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1. Introduction

Quantum dots as well as other artificial nanostructures, such as single-molecules attached to
conducting leads, constitute very versatile devices, since their characteristic energy scales such
as Fermi level, charging energy, level spacing can be tuned over a wide range [2], 3, 4]. The high
degree of characterization of these systems has made it possible to investigate the properties of
strongly-correlated electrons away from equilibrium in a well-defined setting [5, [6]. In particular,
the low-temperature, low-bias differential conductance characteristics in these nanostructures
often display a nearly universal conductance enhancement due to Kondo screening of the local,
i.e., localized on the quantum dot, dynamic degree of freedom by the lead electrons [7]. It is
well established, that in equilibrium, i.e. within the linear response regime, the Kondo effect
leads to an enhancement of the differential conductance G = dI/dV |y—¢ on the order of twice
the quantum of conductance 2e?/h in the limit 7 — 0. These experimental results are usually
interpreted within the context of the single-level Anderson model [8], 9]

Ha= Y Hy(ch,e)+ Y eadid, +Udldyd d_+ 33 (Vdiegon +hic) (1)
A=L/R o=% Ao

as the effective low-energy model. In Eq. , Hé‘ is a free electron Hamiltonian given in terms of
c; and ¢, which describes the excitations of lead A, cg » 1s the corresponding creation operator
of lead A at the quantum dot site r = 0. V denotes the coupling strength between the lead
states and the quantum dot states, described by d, and U is the charging energy of the dot.
Correspondingly, a large class of conductance experiments has been accurately fitted by an

expression of the form [5 [6l [10] 111 12]

G(0,0)—G(T,V) [ T\? eV \2 v\
crG(0,0) <TK> +a<kBTK> oo <kBT]2<> ’ ®

where T is some characteristic energy scale which is obtained from the fit to the experimental
results. When casting the low-temperature non-linear conductance of the Anderson model,
Eq. into the form , Tk becomes the Kondo temperature. The coefficients o and ~y
vary across different experimental systems [5, [6]. Already addressing how « and - depend on
the parameters of H,y is a difficult task as it requires a proper description of the low-energy
excitations of the Anderson model in a non-thermal steady state. While there is a rather
complete picture of the equilibrium behavior of Eq. , such an understanding for the out-of-
equilibrium properties is still lacking. This is largely due to the lack of reliable methods that
can tackle the strongly correlated nature of the non-thermal steady state associated with H .

The equilibrium properties of the Anderson model have been studied extensively with the help
of e.g. numerical renormalization group methods (NRG) [13], pseudoparticle [14] and Monte
Carlo methods. Analytical methods have also been developed to study this problem, such as
the bare perturbation theory of Yamada and Yosida [15] 6], [I7]. An exact analytical solution
has been obtained via Bethe Ansatz [18, [19, 20]. Unfortunately, fully reliable generalizations
of these methods to the out-of-equilibrium problem are, at least at present, not available.
However, a number of perturbative renormalization group (RG) methods have been proposed
for non-equilibrium systems [21, 22], including functional perturbative RG [23]. Among
the perturbative methods available, the renormalized perturbation theory (RPT) developed
by Hewson [7, 24, 25, 26] provides a framework that can in principle be extended out of
equilibrium, for instance by relying on exact Ward identities [27, 28]. The RPT provides an
accurate description of the equilibrium Fermi-liquid regime in terms of quasi-particle excitations,
characterized by effective interaction parameters [7 24} 25].

Motivated by the above-mentioned experiments, following Refs. [25, 27], and in the spirit of
Ref. [29], we recently developed the rSPT [I] - a renormalized superperturbation theory in terms
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of dual fermions [30}, [BT] on the Keldysh contour. Using this method, we studied steady-state
non-equilibrium transport in the single-level Anderson model beyond particle-hole symmetry, by
constructing a perturbative scheme based on a particle-hole symmetric reference system [I]. We
constructed the reference system non-equilibrium self-energy at finite bias by extending Oguri’s
Ward identity approach [27, B32], which has the advantage of providing a current conserving
expansion by construction [33,[1,32]. The dual fermion, an auxiliary fermionic degree of freedom,
is used to construct a systematic expansion around the interacting reference system [30].

