further investigations are needed to
clarify this difference.

VI. CONCLUSIONS

For polystyrene, unexpectedly, a secondary relaxation was
present in the time-temperature range where the comparison
to AC calorimetry was supposed to take place. Therefore, no
reliable comparison of the cooperativity length could be done
for polystyrene.

Propylene glycol has been widely investigated to show no
indication of a secondary relaxation, neither from macroscopic
experiments51 nor from quasielastic neutron scattering.47 The
absence of secondary relaxation is essential to ensure that the
result from the measurements is the α-relaxation, especially
for quasielastic neutron scattering.

The cooperativity length derived from AC calorimetry
and QENS provides better agreement based on temperature
fluctuations, than based on energy fluctuations. However, an
exact equality could not be found, which is not surprising in
view of the uncertainties in the definition of the characteristic
length.

This allows the following preliminary conclusions: (i) At
the same temperature of 220 K and the same time scale of τK

ca. 1 µs, both independent methods with AC calorimetry and
QENS yield characteristic length scales close to one nm. By
this, the existence of a characteristic length scale for the coop-
erative motions relevant for the glass transition is supported.
(ii) Furthermore since the estimate of this characteristic length
scale considering temperature fluctuations provides a much
better match between the length scales from AC calorime-
try and QENS, the existence of temperature fluctuations in
nanoscale subsystems is supported.

To obtain more definite answers to these long outstanding
questions, the approaches as presented in this work by compar-
ing the length scales from AC calorimetry and QENS should be
continued with the guidelines: (i) A material should be chosen
where the difference between the cooperativity values con-
sidering energy and temperature fluctuations (Equations (1)
and (2)) is larger. This would enable one to make an unam-
biguous decision in spite of the factor 3 difference between
both experimental methods to derive the cooperativity length.
(ii) The material must not have any disturbing relaxation in the
range of the α-relaxation in the QENS experiments as propy-
lene glycol. (iii) The overlap of temperatures and time scales
should be large as for polystyrene.

SUPPLEMENTARY MATERIAL

See supplementary material for Kohlrausch function fits
to the NSE data for each polystyrene and propylene glycol
measurement. The individual Sα(Q, t), its fit curves, and the
residuals are presented.
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