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is based on the extension of the water flow equation analytical resolution of Landsberg and
Fowkes for single roots. It consists in splitting the root systems in zones of homogeneous
or homogeneously changing properties and deriving the xylem potential and water flow
under any given boundary conditions (plant transpiration or collar potential, and potential

Iéﬁ{)ﬁvi;ﬁgm hydraulic architecture at soil-root interfaces) without assuming a uniform xylem potential within each zone. The
Segment-scale analytical solution method combines analytical solutions of water flow within the segmented zones with the
Water flow equation numerical solution of flow connectivity for the whole root system.

Root water uptake We demonstrate that the proposed solution is the asymptote of the exclusively nu-

merical solution for infinitesimal root segment lengths (and infinite segment number). As
water uptake locations and magnitudes predicted by the latter solution for finite segmen-
tation lengths deviate from the exact solution, and are computationally more intensive, we
conclude that the new methodology should always be privileged for future applications.
The proposed solution can be easily coupled to soil modules (as already done with ex-
isting solutions) and further implemented in functional-structural plant models to predict
water flow in the soil-plant atmosphere continuum with a better accuracy than current
models. Finally the new solution may be used to calculate more accurately plant scale
macroscopic parameters for crop models.
© 2017 The Author(s). Published by Elsevier Inc.
This is an open access article under the CC BY license.
(http://creativecommons.org/licenses/by/4.0/)

1. Introduction

Ensuring crop productivity under conditions of long term change of soil water availability and atmospheric demand
for water requires a thorough understanding of crop bio-physical properties to acquire soil water [1]. Even though simple

Abbreviations: PLT, Stand for pressure, length and time units respectively; HA, Hydraulic architecture; RS, Root system; CPU, central processing unit;
RWU, root water uptake; RSHA, Root system hydraulic architecture.
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empirical models of crop transpiration benefit from consequent parameter libraries [2], they may lose their predictive power
under changing conditions, such as changing soil type or soil water content distribution [3-5]. Bio-physical principles, such
as water flow dynamics, integrated in crop water acquisition models might better address questions of water availability
for future crop-climate combinations.

Root system water uptake and flow can be represented via a system of equations representing radial (between soil-root
interfaces to xylem) and axial (within the xylem network) flow equations analogous to Ohm law [6]. Axial law within
xylem has been demonstrated to be similar to Poiseuille law [7]. Radial water flow is known to be extremely complex due
to the coexistence of several flow pathways but the ohm analogy has been shown to be relevant [8]. Mass conservation
allows one to link radial and axial flow equations, which can then be solved analytically for single roots with or without
laterals [9,10]. Analytical solutions for complete root system have also been developed [11,12] but they are based on several
simplifying assumptions (as no pressure loss in the lateral roots, a simplified root architecture etc.).

In addition, numerical solutions have been developed to solve more complex root system hydraulic architecture [13]. In
1998, Doussan et al. [14] proposed a model for solving water flow in a xylem network of a root system of any complexity
as a function of the soil hydraulic status for any xylem collar boundary conditions (flux or potential). The root system
architecture must first be split into small parts called segments of homogeneous hydraulic properties (i.e., radial and axial
conductivity) and their connections (i.e., the root system architectural properties) are gathered in an incidence matrix. The
model splits the water transfer from the soil-root interface in a radial pathway (driven by segment radial conductivity,
mainly characterized by the Casparian strip) and an axial movement (driven by xylem vessels ability to transport the water,
quantified by the segment axial conductivity). Assuming a constant potential in the xylem vessels of the segment a set
of linear equations can be solved to obtain the radial flow and the xylem potential in any position of the root system
according to overall boundary conditions: plant collar water flux or potential, and water potential at soil-root interfaces
[14] For further description of model assumptions and included processes, we refer to the original publication [14].

Methods for solving the water flow equations in hydraulic architectures have been used for many applications from
inverse parametrization [15] to prediction [7] and process understanding [16]. The model was considered alone [14] or
coupled to soil models (i.e.,, to simulate dynamic root water uptake and water transfer in three-dimensional soil-root
continuum under changing atmospheric conditions, see for example [17]).

However the assumption of a constant potential inside a root segment is not valid: the hydraulic potential cannot be
uniform in a root portion of finite length (the water movement would then be null within the segment). The resulting
errors can be reduced by dividing the root system in smaller and smaller root segments but rapidly the computational time
to solve the water flow inside the root system becomes limiting. As a consequence a compromise must be made between
accuracy and efficiency.

More sophisticated models of water flow across unbranched roots account for root anatomy and hydraulic properties of
cell walls and membranes in each root tissue (see for example [18-20]) These models have proven their value for questions
of solute transport across roots ([21,22]). As far as water is concerned, the simpler root cylinder model [8] used here for
radial flow was experimentally demonstrated to be satisfying (see review [23]). Furthermore, recent modeling work on
radial water flow across explicit maize root cross-sections demonstrated that the root cylinder model is equivalent to the
detailed hydraulic anatomical approach [24], regardless of the level of apoplastic barrier leakiness.

More detailed models of the root radial water flow (such as the one developed by Claus et al. [22] or Foster and Miklavcic
[25]) could be used in the future to better parametrize the root radial hydraulic properties based on cell level properties.

All the models of root systems are flawed because of the segment constant potential assumption. One particular
application of Doussan et al. model was to identify and calculate emergent plant scale hydraulic properties (or “macro-
scopic” hydraulic parameters) from root system architecture and local root hydraulic properties [26]. Existing methods for
calculating these macroscopic parameters have therefore the same limited accuracy as Doussan et al. model [14].

The objective of this study is to provide a new resolution of the water flow equations in a root system hydraulic
architecture (RSHA) with better accuracy than existing methods. To do so, we implemented an analytical solution of the
water flow at the root segment scale in a connection matrix representing the root system architecture. The central idea is
thus to work at two different levels: (1) at the plant root level, the root system (RS) architecture is divided into segments
small enough to keep the features of the architecture, but potentially larger than in typical finite difference approaches and,
(2) at the root segment level where an analytical solution is used to describe water flow. The new hybrid solution therefore
does not require infinite refining of the root system to get closer to the exact water flow in the RSHA. Both methodologies
can be compared in terms of computer efficiency and accuracy. The hybrid (or combined) approach allows the calculation
of the macroscopic parameters of RSHA more accurately and more quickly for using the Couvreur et al. model [26].