Within the rSPT, we have studied the role of level asymmetry (gate voltage) and local
Coulomb repulsion (charging energy) on the non-linear conductance of the single-level Anderson
model in the steady-state regime [I, 34]. A comparison of our analytic results for the linear
response transport coefficients with NRG calculations demonstrated an excellent quantitative
agreement, even at relatively large level asymmetry [34]. Moreover, our results have recently
provided a theoretical framework to describe and interpret magneto-transport experiments in
single-molecule transistors [35].

In this article, we review the rSPT and extend the calculation to higher order (in the
renormalized interaction) than reported before. In section 5, we compare the higher order
calculation with NRG calculations for the linear-response transport coefficients. In the appendix,
we exemplify the proof of Oguri’s Ward identity [36] and address claims made in the literature
regarding the validity of this identity.

2. Path-Integral representation on the Keldysh contour
We consider the single-level Anderson model, Eq. , which can be represented by a non-
equilibrium functional on the Keldysh contour [1],

Z = [ DY d) DB, §]eS 0, 3)

where the action in the Schwinger-Keldysh matrix representation is

ST, ¥, e, 9] = / { S7 e () (i0: — ) G3tino () + D BL(1) (10, — Bao) 5394 (1)

k,\ o

+) {ka‘i)i(t)&swxa(t) + h-C-}} +i 5™ PT, &; U, (4)
kAo

Here, the fields are two-component spinors in the index that distinguishes between the forward
and backward branch of the Keldysh contour and o3 is the 3rd Pauli matrix in this space.
The index A = L, R represents the left and right electrodes, U is the Coulomb interaction,
and Eg, = €4, + U/2 is the shift of the local resonance level with respect to the particle-hole
symmetric condition ¢4 = —U/2. In the presence of a local magnetic field B, the local level
has to be shifted by the Zeeman term, i.e., €5, = ¢4 — ogupB/2. The action defined by Eq.
is Gaussian in the Grassman fields 1[1;6 Ao representing the lead electrons by virtue of their non-
interacting nature. As a result, the 9y, fields can be integrated out. This procedure yields
an effective action for the localized electron states described by the Grassman fields @, which
represent the d, of Eq. . In frequency-space this effective action is given by [I]

iS[®F, & U, Egy, A] = / deq> (W +iA) 63D + iS™[DT, &; U]
+o0
i / d Z@UwEdaagcbw (5)
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Here, we have defined A = Ay + Ag, and

T D L ©)

_ im+
k,)\w €px T 11

In analogy to the equilibrium version of the renormalized theory (RPT) of Hewson [25] [37, 26],

we can express the action Eq. in terms of a set of ”"renormalized” parameters U, €4, and

A. The fields are rescaled accordingly via the wave-function renormalization factor z given by
l=1- 82&/&0‘ N

Here, we seek towc_onstruct a renormalized perturbation theory to treat deviations from
particle-hole symmetry, represented by the paramater €;, = zF4, which is assumed to be small

compared to the energy scale determined by the renormalized quasi-particle spectral width
A = zA. Thus,

S[(i)T7(i)a UaEdUaA] = S[CETvi);UagdUaA]+6S[i)-r’&);>\17)\27)\3]' (7)

In order to preserve the original action and thus avoid over counting, one must include
counterterms proportional to the parameters A;, Ao and A3. These counterterms are defined
as A\; = —2X2(0,0), Ao = 2z — 1 and A3 = 22 (U —T'4(0,0)), respectively. Their values are
determined in order to satisfy the RG conditions imposed on the retarded Green’s function

