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Abstract

We study the statistical mechanics.of hydrogen dissolved
in metals. The underlying model is based on the assumption that
the dominant attractive interaction between the protons in the
metal is of elastic nature.

In the first part of the paper we review some general
properties of the elastic interaction. We then discuss the
importance of boundary conditions for the form of the elastic
interaction, which turns out to be of the Curie-Weiss type with
macroscopic range.

In the second part we investigate the o-a' ("gas-liquid")
phase transition in the hydrogen lattice fluid. The long-range
part of the elastic interaction is treated in mean field
approximation. In the canonical ensemble as opposed to the
grand canonical ensemble one finds no coexisting phases near
the critical point. Instead there is a continuous transition
which changes into a first-order transition at tricritical
points. In the temperature-density region which normally
corresponds to the two-phase COexistence region the hydrogen
density is inhomogeneous and varies on a macroscopic scale.

The peculiar nature of the o-0' phase transition is due
to the long-range character of the elastic interaction, which
ultimately results from the requirement of coherency of the
host crystal. We argue that coherent metal-hydrogen systems
offer examples of real systems where the classical theory of

phase transitions applies.



w W W wWn

Table of Content

Introduction

Model for metal-hydrogen systems

2.1 Lattice model

2.2 Continuum model

Volume change, elastic constants

General properties of the elastic interaction

4.1 Elastic interaction in a lattice with
periodic boundary conditions

4.2 Elastic interaction in a lattice with
free surface

4,3 Macroscopic modes

Elastic interaction of protons in an isotropic

Free energy

Phase transition

Conclusion

Acknowledgement

Appendices

References

sphere



§ 1 Introduction

Hydrogen dissolves exothermally in many metals. Important
examples are the transition metals V, Nb, Ta and Pd, which
show the highest solubility. In metallic solution the hydrogen
molecule dissociates, donating its electrons to the conduction
band, and the protons occupy interstitial sites.

Two important features distinguish metal-hydrogen systems
from metallic solutions of heavier elements such as oxygen and

nitrogen:

l. Solubility. The amount of hydrogen in the mefals can be

varied to a large extend. Concentrations up to 100 atomic
per cent (i.e. one proton per metal ion) can be obtained.

2. Mobility. At lower concentrations the protons are rather
11
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mobile. Jump rates of the order of 10 jumps/sec., at room
temperature are observed. This is comparable to the mobili-

ty of water molecules in liquid water.

For heavier impurities the maximum concentration is limited to
a few atomic per cents (typically less than 10 at.%) and the
mobility at room temperature is about eight to ten orders of
magnitude smaller.
Because of its high mobility the hydrogen fluid readily
attains thermal equilibrium with the metal lattice and its
thermodynamic properties can therefore be studied over a wide
range of temperature and concentration.

For higher concentrations the interaction between the

protons is no longer negligible and the hydrogen system is



expected to behave like a nonideal liquid or gas. The phase
diagram (Fig 1) of Nb-H, for example, as obtained from x-ray
methods and solubility measurements is indeed identical in

its general features to phase diagrams 6f normal one-component
liquids. For concentrations ¢ <€ 0.8 three phases of the hydrogen
system are observed: a gaseous (a), a ligquid (a') and a solid
(B) phase. There is a triple point T, and a critical point T,.
In the B-phase the subset of occupied interstitial sites forms

a superlattice with long-range order, whereas in the o- and
o'=-phase all possible sites are occupied at random.

It is obvious that we are dealing with a physical system
which resembles the lattice-gas model of fluids. The question
then arises: what is the nature of the (attractive) interac-
tion between protons which produces the gas-liquid phase tran-
sition?

The bare Coulomb potential of the protons is screened by
the electrons of the metal. For the transition metals quanti-
tative calculations of the screened potential are very diffi-
cult. Oualitatively we expect a predominantly repulsive inter-
action for small separation of the protons and a decaying
oscillatory interaction at larger distances.

Even if we could solve the screening problem it would
give us the electronic interaction between the protons only
for dilute solutions. For higher concentrations, ¢ > 0.1 H/Nb
say, the proton liquid interpenetrating the metal lattice will
give rise to a new electronic band-structure which is probab-

ly quite different from the band-structure of the pure host




metal. As far as we know it is an open guestion at present
whether the electronic interaction of protons in Nb for instance
can account for the a- o' phase trahsition and the high value

of T % 450 °k.

There is one rather obvious but nevertheless important
difference between the usual lattice-gas model and a real
metal-hydrogen system which involves the role of host lattice:
the real metal lattice is deformable, and the protons induce
long-ranged strain fields in it. The elastic enerqgy of the
strained crystal is equivalent to an effective interaction
between protons. This elastic interaction turns out to be
attractive in crystals with a free surface, and it has been
suggested (G. Alefeld 1969, 1972) that it is responsible for
the gas-liquid phase transition of metallic hydrogen solutions.

The purpose of this paper is to study the elastic inter-
action between interstitial impurities in crystals in some
detail. On the basis of the hypothesis that the elastic inter-
action is the dominant attractive interaction in metal-hydrogen
systems, we investigate some of the unusual features of the
gas-liquid phase transition which are a consequence of the
long-range nature of this interaction.

The elastic interaction between lattice inhomogeneities
has been studied extensively in the past. For the work based
upon continuum elasticity theory we refer to Eshelby (1956) and
to a more recent review by Siems (1968). Elastic degrees of
freedom and the associated elastic interaction play an

important role in Cahn's theory of spinodal decomposition



(Cahn 1961, 1962), and in the theory of structural and order-
disorder phase transitions (Krivoglaz 1963, Khachaturyan 1966).
The elastic interaction between point defects in harmonic
crystals has been investigated by Hardy and Bullough (1967) on
the basis of the microscopic theory of lattice statics. Cook
and DeFontaine (1969, 1971) have studied the elastic free
energy of solid solutions in the same framework.

This list of references is, of course, not complete. We
only mentioned literature which bears some resemblance to our
work here.

In most of the previous treatments of the elastic inter-
action either an infinite lattice or a lattice with periodic
boundary conditions was assumed. For a system interacting via
short-range forces the specific form of boundary conditions
(i.e. the shape of the system) is of minor importance for the
calculation of bulk properties. The free energy, for instance,
is normally independent of the boundary condition in the
thermodynamic limit. This is no longer true in the case of
the elastic interaction, as we shall see.

The outline of the paper is as follows: In § 2 we
introduce a lattice model for hydrogen in metals which is
based on the assumption that the effect of protons on the metal
ions can be described by forces which are linear in the densi-
ty of protons. After elimination of the lattice degrees of
freedom we obtain an effective interaction between protons
which defines the elastic interaction. For later use we also

give the continuum form of the model. One basic and experimental-



ly accessible quantity entering into the theory is the force-
dipole tensor. In § 3 it is shown that the familiar connection
between the trace of the force-dipole tensor and the total
volume change caused by the hydrogen load can also be derived
from lattice statics. In § 4 we discuss the properties of the
elastic interaction with special emphasis on its dependence on
boundary conditions. The elastic degrees of freedom of a
lattice with periodic boundary conditions are uniquely given by
plane waves or phonons. For other boundary conditions (e.qg.
free surface) additional modes exist, which we call mgcroscopic
modes because of their dependence on the shape of the crystal.
These modes are discussed in subsection 4.3. Their spectrum
and the resulting elastic interaction are then calculated in

§ 5 for a spherical crystal. In § 6 we study the free energy
which is given as the sum of two parts: a "reference" free
energy arising from the phonon modes and the electronic
repulsion, and an elastic energy due to the macroscopic modes.
The latter is of the Curie~Weis type. We argue that the mole-
cular field treatment of this elastic energy with its macros-
copic range should give the exact free energy. The o-o0' phase
transition is investigated in § 7. In § 8 we conclude with a
brief discussion of the importance and implications of the

requirement of coherency.



§ 2 Model for Metal-Hydrogen Systems

We consider a metal with NL metal.ions and N protons (or
deuterons), Let us suppose that the electronic degrees of
freedom have been taken into account within an adiabatic.
approximation. We are interested in the equilibrium properties
of this system in a temperature range where classical statistics
is assumed to be valid. Therefore we only need to consider the
total potential energy of the protons and the metal ions which
will consist of three parts: the potential energy § (YY) of the
metal, the interaction ¥{X,Y) between protons and metal ions
and the electronic interaction U(X) between protons. The con-
figurations of protons and metal ions are symbolized by X =
{ga}rand Y = {Y"} respectively with a = 1,...,N and m =

l,eu,NLo

2.1 Lattice Model

The metal lattice will be described in the harmonic approxi-
mation,. The rest positions of the metal ions in the pure
lattice (i.e. without protons) are denoted by Bm and the dis-
placements by !m, The pure host lattice is taken as the refer-
ence system. The protons occupy interstitial sites which are
defined by the rest positions ga and the displacements Ea with

respect to the reference system. Thus

Y R™ 4w v | (2-1)




We then have (with the summation convention)

he e { Lot et e
Y) = CRY + CRYV" 4+ o , (2-2)
4>< CP CF,«, /14, }2, 7)}4.. ¢/4¢V Uv ¢
The configuration of the protons is described by a set of
occupation numbers t = {Ta=0,1} with v, = 1 if the site ga is
occupied. Lack of detailed information leads us to assume for

¥(X,Y) to be a sum of two-body central potentials

vY(xYyz) = 2 (X~ Y"l) 7, ) (2-3)

which is also expanded in powers of the displacements ga and

zm. We keep only linear terms and hence

, a b toa
Yy, z)y= YR az) +¥ (RJG?Jr)ufat foRar)e ™ 4
where, for example,

(f:z (R-\c?)t) . gaﬁﬂk(/fa"ﬁ‘%‘)a = %mm L ) (2-5)

. m m

with 9 = 3/9R .
U / H

The rest positions ga and B@ are determined from the require-

ment that the forces on the metal ions and protons vanish in

this configuration,

¢“y =0 $*Ra,z) =0 (2-6)



Two comments should be made here:

We assume the protons to be well localized and in writing

-

Y(X,¥,7) in the form of eq. (2-3) we only take into account
the ground state of a localized proﬁon. The experimentally
observed excited localized mode of protons in Nb, for
instance, has an excitation energy of about 0.1 eV . In

the temperature range around 'I‘c this mode can be neglected.

We keep only leading terms in the expansion of ¢§ and ¥ in

N
®

powers of the displacements. Since EW(T) # O there is a
linear term in eq. (2-4) whereas the linear term in the
expansion of §, eq. (2-2), vanishes because of g@ = 0O, The
neglected quadratic terms in Y renormalize the force-
constants @Ss. The second derivatives of w(]ga-gml) which
enter into these quadratic terms can be obtained by fitting
the frequency of the localized mode. We have estimated the
change of the elastic constants caused by the modification

of éﬁg to be of the order of a few per cent.

The basic approximation of our model lies in the assumption
that the effect of protons on the metal ions can be described
by linear forces (Kanzaki (1957) ) which allow superposition.
This linear force model has also been employed by others

(e.g. Hardy and Bullough (1967) ).

Some general properties of the coefficients gmn and !@ will be

required later. They are

M_,“,— - (e te e We i u_f- e e (75 _
%¢M.,-—0‘~2'4> %CP/'«VR«—%CR“«RV |1



and
E q/r(r) = O R % ‘"FrCZ") R:' = £ L{’Vm(Z‘) R(:i . (2-8)

These relations follow from the invariance of the total potent-
ial energy with respect to translations and rotations of the

whole crystal together with eq. (2-6). In addition we have

¢

mn _ énm
1Y vu’
The various possible interstitial sites ga are characteriz-

ed by their point-group symmetry. Experiments indicate that the
hydrogen occupies octahedral sites in fcc Pd (Worsham et al.
(1957) ) and tetrahedral sites in bcc Nb (Somenkov et al (1968) )
and we shall o6nly consider these two cases (see Fig 2a,b).

In the cubic elementary cell there are four sites in the fcc
lattice and twelve sites (four of each type j = x,y,2z) in the
bce lattice. We denote by NH the total number of sites and by
N... the number of tetrahedral sites of type j. Then NH = NL

HJ

for fcc-octahedral sites and NH = GNL, NHj = 2NL for bcc-

tetrahedral sites.

We still have to consider the electronic interaction U(X) which
is assumed to be short-ranged and predominantly repulsive. The
electronic effect of the protons in Nb is believed to be
screened out beyond a distance of about one metal-metal spacing.
We make the rather crude assumption that U(X) can be replaced

by a hard-core repulsion and set

_ [~ s
Ulx,z) = Eﬁ Uyt @, =UE) | (2-9)



The hard-core assumption for U(X) is not essential in the
following discussion, but we point out that in writing U(X) in
the form of eq. (2-9) we neglect any dependence of U on dis-
placements ga.