In this paper, we first detail the finite-difference method of Doussan et al. [14] hereafter referred alternatively to as the
“Doussan model” or the “finite-difference approach”, for solving the water flow in a RSHA (Section 2.1.1) and the upscaled
model of Couvreur et al. [26], hereafter referred to as the “Couvreur model”, for calculating the macroscopic parameters
(Section 2.1.2). We then develop the new resolution method of the water flow (Section 2.2) using the analytical solution
at the segment scale [9] which has been extended by Meunier et al. [10] (Section 2.1.3) We refer to the new solution
alternatively to as the hybrid or the combined approach. Finally, we illustrate the benefits of using such a methodology as
compared with existing methods in terms of accuracy and efficiency with five different tests mixing numerical simulations
and experimental data (Sections 3 and 4).
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Fig. 1. (A) Schematic of a simple root system made of 30 segments (N =30) with (B) a zoom-in on a particular segment (numbered i). Each single segment
is characterized by a radial conductance K; and an axial conductance Ky. When the boundary conditions are provided (indicated here in red), water flow
equations can be solved and lead to the xylem potential and radial flow distribution in the root system, solutions of the water flow equation. (C) Schematic
of the same root system cut in 11 homogeneous (or homogeneously changing) zones (N=11) with (D) a zoom-in on a particular root zone numbered i
and characterized by inherent radial conductivity and axial hydraulic conductance k; and k. Again, the boundary conditions lead to the solution of the
problem: the distal xylem potential and the proximal axial flow. (For interpretation of the references to colour in this figure legend, the reader is referred
to the web version of this article.)

2. Theory
2.1. Existing approaches for modeling water flow dynamics in hydraulic architectures

In this section, three existing models of water flow are presented, whose description is relevant before further developing
equations of the new model. The description is rather detailed in order to allow a final parallel comparison of the coefficients
of each model and to clearly link their respective parameters. In this manuscript, we note the vectors and matrices as bold.
We indicate the dimensions of the vectors and matrices between square brackets and units between regular parentheses.

2.1.1. Finite-difference solution of water flow in root systems

The finite-difference approach is part of van den Honert’s lineage of physical models [27] based on Ohm’s analogy to
describe water flow in plants [9,17,28-30] of any complexity. However, for the first time, they proposed a matrix operation
to solve water flow in three-dimensional HAs of any complexity.

Considering a root system made of root segments numbered from 1 to N, a vector Ky [N x 1] contains root segments
axial conductances (L3 P-! T-!, see abbreviation section for unit description), for axial water flow towards the upper root
segment in xylem (Ky;) being the axial conductance between the first root segment and plant collar, where a water flow,
or water potential, boundary condition is imposed). A second vector K¢ [N x 1] contains root segments radial conductances
(L3 P~1 T-1), for water flow between soil-root interface and root xylem. For each root segment, total water potential (P)
(which is the sum of matric and gravitational potentials) is defined in root xylem and at soil-root interface and contained
respectively in vectors Wx [N x 1] and Wg [N x 1]. Note that both Kx and K; depend on the segment size: they are not
intrinsic properties of the root tissues [17]. Note also that conductance and water potential units differ from the standard
usage in soil physics (where L2 T-! and L are more commonly used): we use here water potential per volume rather than
water head (water potential per weight) for consistency with plant physiology common units. Note also that our definition
of the water potential includes the gravity, which allows the model to simulate water flow in non-horizontal roots (and
potentially in three-dimensional root systems).

An example of simple root system is represented in Fig. 1a. It is made of a main root and three laterals and divided into
30 root segments numbered from 1 to N. The frame (Fig. 1b) zooms in on a particular segment i characterized by radial
(K;) and axial (Kx) conductances, which we indicate by the subscript i.
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By rearranging the system of mass conservation equations, Doussan et al. provided the following expression of xylem
water potential under flux-type boundary condition [6]:
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where W gy, (P) is the plant collar water potential, D[N+ 1 x 1] contains Tact (L3T 1), the plant actual transpiration as
imposed at plant collar, and C~! [N+1 x N+ 1] is the inverse of C matrix of conductances. The detailed procedure to build
C and D is described in Appendix A.

Under water potential-type boundary condition at plant collar, the expression for Wy becomes:

v, = cl.d (2)

Again the matrix d [N x 1] contains the top boundary conditions, the imposed collar potential ¥, and ¢! is the
inverse of ¢, the reduced conductance matrix. Appendix A also details how to build ¢ and d.

Under both boundary condition types, equations of potential-driven water flow (Ohm’s analogue) allow calculating RWU
rates Jr (L3 T-1) [N x 1] at soil-root interfaces (positive from soil-root interfaces towards the xylem vessels):

Jr =diag(K;). (Vs — Wy) (3)

In the next pages, Eqs. (1)-(3) will be referred to as “Doussan equations” and the method to solve the water flow
problem as the “Doussan model” or the “finite-difference approach”.

In Fig. 1a and b, when the boundary conditions (in red) are known (i.e., soil-root interface potential and collar flow
or potential), root system variables (in blue) can be calculated using the Doussan model. The solution of the water flow
equation in roots is instantaneous (as long as there is no hydraulic capacity considered, as it is here) but the solution can be
applied for transient boundary conditions as long as small time steps that follow the boundary condition dynamics are used.

The Doussan model has the advantage to allow representing the complexity of RS architectures at a scale at which hy-
draulic parameters can be measured. Root system architecture information is contained in the IM matrix, which can either
be built (i) using new or ancient techniques, destructive or not, to scan experimental RS [15,32-36], or (ii) using softwares
to generate virtual RS architectures [37,38] based on information on root types, densities, branching and growth rates
available in the literature, as carried out for maize, wheat and ryegrass and others (see for example [26,39] and [40]). The
emergence of a common format for storing root system architectures (i.e., RSML for root system markup language) opens
new avenues for the plant and soil scientific community to share architectural information obtained from experiments to
numerical models [41].

