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Abstract We present a novel Monte-Carlo ice microphysics model, McSnow, to simulate the evolution of
ice particles due to deposition, aggregation, riming, and sedimentation. The model is an application and
extension of the super-droplet method of Shima et al. (2009) to the more complex problem of rimed ice
particles and aggregates. For each individual super-particle, the ice mass, rime mass, rime volume, and the
number of monomers are predicted establishing a four-dimensional particle-size distribution. The sensitivity
of the model to various assumptions is discussed based on box model and one-dimensional simulations.
We show that the Monte-Carlo method provides a feasible approach to tackle this high-dimensional prob-
lem. The largest uncertainty seems to be related to the treatment of the riming processes. This calls for addi-
tional field and laboratory measurements of partially rimed snowflakes.

1. Introduction

Precipitation in midlatitudes originates mostly from mixed-phase cloud systems and growth of ice particles
by the collection of supercooled liquid drops. This process, known as riming, contributes significantly to sur-
face precipitation, see e.g., Grazioli et al. (2015) or Moisseev et al. (2017) for some observational evidence
based on state-of-the-art measurement techniques. For example at the coastal areas of Japan, heavily rimed
snow particles are in fact present in more than 70% of the snowfall events and contribute more than 50%
to wintertime surface precipitation (Harimaya & Sato, 1992a, 1992b). Hence, riming is an important process
for the hydrological cycle and can be of similar importance for surface precipitation as growth by condensa-
tion or deposition. Riming is also relevant for cloud chemistry due to its impact on phase partitioning (e.g.,
Kalina & Puxbaum, 1994; Michael & Stuart, 2009; Stuart & Jacobson, 2004).

Measurements and observations of rimed ice crystals have been of interest for decades and observations
provide a wealth of data regarding the occurrence of riming and empirical relations of the properties of
rimed particles (Fukuta & Takahashi, 1999; Locatelli & Hobbs, 1974; Mitchell et al., 1990; Takahashi & Fukuta,
1988; Takahashi et al., 1991; Zikmunda & Vali, 1972). Most of these measurements use a qualitative classifica-
tion of particles depending on their degree of riming, e.g., lightly rimed, heavily rimed, graupel-like etc., and
provide empirical mass-size or fall speed relations for such rimed particles types. Quantitative measure-
ments of the degree of riming, e.g., in terms of the ratio of rimed mass over total particle mass of individual
particles, are rare. The most noteworthy exception is the work of Mosimann et al. (1994). Only recently auto-
matic measurements of the degree of riming are starting to become available (Praz et al., 2017).

Modeling of riming processes is an important part in all mixed-phase cloud models, especially those target-
ing convective clouds, but only a limited number of modeling studies focus on riming processes. In the early
work of Beheng, the stochastic collection equation is explicitly solved for riming processes to study the for-
mation of graupel (Beheng, 1978), the onset of riming (Beheng, 1981) and riming-splintering, i.e., the
Hallett-Mossop process (Beheng, 1982, 1987). In Beheng’s model of graupel formation and most other spec-
tral bin microphysical models (Flossmann & Wobrock, 2010; Khain et al., 2000, 2015) the size spectra remain
one-dimensional, i.e., only the growth in particle mass is calculated and different particle shapes like snow
or graupel are described with separate categories and separate size spectra. In such models the conversion
from one particle category to another remains somewhat ad hoc and arbitrary. Recently, Jensen and Har-
rington (2015) and Erfani and Mitchell (2017) have studied riming of individual particles in more detail. To
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our knowledge, no spectral bin microphysical model exists that treats the growth by deposition and riming
separately in a truly two-dimensional mass distribution, although multidimensional bin models have been
used to treat the problem of aerosol particle mass within water droplets and ice particles (Beheng & Her-
bert, 1986; Bott, 2000; Monier et al., 2006). Morrison and Grabowski (2010) introduced a bin microphysics
model of graupel formation with a prognostic rimed mass in each mass bin, which is an improvement over
conventional bin schemes, but does not allow different rimed fraction for particles of the same mass, i.e., it
does not yet solve the general multidimensional problem.

In bulk microphysical models, riming is often associated with a conversion from snow to graupel and the
subsequent growth of graupel into hail. Lacking detailed size information, the conversion rate from snow to
graupel in such bulk models is even more arbitrary than in bin microphysics models. Hence, various
attempts have been made to introduce additional prognostic variables like a bulk rimed mass or particle
volume to overcome these issues (Connolly et al., 2006; Mansell et al., 2010; Milbrandt & Morrison, 2013;
Morrison & Grabowski, 2008; Stoelinga et al., 2007). The most advanced bulk approach in this regard is the
predicted particle properties (P3) scheme (Milbrandt & Morrison, 2016; Morrison & Milbrandt, 2015; Morrison
et al., 2015). Besides mass and number, this scheme predicts the rime mass and the rime volume. Predicting
the last two quantities proves to be beneficial or even necessary, because the rime density of particles
depends on their growth history and therefore needs to be predicted independently from rime mass. The
approach to use multiple prognostic particle properties is very attractive as it can remove many ad hoc
parameters related to the snow-to-graupel conversion and reduces the need for a posteriori tuning. This
approach is similar in spirit to the habit prediction for primary ice crystals, which mostly aims at the predic-
tion of the different axis growth ratios in different temperature and supersaturation regimes (Chen & Lamb,
1994; Harrington et al., 2013; Hashino & Tripoli, 2007; Jensen et al., 2017). Although the P3 scheme incorpo-
rates a more detailed and more physically based description of the riming process compared to other bulk
parameterizations, it also comes with several simplifications and assumptions, many of them related to the
fact that it is a bulk scheme and cannot resolve the underlying multidimensional particle distribution.

Here, we present a Monte-Carlo microphysical model for the evolution of snow due to depositional growth,
aggregation, and riming and the conversion to graupel (‘‘McSnow’’), which calculates the evolution of the
particle-size distribution in a truly multidimensional microphysical phase space. Similar to the P3 scheme
we consider ice mass, rime mass, and rime volume, and in addition we track the number of monomers in
the evolution of snow aggregates. In contrast to a bulk model like the P3 scheme, we present a spectrally
resolved particle-based description, i.e., we solve for a four-dimensional particle distribution using Monte-
Carlo sampling. Numerically this is done using the super-droplet method of Shima et al. (2009) which is
applied here for the evolution of multiproperty ice particles. Thus, our model can provide a benchmark sim-
ulation to test or falsify certain assumptions made in the bulk approach and develop improved closure
assumptions. Additionally, the history of the Lagrangian particles is available, which allows an in-depth anal-
ysis of the processes that determine the particle growth within a cloud.