Summing up the various contributions we obtain the follow-

ing Hamiltonian for the metal-hydrogen system:
o Lut gnr
‘H}.oL 2 v ‘vt UT)+ Y (E) + ‘I’ (r)- "™ (2-10)

We eliminate the last term on the right with a shift in the
displacements, Formally, this corresponds to a canonical trans-

formation of H (see e.g. Wagner and Swift (1970) ). The

tot
physical interpretation of this procedure is as follows: the

displacements v'" consist of two parts

e -
_?f ::l_/'aéo)ﬂ‘-'lf b (2-11)

The part gzl(T) describes the elastic deformation which is
caused by the hydrogen in the configuration {Ta}. The sites
5m+221(T) are the equilibrium or "relaxed" positions of the
metal ions for given {Ta}. The metal ions vibrate around these

relaxed positions with displacements ¥$ib having a time-average

mo_ . m
Veip = O The displacements Yol

condition that the time-averaged force (8Ht0t/3v§) on each

(tT) are determined from the

metal ion vanishes. This leads to

ue i " e ma
¢ v, ==Yy = - T, : (2-12)



We define the inveme1'gmn of the matrix an by

w b £n wew { v ) Retee
Pun Dav == 3y =30 (A WL\ s Daew =Dyl 2

and obtain from eq. (2-12)

(22078 [
vy =2 Yy (2-14)

——

With the help of egs. (2-11) and (2-14) the Hamiltonian can be

rewritten in the form
_ | he e ,D_l&
Hoo = ¢+ 3 L i "2 vib

Y "(z) -iwu- _‘f“(t) (2-15)

M

+ U(T) + Y(r) +
Ho+ H#H(T)

W
[

The original hydrogen-lattice interaction has been trans-
formed into a direct interaction between protons and the phonons

have been decoupled from the hydrogen system.

2.2 Continuum Model

The Hamiltonian (2-15) is now in a suitable form for calcu-
lating the free energy of the hydrogen system. Apart from the

statistical problem involved in the evaluation of the partition

Because of eq. (2-7) the inverse of gmn exists only in the

subspace of vectors ym with Zym = 0. Therefore the projec-
m

M on this subspace enters into eq. (2-13).

é
tion operator Uy



function for a given interaction we are faced here with an
additional difficulty. The lattice Green's function (static

MM turns out to be a quantity which is

phonon propagator) D
sensitive to boundary conditions and depends upon the shape of
the crystal. It is rather difficult in general to calculate
an for a finite discrete lattice. However, some progress can
be made if one goes over to a continuum description. One
essential restriction of this approach is then in the assump-
tion that the density p(r) of protons is a smoothly varying
function.

Let us now write down the continuum version of the model,

starting from the "elastic" part of the Hamiltonian, eq.

(2-10),

22
Lot e Yy v

F%&L = ;z Z?

ﬁ*%

Here and in what follows we always understand !m to mean

—el
copically varying density we may also replace zm by a slowly

varying displacement field v(r). After some manipulations which

are outlined in appendix A we obtain Hel in the continuum form

H

= ljg C@-)Cﬂ , (av('r)o(r'-i-jTr )z%ﬁcr)dg-

The various quantities in eq. (2-17) are: the strain field

28, (ry= 9 Y (&) + %Y (1)

(t). If the hydrogen distribution is described by a macros-

(2-16)

(2-17)

(2-18)




the elastic constants of the pure host lattice

ny

| s we L h . )
Coq/s(u,\) - 7“%“' Rﬁ (#"‘/“' RV = CK/&V(Q.—' CﬂKJ{uV)(z 19)

in harmonic approximation, and the density of the "force-

dipole tensor"

3y ' ¢
M.ty = 2 Sy Ry
¢ e @ (2-20)
5 a
P«/s = %(Rx—cq()&kﬂ .

The quantity pj(z) is the partial density of protons at sites
of type j. The force-dipole tensor Pgs depends on the type of
the site+ ga.

The expression (2-17) gives the difference in elastic
energy between the crystal strained by the hydrogen load and
the pure crystal, with the latter constituting the unstrained
reference system with volume V and free surface S. The eq.

(2-17) is valid provided the strain field obeys the differential

equations

CK/%(MV 9./3 2/uv (r) = - 9/3 TC{S (r) 9 T v V ) (2-21)

with the boundary condition

Co(/&(uv' e/:sC?_") 2/‘”/('_!:) = - eﬂCf) ”"([3 CT_‘\J T oon § , (2-22)

T Sometimes we shall use the more detailed notation a = (aj,j).



where e(r) is a normal unit vector on S. Egs. (2-21) and (2-22)
are the continuum versions of the equation-of-state (2-12).

Finally, one has for the force-dipole tensor

"P Sxﬁ , fcc-octahedral sites )

;Z% _ ; N3 _ (2-23)
R P S;ﬂ + (P-P) (¥§ﬁ' bcc-tetrahedral sites .

(no summation on j)

These forms are easily obtained from eq. (2-20) using symmetry
considerations.,
In concluding this section we point out that the express-

ion (2-17) for He is more general than the derivation (in the

1
appendix A) indicates. It is not necessary to assume a harmonic
crystal for eq. (2-17) to hold. One may simply define the
elastic constants and the density Hae(g) by an expansion of

Hel in terms of strains. HaB(E) is then interpreted to be the
tensor describing the internal stresses caused by the hydrogen

load. In this approach the basic approximation is the use of

linear elasticity.



§ 3 Volume-Change, Elastic Constants

The expressions (2-12) and (2-13) will now be used to
calculate the change in volume, AV, caused by the hydrogen.
In carrying out the calculation, we introduce arguments, need-
ed in the next section, which allow one to evaluate some ex-
pressions involving an without requiring an explicite form
of the latter.

Consider a crystal with volume V and surface S. Let {gm}
be outward-directed normal unit vectors at lattice sites on
8, i.e. gm = O for Bm on S, gm = 0 otherwise. For a given set
{Ta} we obtain the volume-change AV from
sav = e™ oyt = ¥y DT e (3-1)
Here pL(s) is the surface density of metal ions. The vectors
{gm}may be interpreted as fictitious surface forces, normal
to S. Then gmn;gn is the displacement of the metal ion at 5m
due to these surfaces forces which correspond to a uniform
pressure. The displacements will be homogeneous,

M 7y A (7%
Doyoe) = .0 R, (3-2)

where €uv is a homogeneous strain. We solve eq. (3-2) for eﬁ,

multiply by - R?/V and sum over m. This yields

_ _{_ Rmém _ _‘. P a2 Ly lh A
Vv K Tae T, }x. CP_uv R/\ z‘u,\ (3-3)
A

Ck-zu Av é-‘/\w

I



where we have used eq. (2=13).

The quantity

n tn (s)
—\’; RKCM = SL 5/.“, (3-4)

is the stress tensor describing the fictitious surface forces.

From eqs. (3-3),(3-4) we find

A (€3
Euy =78 Suvie (3-5)

with the elastic moduli S defined by S

uvKACKAaB =
). Insertion of (3-5) for E into (3-2)

HVKEA

(17208086 + 8,08,

together with (3-1) vyields
(773 _ Le
AV = = Sy pv V2 R . (3-6)

The first moment of the force g@ is given by the force-dipole

tensor, eq. (2-20),

oy 5 ¥
YIRS = éP N , (3-7)

In the case of cubic crystals we finally obtain (Eshelby 1956)

— b
AV == Suipw TN, Pl = - L(P+2P)I N (5
where
= \S = 3(5 + 238 = et
Kr W " ) C +2¢.  °  (3-9)



is the isothermal compressibility of the pure host-lattice.
The thermal average of eq. (2-12) is the (thermal) equa-
tion-of-state of the metal-hydrogen system. It can be used to
obtain the change in the elastic moduli, ASuva, upon loading
the crystal with hydrogen. The calculation closely parallels a
similar calculation for the case of a deformable Ising lattice

(Wagner and Swift 1970) and we only give the results (Benn 1972)

ACS, +25,) = (»514’“25/1)2(%‘27;‘)1 (1, +2 ey ), (3-10)
A (S“— 5,) = (3,°95, ) (P-PH? (/"H— {’;J ) (3.11)
A5y = 0 (3-12)
with

i 4—3":_" ‘gb; [(f¢4 Z«},}\—- (Z'%)(QQ)] | (3-13)
where we have set a = (a,,i) and the sum on a, is over all inter-

stitial sites of type i ( = x,y,z). Thebrackets <..> denote the
thermal average. The expressions (3-4£Lé—ll}@—12) for the
changes of the elastic moduli in cubic crystals are generaliza-
tions of known results (Alefeld et al. 1970).

The changes of the compressibility, A(Sll + 512)’ and of
the shear modulus, A(Sll - 812)’ due to interstitial impurities
are the Gorsky- and Snoek-relaxation strengths, respectively.
In the high-temperature and low density limit the correlation

functions Fij for Nb-H, for example, reduce to



[76%’7_5: yﬂ(r): [ $c¢cd. (3-14)
{ 8 v JhgT D
where Py, = NL/V is the metal density, ¢ = 6<t> is the atomic
concentration [H/Nb], and we assumed a grandcanonical ensemble.

Thus, measufements of AV,_A(Sll + 512) and A(Sll - 512)
for high temperatures and low densities therefore allow one to
determine the components P and P' of the force-dipole. tensor.
Such measurements show that for hydrogen PgP' (Buchholtz et al.
1973), i.e. the protons on tetrahedral sites act to a good
approximation like pure dilation centers - a somewhat puzzling

result.



§ 4 General Properties of the Elastic Interaction

According to eqg. (2-15) the Hamiltonian for the hydrogen

system is given by

Hiz) = Ul)+ Yio) + 5 LA B M _“_PMLF) , (4-1)

The third term on the right side contains the elastic inter-

action. It can be written in the form

Il

(fmcz_) ’:—2 (/“"4’ —(;{/“'CZ-) Q'Z.; Wab [—/;- Z—.b (4—2)

J

where

b

. W (4-3)

hea he o
W 6 = Lf °

a

&

We assume that the forces gma have a microscopic range of the
order of a few lattice spacings. We now discuss two cases:
protons with arbitrary mgcroscopic density distribution in a
lattice with periodic boundary conditions,and homogeneously’

distributed protons in a finite lattice of arbitrary shape.

4.1 Elastic Interaction in a Lattice with Periodic

Boundary Conditions

We consider first a lattice with periodic boundary condi-
tions and then go to the limit of an infinite crystal. For

simplicity we discuss the case of octahedral sites in fcc



lattices. Then we have N, = NL‘ It is straightforward to

H

generalize the subsequent formulae for the case of tetrahedral
sites in bece lattices.

With periodic boundary conditions, gmn and an depend only on

Rm—gn. We define

e | 3
CP(“V - N % <P
- (4-4)

L [ = "2'(8&“‘_’?%)

i No g T

The sum over the wave-vectors q is restricted to the first

Il
l
N
&

Brillouin zone. The matrix ¢uv(q)can be expressed in terms of
polarization vectors eu(q-s) and phonon frequencies w(q.s)
(s denotes the polarization)

(P/uv(if) = ML % %"(?5) wz(gs) eu (—%5‘) , (4-5)

where ML is the mass of the metal ion. From eq. (2-13), which

now reads

Pure) D (g)=—-8, (1= 3 ,) (1-6)

we find for q # O

é;bqgs)‘%/(%S)
ML_ w262 S)

(4-7)

Do (1) = ”%



(4-8)

W(g) = ‘_{/(—c;“.;b(g).ff(g) (4-9)
where

- (4-10)

Let us introduce a coarse-grained distribution of protons,
Ta-9 %a‘ The averaging procedure involved in the coarse-
graining should take into account that only one proton may
occupy a site ga and hence Ti = Ty Therefore

Ué’orb —> L, L = 77& ga.k +(/—(Z/é) Z;. b g (4=11)

The elastic energy is then given by

_ 15 == _ 1 ¥ — vt 4-12)
HQ@ = 2 :%L MéiQ —Z;;Eg -2 i? b%;a.tig + ‘faé ) (

T The reciprocal lattice of the interstitial sites {Qa} is
identical to the reciprocal lattice of the metal in the

case of octahedral sites in fcc lattices.



with the elastic interaction energy , H;;t,

it —
o = 422. Wit

ku..

gvﬂ

d
2

N)s

o A @ .

atb “ |

Z f"; (4-13)
a

The meaning of eq. (4-13) is obvious: in order to find the
interaction energy we have to subtract the elastic "self-

energy" (l/Z)Zwaa?g from the average elastic energy
a

(L/2) T w ?bu Let us consider the latter, which can be

T
ab ab a

written as

> W,z = )T T-g)yWlg)yT(9) (4-14)
ab @b “a "6 hﬁ -g ? ? )
where
T(g) = 2 Z e & ‘ (4-15)
a

We now assume that {?a} describes a smoothly varying densi-
ty distribution. Specifically we assume that only g=-values
with q<<i/é; contribute in eq. (4-14) where,fo is a measure of
the range of forces Zma. Therefore we may expand z(g), in

powers of q:
- v ‘
TL@C?) - ¢ 2;40( go( + 37 ﬁtqﬂk QK Q/& g&‘ + e (4-16)
with

P ~ Y yvere. ¢ LA URERM) = (L),
_ Y, "

(4-17)




The second term on the right side of eg. (4-16) contains the

"force-=-octopole" tensor PGUBY

of the elastic constants of cubic crystals and is of the form

7/)4«/3,} = }Z (‘;«x 5}*3—* é;«/sgq,* ‘24,}‘3;/3)‘*(?3"332 ) ‘i&?‘ﬂv
where Pll = Pllll’ Pl2 = P1122 = P1212 and SuaBY = 1 for

o=pf=y=u , O otherwise. The multipole moments Pq ...
1°°°'n
with odd n vanish in the case of fcc-octahedral sites.

