




Phonons and Librons in Solid Hydrogen 

and Deuterium 

by 

Franz-Georg Mertens 

D 82 (Diss. T. H. Aachen) 



Phonons and Librons in Solid Hydrogen and Deuterium 

A Introduction 

B Ground state 

c 

D 

E 

I 

II 

III 

IV 

Ground state structure and trial 
wavef unction 
Cluster expansion of the ground state 
energy and choice of a 2-particle short 
range correlation function 

The interaction between the molecules 
and the calculation of matrix elements 
Results of the ground state variation 

Collective excitations 
V Random Phase Approximation 
VI Effective Hamiltonian for systems 

with short range correlations 
VII Calculation of matrix elements 
VIII Solution of ~he secular equation 

for ~ ::: o 
IX Dispersion curves and spectrum of the phonons 

Appendices 
X Series expansion of integrals 
XI Special matrix elements 

Literature 

page 

1 

5 

9 

16 

31 

39 

57 

65 

75 

90 

94 

96 

98 



- -1 -

A Introduction 

There are at least three reasons why it is interesting to consi­

der solid hydrogen ( Hk) and deuterium ( j)l. ) • 

1) These solids are quantum crystals (like helium); this means 

that the displacements of the molecules due to zero point and 

thermal motion are not small compared with the lattice parameter. 

Therefore the usual harmonic theory for lattice dynamics cannot 
be applicated. 

2) H.:t and ])~ are the only known crystals in which the molecules 

rotate nearly freely. The energy differences between different 

angular momentum states } are large compared with the temperature 

region in which the solids exist at normal pressure. (e.g. 8S0°K 

between J=3 and J=l for ortho-H2 and s10°K between J=2 and J=O 

for para-H2}. 

3) The intermolecular interactions are rather well known, so the 

theories do not contain free parameters and need not be fitted 

to experiments. 

Both l-IN and ])~ crystallize at normal pressure at "'"'1~ 0kin 
the hcp structure. At these low temperatures only the lowest ro­

tational levels are populated: J=l for ortho-hydrogen (o-H2) and 

para-deuteriwn (p-o2} and J=O for p-H2 and 0-02 • 

Crystals containing more than a minimum concentration C-60%) of 

the odd-J species show a i\. ~anomaly in the specific heat at a 

temperature Tc , which increases nearly linearly with the con­

centration. 

0 0 • 
~ is extrapolated to 2.8 K and 3.8 K for pure o-H2 and 

•High puritv (~99%) can be obtained by using the preferential 

adsorption of one species by aluminium oxide [28] • 
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p-o2 respectively [12 - 14] • 

The A -anomaly has been explained by a f irst order phase tran­
sition. Above ~ the three IW\.~ levels ( 0, ± _,, } are degenerate 
and the crystal is orientationally disordered. Below Tc, the aniso­
tropic electrical quadrupole-quadrupole (q-q) interactions cause 
the angular momentwn vectors of the molecules to prefer certain 
orientations with respect to the crystalline axes, and the dege­

neracy of the ~J levels is lifted. 

x-ray and neutron diffraction experiments [7-11] have shown that 
the orientational transition is accompanied by a change of the 
crystal structure from hcp to fcc. 

Theories, based on a rigid lattice model, have predicted a Pa3 
space group for the ordered ground state. This structure has 
been found first in a classical calculation for T= O by conside­
ring arrays of linear quadrupoles [l, 2] • Lateron the phase 
transition has been calculated in the molecular field approxi­
mation (or Bragg-Williams method) [3-6] • Moreover it has been 
shown that the Pa3 structure is consistent with the neutron 
diffraction pattern of p-o2 [10, 11]. 

In the Pa3 space group there are four molecules per cubic unit 
cell. Each molecule belongs to one of the four equivalent simple 
cubic sublattices of the fcc structure. When we associate one of 
the four body diagonals as quantization axis to each sublattice 
we can characterize the Bragg-Williams ground state very easily: 
Each molecule is in the ~~ = o state with respect to the quanti­
zation axis of its sublattice. 

In the molecular field method the states MA.};±~ describe de­
generate localized excitations. In a better approximation the 
molecular f ield must be considered to be time dependent (time 
dependent Hartree approximation or Random Phase Appr. (RPA)). 

Then it can be seen that the low lying excitations are of collec­
tive nature (like spin waves in antiferromagnetic materials). 
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The theory of these angular momentum or librational waves or 
librons has been developed by several authors [15-·19] using 
different mathematical methods but the same physical approache s 
and yielding the same results in the end: The libron excitations 
form a band (width ""1. 3 meV for o-H2 and ~ 1. 6 meV for p-o2) , 
which is separated fram the ground state by an energy gap of 
,.., o. 9 resp.-1.1 meV. Here the q-q-coupling constant r; of the 
rigid lattice has been used. 

Later on the existence of librons in o-H2 and p-o2 has been proved 
experimentally for the limi t of long wavelengths ( ~ :: o ) by 
Raman scattering [20,21] • The results agree very well with the 
theory, if ro is replaced by an effective q-q-coupling constant 

r„ e/f , which has been measured by quite a lot of experiments 
[see 22] and can also be obtained by theoretical calculations [23~ 
Moreover i t i s necessary to include the large anharmonic libron­
libron interactions into the calculations [24] • 

For ! .:: o the libron theory seems to be in full agreement wi th the 
experiment. As to 4 tO it has been proposed [16,18,19] that the 
dispersion curves and the spectrum be measured by scattering of 
slow neutrons. Such •«>rk is in progress [25] • 

Consequently the next theoretical step should be to calculate the 
phonons and to include the phonon-libron coupling. This coupling 
occurs for small k between the acoustical phonons and all libron 
modes. See the rough estimate in [18,19] • Furthermore the 
existing phonon theories [26,21] neglect the q-q-forces and the 
orientational order of the molecules. They use the division into 
four simple cubic sublattices only formally and probably cannot 
explain the number of optical phonon lines which have been ob­
served by Raman scattering [26] • 

Therefore the purpose of this work is to develop within the frame 

of the RPA for T=O a theory which describes all low-lying collec­
tive excitations (phonons, librons, and "mixed" excitations, which 
arise because of the coupling) in pure o-H2 and p-o2 • 
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Because these solids are quantum crystals, the problem is rather 
canplicated compared with normal crystals: The short range cor­
relations (SRC) between the molecules must be taken into account. 
Thi s i s made by introducing a two particle SRC function (Jastrow 
factor) into the wavefunction of ground and excited states. 

In part B the energy of the ordered ground state is written as 
a cluster expansion [29 - 32] • The variational parameters con­
tained in the wavefunction are determined by minimizing the first 
two terms of the expansion. The convergence of the expansion is 

d1 scussed in detail. 

In part c V the above mentioned RPA i s first developed for systems 
witout SRC, using the method of time dependent density matrices 

[33] • In c VI an effective Hamiltonian for systems with SRC, 
which has been derived by a generalized cluster expansion for 
excited states [34] , is inserted into the RPA. All matrix ele­
ments which appear in the RPA are calculated in c VII. 

C VIII shows that there is no coupling between librons and pho­
nons for Ir.::: o. For this case the secular equation is solved 
analytically and the results are compared with optical measurements 
[26' 21] • 

For ~ t O the numerical evaluation of the theory is carried 
out in thi s work only for the case of phonons in the orientatio­
nally ordered crystals (C IX). Librons have been calculated sepa­
rately in [18, 19] • The coupled system of librons and phonons 
will be calculated in second paper. Since the matrix elements 

for thi s work are known from C VII, only sane numerical work has 
to be done. 

In the wh:>le paper the disordered hcp phase has been considered, 
too. Thi s phase has i ts own interest and can be used as a good 

test for the phonon part of the theory (especially concerning the 
SRC), since for the hcp phase there exist already detailed neutron 
diffraction experiments f35, 36] and also optical measurements [21]. 
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B G round S tel te 

I Ground state structure and trial wavefunction 

The ordered ground state is approcimately described by the wave­

function 

N 

}I (1) 

Short range correlations (SRC) arise because of the hard core of 

the intermolecular potential and are taken into account by the 

SRC-function f ~i , which depends on~y on the distance r = -r.:1 =1 fi.- - g.· 1 
between the rnolecules and shall prevent thern frorn corning close to­

gether. 

This rneans we must choose a function /.:s , which tends 11ery quickly 

to zero, if r becornes srnaller than the hard core distance. For large 

distances {~/ rnust go to 1. In chapter II special forrns of /·i , 
containing free pararneters, are discussed. 

The one particle function l/1~ 0 in the case of o-H 2 and p-~~ depends 

on the posi tion .R,.; and the orientation 1l~ • (J~. 'f.;,) of the rnolecule 
1 

""" • We have to consider only the lowest rotational state } = A and 

can expand Ir~ 0 
in this space: 

1 J.I 0 \7 ,,..,... 
'f'.; = h 'f {f!..;J. \t (11.-} 

"""'" I "·- " 

where YA -. are normalized spherical harmonics. 
1 

Using real functions we get 

(2) 

(3) 
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with 

Yx 
1 ( - 'l. ~ YA,. „ ) y;x-:: -A ': - .J.. ( 'f „ - 'f -~) r;; u 

y'I A 

( YA,A Y.A, -~ ) 'fJ y ( 'f"'-1- y-'1; ~ 

{i_ +- - " -:: 
7f (4) 

Y-c : Y„. tJ 'f "t = 'f 0 

The libron theories [15-197 assumed the Pa 3 structure and a rigid 

lattice, which means here 

VJO -- { r < R i: - 1?~ {) J -
X 

'fJ'l=O (5) 

Since these theories have been successfull, we are allowed to con­

sider 'f 0 
( R.:) to be locali zed around the mean posi tion 'i?.; 0 

of the 

molecule i a~d 'f; to be small compared wi th P 0 
• -

'X 
More detailed information about 'fl 'I is obtained by using the point 

symmetry of the lattice sites 'R~ 0 
• This leads to nodal planes 

and for 2.: = 2~ 0 
(6) 

wi th R~ ~ ( k:·. Y.: , t.; J 

Otherwise y;x and 'f '1 must go to zero, where }0° vanishes. Therefore 

y;x and 'f'Y seem to be small functions compared to Y1 q , and we 

approxima te III~ {/ by 
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~ o -;: 'f .o ( 'R_.: - K~ o ) • y ( /'\ J 
A 0 .J('.: • 

( 7) 

and assume the Pa3 structure. 

A better approximation would be to use functions of the form 

(X.: - Xl· 0
), ( t ~ - t ~ ~ J · 'f" ( '1.: - g."» 

(8) 

· ( Y.: - Y.- "J • •• ,, 

with A a parameter. 

we now introduce an explicite notation for the description of the 

Pa3 structure: 

The fcc lattice is devided into four equivalent simple cubic sub­

lattices. 

o_o -
~„ - """ -

wi th m = ( Mot". "\MA-, -1«.1 ) ::: index of cubic cell 

g = index of the sublattice 

a = lattice constant 

~ = position inside of the cell 

~ "'0. 
1 

(9) 

(10) 

All molecules of each sublattice are in the state m=O with respect 
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to one of the four body diagonals of the fcc lattice. Each sub­

lattice is associated with one of the four body diagonals. As is 

shown in [19) , there exist two equivalent associations. We choose 

one of them: 

(11) 

For r~ M~ and O - D.i.. wi th hcp structure the si tuation is much simpler. 

All molecules are in the 'J:: 0 state, which is spherically symme­
tric. 

Thereby 

(12) 

The hcp lattice is described by 

R ~ : a. l ~ + ~y) 
( 13) 

with f : 
( l'1 - 1 '~ ' ff f 'c l;i) .i ..\. 

E„ :: 0 

' 
~.t ( .1 /? f ) -= .i , ' 1 

.i I 
Q, = lattice constant, ( 14) 

c. = ~ff {i' 
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II Cluster expansion of the ground state energy and choice of a 

2-particle short range correlation function 

Let us first remind of the method and the result of Nosanow and co­

workers for helium [29 - 32] 

Their trial wavefunction for the ground state is, similar to (I,l): 

J' 

The ground state energy is 

E ·= v 

with the Hamiltonian 

V·· - interatomic potential. 
~. -

(1) 

(2 

(3) 

Nearlv the whole helium work is done with a Lennard-Jones potential 

( 4 \ 

The ground state energy ~. is expressed as a cluster expansion 

... (5) 
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where [ 0 ""' gives the contribution to the energy arising speci­

fically from the clustering of n particles. Eo""' vanishes, if 

one or more of the n particles is far away from the rest of the 

particles in the cluster. 

Except from fo,,. , each of the terms in (5) can be split into a ki­

netic energy part fo.: and a potential energy part F0~ with 

respect to the one particle functions ~ 0 : 

+ ••• (6) 

with 

E 01 = z < /( ßi:) > 
II ( 7) 

1 zl f < T ( q~) f~j ) Eot. .=. < 1( E~· > > J -A!,„ <I\> (8) 

etc. 
T( ~.-1 ~ - t. i 

v~ ..f.-. 
lM y; 0 (9) 

b0: 
4 \7) - -l. 

<. V4i f~i > = 
.t ~ (10) 

~. a' <f :{ > 

Eo: 4 - ) - <. t· {J., { l - < {~'° y i:i ) l = :iv L [ ~a· ,,;l(ik V ..:i > (11) 

..:. f ' < f 11 l ""-1< I j M. > <-1\· > 

etc., where 

- tt y { -t) :::- Vt~1 - v~ ~ f ty-J - ( 12) lM 
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< • · • ) means < f ~ 0 1 • •• 1 f 'f..: 0 /with normalized ~ 0 • The dash 
at the surns excludes that two or more of the summation indices are 

equal. 

The physical interpretation of the terms is obvious: Fo~ is the 

single particle kinetic energy; E~i is the pair interaction due 

to the effective potential {'· v ; tqi is the sum of a11 possible 

interactions of tnree particles. 