In the current work, we focus on aggregation and riming processes and only ice, snow, and graupel par-
ticles are treated by the Monte-Carlo approach. In the one-dimensional model that we use to investigate
the basic behavior of the model, we assume for simplicity a fixed bulk description of the cloud water field.
A full treatment of the liquid phase and processes like melting, wet growth etc., is beyond the scope of the
paper, but is nevertheless a natural extension of McSnow in the future. For now we also do not include a
prediction of the aspect ratio or habit of primary ice crystals, but such an extension would be rather
straightforward based on the previous work of, for example, Chen and Lamb (1994) and Jensen et al. (2017)
and will be included in the future.

Section 2 provides the model description, section 3 presents some box model tests of the numerical conver-
gence, and an analysis of the evolution of the particle-size distribution due to depositional growth, aggrega-
tion, and riming in a spatially one-dimensional model. Some conclusions and an outlook are given in
section 4.

2. Model Description and Notion of a Super Particle

In McSnow, we assume that an ice particle is an ice crystal which can be completely characterized by an ice
crystal mass mi, a rime mass mr, a rime volume Vr, and the number of monomers or primary ice crystals nm,
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which a particle might have collected through aggregation. These variables are in the following referred to
as the attributes or properties of an ice particle. In the one-dimensional framework, each particle is at any
given time completely determined by its four attributes and the current height position z.

The particles-size distribution f ðmi;mr ; Vr ; nmÞ is the number density of particles in the four dimensional
phase space spanned by the particle attributes. Therefore, the particle attributes are sometimes called inter-
nal coordinates of the system. For a classic spectral bin model, this space would need to be discretized.
Using, for example, 30 bins for each internal coordinate, this would be a discrete system with 3045810 ; 000
bins, which immediately shows that this is hardly feasible, especially in combination with a three-
dimensional spatial grid. Such high-dimensional systems are more accessible using Monte-Carlo methods.
Shima et al. (2009) show that their algorithm is superior to a classic bin approach in phase spaces of degree
3 or higher. All four particle attributes are extensive quantities, i.e., they are additive for successful particle
collisions and their total sum is conserved during collision processes.

Our definition of a super particle follows that of Shima et al. (2009) in case of water droplets. A super particle
is a representation of multiple ice particles with the same attributes and spatial position. The number of ice
particles represented by a super particle is called multiplicity, denoted by g, and may differ from one super
particle to another. Since in reality no two different ice particles can have the exact same position and
attributes, a super particle is more of a representation of an ensemble of ice particles within a given volume,
too small to be further resolved in actual calculations.

2.1. Ice Particle Geometry and Terminal Velocity
In order to implement the Monte-Carlo model, various additional quantities that describe the behavior of
ice particles are needed as a function of the chosen particle attributes. In particular, we need to establish
relationships between the particle attributes and its diameter and its projected (cross-sectional) area. From
that the terminal fall velocity, the collision efficiency and subsequently the gravitational collection kernel
can be derived.

For large unrimed particles, we assume that those are aggregates and use the following power law
relationships

m5aiD
bi
i (1)

A5riD
ci
i ; (2)

where the coefficients ai, bi, ri, and ci are based on empirical relations for ‘‘aggregates of side, planes, col-
umns, and bullets’’ of Mitchell (1996) and given in Table 1. Such empirical relations are not valid over the
whole size range and to avoid unphysical behavior for very small crystals, we assume spherical solid ice par-
ticles below a size threshold of

Dth5
p qi

6 ai

� � 1
bi 23

; (3)

as it is done in (Morrison & Milbrandt, 2015, equation (8)), where qi5997 kg m23 is the ice density. Aggrega-
tion leads to a fractal dimension (exponent of Di in m5aiD

bi
i ) of snowflakes close to 2 (Westbrook et al.,

Table 1
Particle-Based m-D and A-D Relations With Constants in MKS Units and the Critical Rime Mass From Equation (5),
mth5p=6qi D

3
th, ai52:83102bi 26; bi52:1, ri52:2853102ci 25, and ci51:88

Ice particle Type condition Diameter D Projected area A

Small ice mr 5 0, mi � mth 6mi
pqi

� �1=3 p
4 D2

Unrimed mr 5 0, mi > mth mi
ai

� �1=bi ri Dci

Part. rimed mr < mr;crit; mi > mth mi
ai

� �1=bi F�r
p
4 D21ð12F�r Þri Dci

Graupel-like mr > mr;crit 6ðmr 2mr;critÞ
pqr

1D3
i

� �1=3 p
4 D2
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2004a, 2004b) and many empirical relationships for aggregates suggest values very close to 2 or slightly
above 2 consistent with this theory (Brown & Francis, 1995; Heymsfield et al., 2010; Mitchell, 1996; Schmitt &
Heymsfield, 2010).

To parameterize the transition from a rimed snowflake to graupel, we adopt the ‘‘fill-in’’ model described by
Heymsfield (1982). The same approach is used in a bulk formulation in the P3 model of Morrison and Mil-
brandt (2015, MM15 hereafter). For a partially rimed snowflake, we assume that the maximum dimension
does not change until the total volume of the rimed particle is equal to that of a sphere of the same diame-
ter. Hence, the critical rime volume Vr;crit can for aggregates be defined as

Vr;crit5
p
6

D32Vi5
p
6

mi

ai

� �3=bi

2
mi

qi
: (4)

If the rime volume is larger than its critical rime volume, we assume that the ice particle takes a spherical
form. Similarly, the critical rime mass is defined as

mr;crit5qr Vr;crit5qr
p
6

mi

ai

� �3=bi

2
mi

qi

( )
; (5)

where qr5mr=Vr is the average rime density of that particle. Above that threshold the particle is spheri-
cal and in the following we define those spherical rimed particles as graupel-like independent from
their size. Particles with a rimed mass below mr;crit are (partially) rimed snowflakes. The ‘‘fill-in’’ model
has two caveats: First, in reality the maximum dimension will start to increase before mr;crit is reached.
Second, the ‘‘fill-in’’ model does not provide a consistent estimate for the cross-sectional area. Similar to
MM15 we use a linear interpolation of A as a function of the critical rime mass fraction F�r 5mr=mr;crit

between the unrimed aggregate and the spherical graupel (see Table 1). Note that rimed small ice
does immediately convert to graupel, because there is no volume to be filled in. Figure 1 shows the
maximum dimension D and the cross-sectional area A as a function of the ice mass and the rime mass
for two different rime densities. Most important is that these functions are smooth and have no
discontinuities.