Information on root hydraulic properties is contained in vectors Ky and K. They can either be (i) measured with direct
techniques such as developed by Sanderson et al. [42] and Frensch and Steudle [43], (ii) estimated from flux measurements
via inverse modeling [15] or (iii) taken from the literature, in which typical radial and axial root conductances are related
to root age and type [31,44,45].

2.1.2. Macroscopic hydraulic architecture approach

Following Doussan model’s basic assumptions, the Couvreur model provides a direct solution of water flow in root
system HA of any complexity based on macroscopic parameters. This study uses the root system form of this model to stay
consistent with the finite-difference approach.

The expression for RWU by individual root segments is the following:

Jr = Tact SUF 4 Keomp (Wsr — Wseq) © SUF (4)

where SUF [N x 1](—) is the vector of standard uptake fractions of root segments, Keomp (L> P~1 T-1) is the compensatory
RWU conductance of the plant, ® indicates an Hadamard product and Wseq (P) is the equivalent soil water potential sensed
by the plant, which is a weighted-average of water potentials at soil-root interfaces: Wseq = SUFt.Wg;.

In Eq. (4), the first term on the right-hand-side is interpreted as the “standard RWU”, driven by plant actual transpira-
tion, while the second term is interpreted as the “compensatory RWU”, driven by water potential heterogeneity at soil-root
interfaces. As compared to the Doussan model, basic equations are the same (mass conservation and water potential-driven
water flow equations), but an additional assumption is required for the compensatory RWU term: axial resistances need to
be negligible as compared to radial resistances to water flow. The parameter Kcomp only exists when the latter assumption is
fulfilled, which makes it the only “non-exact” parameter of the simple macroscopic approach of root system HA. If this as-
sumption is not valid, the Couvreur approach can also be used but with a more complex form for the second term of Eq. (4).

This approach also allowed to demonstrate the simple relationship linking Wseq, Wopiar and Tact, which can be used to
predict plant transpiration under water stress for isohydric plants:

Tact = Krs (\Ijseq - IIJcollar) (5)

where K5 (L3 P~1 T-1) is the equivalent conductance of the root system. In opposition to the compensatory RWU term of
Eq. (4), this equation is an exact solution of Doussan set of equations.

The simplified macroscopic HA approach has the advantage to rely on few macroscopic parameters measurable and with
physical meaning. Each of them contains information about both RS architecture and roots hydraulic conductances.
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The numerical calculation of K5 and SUF can be achieved by solving Eqs. (1) or (2) and (3) under conditions of uniform
water potential at soil-root interfaces (Wsr = Wseq), which provides W oy, and Jr for Egs. (4) and (5):

Tact
Ks= —3 6
* \Ijseq - \chollar ( )

SUF = LS (7)

act
The calculation of Keomp requires solving Eqs. (1) or (2) and (3) under conditions of heterogeneous water potential at
soil-root interfaces. Then, Keomp can be estimated by linear regression using Eq. (4):
(Wer — ‘Ijseq)t-(Jr @ SUF —Ty)
(Wsr — Weeq) - (s — Wseq)

(8)

l(comp =

Other parameterization methods exist. For instance K;s can be calculated by using Thevenin theorem of equivalent
conductances [46]. Experimental characterization of K;s is also possible by using a water pressurisation technique and mea-
suring outflow rate at plant collar [47,48]. Eventually, given the low number of parameters (SUF then being approximated
by a simple function of space), inverse modeling could be envisaged to estimate their values.

However, a parameterization is valid for a given root system architecture and distribution of root hydraulic properties. If
any of these features evolve with time, a new parameterization would be required anytime they would change.

2.1.3. Analytical solution of water flow in a homogeneous root stretch

In the following, we define a root zone as a root segment or a combination of root segments without lateral branches
in which root properties are uniform (but not the root xylem potential). The exact solution of the water flow equation in
a root cylinder of length 1;(L) and radius r;(L) (the subscript i indicates the root zone) is given, according to Landsberg and
Fowkes [9] by:

W, i(z) = Wg i+ ¢y cosh(tiz) 4 ¢y jsinh(Tiz) (9)

where W,; (P) is the xylem potential along the root axis, z (L) is the position along this axis (comprised between 0 and
1), Wi(P) is the soil-root interface potential supposed to be uniform, c;; (P) and c;;(P) are coefficients that depend on the
boundary conditions and t; (L~ 1) is defined as:

27tk
Ti 7]( .
X, 1

with kg; (LP~1T~1) and ky; (L* P~1T-1) the root radial conductivity and axial conductance, respectively. Both are inherent
root tissue properties. The coefficients, ¢;; and c,;, depend on boundary conditions applied on both sides of this root
segment. Appendix B details their calculation under flux condition at the distal end, Jg;s,(L>T~') and collar condition at
the proximal end of the root segment, W oximali (P). They then can be used to obtain the distal potential W,g; (P) and the
proximal flow Jy; (L3T-1) of the root cylinder of uniform hydraulic properties called stretch i (see Appendix B for details
on their calculation). It yields:

quroximal,i - \Ijsr.i + Jd‘,s(il:m Sinh(fili)

\I"xo,i = lIJsr,i + COSh(‘L’ili) (10)
Jxi= <—‘1’proxima1.i + Wi — Jd';i“ Siﬂh(fili)>/<i tanh (7)) + Jaistaricosh(zil;) (11)
1

with ik = /271K, iKye; (BBP7IT)

Let us note that Eq. (9) can also be solved under a top flux Jyroximali (L3T-1) boundary condition (imposed transpira-
tion). Appendix C shows how it affects the coefficients c;; and c;;. Other solutions when root hydraulic properties are not
homogeneous also exist and can be used if desired [49].

2.2. Development of exact solutions

In this section, a new solution of water flow equations in RSHA is developed, where the simplifying assumption of
constant water potential inside root segments (as in finite-difference approach) is released.
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Table 1
Summary of the assumptions made by each of the resolution method, the preparatory steps and the equations to be solved when applying a potential or
a flux boundary condition at the root system collar.

