Institut fir Reaktorwerkstoffe

KERNFORSCHUNGSANLAGE JULICH
des Landes No»rdrhein-Westfolen - e V.

D2. Localized Modes at Extended Defects in Crystals
by

B. Lengeler and W. Ludwig

Jil - 319 - RW 1964



Berichte der Kernforschungsanlage Jilich - Nr. 319

Institut for Reaktorwerkstoffe Jil - 319 — RW

Dok.: Crystal Defects

DK: 5392

Zu beziehen durch: ZENTRALBIBLIOTHEK der Kernforschungsanloge Jolich,
Jolich, Bundesrepublik Deutschland



Reprinted from
LATTICE DYNAMICS

Proceedings of the International Conference

held at Copenhagen, Denmark, August 5-9, 1963

PERGAMON PRESS

OXFORD -LONDON:-EDINBURGH - NEW YORK
PARIS - FRANKFURT
1964



D2. LOCALIZED MODES AT EXTENDED DEFECTS IN
CRYSTALS

Bh,‘ENGELER and W.yLDWIG

Institut fiir Physikalische Grundlagen der Reaktorwerkstoffe der T.H. Aachen
und Institut fiir Reaktorwerkstoffe der Kernforschungsanlage Jiilich

Abstract—Perturbations in the homogeneity of a crystal can give rise to localized modes of vibration. We
have discussed the simplest cases of extended defects, namely planes of impurity atoms with special direc-
tions (001, 011, etc.) in a simple cubic crystal with nearest neighbour interaction. Extended defects, such
as planes of impurity atoms, will have localized modes with exponentially decreasing amplitudes in the
direction perpendicular to the planes and wave-like character in directions parallel to them. The dif-
ferent modes of localized vibrations have been analyzed group-theoretically. It comes out that there will be
in general an acoustical and an optical branch of localized modes for a plane defect, the occurrence of
which and the frequencies relative to the band of the ideal lattice frequencies depend on the defect-para-
meters (changes in mass and force constants). In the limit of vanishing coupling between defect plane and
“host™ lattice we get a free surface, which has been considered by Wallis ez al. This limiting case has only
an acoustical branch, which is identical with the Rayleigh-surface modes for long waves (provided the
force-constants fulfill the conditions allowing localized states at all). Also lines of defects can have two
branches of modes. The details depend as in other cases on the defect-parameters.

If the homogeneity of a crystal lattice is disturbed by a defect, some of the eigenvibrations can be
localized modes, i.e. modes the vibration amplitudes of which decrease exponentially with increasing dis-
tance from the defect. The occurrence of such localized modes at point defects has been investigated ina
large number of cases.(!=5> A free surface can be considered as a perturbation of the infinite lattice and
localized modes can occur; this has been discussed in some cases too.(6~8) But in lattices there might be
other sorts of defects (e.g. stacking faults, dislocations, etc.) of one and two dimensions. As an attempt
to study the localized modes at such defects we have investigated the simplest cases, namely a plane and
a line of impurity atoms in a simple cubic lattice; we will explain here only the results concerning the plane
defects, the calculation of which is very simple. Line defects are somewhat more involved, but show in
general the same features.(?’

1. MODEL

WE CONSIDER a monatomic infinite simple
cubic lattice of masses M and lattice constant a,
with interaction between nearest neighbours
only. The atoms of one plane of this lattice are
to be substituted by impurities, the masses of
which are M’ = M(1 + &) and the coupling
parameters (cp) between these atoms and their
nearest neighbours are changed; also the cp’s
in the impurity plane are different from those
of the ideal lattice. For the sake of simplicity we
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do not consider modifications in the structure
of the lattice. Here we present the discussion of
a (001)- and a (011)-plane only. It is convenient
to choose the coordinate system in such a way,
that one axis (z) is perpendicular to these planes
(Fig. 1). Asbasis vectors of the lattice we choose
in the case
(a) (001)-plane (Fig. 1a)

a’ = Ay = ady,. 1.1
The general equlibrium positions are X* = A4,,m,
with integer m;. We put (m,, m,,ms) = (m,n,l).
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(b) (011)-plane (Fig. 1b).
To have an orthogonal basis we choose

1 0 O
o’ =A4y=a02 0 (1.2a)
0 0.2

This corresponds to a non-primitive description

Fic. 1. Position of impurity planes in simple cubic lattice.
Choice of coordinate system and basis vectors. Changed
cp’s full lines, unchanged cp’s broken lines.

of the lattice. Every unit-cell contains two atoms
(u = 1, 2), the cell vectors being