The question is under which conditions and how rapidly the expansion 

( 6) converges. Nosanow has approximated F o by 

(13) 

and varied this wi th respect to the single particle function ~o to 

give a differential equation for 'P 0
• Then for { t·d a simple analy­

tic form was chosen, containing one variational parameter k : 

{tvl:: (14) 

This form fulfils the necessary conditions, which have been discus­

sed in chapter I. 

The differential equation for ~o was solved numerically for different 

values of k , yielding a minimurn for Fo.,. + F~"'V wi th respect to 

K • Although this minimum is still far from the experimental ground 

state energy, it is much better than the results which had been ob­

tained earlier by other theories. 

It turned out that \f'Q can be very well approximated by a Gaussian: 
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This means that f t is possible to treat the crystal to a certain ex­

tent formally as a "nonnal" crystal, using the harmon.it9 theory, if 

the true interaction VtrJ is replaced by an effective one 

(16) 

The only ciif ference to such a model is the denominator < f'> in f"~"-Vi 
which deviates however only by 10% from unity at most. 

The next step was to calculate the leading correction terms to 

f/t• = F,„ .,.. f Dt • This was done by replacing ~ 0 by the Gaussian 

(15}. Then all kinetic terms t 0~ vanish, except the first one, 

E o.11 = 
? t.2. 
lt M r· N (17) 

This indicates that E 0~ (""' :/: _,,) must be small, too, when the 

numerical solution for "'• f is used. 

V Then f' 
01 

remains, which could be obtaineä by a complicated nume-

rical procedure [32] The result is that at the minimum of Fj~J 

f 0: amounts to 1-5% of F0: for the different lattice types of 

helium. If f 0: is included into the variation, the variation para­

meters are somewhat improved ( < '1 ~o) , but the ground stat~ energy 

remains essentially unchanged. 

·J:nese results indicate that for the special form of f which had 

been chosen the cluster expansion converges rapidly. But it can be 

shown that the rate of convergence and even the convergence itself 
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depends sensitively on the form of f. 

f cannot be varied freely, because a free variation can lead into 

a region where the expansion no longer converges fast enough. This 

can easily be demonstrated by an example: If (14) is replaced by 

W, /,( I > 0 

the effective potential contains an attractive term /V k'/ -r i , 

which cannot be compensated by a positive k' -depending term. Thus 

FoA ~ f 9{ can assume very large neative values, if k 1 is 
V increased, and f 01 becomes large too, but positive. 

Let us now consider how to use the cluster expansion technique 

for H,., and -Y~ • 

The disordered hcp lattice [31] and an hypothetic disordered fcc 

lattice [37} have already been tr~ted, using an isotropic Gaussian 

for 'P 0
• 

The oredered state of o - H~ and p- D-t- is more complicated, because the 

single particle function \y.; 0 depends on the posi tion and orien­

tation of the molecule. 

With our ansatz (I,7) 

llJ. o =- 'f o ( 1<.: - 'R~ o) . V { n . ) - - ,...,,0 .J(„ 

we obtain 

(19) 
I 



the same as before. 

In the expression for E0 .,,, the rotational energy of the molecules 

should be added, but i t is a constant because of J ::: "'1 and can be 

left out in the variation. 

The averages < ·· ·) now mean 

< l/ ~ 0 
( ~--. J.l.) l ... 1 T tf.· 0

( f{;, Jl.·} , where the integrations 
~ ~ 

must be carried out over all posi tions f.: and orientations ..R.: • 

For >'0 ° we use the isotropic Gaussian (15). This is not only an 

approximation in the sense mentioned in the text in front of (15) 

but also because of neglecting the special point symmetry of o- 1-1< 

and r-~,,,. In the Pa3 space group the body diagonals are axes of 

threefold symmetry and should be distinguished from the directions 

perpendicular to it in the ansatz for ~ 0 , for example by an aniso­

tropic Gaussian wi th two parameters d"" , (,,, : 

" \/) 0 ( )1, - .l. ~.: (' ~: r „ = y... (a y+ } e 
- y,, „ 

with ..,: = '~. S' 

and r == 
r"" 0 v ) Q t" 0 

0 0 r, 
In each sublattice g another coordinate system has to be used, 

where the 2 -axis is parallel to the associated body diagonal. 

(20) 

But the anisotropic interactions between the molecules are small 

compared with the isotropic ones (III), so the approximation (15) 

seems to be justified. 

Though Nosanow' s form of {lt') (14) works remarkably well, a more 
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flexible function should be tried. 

An interesting behaviour of Nosanow's {lr} is the slight maxi-

mum at 6{i1. G'"" , where the Lennard-Jones potential ( 4) has i ts 

minimurn. This is explained by a positive correlation between 

the molecules near the hard core because of the attraction there. 

When one uses a function / c.,.-J wi thout a maximum one gets poor re­

sul ts. 

In (14) there is only one variational parameter for the two important 

regions: a) the hard core region ,.,, < ~, where 4 lr) quick ly goes 

to zero, b) the region 1 ~ G""" , where the potential has i ts cha-

racteristic form. Therefore we try to separate these regions. The 

first idea is to take the generalized Nosanow ansatz (18). This has 

the disadvantage that the position and the form of the maximum in 

ff~} depend on each other. We try a more general ansatz: 

For the region a) we take exp [ - k (Ci'/+")"""'] in order to have a rapid de­

crease of f. For b) we add a maximum which can be described by a 

Gaussian o( e.>rp f-;! (+---r_r'-], for example. 

We neglect a possible dependence of f on the molecular orientations 

and take as an ansatz 

-;! ( r-T.._.)~ 
o< e 

(21) 

Astonishingly enough it turns out during the variation that the 

pararneters k, """'· /! , -r~ contained in (21) can all be varied 
freely, only 0( cannot on the same reason as the k 1 in (18). 

Results and further discussion concerning the cl1oice (21) can be 

found in chapter IV. 



III The interaction between the molecules and the calculation of 

matrix elements 

a) The interaction energy 

The interaction between two H2 or n2 molecules in the state]= 1 is 

conveniently written 

( 1) 

't" 
Here R~ - denotes the orientation of the molecule i relative to the 

intermolecular axis r ;a' • For the spherical harmonics Yi.;- we use 

the phase convention of Condon and Shortly, see [38] . 

(1) contains the leading terms of an expansion of V~· in spherical 

harmonics. Matrix elements with the higher terms vanish, because 

we need in our theory only the d =- A and ] : 0 states. 

Each V in (1) consists of two parts, which result from the van der 

Waals and overlap forces. Moreover V"' contains the q-q-interaction, 

due to the permanent quadrupole moment of the molecules. 

For the isotropic part V0 we use a Lennard Jones potential: 

(2) 
• G"" =- 2. ~? A 

The second part in (1) depends on the orientations of the single 

rnolecliles. The distance dependent factor Y~ is not well known. We 
use the form 
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(3) 

with different sets of parameters, given in the literature. This 

will be discussed in detail in chapter VIII. 

The third part in (1) depends on t~e relative orientation of the two 

molecules. It can be shown [40,41] that in this part the electrical 

q-q-interaction dominates all tne other interactions by about a 

factor of 100. These therefore can be neglected. 

Then the last term in (1) can be written (41] 

r ( ;-. ) . Q ( Jl .:r jJ. r J ::: f3 , . /) „ r „, „ . 1 "'3 lX „, (4) 

with 

(5) 

The index + denotes the reference to the intermolcular axis ~„ 
.J. .,. "~ • 

C is a Clebsch-Gordan-coefficient (38] 

(6) 

1 'ez1 1 

'o ::: .t~ R. s is the q-q-constant of the rigid lattice, wi th -che 
0 • 

nearest neighbour separation 'i?o ... ?. 1S A for II~ and RQ; ?. S-9 A 
for u~. eq is the electrical quadrupole moment of the molecules. 

Wi th q = 0. •H 4 l •• o-"' ei........ ~ for II..., and ~ = 0. "1 i .t. 7- .10 • "' "'-l. for D.c. 
[5] we use r;,-:: Q.Oi'4,'N-tV for 1-1.t,,and ro: 8.AOI, J1M.tV for j)-t. 



In the following we write 

with 

V .. - vo 
"I - "i 

.,. 
and Q~( given by (5). 

b) The matrix elements 

We want to minimizc 

+ ,., 
A. 

r. Q„r 
"/ "~ 

(7) 

(7a) 

, l -
\7 ~ I ~i V~·,· > 

L, ll i < .:; ) 

(8) 

by Variation of the parameters r (contained in ...,~) ' R„ (nearest 

neighbour distance) / k, """• ~, -r,._ ( contained in the SRC-function /) • 

~; 0 

is normalized. Therefore we get e.g. 

more explicitely 



Two types of integrations have to be performed; the first one with 

respect to the position of the molecules which we call translational 

integration, the second with respect to the orientations of the 

molecules (orientational integration). 

We wish to separate these integrations and see that the forms (5) and 

(7a) are not suitable to do so
1
because the orientations 11.:, .b/ refer 

to the instantaneous intermolecular axis ~~· • We therefore trans-
- ' form (7) to the fixed frame of the axis !:j = ~/- g~ 0 by means of 

the rotation matrix 11"-, which is given e.g. in [38) 

( 10) 

Here ~.;.., r are the Euler-angles of the rotation. 

The first part in (1) is not affected by the transformation; for the 

second we use 

( 11) 
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Here (;., o< l : ..Q. ;,i is the orientation of -r wi th respect to :!:o • 

we get f or 1f .:f ( 71-o.. J 

The transf ormation of the third part 

using several f ormulas contained in 

found in [42] 

Q~- = Q La·!.o J).'!." n .. ) 
• ~ 1 1 • J< ~l 

(12) 

, can be perf ormed 

The result is to be 

(13) 

Now we are able to separate the orientational integrations trom the 
translational ones. We have 

(14; 

( 15) 
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For the first part of (15), which does not depend on orientations, 

we simply get 

(16) 

Hencef Jrth we use a simple notation: 

\ o) means ~ <> or Y„, 0 Ci J or lP.; :> , if the integrand of the matrix 

element depends on translations alone, or orientations alone, or on 

both, respectively. 

The rest of (15) leads to: 

< o o 1 {~ V~ u .. 1· 0 .') > 
~. •1 ., V 

(17) 

. < {) 0 1 I ~„ 'v ~.· Yi.~ ( .h.-.·) 1 0 0 > 

(18) 

The translational matrix elements can be simplif ied. With 3 l T) 

representing· one of the integrands fl., rvJ, {"V ,lf Y1 'ltl { 2 ,.., V "" 
•"""' 1 11,,-..+.,. 

we have 



-2l -

Dy introducing new coordinates 

-1 = -/-„ ()_ (), „ ::- _K1 -_K. 
- - l ' 

"Yo : fl. () - ~ · 0 -· -~ 

R = .1 ( K>· + ~·) ;... -l _ .. 

and integrating over 8 we obtain 

Now spherical coordinates are introduced with 'f:o as z-axis • 
..a .. ': (,J lb) 

"• 1 T 

(19) 

(20) 

( 21) 

( 22) 

If i depends only on r (this is the case for {~ and fJ. Vo ) , the 

angular integrations can easily be carried out: 

( 23) 

0 



For ~ :: f .t VA Ya..:: and I Ä. r Yii.:.+_ 
gration shows that all elements wi th Mt. :1: o in 

in (18) vanish. Thus we obtain 

< 0 o 1 { ~- V~. 1,i .. 1 0 .... ........._ 
'I •• 'I V / 

and 

<. oo 1 12. .. r.. <l·· I oo> 
r "4 "• "> 

< ~ "' • .f) 0 J J . . r.. ? ( J' . } 1 0 .'l > r i 1 "i 4 "' v 

the Y' - in te-

( 1 7) and wi th """""~ * o 

(24) 

Pr ~ Here -~ and ~ are unnormalized Legendre polynomials. Now we see that 

(24) and (25) can be simplified considerably, if we use (5) and (7a) 
-t- . .,., 

replacing 11.;, - by ~ ~ _o : 

< 0 0 I I"·. V~- ~ „·,· 10" > ... , ..... , 
(26) 

and 
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< Oo\ J'-_.. r .. () .. / OJ' 
l ' ... , '• / 

(27) 

wi th 1t ( .n · !.• .D · t_. ... ) = 
~ 1 1 

by (5) and (7a). 

u .. !11 ., and given 

Now the problem is fully separated: The first factor in (26) anä. in 

(27) contains only orientational integrations anä can be calculated 

using only data from the rigid Pa3 lattice. 

Nevertheless the calculation is complicated, because the wavefunction 

l o > = Y;i. 0 c 12.; > ,· ~ : < ~. g l , refers to quantization axis g. S- of 

the sublattice to which the molecule i belongs, whereas k,;· "!..• and 

Q ·· t" refer to the axis "'t"0 -= Q. o _ r?.· 0 
• Therefore we have to trans-

'l - -· -form again~ 

( 28) 

We place this in k~;!.• and &~i !o and get after some calculations 

(appendix XI) quite a simple result: 

< o o 1 1A .. !." \ o o '> = ~ u ( ~3' .P.e.,) "~ S" 
( 29) 

z 001 Q t"o " „- J V O > : Q (..ad 1 _Q L. ) ~~ AS" 
(30) 

with 1\.- = l /IM.. <l ) 
- 1 q 

and '3.- c~ . .t..J 



- 2S-

( 31) 

This result reflects the fact that the Pa3 ground state structure 

can be obtained by considering arrays of linear quadrupoles in a 

classical calculation [ 1 ] • Quantum mechanics comes in only by the 

factors Ys- in front of tVt and (Y.>).iin front of Q . 

Explicite evaluation of (29) and (30) using (7a) and (5) results in: 

and. 