With a complete description of the particle geometry at hand, we can now calculate the terminal fall
velocity using an aerodynamic model. In the following we apply two slightly different models for the ter-
minal fall velocity. First, we make use of the approach of Khvorostyanov and Curry (2005, KC05 hereafter),
which is based on the previous work of Abraham (1970), Beard (1980), B€ohm (1989, 1992a), and Mitchell
(1996). As an alternative model, we apply the modified Best number approach of Heymsfield and West-
brook (2010, HW10 hereafter). Here, we will shortly repeat the formulation of the two terminal fall
velocities.

KC05: The fall velocity is given via the Best number

XB5
2jq2qajVgD2

Ag2
; (6)

and the Reynolds number

Re5
vt D
m

5
d2

0

4
11

4

d2
0

ffiffiffiffiffi
XB

C0

r !1=2

21

8<
:

9=
;

2

; (7)

using the constants C050:35 and d058. Here g is the gravitational acceleration, g is the dynamic viscosity, m
is the kinematic viscosity, q is the bulk particle density, qa is the density of air, A is the cross-sectional area,
and V is the volume of the ice particle given as V5Vr1mi=qi . To account for turbulence effects a modified
Reynolds number is used

Ret5Re w1=2ðXÞ5Re 11
XB

X0

� �2
 !

11Ct
XB

X0

� �2
 !21( )1=2

; (8)

and X052:83106 and Ct51:6 as suggested in B€ohm (1989). The drag coefficient is then calculated from
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Cd5C0 11
d0ffiffiffiffiffiffiffi
Ret
p

� �2

w21ðXÞ: (9)

Finally, the fall velocity is given as

vt5

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2gV jq2qaj

ACdqa

s
: (10)

HW10: Heymsfield and Westbrook introduce the modified Best number

X�B 5
8qamg

pg2
ffiffiffiffiffi
Ar
p (11)

with Ar5
4
p A=D2 and the main difference to the usual definition of XB is the weaker dependency on A. An

explicit correction for turbulence effects is not applied in this case and with the Reynolds number as in
equation (7) the terminal fall velocity is given directly as

Figure 1. The (top left) m-D and (top right) m-A relationships with D and A in mm and mm2, respectively, for a rime den-
sity of 600 kg m23 (solid lines) and 200 kg m23 (dashed lines). The terminal fall velocity in m s21 is shown for two differ-
ent rime densities of (bottom left) 600 kg m23 and (bottom right) 200 kg m23, and the two different aerodynamic
formulations. The corresponding contours of KC05 and HW10 match well on most parts so that only one of the lines is
labeled.
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vt5
gaRe
qaD

5
ga

qaD
d2

0

4
11

4

d2
0

ffiffiffiffiffi
X�B
C0

r !1=2

21

8<
:

9=
;

2

: (12)

In Figure 1, the two m–vt relationships are plotted in terms of ice crystal mass and rime mass for a high rime
density of 600 kg m23 and a low rime density of 200 kg m23. As expected, the lower rime density results in
a lower terminal fall velocity. The KC05 and HW10 velocities differ significantly for particles with large mass,
whereas for smaller particles the agreement between both models is quite good.

2.2. Ice Microphysical Processes
Ice particles evolve due to sedimentation, deposition, sublimation, aggregation, and riming. In the following
we summarize the equations, parameterizations, and some details of the numerical implementation of
these processes in McSnow.
2.2.1. Sedimentation
For a given (super-)particle S5ðx;mi;mr ; Vr ; nmÞ at time t0, the sedimentation process transfers it into the
(super-)particle S5ðx2vtðt12t0Þ;mi;mr ; Vr ; nmÞ at time t1. In contrast to, for example, Naumann and Seifert
(2015), we do not solve the momentum equation for the individual super-particles and assume that all par-
ticles attain their terminal velocity instantaneously.
2.2.2. Deposition/Sublimation
In case of an ice crystal particle with mass m, the growth due deposition and sublimation is governed by

dm
dt

54pCiDv fv
pv2pi;sat

Rv T
11

L2
s Dv pi;sat

KdR2
v T 3

� �21

; (13)

where Ci is the capacitance and fv is the ventilation coefficient of the ice particle, Kd is the thermal conduc-
tivity of dry air, Dv is the diffusion coefficient of dry air, Ls is the latent heat of sublimation, Rv is the gas con-
stant of water vapor, T is the air temperature, pv is the water vapor pressure, and pi;sat the saturation water
pressure over ice. Following Pruppacher and Klett (1997) for graupel-like particles with mr > mr;crit, we take
Ci5D=2; for the aggregates with nm > 1, Ci5D=4 is taken and in the remaining case, ice particles are
assumed to be plate-like with Ci5D=p. For example, Westbrook et al. (2008) provide further details on the
capacitance of ice particles and their results show a weak but significant dependency of C on the number
of monomers for aggregates. Here we refrain from introducing such a dependency, because we have no
knowledge on the dependency of C on the degree of riming. Combining the methodology of Westbrook
et al. (2008) with 3-D particles generated by an aggregation and riming model like the one of Leinonen and
Szyrmer (2015), would probably allow to derive such a parameterization in the future. Figure 13 of West-
brook et al. (2008) also shows that discontinuities in C do in fact occur, e.g., between a monocrystal and an
aggregate of nm 5 2. Therefore, we stick to these rather simple assumptions in this first implementation of
McSnow. For the ventilation coefficient, we apply the parameterizations as a function of Reynolds and
Schmidt number given by Pruppacher and Klett (1997) for spherical and plate-like ice particles, respectively.