Uniform Uniform Simplified Preparatory calculation Flow resolution Flow resolution
W Wy compensatory RWU (Potential collar BC) (Flux collar BC)
Finite-difference X X Build C and D or Build  Egs. (3.1)-(3.3) Egs. (3.2)—(3.3)
cand d
Macroscopic X X X Build C and D (or ¢ and Egs. (3.4)-(3.5) Eq. (3.4)
d) and Calc. K5, SUF
and Keomp
Hybrid X Build A and b or Build Eq. (3.12) Eq. (3.13)
aand b
Hybrid macroscopic X X Build A and B(or a and Egs. (3.4)-(3.5) Eq. (3.4)
b) and Calc. K5, SUF
and Keomp

2.2.1. Hybrid water flow solution

As it can be directly seen from Eqs. (10) and (11), the solution of the water flow equation is linear in terms of distal
flow and proximal water potential so that for root system architecture, we can gather a set of N+1 linear equations that
can be numerically solved:

\chollar -1
=A"B 12
K= (12)

where A[N+1 x N+1] and B[N+1 x 1] are constructed using Eqgs. (10) and (11) and the incidence matrix IM, ¥,4 [N x
1] is the vector of W,,;. Appendix D explains in details how to build this matrix.

When imposing a potential boundary condition at the root system collar instead of a flux one, the water flow equation
solution in the root system becomes:

Wyo =alb (13)

where a[N x N] and b [N x 1] are fully described in Appendix D. a is A without its first line and row.

Fig. 1c illustrates the same root system as the one presented in Fig. 1a. With the hybrid water flow solution formulation,
the root system must be split either when root hydraulic property change (due for example to root tissue maturation) or at
root branching sites. The total number of zones is here reduced to 11. Each single zone (as the one highlighted in the frame
of Fig. 1d) is characterized by its intrinsic hydraulic properties: radial conductivity (k;;) and axial intrinsic conductance (ky;)
and its geometrical characteristics: zone length and zone radius. We then need to determine 2 unknowns per root zone:
the distal potential and the proximal flow (in blue in Fig. 1). A set of linear Egs. ((12) or (13)) can be solved depending on
the boundary conditions (in red in Fig. 1).

2.2.2. Hybrid macroscopic parameters calculation

As it was done in Section 2.1.2., the exact water flow solution can be used to calculate the macroscopic parameters of
the Couvreur model. Solving Eqgs. (12) or (13) under homogeneous soil conditions leads to Kis and SUF while Kcomp can be
calculated when the water flows in the root system are known under heterogeneous soil conditions. We show in Appendix
E that Ks and SUF can be calculated analytically as well. So Kcomp remains the only non-exact macroscopic parameter of
this approach.

2.3. Summary of all solutions and assumptions

Table 1 summarizes the four approaches detailed in Sections 2.1.1. (Finite-difference approach), 2.1.2 (Macroscopic), 2.2.1
(Hybrid) and 2.2.2 (Hybrid macroscopic) and associated assumptions. It also describes the preparatory work required before
generating a solution of the water flow equations in a RSHA. We call preparatory work all the tasks that need be done
when either the root system architecture (e.g. growth, senescence) or the hydraulic properties (e.g. maturation, circadian
cycle) change. The flow resolution includes the steps to calculate the water flow and xylem potential everywhere in the
RS when the preparatory work has been already processed. The flow resolution steps need to be repeated whenever the
boundary conditions change. Finally, in Table 1, the equations to solve the water flow equations in RSHA under either flux
or potential top boundary conditions are provided as well.

Table 1 also includes the assumptions made by each resolution method. All models first assume that the potential at
the soil-root interface is uniform for each single segment, i.e., the soil-root potential can differ between segments but must
remain homogeneous for a particular root segment. The macroscopic approaches then include a non-exact parameter for
describing the compensatory RWU. Finally the finite-difference (and therefore the macroscopic) method impose a constant
potential within each single segment while this assumption is released in the hybrid model (and therefore the hybrid
macroscopic).
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3. Material and methods

In this section we describe the tests designed to assess the impact of using the finite-difference approach as compared
to a hybrid method:

(i) on the local water flow, the plant transpiration and the root macroscopic parameters in static conditions (Section
3.1.);

(ii) on dynamic variables of the root-soil continuum that are generated using a coupled model of the water flow in the
root system and in the soil (Section 3.2.).

On total, five tests are presented illustrating the range of numerical errors that we deal with when using the Doussan
model. All root systems used in this study are generated using RootTyp [38] and maize root system parameters [50]. For
the dynamic tests, we used R-SWMS as coupled soil-root system model [17].

3.1. Discretization error and computational time in static conditions

Test 1: Impact of the radial to axial conductivity ratio

For the first test, we compute water flow in an 80-days old maize root system architecture for a prescribed water
potential at plant collar (“potential boundary condition” ). Segmentation lengths from 0.01cm to 1cm are tested. Results
are compared in terms of (i) relative computational time and (ii) numerical accuracy of the calculated flow rate at plant
collar resulting from the applied boundary condition. The former is the ratio of CPU times between the finite-difference
and hybrid solutions (including the matrix building and parameter calculation steps). The numerical accuracy is the relative
difference in percent between flow rates at plant collar calculated from both approaches, which is equivalent to the relative
error on the total root system conductance.

In order to analyze the impact of the root radial to axial conductivity ratio f:—)‘( (from 0.0001 cm~3 to 1 cm—3), we used
homogeneous hydraulic properties, i.e., constant with root age and order. More realistic hydraulic properties profiles are
used in the next tests, whose root systems do not have unique 1':—)‘( ratios.

Test 2: CPU time and error variability in growing maize root systems

The second test assesses the variability of the model error resulting from the constant potential assumption in root
systems with non-uniform hydraulic properties, and separates the components of the computational time of each approach.
We used the software RootTyp [38] to generate 100 maize phenotypes contrasted in terms of architectural and hydraulic
properties. These properties were randomly selected from a parametric space delimiting the natural variability range of
maize hydraulic and architectural properties reported in the literature (for more information, see [50]). We solved water
flow equations at daily stages of root system development over 60 days with average segment lengths of 0.5cm. For each
approach, we distinguished the mean time to prepare the calculations (building the conductance matrices, see Appendices
A and D) and to solve the water flow problem (see Section 2.3.). The model error was quantified as the difference between
root system conductances (K;s) obtained from hybrid and finite-difference approaches. We were then able to compare the
variability of the model error to the “natural variability” of K;s within the species.