R, = (0,0,0); R, = :/‘12-(011). (1.2b)
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It would not be necessary to take such a non-
primitive description, but it turns out to be con-
venient. The equilibrium positions here are
given by

m
X:: = Ak,-mi + .Xf:

The form of the cp’s ¢p?1: is determined by the

symmetry of the lattice. They must be invariant
under all symmetry operations, which trans-
form the perturbed lattice into itself and leave
m, nunchanged. This gives the following general
matrices (with respect to the lower indices) for
the cp’s:

2 0 0

0 70 ;
0 0 "
8’0 0
=—10 «”0
0 0 yp”
g0 0
=—]0 p O
0 0 o

mnom+1no __
i J = -

mnomnit10

(1.3)

mnomni 1
i J

All the other cp’s are assumed to be those of the
ideal lattice:
«00

05 0]):;
008

malmtinl
i J = -

cyclic (1.3a)

This is an additional assumption, which does
not follow from symmetry considerations. From
symmetry alone there can be derived, for ex-
ample, only the form

P10 O
m;tl mnjl+1= —o B‘H_l 0
0 0 oy

where the ﬁ,ﬂ must be not equal for different
I = 2. If we would take into account any
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“structure effect”, we had to consider these cp’s
as different from each other.

(b) (O11)-plane (Fig. 1b).

Because of the lower symmetry of a crystal
with a (011)-impurity plane, there are non-
diagonal elements in the cp-matrices of the per-
turbated region, and because of our choice of
the coordinate system the cp’s outside the per-
turbed region do not have the usual form. They
are

y 0 0
mno mno mnomn—1 —1 , ,
AR A L
0 —¢ CI
Y 0 0
mno mn— 1 mnomn—-10 , ,
0 191 CI
0 0
mno mt1 no "
v 3 = —|o o
0 0 ﬂli

All the other cp’s shall be unperturbed. They
follow from (1.4) by dropping the primes and
equating 6 = {; ¢ = n; f = y. In the usual
frame (x', y’, z"-axis parallel to cube edges) the
cp’s between the same atoms as in (1.4) would
be (Fig. Ib)

0 0
-{0 8 ) -

0 ¢ o

y 0 0

0 « ¢}

U

«’ 00

~{o g o 1.5
0 v §

and the relations between those of (1.4) and (1.5)

O =Ho'+ B +9" +y);

U=3+F =9 ~y); v =B +0; (1L6)
n'=—H=F -9 +y);
¥ = =3 —F g’ —y); B =f-vs
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and between the unperturbed cp’s [p =y = v
= 0]

0=0=3a+p); ®=n=—3—P);

B=y. (L.7)

The cp’s have to satisfy certain invariance rela-
tions:

(i) The potential must be invariant toward in-
finitesimal translations. This connects the cp’s
in the following way:

> g =0 (1.8)

The cp’s ¢?F with m = nand u = v are deter-

mined by this relation.
(i) The potential must be invariant toward
infinitesimal rotations. This is expressed in the

mn o, .
symmetry of u o %z, in jand j’. It follows in
n,v

~case

@p =p; b)y =8

and O+ =F=§ +y. (19
We will not insert (1.9) into (1.3, 4, 6) for the mo-
ment. We will calculate the eigenfrequencies
with the general cp’sasgiven in (1.3,4, 6) because
it is not difficult to satisfy the invariance con-
ditions at the end of the calculations (see the
discussion in Section 3),

2. EQUATION OF MOTION AND SOLUTION

From the cp’s given in Section 1 it is not diffi-
cult to write down the equations of motion.
Since this would take too much space, we will
omit the explicit form of these equations. In case

(a) the equations are separated just as in the
ideal lattice because of the diagonality of the
cp’s. The frequencies of the ideal lattice are
given by (A = Mw?)

Mk r = 1) = dosin? 12 4 48 sin2 K22
2 2
i 2 k3a )
+ 4B sin 5 Qn
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Mk, r =2); Mk, r=23) cyclic;
—-n < kia £mxm,

and the polarization vectors are e;(k,r) = d;,.

(b) In this case only vibrations with displace-
ments in x-direction are separated from the
others, giving for the ideal lattice

Mk;, 6) = 4a sin? k_;i

with
(e1,€}) = (1, —0);

—m < kya\f2, kiaJ2 L.

