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Abstract

We treat the break-up of the deuterop in the field of a heavy
nucleus. Our theory is based on the post formalism of the

DWBA, which is discussed in detail. In particular we con-

sider the case where the energy of the incoming deuteron is
below the Coulomb barrier. This subcoulomb break-up permits a
test of the DWBA by comparing experimental data with the theory.
Small effects are investigated in this context, and other treat-
ments of this process are reviewed critically. To give an in-
tuitive picture of the break-up process we introduce a semiclas-—

sical model.

In the second part the theory is extended to stripping reactions
to unbound (resonant) states. We show that this reaction which
interferes with the direct break-up process, can again be well
described in the post-form of the DWBA. Using simple models we
discuss the most important features of such reactions. Particu-
lar attention is paid to the "L—enhancement", "parallelism" and
the influence of the specific wave functions on resonance line
shapes. A survey and comparison of various theories of strip-
ping reactions to unbound states is given and finally we discuss

possible future developments.



1. Introduction

The problem of the break-up of the deuteron in the field of a
nucleus is very old and basic in nuclear physics. The first
speculations about this process were made by Oppenheimer and
Phillips [ljl as early as 1935. They tried to interpret the
preponderance of (d,p)-reactions over (d,n)-reactions by a
virtual dissociation of the deuteron in the Coulomb field of
the nucleus before the actual nuclear interaction takes place.
Because of the Coulomb repulsion of the proton this would ex-
plain the afore mentioned dominance of (d,p)-reactions. 1In
this context, Oppenheimer [Ztl also tried to treat the real

break-up of the deuteron in the Coulomb field of a nucleus.

It was not before the important work by Butler [:3] that strip-
ping reactions became accessible to theoretical treatment. La-
ter on Butler's theory was superseded by the more complicated
distorted-wave-born-approximation (DWBA), yielding a quantita-
tive description of stripping reactions to bound states. (For

a detailed and excellent review of this topic, see e.g. ref. [4] ).
In most treatments up to now the influence of the actual break-
up of the deuteron on stripping reactions has been neglected.
There are theoretical arguments [5] that it is a small effect,
but the problem actually involves all the complications of a
three-body rearrangement collision. In an approximate way
Johnson andSoper have shown [6-] how to include virtual break-up

effects in the deuteron optical model potential.



The question of the real break-up of the deuteron, on the other
hand, has been considered in an important paper by Landau and
Lifshitz E7] . They used boundary condition methods, similar
to the ones introduced later on by Butler [3] . The result
obtained by these authors is equivalent to the zero-range-DWBA
result. Their paper has been critically discussed by Breit [8] .
Some numerical results based on the formulae of Landau and
Lifshitz have been reported by Ketchum [9] ;i extensive inve-
stigations of the corresponding DWBA expressions were given by
the present authors [10] . The appealing result of Landau and

Lifshitz was also rederived by Butler and Austern [}#] .

The ideas of Landau and Lifshitz did not receive the attention
which they deserved. Instead, theorists pursued different ways
of investigation. Attempts were made to treat the deuteron
break—up in a perturbation approach which completely neglected
the fact that the center—-of-mass of the proton-neutron system
in the final state is not moving on a Rutherford trajectory.
The first paper along these lines by Mullin and Guth [12] ap-
peared in 1951, They consideredthe deuteron break-up as a
Coulomb excitation process into the continuum. In 1963, more
extensive numerical calculations, based on the same model, were
made by Gold and Wong [i3] o During that time numerous experi-
ments on the deuteron break-up reaction were also performed.
After the early measurements of the (d,p)-reaction in the me-
dium energy region by Cohen and Falk [14] and Aschenbrenner [15] p
extensive coincidence measurements of the deuteron break-up re-
action were performed by the Pittsburgh group [iG-lé] by Udo

and coworkers L}9—2;] and by Nemets et al. LZZ] . Later, very



accurate coincidence measurements were performed by J. Lang,

L. Jarczyk et al. [23—26].

The accuracy of these measurements allows to test the different
existing theories. 1In 1972, Rybicky and Austern [27] compared
extensive numerical calculations based on their theory, which
incorporates nuclear interactions in the model of Mullin and
Guth [12] ¢, With experiment. Finding no agreement they inter-
preted the failure as a consequence of the poor description

of the final state.