/ '1"o 
, a o , -u ~r , o {) '7 = 

/ 1 Q ..,..~ 
<... 0 0 1 „.,- 1 0 0 > = ( ~ ~ a.,ÄJ - A ) . ( ~ f#>j{~ _ /1) 

t y...:. ;!~ <.-.n 11 i w.:. 11~ l+-> / .c.. ~ ( «3 - o( tJ 

+ .1 
.i 

( 32) 

( 33) 

After this explicite evaluation of the orientational integrations we 

go back to the translational ones. Starting with (22) it is possible 

to perform the angular integrations in < O" 1 { a. V"' 1t { J.: ·} 1 .) ,; '> 
- I 

and ( 0 1) 1 1 l f' ?„ (J ~.-) \ O l) ') • But before we do this, we make 

use of the fact that these two matrix elements and also (23) do 

not depend on !o but only on 't0 • Thus i t is useful to spli t the 

sununation z• ' which occurs in the expression (8) for the 

ground state1 energy, into two parts. First we sum up all molecules 

~· , which have the same distance -f-0 to the central molecule ~ and 



thereby form a shell, and then we sum up all shells. 

we obtain 

r' 
~ 

+L, 
s 

\7 + /_, 
s 

~ -<l„v„) \7 NS 
<::'OOl /'-v;, IOJ) ~, ., 

= '-<1\ ~ s <Dol f~•oo> 

~ 

.{oo 1 r VA ?a. 1 Ot>) 

< 0 0 1 f .l 1 0 0 > 

"' <' oo 1 /~ ,-, ?„ 1 o:; '> 

< ~ 0' f-l 1 00 > 

(34) 

Here N5 is the number of the molecules in the shell S . The quotients 

in the sums over 5 depend on Sonly by -r~ts.) • For the fcc lattice•: 

{S. R ... (35) 

~ = nearest neighbour separation; R" is a variation parameter 

and should not be confused with the fixed experimental value Kq 

The second part in (34) vanishes in the fcc strucutre because of 

fvs. 
\! .,.. 
L < 0 ° 1 \\ .:[ 1 o o ~ = 
1 ~„ ::: 0 

(36) 

For all shells. ~1 and p, are the angles between the b~dy diagonals 

• 
and the vector -r_o ;: ..,.„o _„ • 

For the hcp lattice we used the -r/~1 from the tables in ( 39] • 



Finally we have to perform the angular integrations in (oolt'f"l~IOJ'>. 
Starting with (22) we obtain 

(37) 

-A 

oO 

=ff[;. 
0 

l
- -.:t ( z .r 

J.l.(vJl'lvl· ( ~ -r-t~1 -"'-fvft~1z}{ 1.i~-
1' e. - p l'f + - t v ba. ~) b &, 

(38) 

+ 

For nearest neighbours the effective or renormalized q-q-coupling 

constant <. 0 o I 1 ~ I' P._ 1 '9 o > is called r.., e// . It is diffe-

rent from the rigid lattice q-q-coupling constant f; (III,6} because 

of the short range correlations between the molecules. For the more 

distant neighbours the SRC-ef fect very quickly becomes smaller and 

~ 0 o l f" r' '?;, l Q ~ ') approaches ~{-t0 ) • This can also be seen 

analytically: For ( -t"'ot '>> "'1 we have / hl:; A in the whole 

region, where y;o is localized. Therefore 

= (_:_t l~/ i;; e 

(39) 
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This is equal to 

equation: 

g 1 r (..,_,) , for /'{r). 1„ (,)-} is a solution of the Lap ace 

:::::- 0 f or Y- ;J: O (40) 

Finally we sununarize: 

E~~N 5 !. 2. ..., \' <'Do/ f"i":, lt>.?"> : - r t 4 1-1 A, ~ Nt; . 
s <'.J>ol /~IOv> 

1 "" hs ( 41) 

+ \7 < o o I 1_ i r ?!! 1.? :> > v a t~ 4. L .tC0011~1-o.?";> 
L < 001 \·i- 1 o~> 

s 
~ :; '1 

where <. Oo 1 r ~ l -9 0 > is given by (23) 

<Dvl {.t 1 {) 0 '> is given by ( 23) 

~ 001r·r~1 oo'> 
is given by ( 38) 

is given by ( 33) 
<. 0 v f r) .. !.~ 1 p 0 > 

~. 

we see that the calculation of all matrix elernents has been reduced 

to the one dimensional radial integrations in (23) and (38). These 

must be carried out by nurnerical computation. 

c) Nurnerical procedure 

Instead of using the integration interval [ .P, oo J , which is the 

same for all shells, we restrict the nurnerical integration to the re­

gions where the integrands suff iciently derivate frorn zero to give 

contributions within the integration accuracy. The position of these 

regions depends on the shell nurnber S and their extension is de-



termined by the width /1 / rr of the Gaussians in the integrands. 

One can see that these regions are contained in the following inte­

gration intervals: 

(42) 

with 'R 0{SJ : fS' 'Ro for the fcc lattice. f</5l for the hcp lattice is 

taken from the tables in [39] • If we choose r.l to be in the order 

of magnitude of 'R0 , it turns out during the variation that this is 

suff icient for all cases we consider. Actually we choose o( = 1?0 - o. OS 

in order to exclude the point ~~o. The integrands vanish analyti­

cally at this point but numerically intermediate results would be­

come infinite. Of course the intervals (42) can be used only as long 

as the variation parameter R„ remains close to 'i? 0 during the 

variation. 

Each interval was divided into a large number (e.g. 200) of subin­

tervals, which were integrated by Sirnpson' s rule • • Fofu /N was cal­

culated by taking into account the first thirty shells „. . For S >S" 

the numerical integration can be avoided by expanding the integrals 

(23) into a series (appendix X ) or by using (39) when possible. 

# Division into a smaller number of subintervals, which then are 

integrated by a higher interpolation rule, keeping the total num-

ber of points constant, gives worse results. This probably 

occurs, because the behaviour of the SRC-function in the region 

of the hard core prevents a good interpolation of the integrands 

over larger intervals. 

In the hcp lattice we must take 61 shells to get the sarne accu­

racy. 
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1 o''-''/N The minimum ot r with respect to the 6 variation parameters 

'(', R„ , L< , ""' , ~ , -r-. was obtained by the method of the steepest 
decay: 

\hie use a 6-dirnensional parameter space. To get a starting point we 

choose a set of pararneters. For this point the gradient is calcula­

ted numerically. rrhen a step into the direction of the negative 

gradient is done to get a new point, which is closer to the minimum. 

This procedure is repeated until the coordinates of the minimum are 

determined with a certain accuracy. 



• 

IV Results of the ground state variation 

As a starting point f or the variation we have to choose a set of 
parameters 'R„, r , o< , k , .....,, , f> , -r-.. For 'i?„ we take the experi­
mental value 'Ko • ; can be estimated by comparing 4/ rr with the 
mean square displacement of the molecules. This quantity is about 
16% of 'R0 for ~J.. [35a) and about 14% for p~ f36 J • 

ex., k, ~, ~ , -r-. are chosen such that the shape of the SRC-function 
(II,21) 

( /1 ) 

is qualitatively the same as Nosanow's (II,14). 

The variation procedure is straight forward (chapter III). It 
turns out that all parameters except OC can be varied freely • 
and are therefore determined uniquely by minimization of E0 l?,J = 

Eo... ~ Eo~ , which is then a function of 0( only. The value of 

<X decides whether the cluster expansion F0 -= F0 „ + E~~ .,_ Eoi + •• , 
is convergent or not • 

It should be noted that the questions which arise with ~ can also 

be discussed using Nosanow's / in its slightly more general form 
(II,18). Here k' plays the same role as our 0( • Nosanow's choice 

k' = k is only justified because of the convergence of the 
cluster expansion. A very suggestive form results from it: /(~J = 

exp [ - k Vo ,.,.1 / l, l. J , where V<1 is the Lennard-Jones poten­

tial. 



a) For o< -> 0 the function (1) essentially behaves like 
exp [ - k ((;"/..,-) - ] * and does not yield a minimum of EJ~1 

• 

Thus the cluster expansion does not converqe. The physical inter­
pretation is the followinq: as k is increased the kinetic enerqy 

Eo~ is continually lowered until the molecules are no lonqer 
localized. Numerically a minimum of E'o la.> can not be found for 

o< ~ o. ""'o in the case of i..i~ and f or « .{. O. o + in the case of .a"". 

b) The larger ~ is the larqer the inf luence of the maximum in 
1 (..,.) becomes. If o< is chosen too larqe, the maximum extends 

to the reqion T ~ R~ , where the molecule is localized, and 
destroys a necessary condition [29, 32] for /l~), namely 

(2) 

It can be shown [ 37] that this condition is connected with the 
rate of converqence: The cluster expansion of Nosanow can be 
written as a power series with respect to a quantitv [, which is 
def ined as 

f or nearest neighbours (3) 

(For the more distant neighbours % is very close to zero) • 

Because of the maximum in f c.,-1 cf obviously increases .rith 
increasinq ~ and the converqence becomes worse. Numerically we 
obtain a linear dependence between l and c< [ see table 1 ] • 

To qet an estimate of the upper limit for « we perform the varia­
tional calculations not only with the function (1) but also with 

1
The function exp [ - t< ( C/.,.. J "°] has already been discussed in 
[29] for helium. The results are similar to ours. 
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Nosanow's SRC-function (II,14). In this case we obtain: 

0.049 

0.052 

0.010 

0.076 
(4) 

In the case of helium l generally is larger (up to 0.10). Never­
theless the convergence of the cluster expansion is f airly good 

[32] : The leading correction term amounts to 5\ of Fai in the worst 
case. If f o'i is included into the variation procedure, the value 
of the minimum changes only slightly. The same holds for the wave 
function. 

For hydrogen we expect that the convergence is even better, since 
hydrogen is not as much a quantum crystal as helium is. This can 
be seen, for example, by comparing the relative mean square dis­

placements of the particles: 16\ for H~ and 25-30% for helium. 

Now we go back to our ansatz (1) for the SRC-function. We restrict 
lX so that t is always smaller than the minimum value of l in (4): 

(5) 

We obtain from table 1: 

o< <. 0. A~ for ~~ and j)"'- (6) 

Table 1 shows the results of the ground state variation. For o-U~ 

and r- u.., the results are given for the whole range of 0( which 
has been determined by the considerations in a) and b). We see 
that within this range the quantities which can be compared with 
experimental values change only very slightly, although the change 

of ~ is large. In detail the changes are in the case of o-H~: 30% 
for rx , 0.16% for 'R"" , 0.55% for fqli'/N , 0.3% for V<~4> • For 



---
<X r k ~.., '111 t1 -r_ E/1.yN fi~1>

1 r-. t{f 
'(f?A) J 0 

SCR 'K„ r; 
crystal [Ä-~l r,41 r A-~1 ~ 

f unction tA 1 [M\eV J t,% 1 

t-3 
Al 
tr .... 
CD 

.... 
• 

~ o-H
2

(fcc) 0.10 4.33 0.047 3.736 15.69 6.29 3.06 -7.27 15.1 0.987 1.004 0.027 
II ::0 

CD 

~ 0.11 4.43 0.040 3.738 16.28 6.10 3.05 -7.28 15.1 0.997 1.005 0.034 fn s:: 
• 

:J1;:' 0.12 4.51 0.034 3.740 16.79 5.92 3.04 -7.30 15.1 1.005 1.006 0.041 
.... 
rt 
fn 

..---
~lci 0.13 4.59 0.030 3.742 17.25 5.76 3.04 -7.31 15.0 1.012 1.007 

0 
0.046 H\ 

~ rt 

p-o2 (fcc) 0.01 8.12 0.027 3.519 19.91 12.40 2.99 -12.34 11.8 0.998 1.002 0.017 
+ 

::r 
CD 

.Q 

>< 0.09 8.38 0.018 3.523 21.47 11.31 2.98 -12.37 11.7 1.008 1.003 0.028 t1 
0 s:: 

~ 0.11 8.60 0.013 3.526 12.76 10.47 2.97 -12.39 11.6 1.018 1.004 0.038 
~ - 0.13 8.79 0.009 3.529 23.92 9.80 2.96 -12.41 11.5 1.025 1.006 0.047 

""' ' f p-H2 (hcp) 0.10 3.82 0.083 3.764 13.61 5.75 3.08 -fi.69 15.7 - 1.004 0.018 -t' 

p-H2 (fcc) 0.10 3.83 0.083 3.764 13.65 5.76 3.08 -6.68 15.7 - 1.004 0.018 

::s 

°' ""' ..e-
fn 

1 rt 
Al 
rt 
(1) 

< 
Al 
11 .... 
Al 

o-o2 (hcp) 0.09 7.93 0.025 3.543 20.27 10.91 3.00 -11.56 12.1 - 1.004 0.027 rt .... 
0 

0-02 (fcc) 0.09 7.93 0.025 3.543 20.28 10.91 3.00 -11.56 12.1 - 1.004 0.027 ::s 

.......,,,,. 
o-H2 (fcc) 3.78 0.204 3.728 -7.17 15.3 0.939 1.036 0.049 •I - - - -

~ 1 
~ 

p-o2 (fcc) ~ - 7.04 0.217 3.513 - - - -12.26 11.9 0.965 1.050 0.010 
""''"l 

~ ,.. 
p-H2 (fcc) 3.54 0.220 3.759 -6.60 15.7 1.040 0.052 1 - - - - -

~ - 0-02 (fcc) 6.65 0.238 3.534 -11.48 12.2 1.050 0.076 ~ - - - - -
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deuterium the situation is even better. 

Most of the parameters contained in the SRC-function f <rl change 
rather rapidly with a change of ~ when the variation is performed

1 

but in such a manner that the shape of (lT) is not essentially al­
tered. (For example the changes of k and ...,,,, compensate each other 
up to a certain extent). This emphasizes the fact that the para­
meters in /lT) are pure variational parameters and cannot be 
compared with physical ones. Only the shape of {(YJ is relevant 
f or tl'e problem. 

Though the parameter o< could not be determined by variation, we 
can now conclude that the variational problem (II,41) has been 
solved by giving stable results within about 1%. 