If a particle is rimed and the r.h.s. of (13) is positive, we update only mi, but not mr separating rime growth
from depositional growth. If the r.h.s. of (13) is negative, the ice crystal part as well as the rime will subli-
mate. Even though the sublimation acts on the surface of ice particle, we assume that the change in mi and
mr due to sublimation is proportional to the mass fractions mi=m and mr=m, respectively. Hence,

dmi

dt
5

mi

m
dm
dt

;
dmr

dt
5

mr

m
dm
dt

; for
dmr

dt
< 0: (14)

If the total mass of a super-particle is nonpositive after the mass update in equation (14), the particle is
removed from the system.
2.2.3. Riming
Let us describe the change in mr and Vr of ice particles when riming with water droplets of a mean radius �r c

and a liquid water content Lc. Here we describe two alternative approaches, a simple continuous riming
model and a stochastic riming, which involves an additional Monte-Carlo sampling of the cloud droplet
distribution.

In the continuous riming we solve
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dmr

dt
5

p
4

LcEbD2vt; (15)

with Eb being the bulk collision efficiency of Cober and List (1993) given as

Eb5max ð0:55 log 10ð2:51KsÞ; 0Þ; (16)

with the Stokes number Ks54qliqj�v c2vtj�r 2
c=ð9gDÞ. Here �v c is the fall velocity of the water droplet with radius

�r c calculated following Beard (1976). The instantaneous rime density qrime is given through the impact
velocity Vimp of Rasmussen and Heymsfield (1985) and the impact parameter Rimp52

�r c Vimp

Ts
. Ts is the temper-

ature on the surface of the ice particle expressed in degree Celsius. Note that Cober and List (1993) define
the impact parameter with the impact velocity in m s21 and the droplet radius in mm. Using this empirical
parameterization, we arrive at the evolution equation for the rime volume given as

dVr

dt
5

1
qrime

dmr

dt
(17)

with the empirical relation

qrime5781184Rimp215R2
imp; (18)

which yields qrime in kg m23. Note that the instantaneous rime density qrime differs from the bulk rime
density qr of a particle, because the latter integrates over the history of the particle and therefore differ-
ent environmental conditions. The large variation in qrime between 100 kg m23 for cold conditions
(small Ri) and 600 kg m23 near 08C (large Ri) is the main reason for needing the additional prognostic
variable Vr.

In the stochastic riming, we assume the same probability of finding a water droplet for a given volume of
the cloud, which is the case of locally well-mixed clouds. For every ice particle, we compute the number Nd

of water droplets in the particle’s sweep-out volume according to

Nd5
p
4

Nc D12�r cð Þ2jvt2�v cjDtr ; (19)

where Dtr is the model time step used to integrate riming, and Nc5Lc=ð6 �mdÞ is the number of droplets
for a given liquid water content assuming an exponential drop size distribution, �md is the mean cloud drop-
let mass. Note that we ignore the collision efficiency in this step. Now we introduce a drop multiplicity nd5

Nd=1011 and draw Nd=nd droplets from the exponential distribution in the size range of 1–40 mm radius.
For each droplet we calculate the collision efficiency Ed of B€ohm (1992b, 1992c, 1994) for the given pair of
particles and update the mass and volume of the ice particle with the increments md Ednd and
md Ednd=qrime, respectively. Note that the rime density qrime is calculated only once per ice particle and time
step using the mean cloud droplet diameter.

Which collision efficiency to use is a delicate choice for the riming process. The Cober and List (1993) effi-
ciency has the advantage of being based on actual measurements and it is consistent with their parameteri-
zation of the rime density. On the other hand, it is only a bulk efficiency and it is based only on
measurements of conical graupel and here we apply it to a much broader range of ice particle habits from
unrimed and partially rimed aggregates to spherical graupel. B€ohm’s parameterization attempts to take the
various particle properties like shape, density, and fall speed properly into account, but relies to some
extent on semi-empirical assumptions (B€ohm, 2004; Posselt et al., 2004). Figure 2 shows both collision effi-
ciencies and clearly reveals that B€ohm’s collisions efficiency yields significantly higher values compared to
Cober and List (1993). This is to be expected, because the Cober and List (1993) provide only a bulk effi-
ciency averaged over the whole cloud droplet distribution and, being based on empirical data, takes into
account the surface roughness of rime. von Blohn et al. (2009) show that the Cober and List parameteriza-
tion tends to underestimate the collision efficiency for spherical graupel by about 25%. Both parameteriza-
tions yield significantly lower efficiency for unrimed particles compared to graupel-like particles, which is
reasonable.
2.2.4. Aggregation
Two ice particles with attributes al5ðmil;mrl; Vrl; nmlÞ, l 5 1, 2 aggregate, if successful, into one ice particle
with attributes
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a125a11a25ðmi11mi2;mr11mr2; Vr11Vr2; nm11nm2Þ: (20)

A rate of success that two particles aggregate is described by a probability that an ice particle inside a
small region DV will aggregate in a short time interval ðt; t1DtÞ. This probabilistic approach is detailed
in Gillespie (1972) and later on in Gillespie (1975) for coalescence of cloud droplets, and can be fol-
lowed to derive the following probabilistic representation of the classic collection kernel for well-mixed
clouds

P125
p
4
ðD11D2Þ2 jv12v2j Ecoll

Dt
DV

: (21)

Here, Ecoll is the collision efficiency, which we adopt from a series of papers by B€ohm (1989, 1992a, 1992b,
1992c, 1994, 1999) and scale it with a sticking efficiency Seff of ice depending solely on the temperature of
the surrounding air (see Pruppacher & Klett, 1997, section 16.2):

Figure 2. Collision efficiency for the riming of ice particles for (top row) unrimed aggregates (FR 5 0) and (bottom row)
graupel-like particle (FR 5 1 as a function of the maximum dimension of the ice particle for different cloud droplet diame-
ters as indicated by the legend. Shown are the parameterization of (left column) Cober and List and (right column) B€ohm.
Note that Cober and List provide a bulk collision efficiency for conical graupel, which depend on the mean cloud droplet
size, whereas B€ohm’s efficiency is formulated for individual pairs of particles. Collision efficiencies in this figure are calcu-
lated assuming KC05 fall speeds.
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Seff5