Test 3: Assessing errors applied to experimental data

In a third test, we assess how root system segmentation might affect interpretations of experimental observations
of water uptake patterns. In practice, Zarebanadkouki et al. [15] measured distributed root water uptake rates and total
transpiration, then searched for root hydraulic properties profiles that best reproduce the experimental observations
through root water uptake dynamics simulations (i.e., “inverse modeling” ). Here we use a lupine root system architecture
experimentally digitalized [15] and three different segmentation lengths for the Doussan model: 0.025, 0.25 and 2.5 cm.
The homogeneous soil-root interface potential of —100 cm measured experimentally [15] was applied as boundary condition
for root segments. At the plant collar, a potential of —2500 hPa was measured by pressure probe and set as top boundary
condition. Eventually, we quantify, for the same optimal root hydraulic properties [15], how the simulated uptake pattern
deviates from the original as a result of the finite difference model segmentation.

3.2. Propagation of discretization errors in coupled soil-plant models

Test 4: Root discretization impact on simulated water supply to the shoot

Using the same RS architecture as in the first test, we first ran simulations starring an 80 days-old maize root system
whose total root length was 600 m. We used two segment lengths to discretize the root system: 0.1 cm and 1cm. The root
system was placed in a loamy soil at field capacity with no other water supply than soil water storage. The potential daily
transpiration was fixed to 5.33 mm of water (with sinusoidal changes through day-night cycles, see [26]). We also defined
a minimal collar potential (—15,000 hPa) beyond which transpiration cannot meet the atmospheric demand. At the onset
of water stress, the top boundary condition was switched from prescribed flux to constant water potential. Soil water flow
was calculated with Richards equation [51]. Its coupling with root water dynamics is described in further details in [17,26].

In a second series of simulations, we quantified the impact of maize root discretization on soil-root system water
supply to the shoot over a two-month period. We used measured weather data from a French weather station located
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Fig. 2. Finite-difference model relative error on plant transpiration calculation (blue curves) and relative CPU time (red curve) as a function of segmentation
length. The figure presents results for different ratios of radial to axial conductivities (the darker, the higher the ratio). (For interpretation of the references
to colour in this figure legend, the reader is referred to the web version of this article.)

near Montpellier to calculate the daily potential transpiration. No feedback between plant water status and growth was
accounted for (i.e., the actual growth rate is equivalent to the potential one). For further details on the scenario, see [50].

Test 5: Impact of root segmentation on state variables of the soil-plant system

In the last test, we used the two root system phenotypes, generated in the second test, that were the most contrasted
in terms of numerical error (minimal and maximal) to simulate the water flow in the soil-root-atmosphere continuum,
hereafter referred to as phenotype min and max, respectively. We considered three root system ages: 20, 40 and 60 days
and simulated water flow using the Couvreur et al. model with macroscopic parameters calculated either with the hybrid
model or with the finite-differences approach in an initially homogeneous loamy soil. We used a sinusoidal transpiration
function (maximal transpiration at midday, zero transpiration at midnight) with potential daily transpiration of 0.35 mm,
2.67mm and 5.33 mm, respectively for the three ages. The minimal collar potential was anew fixed to —15,000 hPa for all
root systems and ages. Two initial soil conditions were considered: —300 hPa and —3000 hPa with an initial hydrodynamic
equilibrium. We focused our analysis on key variables calculated by the root-soil model: the mean soil water content in
the soil, the RS sink term, the cumulative transpiration and the collar potential. The relative differences between outputs
of the two models were normalized by state variable calculated with the hybrid solution (respectively the mean soil water
content, the mean sink term, the final cumulative transpiration, and the plant collar potential at the onset of water stress).

4. Results

In this section, we highlight the benefits of using the hybrid solution presented above. With examples we show when
and how significant errors may emerge from the finite-difference approach with low spatial resolution.

Test 1: Impact of the radial to axial conductivity ratio

The flow rate at plant collar calculated with the finite-difference approach with the mature maize root system was off by
up to 20% relative to the hybrid exact solution (see blue curves in Fig. 2). Yet, the relative error asymptotically tended to zero
with finer root segmentation (and larger segment number), the hybrid solution being equivalent to that of an infinitesimal
root segmentation. However, using fine root segmentations with the finite-difference method required higher computational
times (24-fold for the 0.01 cm segmentation, see red curve in Fig. 2). The hybrid solution was faster than the finite-difference
approach regardless of discretization, though computing times were fairly similar above 0.5 cm segmentation.

The position of lighter versus darker blue curves highlights that segmentation errors dramatically change with root
hydraulic properties. For any given segmentation, the relative error varied by one order of magnitude from lowest to highest
ratios of radial to axial conductivity (see blue curves in Fig. 2). Highest ratios yielded the largest errors. The assumption of
constant water potential inside a root segment (inherent to the Doussan model) is indeed farther from being satisfied if
axial pressure head losses are relatively important (low axial conductivity or high radial conductivity), particularly in longer
root segments. As segmentation lengths of 1cm are common in current models, typical simulations of root water uptake
are likely subject to substantial errors. Mathematical criteria for optimal root segment length were discussed by Meunier
et al. [52], who indicate that the product of the segment length by its inherent hydraulic property T should not be larger
than 1 to avoid large errors.

Test 2: CPU time and error variability in growing maize root systems

Preparatory calculation times (i.e., building the conductance matrices) were two to four orders of magnitude larger than
the time necessary to solve the flow solution (see Fig. 3, panel A versus B). This first step is required when the root system
hydraulic architecture changes (e.g. root growth, development or senescence) but not when the boundary conditions alone
evolve. Hence, there is a noteworthy tradeoff between the update of root system properties and the CPU time, particularly
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Fig. 3. Comparison of the different methods in terms of computational time in growing root systems. The CPU time for preparatory calculations is shown
in subplot A, while the flow solution CPU time is represented in subplot B.
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Fig. 4. Simulated natural variability of maize root system conductance (blue solid line: average; blue envelope: standard deviation) in a population of
100 phenotypes growing for 60 days. The associated finite difference model (using 0.5 cm segments) mean absolute error is shown in red (the envelope
encompasses the 5% to 95% percentiles of errors). An example of phenotype root system conductances calculated with the hybrid (dashed black line) and
finite-difference (dotted black line) approaches is included. (For interpretation of the references to colour in this figure legend, the reader is referred to the
web version of this article.)

with the macroscopic models (see dotted and dashed-dotted curves in Fig. 3 B) whose second step is two orders of
magnitude faster because they do not involve a matrix inversion [26]. However, if preparatory calculations are needed, the
fastest and most accurate method is always the hybrid approach (see solid lines in Fig. 3).