- R B
E"“"W:O,T:O,vzo =0
o -~
—xk = 0,
w7l y=01=0,v=0
T4,(0,0) = 2°T4(0,0) = U, (8)

at every order in U. For the particle-hole symmetric case, the retarded self-energy in equilibrium
has been obtained up to second order in @ = U/(wA) [25, 37, 26]. This equilibrium expression
can be extended to non-thermal steady states, e.g. the one that ensues when the system is
experiencing a voltage drop across the interaction region that is constant in time. This extension
is based on Ward identities [36, 27, [1,32]. As a result, one obtains an expression for the selfenergy
of the local propagator near the strong-coupling fixed point and at particle-hole symmetry and
zero magnetic field

= () () <) 40E)

At zero magnetic field, it has been shown by Hewson [25], 26] that the counterterm \; cancels
the Hartree contribution up to order @?. To the same order, there are no contributions from
the counterterms Ao and A3 [25] 26]. This renormalized action, exact up to terms of order
%2 constitutes the reference system around which our perturbative scheme of dual fermions is
defined. In the next section, the bare dual fermion Green’s function is introduced.

+ 0T, V4, a?). (9)

3. The dual Fermion Green’s function
The bare dual fermion bare Green’s function is given by the expression [I], 32]

1 o
Gc{g)) = —8ow [gaw - D;};} ow = Z Eow [Dowgaw]n . (]-O)
n=1
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Here, we have defined D,, = €4,03. For convenience we switch from the dynamical index
representation +— to the trigonal representation [38] in what follows. Both representations are
linked by a similarity transformation

(11)

R A . GLR GhLK
szfcw - LO—3G<J;¢;.)L-r = ( Ow foi“ )
ow

where we defined L = (1 — id3) /v/2 and & is the 2nd Pauli matrix. Under this transformation
the matrix Dy, — LagDowLT = €401 becomes proportional to the identity. Moreover, the
retarded component of the dual fermion Green’s function becomes

2
n+1 €do (gc}jw)

- . 12
]- - Edagon ( )

iew(%g

The advanced Green’s function then follows from the usual relation Gf 0),4 (G ), ) In

the steady-state and up to O(@*), the Keldysh component of the dual fermion Green’s function
is given by [1l [32]

GLO = (1= 27, T.V)) (04 — GEO). (13
Here, up to O(@*), the non-equilibrium distribution function is given by the expression [, 32]

Apfolw+arV,T) + Apfo(w — agV, T)

= = ) (14)
Ap+ Apg

f(w7T’ V) =

where fo(w,T) denotes the Fermi distribution and oy, + ag = 1.
Note, that by substituting the definition of the retarded renormalized Green’s function of the
reference system

R=(wtid-s2)" (15)

gO’UJ
into Eq., one concludes that as €3, — 0 then G{;(B MR 0, and hence the dual fermion
contribution to the perturbed self-energy vanishes in the p-h symmetric limit, as expected.
On the other hand, in the limit €;, — 0o, we have the non-trivial result [30, 1]

lim GIOF = gR (16)

€do— 00

The relation between the dual fermion Green’s function and the local Green’s function
associated with the d:f,, d, operators of Eq. in Keldysh space is

Gaw - _6501&3 + (gowa—?)gdo)_l G(J;w (6—3gaw€da)_1 . (17)
Here, the dressed dual fermion Green’s function G/ is a solution of the Dyson equation

G/ =G/ 1 G/IOx! Gf

ow?

(18)

where X/

I is the dual fermion self-energy which will be discussed in the next section.
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It is convenient to express KEgs. in the trigonal representation, by applying the
transformation defined in Eq., which leads to

Gow = L63G, LT = €)1+ €26, G g 1. (19)
Similarly, the Dyson equation becomes in the trigonal representation
Gl, =Gl + GIOs! 6L, (20)
where the dual-fermion self-energy adopts the matrix form
. LR K
P Y
¥, = < 6‘*’ 22‘24 ) : (21)

In particular, solving for the retarded component of the non-equilibrium local Green’s function
from Eq., we have

wa = + € (gow) GfR (gow)_l. (22)