With egs. (4-16) and (4-9) we have

Weg) = o fp Dur ()B4 45

qé 3-,,< R DMVCE )713/3/)4./\ QJ, gik, 9,\ + O(iéﬁ) .

e

Let us consider the behaviour of D(q) for g« f/l;. If q—l is

, which has the symmetry properties

(4-18)

(4-19)

much larger than the range of the lattice forces ¢§3 then we may

use the elastic limit of qu(q) which is

vV > A 2,

s = Vv 2
bus 0> Coap R4 9" = 3 8L, D 4

with i = q/q, and we obtain for Duv(q) from eq. (4-6),

NL_ I A
Duv (3) == TF a4, (3)

i
ety

It is straightforward but somewhat tedious to compute guv(ﬁ)

from eq. (4-20). The result is, with d = Cll - C12 - 2Cy,

(4-20)

(4-21)
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%v (g‘) =

In the case of isotropy, i.e. d = O, this reduces to

' s | 2 A [ : A
9/44\) <g ) = —C-—I;%-"q".‘. —C‘::L’(é;,v"’ g/w QU ) . (4"23)

For the leading dipole-dipole term in eq. (4-19) with Puv

Pﬁuv we obtain

P i/&:?qug )gq, — - P2§/u » (ﬁ?)é‘v ‘ (4-24)

<|lZ

If we now include the dipole-octopole contribution in eq.
(4-19) we must also take into account the phonon dispersion in
the dipole-dipole term. Instead of writing down the resulting
expression forW(g)vﬂdch cannot be evaluted analytically anyway
we shall assume an isotropic lattice for the rest of the dis-
cussion of W (g). The features of the elastic interaction which
are essential for the free energy can already be seen in this
simple case. Isotropy is defined more generally (including

dispersion) by

C.(g3s) €,(3s) A A | S -3 3 _L_
ek Y = —> 2 €Z + (/av 1 ? ) 2 . )
w*(gs) AT AT GG) (4-25)

2
S

In the dipole-dipole term of W (q) only the longitudinal part

enters and for the frequencies of longitudinal phononswe assume



2 2
w0 (g) = Ug*(1-5,4") (4-26)

. 2
with the sound velocity (NLML/V)Yb = Cyq-
1.

The final expression for W(g) then is
Vilay=- 2 L PP Py oz, P
(?) C” + ( ) )2 3—5‘ P )QZ(# 4.“, (4 27)

We insert eq. (4-2) for W (q) into eqg. (4-1) and change from
sums on q to integrals. In this way we go to the limit of an

infinite lattice. In addition we replace the g-integration

over the first Brillouin zone by an integration over the whole
g-space, which corresponds to the continuum limit. Transform-

ing back into r-space we obtain finally

2— Wi [ -5z ISC’P) dr + — ( ,2—3 )j(\_?g(a_—))zd_o-

(4-28)
- 63 105 - y
3P \J]’ )| ———  — )
2‘/7‘C( ) SC"-)LIT—I’IS ,I_I»Igé(%n)]fft’)draff’

Here, we introduced the proton density by (NL/V)Ta—é p (r). The
(l/r5)—interaction in the third term was originally discovered
by Hardy and Bullough (1967). When averaged over a sphere this

interaction vanishes.

¥ This expression for W (q) is also valid for an anisotropic

lattice if q lies in the (100)-directions. Similar express-
ions for the (110)- and (1lll)-direction can also be found

easily.



The expression (4-28) is also valid for bcc-tetrahedral sites
if the densities of protons on the different typs of sites are
equal, i.e. pj(E) = p(r)/3. In general there is a non-vanish-
ing quadrupole moment PgBY of the forcés Eﬁa for tetrahedral
sites, leading to a (l/r5)—quadrupoleﬂquadrupole interaction,

If pj(r) is taken to be independent of j, then only ZPgB

3 Y

enters, which again wvanishes.
We now consider the self-energy part in eq. (4-13). With
W = W we find
g (RZR")
T 5 ea 6C$6)8(6) la - ,
W= -2 2 Y i S T e (4-29)
s mn « NLHLAJZC?'S)

4o

Here, all g-values ( except g = 0) enter. An order-of-magnitude
estimate can be obtained by noting that an important contribu-
tion arises from small g-values. Therefore we expand the ex-
ponential in eq. (4-29). This yields for the first non-vanish-

ing contribution to W

_ Ny
W=- aﬂ R«Mw —’?wv ) (4-30)
R - v T g Cx (%) Gulg5s)

«LPpav NN, gg BTV N, w?Cgs) ‘

If one furthermore assumes isotropy and the Debye-approximation
Qt,t == V£,tq' one obtains

f—

Ra((scuv B (4-31)

V[ S S+ S0 \+;‘;+£—1)53]

N, M,




The eqgs. (4-30) and (4-31) give for the self-energy

a

oM

{ = 2
53 W,, T —e»-— — Jﬁg(ﬁ')cdr
For becc-tetrahedral sites we only have to replace NH by NHj
and PaB by P&B in (4-30) and (4-31). The right side of eq.
(4-32) then reads
_ 1
2

y + ¢ |
é_] s, ¢ [ fv 8, ) dr

R
«f v

which for Py = p/3 and together with eq. (4-31) yields

36 Cy 6oc, 3oc

[y = - L —
E)c: WM:/:a L(P F2PR) 4 (P ( t jg (Ve

With the use of the estimates (4-30) and (4-34) for the

self-energy we finally obtain HiT for an infinite isotropic
lattice in the continuum limit:

l. fcec-octahedral sites

ﬁzé = %LTCYSQ-))Z&@ + 2T'ﬂ30:) Vit-r)gie) drdr”

2. bcc-tetrahedral sites, with P

w4 seny Vie-rygery dede?

(4-32)

(4-33)

(4-34)

(4-35)

(4-36)



“ - (4-37)
) = — B T 63 10§ 4 4
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By using the expressions (4-32) and (4-34) for the elastic
self-energy we are tacitly assuming that linear continuum
elasticity theory is applicable for distancies of the order of

the lattice spacing. However, one can calculate the quantity W

= W numerically for a realistic lattice. For Nb one finds++

aa
from eq. (4-29) W/P2 ==-2.3 . lOlo erg“=l whereas the estimate

yields w/p2 ==2,0 ° 1010 erg‘l, The latter value was obtained

from W/P2 = = 2/(Clla3) with C11 = 2,46 lOl2 dyn/cm2 and

with a lattice constant a = 3.44 »10“’8 cm,

¥ Note that K2 could also be negative. This would indicate an
instability of a homogeneous hydrogen distribution with
respect to spatial modulations of the density p(r).

o

The phonon frequencies are taken from experiments (Sharp,

1969) . The force Wma is assumed to act only between a
proton and its nearest and next-nearest Nb-neighbours.
The two constants involved are determined from the force-

dipole tensor.



4,2, Elastic Interaction in a Lattice with Free Surface

Suppose we have a constant density of hydrogen. In the
case of bcc-tetrahedral sites the partial densities 0y are,
however, allowed to be different. Then Ta-a ?i = Ni/NHi and

the elastic interaction energy is given by

wn b

H = 45 7. ¢ > W 4-38
» )_I_);rz} [%b} o S. Ny, W] (4-38)

(4

In the expression for W,

W= 3 yHu Do gne

(4-39)
e = - )
the sums on m and n are restricted to |R"-R'| = O(£)) and
we replace p™ by its form for a lattice with periodic boundary
conditions, eq. (4-4) and eq. (4,7). Thus, W is again determin-
ed by eq. (4-29). Errors arise only if Bm and §n are within a
surface layer of depth ﬁb. The contribution from this layer is
of the order V_l/3 relative to the bulk term in eq. (4-39).
Therefore, we only have to compute
3 T 7 ma, et b
2 W, = 22 ¥ (4-40)
¢ — — —
a‘bl 1 atb} e
The forces
m o — Uea,
K™ = T "% (4-41)
— a; -

ma;
vanish in the bulk of the crystal since the Y * cancel each



other in pairs in the sum over aj . If however Bm is at the
surface S, some of the interstitial sites neighbouring Bm are
missing, and thus Em'l # O on S. These surface-forces lead to

a homogeneous deformation of the crystal,

B R St §¢°Bm , (4-42)

and in the same way as in § 3 we find

1 Ny, v 1
& = - _"11 S P (4-43)
“® Vv E%b APV v )

From egs. (4-40) to (4-43) we obtain

3 N, N ¢
W - - NVH Vi PS5 ( (4-44)
gl aﬂh v a%%v ﬂ3o%@vﬁw .

With W from eq. (4-30) (N, 3 NHé' Pug * PgB) and with eq. (4-44)

we find

(4-45)

The "local" strain in eq. (4-45) is defined by+

The local strain could have been defined already in connec-
tion with eq. (4-13). It has been introduced by Siems (1970)
in the framework of continuum elasticity. However, in his
expression corresponding to eq. (4-46) above, the factor éij

is missing.
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EXTT o - i, ( Seppur ~ 5, Ro(/s(w ) E‘*V S, (4-46)

and has an interpretation similar to the local electric field

in dielectrics.

Whereas the expression (4-44) is rigorously valid, the form

of W with R as given by eq. (4-30) only holds approximately.

oBUV
However, we may calculate W numerically as indicated above and

RGBUV by the first line of eq. (4-30). Following
int

this procedure the result for Hel , eq. (4-45), is generally

simply define

valid for finite anisotropic lattices of any shape in the case
of homogeneously distributed protons. The Hi?t for fcc-octahedral
sites is obtained if we drop the indices i and j and the corres-
ponding sums in eqs. (4-45) and (4-46).

For comparison with the results for the infinite lattice we

take pj = p/3, insert eq. (4-31) for RaBuv into eq. (4-45) and

find in the case of bcc-tetrahedral sites

|yt 2 _ L
v e = -3 GP)" (ke 66,,)
Co £2C (4-47)
L Py (- ===
— - LGPy k(1 i7c, )
Assuming p(E) = p in a sphere of volume V, p(E) = O otherwise,
we have from eq. (4-36)
Iy _ _ 5 P)
v o . C ) (4-48)

since the angular integral over V(r) in eq. (4-36) vanishes.

Normally one has KT-(l/Cll) > 0, and the interaction is




attractive in both cases. The Héit and ggﬁt differ by

‘ ok Ll _ 1 2 1
'\;(Hbc“;"d ) “‘;(SP) ("{r c,,) (4-49)
F - ' . ' . ”int
or fec-octahedral sites the elastic interaction Hel
vanishes if p(r) = const.

These results indicate the importance of boundary conditions
in the calculation of the elastic energy. Unfortunately it is
impossible in practice to calculate gmn and Wab analytically
for a finite discrete lattice with the natural boundary condi-
tions of a free surface; but some qualitative arguments can
already be given which illustrate the role of the boundary con-

ditions in the elastic energy.

4.3 Macroscopic Modes

For a finite crystal the hermitian matrix of force constants

¢ﬁ3 can always be diagonalized in terms of eigenmodes and may be

written as

ma 3 e ¥

¢

2— ?W b — 5. ] _
2~ 1, f; s (4-50)

We label the eigenvalues in sequence such that+ 0=20 <@g

N ?16,,,6¢3NL and find from eq. (2-13)

U Because % ¢$3 = 0, there is one threefold degenerate eigen-

value ¢o = 0, Stability of the crystal requires that 4> o

for 15 0.
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- : - 7. . (4=51)
eV t>0 e 4? f

With this expression we obtain for the elastic interaction

— - . 4=52
W“o - 1)%0 7[’; "’.,“Fl; ) (ms2)

o= ey

4;

2 (4-53)
Consider a crystal of cubic shape with volume V = L3. Let
us first assume periodic boundary conditions. Then the label "i"
abbreviates the set (g,s), and we have
4>l; — M, w (gs) = ¢,
“f’m [ 3.;3\“‘ ~ (4-54)
. /% == - = .
v V-'—L -?- - Lrb
' @
‘;a g ! \v 2R ﬁ/q

The resulting Wop = ﬁab has been discussed in § 4.1 . In order
to see more specifically why Wab is sensitive to boundary con-

7~
ditions we consider first the contribution to Wab of a single

Note that the f? are not eigenvectors of the matrix wab‘



mode io with a wave vector of the order* - of LIqML. Then

%4 - A, - - ~4 -

¢, ~L E,IV?,|~L 3/2 ¥ (q) «q~L 1 and thus Ifil.,L 3/2  pherefore
o o - -

A A~ e
the contribution of this single mode to W_, is Wab(io)“L 3,

§ P 1%
Since the phase of fi varies on the scale L, the Wab(io)
describes a long ranged interaction between all protons, and

the elastic energy due to this single mode will be
3

gb@ab(io)raTbJL = V.

At first sight this argument seems to be contradict an ear-.
lier result in this section, where we only found a short-range
interaction if we impose periodic boundary conditions. We have
to keep in mind, however, that in the case of a finite crystal
with periodic boundary conditions, Wab is a periodic function
of (ga—gb) and constructive interference in the Fourier-sum
(4-52) of termswith short wave-length largely cancels the above
contribution of the long wave-length modes.