Fig. 4 displays in blue the evolution of root system conductance (K;s) over time in the 100 maize phenotypes covering
the natural variability of hydraulic and architectural traits. The blue envelope encompasses + one standard deviation of the
population K. The mean absolute finite difference model error (red solid line in Fig. 4, discretization of 0.5 cm) was 10% of
K;s on average, with 90% of errors comprised between 8 and 40% of K;s (red envelope) after 60 days. This error is relatively
high as compared to the estimated intraspecies variability (+50% of K, blue envelope).

As shown in Fig. 2, the relative model error depends on the local hydraulic properties of the root system which
are phenotype key-traits. Consequently comparing contrasted phenotypes is automatically biased when using the finite
difference method. This is also illustrated in Fig. 4 where the black curves represent the evolutions of K;s of a representative
phenotype using the hybrid (dashed) and finite difference (dotted) methods. Such differences do affect the results of virtual
phenotype performance prospects under drought scenarios, as proposed in [50].

Test 3: Assessing errors applied to experimental data
In Fig. 5, we mapped deviations of root water uptake as compared to the hybrid solution from coarse (2.5cm) to fine

(0.025cm) segmentations. The root segment colors represent the relative error on the radial flux: blue means that the
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Fig. 6. Simulated soil-plant water dynamics time series for 1cm (red) and 0.1 cm (blue) segmentations. Panel A: Plant collar water potential. Red and blue
arrows point at specific times of onset of water limitation. Panel B: Instantaneous (left axis) and cumulative (right axis) water supply from the soil-root
system to the shoot. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)

Doussan model underestimates the water uptake and red means that it overestimates it. When the Doussan and the hybrid
models agree, segments appear gray. We also indicated the numerical error made on the plant total transpiration that
reaches 33% of the global transpiration with coarse segments, 3.6% with intermediate segments and less than 0.1% with
very fine segments. With segmentation lengths of the order of the centimeter, numerical errors would cause dramatic bias
in the estimated root hydraulic properties, while the true hydraulic properties would be far from matching the observed
uptake and transpiration rates as shown in the left panel.

While numerical errors tend to disappear in the right panel, the computation time explodes, which is a major issue
in any inverse modeling scheme as tens of thousands simulations are typically necessary before reaching the optimal
parameter set. The hybrid method does not have such a limitation as it yields the exact solution with coarse segments.

Test 4: Root discretization impact on simulated water supply to the shoot

In this test, the simulations of the water flow in the soil-root continuum are rigorously identical except for the root
segment length. As shown in Fig. 6A, the discretization size (red=1cm, blue=0.1cm) led to significant differences in the
onset of water limitation. In case of finer segments, the stress appeared 3 days later (see red versus blue arrows). This is

due to the discretization effect on root system conductance, which is underestimated by 20% with the coarse segmentation,
thus limiting water supply to the shoot.
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Table 2

Main relative differences between soil-plant model state variables. The simulations ran with macroscopic parameters calculated using the Doussan model
or the hybrid model for two phenotypes generating maximum and minimum model errors at three different ages and under wet or dry condition. All
numbers are in %.

Young RS Intermediate RS Old RS
Phenotype max Phenotype min Phenotype max Phenotype min Phenotype max Phenotype min
Dry Wet Dry Wet Dry Wet Dry Wet Dry Wet Dry Wet
Water content Min 0.51 1.95 0.18 0.12 0.29 0.33 0.07 0.03 0.2 0.26 0.04 0.01
Relative
Error
on
Max 21 411 0.25 0.45 123 3.82 0.21 0.38 1.26 3.06 0.15 0.27
Sink term Min 13.46 24.94 1.87 1.57 22.44 25.52 2.48 2.36 2115 25.97 1.86 1.86
Max 25.03 40.95 3.43 241 53.76 27.34 9.37 5.37 36.29 29.07 9.67 2.23
Total Min 0 —0.02 0 0 -0.01 -0.01 —-0.01 0 —-0.01 0 0 0
transpiration
Max 1.64 0 0.38 0.01 2.26 0.01 0.75 0.01 2.05 0.02 0.35 0
Collar potential Min -9.71 —-16.59 -13 -1.61 -10.54 —-13.36 -1.57 —-1.61 -9.86 -10.33 -0.94 -0.6
Max 1.46 4.81 0.31 0.33 1.36 0 0.1 —-0.01 2 0.28 0.04 0
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Fig. 7. Distribution of the segment property tl as proxy of the water uptake error pattern in a virtual maize root hydraulic architecture (panel A). Relation
between relative model error on the local water uptake rate and the segment property 7l (panel B).

In the two-month scenario with growing root system, segmentation differences led to the actual (left axis, dashed blue
lines) and cumulative (right axis, solid red lines) transpiration represented at Fig. 6B. The difference of cumulative water
supply after two months is about 15 mm of water. It was mainly constituted early stages of root system growth, when the
xylem vessels are not developed yet (and the radial to axial conductivity ratio is high, hence generating large model errors,
see Test 1).

Test 5: Impact of root segmentation on state variables of the soil-plant system

Finally, Table 2 summarizes minimal and maximal differences for several normalized state variables of a soil-plant
hydraulic model [17] run with macroscopic parameters calculated with the hybrid and finite difference models. As it clearly
appears, after normalization, errors are far from being negligible since they may represent up to 4% of the mean water
content, 41% percent of the mean sink term, 2% of the total transpired water and 16% of the stress potential. As explained
before, the hydraulic properties of the root systems dramatically affect the accuracy of the water flow resolution and hence
the description of the water fluxes in the soil-plant-atmosphere continuum. There, even if not negligible most of the time,
the errors on state variables of the phenotype min are always smaller (i.e., closer to zero) than those of the phenotype max.