—ﬂ<k1a§ﬂ

For ¢ = + 1 (optical branch) the vibrations of
the planes z = al and z = a(l + 1) are parallel
whereas they are antiparallelfor ¢ = — 1 (acous-
tical branch). This depends on the nonprimitive
description of the lattice. Vibrations with dis-
placements in the y—z-plane have frequencies

Mk;; 0, 7) = 4P sin? _k;_a + 46

k,a kia
2" cos —

V22
kia

V2

+ 40 - dcos

kza

+ 47 - ¥ sin sin

(2.2b)

with the polarization-vectors
1 2 1 2
(e2, €3, €3, €3) = (1, — 0,07, — 7).

o = +1 distinguishes optical and acoustical
branches, T = + 1 the two branchesin the opti-
cal resp. acoustical band.

If there is introduced an impurity plane, the
translational invariance of the lattice in the x—y-
plane is conserved and therefore the compo-
nents k; and k, of the wave vectors must be
real. But as we will study localized modes, we
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have to allow for complex z-components of the
wave vectors:

k3 - k3 + i, x> 0. (2.3)

Nevertheless, for stationary states 4 must be
real, giving in case (a)

sin kya - sinh #a = 0.

(i) » = 0 describes modes without localized
character

#+0, k=0 or k; = 7/a

Mky, r = 1;0) = 4o sin? k;"

+ 4f sin® %‘i + ﬁ[Z + o(t + —1—)]

2.4
Aki, r = 3,0) = 4B sin® i‘;—“—

+ 4 sin? 522—‘-1— + oc[Z + o(t + —1—>]
t

(2.5)

= ¢~* describes the exponential decrease of
the waves perpendicular to the impurity plane.
Since » > 0, hence 0 <t < 1. ¢ = — 1 corre-
spondstok; = Oando = + 1tokza = s here.
A(r = 2) is degenerate with A(r = 1).

(b) With displacements parallel x only:

. kia . »®a
sin —— - sinh — = 0.

J2 J2
(i) » = 0, see above
(ii) x # 0, k3 = 0 (k3 = =/a) is not a vector
of the first Brillouin zone in this case), here

(2.6)

t = el
Mk, 6) = 4a sin? —]fzif-

+ 28 [2 + o(t + %) cos Ii;::l

@.7)
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With displacements parallel to the y-z-plane
only, we get in an analogous way

(i) » = 0, see above

k3a — 7 tan kza
J2

showing that k, and k; are not independent
from each other. This is the most interesting
case. The frequencies are (here ¢t = e~xa/V2)

(ii) oé tan (2.8)

Ak;; 0, %) = 4B sin? k—;“— + 45

+ 20(t + i \/62 cos? kaa + 9?2 sin? —]25-
t J2 V2

(2.9)

B — B+t

0=
2f'ot

4" — o — ae) sin? % + 4(f" — B — Pe) sin? —52—- .
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(b) s"2' = ei(—o) - g
1

s”':' = e} cos k,a\/Z (1 + —6—“4) g
2 2

sel= et i sin kya/2 (1 + -%—) - g
3

g = tA#*m| exp ia[klm + ky V2 x

6#:
x <n + T)] (2.12)

The amplitudes of the impurity atoms are dif-
ferent from those in the remaining lattice.

Case (a) (001)-plane. Displacements ||x, A’-state
B'oft

kaa (2.13)

+ 28" —f—Pe) —af(l +&)(r+1]t)

The vibrational states can be classified according
to the eigenvalues of the reflection operator X
(reflection at the impurity plane). States with
{Z)> = +1 are denoted by 4’ and with <X}
= —1 by A”, hence

sm:—l= +Sm1nl' smn;(l+1)= isznl.
J R J i’

ji=12 (2.10)
sm;l-—l =__‘_Sm;|l. smn;(l+1)= xsm;l
3 3° 3 3’

where the upper sign holds for the A’-states, the
lower signs for the 4"-states.

The eigenstates for the localized modes can
be written in A’-state

@ s ' =e t“'(—o)‘ exp ia(k,m + kyn)

s"3 =,y i—;_l 1"l (—0)* exp ia(k,m + k;n)
1£0 (211
=0 I=0

From this equation ¢ can be determined. In-
serting ¢ in (2.5a) we will get 4.

A’'-state. Here

t = o and 1= ik
) )

+ 4a sin? 52'—2 + 4f sin? 5_22_‘1

(2.18)

foro = + 1.0 = — 1 would give positive 4 only
if B’ <0, which is not compatible with the
stability of the lattice.