Actually it does not matter which value of ~ we select from the 

region of convergence given by a) and b). Therefore in table 1 only ~ 
value of tX. is chosen for p-1-11 (hcp) and o - ~~ (hcp) as well as for 
the hypothetic r- H~ (fcc) and O - ))~ (fcc). Since the differences 
between the results for the hcp and fcc lattice are very small 
the control calculations with Nosanow's ~ have Deen made only 
for the fcc lattice. 

To give an illustration of the numerical results in table 1, the 
SRC-function f l"I'-) , the one-particle-function 'fJ 0 t.,..) , and the 

effective potential Vo~~ c~) are shown in the figures 1 and 2 

for 0- "'~ and r-.O~respectively. Nosanow's I and his results 
are also shown for comparison. 

we see that our ansatz (1) for f c.,.J fulfils the condition /-'> /f 
where ~~ is large, better than Nosanow's tcrJ does. The diffe­
rence is even better seen at the effective potential, which should 
not dif fer from V 0 for large values of -r , because the short range 

correlations can play a role only inside and near the hard core. 

Let us now compare the results of the ground state variation with 



the experimental results, which are qiven in table 2. 

1) The nearest neiqhbour separation ~o is well approximated. Ne­
vertheless a sliqht discrepancy can be seen when we compare f or 
example o- H~ (fcc) and r- 1-1.i. (hcp). The observed difference in 

~o is smaller than the calculated one. One reason is that the 
q-q-forces, which are attractive in the averaqe, are overempha­
sized by the bad value of ro t.(I • See 2) • 

Table 2 Experimental results 

R tAl 
V<tl:!t"'> ro tff 0 E

0
/N crystal x-ray neutron ~() f'"'o 

dif f raction f meV) [~o J 
1 

0.67-0.84! o-H2 (fcc) 3. 756,:!:0.0l 1 
; 

p-H2 (hcp) 3.761+0.007 -7.94 15.7 -
[7] see t31J [35a] see 02] 

p-o2 (fcc) 3.59 +0.01 3. 588,:!:0. 01 0.79-0.88 

0-02 (hcp) 3.600+0.04 3.59 -11.89 13.9 -
[8] [11] see (31] (46) see (22] 

On the other band the differences between l?o and '!?.., are smaller 
tnan the chanqes which come in by the uncertainties of the 
Lennard-Jones parameters 
36.7 k from [43] instead 

• 3.769 A instead of 3.736 

0 
fJ and E.. • If we take u = 2. 59 A , E. = 

• of our er-= 2 • 9 3 A , [. • 3 7 k , we qet R-. = 
0 

A for o-11.._with O<. = 0.10. 

2) r. e// / r;, has been determined by a lot of experiments, such 

as nuclear maqnetic resonance (NMR), neutron and Raman scatterinq, 
see [221 • The results lie between about 0.7 and 0.9, whereas our 

calculation essentially yields 1.0. Harris f 23] obtained o.84 with 
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more sophisticated methods; The value 0.84 is composed of the 
factors 0.94 from "static phonon renormalization", 094 from 
"dynamic phonon renormalization", and 0.95 from dielectric 
screening. The "static renormalization" is calculated by using 
Nosanow's SRC-function and data from p-U~; the anisotropic q-q­
potential between the o -1-li, molecules then is averaged over the 
zero point motion. Thus the factor 0.94 corresponds to our re­
sult 0.939 (table 1), obtained by Nosanow's function. The "dyna­
mic renormalization" results from the perturbation of the orien­
tational order of the molecules due to the phonons. The effect 
has been calculated by Harris with perturbation theory using 
a Debye spectrum for the phonons. 

3) Similar to the ground state energy the mean square displace­

ment must also be calculated by a cluster expansion [457 ; 

<~~.t) =<OIM.:~IO> + f'{<OOl~•.t{./·l()o> ~ \ (7) 
- '-' / 1 J'- 1 - < 0 l 1.t.: 1 0 > 

~ .... oo T~i Oo> -

<: O 1 11~"- 1 o > is equal to 3/(2 0) • < o o 1 ~.~ /•/" 1 oo > is cal­
culated by the methods described in chapter VII and yields 

~Ar·< 001 /'\ loo-:>. "t, • Thus we get 

<. ~'' '> = 1~ [ /l + Z At, ( "ls - „ ) ] 
s~ ..... 

(8) 

Nr. is the number of molecules in the shellS. 

For nearest neighbours ~ turns out to be between 0.9855 and 
o.9976 for the different cases we consider. For more distant 
neighbours "z, is very close to uni ty. Thus the value 3/2 r is 
reduced by a factor 0.826 - 0.971 due to the short range corre-

lations. In table l the quanti ty V< ~A. > / 1t, is listed. 

Schott [35a] has measured V<.~">= 0.59 Ä = 15.7% of 'Rofor 
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hydrogen containing 68% o-a2• The experiment was performed at 

4.3°K with the disordered hcp phase. Thus we must compare it with 

our value 15.7% for p- H~ (hcp). Of course this exact aqreement 
occurs by chance. A similar comparison can be made between our 
value 12.1% for o - u4 {hcp) and the experimental result 13.9% 
f or O • ]) i, at 5 ° k. 

4) We still have to discuss the most important quantity: the 
ground state enerqy Eo • Unfortunately Eo has not yet been mea­
sured for the ordered state, but only for the hcp lattice. -
We obtain a qood aqreement only for deuterium: - ll.56meV com-

t~/ pared with - 11.89 meV. For hydrogen the calculated Fo ,N = 

- 6. 69 meV still lies 1. 25 meV above the experimental fo 111 = 
V - 7. 94 meV. Inclusion of Fo~ into the variation will certainly 

not chanqe this discrepancy very much, as was already discussed 
in [32] • 

Another question is whether a further ref inement of the SRC­
function will improve the situation. This seems improbable 
looking at the small improvement of 0.1 meV, which we have reached 
by our f l r) compared wi th Nosanow' s. 

Thus it is obvious that the modified Hartree ansatz (I,l) 
must be criticized. Here each molecule moves in the mean field 
which is produced by the surrounding molecules. But the motion 
is independent from the motion of the other molecules, whereas 
in reality there is a correlation. This long range correlation 
is not contained in f () ~ ( 4'o, H 4J„ ) / (<Po 1 cf>o ) and may be 
att least for apart of the discussed discrepancy~esponsibl:;-[ 

0 
as the Debye temperature of hydrogen llOk= 10 meV [35a, 44] is 
larger than the ground state energy per molecule. 

The long range correlations will be calculated in part C of this 
work using a time dependent Hartree method. 
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C Collective excitations 

V Random Phase Approximation (RPA) 

We want to develop a theory which describes all low-lying collec­
tive excitations (phonons, librons, and "mixed" excitations, which 
arise because of the coupling of the two) in pure o - HL and p -.9~. 
We shall work within the frame of the RPA or time dependent Hartree 
method at T~ o. This means that the damping of the exc.ilations 

will be neglected. 

The theory will f irst be developed neglecting short range corre­
lations (SRC) • In the next chapter we shall see which changes 

come in by the SRC. 

We start as we did in chapter I: The ordered ground state is 
approximately described by the Hartree wave function 

lv -// (1) 

with 4< 0 = 'f 0 ( '?_.; - _fJ.: 0 J . y 
A,O (_Q.;) 

(I,7) 

(I ,9) 

There are two types of single particle excitations; three trans­

lational ones 

(2) 

and two orientational ones 



(3) 

For both types we use the shorthand 

A:. k 1 ~ = X, y. t I + .11, - ""' (4) 

A labels 5 single particle excitations. 

Since there are 4 molecules per unit cell in the Pa3 ground state 
structure, we expect an eigenvalue problem of dimension 20. 

+ 
We define operators bf , b/'I\• , which create and destruct a 
molecule in the state /-"' wi th the wavefunc"Cion \y~ ""'. The index ,1'­

labels ground and excited states of the molecule: 

(1) can be rewritten then 

\ 0 '::> ~ 0 0 ... ~ 
. . . 0 . , , . 

""' 

where 1 ) is the vacuum state. 

i '> ~ ,, . b. 0 + 1 
" > 

" 

The localized single particle excitations are written: 

1 
0 () 
A ..l. . . . 1 A-+ 0 

-:: Ja. b. 1 0 > a 1 

(5) 

(6) 

(7) 
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In order to get the energy of this excitation we use the Hartree 
equation 

...- !'" \7) 

l i + ~ < I o' "J.:; 1 v o '> ::0 f.r" „ 

l 

wi th W ~; = intermolecular interaction 
1
• L 1 ~ z 

- I"" I . „ 

:-rl i .C /" J I W :1· 1 v J > 
a 

a jt*") 

= kinetice energy 

= molecular field on site i 

(8) 

We choose coordinate systems so that (8) becomes diagonal {these 
coordinates may be different for different sublattices): 

- J"V \'I 
1-" -t- ~ zro1 W;1·1 vo> = [11" [/""' (9) 

' 
Then 

(10) 

is the single particle excitation energy in the Hartree approxi­

mation. ,f A is independent of i. 

After this static calculations we go on to the dynamics of the 

problem. 

We consider the motion of a molecule i in a time dependent mole­
cular f ield which describes the effect of all the other molecules 
on the molecule i, whereby the state of the whole crystal is 

given by a time dependent density matrix. This method has been 
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developed by Breni9 [33] for the case of phonons; we 9eneralize 

it for our case. 

The density matrix is defined as 

/ b ~ + 
....... 1 ltl 

(11) 

If the expectation value is taken wi th re'spect to the Hartree 
ground state, we simply 9et 

(12) 

with (13) 

In an ideal crystal we have 

(J /'4 V ~ . r .. 
A. 6 "I 

(14) 

which means that every lattice site is occupied by just one mole­
cule. 

We must solve the equation of motion 

(15) 

(16) 
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Here V~ is the above mentioned time dependent molecular field 

(17) 

If we insert gHartree from (12) we once more get the time inde­
pendent molecular f ield 

\' I - ~ <ro J W~,·) Y.:1 '> = 
1 

( 18) 

The equation of motion explicitely reads 

(7.rr - "'") f ~" " - ' . . +-" . 
(19) 

Now we consider small admixtures of excited states to the Hartree 

ground state and linearize ~ : 



~I r (' J11t V ( Mo'/ - ~ LJ-t 
-:= /V~ o I + (;-~ I e f l . C. ) 

(20) 

With this .f we linearize the equation of motion (19). We use 
the Hartree equation (9) and get after some calculation 

From this equation we get 

[tv - ( E~ - E„-~>] ~.J"" = ( N·" A. f"} \1
1
/ >'I w r .... ~ (22) 

• „ - IV~ LI <..f1- l ~„ 1 "~ > \) . t. s 

• 1·,'t,f 

Using (13) we see that only the quantities G'"/ 0 
and C-:"'A are dif­

ferent from zero. Thus we obtain two equations from (22): 

(23) 
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In order to solve these RPA-equations we must express the matrix 

elements < A ;:s / W.:
1
· I o v '> by the elements < .4o1 W.-,-1 o ~ > . 

We can choose the functions 'P 0
( q_.; - ~.:"} and 'f'K { f!,;- q~- 4Jreal. 

For the spherical harmonics Y"" """ { .12.: J we use the siqn convention 
' of Condon and Shortly, namely y ,., >r .,. _ v • Then we obtain the 

........ IA,-0( 

f ollowinq relations 

< k L 1 \.J 'i l 0 o '> = < k o I W ~·.-1 o 1' '> : < k o 1 /,J .;· 1 o L > ~ 

<o(klW~,·100") = <o<o1w~~·IOk'> ~ -<o<o1w~1-IOk'>"' 

<koe 1w~1too'> ~-<kolw~1 10~>= <ko1 w~il oo<>~ 

<o(O(. 1 w~.-130'> =- - <o<ol w.:,1 o~/ = -<~01 w~,·1 ooe'.>~ 

zo<~ \ W\j\DJ'>= -<'o<olw~1 1 Oti'> == -<~olW.:il o~>" 

0(' -1-A -.II 1 

(24) 

Since 1 °' ">':iJ must be expressed by 1 ~ ) , we cannot use our short­
hand notation A: k.~ for the next steps. First we consider 
the RPA-equations (23) for the case A~k. With the aid of the 
relations (24) the two equations (23) can be combined to qive 

with f: i<llf, -'1 
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Similarly we obtain for the case A = <X : 

(26) r { f <a< o 11./11 OL > (rot+ 'i •b) + ; < o< o 1 W,j 1 ~,4 > ( Gj tf: 'i o,i) l 

Apart from (24) we have used the fact that the two orientational 
single particle excitations (3) are degenerate: 

= c e­
o( 

This is easily shown by 

(27) 

(28) 

- O(G( - Cl("' -DO ....._ with /~ , 1 ~ ~ = ,~ , because the orientational excJJations do 
not change the rotational energy. 

Now we make use of the translational invariance of the lattice 
by an ansatz in the form of plane waves: 

(): kO 01< ,,.., k L .{ 'i?,·" 
~ t ~ -= Ci e - _„ 

i: ! fl·. ~ oto _ t'"'~ Oti = ~ oc e, „• 

(29) 
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NA 
Here the components C} of the polarisation vector must carry 

the index j , because of ..,:. = l ~. 3 J • 

Substituting the ansatz (19) into the equations (25) and (26) 
the order of our eigenvalue problem is reduced from 20 ·IV to 
20. We can again use our shorthand notation A: k, o< respectively 

and we obtain 

(30) 

. 
The summation overimay be split: 

(31) 

with 

(32) 

:::"'7 ' Here 2 denotes the summation over all molecules of the sublat-.... 
tice 4 for L.t} and the swmnation over all J.'llOlecules without ~ = 

~ for .t...::}. 