This exact expression can be combined with the solution of the Dyson equation for the
retarded component of the dual-fermion Green’s function obtained from Eq.,

GO
GLy = W (23)

to obtain an explicit expression for the retarded component of the local non-equilibrium Green’s
function

Gf‘w:(w—eda—i—zA EEdaw) . (24)

Here, we have defined the retarded component of the non-equilibrium self-energy by

- Ef R
SR ow = S, + W (25)
ow

4. The dual fermion self-energy
In order to obtain an approximation for the dual fermion self-energy, we consider the sum of
ladder dirams, with the effective quasi-particle interaction defined by the renormalized vertex

U of Eq. (8)). In the trigonal representation, the non-equilibrium dual-fermion self-energy matrix,
expressed in terms of the dual fermion vertex I'f, is

Hoo dw le( ) A FfA G (0) FfuR 2Gf( ) 4 26

Uw_2 e 2Z7T ( —ow’ )+ o, (7 —Uw’7)+ o,—0 ( —ow! )}, ( )

where 4! = 1 and 4% = 4;.
Here, the dual-fermion vertex components are defined by the matrix

R _ -1 o~ Ff7 Ff?j_%
0, =[1- a0 w)| &0 = ( Ff;’ 7 ) : (27)
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where the polarisation matrix is defined by

~ A w
1% (g o)) 2

The different components of the polarization insertion in the trigonal representation are given
by the expressions [38]

1K _ L rdY g 50K AF0).K L AF0).R AF0)A | AF0)A ~F(O).R
HU,*O’(W) - _5 /—oo % {Go,w+w’G—aw’ + Go,w—l—w’G—aw’ + Go,w+w’G—gw’ } ) (29)
IR _ L Pd o 50),R 00K | AF(0).K ~f(0).A
HU,—G(w) - _5 e % {Ga,wﬁ.u’Gfow’ + Ga,erw/Gfaw/ }7 (30)
*
i, w) = [If, )] (31)
In particular, at w =0, T =0, V = 0, and to zero order in U, one has
~2 —1(z ~2 —1(z
0),R 0),A 1 1 €5 tan™ (€ar) — €5, tan™" (€q,—o)
% 0) = 104 (0) = — + o tmr . (32)
TA TA €do€d,—o (Eda Ed,—a)
The dual fermion vertex components are thus obtained as
I—\f,R _ Us
o 1— U8 (W)
U
rid, = e,
1- USHU:_U(w)
rhr, = - it iC) . (33)

(1_U;ngwg(1_0g¢wag

Note that the Keldysh component of the dual fermion vertex is of higher order in the effective
quasiparticle interaction Ug than the retarded and advanced components.

In order to obtain analytical approximations to the transport coefficients, defined in Eq. ,
which are exact up to O(@3), we define an effective dual-fermion interaction from the expression
for the dual-fermion vertex at w =0, V =0, and T = 0 by

— b — Us
— — — g,—0 — — — 7 ,R :
w=0,V=0,T=0 w=0,V=0,T=0 ] _ USH?;,_U(O)

61, =1

o,—0

(34)

Up to order O(@®) we have that the self-energy of the non-symmetric system defined by
Eq. reduces to the expression
Shiow = S+ 2L+ 0®@). (35)
5. Transport coefficients
With the results of the previous sections, we are in a position to calculate the experimentally

accessible transport coefficients a and v defined in Eq. . From the Meir-Wingreen expression
[39] for the charge current through the quantum dot,

- - Y / dwmfxg(w,T, V) [f1(w) — fr()] (36)
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where frr = f(w — pr r) is the Fermi function for the left/right lead, respectively, and
Ag(w, T, V) = -7 1S GE  is the local spectral function. Expanding the differential conductance

dI/dV = G(T,V, B) up to second order in V', T', and B, one obtains the expression [I]

DD () —ory () () -evm () e (5
G(0,0,0) VA A A VE\ 'R WE\X) -
(37)

(1)]'=
-1.5

Figure 1. The transport coefficient ¢y versus the asymmetry parameter €;/A: Continuous
lines are the renormalized rSPT results including higher-order terms. Dashed lines are the
renormalized rSPT results at the lowest order. Symbols are the NRG results for the same set
of parameters. The particle-hole symmetric reference system is located at e = —U/2.