Displacements ||z, A’-state and A"'-state. We
can get the corresponding equations from (2.13)
resp. (2.14) with the following replacements:

>y af foa

k,a

if B is not a factor of sin

(2.15)
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p—5

ﬁl — al;

ﬁll - yll;
. . . k,a
if B is a factor of sin -~

Case (b) (011)-plane. Displacements ||x, A'-state

— (1 +&)A + 4y’ + 4o’ sin? _k_;i

B.LENGELER AND W.LUDWIG

a
— 4yt cos ﬁz__

J2

0= v . (2.16)
-2y 1 cos kaa — A+ 2B +2y" + 4a sin? L2La 20t cos 24
N 2 V2
Here 4 has to be substituted by (2.7), then ¢ can 1 = 4o sin? kia
be calculated and with # we have 4. = 4u sin —2
A''-state. + — 2 [ylz — B2 sin? ﬁzﬁ] .17)
t= _B cos kea v=F V2
Y —B \/ 2’ Displacements || y-z-plane, A'-state.
—(1 +&)RA :
kia — 4188’ cos? kaa — 4ovdty’ sin® kaa
+4R (6’ + " sin? »é—) J2 J2
[— A + 4 sin? Ka
2
+ 20 + 26']R6
0= _2 &' R? + 4v169? sin? k—zz (2.18)
t
+ 201d| 62 cos? kza
J2
— 92 sin? kaa
J2
| 3[-a+4ﬁsm2%—‘-’-+2¢s
2 - 20'!29[62 cos? kza
-~ n R? : V2 + 25’] otRY
— 9?% sin? kza]%
V2 + 471962 cos? kaa
: \/ 2
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with 4 according to (2.9) and

R = {6? cos? ﬁa_ + 9?2 sin? _kz_a_ %.
\/ 2 \/ 2

From this ¢ and 4 can be determined. The corre-

sponding secular equation for the A’’-states fol-

lows from (2.18) by the replacements:

J}II — ﬁl’;
‘. (2.19)

6/ - CI; 19/ - 77I;

&—=dsn -

3. DISCUSSION

Because of the translational invariance in the
directions of the impurity plane we have a de-
pendence on k, and k,, and therefore the fre-
quencies of the localized modes are distributed
in bands. In the figures these bands are shown
as functions of the relative changes in mass and
cp’s. As is seen from Figs. 2-4 (only changes in
mass) there is an optical branch and an acous-
tical one. The optical branch only occurs for
negatice ¢ (M’ < M) and is in a certain sense

Q
L)
L

(£
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similar to the behaviour of the localized mode
of an isotopic point defect. Butin the case of an
isotopic impurity plane there is a partial over-
lap of the localized band with the frequencyband
of the ideal lattice, which is not possible for a
point defect. Further it is possible to have an
acoustical branch if ¢ > 0 (M’ > M), which

" naturally does not occur for a point defect. It

001) Nz A

should be mentioned that a line defect would
give similar dependences on ¢, only the breadth
of the localized bands (optical and acoustical)
being smaller in general. Also, in other types of
lattices one can guess that the dependence on ¢
is not very different from this, differences aris-
ing mainly in the quantitative statements.

Figures 5-7 show the dependence on the chan-
gesin the cp’s, where the condition for rotational
invariance (1.9) have been taken into account.
Again there might be an optical and acoustical
band of localized modes. The upper limit of the
optical band coincides qualitatively with the
frequency dependence on changed cp’s for point
defects. The occurrence of the acoustical modes
is possible only for planes or lines of defects.

a=4p

© P o o e

-1

!

2 2 €

FIG. 2. Optical and acoustical band of localized modes as function of ¢ = (M’ — M)/ M.
No change in cp’s. (001)-plane, displacements ||z, 4”’-state.
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The most interesting case is that of the (011)- ponential decrease of amplitudes in z-direction
impurity plane. There is a true dependence [Eq. there is superposed an oscillation of the ampli-
(2.8)] of k; on k,. This means that to the ex- tudes determined by the direction of the prop-

M
©is on a° fix
3
[« X PY ] T T T T T
2
' =1
G z-!
-1 0 1 2 ) < s 6 £

Fic. 3. See Fig. 2 (011)-plane, displacements || x, 4”-state.

on Ityz) A

tel

|
1
1
]
\
!
]
]
]
[

1 2 3 €

FiG. 4. See Fig. 2 (011)-plane, displacements ||y -z-plane, A’-state.



LOCALIZED MODES AT EXTENDED DEFECTS IN CRYSTALS

wyM Anti: - lokal. 2ustand a=4
/ a P ks T
€=t
(001) A Wz
3
) [ S — : :
\'1-1 / 2 "3
\ {123
2 ¥ —_— ———— e
!
-1 0 ] 2 3 ¢ s a-a

o

FiG. 5. Optical band as function of (&’ — «)/« with ¢ = 1 and (»” — f)/ = 0 and 4 as para-
meters. (001)-plane, displacements ||z, A”-state.