Let us now discuss what happens if we change the boundary
conditions to those corresponding to a free:surface. We‘have to
modify the force constants ¢§3 for Em or Bn which are near or at
the surface. More specifically, assume the lattice forces to be
of strictly finite range/eQ. Then we have to modify a number ZQ
of rows and columns in the matrix ¢$3 with 263L6$/a3, where
"a" is the lattice spacing. According to the theorem of Leder-

mann (1944) the resulting shifts in the eigenvalues will be

t The allowed g-values are q = %l (nl r Ny n3), n, = o, 1,

t+ 2,... In writing qu—l we imply n, = o(l).



such that the number of eigenvalues in any given finite interval
changes at most by ZZQ7L2. In other words: the density of vibra-
tional states in a large compact crystal is insensitive to
boundary conditions - a wellknown result indeed.

We now indicate why this fact does not rule out the
dependence of Wab on boundary conditions. Consider again modes

"2 The corresponding Ifil remain of the order L™>/2

with ®itL
(this derives essentially from the normalization of ft‘and
from Zféa = 0), and the fg are slowly varying on the scale L.
As coﬁpared to the $;~L_2 the Qi are expected to be shifted by
an amount which depends on the shape of the crystal and which

is expected to be of the order of L"2 i.e. of the order of the
level spacing in that part of the spectrum where ;i~L2. We have
seen above that modes with ¢i~L—2 contribute terms ~L-3 to Wab
and terms ~L3 to the elastic energy. Since the shifts in the
@i's are of the same size, namely ﬁL_z, as the Qi themselves, we

expect the difference

— &y b ~ w2
%‘ f. ¢ £ - %— f, E# f, ~Lt (4-55)
C4’;<4"_\ ¥ <¢¢.) ‘

(with éL = const. L-Z) to depend on the shape of the crystal.

Furthermore since

Ay — = % As As
AW = W= W, = 20 F) 58~ 1°1, wse

a

;9?‘ -

we conclude that



Hd Hw - H%f’&g uzfyAM%%ﬁbML” (4-57)

We call "macroscopic elastic modes" those eigenmodes

(f7

upon the shape of the crystal. In general the phonon modes

. @i) which contribute to AWab and which normally depend
with q>>L—l will not contribute to AW_, since the shifts in the
eigenvalues o induced by a change in the boundary conditions
will be negliglible compared to 51. The corresponding ?? will
be slightly distorted plane waves. However, in the case of
a free surface there exist short wave-length surface modes for
which\f? is localized at the surface and which enter into Awab‘
The concept of macroscopic modes may also be introduced
from a slightly different point of view. Since Wb is a real

symmetric matrix, it can be diagonalized

%W‘LEO—‘D - %o’;ﬁ )

K (4-58)
W = ) b ) T 0",? = 3
b % O'Za,% o—ﬁlo J %: ha Lo 4L
We define displacements Vﬁu by
hetr n hee
TS VL (4-59)
= =4 - fa
With the help of the expression (4-3) for Wab we then obtain
from (4-58)
{ ma ue
Ga.,, — — R U (4“60)
fao ﬂﬁ' gj - 4 )



and eq. (4-59) can be rewritten as

. eu hen 73
). ( ¢ + L @ ) v = O (4-61)
o % oy sl d Av 3

where @?3 = Wﬁawga . BEg. (4-61) is a generalized eigenvalue

equation T for W, . Among the eigenmodes {wk}oka} there are modes
which depend upon boundary conditions. As compared to the eigen-
values of gmn the shifts in the Wy caused by a modification of
the boundary conditions are expected to be of the order r°.

mn
The eigenmodes of Wab and the eigenmodes of ¢ have a

different physical meaning. The former correspond to special
hydrogen distributions whereas the latter are special lattice
displacements. The eigenmodes {Gka} do cause lattice displace-
ments {z;}(cf eq. 4-59), but in general the Xn are not longer
‘eigenmodes of fmn as can be seen from eq. (4-61).

The modes {w o] } which contribute to AW and which depend
k, ka ab

upon boundary conditions will be called "macroscopic density

modes".
t .
In the case of an isotropic lattice with periodic boundary
conditions and with PaB = PGaB it is easily shown that
- - 2 2 . _ 2 -1
Wy = w(q) = Pq/QMLm (q) ) = p NL/(VGll) if gq >>Z%) L,

i.e. w(q) is degenerate. This result for Wi leads back to

eq. (4-27).



§ 5 Elastic Interaction of Protons in an Isotropic Sphere

The qualitative discussion in the last section about the

role of macroscopic modes in the elastic interaction between

interstitial impurities can be made quantitative in the

continuum approximation. The essential features (long range,

shape~dependence) of the elastic interaction are described
correctly in this framework.

We start with the elastic energy H,y as given in eq. (2-17)

( I -
H, =4 jg‘(scﬂc £, ()eds +jl{,(ﬂ(2‘)£o(ﬂ(t)df- (5-1)

Ppev

By a variation of Hel with respect to the strain tensor g we

define the stress tensor

a () = 7@6@) + (+)

p Cpgur G

(5-2)

In terms of the stress tensor ¢ the egs. (2-21) and (2-22) take

the usual form of the mechanical equilibrium conditions

[t R 9 - b)
Cplr) O (1) = O, row S

If one inserts eq. (2-18) for €np in the first term on the

right side of eq. (5-1) and performs a partial integration

then one finds with the help of egs. (5-3) and (5-4) that He

may simply be written as

1

(5=3)

(5-4)



J I, Cﬂé (H dr (5-5)

In order to obtain the elastic interaction energy from H,, we
have to replace ¢ in eq. (5-5) by the local strain field
(Siems 1969) which amounts to substract from Hel the elastic

self-energy

%Jf&f’f’ﬁg R [ s, (e dr (5-6)

Ry

with R given by eq. (4-18), which is the appropriate form

ofuv
for the elastic, dispersion-free and isotropic continuum.

The strain field e(r) in eq. (5-5) depends upon the
hydrogen distribution pj(r) and is determined by the differ-

ential equation (5-3) with the boundary condition (5-4).

One solution for € is immediately obtained by setting o = O,

g€ (#)Y= - § 7' ,(EY (5-7)

«(3 < AP pav
However, this solution is not acceptable in general. The reason
is that the egs. (5-2),(5-3) and (5-4) must be supplemented by
the compatibility conditions, (e.g. Sneddon and Berry 1958)
which read '

9*-‘3"24/5 + }2?9/6 Soav T 9/39\/2«# - 99, € = (5-8)

Formally, these relations express the requirement that the



strain field has to be derivable from a unique displacement

field Z(£)° They are identically fullfilled if one sets

ZeaB = aaVB + aBVa , with displacements which héve continuous
second derivatives. In general the solution (5=7) with arbitrary
'E(r) does not obey the relations (5-8). Only if either the hydro-
gen density (and thus E(r) ) is a constant or a linear function
of r (i.e. aaasnuv = 0) is the solution of the boundary-value
problem given by eq. (5-7).

A strained crystal with €08 obeying eq. (5-8) is said to be
a coherent crystal. The stresses oaB induced by these strains
accofding to eqg. (5-2) are called coherency stresses. The
physical meaning of coherency is most clearly seen if we go back
to the lattice-description. Let us imagine the metal ions of
the pure lattice to be connected by bonds representing the
lattice forces. After we have loaded the crystal with hydrogen
this network of bonds will be deformed. If the topology of bond
connections remains intact during any redistribution of protons
we have a coherent crystal. In this case any strained configu-
}ation of the lattice is obtained from the unstrained reference
state by a continuous elastic deformation with uniquely defined
displacements.

There are wellknown mechanisms which destroy coherency. If,
for instance, the stresses due to the protons are large enough
to creat dislocations then plastic deformations will occur. Of
course, in the idealized case of a strictly harmonic crystal
there is no possibility to destroy coherency since the spring

forces between metal ions increase indefinitely with increasing



distance. We remind, however, that linear elasticity is more
generally valid than the harmonic approximation. Thus, for real
crystals the requ rement of coherency is a nontrivial constraint
which has important consequences on the form of the elastic inter-
action.

Not much progess has been made in solving eq. (5=3) for
anisotropic crystals with arbitrary shape. In the special case
of isotropic crystals of spherical shape and with a force-
dipole tensor PgB =‘Bé;ﬁ the strain field :{p} can be calculat-
ed explicitly and is obtained as a series in terms of macros-
copic density modes. We now consider this case in detail.

With the elastic constants in terms of the Lafne coefficients A
and

Cl,l:, —_:/LL N Cll = /\ C“ = /\4-.2('/— ) (5-9)

‘and the stress tensor expressed by the displacements
q‘;ﬁ (r) = VCT)% + /\5((; 9,67;&(«5) +pc [%%CTH Qﬂfa;c@]) (5-10)
with
//‘(BC/_I_—) = T(T)é.\(/s = Pg(rr)%(& ) (5-11)

we obtain from eq. (5-3)

/UVVZ’Q;( +(/‘—+’\)90(9/3"U/1 + 90(1_/— = O (5-12)



The ansatz

P (5-13)
U = 9 N + e,

J

with A satisfying the equation

ViIA = — o (5-14)

reduces the boundary-value problem to the solution of the homo-

geneous equation for u:

y

/szu‘< + ((u,\a,\)%(;)/S up = a (5-15)

In the elastic energy

=1 %
X (5-16)
S T2y de + 2 [ T D, u ey At
2(%( - - 2 = Yol Tt - -
only the local volume-change due to u, aaua(i)’ contributes.
The intenal stress II(r) enters linearly into the boundary
condition (5-4). Therefore aaua(z) is a linear functional of
p(r) = Lp.(xr)
- 3 R
(5=17)

| b ) )
90(0(;((/]_") =-3 jMC‘rj: ) §(a>) e

We may assume that M(r,r') = M(r',r) since only the symmetric
part of M(r,r') enters into Hel'
From eq. (5-15) it follows immediately that aaua is a harmonic

function,



2
Vou =0 (5-18)

and thus we also have

VNG ) = O = VJLHC_’I_'J_'I_*°), (5-19)

For spherical crystal it is convenient to expand M in a series of

spherical harmonics

*
M(r 1) = HL(ﬁr’)ywc—fl)Yszﬂ’) y (5-20)

N

%
where Q = (&,¢) symbolizes the direction of r,Y, (Q) = (-1)™
¥L_m(Q) and Mi(r,r') = Ml(r',r). In writing (5-20) we have taken
into account that M(r,r') depends on angles only through r°r',

because of rotational symmetry.

Inserting the expression (5-20) into eq. (5-19) we obtain

N Y BRYA (5-21)
M'e(?‘d"') = H{

with still arbitrary constants ﬁz. We discard the other possible

solution @e(r,r')a (r r')—'e_l

be finite at the origin.

because aaua(r) and M(r,r') must

Thus we find for M(r,r')

N R VAR IIN
Mlr,r*) = {2‘; et ngc“’l) * Tlmcn ) (5-22)
— Y *
) {2;4 M’ﬂ ZL'MZT) ’(,&m(t)) )



with the orthonormalized eigenfunctions Xim(r) of the kernel

<z£+3)§_ " LY’(AS
X, () = E (féf‘) Y
(5-23)

¥
fomcf‘%ﬂu’(r) dr = 54&5’ Smw«’ )

where R is the radius of the sphere. The eigenvalues ML cannot
be found by general arguments, of course. They are obtained from
an explicite solution of eq. (5-16) which is outlined in the

appendix B. The result for a free surface is

Lei)(L+2)

M o= P22 (5-24)
L = 2 2
At2pm 2a (L% Lel)+(2¢* +4£+43)
From egs. (5-22) and (5-23) we obtain
) ) 2 f
fHCrJr)dr = My= P(ke-=)=MN, . (525
It
Stability of the lattice requires that Cqy = A+2p>0 Cpqg =
u*0 and cll+Zc12 = 3A4+2U>0,
With the help of these inequalities it is easy to show that
P2
1\70=f"1l>l*1‘2_>i‘13>...> ~ > 0 (5-26)
CA#&%&L)()‘+C%)

The "largest eigenvalues My and M, are the only degenerate ones.
The spectrum is discrete and is bounded from below.

Using eqs. (5~1#7) and (5-22) we find for Hely ed, (5=16)



2,
Hee = —ZPZ j §*crydsr — 2"‘ H $Cy M r 1) g(e’) dr de?
Vj (5-27)
: — 2.
_ _ P J 204 A
Z‘—“ S ‘)df 2 Zwe A Séuvl >
with

(5-28)

{
35“4 = V'—';- f Sy ;{féWCI‘) 0‘1‘

The first term of eq. (5-27) arises from the solution A of the
inhomogeneous equation (5-12) and is independent of the
boundary condition. The second term arises from the macroscopic
density modes. Only modes which change the volume enter into

H Modes which cause a pure shear do not contribute since

el’
we assumed the protons to be dilatation centers.