For the explicite solution of the eigenvalue problem (31) we 
must remember that we have used different coordinate systems in 
the different sublattices so that the matrix of the single par­

ticle excitation energies is diagonal. [See equations (8) and 
(9) ] • On the other band the wave vector i. should be expressed 

in a crystal-fixed frame as usual. 



Therefore we transform the different sublattice systems to a coor­
dinate system whose axes are parallel to those of the cubic lattice. 

First we consider the subspace of the tranlational exciations. Here 
the transf ormation is perf ormed by a rotation of the coordinate 
systems in ordinary 3-dimensional space: 

IV l< z R. kt '4 Cl : 
(d3.f3. Y1J C3 

l,, 

"' 1( y ){ k~ (33) 
c~ :;; L.., c 1.., 

~ 1 ä 

with oi.,j., r = Euler angles of the rotation. 

Within the subspace of the orientational exc:tations the matrix 
of the excitation energies is always diagonal, because it is pro-

partional to the uni t matrix ( G °' =- G ~ J • Theref ore we can 
choose 

= c o( 

' 
(34) 

(33) and (34) may be combined: 

(35) 

with 

R oCo( ::- A 

i 
. 
J (36) 



and 

0 o( 1( -
1\ d - 0 (37) 

because we do not want to have a mixed representation for the trans­
lational and orientational exciations. 

By (35) the eigenvalue equation (31) is transformed to 

(38) 

with 

(39) 

(40) 

(41) 

In reality we need not carry out these transformations, if we 

want to solve our eigenvalue problem. We can start directly with 
the equation (38) working from the beginning in the cubic system. 
(38) may be considered as a generalized eigenvalue problem of the 

form 

.s c -- (42) 



with 

s At{ 
:;. 

a"" 

]J A il --a"' 

and 

- S-0 -

c, A-ir. 
+ A 

~L a"'" ~ 

A [, {t -11)A11 -
A jt..- J 

-A~ 
1 . 

l.. -
- f() 1 • ... 

E AE 
J 

':f > -

+ J.; L ~Aol hh„1 ~o> - [A'1 <ool lrJ~i IOJ'>] 

~ 

(43) 

(44) 

(45) 

(46) 

For the explicite calculation we only need the equations (42) -
(46) • 

Since D is not a uni t matrix, the eigenvectors ~ do not form 
an orthogonal system. Nevertheless the eigenvalues u~are real, 
if o is positive definite. This is. the case here, because the 
eigenvalues of D are equal to 1/(2 cA ) with all l~ being positiv. 

After these calculations which concern the ordered phase of O·U& 

and r- .D<\. 1 let US COnSider r · J.ll. and 0- ~L fOr a moment. 

These are special cases of the general problem (42): The inter­
action between the molecules is spherical symmetric and there 
are no orientational excitations. Thus the indices A,E may be 
replaced by k , L • 
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In the hypothetic fcc-phase of r-~z. and o -,D-t. the transformation 
(33) is not necessary, since the excitation energies lk are all 
degenerate. (42) is no longer a generalized eigenvalue problem, 
because D becomes proportional to the unit matrix. We get 

s kl., c, k L. -1 { kl, = + 3 t.. • E. 1~ 3 t., ~ (4 7) 

]) k~ ,., .f k~ ~ -
~ "' ~e. ~ .t., 

(48) 

The division into four sublattices is only formal, because there 
is no orientational order which distinguishes different sublattices 
fran each other. Nevertheless we use four sublattices in order 
to compare with the ordered phases. 

The real lattice of p- lfz. and o- .9i. is hcp and has two molecules 
per unit cell. We choose a coordinate system such that the z-axis 
is parallel to the c-axis of the hcp lattice. Then the two other 
axes lie in the hexagonal plane. As the z-axis is distinguished 
from the others, Ei will be different from Ex and fy • The latter 
must be equal, because the rank of the tensor E1~~ is two but the 

synmetry of the z-axis is threefold. Thus D is diagonal but not 
proportional to the unit matrix. 

After the consideration of these special cases we go back to the 
general problem (42). We have to test whether the translational 
invariance of the lattice is actually fulfilled by (42). The 
limi t of long wavelengths ( .fc. -"> o ) corresponds to a translation 
of the whole crystal, whereby the energy of the acoustical modes 

must go to zero. 

For this case we shall see later that the translations and the 
librations are decoupled and therefore (42) becomes 

\' ~ kl,, ( "' : 0) c 1.,, --
h 1'- - t.. 0 L,4 

(49) 
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This must be fulfilled for any translation, hence 

( kL. 
::::> • ({=O) 

~ ~ - = 0 (SO) 

By (43) we ob~ain the followin9 condition for the translational 
invariance (we shortly call it acoustical condition) 

-:-7 1 

.Z, L < kol W~·I oti > • 1 
(51) 

q 

On the other band r kt. e 
3 

has been defined by (46): 

E{" = 1: k~ - f •• T; •• -1- f,' [ .!: kot 1.J;·t L o> - .f""< ool W;; 1 OJ>] (52) 

J 

The question is whether (51) and (52) will yield the same l . 
Let us consider a normal crystal: Here the potential l.J.;i behaves 
in such a way that the molecular field V~ may be replaced by an 
harmonic oscillator potential. Then the single particle wave­
functions are Gaussians and the matrix elements in (51,52) follow 
the relation (see chapter VII): 

Canparin9 (51) and (52) we obtain the condition 

- kt, 
1 . 
" 

(53) 

(54) 
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As a simplification we consider a spherically symmetric molecu­
lar field V~. The Off-diagonal elements vanish and (54) simpli­
fies to 

- klf 
J • 

"' 
- 0() 
1 ~ 

':'{1 

~ ~ [ <. k. o I W .:1• l k o > - < /> o 1 w ~; 1 o :>> j < 5 5 > 

a 

T~ kk _ 1~ o.J = (56) 

This is indeed fulf illed because of the wellknown fact that for 
an harmonic oscillator the kinetic and the potential energy are 
equal on the average. 

We can conclude that the acoustical condition (51) is fulfilled 
if we use a harmonic model potential. 

In this work we use a different method. We determine the ground 
state single particle wavefunction variationally by minimizing 
the Hartree ground state energy 

bo / N 
- ~.J 1 7/ 

= ' . + ~ < ool w~,·1 OJ) "' )..._ 

d 
(57) 

- IJ.J 4 v/Jo ~ I • ... 
"' ).._ 

As trial wave function we use a Gaussian: 

o y,, - t r l ~~ - ~.:'' J 

'f ~ ~ (f.) e (58) 

For the translational single particle excitations we then have 

to use 



'P~ -x = - {;f' (X.: -X~ o J . 'f: o 
(59) 

'f~ y 
1 

'f~ c analogous 

The molecular field V; , which is obtained by the variation pro­
cedure, is not exactly an oscillator potential. Thus the functions 

'P~ •, '!;, I< are not the exact eigenfunctions. (For example V~ may be 
very similar to a parabola where Y'~ 0 is !arge, but not where ~ '< 
is large) • 

Therefore we cannot expect that (51) and (52) will give exactly 
the same [,, • But for a normal crystal the difference will be 
very small. 

For quantum crystals however the situation is more difficult. 
Nosanow has shown [29] that these crystals can formally be trea­
ted as normal crystals to a certain extent if the true inter­
action is replaced by an effective one (II,16). For the case of 
helium Nosanow calculated numerically both V.:. and '!;, 0

• At least 
near its minimum, V~ looks very much like a parabola. Thus 'P,; o 

could be very well approximated by a Gaussian (II,15). But it is 
not clear how much V: is parabolic, where 'f;, '< is large. The can­
parison of (51) with (52) is a good test for this question. 

Therefore we proceed in the following way: Since we know that 
the crystal is actually invariant against translations we use 
(51) instead of (52) for the solution of the eigenvalue problem 
(42) in order to ensure the translational invariance. This means 

kt, 
we calculate G3 by the matrix elements < k'ol W.:;1 oL> which are 
proportional to the coupling parameters. On the other band we 

must also calculate f.t·a. by (52); as a sum of kinetic and po­
tential energies. The canparison of the results of (51) and (52) 
will show, whether it is justified to treat not only the ground 
state but also the lowest excited states formally by the harmonic 
theory. 



We have discussed our method for 
so far. For the ordered phase of 
additional diffculties. 

quantum crystals in general 

o ·Hi. and p - ~& there are 

For f.: 0 
we use the isotropic Gaussian (II,15), (58). The small 

anisotropic interaction, which is contained in w~i' leads to 
a molecular field which is slightly anisotropic: 

(60) 

In a self consistent determination of '!,; 0 
the next step would 

be to solve the Hartree equation 

(61) 

This would lead to an anisotrn~ic 'P.: 0
, which would have tobe 

inserted into (60) again, and so on • • 

We neglect th;i.s feedback of V~ on 'P:. 0
• This means that we calcu­

late ~; 0 in the zeroth order but all matrix elements in the 
first order with respect to the smallness of the anisotropic 
interaction compared with the total W~4. Thus ~ 0 does not re­
flect the special point synunetry of the ?<A. ~ space group, but 
the energies ~(~)of the collective excitations do. 

0 
• The self consistent determination of \O.; by iteration of (60) 

with (61) is identical with the variational determination of ~o 
by minimizing the Hartree ground state energy (57) • As variatio­
nal ansatz for an anisotropic 'f~ 0 we would have to use (II,20). 
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The lack of self consistency, which occurs by the use of the 
isotropic ~ 0 , can be seen for example by considering (52). 
Here the kinetic part is diagonal because of /~ 1<1,,..,, ['<~ but 
the rest, V i, '< 11 

- f 1<1. V. QtJ , is not. However this diffi-„ 
culty vanishes formally, since we have to use (51) instead of 
(52) anyhow, because of the condition for the translational in­
variance. 
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VI Effective Hamiltonian for systems with short range correlations 

In the last chapter we have diagonalized the Hamiltonian /./ = T + V 
in the Random Phase Approximation. The description of the ground 
state and of the excited states has been based on the single 
particle f unctions lf'.: 0 

( I , 7) and l/)~ A (V, 2 , 3) • 

For quantum crystals the short range correlations between the 
molecules become very important. Their influence can be taken 
into account by introducing Jastrow f actors which are two par­

ticle functions f ~j (II, 14, 21) into the wavefunctions. For the 
ground state we use 

N 

II (1) 

For the ground state energy /;0 = a cluster ex-
pansion (II,6) has been made. 

Consequently for the consideration of the excitations in quantum 
crystals a cluster expansion of an effective Hamiltonian dl '= T -1- W 
has to be made. This has been carried out already by Biem [34] • 
We shortly cite the method and the results. 

The total wavefunction of the excited quantum crystal is built 

up as a linear combination 

(2) 

of the f unctions 

lt , , (3) 

with the abbreviation 

(4) 
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where /'4~ labels the ground state and the excited states of the 
molecule ~ • At the moment we consider only the translational ex­

ci tations /" = X, y, e , • • • . The generalization for the 
orientational excitations is straight forward, as we shall see 
later. 

The eigenvalue problem 

(5) 

has to be solved. As the c:/>/-" are not orthogonal, an overlap 
matrix 

(6) 

has to be introduced. The matrix elements of ~ are 

(7) 

Now the eigenvalue problem has the form 

(8) 

with the secular equation 

deA- ( /-1,.e:! - E r ~:! ) = o (9) 



or 

with 

)l = t-~. J.J 

because + and 1..1 

can be assumed to 

(10) 

(11) 

is a normal operator with real eigenvalues, 
are both hermitian and the overlap matrix 
be positive definite. 

The matrices JI /:t'!. , + ft:! and k,r--.x represent N-particle operators. 
A cluster expansion is perf ormed such that Jl is represented 
by a series of one, two, and more particle operators. The series 
is written down explicitely for all parts containing one and two 
particle operators. This means that only such matrix elements 
occur for which ?-' and J_ differ at most at two lattice sites ~ 

and i . 
Finally the effective Hamiltonian is given in the notation of 
second quantization: 

(12) 
A -:-7 ) 

t ~ L ~i r 1 W ~i I v ~ > .,.. t I ' 

/"· v, r. 'L 

"" '~ 

The operators 1.144 +- 1 #V 
~~ , ~~' create resp. destruct particles in 
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the states ~;": w~ is an effective potential: 

[ w ~ ,· ] = [ 1-l.:; 1 -"' [ I 2 V l ' r , r .:i ~i 

(13) 

Here [ • · ·] denotes a matrix with the elements )M-tl • · • I YA.z_ ') • 

In order to make the effective Hamiltonian practicable the matrix 
multiplications in (13) have to be understood as truncated multipli­
cations in a subspace of low lying states. In our case it is conse­
quent to use the space which is f ormed by the single particle ground 

state r :::- O and the low lying excitations ~ = x, 'I, e only. 

= v .. -
"' ~ f·· c,' 

( 14) 

has been used already in the cluster expansion for the ground 

state energy (II,12). 

? is a differential operator 

(15) 

Here the '>perators 'V~ and ~ ~ act on all functions which are to 
the right of them. In the special case that ?~ acts on 1 instead 

on f~ the kinetic energy operator is obtained: 

J • 
v (16) 
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Thus ?~ may be replaced by /~ in the one particle part of the 

effective Hamiltonian (12). The same holds for the matrix [?,:+~-] 
in (13). 

For the calculation of matrix elements a more suitable form of ? 
can be obtained by partial integration: 

'::: - + (17) 

In this very symmetric form the operators act only into the 
direction of the arrows and do not affect /~. 

Let us see now how to use Biem's results for our problem. 

In the last chapter we have considered systems without short 
range correlations. We have diagonalized an Hamiltonian of 
exactly the same type as (12) using the Random Phase Approxi­
mation or time dependent Hartree approximation. The only formal 

difference is that for systems wi th short range correlations W.:./ 
is not the true interaction but the complicated ef fective inter­
action given by (13). Thus we can use the results of the last 
chapter, if we replace everywhere the matrix elements of the 

potential w~j' by the matrix elements (13). 