In this work we want to describe a post-interaction DWBA ap-
proach to the problem of deuteron break-up, which overcomes these
short-comings and is able to quantitatively explain the experi-
ments. This report is based on (and in part reviews) our ear-
lier investigations [?8-321 . Furthermore, we study small
corrections, like the deuteron D-state, "polarization", and spin-
orbit interactions, which may be important in the break-up re-
action., Particularly instructive is the "subcoulomb" break-
up,where the energy of the incoming deuteron is below the

Coulomb barrier. In this case ambiguities due to optical model
parameters are absent and hence the investigation of the break-
up process allows for a clean test of the DWBA. Furthermore,

the semiclassical limit can be derived and thus an intuitive
picture of the process as well as an accurate approximation are
provided. Our approach to the break-up reaction lends itself
very easily to the more particular problem of stripping re-
actions to unbound states. 1Indeed, in the experimental study

of transfer reactions not only the usual type of stripping re-



actions to bound states is observed (see e.g. ref. [4]‘), but
occasionally resonant states are also populated. Early observa-
tions of this type were made by Alty et al. [?3]. A particularly
careful study of transfer reactions into the continuum, measu-
ring resonant as well as background contributions, was made

by Fuchs et al. [34,35] . They established an interesting rela-
tion between transfer reactions to unbound states and the ela-

stic scattering of neutrons.

Theoretically, the problem of stripping reactions to unbound
states was first studied by Friedmann and Tobocman [}6] ¢ wWho mo-
dified the old Butler theory of stripping reactions to treat the
case of stripping to unbound states also. We will show that

this simple theory can explain many experimentally observed fea-
tures of such reactions [34,35,37] . Further progress was made
by Huby and Mines [38] , and later on by Vincent [ééﬁ They sol-
ved the convergence problem of the postform expression of the
DWBA., A formal discussion of this DWBA expression was given by
Levin [40, 4i] and a complex integration metheod to calculate
numerically the slowly convergent radial integrals occurring in
this DWBA treatment was described by Vincent and Fortune [42] .
Their powerful method allows an easy calculation of stripping
reactions to unbound states. On the other hand,

different models were introduced into the theory of con-

tinuum stripping reactions in order to avoid the calculation of
these slowly convergent integrals, namely the theories developed
by Bang and Zymany [43] , by Coker [ﬁé} by Bunakov et al. [?5—45] '

by Schlessinger and Payne [49] , by Lipperheide and Méhring]}O-Sé] ’



by Noble [53] by Sharaf [54] and by Dolinsky et al. [55—57] .

A short review of all these theories is given in this paper.

Although it is possible to analyze the experimental data in the
framework of the DWBA by using the integration technique of
Vincent and Fortune [58—60] , it does not give an easy insight
to the physical mechanism of such transfer reactions into the
continuum. Nevertheless, in some special cases intuitive inter-
pretation is possible. Therefore, we will discuss here in par-
ticular the subcoulomb case and the plane-wave limit which still

contain most of the interesting features of such processes.

Finally, we will discuss some of the possible future experimental

and theoretical investigations.

2. General Theory

2.1 Introduction

The process we want to describe is of the type

d,+R—-> p+n+9 (2.1)

where a particle d (typically a deuteron) upon hitting the target
nucleus A breaks up into a particle p (proton) and a par-
ticle n (neutron). We are mostly interested in the special
case where A remains unexcited, i.e. we do not ascribe any

internal structure to A .



One can think of various mechanisms leading to this final state.
Firstly, the proton-target and the neutron-target interaction,
characterized by optical potentials V;a and ¥yA respectively,
can directly lead to a disintegration of the deuteron. This pro-
cess, which we want to call direct break-up, will be the subject
of chapter 4. Secondly, we can also imagine that either the
proton or the neutron, or even the deuteron, will form a reso-
nant state with the target nucleus (resonances that may not be
accounted for by the energy averaged optical potentials V%ﬂ

and VnR mentioned above). The subsequent decay of the reso-
nance will then again lead to the three-body final state p+n+A
of eq. (2.1), i.e.

_—— (Rl + P\

d+ﬂ< (p+n)res+n;; P"'"‘"H (2.2)
(d*R)res
It is worth considering the energetics of the various reaction

mechanisms of eqg. (2.2) : for a given incident deuteron energy

Ed the resonant states (n+A)res and (p+A)res can be reached by
sharing the total energy between the outgoing proton or neutron.
Thus a sharp energy Ep (within the width of the resonance) is
associated with the formation of the resonance in the neutron chan-
el (n+A), and a sharp energy En corresponds to the formation of

a resonance in the channel (p+A). Note that in this case the energy
of the emitted proton will be spread out due to recoil effects.