Suppose we have a proton density of the form

Pe—

gcry = g +Vv 2 8y, (+) 3, = —\'}  (5-29)

W= - | (e — 3

The elastic energy associated with this distribution of protons

is obtained from eq. (5-27) to be

2 2

Hy = “5‘_VP2L<T (g 1" + %[g‘ml
(5-30)

mn o
—

[ 2 2
1 VvPik, jg (e ol |

where we have used the fact that M, =M.
The degeneracy of the A =0 and £ =1 modes is not an accident-
al feature of the isotropic sphere. The degeneracy in the elastic

energy of the modes which describe homogeneous deformation



(excited by a constant density of protons) with modes
excited by a density linear in r holds quite generally for
any shape and even for anisotropic crystals. It is a conse-=
quence of the fact, discussed below eq. (5-8), that those den-
sities do not creat coherency stresses. In this case eq. (5-=7)
is valid, which, after insertion into eq. (5=5) for Hel’ again
yvields the result (5-30).

Now we write down the elastic interaction energy, using

eqd. (5-6) together with eq. (4-31):

i

ot }(::1 P> [grcevee - § [[se0 Mz, ) ger
i

I

)
é]g(g—) W&!(f)r))SCf\) olt- o ,

where ¥ = 1 for fcc-octahedral sites andf = for becc-=tetrahe-

O =

dral sites.

Let us make a few comments in connection with this result:

(5-31)

1. The interaction potential Wint(r,r') is the sum of two terms

e

Wy (o) = Wy (ary = Mz 2h)
" U, A 2, .
w,,, (r-t') = %—- PS(r-rYy

1]

. e
The first term, W

int’ describes the interaction in an infinite

crystal (but see below) and is obtained from (5-12) simply by

neclecting the boundary conditions (5-4). The second term, M,

is the continuum analog of Awa and is the contribution of the

b

macroscopic density modes.

(5-32)



The tWo parts of Wint behave differently in the thermodynamic
limit N, V-~ », @ = N/V fixed. One has to be careful to define
how the thermodynamic limit is taken. Consider for instance
a spheriéal crystal (radius R) with a constant densityp # O
in a concentric sphere with radius R)<RJand p = O otherwise.
We now let R =, keeping R) fixed, then the contributionvof M
to Hint vanishes like VH/Vthere VH = %1 R)B. If we then let

1
R{%»w we find for fixed p = N/VH ("limit of the first kind")

' wal - 2
s ! H, = - (-3 GRS (5-33)
AGVL—*C” Vﬁ 2‘%{

)
On the other hand, setting first R = R, we have for R o

and fixed p = N/VH ("limit of the second kind")
. | M:vl- (- 2,
Ll L - (__C_TJ_ + k) (Ps) (5-34)
e

The fact that both limits give different results is of
course rather obvious and holds quite generally: if we confine
the hydrogen to a region¢$ inside of an anisotropic crystal of
arbitrary shape then the effect of the free surface on the
elastic interaction between protons in & vanishes as the
crystal extends to infinity in all directions and & is kept
fixed. The point we want to make here is that in working with
periodic boundary conditions and changing from sums on g to
integrals one is taking effectively the somewhat artifical
first kind @f thermodynamic limit.

2. In theliterature (e.g. Cahn (1962), Khachaturyan (1966) )



a slightly different definition of the elastic energy has been
employed which we discuss briefly for comparison.

Turning back to eq. (5-2) we may write the stress tensor as

A

W () = Cpuy £, (0
(5-35)
/2\‘[‘(1-) = £4{5C1“) -+ So(ﬂcuv ”(“VCT) .
An elastic energy is now defined by
A I A
e = 3 [ faerd o0

\'

where V is the volume of the pure host lattice. The strain é(r)

with arbitrary II is no longer derivable from a unique displace-=

=

ment field. From eqs. (5-35) and (5-36) we see that
An —
k&l, = {{66 + 5:\[ /Lﬁ;Crﬁ :ifﬂ(uv 76;v(kt\‘df
- Uy o+ 4P| s o

tecoh

= Hy =~ Hgp

Thus, ﬁel is the difference in elastic energy between the

(5-37)

coherent and the incoherent state of the loaded crystal*. In

T In the incohefént state can be visualized as follows: Cut

the macroscopic crystal into small cubes. Take a proton den-
sity p(r) which is cbnstant within a cube. Now load the in-~-
dividual cubes with protons in accordance with p(r). The
loaded cubes will then be deformed differently since the den-
sity varies from cube to cube. They no longer fit together to
form a coherent macroscopic crystal. The elastic energy stored
in this collection of stress-free cubes is given by eqgs.
(5-5), (5-7) and reads H179°% = - (PZKT/Z)Vggpé, with the

density pE and volume VE of the £-th cube.



order to compute the corresponding difference in elastic
interaction energy we have to subtract the total self-energy
(5-6) from Hel and Hi?COh. The self-energy being a local func-
tional of p(xr) is the same in both states and thus drops out

i
from el’
3. The part M(r,r') of the elastic interaction is obtained

in eqg. (5-22) from the continuum approximation in the form of
an infinite sum over density modes. For large4Z, the eigenfunc-
tions Xtm(g) are localized at the surface of the sphere and
decay rapidly as x moves into the bulk. Clearly, any rapid
variation of Xem(E) within one lattice distance is physically
meaningless. In order to eliminate unphysical modes we intro-
duce a Debye cut—off,fmax. Assumptions about the value for

Zmax
is,ﬂmax:M R/d, where d is a length of the order of the lattice

are necessarily somewhat ambignous. A reasonable choice

constant. Then

y R R-+
(1..) mak ([~ R-'P)aL/Ay e“ o (5-38)
R B R 2
and the number of modes 154412 ~ V2/3.
max

There are some features of the spectrum of density modes

of a sphere and the associated elastic interaction which are



- 5la -

1.

expected to occur also for other compact shapes. These are:

a. The spectrum is discrete, with a level spacing independent
of the volume.

b. The number of modes is of the order V2/3.

¢. The dilatation mode (uniform expansion or contraction) has
the largest eigenvalue if the force dipole tensor is

isotropic, PaB = PaaB .

T By "compact" we mean, roughly speaking, that all linear
dimensions of the sample are of the same order of
magnitude, or, the number of lattice sites at the surface

is of the order V2/3.



§ 6 Free Enerqgy

We start with the Hamiltonian as given by egs. (4-1) and

(4-2),
(> 05 )
(z) = 2 ;2; ( (4zk + h416 ) !Q,EA ) (6-1)

where we have dropped the term Y(T) which is linear in the 1's
and only renormalizes the chemical potential. We divide the
volume V of the crystal into small cells {ZAIA = 1,..,NH/nH}

of volume VA containing ny proton sites. The number of protons

in the cell 2 ,n, = L T. , is assumed to satisfy [<n, €« N =
L acZa A
A
ZnA.
A

We also introduce the elastic energy of the macroscopic densi-

ty-modes averaged over the cells,

| = e ——‘— 2... A‘A/ab (6-2)

AB n‘i’ QCZA J
bCZQ
and write, if aczA and be.zB
—_ B (6-3)
héib - éﬂcnb r‘."AB ]

Then the Hamiltonian reads

) l =~ _ ' —
H = Zc%b (U +4.0T7, — 3 ) Mann,
| (6-4)

1]

Ho(t) + HXZ (n)



The Helmholtz free energy.?QT,N,V) is obtained from the canonic-

al partition function

A LAY (6-9)
| (g} >
where
~RE (rn,) =" _AH,(T)
. p Al . A | ot
LTa 'l

In egs. (6-5) and (6-6) the sums r' and §'' over configura-

tions are restricted by In, = N and I T_ = n, , respectively.
A a A
A ac.ZA
Let p(r) be the density of protons, so that n, = p(gA)VA

for some EAGVA‘ Then the partition function may be written for-

mally as a functional integral

Z _ ﬁsg) 6—{5[E{$§ + Hw [3}] (6=7)

where

Hy fs3 =3 [[seoymarmigeededs

and the integration in (6-7) is over densities which satisfy

Jng—\ dr = N | (6-9)

\'4

In order to give a precise and explicite meaning to



the functional integral (6-7) we argue as follows:

The Hamiltonian Hzl describes the contribution of the macros-
copic density-modes to the free energy and M(r,r') is of macros-
copic range. For dilatation centers in én elastically isotropic
sphere we know the explicite form of M(E'E') (c.f. egs. (5-22),
(5-24) ,(5-28) ). It is an interaction of the Curie—Weissvtype
involving the moments of the density p(r). For example, the

mode £ = O leads to a term in Hgl which is proportional to
. 2_ 2,
L Jsede T ==

- — ) Ar = = — . (6=10)
v L s v

Similar features of M(E’E') are certainly to be expected for
other compact shapes of the crystal.

On the other hand, the interaction Aab’ which includes the
miqroscopic part of Wab and the elastic interaction correspond-
ing to an infinite crystal, may still be of long range in the
usual sense (lattice spacing « range « linear dimensions) but
does not contain terms of macroscopic range. As far as the
electronic interaction Uab is concerned, lack of information
leads us to replace it by a hard-core repulsion.

The specific form of Fo will not be essential for the follow-
ing considerations. It will be assumed, however, that Fo may

be written in the Landau-form

;= J [ Xwsen) + &, T4 (500, T) [ de, (6-11)

with a gradient term deriving from those in eq. (4-35) and

eq. (4-36).



Let us now expand p(r) in a series of functions £_(r) forming

an orthonormal and complete basis which is taken to include

the orthonormal set of eigenfunctionsf {xtm} of M(E'E')' Then

gary = VW2 5. § o (6-12)
>

Since p(r) was defined to describe the mean density of protons
in the cells, the sum on X in (6-12) has to be confined to
those values of K for which gK(r) is (nearly) constant within
a cell. The linear dimensions of the cells are taken to be
much larger than the correlation length «k .,
After we insert the expansion (6-12) into Fé and Hzl,‘we have
Fo{p}'9>Fo(OK) and Hgl{p}->H21(DK), The functional integral
in (6-7) is then understood as a short-notation for the finite
product of conventional integrals over the variables Pg*

We now proceed in the discussion of the partition function.
In view of the Curie-Weiss character of Hgi it is rather

plausible to regard the densities p(r) as macroscopic thermo-

dynamic variables in the integration in (6-7). Consequently,

The set {Xém} of eigenfunctions with non-zero eigenvalues
does not brovide in general a complete basis, as is obvious
from the example of an isotropic sphere. A complete basis
for a sphere may be contructed from direct products of
spherical harmonics and Jacobi polynomials. The additional
functions in the set {EK} which are orthogonal to the X¢m
can be regarded as eigenfunctions of M(r,r') with eigen-

value zero.,




the partition function will be dominated by the maximum term

in the integrand, i.e. by that density p(r), which minimizes
Fis} = Eflgt + Hy {s} | (6-13)
g - ] S —&L S J

with the constraint (6-9). Hence

.
> ‘J'(gs)e_/}.Fis?x . 6_/3 {3$ ) (6o10)

with p(r) being the solution of

~? V%Cf) + &BT{, (g(+)) —jNCrJt’)SQ’)Ar’:o( (6-15)

where o« is a Lagrange-parameter for the constraint (6-9) and
_ N n '

fn = 3 £/0p" .

In the (pT)-region where fz(p,T)é. fgln(T)> O (see also § 7),

the kernel
2
Cg F{SZ S (r_!_-J
Se(ry 55"

= |- VA AT (s, T I(r-x?) = Mlx )|

)

1

. . _ min
is positive definite if T>T, = Mo/ka2 (Tc)‘

Here, Mo is the largest eigenvalue of the kernel M(r,r') which

normally corresponds to the mode of homogeous dilatation.

Indeed we have with eq. (6-12)



Hg(z:) = (1, Y 8¢+ dede?

Il

:[ (7)) 4+ AT fz(Scf’)ﬁ@j'“ﬂSm M, 2) g) dlrdy?
(6=17)

> L LRTEer) =11, Tls 1> [4TE 011 T Ig, 1°

>0 for R TL(T) > M, :
From this it follows that F{p} is a convex functional of p and
thus has at most one minimum provided T>Tc. Hence if we find
one solution to (6-15) it will correspond to the absolute
minimum of F{p} above Tee Below Ty several solutions to eq.
(6-15) will exist in general. If F(E) again denotes the one

for which F{p} is an absolute minimum, then we have

FTv,N) = FLVN, L85 = TGN, i58) + Hy (5], (6710
We have *distinguished between interactions which are long-

ranged and those which are of macroscopic range. The elastic

interaction in a finite crystal with free surface belongs to

the latter class. Interactions of the first category have been

studied by van Kampen (1964) in his analysis of the van der

Waals theory. In this case eq. (6-15), with M(E’E') replaced by

v(Jr-r') , may be rewritten in the form

‘KBT{(f)“”;S“ U Vi o= « (6-19)

J



where v _ = [vi(r) dr and 3v, = v(r)rzdz.

Hgl is replaced by

f[‘lfo gty + ZI'— U (YsCr))ZJ v (6-20)
and Fo is then the contribution from the hard-core repulsion
("reference free energy").

For T below the corresponding critical temperature Tc and
in the two-phase region, the gradient term describes the inter-
face between the two coexisting phases. In the thermodynamic
limit, its contribution td the free energy vanishes but its
existence guarantees the concavity of the free energy via the

.’.

Maxwell-construction ' .