0:10; T 2 ½26;29� [ ½24; 0� �C;

0:40; T 2 ½220;217� [ ½212:5;29� �C;

0:60; T 2 ½29;26� �C;

1:00; T 2 ½217;212:5� �C;

0:25; T 2 ½260;220� �C:

8>>>>>>>><
>>>>>>>>:

The collision efficiency depends on the geometry and fall speeds of both interacting particles. In our case it
is crucial that the parameterization of B€ohm provides a continuous model for the dependency of Ecoll on mi,
mr, and qr of both particles. In Figure 3, the collision efficiency is shown as a function of the total mass of
each particle for different rime mass fractions and for different values of the bulk rime density. For large
millimeter-sized ice particles the collision efficiency is close to 1 and only if one of the collision partners is
much smaller the collision efficiency becomes small. The dependency of particle properties like rime frac-
tion or rime density is noticeable and should be taken into account.
2.2.5. Aggregation of Super Particles
While the aforementioned sedimentation, depositional growth and riming carry on in a straightforward
manner to the super particles, the aggregation is somewhat more involved.

Two super particles S1 and S2 aggregate and get replaced with two new super particles S01 and S02 such
that: (1) in case n1 > n2, we have more available particle with the properties S1 than we have of S2. Hence,
the attributes of S1 remain unchanged but the multiplicity is reduced to n015n12n2. Thus S01 are the par-
ticles of S1 that do not interact with S2. Whereas each particle of S2 aggregates with one from S1 according
to equation (20); and (2) in the special case of n15n2 we want to keep both super particles, if possible.
Hence, ½n2=2� particles (Throughout this paper the Gauss brackets ½x� denote the greatest integer less
than or equal to x [the floor function in Fortran]) from S2 switch to S1 and aggregate there as in equation
(20), whereas the remaining particles of S1 go to S2 and aggregate with the remaining particles, making:
n015½n2=2�, n025n22½n2=2�. Only if n15n251 and therefore n0150, the super particles S01 is actually removed
from the system.

2.3. Numerical Aspects of the Monte-Carlo Approach
2.3.1. Time Stepping
For efficiency reasons we apply different numerical time steps for the different processes. Let us denote
with Dts; Dtd; Dtr , and Dta the time step size for sedimentation, deposition, riming, and aggregation,
respectively. We limit the various possibilities of time step sizes to Dta5isaDts; Dtd5Dtr , and Dts5irsDtr tak-
ing isa, irs from the set of natural numbers. At t1Dts water vapor deposits on an observed super particles, or
sublimates from it, according to

Figure 3. Collision efficiency of B€ohm for the collision of unrimed and rimed aggregates as a function of the total mass m5mi1mr of each particle. Shown are
results for different rime mass fractions Fr 5 mr=m and different bulk rime densities qr with (left) Fr 5 0, qr5200 kg m23, (middle) Fr50:9; qr5200 kg m23, and
(right) Fr50:9; qr5600 kg m23.
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m0i5mi1Dtr
mi

m
RHSðtÞ; m0r5mr1Dtr

mr

m
min ð0; RHSðtÞÞ; (22)

where RHSðtÞ is the value of the right-hand side expression in equation (13) at time t. The minimum func-
tion in the upper equation for mr indicates that water vapor does not deposit on the rime. Directly after one
deposition update, one riming update takes place: new mr and Vr values are computed either from the con-
tinuous riming model, equations (15)–(17), or via the stochastic riming procedure described after equation
(19). The deposition and riming updates are repeated irs times, after which every super particle S moves to
its new position zðt1DtsÞ5zðtÞ2vtðSÞDts. Before the change due to aggregation is applied, the whole previ-
ously described combined deposition, riming, and sedimentation process is repeated isa times. In our
numerical experiments, we have seen only negligible differences when applying different isa � 5 and
irs � 5. Therefore, we limit our numerical tests to isa5irs51 in this study.
2.3.2. Monte-Carlo Aggregation
The Lagrangian particle model is largely independent from the Eulerian grid, but for aggregation we have
to make a choice which super-particles are close enough to interact. Therefore, the vertical domain is
divided into nz height levels and aggregation is then considered only among those particles which are con-
tained in the same box. Hence, within a height level we make the assumption that particles are well-mixed.
Let I5ðS1; . . . ; SNsÞ be an array of super particles located in a single box. We apply the Monte-Carlo algo-
rithm of Shima et al. (2009) as follows:

1. first a Ns-perturbation Ip5ðQ1; . . . ;QNsÞ of the array I is generated with equal probability for every element
to occupy every place in the list;

2. for each pair ðQ2j;Q2j11Þ; j51; . . . ; ½Ns=2�, the probability of collision pj is calculated as

pj5max ðn2j ; n2j11Þ Pj
NsðNs21Þ

2
Ns

2

� �21

: (23)

With a random number / from uniform distribution on (0,1) this yields the number of collision events

cj5
½pj�11; if / < pj2½pj�

½pj�; otherwise:

(
(24)

3. Set ~c j5min ðcj; ½n2j=n2j11�Þ to prescribe the number of consecutive multiple collisions (mostly due to a
large time step size) of the two particles. If cj50, the two particles Q2i and Q2i11 do not collide;

if cj 6¼ 0 and assume n2j > n2j11, we update the following attributes of Qj and Qj11

a) for n2j2~c jn2j11 > 0:

n02j5n2j2~c jn2j11;

m0i;2j115~c j mi;2j1mi;2j11; m0r;2j115~c jmr;2j1mr;2j11;

V 0r;2j115~c j Vr;2j1Vr;2j11;

n0m;2j115~c jnm;2j1nm;2j11:

b) n2j5~c jn2j11:

n02j5½n2j11=2�; n02j115n2j112½n2j11=2�;

m0i;2j5m0i;2j115~c jmi;2j1mi;2j11; m0r;2j5m0r;2j115~c jmr;2j1mr;2j11;

V 0r;2j5V 0r;2j115~c jVr;2j1Vr;2j11;

n0m;2j5n0m;2j115~c jnm;2j1nm;2j11:

2.4. Numerical Simulations
As a first step to validate the proposed algorithm, we run box model simulations to assess the convergence
of Monte-Carlo for aggregation, similar to Shima et al. (2009). Second, various parameter runs controlling
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primarily aggregation and riming are conducted for the 1-D model. The goal of the simulations presented
here is mostly to demonstrate the behavior and capabilities of the model. Analytical solutions for validation
would only be available for pure aggregation and simplified collision kernels, something which has already
been presented by Shima et al. (2009) for liquid drops. For all simulation runs the air motion is excluded. A
validation with observations is beyond the scope of the current study.