The (d+A)res state can of course only be formed for a selected

energy Ed . In this case, boththe neutron and proton final



state energies will be spread out due to recoil effects. Of
course, all these processes cannot be distinguished from each

other. The various amplitudes will have to be added coherently.

In general, the resonant states can also decay into other fragments
than A+p+n. This means that one has to consider the internal

structure of A .

In the following, special emphasis is put on deuteron and heavy
ion induced reactions with energies comparable to the Coulomb

barrier.

—— . T G = A G T G T S s . - e e T e - - -

Since the reactions we want to describe are characterized by a
three-body final state, we want to review briefly the pertinent
kinematics (for further information we refer the reader to the
literature, see e.g. ref.{?l, Pg 550 ff.] or ref. [62] ). The
'‘canonical"parameters are introduced as shown in fig. 1. (Here-
by we use a notation which is suggestive of an A(d,pn)A reac-

tion, though, of course, d=p+n may denote any particle).

The masses of the three particles are denoted by M, . 1nP and
M ,» their coordinates in an arbitrary frame of reference are

: peg =~ ~ -> -» -
given by (Rn ' 'Q? and ’Rn , their momenta by Pa, PP and Ph . The

total kinetic energy is given by

=B P, pu (2.3)
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In the center of mass frame which is defined by

- - >
MaRa + MRp + MRy = O (2.4)
we have
- - B
Pr + Pp + P o . (2.5)

Let us now consider the subsystem p+n and describe the motion
of A with respect to the center of mass of this subsystem.

We introduce the relative vector between particles i and 3j by
> > >

th-—-'Rj -Ri and the distance of particle k form the center

of mass of particles i and Jj by

—»

- M
Sk meam; Re (2.6)

where

M= m +m; + myg .

(2.7)
. ~d .
The momentum conjugate to gh is then given by
— -
- . _
Q, = L‘-h-’gk”‘""‘m*‘f’“ (2.8)

with the reduced mass

te = mjml\:l_wnJ_) y (2.9)

. -
The momentum conjugate to X}j is given by
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—> Z» ol D
e = X, = Mpr-—m:pP:
; ™ Xy P— = (2.10)
’mz-rmj
with
m:.—_: —mLmJ.__ -
i —g ) (2.11)

To describe the initial bound state of p+n (=d), we introduce
o> —»

the convenient coordinates X,,P and gn together with

their conjugate momenta. The kinetic energy in the center of

mass system is then given by

Qa "
T. = ed N -+ _&E. ) (2.12)

m
Zt‘ﬂ 2 Mnp

—’
In the exit channel we choose the coordinates Xna and gi.

The kinetic energy is then written as

- Pas + _‘?}_
Kin 2mnA _2/,,,, ) (2.13)
where
>  mM -> m,, ~
Poa™ (mgt-mt 2, +my ) Bt myemy Fra (2.1%)

- —
Alternatively, we could have chosen the coordinates XPA and fn.

In this case we have

-_ri-(.h = 2,/4', lmPA

2
2
Q, 4 PpaA
(2.15)
These kinematical relations allow us to calculate the phase
space factor g (phase) (the "density of final states") which
enters into the quantum mechanical expression for the cross

section :



Lo _ B ocphaso | Tl (2.16)
d.2pd 20 W gy Qe i ,

where T}n is the corresponding T-matrix element. We assume

that the plane-wave solution of the wave functions entering

into the T-matrix is normalized as

T vd
s r

Y, (7) = Ue eF

(2.17)

<
where Llc is a spinor of rank s (the spin). Then we have

the following normalization :

, 3
< Y® 39> =(2x) & ¢ 3(F-§) 2.18
The space factor Q(phase) can be evaluated by using the fact
that the total number of states for the three final particles
3 3 6
is given by dq;. d P”P /‘ﬁ, . Following ref. [_62] , and writing

the phase space factor as the following integral

A
Qposer &) dEqd 22 75 |d'pn e,

(2.19)