In our case of the elastic interaction with its macroscopic
range there is no gradient term in Hzl, or rather, if one
manipulates Hzl to bring it into a form similar to (6-20), one
finds that the correlation length replacing /E; is of the
order of the linear dimension of the crystal. Consequently,
its contribution to the free energy is (for compact shapes)
proportional to the volume V, and there is no reason for the
Maxwell-construction if F is non-concave.

We believe that the expression (6-18) becomes exact in

the thermodynamic limit though we do not have a rigorous proof.

T Van Kampen's arguments have been made rigorous by Lebowitz
. and Penrose (1966) for the case of a potential v(r) = Yexp
(=Yr) in the limit Y = O, which is taken after the thermo-

dynamic limit V,N ~>» o



If this conjecture is correct then the metal-hydrogen systems
would provide an example where a van der Waals-type theory is

strictly wvalid.



§ 7 Phase Transition

In this section we examine the qualitative aspects of the
"gas-liquid" («-u') phase transition in metal-hydrogen systems
under the basic hypothesis that the elastic interaction causes
this transition. A more quantitative discussion of the phase-

diagram for Nb-H will be given in a subsequent paper.

7.1 Reference free energy

As we demonstrated in the last section, the Helmholtz free
energy of the hydrogen system is obtained by minimizing the free

energy functional
~ 3 2 2 — ‘ " N
F = [[ X773+ AgT 4G dr - Lfgen Mx ey dyde (7-1

with respect to p (r) with the constraint (6-9).

The scale of spatial variations of the density is determined
by the elastic interaction and is macroscopic. Therefore we may
savely neclect the gradient term in (7-1) in the following dis-
cussion.

We discuss first some properties of the reference free energy
kBTHf(p,T) which is the thermodynamic limit of the first kind
of the free energy F/V. We argued that no interactions of
macroscopic range enter into £(p,T). Accordingly we assume that
f(p,T) behaves like a "normal" free energy with the following

well known properties:



1. bon (g T):' o /% _I.. (e T)= — oo (7-2)
S 0 {: ? > 8$»o0 S ﬁ S ) ?

° ' 7—

2. /&«M 7[(3JT) = e0 (7=3)
S Sma,)(

22 Jf §=8,+%(8-8,) , O0<x<| then (7-4)

£G8,TY € £Cs,7) + 5 [£Cs,,TV- £Cs5, TV ] .

Eq. (7-3) is a consequence of the hard-core idealisation for
the electronic interaction Uspe EQ- (7-4) requires that f(p,T)
be a convex function of the density. Eq. (7-4) is equivalent
to fz(p,T) 2 O if this second derivative exists.

In principle £(p,T) might also describe gas-liquid and
ligquid-solid phase transitions due to the hard-core and the
residual attractive forces (see Fig. 3). An example for the
latter is provided by Hi?t in eq. (5-33) for tetrahedral sites (i
where ¢ = 1/6. Even without attractive forces there could be a
gas=-s0lid transition due to the hard-core, similar to theAtran—
sition found for hard spheres. |

Here, we are interested in a (p,T)-region around a critical
point OC,TC induced by the elastic interaction via macroscopic
density-modes (second term on the rhs of eq. (7-1) ) and the

critical temperature T:)in f(p,T) will be well below Té , at

least in Nb-H (Conrad et al. (1973) ). For the sake of simpli-

city we furthermore neglect the temperature dependence of £
which is equivalent to assuming either a pure hard-core inter-
action or, even simpler, taking £ to be the density of the

ideal mixing entropy,



f=sf%(§—)+(§—s)fw(f——§-). (7-5)

In this latter case we may fit § by some Prax to include the
effect of a hard-core in a crude way. The detailed form of £ (p)
will not be important for the present discussion. The only pro-
perties required are: fz(p) > 0, analyticity of f(p) in the
neighborhood of Per and Pe sufficently less than any eventually
existing pg (see Fig. 3), so that the hard-core transition does

not interfere with the gas-liquid transition at Tc, Poe

7.2 Minimization of the free energy

In order to procceed With the minimization of F we must
know the kernel M(E'E')' that is the spectrum and the eigen-
functions of the macroscopic density-modes. Therefore we discuss
explicitly the special case of an isotropic sphere. It will be
seen, however, that the important qualitative properties of F
in the neighborhood of the critical point only depend upon some

general features of M(r,r'). These are:

l. The largest eigenvalue M, is associated with a constant

density p, i.e. with the dilatation mode.

2. The mode corresponding to a constant density-gradient is
energetically degenerate with the MommOde.
3. The spectrum of the macroscopic density modes is discrete

with a level spacing independent of the wvolume.



The statements 1. and 2. are quite generally valid, as we
already observed in § 4 below eq. (5-30). We also expect state-
ment 3, to be true for non-spherical compact shapes and aniso-

tropic crystals.

Let us first rewrite eq. (7-1) for F in the following way

Fe FCT, v, N, f33) + FCV, N, fs3) (7-6)
where

Fo= kT [ flscodr - LM, [s%r)dr | (7-7)
and

~ ~ 2

F=z JLSCT)—SCT’)J M ) drds> (7-8)

We used that [M(r,r')dr' = M,, which follows from eq. (5-22).

Gy

A

Now consider a constant density p(r) = 5 . Then P = 0 and

L = | E(T v =\ _ 4 = p,= L
;r———\-/—f:(ld\/Jg)—-%Blf(s)—i-["]o,gl_ (7-9)

A constant density P is a solution of eq. (6-15), i.e. p corres-

ponds to an extremum of F, provided of is chosen to satisfy
= hgT £, (5) = 11,3 . (7-10)

By virtue of the properties of f(p) the rhs of (7-10) is a

monotone nondecreasing function of p if T>Tc, where



— M,
{B I = (7-11)
%, (8.
and where Pe is the solution of
,{; (g) = O (7-12)

Thus for each value of « there is a unique value of p if T>Tc.
Since,fz(pc) = f?in » we see from eq. (6=-17) that p(f) = p
corresponds to the absolute minimum of F as long as T>Tc.

For T<T, the graph of the rhs of eq. (7-10) has the form of

a van der Waals isotherm with a loop and F(T,V,E) has the form
shown in Fig. 4.

, - - )
For densities 0<p<p_ and DF<D(<DF , cE. Fig. 3) the free

F
energy F has a unique minium. The free energy F is also minimal
for a constant density. Therefore, if T<Tc the total free
energy F = F+F has an absolute minimum for B(r) = p if 5<pG
or if p>pF, which correspond to the gaseous and the liquid
phase, respectively.

In the density range pG<p<pF the equilibrium free energy
is minimal for a spatially varying density. In a normal system,
the density profile is obtained from eq. (6-19) (van Kampen

(1964) ). The result is then the expected one: between PG and

p., there are two phases in equilibrium, separated by an inter-

F
1/2
face of thickness Oc[vz/(Tc-T)] / .
In our case the Maxwell-construction is not legitimate,
as pointed out in § 6. There is no well-defined interface below

Tc since a spatially varying density leads to a contribution in



F proportional to the volume V. We have in general

AL

[ N <~
F=z”oncrw’r~iﬁW(3&m/l >0 (7-13)

which follows from Mo>ML and from the Bessel inequality
fpz(i)df >ﬂElelm'2' The equality in (7-13) only holds if p(E)
is of the form of eq. (5-29), i.e. D(E) is at most a linear
function of r. For other densities we have F~V since (MO—MZY/
Mo = O(l). TPo illustrate this important fact we take spherical-

ly symmetric density 'of the form shown in Fig. 5.

The average density p is given by

§= 8¢ + %¥(38=-8.) , (7-14)
with x = VF/V' Then

| = _ _i_ 2 N — 2

y F =3 Mojf (ryde — 3 1,87, (7-15)

and for the total free energy we find

LFfed = TG + % (£Gspr- fls))-fM5 "

(7-16)

S LT £05) — L MEE L L F(E).

This inequality holds irrespective of whether T is above
or below Tc. The physical interpretation is, of course, that
any rapid variation of the density of protons (rapid on the
macroscopic scale) causes coherency stresses which drastically

raise the free energy. This is in contrast to the case of a



normal fluid where we would have F{p} /V<. F(p)/V for T<T and’

V=>%®, if p(r) is of the form as shown in Fig. 5.
Nevertheless one can lower the free energy F in the in-
homogeneous region as compared to F(p) by minimizing F within

the class of densities defined by eq. (6-=12).

We examine the region in the neighborhood of the critical
point which was defined by eqgs. (7-11) and (7-12), and set

(r) = § + docry = Se T -

S S §CT) Sc-f- 34-83(‘)) (7-17)
with

JSSCf\ 041' = 0' (7-18)

The free energy can be written as

Filsi} = Edw (3) + 4 F(5,{scr)) (7-19)

where dew(a) is the "van der Waals" free . energy obtained from

F(S) via the double-tangent construction. The excess free energy,

For a normal fluid one has to take a density profile with
a smooth transition at RF between P and DG. The contribu-
tion of this interface to F arising from the gradient term

vanishes in the thermodynamic limit.



ANE= F(g) — B (@) + SF(Z fsn}) | (7-20)

contains the contribution 8§F of the inhomogeneous density, and
we have to minimize S§F. As discussed above, the free energy
density kBTf(p(E) ) is an analytic function in a finite inter-
val around pc and we expand f(pc+63+60(£) ) in powers of 55
and GO(E) and neclect higher than fourth-order terms i.e. we

set fi = fi(pc) = O for i>5. For convenience we introduce the

dimensionsless variables ﬁ, n(r), and t by

53(_43: go () t = ;€~| (7=21)

J

5§= 5‘,;;«

J

where pg = 2f2/f4. We then find (Fig. 6)

— & (7-22)

T: _
< F-F = 3 ¢*_
VH,Tg2 v ) 7t

Mia
N -
-

and

Tc
VM, T g2

<SF7 EE<§F? =

%“ (”*+ Aﬁ—t)fjé“c‘a_-mct)o(p[z

(7-23)

L

2v
= P 1 = 3 I u

+2_V(s+n)Jm(t)dr + o nfn (ryde + ‘;/fn (+)de

with A£' = TC(MO—I@L)/TMO and where m(r) is that part of n(r)

which is orthogonal to all Xem(g).
If only a single eigenmode is taken into account by sett-

ing n(£) = qemxzm(r) then it is easily seen from eq. (7-23)

and the minimum condition that on the critical isochore n = O



one has Q&m = O for T>$£c = Tc(l‘AL)' Thus Toc = Tc =

T, >T, > ..., and the various critical temperatures are

le "2c

separated by finite gaps which are independent of the volume V.
The excess free energy OF is, unfortunately, not diagonal in the
Xpm® The cubic and quartic terms in eq. (7-23) induce a coupl-
ing between eigenmodes. Furthermore, because the set {xzm} is
not complete there will be also a coupling to eigenmodes with
eigenvalue zero which are orthogonal to the le. In other
words, the absolute minimum of SF will only be found for
densities D(E) of the general form of eq. (6-12). It may be
expected, however, that near Tc the most important contribu-
tion to OF arise from eigenmodes with small values of £. This
is born out by a more detailed calculation as outlined in the

appendix C. In order to simplify the discussion of §F in this

section we therefore take

weey = Vv [ w z, () 4 w, L, (=] | (7-24)

where ny and n, are variational parameters. The ansatz (7-24)
automatically satisfies the condition (7-18).

Using eq. (7-24) we obtain

» - 2 2 — 2
SE = %(zif)%z+‘é<n“hu“t)% +tArn n
(7=25)
+ ISZZ’ES + C,m,q + D nn? + E “
I { 2. 2 )



with A = V20/21, B = 2V/35/27/3, ¢ = 5/28, D = 55/54 and E =

35/132. The extremum conditions 36f/dn, = O yields

0= n or (7-26)

~2_ g ' , » ' 7-27
= a'-t + 2AR n, + 4C " + 2D (7=27)

and

_ -2 _ — 2 - 2 2 3 -
0~(n+42tM5+Am%4@ﬁnn1+2Dmnl+QE%_J7%)

Along the critical isochore n = O the only solution for

t>0 with real ny and n, is

- 1yt - -
n, = 5 VZ R n, =0 | (7-29)

This gives 6F = - t2/4C = - 7t%/20, which leads to AF =
(8/15) | F - F 4] at n = 0.

Now we consider n # O and set n, = nx. Inserting eq. (7-27)
for ni into eq. (7-25) we find

— 2

§F =-a(r2t) ~b(ate) ik - L [d@2t)+ gt aw)]mi™

(7-30)

~hafx® = L

with coefficients a = 1/16C, b = A/2C, 4d = (D/2C) -1, g =

A2/2C, h (AD/2C}~B k = (D2/4C)—E, which are all positive,

and A (t)

Ay/g = 3(1+t) (M =M,) /8M .



Since n, and n, must be real we see from eq. (7-28) that

x has to be confined to the interval x_< XS X, with

- ‘f‘ A
X, = 2-’_’;} - [- R 0-50] (7-31)

A necessary condition for 6F # O is that X, is real. Hence we

have 6F = O for

2 4% 4 — 2
(- A = -
t < "( 5) P AL (7-32)

and F = f(5)>dew in the temperature-density region 52/3<t<
a 52777,

Let us now examine 8F in the neigborhood of the spinodal
t = n® of the =1 eigenmode for n <1, The minimum of &F then

occurs for small negative values of x. Therefore we may neglect

the x4—term in 6? and obtain

{atmtt) r g (BE40)

Xmin™= """ 6h B>
| (7-33)
- 2 2 2, Y
+ [ (d(rZt) +g(m>~4a@) ) ~ bk (r2e)] f
On the spinodal we have
3 Alr™) ~ 2 A(ﬁ‘)
o= (- 2 h > e
XMM \3I’LC E’L ) )
(7-34)
= O ., B4 mY).