When evaluating particle-size distributions from a super particle data set fSi : i51;Nsg, we resort to the
variable density kernel estimate in Terrel and Scott (1992) as suggested by Shima et al. (2009) with

f ðln RÞ5 1
V

XNs

k51

nk Wrðln R2ln RkÞ (25)

with the Gaussian kernel Wr given through

WrðxÞ5
1

r
ffiffiffiffiffiffi
2p
p exp ð2x=2rÞ (26)

and r5r0N0:2
s . R5D=2 is the radius of ice particle. Note that the distributions are given in terms of logarith-

mic radius as in Shima et al. (2009) with their coefficient estimate r050:62.
2.4.1. Box Model
In a box model setup, ice (super) particles are confined in a box of volume V5106 m3. Two aggregation sit-
uations are considered. In the first situation, we consider a fast aggregation with only 210 s before appear-
ance of larger particles. The ice water content is Ic51 g m23 and their number density is set to Np5223

m235843105 m23. In the second situation we consider a slowly developing aggregation for which Ic50:01
g m23 and Np523105 m23 are taken.

We varied the initial multiplicity over 2k3106; k510; . . . ; 1 which corresponds to the initial number of super
particles per volume being 2k , k513; . . . ; 22, respectively. The whole system is integrated until t 5 270 s for
the fast and until t530 ; 000 s for the slow aggregation regime. The mass density distributions averaged
over 12 runs with different random seeds are shown in Figure 4 every 90 s for the fast aggregation, and in
Figure 5 every 10 ; 000 s for the slow aggregation. For both types of developing aggregation, we studied
convergence with the HW10 terminal velocity and with the KC05 terminal velocity. Comparing left panels
to the right ones in both figures, we can see that HW10 tends to subtly slow down aggregation, although it
does produce as large particles as for KC05. Due to the short time frame of fast aggregation, it is generally
easier to produce a better converged solution. For fast aggregation the time step size plays a significant
role: even for large number of super-particles per volume, we cannot achieve large enough particles as in
the case of smaller time steps (Dt51 s). For slow aggregation the Monte-Carlo simulation appears to be
insensitive to Dt being 1 or 10 s. Quite the opposite is observed for the initial super-particle number per vol-
ume Ns. The fast aggregation is relatively insensitive to Ns being 214 m23 or 222 m23, whereas the slow
aggregation is significantly more sensitive to it.
2.4.2. 1-D Model
For the 1-D model we assume an atmosphere as sketched in Figure 6. The gray shaded region above the
top-line is where ice particles are initialized on three model levels, in order to create a constant particle flux
into the domain. On each level in the boundary zone new ice particles are drawn from an exponential
particle-size distribution with a mean mass �m5Iwc=Np, where Iwc is the ice water content and Np is the num-
ber density of ice particles. Both Iwc and Np are kept constant in time in this boundary zone. For all 1d test
cases, we fix Iwc51025 kg m23 and Np5105 m23. We use nz 5 250 vertical levels, i.e., a vertical grid spacing
of 20 m.

Between h2 and top the ice particles grow by aggregation and by water vapor deposition at a constant
supersaturation Si, which is here set to 2%. Between h1 and h2, we assume the presence of a liquid water
layer with a (constant) liquid water content of Lwc50:3 g m23 in the control simulation. This layer is at water
saturation and, hence, has a higher supersaturation over ice than the layer above (right panel of Figure 6).
Below the liquid layer the relative humidity is a linear function of height leading to a subsaturation over ice.
The temperature decreases linearly with height over the whole profile. Note that liquid water layer as well
as the supersaturation is assumed to be constant and is not depleted by riming or the Wegener-Bergeron-
Findeisen process. The cloud droplets are treated with a bulk approach and details of treatment of the rim-
ing process are given below.
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To reach a stationary state we integrate the model over at least 10 h, and all statistical quantities are then
averaged over the last 5 h. We apply the continuous riming model and the KC05 terminal fall velocity in this
control simulation. Figure 7 shows vertical profiles of some bulk quantities, namely the number and mass
density, their fluxes as well as the number of super-particles per grid box and the monomer flux. Profiles are
shown for simulations of increasing complexity starting with the trivial case of pure sedimentation (S),
which leads to constant profiles in all quantities. Taking into account depositional growth (D) leads to an
increase in the mass density and mass flux above h1. Below h1 sublimation leads to a loss in mass. The num-
ber density decreases (downward) for the SD simulation. This behavior is easily explained by the fact that
conservation of particle number corresponds to a constant vertical number density flux, but not necessarily
to a constant number density. Due to the increase in particle size the terminal fall velocity increases and the
number density decreases corresponding to Fi5�v i Ni5 const. Hence, the increase in the bulk sedimentation
velocity �v i leads to a decrease in the number density Ni. For the SD simulation the model conserves particle
number until particles sublimate completely at around 200 m above ground. The ice particle number is still
conserved when taking into account riming in addition to sedimentation and deposition (labeled ‘‘SDR’’).
Riming leads to a pronounced increase in mass density and mass flux in the liquid layer below h2, again a
moderate decrease in Ni is observed which can be attributed to an increase in particle size and fall speed
due to riming. Finally, we take also aggregation into account (labeled ‘‘SDRA’’). Now the particle number is
no longer conserved and we observe a corresponding decrease not only in Ni, but also in the particle flux
FN. The mass density is considerably reduced compared to the SD and SDR simulations due to the size

Figure 4. Fast developing aggregation. Convergence of the Monte-Carlo aggregation in the box domain by varying the
number of super particles per volume Ns and the time step Dta where: (left) the HW10-terminal velocity; (right) the KC05-
terminal velocity has been used. Output is every 70 s.