8(F-3B-Fr) S (E-EyEnEp) |

where ig.is the total momentum (=0 in the center of mass sy-

stem) and E is the total available kinetic energy, we easily

get :

~6
Qphose{ENAEndTnd 2, = b matame popn g d20d.2o

(moamy)+ M (B PIE, _ (2.20)
o
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For the case Mg> My Mp to be considered in the following

the phase space factor can safely be approximated by

Mem
g(phase) ~ —?-—'LQPQ‘n (2.21)
In this asymmetric case it becomes more convenient to introduce

) > > - - -

- e
other coordinates, I;A=— "y b=~ Yna = ‘?A and YnP-——-X”P ]

- -~ >
=P 90 Q=" QP :

-

)
F the momenta we write g a
or e c,d=. QA) q,

2.3 Exact T-Matrix

We idealize the problem of the break-up reaction to a three par-
ticle problem and write the total Hamiltonian in the following

way

H= TerTarTa + Vaa(Fa) + Vea(fa) +Vop (F0) | (2.22)

where ‘T; ,T; and‘Tg denote the kinetic energy operator of

p, n and A , respectively. The neutron-proton interaction
->»

V%P(an) is well known for our purposes in the low energy region.

In the triplett state there exists a bound-state - the deuteron -
2

% o

Z.'YNnP

with a binding energy of deE = 2,2246 Mev. This

defines the quantity o used later on. The neutron- and proton-
~» ->

target interactions Vnn (Yna) and Vpa (rpn) are given by their

appropriate optical potentials.

As a side remark we mention here that effects due to the proper
antisymmetrization of the target- and projectile—nucleons (not
considered in our model) have been studied in various papers by

Gambhir and Griffin l}3-651 . These so-called "Pauli break-up"
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terms seem to be "neither large nor unusual" (see ref. [66] ).

The free Hamiltonians of the deuteron- and of the break-up
channel (in- and outgoing channel) are given by

Hi = Thi“ +VV‘P
and — (2.23)

l-‘{: = \h;n

}

where Thiis total kinetic energy.
1]

The initial and final state interactions are given by
Vi= H-W = Vna + Voq

and (2.24)

\4 - H._\.l*= V““+Vpa “'VV\? .

According to Gerjuoy [57] the transition matrix element in the

"prior representation” is given by
) _ © .
TP—i - <‘934= Vil $u> ) (2.25)

where Tf:’ is the full solution of the Schrddinger equation

with only ingoing neutron and proton spherical waves.

©) ¥
1P¢ can be defined by [391 :

) 4 V
= 4+ . .;
EHEE el 2
with
> — >
@ = ei(@;nﬁm + Qi‘rf’“)
£ . (2.27)

In the following part of this chapter, A is assumed to be

infinitely heavy.
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The wave function ¢4 denotes a free deuteron incident in di-

rection q& :
. = >
qurdg

= éol (V) € (2.28)

where @d (F';P) is the internal deuteron wave function.

The corresponding "post representation" of the T-matrix is for-
mally written as

TP;H = <(JD+\\/$| Zf('ﬂ (2.29)

v 2

where Zf?q is again the full solution of the Schrédinger equa-
tion with the boundary condition for an outgoing deuteron. It
was argued by Gerjuoy [67] that this expression is divergent and
therefore should not be used. Later on, however, Vincent [39]
introduced an exact formulation of the post-expression by taking
the following limit :

<&, > +
-E({ﬂ = lim <%:)l e o Vnp(rnp)‘ Qi’> .

E>0+ (2.30)

This exact expression may be regarded as an interpretation of

the non-convergent form

o) '
_E;+ - < rX¥) l \/npl ?k(:)> ) (2.31)
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which results from a purely formal derivation. (For the deriva-

tion of eq. (2.30) we refer the reader to the literature [32]).

By deriving eq. (2.30) the Gell-Mann-Goldberger relations were
used (cf.ref [68] ) to replace the full interaction in the break-
up channel,v{g‘vnf.‘\'vng +VPFI ¢ by VnP . The remaining potentials

VPR"'VY’H were used to "distort” EPF into X? :

©) 4 (
(X‘F - fH+ E-ie 10 \Vpn'fvrm)ﬁ ) (2.32)

which is an exact solution of the Hamiltonian

~o

H;‘—‘En* P9+Vh9 )VQ.=H°ﬁ.¢=VnP .