Two special points exist on the spinodal: t = ttr =N . n =

t n

2 a2
ppr Where ni :,A(ntr) or



2 _ -
n = —é- H" M, [ — é Mo—ﬁz. -1 (7-35)
tr gy —— -2
M, 3 M, .

Using the elastic constants of Nb we estimate (MO-MZ)/M03'0.07

and nirz 0.03. Hence 3(M0—M2)/8MO can be neglected in the de-

nominator in eqg. (7-35). Equivalently we may set Aﬁrnir.
These points, at which the coefficients of the x- and the
xz-term in 6f vanish, are the analogues of tricritical points.

X is discontinous along the linet%(ﬁ) where the square root

min

in eq. (7-33) equals zero,
4
— 2 —_2 2 ~ —_—2y 2 2 .
d(r*t) + g(a’~un, )= | 2bhn*(r™t)] | (7-36)

which+ corresponds to a line of inflection points of §F. Xﬁin

jumps from zero for t<tT to the wvalue

l i 2 2, 2
xt=—mllo{CE~f)+gCM/—W£?)]\<0') (7-37)
at t = t.+0. For 52—9 nir+0 the eq. (7-36)yields
2
_ 2 g - 2
t,= "™~ i (in -, ) i (7-38)

and the jump-size vanishes according to

* In eq. (7-36) the positive square root has to be taken, since
ca i 2,4 2 .
the conditions 973F/3x” > 0 at X nin and Xoin € X, require
d(n-t) + g (A%-n2.) »o0.

tr



X = — + (- Mot } (7-39)

T 3h
min

The discontinuity of X in leads to a discontinuity of ny

P,

via eq. (7-28):

o | 2
(VI/, ) = O , t < t?f | (7-40)

Ag_ 2 n — 2 2
— - tr -
= """""""%-(l = ) | t=t+0 Ak, 0,

In the region t<ttr both nTln and n?ln are continuous. One

finds .
(%mm)zz o, t'<ﬁzJ
i ALY f‘z_z] , te o (7-41)
and e g— “,g,. "
n, o o . t¢i?® (7-42)
T ?7‘% V:"——nﬁ* , R
*

The preceding discussion illustrates the behaviour of the

free energy in the neighbourhood of the spinodal tzts=ﬁ?. In

order to obtain a more complete picture, also for other tempera-
tures and densities, we have calculated AF numerically with the

approximation fi = 0 for i”6. The values of fi for i<6 were taken

from eq. (7-5). In the computation we included the eigenmodes X&m

with*ngss, m = 0, and the leading contribution from the modes

with zero eigenvalue., The contribution of the latter is also

T There is no problem in principle to include also modes with
m # O. However, the resulting expression for §F is lengthy

and difficult to analyze. We believe that the assumption of

an axially symmetric density is not too restrictive.



discussed in appendix C. The dominant terms in the excess free
energy are due to the,g==].and ¥4 =‘2 eigenmodes. The effect

of modes with zero eigenvalue and of the eigenmodes with £> 4
on AF is of the order of 1 %, which indicates that all signifi-
cant contributions have been taken into account. The results
are summarized in the Figs. 7a,b, 8, 9 .

The phase diagram is shown in Fig. 7a. The curve tI would be
the coexistence line if the system would be normal or incoherent.
In the present case of a coherent system there is no two-phase
region in the usual sense. In region I the density of protons re-
mains homogeneous and the Helmholtz free energy F equals E(;):>

F In region II, i.e. for t>tS (t<ttr) or t>tT (t>ttr)’ the

vdw’
density is inhomogeneous and varies on a macroscopic scale. The

free energy is reduced as compared to E(;) but is still larger
than deW’

In Fig. 7b the temperature dependence of nﬂgn along the
lines (1), (2) and (3) in Fig. 7a is shown. Obviously, the
n%}n may be interpreted as order parameters and n acts like an
external field shifting the critical temperature.

The excess free energy (TC/TVMOpoz) [AF(t,H) - AF(t,O)]

is plotted in Fig. 8 as a function of density for wvarious

temperatures. At the lines tT in Fig. 7a, AF has a kink due

to the discontinuities in nﬁén.



In Fig. 9, density profiles along the symmetry axis are

drawn for the points denoted by A and B in Fig. 7a.

Up to now we have discussed the Helmholtz free energy for
a canonical ensemble of spherical crystals. In view of the
shape-dependence of the spectrum of density modes one may ask
whether the free energy also depends on the shape of the host
crystal, and furthermore'whether the canonical and the grand
canonical ensemble are equivalent. We shall make some brief

remarks on these questions.

Shape-Dependence

The spectrum of macroscopic density modes in non-spherical
crystals is not known, and the first question cannot be answer-
ed in detail. But we can giye arguments which indicate that
the excess free energy AF is indeed sensitive to the shape of
the crystal.

The spectrum of density modes of any crystal contains the
mode of uniform dilatation (Z== O for a sphere). This mode is
shape-independent and does not create coherency stresses. We
assume that it corresponds to the largest eigenvalue Mo' say.
Above Tc (given by eqgs. (7-11) and (7-12) ) the free energy
then has an absolute minimum for a constant density p, and we
have F = F. This also holds below T, (where F is of the form
shown in Fig. 4, also for non-spherical erystals), provided §
is outside of the interval between Pg and Ppe Consequently,

in the (Tp)-region where F = F = F,qu' AF = O, the Helmholtz




free energy is shape-independent. On the other hand, for PG <
3<pF, P will be minimized by an inhomogeneous density.

Consider now a cylindrical crystal of length L and dia-
meter d <L, For a variational ansatz we‘take an axially symme-
tric p(r) as shown in Fig.lO, where the constant densities pp
~and pé are matched by a transition region of width 6. The effect
of the part of the cylinder containing the homogeneous liguid
phase on the remaining part can be replaced by shear forces
acting in a cross section at LF. According to St. Venant's
principle the strains produced by these stresses will have a
range of the order of the linear dimension of the area in
which the stresses are acting.

From this we conclude that the variational parameter §
is of the order of the diameter d, irrespective of the location
of the transition region within L. The excess free energy
AF/Ld2 « d/L caused by the coherency stresses which are confin-
ed to the volume 63z'd3 vanishes in the thermodynamic limit L,
d—» ©, d/L- 0. In other words, for a long thin wire we have,
as in a normal liquid, two coexisting phases separated by an
"interface" which contributes negligibly to the bulk free
energy. Hence we find that F = dew throughout the whole (Tp)-

plane+.

t In going from a spherical shape to a long cylinder we expect
the gaps in the spectrum of macroscopic density-modes to de-
crease steadily. Consequently the tricritical points PT in
Fig. 7 will move towards the critical point n = 0, t = O and
the lines tT of first-order transition will approach the

. 2
"coexistence curve" t = n“/3.



Grand Canonical Ensemble, Gibbs Free Energy.

Consider an ensemble of crystals which can freely exchange
hydrogen with a surrounding hydrogen atmosphere. This con-
stitutes a grand canonical ensemble for the protons in the
metal. We denote by G(T,y) the associated Gibbs free energy,
where W is the chemical potential* of the protons in the metal.
According to the rules of statistical mechanics the Gibbs free
energy G is related to the Helmholtz free energy by a Legendre
transformation G(T,u) = F(T,p) - Vup, where E(T,u) is determin-
ed from (1/V)d9F/3p = U, provided this equation has a unique
solution. Thus, the Gibbs free energy is well defined in the
(Tp) -region where F = deW’ However, by prescribing a constant
J instead of p we cannot . enter the region‘t>ﬁz/3 (see Fig. 6)
within the "coexistence" curve, except in those cases like the
wire, where we have the two phases simultaneously within one
specimen. Let us consider only compact shapes and suppose the
chemical potential to be fixed at its critical value uc =
kBchl(Ec) - MOBC, For temperatures T,>,Tc the average density.

of protons in the crystals is (R As we cool to T<Tc, the

Since the hydrogen molecule dissociates in the metal we have
in equilibrium qu = 2u + ZuB, where qu is the chemical
potential of the hydrogen gas and Hp is the binding energy
for a single proton. Varying the pressure and the tempera-

ture of the gas, we can adjust u.



average density in a given crystal will be either bG = P TP
Y3t or Pp = pc+-%/§—, with equal probability. Those crystals
with Ppe for example, have absorbed hydrogen from the surround-
ing gas and have uniformly expanded. No.coherency stresses are
created in this way+. In the neighbourhood of Tc critical fluc-
tuations in the number of dissolved protons occur, and the iso=
thermal compressibility of the hydrogen lattice gas diverges as
(T—Tc)_l. The only mode which contributes to these critical
fluctuations is the mode of uniform dilatation. The divergence
of the isothermal compressibility leads to a divergence in the
Gorsky relaxation strength according to eqs. (3-10) and (3-13)
where T' +2f;y o <(N—<N>)2>.

In the case of the elastic interaction there is a con-
ceptual difference between the grand canonical and the canonical
ensemble .where the number of protons in each crystal is fixed.
If the forces between protons were short-ranged than a collection
of subvolumes within each erystal, which is a member of the
canonical ensemble, would already constitute a grand canonical'

ensembleyH'° Below Tc’ for instance, we would have subvolumes

T In practice, coherency stresses do arise, of course, since
during a change in density the protons require a certain
amount of time to penetrate through the surface into the bulk
or vice wersa. During this transient period the density in
the crystals is inhomogeneous.

t

This statement is a crude version of the equivalence of the
ensembles, which holds strictly only in the thermodynamic

limit.



containing the liquid phase in contact with subvolumes contain-
ing the gaseous phase.

This is no longer true if we consider the elastic inter-
action. The above configuration describing liquid droplets
immersed in the gaseous phase is energetically unfavourable
because of large coherency stresses which are caused by the
sharp interfaces. Instead of the equilibrium condition u =
constant within a crystal, we have the requirement of coherency
which is a global property of the whole crystal. The thermal
density fluctuations in the subvolumes of a large coherent
crystal are not representative for a grand canonical ensemble,
especially, if the system’ is near Tc or in the region of in-

homogeneous density.



§ 8 Conclusion

We have based our study of the statistical mechanics and
thermodynamics of metal-hydrogen solutions on the assumption
of a predominant elastic interaction between the protons in
the metal. There exists some experimental evidence in favour
of this hypothesis (Alefeld 1972). In a subsequent paper we
will also show that our model, despite its simplifications,
accounts reasonably well for the gas-=liquid part of the phase-
diagram of Nb-H.

Here, our aim was to explore the theoretical consequences
which result from the long range of the elastic interaction.

- The features of the phase transition governed by the elastic
interaction are indeed unusual: shape dependent and non-concave
free energy, absence of weexisting gaseous and liquid phases,
suppression of critical density fluctuations by coherency
stresses,

One knows that similar features are found in Curie-Weiss
type models where in the case of a ferromagnet for instance,
every spin interacts with every other spin with an exchange

coupling proportional to V'

. The exciting prospect here is,
of course, that an interaction of this type exists in a real
material, and there is a basis for expecting the classical
theory of phase transitions to hold rigorously for metal-
hydrogen systems.

At first sight this conjecture seems to contradict a
fundamental theorem of statistical mechanics, proved recently

by Lieb and Lebowitz (1972) in its most general form. Any piece

of matter can ultimately be described as an electrically



neutral collection of nuclei and electrons interacting via
Coulomb forces. The theorem asserts that the Helmholtz free
energy of such a system in thermal equilibrium must be concave.

One has to realize, however, that é crystal subject to
coherency stresses is generally not in total thermodynamic
equilibrium. The requirement of coherency keeps the crystal in
a metastable state. For a strictly harmonic crystal the coherent
state is the total equilibrium state. In this case the forces
between lattice atoms increase indefinitely with distance and
the theorem does not apply. On the other hand, any real crystal
is anharmonic and the forces tend to zero with increasing separa-
tion of the atoms. Therefore, in a real crystal under coherency
stresses there exists a finite probability for the formation
of dislocations which reduce the stresses until the crystal
finally relaxes into a stress-free but incoherent state.

The important question now is whether and to what extend
coherency can be achieved in experiments for temperatures below
Tc‘ It will be difficult to provide a reliable answer but we
try to give a very crude estimate which leads us to believe

that coherency can be realized in experiments.

Consider a spherical crystal with a hydrogen density PO,
and let it contain a number of dislocations. As we cool slowly

to temperatures below Tc the hydrogen density becomes inhomo-



geneous and coherency stresses build up'f'°

If the maximum shear stress exceeds some critical value
the dislocations will start to move in such a way as to reduce
the stresses and additional dislocations will be created (by
a Frank-Read mechanism, for example). For a spheriéal sample

one finds (Burkhardt 1973) that the maximum shear stress is of

3

the order of 10 °C at about 10 degrees below Tc(az450 Ok in

44
Nb) . The empirical values for critical stresses determining the

onset of plastic deformations are of magnitude 10=4C44. A much

larger temperature interval for coherency results if we optimisti-
cally start with a dislocation-free crystal. The critical stresses
for the creation of a dislocation are then expected to come close

1

the "theoretical” limit 10 Cyyr as found in whiskers.