The orientational excitations in the ordered state of o-HL and 
r-~~ can be included into our formalism by a straight forward 

generalization: We replace the single particle functions ~ 0
fg:) 

and 'P~ ~ ( ~.:) ( "<= >c, y, ~ > by the functions 'K "< ß.;,, ..a.;} and ll-'.; A < (I.:, 12. 

which have been defined in (I,7) and (V, 2. 3). This is possible 
because the differential operators in (12, 13) act only on f?.· but 

not on ]),~ • As in the last chapter the index ,/'A- labels the single 

particle states: 

i: 0 ,- A = 0 „ k; 0( : 0 ,· k 1 y 1 t ,· + A 1 - /J ( 18) 



For the 9eneralized ei9envalue problem (V, 42) we have to cal­

culate the matrix elements .< f1"l ~ l W .;
1
· t y" > and <'J"' o 1 W~1 · I O -J) by 

(13). Since we use only 1 '9 V> , 'r" '> I l or > as intermediate 
states in the matrix multiplications which occur in (13), we have 

to form the inverse matrix of +: C/\· 1 within this restricted 
space. 

Since .(~1• does not depend on orientations, the inversion must be 
b performed actually only in the suspace of the translational states 

OJ ko Ok o(o 0 o( 

00 

ko 0 __ ...., Ok 
t - (19) -

o(.O 1 
0 

0 
'-f"'> 

Oo{ 
0 

wi th < f~ '> = < o o 1 /:~. I o:; > 

The same zeros as in ( 19) occur in the ma tr ices [ ( ?~ + ?, · I / ~·,- ) 
and [ ? .: + v.-1 . 

[ w~.-1 has been defined in (13) as a product of hermitian ma­
trices. Thus [ W .:

4
· 1 is generally not hermi tian. Only in the 

subspace of the orientational states it is, because the matrix 
multiplications in (13) reduce here to a simple scalar multipli­
cation, see (19). 

In the subspace of the tranlational states the de~tvätions from the 
symmetry numerically will turn out to be very small; they are of the 



same order as the numerical accuracy of the calculation of [~~1 
and thus can be neglected. 

The deviations are large however for elements like < o( O I IN I Ok> 
which describe the coupling between librons and phonons. Compare 

3.q. 

< o( o 1 hl t o k > =- < o< o 1 r -1 1 /)(. a '">. < oc o 1 V~ J o k > 

with 
:-1 "4J Lv 

-= Ä ~ 0 k \ +-.., 1 °~ ) < o~ 1 Vu~ I o< 0 > 
L OJ o J -rr 

Nevertheless the eigenvalues of the effective Hamiltonian (12) are 
real, as was mentioned already on page ~ j • 

We now specialize the tranlational single particle functions 
'P.: 0

, 'f.; k in the same manner as we did in (V, 58, 59) : For ~ 0 

we use a spherical Gaussian; and \Pi: X~ - f'i"r-. ( x~ -X .0 J' \f.: 0 . 'f.. y \/). t 
, , " ' r „ 

analogous. 

Wi th these functions the second part of W "i in ( 13) , the two body 
term of the kinetic energy, simplifies considerably: 

[ ?~ + ?41 is diagonal with the diagonal elements 

< 0 0 1 ?~ + ?· 1 0 J '> 
1, l. 

~r -:::; 

~ lM 

c( ko 1 
~1. 

(20) 

?~-f?ilko> 4r :: 
,z M 

[ ( R +- ?J· l / ~~ i ) can be ca1cu1a ted by the symmetric t orm c 11 > of 
~~l. Using the properties of the Gaussians it turns out after 

quite a lot of partial integrations that [(?..: +-~,· 1-1-z~,·] can be 
expressed by the elements of F : 
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<. o o ' l'?~+ ~· 1 /\, , o !) '-> = ~ ~ ~ r < o o 1 / ~.· , {) o > 

zkol ('j)~.f?,·l~l/ LO) = .1~ rf ~<kO/f~ILO'> .f [k,_,(Ovl ~ilOo>J 
(21) 

(. kol('i7.:+;>,·1~i1 DL-> ~ ~~ ~,c( ko11~1 OL> 

< koJ<?.:+?;1/),1 oo> =- ~~ ~r<:. ko11z.1 o"> 

Theref ore the calculation of [ l,J .:i ] has been reduced to the 

calculation of t = tf\·) and CV e#-1 -== t/lt:,· lt.:.·] , which will 
be performed explicitely in the next chapter. 

Before we do this let us treat the ground state by the effective 
Hamiltonian (12). The ground state energy is obtained by 

(22) 

(23) 

lf \7 ~ 1 [ll _„ -
.i /- <.. o o r ,;1· 1 • t f ~- V.:· 1 I 0 o ) . . , ' 

"· J 

(24) 

for the two body term of the kinetic energy vanishes. 

(24) is identical with Nosanow's cluster expansion of F0 up to 

the two body terms (II, 6 - 10) , if only l D" > is used as 
intermediate state for the matrix multiplication. But since we 

use 1-0 ~'> , lro'>, l~>for the calculation of ~/""- 01 w~.·) 'lo > 
and ~r 01 W.:..· 1 "V"> , we have to do the same for ( 0 0 1 wi:.- • 0 0 > . 
Otherwise we would calculate the excitation energies 6,.1< -= ~ '<_ li O 

as a difference of two quantities obtained by different approxi­

mations. 
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Consequently for the ground state variation we have to take the 
approximation (22) instead of Nosanow's Eo. But it turns out by 
the numerical calculation that the of f-diagonal elements < oo 1 r"' t () k > 
which cause the differences between (22) and Nosanow's E0 , are 
rather small (0.04% - 2% of the diagonal elements for the diffe­
rent cases we consider). Therefore it is a good approximation to 
take the parameters which have been obtained by the variation of 
Nosanow's Eo for the calculation of the excitations. This is 
a considerable simplif ication. 

VII Calculation of matrix elements 

In order to obtain the matrix elements <Aol W„,-1 ~o> and <' A o 1 ~~1·1 o i? > 
we have to calculate the elements < A o 1 · ·. 1 1'! i> > , <4 ol „ - / o ·~ > , 

(. A Ol • ·, 1 t!l o ") of the matrices ft 1 l and (Vf!#f J. Analogously to the 
elements ~ o o 1 • ·, 1 o :J > , which have been calculated in chapter 
III, we have to separate the translational integrations from the 
orientational ones. Therefore we start directly with the equations 
(III, 12 - 15) , where V cf(- has been transformed to the fixed 
frame with the axis -t,.~ • -"• 

(1) 



The matrix [ f ~] will be treated in the following as a special 

case of [ /:1. v~ J setting Vo: ~ • 

a) For the case A =- 0( , 'g :::-;t ; rX,/ = ± /1 the separation can be 
performed in exactly the same manner as in chapter III. We obtain 

<.. o< o 1 {~ v~ I; o '> ~ ["11- . < o o J 1• v„ ' .r; ~ > 

/... r1. o l /~V~ I 0 ;1 > = <. of. o 1 {~ V„ I O .J '> = 0 

<'. ot o I Q l" 1 11 '> < .o 1 /tj /:
1 

?.: (.,9 'I ) 1 O 3 ) 

(2) 

The elements <001tiv:J1o:J>, ~o.:>1 t'-vA ~19-P'> ,<ODl./z.f"' ~ 10"> 
depend only on the shell number .S and have been calculated in 

chapter III. The elements ~o<.t> l '\1.•t 1 ro > and <«o I a.:~!~ 1 :1 > 
occurred already in the rigid lattice libron theory [18, 19] 

and were calculated there for nearest neighbours. < ex o l k.:{ 1 ~ > 
vanishes because 11..;i is a sum of two parts which depend only 

on ~ resp. j . Furthermore the sum of the elements ~o<o 114•;!91 ;t.:; > 
vanishes for each shell of neighbours (compare with (III, 36)). 
Therefore only the q-q-interaction Q„„ is important for the 
librons. By (4) we see that the results of the rigid lattice 
libron theory can be generalized to include the zero point 
motion of the molecules, when the rigid lattic q-q-coupling 

constant ro is replaced by the effective coupling constant 
~ < oo 1 t'fl ?„1 ltJ">/ <oo.I f" I oo>· 



n ~ 41 ~ The elements < o( o 1 i.t"'i - 1 .9 D > and < {)( o 1 vt,„·,- 1 t!J o > will be 

discussed later. 

For the matrix elements wi th A ~ k , /5 =- Lt ,· k'. l.J ; x. '1, 't and the 

ones with mixed librational and tranlational indices (e.g. A;.k, 
5 ::o fX ) the separation does not lead to a simple product of matrix 

elements as in (2-4) but to a sum of such products. 

k;; 
b) We consider the elements c(ko 1 '·. l OL ~ first: 

OD 

< - l.,.,? 
k o 1 l"- V 3 1 OIJ "> l 0 () 

needs not be separated. 

< kol J.~ v:. 1A.:·/ ~i'>::: !!!. \74'ko112. V" Y ~ 11.Jo 
1 ' ' IJ ~ L 'f „, . ~. .2. Ci2.;l·) 01., '> -/'* 1 ,....... 1 {)J 

( 5) 

The orientational matrix elements can be calculated analytically 

using (XI, 5): 



with 

as in (III,31) 

c) We still have to perform the separation for the elements 

<. k o 1 • . , / ~; > : 

(9) 

Here the orientational matrix elements cannot be represented simp­
ly by spherical harmonics as in (5) and (6). We have to use the 
formula (XI, 3) 
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(11) 
_A 

The functions 1-tM,:'>-:: Y„,ltM.~·Cfl."~}J refer to the ~i body 
diagonal, whereas Y. ( ..Q · !„ ) refers to the intermolecular 

""•/"'" ~ 
axis ':!..:,-° • The Euler angles ri, /! 1 r describe the rotation of the 
coordinate system with d.1 as z-axis to the system with tp as 
z-axis. 

For (9) and (10) special cases of (11) have been used~ e.g. 
~.: = 0 i w./ ... O< • We do not write down the results explicitely. 

Moreover with the aid of (11) the elements 

can be obtained in a more general way than in the libron theory 
[18, 19] • The calulation of <oc'ol G.:/"1 o.,')and <olol U.:it,, I Oo>, 

which had been ~stponed in a), can also be performed by (11). 

Now we have separated the tranlational integrations from the 
orientational ones for all matrix elements we are interested in. 
Furthermore we have performed the orientational integrations. We 
still have to calculate the translational matrix elements. These 

Lo are of the type < k o 1 a c ..,... 1 ..n..:. ) l 01,, '> wi th 4 {-1", ..n.: · ) repre-
<f 4 IJ - ( • ~ 

senting one of the integrands J .i. , Ji V;> , 1'- \t'" X ~ JJ.,.., V,_ + 
~ T r T ,,.... 1 T ''"wo. ... 

where J1.:0 -= ll .[0 
is the posi tion of r wi th respect to !1 • Analo-

gously to (III, 20) we introduce center of mass and relative coor­

dinates and obtain: 
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/ Lto 
<..Kold\ 0 L.>= ( 13) 

with 

(14) 

and 
<. ko 1 ~ 1 o o > = J ~ 

-=- J f ( ! ) ~ ( X K - X&< o J e Q ( -1", .D '!!~ ) d 1~ ,f;J ~ ! -f l '!-9' 
2 

q ( 15) 

wi th -t = f X'< J 

In (14) and (15) ::trefers to the crystal fixed coordinate system, 
in which we measure the wave vector i. (See (V, 45)). In order 
tobe able to perform the integrations (14, 15) we must rotate 
the crystal fixed system so that +o becomes the new z-axis: 

(16) 

Th2 rotation matrix M can be found e.9. in [38] • 

By ( 16) the integrals J are represented as a swn of inteqrals ~ J : 

(17) 
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J.ic~and ]~ are formally identical with (14) and (15), if :t is 
replaced by :t'· But the important difference is that in 1' !o 1 is 

1 () '!o 1 I ) the z-axis; thus ...i~:r· ~ (.} 
1 
'f' represents the polar angles of 

-r'. 

Moreover we notice that J J(J., and 1 k depend on T,_o = -1-.:./ , but 11.e.' 
and J 1.tc,,

1 
depend only on ;-:> 1 :::- -1-0 • Thus '14c: and 11,' must be calcu­

lated only once for each shell of neighbours. j~~ and Jk are ob­
tained for each special neighbour 1' of this shell by the trans­
formations (17). 

As to the explicite calculation of 1,:and J~ we can introduce 
spherical coordinates i-', J-', '1' 1

• The angular integrations can be 
carried out analytically and only the radial integrations must be 
performed by numerical computation. 

But in reality this procedure turns out to be not as practicable 
as in the ground state calculations. The angular integrations 
lead to very complicated expressions, which moreover are different 

• for the different functions 3 l !' J. 

Therefore we use a more advantageous procedure. 1 kt.
1 

and J k,. 
1 

are 
computed in the form (14, 15) by 3-dimensional numerical integra­

tions * . Since f or each s,atell the integration region is the same 
for all integrands, we can compute 1kt-

1 
and J t., simultaneously 

with respect to the different functions K and with respect to 

the indices "1 and t . Because of ~ :: 1~. ·f·v() 1 t -l. v" Y~.!. , 
r· (' ~.:.+ 14 there are 16 different functions ~ .Thus in princi­

ple alltogether 16•12=192 integrals J 1 can be calculated simul-
taneously. This number is reduced to 

'] 1 , y>t 
ftt-- == 1~"'- and e,- -= l-...,1 Yt,--

grals Jf<: with q:: Jl r y ~ 
d r "-""'-f .... 

66, if we use the synunetries 
and the f act that the inte­

vanish f or !AM f,,., \ > ~ and that 

$ We use the simplest method: The integration region is divided 
into a large number (e.g. 20 000) of equal cubes; the integral 
is approximated by the sum of the function values at the middle 

points of the cubes multiplied by the volume of a cube. 
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the integrals 1 ~ vanish for lllM.. I >"1 and 1...-w.~""" 1 '> A • The last 
statement can be proven by introducing spherical coordinates and 
by performing the II' -integration. - The symmetries and the va­
nishing integrals are used as tests of the numerical integration. 