‘onm mnm &

121

"o brg

H [+F 2%}

KyekyeQ

-1 0 1 2 F] r s 6 ? «-a

F1G. 6. Optical and acoustical band as function of (&’ — &)/«. Other cp’s unchanged. (011)-plane,
displacements [|x, A’-state.
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wn)

Hly~z-plane A
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Ca-1

’

2 3

Fic. 7. Optical and acoustical band as function of (3"’ — §)/8. Other cp’s unchanged.
(011)-plane, displacements || y-z-plane, 4’-state.

agating wave, If there is a running wave in y-
direction, for example, this wave has an atten-
uated standing-wave character in z-direction.
The dependence ki(k,) is shown in Fig. 8 for a
special example. However, in more general cases
k3 will depend on k, as well as on k,; e.g. this

:kJQ

n

.I‘L :kzd

LB

Fi1G. 8. Component of wave-vector perpendicular to im-
purity plane (k3) as function of k,. a = 4.

will be so for an (111)-impurity plane. In Fig.10
there are given the dispersion curves of the
localized modes for an (011)-impurity plane;
the notation with respect to the Brillouin zone
of the impurity plane is defined in Fig. 9. Opti-
cal and acoustical branches do not occur at the

kya
ER
T
s
nir W, R
B \
Y
%
\
\
N
-7t ™ 2n ko

Fi16. 9. Brillouin zone of (011)-impurity plane,

same time; the optical exist only for (y" — B)/f
= (¢"" —a)/a = + % and the acoustical only
for(y"" — BB = (" — @)/a = — 3. — Apartfrom
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the fact that there are only two, these dispersion
curves behave essentially as those of the ideal
lattice modes.

Unfortunately, it is not possible to construct
a free surface for this crystal model, for if one
satisfies the rotational condition (1.9) in this
case [all one-primed cp’s equal to zero], the crys-
tal would not be elastically stable, or if one
makes the crystal stable, the condition (1.6) can-
not be satisfied. Nevertheless, it is possible to
make some qualitative statements concerning
the wave-forms of surface waves in crystals. It
can be said that in general the waves will have
a non-zero real k;-component of the wave vec-
tors, depending on k, and k, (generalized Ray-
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leigh-type waves in the long wave limit). There
will be only an acoustical band. Qualitatively
the dispersion-curves will behave as those given
in Fig.11 for a (011)-surface, which have been
drawn disregarding the conditions (1.9). Quan-
titatively one must be cautious to make con-
clusions from this behaviour. A (001)-surface
has no surface modes in this “wrong”-model,
as has already been realized.(>® As discussed
in simple cases of elastic surface waves,’® in
lattice theory too there might be surfaces with
and without surface modes and special surfaces
may have surface modes in special directions of
the propagation vector, having none in other
directions.

wvan | e Uiz - direct. Y-B a-a et
: —~——— | y -2 - plane B T "7
Z e
e | T~
—————— i DT S H =]
2 e e U1
TS e
! !
7 P TE—LS
ic SO e e ~
e ~ e
L ' UM
—~ [N
rd
/// [
|

FiG. 10. Dispersion curves 6f localized states of (011)-impurity plane. In case of (ﬂ"’ - BB
= (" — a)/a = +3 there is only the optical band, for —} only the acpustlcal. Full line is for
displacements in x-direction, broken line for displacements in y-z-plane.

29
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Yo,
T ; ' R=(k ,0) 4 wogtudnd ky=0
1
; )
) i : #2} transversal, K, =0
1 1 43
, } ) -
t ]
' ! A= L—t;k;) , # long/sirans , k=0
i '
i E % - ckp=k=0
' - ., O<k<k
x R ko
1! s : 4_1=VLT(V5‘ l_‘, F), 4, fong./trans ; k3=0
| <k
, g | #, , ~ky<ks<0
7 i K s 0=l
! ]
|
| |
L
! ]
s R
1
) [ — - -
! , b I R=L (kY7 k), 4ytongsrrans , K =0
by A ) {E
J Pt ! %, i ksk<0
] ]
P ] # i O<ky=<k,
o ,
t
P ‘
i b i
i Pl i
! L ?
w s T X
1 1 1 . s
) ! : R=(0, k;), # transversat, ky=0
i
} ‘ : #ylong/trans. ; -ko<k3<0
{ 2 -
'I :I | L) v 0<ky<k,
|
I‘ ! I} 1 R =k, ) #;long/trans , k3= 0
[ 1 : Y2’ 70 P18 ' -
! ; ! * P ke,
! ! » H = A
¥ w R ? L P

FIG. 11. Dispersion curves of free surface modes, but with rotational condition not satisfied!
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