With the variational ansatz (7-24) the coherency stresses
vanish along the critical isochore n = O since n, = 0.

Eq. (7-24) is only valid for very small t. As t increases,
we have to take into account modes with £ > 2. The contribu-
tion of the £ = 3 mode is finite at n = O. Tt is still true,
however, that the coherency stresses in a sphere are small-

est at n = O,
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- Appendix A

Continuum approximation for H, .

In the textbooks and monographs on lattice dynamics the
transition from a discrete lattice with free surface to the
continuum is usually discussed only for the special case of
spatially constant strains. Therefore it might be helpful to
sketch the arguments for the more general case of inhomogeneous
strains.

We start with the Hamiltonian

He& = _?{'m :fma"g 4

{ he e n
a t 7Y PTe (a-1)

and the condition of mechanical equilibrium

e [ ma
¢ v = -y, (A-2)

oy

We now replace Xm and Ta by smooth functions X(E) and Tj(E)
which are assumed to be slowly varying within the range of the
forces Xma and ¢mn° Hence we may expand Ta—»’ﬂga) and Kn—# V(Rn)
in (A-l1) and (A-2) around R™. Then eq. (A-2) becomes

b 22 b e e e tie
[ R~ ) )
Ecp(uu Uu<3 ) +%;4>(uu ()\( k«=<) KDI:'CB
N e n o n s 99 I Ve (A=3)
—~ . - R™Y
+ bY 2 CF;AV (h°< i14 B(l{ﬁ F{p ) <R Y (_

4

I

5 e ce e 35~ 4h¢a a b “(‘
_%w& T (R™) —% v (e~ R7) 9 7 (R™) .



We have only kept leading contributions (c.f. 2nd. comment

after eq. (2-6)). The first term on the £Lhs vanishes because of

eq. (2-7) (translational invariance). The second term on the
Ahs and the first term on the rhs are non-zero only if R" is

on the surface S (5W=S) of the crystal, where some lattice -

or hydrogen-sites in the neighbourhood of R™ are missing. Let

%

us consider first the case where R" is“the bulk of the crystal.

Rmc:V :

The configuration {R"} is determined from $"{R} = 0, i.e.

there are no external surface forces. Then

- et o o n ua (%4
& 4)(,4‘, (Ro("R.( )(R[g"R(& ) = - N‘-(C/u,(v/&+ C(uﬂv:’() )

where the CUQVB = Cuan = CVBuu are the elastic constants

(see e.g. Ludwig 1969).

Similarly, with a = (a;, Jj)

2T H@M R = - N“tl“rm“"(k - %) 2 Nug pt
a1 N N,

With (A-4) and (A-5) we find from (A-3)

I<

29

c ) %

e 5> pt e
ran vy 1£ (B' ) = - ——Ef ;% CR™)

M “' -
. J—

Z

L.

et

(A-4)

(A=5)

(A-6)

Introducing the strain tensor (eq.(2-18) ) and the proton densi-

ties pj(r) = NHjTj(E)/V we obtain eq. (2-21).



Now consider eq. (A-3) for R™ on the surface s. .,

R'eS :

tf/

|
&M

e a hey Y ha n 2 -
éu L;(_R_ ) = 3: 4>&V(R“—Rq )9, o (R™) . BT

Here, Bav' can be replaced by € because of eq. (2-7)

v ov
(rotational invariance). From eq. (2-7) (translational in-

variance) and eq. (A3) we find

LIV e =022 Tt ey - N5 plo o

= - X El (A-8)
oo v e e @ & ES N, &) (R™),

We define the density of surface forces, ku(E), by

mes§ o

2 Z_ \"ma jg/ﬁ (rydf = jf"i 2 3 () d+r  (a-9)

Since pj(r) is arbitrary we have

/é&q-) = e (r) I!u (+Y . reS (A-10)

where e(r) is an outward-directed normal unit vector on S .

Finally, we transform Hee_)(A-l)J into its continuum form:

L ‘f’”‘o‘ =) v R”"H*m“[b@“)*(@ R« C m)]
[ o
( /g o 3 P 9 (A-11)
-‘23{’% ) R, () f—ff@CT)m« % 8, o) el
S v

= J iy T oy dlr

\%



R¥)IG™"(RJ-RT) D, 4 (R™)

{ 7Y iy g, [ =
= v - (ﬁ v = = ) U
2= = - 2 wn

I 5 teg ey tq L u . ot
+g X VLRGP RIRY(RE-REY) 201 (R™)

oty Ck'
(A-12)
LY S R (R™

_ﬁ,_i'-f/zr (o)A, (ryolf — —’jv‘ Y Gy A DU (E)

We impose the boundary condition

<3S (A=13)

/Kmu-)_eé)cwﬂ . C T )

Then eqs. (A-10) and (A-13) lead to eq. (2-22). Furthermore

Loy e -14
241 is e = jg C"-)C v%‘w(f)df' (A=14)



Appendix B

Spectrum of macroscopic density-modes in an isotropic sphere

The solution of the "problem of a sphere" in elasticity
theory goes back to Lord Kelvin. A detailed discussion can be
found in Love's book (1959), chapter XI, where the displace-
ments in a sphere subject to body forces which have a potential
are calculated. The corresponding equilibrium condition is
formally identical to our eq. (5-12). For the convenience of
the interested reader we sketch here the computation of the
eigenvalues MB’ employing the so called Papkovitch-Neuber
ansatz (Srieddon and Berry 1958), whereby the displacements are
determined in terms of four harmonic functions.

The stress tensor which enters into the. boundary condi-
tione (5-4) reads, after the insertion of eq. (5-13) into eq.

(5-10)

2
o;(&._.. /\f‘%T—S + 2 9’9 /\+A8 V.iu +(u(9u+9a\ (B-1)

A obeys the Poisson equation (5-14). Writing

Alr) = 4%, Ay ()Y, oy | ) ?{ T, (A) ) (3-2)

one obtains from eq. (5-14) the ordinary differential equation

) 2 N L(6+1) 3 T }
A/@m + ; A= /},,2. /‘ £ 1 - /\4.2(,4 £ taq J (B=3)



which is solved by "variation of the constants

", The solution
regular at r =

= 0 is
1 - T P
A — -1 [T 2l
4“4(“ (A+2p2)(2€+1) Lq— j 1"“40() X ¥

S (B-4)

Y/ R -£ o
- " ]
+ F j I, Ox) x
f)—
For the displacements u we make the Papkovitch-Neuber ansatz

g, 1) V(c#(r) + 1 ‘{/(,,_)) 2/\\:2':* Ez(r) (B=5)

Then eq. (5-15) is identically fulfilled if

vi¢ = 00 = VY

(B-6)
We set
¢lry = 2 425 (+) Y, (o) (B-7)
€ . “
(222
A solution of eq. (B-6) for ¢, regular at r = O, is
L
42“(4—) = Az’l* (B-8)
For Yy we may write
VR 0) )
- L
1[,, A+ B L =LY Wl [Y (2) | (s

in terms of three mutually orthogonal vectors with L =

-i(rxvy).



(2) _
s 0O (see below).

Using the identities V = (r/r)3r~(i/r2) (rx L), V2 =

2

Without loss of generality we may set V

2 2, 2 _ .
8r+(2/r)8r - L“/r° and L Yo = £(£+1)ng‘we find

@) 2/,,8)

(
j/l«w L e
(B-10)

@3
LI T

s L

< 27,1
+r2 VIEY,, -
and eq. (B-6) for ¥ is obeyed if

a
S S SR AN @3) ( C+2 (B-11)
e = % s Ve = - bt

After insertion of (B=5) into (B-l),the boundary condition (5-4)

finally becomes

A+ - == —
+ /uC/\+2(m\ [—\.7(1__1‘;) + (&_V)L‘/— q/—] (B=-12)
A+ - - -
= et 7‘7T + Wt CQT_?7) VA R
/\4-2(&\ - -
with r = R = radius of the sphere. The rhs of eq. (B-12) is

orthogonal to L. This fact justifies setting Wéi) = 0 in (B-8).

The remaining manipulations are straightforward. We have to

insert the expressions (B-4), (B-7) with (B-8), (B-=9) with

?é;) = 0 and (B-1ll) into (B-12) and compare the coefficients
of r and V¥(m = —(i/rz)(rxL) gtm’ respectively.

One obtains



A/@ »g(pf;l) *B,g [’ﬁ(g‘_’)__ 3\ +Zg«_]=~ (L+1)(L+2) A
A +oe Cz£+‘)(/\+2éu)R2£+3 A
ALQ +.B(/[£+t‘_ A+2pm ]__ﬂ A+2 T e
R* (t1)(Atpe) (2£+/)()\+2Cu) RI4+3 T Lue )
where
2 R __
s = T (1) e -1

Vu=- il AV Y (26+3) B +tY () (B-15)

Solving (B-13) for %6’ we arrive at

e N (Let)(L12) (2€+3 )
At+2pe o A[28%+4L+3 T4 20 [ L% L41] 12643

{
= -5 [Margah de

with M(r,r') given by the egs. (5-22) with (5-23) and (5-24).

Vu = -

Y(fz) ll (B-16)

It is of interest to compare the above spectrum of macros-
copic density-modes of a sphere with a free surface (i.e.
eBoaB = 0) with the spectrum obtained from the boundary con-
dition v = ZA +u = 0, at the surface r = R. For the latter

case one finds

PZ
M, o= - L /0 (B-17)

£ Ab2p @r)[L (A1 30) +po ]




Thus the elastic interaction Hint(cf. eq. 5-31) is repulsive

if the surface of the sphere is held fixed.

Appendix C

Correction to &F

The dominant coupling term between density-modes in §F is

the cubic term in eq. (7-23). Consider a density variation n(E)

of the form
)
n(r) = n () + h (ry | (c-1)

with n' orthogonal to x, = 1//V and xl(xz = xeo). The cubic

term « n3 in eq. (7-23) leads to a coupling betweeh the rf= 1

eigenmode and n',

(C-2)

nfj;('z(g;) w(rydr = v (%

From the expansion of n' in a series of spherical harmonics)only
the .£ = 0 and Af = 2 components contribute in (C-2). Therefore

n' may be written as

w(ry = ik 2, (r) + m(r) (c-3)
with
(MJ%O)-:(MJ?C,):(MJ,?:Z):O' . (C-4)



Furthermore, from the stationary property of §F with respect

to variation of m(r) one concludes that m « ni, as is the case
for n, in the neighbourhood of the ,Z = 1 spinodal. This can

be seen after inserting egs. (C-1) and (C-3) into eqg. (7-23)

519(4/», n, {mi) = 5[5\(44, n, o) +5’(l+t71,2)(“‘5m)
(C-5)

+ EVL’Z(MJ )+

where the terms dropped are of order nynom « nim , etc. Vary-
ing &% with respect to m and using Lagrange parameters for the

constraints (C-=4) we obtain

0= (l+ B*)m(t) + Bn L2 (+) - 2, X (r) (C-6)
! ! - z v
e
with the solution

m(r)y=- 22 [0~ (€, 21 - X0 (7, e

[+ 7
+ o(n?) .
With this expression for m(r) we find

— 2

SF (e, n fm})— SF(umu, 0) = 57

n,q + 0(rf). ©-8

+i*

Thus the effect of m(r) is only to renormalize the coefficient

of the n§— term in eq. (7-25),

8§ m*
15 1+

C—= C’= C (- L) > o (c-9)
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Figure Captions

Phase diagram of Nb-H according to Walter and

Chandler (1965).

Tetrahedral sites (o) in a bcc lattice. The proton sites
are labelled by the axis which they distinguish. For

clarity the sites on the front face are not shown.
Octahedral sites (o) in a fcc lattice.

Schematic plot of the reference free energy density as
a function of p ; fz(p,T) = 0 for pé<p<pé (gas-liquid

transition) and for pF','<p<pS (liquid-solid transition).

Schematic plot of the free energy E(T,S), eqg. (7-9),

for T<T .,
c

Density profile for two coexisting phases in a sphere.
A 2

Excess free energy AF = TC(F dew)/TVMopo .

a. Phase diagram in the neighbourhood of Tc' The heavy

dots (ttr) denote tricritical points. For t<ttr the

spinodal (light solid) of the £ = 1 mode is a line

of critical points. Along the lines tT the phase transi-

tion is of first order. The spinodal for t>tt is dashed,

r

For the points A and B see Fig. 9.
min
L

for average densities indicated by (1), (2) and (3) in

b. Order parameters n as functions of temperature

Fig. 7a.

Excess free energy as obtained from the numerical calcu-

lation. The dash-dotted line shows the result if only

fhelﬁ = 0 and ﬁ,: 1 modes are taken into account.



Fig. 9 Density profiles along the z-axis of a sphere for the
points A (lower figure) and B (upper figure) indicated
in Fig. 7a. Thedensity profile for an incoherent crystal

is dashed.

Fig. 10 Variational density profile for a cylindrical crystal.
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