In particular, for the linear-response conductance (V' — 0), we have the relations

G(T,V =0,B=0) (kBT)2
= 1- cr = )
G(0,0,0)
G(T =0,V =0,B) g,uBB>2
= 1-— =
G(0,0,0) o ( (38)

In Fig. we show the renormalized rSPT result for ¢, defined in Eq., obtained by
including the higher-order dual-fermion contributions as described in section 4. The linear-
response conductance can also be calculated via the NRG, which yields essentially exact results
for this quantity [13,34]. Clearly, the renormalized rSPT results for ¢y are in excellent agreement
with NRG calculations, even at relatively large values of the asymmetry parameter e;/A and
Coulomb interaction U. We also display the results (dashed lines in Fig. (1) obtained from the
rSPT calculation at the lowest order [34], where the improvement upon inclusion of higher order
contributions is evident. A similar level of agreement with the NRG is obtained for the transport
coefficient cp, as shown in Fig.
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Figure 2. The transport coefficient cp as a function of the asymmetry parameter e;/A:
Continuous lines are the renormalized rSPT results including higher-order terms. Dashed lines
are the renormalized rSPT results at the lowest order. Symbols are the NRG results for the
same set of parameters.

6. Conclusion

In summary, we have reviewed the renormalized rSPT approach to non-thermal steady states in
the Anderson model. By construction, this approach captures the strong-coupling nature of the
fixed point. We present an extension to higher orders and compared these higher-order results
to NRG calculations. As a result, the renormalized rSPT predictions are in excellent agreement
with the (essentially) exact NRG results. The renormalized rSPT is a versatile approach for
the out-of-equilibrium properties at sufficiently low energies and temperatures that can also
be applied to more complicated models or more general steady states, that ensue by applying
finite voltage and temperature differences across the system [40]. We also elucidated the role of
Ward identities in calculating the out-of-equilibrium properties and clarified several controversial
statements that appeared in the literature.
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Appendix A: Violation of Oguri’s Ward identity in certain RPT schemes

In this appendix we briefly clarify a few controversial statements that appeared in the literature
on the validity and the range of applicability of Oguri’s Ward identity. Particle number
conservation and the conservation of spin in a magnetic field lead to relations among derivatives
of the proper local selfenergy ¥(w) of the Anderson Hamiltonian, Eq. , with respect to Fy,,
magnetic field B, and w through Ward identities. These identities were first obtained by Yamada
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and Yosida [16]. The extensions to finite voltages is due to Oguri [36] who showed that

0 =~
Wz(wa T7 V)

:ﬂ(54-?>mMﬂvzm, (39)
V=0 0€q

here given in terms of renormalized quantities and where 3 is the selfenergy matrix on
the Keldysh contour as in Eq.(21). The parameter v = (Apar — Aragr) /(A + Ag). To
demonstrate that the relation valid at each order of perturbation theory, we here explicitly
demonstrate that the sunset diagram, shown in Fig. [3] fulfills Oguri’s Ward identity. A general
proof can be obtained following similar arguments [27].

Figure 3. The sunset diagram appears in second order in the renormalized coupling constant
and is part of the 'reference system’ of the renormalized rSPT approach.