Figure 5. Slowly developing aggregation. Convergence of the Monte-Carlo aggregation in the box domain by varying the
number of super particles per volume Ns and the time step Dta where: (left) the HW10 terminal velocity; (right) the KC05
terminal velocity has been used. Output is every 8,000 s.
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growth by aggregation and the corresponding increase in the terminal fall velocity, but also the mass flux is
reduced compared to SDR, because particles have less time to grow. Maybe even more important than the
increase in fall speed is the fact that many small ice crystals of the SDR simulation have a larger bulk

Figure 6. (left) Schematic of background atmosphere for the 1-D model simulations and (right) the vertical profiles of
temperature and supersaturation over ice. The temperature and relative humidity profiles, the domain top, and the lower
boundary of the riming zone are set fixed with top 5 5 km, h1 5 1 km, h2 5 2 km, a 5 0.0062 K m21 and aRH50:05% m21.

Figure 7. Vertical profiles of the (top left) number density Ni, (top middle) mass density Mi5Iwc, (top right) the number of super-particles per grid box Ns, (bottom
left) number flux density FN, (bottom middle) mass flux density FM, and (bottom right) the monomer flux density Fmono for different simulations with individual pro-
cesses turned on (S: sedimentation, D: water vapor diffusion, A: aggregation, R: riming).
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deposition rate than fewer, but larger aggregates, which form in the SDRA simulation. Interestingly, the flux
density of super-particles per grid box does not decrease when taking into account aggregation. In the
Shima algorithm the number of super-particles is conserved as long as all multiplicities remain larger than
one. Hence, the profile of Ns is dominated by the increase in terminal fall velocity with particle size and the
corresponding decrease in Ns. Even with aggregation the number of monomers is conserved in this system
as long as Si � 0. The constant monomer flux confirms this conservation property.

The Monte-Carlo particle model provides rich and detailed information about the particle-size distribution.
Figure 8 shows the particle-size distribution in the lower part of the aggregation zone and in the lower part
of the liquid water layer. In the aggregation zone, we find a distribution with a large number of small ice

particles smaller than 0.25 mm diameter and an exponential tail. The
distribution is similar to the snow distributions observed, for example,
in midlatitude frontal clouds, although not yet strictly bimodal (Field,
2000, 2005). In contrast to a classic bin microphysics model, which
would only provide the overall number or mass distribution, the
Monte-Carlo models allow a stratification by the number of mono-
mers that compose the aggregates. Hence, we can see that the largest
aggregates are built from more than 600 individual crystals, which is a
plausible number given that the average monomer size is of order
0.3 mm. The small particle mode corresponds to the remaining pri-
mary crystals or monocrystals. Within the riming zone we can stratify
the distribution by the degree of riming in terms of Fr5mr=ðmi1mrÞ.
This shows that the smallest particles are actually most heavily rimed
and the large aggregates have a lower degree of riming of Fr50:5,
which corresponds to ‘‘densely rimed’’ using the categorization of
Mosimann et al. (1994). Hence, we find small ‘‘graupel-like’’ particles
with sizes below 3 mm together with large snowflakes with a lower
degree of riming.

Using the HW10 terminal fall velocity instead of KC05 leads to a more
efficient aggregation and a less efficient riming process. This can be
seen in Figure 9 in terms of vertical mass fluxes. The mass flux of pri-
mary crystals is more quickly depleted by the formation of aggregates
when using HW10 compared to KC05 (Figure 10). On the other hand,
the mass flux of rimed snow and especially graupel-like particles is

Figure 8. (left) Particle-size distributions in the lower part of the aggregation zone (between 2,000 and 3,500 m height)
and (right) in the lower part of the riming zone (between 1,000 and 1,500 m height). In the aggregation zone, the PSD is
stratified by the number of monomers of the aggregates nm, in the riming zone the PSD is stratified by the rime fraction Fr.

Figure 9. Vertical mass flux profiles comparing two simulations with different
formulations of the terminal fall velocity (KC05: solid lines, HW10: dashed). The
multidimensional particle-size distribution is categorized into unrimed mono-
crystals (light blue), unrimed aggregates (dark blue), rimed snow (green), and
graupel-like particles (red).
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slightly reduced for HW10. This can also be seen in the particle spectra. With HW10 we find more large
aggregates in the lower part of the aggregation zone, and those large aggregates show a lower degree of
riming. Note that the choice of the terminal fall velocity approach has a more significant impact on aggre-
gation in the 1-D model than in the box model simulations. A possible explanation is an increase in deposi-
tional growth due to increased ventilation for large particles in the HW10 case.

Figure 11 shows that vertical profiles of the precipitation rates (mass fluxes) comparing continuous versus
stochastic riming. The stochastic riming leads to a more rapid increase of rimed snow in the liquid layer,
which is to be expected because the stochastic riming uses the collision efficiencies of B€ohm, which are
higher than those of Cober and List. The particle-size distribution for stochastic riming, also shown in Figure
11, is very different from the continuous case and here all particle sizes show a rather high degree of riming.
Also, this is consistent with B€ohm’s collision efficiency, which is quite flat for millimeter-sized ice particles.
The remarkably different behavior of continuous versus stochastic riming, is thus largely explained by the
difference in the collision efficiencies applied in both schemes. Figure 12 shows the sensitivity of both rim-
ing models to changes in the mean size of the assumed cloud droplet distribution. Again, we find a remark-
ably different behavior. For the continuous riming the total mass flux decreases with decreasing mean

Figure 10. As Figure 8, but for the HW10 fall velocity formulation.

Figure 11. Vertical profiles as in Figure 9, but here for (left) continuous versus stochastic riming, and particle-size distribu-
tion in the lower part of the riming zone from the simulation with stochastic riming and (right) using the KC05 fall speed
formulation and B€ohm’s collision efficiency.
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droplet size and also the mass flux of graupel-like particle decreases. Both are consistent with the depen-
dency of Cober and List bulk collision efficiency on drop size. For the stochastic riming the total mass flux is
insensitive to (moderate) changes in the mean drop size, and the mass flux of graupel-like particles actually
increases. The robustness of the total mass flux is again explained by the fact that B€ohm’s collision efficiency
is flat for the larger cloud droplets that dominate the mass gain during riming, i.e., a change in the mean
cloud droplet radius has little impact on the rimed mass. For the stochastic riming, the amount of graupel-
like particles increases for smaller cloud droplets, which can be explained by that fact that the rime density
decreases for smaller droplets and therefore the same amount of rime fills a larger volume making it easier
to complete the fill-in stage. For the continuous riming this effect is overruled by the steep decrease in the
collision efficiency leading to the opposite behavior.