(2.33)

A detailed and more suggestive derivation of eq. (2.31) with the

help of wave packets is given in ref. [4] .

Naturally, the Gell-Mann-Goldberger relation can also be applied
to the "prior-representation". For this reason a potential V&a
acting only on the center of mass of the neutron-proton system,

is introduced. This potential gives rise only to elastic deu-

teron scattering, and leads to

T = < VXD

(2.34)

&)
where )Cl describes a deuteron, whose center of mass motion

] ] _ )
i1s given by a distorted wave in the potential V&H . Thus ):;

is a solution of the initial state Hamiltonian
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~J

— ~ ~
¢ = Tuin * Van + Vg ,Vl:H'H"‘vP“JrV"ﬂ_Vd” Y (2.35)
We note here that the derivation of the prior form presents less
difficulties than the corresponding derivation of the "post-type"
transition matrix elements, since in the former one no divergence
problems arise. However, as we will see later, the post-form is

much more useful for practical purposes. This is due to the fact

that Vnp is of shorter range than \@H +VaR - Vap .

3. DWBA Treatment of the Break-Up Reaction

The computation of the exact T-matrices egs. (2.30) or (2.34) re-
quires a treatment of the full quantal three-body problem. There
is an exact theory available, the Faddeev theory; however, this
method is very hard to realize in practice. This leads us to
consider the DWBA theory of stripping, which has successfully been
passing the test of stripping experiments to bound states during

the last two decades.

3.1 DWBA-T-Matrix

. 4 . .
In the DWBA the exact solution '1¥;) ;, which enters into the

post-form matrix element (2.31), is approximated by the di-

@)
storted wave X& introduced previously. In general, this
approximation can be expected to be good if inelastic processes

are weak*, i.e.

*Possible rescattering effects, which are not included in the DWBA ,
were studied by Friedman [69].
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) ) (3.1)
(ﬂ X (Yup; dn = (rdﬁ) @ (rhp .

A similar approximation, whose quality depends on the weakness
of V”P in the break-up channel, can be introduced in the

p
prior form of the DWBA :

S ) 3.2)
_(:k:_)"\"’ X(\c)(rpﬂ;rnn)L—XQ’r( RX (Ynn .

This leads to the prior form of the DWBA. It can be shown [38,39]

that the post and prior form of the DWBA are identical, i.e.

‘E?<$WBH) =—E?($WBH)) (3.3)

with *%

TO(ousR) = Um <XT1 e ™Vl XD

(3.4)
E>OF

and

-

[ (DWBR) = <X:) ‘V“ni-vpn- Vdﬁl}/j’ > (3.5)

- %

Quite analogous to the case of bound state st ripping, the usual

definition of the optical potential V%n leads to terms in addi-

tion to V%P (see ref. [4, Pg. 159ff]). We assume that these
correction terms are negligibly small.

*

If A is not considered infinitely heavy the difference between I,
_’

and — ¢

o leads to correction terms of the order of 1/A, which are

neglected in the following.
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From a historical point of view it is worth noticing here that
this equivalence was first stated by Huby and Mines [38] in
1965. They performed a partial wave decomposition of the prior
DWBA matrix element T}Y’ *) and showed that each partial wave
matrix element is identical to a corresponding partial wave
matrix element in the post representation. Thus, in their treat-
ment, convergence of the post-form matrix element was introdu-
ced not by a limiting process, but rather by a special order of
the integration which is implied by the partial wave decompo-

sition.

After having established the DWBA amplitudes (3.4, 3.5) it is
a technical problem to calculate these T-matrices. In practice
this means that we have to introduce a partial wave expansion

for the distorted waves which may be written as

@ ., a1 S
'X%)s(?) = Z XG,U(QIY)uo—‘ (3.6)
&' / )

where
+ -y =P 4- .L 'Y / / .
XSGR = B ) 1 <im soljp>dimso

0
A (3.7)

B MG N) SCYR

Here we have restricted our consideration to optical potentials
which conserve orbital angular momentumn. Eq.(3.7) satisfies

the time reversal relation

»
From now on we neglect the specification "DWBA" for the T-matrix.
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+)