Now let us summarize what must be made in order to get the matrix 

elements < A o 1 w 1 ß ~ '> and < 4 o 1 W 1 o ~ > , which occur in the 
eigenvalue problem (V, 42): 

The rigid lattice data are calculated only once and in advance: 

For each neighbour ~· = ( ~, ,/._ ) of a molecule ~ : ( ~, d J 
" we need three sets of Euler angles which connect the .:r~; -coor-

dinate system 1) with the !a- -system 2) with the ~t... -system, and 
3) with the crystal fixed system. The orientational matrix elements 
are calcullted as functions of the Euler angles 1) and 2). 

The translational matrix elements are different for the different 
isotopes, potential parameters and SRC-functions. which we consi­
der. For each shell of neighbours the integrals 11c.: and ] ~ are 
computed simultaneously. The translational matrix elements are 
obtained then for each special neighbour of this shell by the 
transformation (17) using the Euler angles 3). 

Then the elements of [ Vf{i 1 , t{t J , and [(?.:. + ~· I /~] are 
calculated by (2)-(6), (9), (10), (VI, 21) and the inverse of tftJ 
is formed. [ W;i) is obtained by the matrix multiplications in 
(VI, 13) • 

In order to get stable results for the excitation energies, [W.:i] 

must be calculated at least for the f irst three shells of the 
fcc lattice. In this work the first five - shells have been ta­
ken into account. From the third shell [/~] can be replaced by the 
unit matrix. 

respectively six shell of the hcp lattice. 



The method which has been described till now is not the only one to 
calculate [ W.:.; J • There is another one, which is not suitable for 
the explicite calculation but which is very usefull for general 
considerations, for example concerning the symmetries of [W~]. 

In this method we work from the beginning in the crystal f ixed 
coordinate system, which we denote by the index G • We can take 
over all formulas of the first method, except those of part a), 

0 

when we replace the index -r .;i by C: everywhere. In part a) we 
cannot use the simple formulas (3, 4), but we have to proceed 
in the same manner as in part b) and c). For each part we give 
the results of the separation for one typical matrix element: 

< rXO I J~ .. r .c .l {, 0,A ~o;;- v--.,L---
k.? =t "• i.-; Q ( JJ~ 1 Jl, 1 .af .. ll OL. > =- .... o- Cf 111. 
1( 0 • 1 - 'I 0 0( T „ ,, "'"' „ 1 ,_"" ) • 

"""'·"'" 

Ov 
OL, '-.,, 

OiJ / 

Again we use the formulas (XI, ? , ~) and we see that the orien­
tational matrix elements are expressed by functions of the Euler 
angles, which connect the ~l - and ~e.... - system with the a -system. 
Thus these elements do not depend on ~ and 1' , as in the first 

method, but only on d and .lv • 

The translational elements are again given by (13) - (15), where 
f"l->_"f:..a b l db nC. -l<, must e rep ace y --K :! • 

we want to consider the behaviour of the elements (18) under the 

symmetry operations of the fcc lattice. 

First we consider an inversion • The orienta-



tional elements in (18) do not change, because the sublattice in­

dices ~ and 4 are not changed by the inversion. The tranlational 

elements <. ~; 1 12 f' Yt,,._~,,,. 1 :~ > change neither, but the elements 

< k o 1 ' • ' 1 () o > change their sign, as can be seen looking 

at (13) - (15). These considerations can be generalized straight­

forwardly for all matrix elements of [Vt# 1 and [f i], which have 

not been written down. We conclude that the elements <o<OI • ,. 1 1; > 
ko J.,iJ 00> 

and < 1<0 f • •• f 01,, > of t Vt.ft 1 and f/ il are invariant against in-
() O OI) O<J 

version, whereas the elements <. k o 1 • •• / °'" > change their sign. „ 0( 

'l'he same properties hold for W.:,·1 as can be seen by the definition 
(VI, 13). 

Similarly other operations can be used which leave ~ and 4un­

changed. For cubic symmetry e.g. it can be shown that the sum 

2: 1 
( k o f W .:11 o ~ > wi th ,,\, belonging to sublat tice 1 and 'J. 

~ . 
belonging to sublattice 2 vanishes for k::: X, Lt"" y and for k~x I J..t~ e 
but not for k::: Y 1 ~ ~ ~ • This relation and analogous ones will 

be used in the next chapter. 

* The sublattices have been labelled in (I,10) 



VIII SOlution of the secular equation .for ' = 0 

The case '=0 will be discussed in detail on two reasons: It is 
of high symmetry, so the eigenvalue problem can be solved analy­
tically. Furthermore the results can be compared with the exis­
ting optical measurements. 

We want to solve the generalized eigenvalue problem (V, 42) for 

the ordered state of o- J..I~ and r- D.i, • 

(l) 

with 

(2) 

(3) 

t_ A-B is given by (V, 33-39) : 
d 

c ko( - c°''< Cd - Cd :; 0 (4) 

[ 'f '1{f> ~ t-< • I"tl (5) 

with E. o(. = E ;( < I, i';l, is) 
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Because of (4.5) ]) is diagonal in the subspace of the orientati­

onal excitations: 

= 
{6) 

and (7) 

k'LI 
For [ d we have to use (V, 51) , as has been discussed in chapter V: 

c kL -:-1) 

c ~ -= - 2l<ko1 w~- 1 o L > 
" . a 

(8) 

a 
r k1' The symmetries of cl can be seen by the transformation (V, 39): 

(9) 

~~ rotates the coordinate system with the body diagonal fi,J as 
z-axis into the crystal f ixed system C : 

( 10) 

Because the body diagonals are axes of threefold symmetry, the 

translational single particle excitation energies i x and [ ~ 
are equal. 

The !j have been defined in (I, 11). By (9, 10) we obtain e.g. 

for a = '1 : 
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e 

e e (11) 

with & : ~ fx + 4 c,,.,. J. e - 4 ( E r J 
~ -. c.~ - !. t - ex 

The other ~i are obtained by a simple transformation from one 
sublattice to another one: 

E~ -
_..., 

'R· ca-> L.> f i i< c' -> "- J 
(12) 

with (13) 

For example we get 

-e -e 
(14) 

-e 

-e 

The inverses of the E} are used to construct the matrix 

(15) 



e.g. 

(lSa) 

with E + e vl-= _.1 e 
..t- f- ( 6-t e > - i e z.. c( E~e > -A.ei. 

The other Ei" are obtained simi lar to ( 12 , 13) • 

After these general considerations we consider the special case 

~ = O • In the last chapter it has been shown that .Co(ol W.;,·I ~ > 
and < ko \ w~.-' 0 l,, > are invariant against an inversion 

0 ~ () 
"i:~l -'"> - .!..:~· , whereas the elements < kol W.;il ooC'> and 

<. o<. o 1 l,J.:ä \ o k > change their sign. Thus we have 

\' 1 
'--' 4. k 0 1 w ~i 1 {) o( > ~ 0 

(16) 

and because of (2, 4) 

(17) 

Since these elements vanish, which couple the orientational exci­

tations wi th the translational ones, !;, decays for ~ --= o into 

an 8x8 submatrix S ?L and a 12x12 submatrix 5 ;t . (The 
argument ~ ==- o is suppressed here and in the following). 
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~;1... has been diagonalized already in the libron theories 
[18, 19] and needs not be discussed here. 

For the discussion of 5 kl,, we introduce the abbreviation 
t"-

v' h < k o I W ~,· 1 o" '/ = 
~ 

Because of (2, 8) we can write 

or explicitely 

f or 

for d ::: '-

From this we conclude 

(18) 

(19) 

(20) 

(l."1) 

for eachJ-. (22) 

This is another form of the acoustical condition. 

Moreover interchange of } with .t,,, does not change the matrix 

elements: 

-- (23) 



We now consider how the submatrices s 3 ~ are mutually connected. 
For 1 = t., we can use again the matrices ( 13) , which transform from 
one sublattice to another one: 

(24) 

For 3 * ./,.,, we use the threef old symmetry of the body diagonal& ~r 

E.g. a 120°-rotation around 
by a matrix 

o(„ = ~ ( 11 A,.,,} , which is described 
- 11 1 

0 

1t" ( ),-[J = 0 

0 

--1 

0 

(25) 

t: leaves the sublattice 1 invariant, but inerchanges the other sub-
lattices in the following manner: 
2 -> 3 -> 4 -> 2 • Thus 

(26) 

and (27) 

Similarly 120°-rotations around the other dl can be used. 

k" ' kl< l<I<( The quantities € = Ea :: -2 f c3,_ and CU do not depend 
on ~ • Hence af ter some calculations we get the following rela­
tions: 
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C io~ 
= c kl< ?4 ".t 

c kk -= c kl( 

~" ·n (28) 

c k&.( 
'; c kl( 

.t.l "„ 

Because of (20) exactly the same relations hold for • 

C 
1(1,, k&, 

Most of the elements 34 • ~St... with ~ -t ./.. and '<*Li vanish. 
At the end of the last chapter we mentioned that 

C 
)cy 

4l, = (29) 

The other vanishing elements can be obtained by transformations 
like (26, 27). 

Collecting the properties (11) - (15) and (18) - (29) we can 
finally write down ~ kt. • 

i~ 

5 = (30) 



() Ci., li c,,, -b 0 0 b -b 0 ~ 0 

~ Ca. c~ 0 b -b 0 0 b 0 -b 

(j'" Ci. 0 -lo b 0 b 0 -b 0 

(1 b () 0 -b 0 -b 0 b 

G'" c" C2 c. l -b h 0 0 

G"" (! c~ b -b 0 0 

~ l„ 0 0 b -b 

<:;- 0 0 -lo b 

r;- c~ C4 t~ 

c- C1. C1., 

(j Cl 

c-

With the abbreviations 

(J = - Cz_ - Ci - c,_, 

cj = C XX 
"1J (31) 

b "::; 
C xy 

"'" 
The matrix ]) is obtained by (15, lSa). 

We see that only six constants must be calculated altoqether: 
C~ , Cl , C,,, , b for ~ and J, r:;l or ~, e. for ']) • Neverthe­

less we have calculated all matrix elements <l<ol IN~··/ O'-' > and 
4 

all elements of S and i) in order to test the numerical proce-
dure by the symmetries and the vanishin9 elements of S and ]) • 



The secular equation 

'7{e f; C 5 - (.,.J ~ j) ) = o (32) 

can be solved analytically applying the rules for determinants 
and yields the eigenvalues: 

(,J "~ = 0 threef old 

w~"' = - ..t c ~ - l c~ + .t b 
twof old (33) 

d - O'(,-

tJ ~ 
1 = -~C1 -J..c„ - 4 lo single 

[+,io(, 

II i = _j_ {v.t. + o( J ( V ft ~ 1.t \ l """Ir /A" .i - + y ~ / + Y l C~ - c„ Jot threefold each 

with o( ': - l c .t - c? - c" - .t b 

t1 = - .:l C.i - c~ - C1, + ..t b 

r~ I -ot 

'I -== /f .f ~~ 
Ä 

In order to see the effect of the orientational order in o-U~fcc) 

and p-j)~(fcc) let us consider the hypothetical p-H1. (fcc) and 
o _ D~ (fcc) for a moment. Here the interaction is purely isotm­

pic. Thus the single particle excitation energies are degenerate: 

E)( ':: r~ : l.l :: c. • The matrices E/"' and ]) are diagonal: 
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(34) 

~ decays into the submatrices r)f.X, ~ Y7, ~ l~ which have all 

the same eigenvalues A„=0; ..:l,>.,: -~(C~+CI)i .{ 1 '= - ..Z. ( Ca.. + C 1, ) . 
I 

/l" ::: - Ä- ( C:~ + c„) • Two of them are degenerate because of Ci~ C41 _ 

)c )f )r )( 
or C„.i = elf„ • This relation holds, because the bonds connecting 

the sublattices 1 and 2 are transformed to bonds connecting 1 

and 4 by a 90°-rotation around the x-axis. Finally we obtain the 

following eigenvalues for r-~(fcc) and 0 - J)J.. (fcc) : 

threef old 

sixf old (35) 

threef old 

This must be compared with (33). We see that the orientational 

order causes a splitting of the sixfold degenerate optical line 

into three lines, whereas the threefold degenerate optical line 

tJ„ is only shifted. 

We have calculated the phonon energies for ~ = Q in the realistic 

case of hexagonal r -"'~ and 0 - V.t, too. Using the results on 

page s~ we can specialize (20, 21): 
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[ kL, c k1< 
fo~ } t 1.., 1t s klJ 

= 
d t., 

(36) 
- [ ki, c l.c'< f o-r 3;: 4 

"'~ 

and (34): 

(37) 

with tx =-- l..'I and • Then we get 

t,,J II t, ':: 0 threef old 

IJ~~:: - 1, Ex c X)( twof old (38) 
-1.i 

tJ z._ -l - -'* r~ c l"~ 
1.1. 

single 

The numerical results of (33, 35, 38) are shown in table 3i they 

are given only for one value of ~ for each crystal type. A 

different choice of ~ within the range, which has been deter­

mined in IV, changes the energies at most by 1.5%. 