Based on laboratory measurements of graupel growth von Blohn et al. (2009) argue that the collision effi-
ciencies of Cober and List are about 25% too low for spherical graupel. We have performed additional sensi-
tivity studies with an increased collision efficiency in the continuous growth model and the results remain
qualitatively robust (not shown).

Another important but more technical sensitivity is the choice of the number of super-particles used in the
simulation. In the 1-D model this is set by the initial multiplicity n0 of the super-particles at the upper
boundary condition. Figure 13 shows the vertical profiles of the ice categories derived from the

Figure 12. Vertical profiles of the total mass flux and the mass flux of graupel-like particles for different cloud droplet
mean radii for the (left) continuous riming model and (right) the stochastic riming model.

Figure 13. Vertical profiles of the mass density of the (left) ice categories, (middle) their number density, and the total number of super-particles per grid box.
Shown are the results of three simulations with different initial multiplicity n0.
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multidimensional PSD of the control run with n05107 and two simula-
tions with initial multiplicities of n0523106 and n0553107. The good
agreement of the 1-D profiles of the control simulation with n05107

and the decreased multiplicity suggests that the control run is already
sufficiently converged and this is also confirmed by a comparison of
the particle-size distributions (not shown). The simulation with the
increased multiplicity deviates significantly from the two other simula-
tions. This under-resolved simulation with n0553107 suffers from an
overestimation of aggregation and an underestimation of riming com-
pared to the benchmark simulation with n0523106. This suggests
that the number of super-particles per grid box should not drop
below 10, and one should target 100 super-particles per grid box in
the precipitation region, and consequently several hundred in the
cloud region, which is dominated by small crystals and slowly sedi-
menting particles. This is actually not an unreasonably large number
given that also a classic bin microphysics model would need more
than 100 or even several hundred bins to represent the PSDs of the
particle types covered by the multidimensional distribution of
McSnow. The higher efficiency of the Monte-Carlo approach for multi-
dimensional phase space is largely due to the fact that the computa-
tional cost scales linearly with the number of super-particles (or

linearly with 1=n0). Figure 14 shows this scaling behavior for the 1-D model and proves that the linear scal-
ing with particle number can be found in practice. In addition, we show the speed-up with an OpenMP par-
allelization of McSnow. This shows that all components of the model, including the collision processes, are
reasonably well (and easily) parallelized using OpenMP. This is another advantage of the Monte-Carlo
approach.

3. Summary and Conclusions

We have presented a new Monte-Carlo Lagrangian particle model, McSnow, for ice particles with a focus on
aggregation and riming processes. The novelty of McSnow is the continuous representation of the transi-
tion from (unrimed) snow to graupel on the level of individual Lagrangian particles. This conversion process
is usually poorly represented in bulk and bin microphysics models. By Monte-Carlo sampling of the multidi-
mensional particle-size distribution McSnow avoids the use of any predefined particle categories. The multi-
dimensional microphysical phase space in which the particle distribution resides is spanned by the four
particle properties mass, rime mass, rime volume, and the number of monomers of the aggregate. Those
properties are therefore also called internal coordinates of the particle system.

We have shown that such a model can be derived and implemented using state-of-the-art assumptions and
parameterizations, e.g., making use of the fill-in model to describe the geometry of partially rimed snow-
flakes and using the parameterizations of, for example, Khvorostyanov and Curry for the terminal velocity,
B€ohm’s parameterization of the collision efficiency of aggregates, and empirical relations of Cober and List
for the riming efficiency and the rime density. Based on these assumption McSnow simulates reasonable
particle-size distributions, which qualitatively resemble observed distributions. The largest uncertainty is
probably the choice of the collision efficiency for riming and, closely related to that, the question whether
the continuous growth model is sufficiently accurate for riming. A validation or falsification of the different
implementations of the riming process might, for example, be possible with in situ measurements of the
degree of riming as they were recently presented by Praz et al. (2017) or by using a remote sensing
approach to identify riming signatures (Kalesse et al., 2016; Kneifel et al., 2016).

We think that the Monte-Carlo modeling approach used in McSnow opens up new opportunities to study
the details of the aggregation and riming processes and their importance for surface precipitation. The
model can, to some extent serve as a benchmark to develop and refine certain aspects in bulk parameteri-
zation. We hope that McSnow can eventually be helpful to further refine, for example, the P3 approach of
Morrison and Milbrandt, which is already formulated in the same spirit in that it avoids the use of

Figure 14. Scaling behavior for the 1-D model. Computing time in minute as a
function of (normalized) particle number, n0;ctrl=n0, for different number of
OpenMP threads with n0;ctrl5107.

Journal of Advances in Modeling Earth Systems 10.1002/2017MS001167

BRDAR AND SEIFERT 203



predefined ice categories. Similar efforts to develop and use multidimensional Monte-Carlo models as
benchmarking tools have been made in the aerosol community (e.g., Fierce et al., 2017; Riemer et al., 2009).
The problem of aerosol particles and their composition has a similar or even higher complexity than cloud
microphysics. The Monte-Carlo aerosol particle model of Riemer et al. (2009), for example, uses a 20-
dimensional phase space.

The detailed modeling approach of McSnow also shows that our knowledge of the properties of hydrome-
teors still has significant gaps and additional laboratory work is needed. This is especially true for partially
rimed and partially melted particles, although the latter were not discussed in the current study. Eventually,
consistent and reliable data of individual particles, and their properties like geometry, terminal fall velocity,
capacitance, sticking efficiency, ventilation coefficients, etc., as a function of the aforementioned internal
coordinates is needed. More generally this should, of course, be extended to include various habits of pri-
mary crystals, e.g., following the work of Chen and Lamb (1994) and Jensen et al. (2017).

Eventually a validation of McSnow with detailed observations is necessary, for example, to decide which
implementation of the riming process is more realistic. To do this we will implement McSnow into the
three-dimensional ICON model (Z€angl et al., 2015) to be able to perform case studies of actual snow events.
We will report on this endeavor in future publications.
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