©) ¥ o-o'
X oo (q,¥) &) X_o_’,_o_(-'q’)'r') . (3.8)
/

I

In the case of no spin-orbit interaction eqg. (3.6) reduces to
(+) (¥ s A\/X S
(?)= s (r,U = EZL mm(@)\(l,m(?)x (‘},V)us- (3.9)
qs 9 7° gr¢ y ’
m

where the asymptotic form of ’XL(q,,r) is given by

M -
X (g0 ~ % ¢ {Hb(n,qr)— SL'HL(mg(r)} o B

The SL are the usual S-matrix elements and “L(‘YL Qr) is

related to the regular and irregular Coulomb functions .‘E(}]’qr)

and GL ('v’ ] QY) by

Hngr) = Gulngn+iTln,gr) .
The Coulomb parameter ’Yl is defined by
_ 2,
“')h Jﬁz% ) (3.12)

while O‘L(q)=argp(t+4*;q) is the Coulomb phase shift and Z de-
notes the product of the charges of the two colliding particles.
In general, we use the same expansion (3.7) for the outgoing neu-

tron. We then will denote the radial neutron wave function by

X', (g,
fjt ((})r) = %r 2 ' (3.13)
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In the special case, however, where the neutron is captured in
a resonance state B = (A+n)res' a more general neutron wave func-

tion has to be used, namely [;0] :

7, (Fon 30 Mo, 1) = WZL <3aMn W 1 TgMay< Und 401>
JRiFlm . Lmdvl > <TaMajpl M-

Lm J'Bﬂgﬁa
4 (3.14)

. Ym (ﬁaa)\ﬁ:n’(qn) uj

Ja Jg,Jn
@ﬁ-‘; ' j’j'l LL'(Q";"‘R)

where now the wave function {QB (anhg) has to be determined by

i/ W
a coupled-channel calculation{J The internal wave function of
the core A, which is assumed to have spin and magnetic quantum
numbers Jj and _ﬁa is denoted by éuﬁha . Of course, in this
case, we also have to introduce the wave function 2& , des-
cribing A in its initial state, into the T-matrix and to integrate

over the internal coordinates of A .

The internal wave function of the deuteron is given by

QSdTN(rnP) - ZL uaL(rnp)lj

JL

LSde, (3.15)

where  (3,L) = 1(4,0) ; (1.2} and sa=Sd-1 and

Z <lm SEIch}YLm(r . (3.16)

LSJ

Of course, the deuteron wave function can be represented in a

different basis, more convenient for the description of other

projectiles :
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§Sd md<r“P) Z" Ug, (Y"P)Z_ < On LNN '.ld> YLM (?np)

Mpy

4
<pa o LsamUy, Uy, 17

-~ XY
The radial deuteron wave functions W,, (r) behave like € /r

for r-» oo , with ® = 0.2317fm_1. Several choices for these

radial wave functions are known in the literature. In most ca-

ses we will use the wave functions proposed by Hulthé&n and

Sugawara [7 O] .

oLr hto(r-r',,)

Wi, () = Ncoség 3 4-e ) 6(r-ro) , (3.18a)

and

~xXr , _pa(r-re)y 2 3(4-e Lad ) 3(4-e ote’ ) B(r-re)
Uy, (W= Nsin& & G-’ ) )
)

where we have used the step-function, defined by

O X« 0O

= (3.19)

The normalization constant N is related to the effective range

Qi obtained from neutron-proton scattering :

N= 2o (4~0<gt)z (3.20)

and 53 is the mixing parameter in the deuteron ground state.

The parameters tl-o) fz and 53 are connected with the hard

core radius v, , the D-state probability ":)n and the effective
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range Q, . For the corresponding values see ref. [70] .

In the special case where we are only considering the S-state
of the deuteron (83= O) we will choos eq. (3.18a) with

Yé = 0' t‘;o% 5.39 [» & and

NCOS£3=NH= <—2'9(—-,’%(-&—+§)->3 ' onh't"’ . (3.21)

Inserting all these wave functions into the DWBA expressions

egs. (3.4, 3.5) yield the general T-matrix element :

@) — L=l
Ta = 4n E L <56 LMIJua><Jpd Sopl sgma)
SLo ™ (o o | T MY L i & o i
inkin 2 < JaMa japn 1 TeMe)< o mn £ i 2

bemylime (Jq Ma jrttn | MY lama % 0n 'J""t"'>

JzMse Ma (3.22)

\(L;\m,i <§n) tu (LM Jedn JnJ,, “lwln mn)

with

S‘d’srnﬁ f’ﬁ e-) (rP“) ]C% N *(rhn)\{ln"h(r'ln)v %L(rw)Yw(ﬁp)X; @:‘“)

(3.23)

where we have neglected spin orbit interactions in the optical
potentials and where TT denotes the corresponding potentials

occurring in the post or prior T-matrix element, respectively.