Moreover the experimental results are cited in table 3, together 

with the results of other theories which have been worked out 

for r -Hz. and o - j) 4- • 
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Table 3 Optical phonon f requencies 

This work N@ut.ron Raman 
crystal with V" <-rl: o other theories scattering scattering 

tJ fmeV] w fmeVJ t.J [meV J f,J fmeVJ 

9.78 (2) 7.7 +0.01 -
9.81 (3) 

o-H2 (fcc) 10.28 (1) 9.92+0.06 -
14.31 (3) 11.52+0.12 

(o( =O .13) [26] 

8.72 (2) 7.12+0.0l -
8.74 (3) 

p-o2 (fcc) 9.14 (1) 9.24+0.06 -
12.79 (3) 10.55+0.12 

1 
-

(Ol.=0. 09) [26] 

l 9.36 (6) 1 7.93 (6) 
' • 

p-H2 (fcc) 13.83 (3) 
1 

10.28 (3) / ./ bypothetic {0(=0. 10) 1 [21] ! 

i 1 lt ' 
i l i 8.38 (6) 

1 
6.57 (6) t 

p-D2 (fcc) l 12.16 (3) 9.1 (3) / / hypothetic 

1 
( 0(=0.11) l [27] l 

~ 

1 6.0 (2) 5.02 (2) 4.73+0.12 

1 

-
p-H2 (hcp) 13.7 (1) 14.62 (1) 10.9 -

(Ol.=0 .10 [471 f35l [21] 

1J. 

0- j)~ (~erd 

1 

5.6 (2) 4.37 (2) 4.6+0.l 4.70+0.12 -
12 .13 ( 1) 13.45 (1) 9.9+0.3 --

1 

l (0(=0.11 f 47] [36] [21] 

l 11. 

* one neighbour shell only 



In chapter III we have mentioned already that the distance de­
pendent part V,.Crl of the anisotropic van der Waals and overlap 
forces is not well known. In table 3 the results for V,., (-r/ == O 

are given. The case V,.,'"'"'~ 0 will be discussed later. 

Comparison with the experiments 

Let us begin with the discussion of the splitting of the optical 
lines in 0- U.1. and r ~ j)~ due to the orientational order. Three lines 
have been observed [261 • We have calculated four lines1 two 
of them are so close together that we have practically only three 
lines. However, the ratios of these lines differ from the measured 
ones. There are several possibilities which could explain this 

discrepancy: 

1) If theartsotropic van der Waals and overlap forces (III, 1, 3) 

are included into the calculation, the splitting may become lar­
ger or smaller dependent on the choice of the parameters in v~ {~} 

(See figure 3). Because V.., contains three free parameters ( c<', 
~4 ,~~), there would be no problem to fit the calculated ratios 
to the observed ones. On the other hand the effect of VA lrJ 

on the phonon energies is rather small ( < /J „%) , if we use recent 

estimates of V"' r..,.) [481 • 

2) The simple product ansatz lr.; 
0 = 'f 0 ( g.; 1 · Y..,, 0 t..D~·J (I, 7) for the 

one particle wavefunction is not exact. The exact ansatz 
IK- 0 

oe 2 V'-., Y„,_. (I, 2) would give another splitting. We assume 
Mllo-

the difference to be amall however, since the rigid lattice li-
bron theories have been successfull. See the detailed discussion 

in (I, 2 - 8). 

3) An obvious lack of the theory is the use of an isotropic 

Gaussian for ~· 0 , which does not ref lect the point symmetry of 
" 
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the 'P~ 3 space group. (See V, 60, 61) • The self consistent deter­
mination of 'f~ 0 using an anisotropic P..- 0 like (II, 20) in the 
ground state variation would be a considerable improvement. The 

explicite calculation of the matrix elements would however be 

very complicated. 

Next we have to discuss the absolute values of the phonon energies. 
We see that our results must be multiplied by a nearly constant 
factor (about o.a for 114 and 0.83 for ])..f.) in order to obtain the 
experimental results. This factor cannot be explained by the 
points 1) - 3), which concern the splitting. We must think of 
two other approximations which have been made in our theory: 

4) It must be tested, whether it is justified to treat not only 
the ground state but also the lowest excited states of the quan­
tum crystals J.lz. and ]))., formally by the harmonic theory using 
the effective interaction tJ~j (VI, 13) instead of the true 
interaction V~i (III,l). This question has been discussed al­
ready in detail in chapter V. We have seen that we must compare 
(V, 51) with (V, 52) in order to get a test. The canparison can 
be restricted to the diagonal elements t{k, because the abso-
lute values of the phonon energies are not much inf luenced by 
the off-diagonal elements. We define 

(39) 

l c? (V, 51) is calculated by the coupling parameters, c r: 
(V, 52) is calculated as the sum of the kinetic and the potential 
excitation energies. The results are listed in table 4. 

~ measures the uncertainties of our results due to the devi­

ations of the molecular f ield fram an harmonic oscillator poten­

tial. We see that l1 is to small to explain the above mentioned 
factors o.8 and 0.83. 



Table 4 

crystal ex.. [f [_ C? L1 
fmeV] fmeVJ [%] 

o-H 0.10 9.59 9.99 -4.2% 
2 0.13 9.96 9.90 +0.6% (fcc) 

0.01 8.76 8.94 -2 ' p-D 2 0.09 8.93 8.84 +l % 
(fcc) 

0.11 9.08 8.77 +3.4% . 

p-H 2 0.10 8.70 9.45 -8.6% 

0.09 8.52 8.53 -0.02% 
o-D 2 0.11 8.66 8.41 +2.9% 

p-H2 INosanow's 8.34 9.65 -15.7% 

0-02 SRC-funct. 7.77 9.02 -16.li 
In the lower part of table 4 a comparison is made with the re­
sul ts obtained wi th .Nosanow' s SRC-function (II , 14) • LI is 
rather large here, probably because the one parameter function 
(II,14) is not flexible enough to be used for the ground state 
and for the excited states. 

5) We discuss now the most severe approximation which has been 
made in this work. In the RPA we have neglected all anharmonic 
terms, 

These cause a damping and a shiftinq of the phonon enerqies. 
Looking at the resulta of Horner f 46] for solid helium we are 
allowed to expect that especially the shifting is a large effect 
also in H, and /)~ and can amount to a factor of about 0.8. The 
inclusion of the anharmonic terms into the theory is planned for 



the future work. 

The last point in this chapter is the comparison with other theo­
ries. For the disordered hcp phase of HL and ~a nearest neighbour 
self consistent phonon approximation (collective picture) has 
been used [47] • The low optical line agrees well with the expe­
riments, but the energy of the high mode is much to large (35\). 

The hypothetic r-l-J1 (fcc) and 0-v.i,(fcc) has been treated in the 
one particle picture, which is used in this work too [21] • Only 
nearest neighbour interaction is considered and Nosanow's SRC­
function is used. As to the ground state the results seem to agree 
with ours. But the optical phonon frequencies are lower and thus 
better than ours. However the difficulties due to the discrepancy 
between the two values for t have not been discussed. Looking 
at the high value of .6 which we obtained with Nosanow's function, 
the phonon energies in f27Jseem tobe uncertain within about 16\. 

IX Dispersion curves and spectrum of the phonons 

For ~ ~ 0 the secular equation cannot be solved analytically. 
In this work for the orientationally ordered crystals o-U~ and 

y.i - J)~ the nwnerical solution is carried out only for the case 
of phonons. 

The librons in these crystals have been treated already in [18, 
19] • The eigenvalue problem for the librons 

(1) 
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has been solved numerically by the method of Jacobi [49] • In 
this me,thod the hermitian secular matrix S is diagonalized itera­
tively byasequence of two-dimensional unitary transformations. 
Details can be found e.9. in [19] • 

For the phonons in the ordered crystals we have to solve the 9e­
neralized eigenvalue problem 

(2) 

Here we use a generalization of Jacobi's method [SO] • Since the 
eigenvectors C of (2) are not orthogonal, the transformations 
which are used for the iteration, are no longer unitary. 

In the figures 4 and 5 dispersion curves of the phonons in 0- U~ 

and Y' -j)..t- are shown. In the directions of the body diagonals, 
which are axes of threefold symmetry, the splitting of tbe curves 
due to the orientational order is rather large but restricted to 
two optical lines. As a comparison the dispersion curves of r-U~ 
for these directions are shown too. 

In direction of low symmetry (e.g. the cubic axes) the degene­
racies of all lines are lifted but the splittings are smaller 
than those in the directions of synmetry. 

All results are 9iven for tbe case ~ 1~1 = O , since the in­
f luence of V„ on the phonons seems to be small (VIII 1 point 1) • 

The figures 6 and 7 shaw the phonon spectrum of o-~ and of the 
hypothetic f - ~~ f or comparison. We see that the ef fect of the 
orientational order cannot be observed in the resolution of 
0.2 mev, which we have reached by the computation of the eigen­
values for 1782 points of ~ -space. 

The lattice dynamics of the hcp phases has been trited too. In 



- 92 -

the f igure 8 the calculated dispersion curves for 0-02 are com­
pared with recent neutron diffraction experiments [36] • Because 
of reasons, which have been discussed in (VIII, point 4,5), our 
energies are too large. The factor is nearly the same C~l.20) for 
all modes and for all points of the Brioullin zone. 

The calculated phonon spectrum of p-H2 is compared in the f igure 9 
with a measured spectrum of H2 containing 68% o-H2 [35]. The ex­
periment was performed at 4.3°K within the disordered hcp-phase. 
Thus we are allowed to compare with our p-H2 spectrum. The shape 
of the two spectra is nearly the same, apart from the above 
mentioned factor. 

We can get a f irst approximation for the long range correlation 
energy (see end of part B) by compairing the single particle ex­
citation energies ~ with the first moment w (center of gravity) 
of the spectra. The effective Hamiltonian diagonalized in the RPA 
has the form 

)(, = E 0 - 4 ( N f, - L tJ4;\ ) 
4.~ 

( 'ß{+, ~fcreate resp. destruct 

+ v {,J~ pil.+v ;i L lt ·~tc. D1c. 
k,l 

a phonon with wave 

{l) 

vector k and po-
larisation ~ ) • 

t, - z;; is very close to 0.4meV for all isotopes and lattice struc­
tures considered. Thus the Hartree ground state energies E

0 
/ N, 

which are listed in table 1, are lowered by about 0.2meV by the 
long range correlations. 

The secular problem 

( 4) 

for the coupled system of phonons and librons will be solved in 
a second paper. The matrix elements of [ W~; J , which we shall 

.s ko< rOCI< need to calculate the elements 3 t. and :::> t .t.. are already 
known from chapter VII. Therefore only a considerable amount of 
numerical work has to be done. For the diagonalization of (4) 
anoth~r generalization of the Jacobi method must be used, be­
cause the complex matrix 5 is normal but not hermitian (see 
page 62). 
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D Appendix 

X Series expansion of inteqrals 

We consider the integral 

rr!oo - [ l t"- ;~ ,i - f l-t t ..,..~ ,i J 
J= [e -e-

• (1) 
0 

with 

(II,16) 

Volvl ":; kt. [ l{J'~ _ l~J'] (III,2) 

1 ("11 ':: Li. "" I (Jj- CF. ;t„} 

If r 0 is sufficiently large canpared with the hard core parameter 
() and if the width of the Gaussians is •mall compared with ..,.-" 

( 0 ;/• '> '> /1 ) , we can replace ( 1) by 

(2) 

Since in (2) the hard core is no longer eliminated by the SRC-
function { t-rJ , the region near -r::. o must be excluded from 
the inteqration. The integrand becomes very small between ~:: o 
and "f-: -r0 , thus we can choose the position of the minimum 
as lower limit of the integration: -t _._ ( <<. "t"o). (2) can be 



transformed: 

i""o- f ~ 

1 Vo <-ro) {;f I e - Jrr~ 1 = a-r .l u 

(/1 + r ) 5' 
Y-o 

(3) 

- -t 0 + „ ,.,,.,.;_ 
Because the integrand is localized around -r = o , we can take 

1'" o - -t ~ as upper in tegra tion limi t. ( 3) can be expanded 
into a convergent series of integrals: 

( ~ t•···]C4) 

(The odd terms of the series vanish) 

In order to make this series practicable, we use infinite inte­
gration limits and obtain 

J ~ ]4 ':::" YottJJ f /1 + S· t 11 S"· c. ":/ .g 
{ (~~~ }~ ).. + ; .,..) .f. ). . J, 

(5) 

+ . . . -1-
) · 6 · ':, 'I' { ~~ f l, ] 

- f r; .. ) 4] 
'-·~·6 ,„ l'111-

(5) is the first part of a semi-convergent series. This means 
that the elements of the series decrease for Al. <. M 0 but in­
crease for /II\. '> 1\1\o • We can approximate ) by ] ""'- , if we choose 

M, < M..o • 

In the case of Hi. and D~ it turns out that the conditions for 



using (2) instead of (1) are fulfilled for ro > f? · 'R o • M. 0 

is larger than 100. An excellent approximation for J is ob­

tained already by the first three terms of (5). 

XI Special matrix elements 

We need the matrix element 

(1) 

(2) 

The Euler angles o(, ,A, r describe the rotation of the coordi­

nate system wi th i. ~ as z-axis to the system wi th :[o as z-axis. 

Using f38, 4. 34 J we get 

(/l) = ll G ( AlA,· ()())' c ( lf~A i 1M~ 1, ""~ -1M,: 1
). 4" ·' (i A f) 

M.~ - iM ... 1 /"' '/" 1 

= _fi' rt- C( ') c:\~ ls :-:.. 1 ~ .A ; "44; , t\M ~ - w „ . " { ~ ,( r J „„ "44·- \u·' l/'J 
~ ~ •r 

As a special case we consider ~~ =- i\M~ 1 : 0 
. 
• 

(3) 
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< o 1 Y;.,r 1 o '> = 2 ß. :J "~r ( iP, 11, r J - (4) S' 

2 ff » ~ ~ 
= - ( -t. -;.. 0 J 

38, 4.21 
~ 

7'·0 

:{. 

Y2,~ ( - f.- r > 
38, 4.30 - -- ~ 

(5) 
2. Y2,r- ( _Q -to} = ~ ~~ 

_R .,.'° ~ • polar angles of d3 with respect to -r~ • 
-a -
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Fig.8 Phonon dispersion in solid o-D ( hcp) 
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Fig.9 Phonon spectrum of solid hydrogen (hcpJ 
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