Specifically, the lesser component of 3 is considered which, on the Keldysh contour, is simply
given by

Y<(r) = U*G<(1)G<(1)G” (-7) (40)
or after Fourier transformation to frequency variables
5w, T, V) = —2mil? /d61 /d62f(61)f(€2)f(w — 1 —e)A(e) A(e) A(er + &2 — w),
where _
S (41)

ST

is the bare local renormalized spectral density which obeys the identity

0 d\ «
— A(x) = 0. 42
Qm+%) (@) (42)
Note that here, ¢4 = zFjy is the renormalized, voltage and temperature independent local

resonance level. The effective distribution function f(w,V’) is given by the expression

Ay

mfo(w - Oé)\V), (43)

fN(w7v> =

A=L,R

where the chemical potential at lead A = L, R is uy, = arV, ug = —arV, with ay + ar = 1.
Equation implies

‘l/iinof(c‘)?‘/) = fO(w)a
of (e, V) 7(‘8{36(6)>7 (44)

ov

V=0
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where fy is the usual Fermi function.
Consider the voltage derivative of the self-energy expression in Eq. , which can be written

i2<( T, V) = 2miU%y (I} 4+ I + I3), (45)
ov V=0

with the help of Eq. and where we have defined

I, = /d€1 /degA €2)A(er + €2 — w) fo(e2) fo(w — €1 — €2) {A(el) <_a{{3€(fl)>}
b o= [da [ded@)d e -wfla) o -a- o) {“1(62) (‘a@e(?))}
I = /del /d@A (e1) Ale2) foler) folez) {A(Gl ez —w) (_aaelf()(“ T 62)>}' o)

We now focus on the term I; of Eq. and apply the identity

A (-2) = i) (2 + o) foler) = = (5 + 5 ) { Aot} @D

Thus, inserting Eq. into the integral I; we have

/d€1 /dGQA 62 61 + €9 — w)f(ez)f(w — €1 — 62) (8861 + aagd> {A(El)fo(el)} . (48)

Shifting the integration variable €1 — €1 4+ w, leads to

L = /d61 /d€2A 62 61 -+ Gz)fo(ég)fg( €1 — 62) (88(,0 aad> {fl(el +w)f0(61 —I—w)}

= - (6 + == ) /d61 /degz‘i(ég);l(el + 62)f0(62)f0(—61 — 62)14(61 =+ w)f0(61 + OJ)

ow aﬁd
- _ (;w 4 5;) /del /d@fl(ez)fl(q +ea —w) folea) folw — &1 — e2) A(er) foler), (49)

where, in the last line, we have shifted back the integration variable €; — €] — w.
The same type of manipulations can be applied to integrals Is and I3. Adding the three
terms together, we therefore obtain

2 6,9 >z<( TV =0), (50)

d 1< —

which proves the validity of Oguri’s Ward identity explicitly for the second order diagram of
Fig. |3l A general perturbative proof can be constructed along similar lines [36]. Nonetheless, it
has been argued that the identity is only valid at V' = 0 and that the limits w — 0 and V — 0
do not commute at 7" = 0 but do so at non-zero temperature [41].

While there are no convincing indications that the strong-coupling fixed point at 7" = 0,
w = 0, V = 0 is singular, it should be clear that an important element in the explicit proof
provided above, is the fact that the renormalized resonance level €; is independent of voltage
and temperature. If this were not the case, there would be additional terms proportional to
first-order-in-voltage derivatives of the type 0¢;/0V]y—o. As a result, it would no longer be
possible to collect all terms in such a way as to satisfy the Ward identity. This is exactly what



International Conference on Strongly Correlated Electron Systems (SCES 2016) IOP Publishing
IOP Conf. Series: Journal of Physics: Conf. Series 807 (2017) 092001 doi:10.1088/1742-6596/807/9/092001

happens in the non-equilibrium self-consistent perturbative scheme presented in [42]. There, the
bare local renormalized spectral density of Eq. is taken to be

~ 1 A
Alw) = T (z — Acot(m(ng,))? + A2’ (51)

where (ng,) is the average local occupation number of spin projection ¢ and is obtained from
(ngg) = —i / dw G (w, T, V). (52)

Notice that G< is related to < via the identity G< = GAL<GE, where the hybridization term
iA is included in the self-energy components [43]. Thus, in such a perturbative scheme, the Ward
identity is violated as already pointed out in reference [43]. Moreover, this violation occurs even
if only the Hartree value for (ng,) is used in Eq.(51).
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