In Fig. 7A, the intrinsic property of the root segment t; multiplied by the segment length I; is shown for the old root
system of the phenotype max. Fig. 7B represents the relative errors of root water uptake in the same 60 days-old maize
root system presented as a function of this product 7;l;. The errors are calculated as the relative difference of root radial
flow Jr —Jrex, (with the second term calculated with the hybrid solution and the first with the finite-difference approach,
weighted by the mean exact radial flow Jyex). As discussed in [52], 7;l; is an indicator of the potential error of local water
uptake, the error being located where the product 7;l; is high. When the root segment size is uniform within the root
system (as it is here), the main errors are located at the lateral root tips, where the radial to axial conductivity ratio
is the highest (and therefore t; is large). Let us note finally that the use of the finite-difference approach will always
underestimate the root system total inflows under top potential boundary condition.
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5. Conclusion

We developed and presented a hybrid solution of the water flow inside root system of any complexity under flux or
potential boundary conditions. This method is based on the extension of the Landsberg and Fowkes [9] resolution of the
water flow equation in a single root segment combined with a finite-difference approach of Doussan et al. [14]. The hybrid
approach improves the solution accuracy of transpiration fluxes as compared to traditional finite-difference model up to
35%, with improved computational speed. In order to contain the finite-difference model error below 5%, the root system
segmentation would have to be finer than 0.1 cm, which would imply 10 to 100-fold increases in CPU time as compared
to the hybrid solution. The new methodology is the asymptotic solution of traditional resolution methods for infinitely
small segments (and for infinite segment number), and can be implemented in any functional-structural root system model
(as for instance SimRoot [53]). The finite-difference method generates substantial errors on shoot water supply and water
uptake location and intensity, which may result in erroneous estimations of root hydraulic properties from experimental
observations of plant water uptake. A new solution of plant scale parameters K;s and SUF has also been provided, which
opens the possibility to swiftly characterize virtual phenotypes hydraulic traits, and more accurately prospect on root
ideotypes for water extraction in drought scenario analysis.
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Appendix A. Description of the IM, C, D, c and d matrices

We first introduce the incidence matrix as it was done in the work of Doussan et al. [14]. This matrix, IM [N+1 x 2 N]
(-), contains the information on connections between root segments and soil-root interfaces of the hydraulic architecture.
In order to build the C matrix, only the upper half of the incidence matrix described by Doussan et al. [14] is necessary.

-1 0 0 0 0 0
......... e
0 1 0 0 1
IM = -1 (A1)
0
: 0
[0 -« o o 0 1 0 e e e 0 1]

Each line of IM corresponds to a root segment. The first line is that of the collar, while the N next lines correspond
to the ordered N segments. The N first columns of IM correspond to the ordered N segments, while the next N columns
correspond to the ordered N soil-root interfaces. IM is almost full of zeros, with ones on the main diagonals of both square
sub-matrices located below the first line (see Eq. (A1)), which represent connections of segments with themselves and with
soil-root interfaces. The first N columns contain each an additional “—1", which represent the connection of each segment
with the previous segment in the architecture. IMj,q; is “—1” if the i-th segment is the parent of the j-th segment in the
architecture (each segment having only one parent). For instance, in the first column, the collar appears to be the parent of
the first segment. In the second column, the first segment appears to be the parent of the second segment. Note that the
third segment could have either the first or the second segment as parent. Since segments are ordered, the lower half of the
first square sub-matrix can only contain zeros (the third segment could, for instance, not be the parent of the first segment).

We then define the conductance matrix C [N+1 x N+1] (L3> P~1 T-1) by:

C = IM.diag < [12"]) IM*
—I\r

where diag([:{g‘]) [2 N x 2N] is a diagonal matrix containing the root segment axial and radial conductances on its diagonal
and is 0 elsewhere . The vector D [N+1 x 1] (L3> T-1) is defined as:

) Tact
| diag(—Kr). Yo
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where Tac¢ (L3T-1) is the boundary condition for the root collar (flux condition), diag( — K¢) [N x N] (L3 P~! T-1) is a square
matrix which contains K; on its diagonal and is zero elsewhere and W [N x 1] (P) contains the boundary conditions for
the root segments.

In case of a top potential boundary condition, the root water flow equations are slightly modified. ¢ [N x N] is C without
its first line and column and d [N x 1] (L*® T-1) is defined as:

Kx,]- “Ilcollar
0
d= | diag(-K;). ¥ —
0
with W g, (P) the potential boundary condition for the root collar.

Appendix B. Exact solution in a root zone

The solution of the water flow equation in a root branch as derived by Landsberg and Fowkes [9] for generic boundary
conditions is:

W, i(z) = Wg i+ ¢y cosh (7iz) + ¢y isinh(7z) (B.1)
The axial water flow is powered by the potential gradient inside the xylem vessels and is given by:
d¥, (z .
Ji) =~ @ _ (¢ sinh (z2) + 63 cosh(zi2)) (82)

where «; (L3P~ 1T-1) is defined as:

Ki = +/ 2T rikr,ikx,i (B3)

We apply a potential W poximali (P) and a flux Jgisears (L3T-1) conditions respectively at the top (proximal end) and
bottom (distalend) borders of this root cylinder, mathematically:

\Ijx i(z = 11) = \ijroximali
( ’ B.4
JX‘i(Z = O) :Jdistal,i ( )

Egs. (B1) and (B2) yield:
Wiroximali = Wsr,i + €1, COsh (Til;) + ¢z ssinh(zil;) (B.5)
Jdistali = —Ki Cai
Solving Eq. (B5) for both coefficients writes:
\I‘proximal.i* \I‘sr.i+ Jd‘f(%“ Sinh(‘rili)
CLi= cosh(zil) (B.6)

_ Jaistali
Ki

The coefficients can be inserted in Eqgs. (B1) and (B2) to obtain the distal potential W,q; and the proximal flow Jy; of
the root branch:

\ljproximal,i - lI’sr‘i + dl,iit?“ Slnh(fili)

Wyoi = \px,i(z =0)= W+ COSh(Ti]i) (B.7)
Jai= Jxilz= L) = (-‘I’proximal,i + Wi — Jdl;(i“ Sinh(fili)>'€i tanh (7il;) + Jaistaricosh(zil;) (B.8)
1

Appendix C. Exact solution in a root zone for top-flux boundary condition

We apply a flux J,roximali (LT~ 1) at the top (proximal end) of a root branch as well as a flux Jgiea; (L*T 1) at its bottom
(distal end), mathematically:

Jx i(z = li) :Jproximali
. , C1
Jxi(z = 0) = Jaistati (€1
Combining the boundary conditions C1 with Eq. (B2), it yields:
Joroximali = —Ki (€ sinh (7il;) 4 ¢z jcosh(Til;)) (C2)
Jdistali = —Ki €2
Solving C2 writes
—Jproximal.i+distal.i COSh(%ili)
ki sinh(gl;) (C.3)

_ Jdistali
Ki

Ci=

Ci =
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Appendix D. Description of the A, B, a and b matrices
Top flux boundary condition

To construct matrix A [N+ 1 x N+ 1], we use the subscripts j that vary between 1 and N. A is a sparse matrix which is
zero everywhere, except at the following locations:

. 1.
AG+1i+ 1) =AG+1i+1) - —3  — tanh( 33 ) ifj is connected to i
sinh (1) 2
A(j+1,i+1):A(j+1,i+1)+,L if j is connected to i
inh (jl;)
1. .
A(i+1,j+1)=A(i+1,j+1)—/<jtanh<t’21>+ tanr:(ﬁ if j is connected to i
ili
AG+1,j+ 1) =AG+1,j+1) = —ifjis connected to i
tanh (z;)

For B [N+ 1 x 1], we must distinguish segments connected to the root system collar from those that are not.

1.
Bi+1,1)=B(i+1,1) — ¥, ; «;tanh (152]) if j is connected to i

1.
B(j+1,1)=B(j+1,1) — Wy ki tanh (1’]2]) if j is connected to i

B(i,1) =B(i, 1) + Jcontar if i is connected to the collar

Top potential boundary condition

a [N x NJ is A without its first line and column.

For b [N x 1], we must distinguish segments connected to the root system collar (i in the following lines) from those
that are not (j). Again i and j indices can vary between 1 and N.

b(i,1) =b(i, 1) — Wy ; «;tanh (1’,211> if j is connected to i

1
b(j, 1) =b(j, 1) — Wy ; i tanh (TJZJ) if j is connected to i

. . Ki P
b(i,1) =b(,1) — \I-fcoua1rm if i is connected to the collar

Appendix E. Exact calculation of parameters K;s and SUF

The exact solution of the water flow equation can also be used to calculate the macroscopic parameters of the Couvreur
model instead of using the Doussan equations. We calculate the root system flow and xylem water potential under
homogeneous soil-root interfaces conditions: Wsy = Wseq, with Wseq (P) a constant. Under this condition, the distal flow can
be related to the upstream conductance K;, 1 by:

Jaistali = Krsiv1 (Wsri — Wxo.i) (E.1)
The axial flow at the top of this segment is given by equation B2 evaluated in z=1;. It yields
Jxi = —ki(cyisinh (tih) + ¢ ;cosh(zily) ) (E2)

The difference of potential between the soil-root interface and the proximal end of this segment is calculated using Eq.
(B1). It writes:

Weeq — Wyi = — (¢1,icosh (gily) + ¢z sinh(Til;)) (E.3)

The conductance of the root system including the upstream conductance and the present segment i, Ks; (L3T~ 1P~ 1) is
given, in homogeneous conditions, by the total axial flow divided by the potential difference between the soil-root interface
and the proximal end. Dividing Eq. (E2) by Eq. E3, we obtain:

Jai _ . (cuisinh (zili) + ¢ icosh(zil;) )

(\I"xl‘i - ‘I—’seq) " (cy,icosh (7il;) + ¢z isinh(zil;))
Combining Eq. (B1) evaluated in z=0 and Eq. (E1), the distal flow yields:
Jaistati = —Krsip1 €1 (E.5)

Kisi= (E4)
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Eq. (B5) allows one calculating the second coefficient c;;:

K .
Ci= — o (E.6)

1

Combining Eqs. (E4) and (E6), it yields:

ki sinh (rili) + Kis i+]COSh('Cili)
Kisi = ki : - E.7
sl K‘( ki cosh (til;) + Kis 11 sinh(zil;) (E.7)
When no initial conductance is attached to the distal end of the system, Eq. (E7) simply becomes:
Krs,i = Kj tanh (Tili) (ES)

which is the formula derived by Landsberg and Fowkes in 1978 [9].

It appears that the root system conductance can be calculated recursively from the root tip towards the root collar. The
first conductance K, is the total root system conductance Ks. When calculated for all cumulative root zones from the root
tips to the root collar, the root conductances can then be used to obtain the xylem potential, starting from the root collar
to the root tips combining Eqs. (B1), (B6) and (E5):

) ki cosh (7iz) + Kis i1 15inh(7;z)
%84/ i cosh (1il;) + Kis iy 1sinh (7l

llJx,i(z) = LIJseq + (“ijroximal,i - (E.Q)

W proximal 1S derived from the previous calculations: it is calculated evaluating Eq. B1 in z=0. Eq. (E9) is used to
calculate the next proximal potential by taking anew z=0:

Ki
Whroximati1 = Wseq + (Vororimati = Wsea) e ey i simb(zily (E10)

Finally the radial flow is given by the integral of the radial flux per unit of length:

li
Jri = /0 27Ky (Weeq — Wi (2)) dz (E11)

Combining Eqs. (E9) and (E11), we obtain:

(i sinh (7il;) + Kig i 4 cosh (7ili) — Kis iy )
ki cosh (7il;) + Kisj1sinh(7ily)

Ji= Ki(lyproximal,i - lIJseq) (E12)

The radial flows as calculated by Eq. (E.12) can be used to calculate the Standard Uptake Fraction of each segment by
dividing them all by the plant transpiration:
Je

SUF =
J><|,1

(E13)
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