All observable quantities can be expressed in terms of these

matrix elements, e.g. the cross section where the neutron is

not observed is given by :
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Lo - HdMemm Gp _A___E 2Ta+) (2kt).
dﬂ-pdEn— 2 (WP Qd % vla+4 £ (23e+4) +4)
L

38 jnjn lnk (3.24)
2
My Ln Lh Ln L k &) o
2) i:] jh 14 } <mn"MK tﬁ(LMijgjn,J'“J'n Ln‘mn)
LMmn z )

where we have used the approximate phase space factor (2.21).
Equivalent formulae were given in ref. [40] (c.f. the analogous

expressions used in bound state stripping reactions [4, 71, 72]).

After the principal problem of the convergence of the post-
form matrix element has been removed, there still remains the
difficult numerical problem of calculating the occurring radial
integrals in the partial wave decomposition. The radial inte-

grals are,in the zero-range approximation,of the type

o0

rRLdLnLP = idr)cu(%‘/r) \ij (gn,r) XLP(QH.,Y) ) (3.25)

Due to the asymptotic behaviour (3.10) of the wave functions,
convergence is ensured by the oscillations at infinity. But nume-
rically, this convergence is not attained even at upver integra-
tion limits of, say, 400 fm. Huby and Mines proposed [38] to
introduce a convergence factor ({er into the radial integrals
(3.25) and to evaluate the limit 'Rl.d tnlp (s—>o) . However, this
method turns out to be rather impractical. Many calculations of
T{HLM? (¢) with rather small values of & are needed in order

to obtain a reliable extrapolation to €+ 0 . The much more ele-
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gant complex integration method was introduced by Vincent and
Fortune [42] . In their method the range of integration is di-
vided into an inner part O<r<l and an outer part G<4r<oco with
¥, chosen such that the nuclear potentials become negligible in
the outer part. The integral over the inner range is evaluated
by a standard program, while in the outer range the asymptotic
wave function)%uis split into H* and H parts. These parts can
be integrated along a line parallel to the imaginary axis. Due

to the kinematical condition

q,d,> qP'i’q,n ) (3.26)

following from energy conservation, this integrand converges
rapidly in this direction. Using Cauchy's integral theorem,

it can be shown furthermore that the integral then can be com-
pleted by a circle with infinite radius giving a vanishing con-
tribution. Since there are no contributions from poles of the
integral in the outer region, the evaluation of the whole inte-
gral can therefore be done quite easily, and the post-form of

the DWBA can be used for our further analysis.

3.2 Pure Coulomb-T-Matrix

The case of the sub-Coulomb deuteron break-up is especially clean
and important. By definition sub-Coulomb means here that the
optical model wave function of the deuteron incident on the

target A may be replaced by a pure Coulomb wave function
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-
ap c vy ‘}E_'ld . iér’drd“ . . »>->
g~ Al =€ i e Em 4 Gnrhe.2n

This occurs when the energy of the incoming deuteron is below

a "safe bombarding energy" which is slightly smaller than the

usual energy of the Coulomb barrier. This choice of the energy

of the deuteron implies that the wave function of the outgoing

proton may be, a fortiori, replaced by the corresponding Coulomb
function C‘X.qf (.ﬁ;n) . This is justified because the proton

energy is always smaller than Ed”BH- This fact is very impor-

tant for the discussion of sub-Coulomb break-up reactions, compa-

red to bound state stripping, where the mostly positive Q-value

(= EP~E¢) of the reaction leads to a nuclear distortion in the
proton channel, even at small bombarding energies. Unfortunately,the
same arguments cannot be used for the outgoing neutron, i.e. its

wave function can never be replaced by a plane wavé? Nevertheless,
we will define a so-called pure Coulomb T-matrix [#0] by using a

plane wave for the neutron as

-~

= ¢ 7(" eq,. C,A ‘v (ﬁp 'de( (+/ F ) (3.28)
)

which is, in the zero range approximation (c.f. eq. (4.10)),

approximated by
e

_ e 5,2 WY ('H M
_';c‘Do < 7(qr(r)6 e,( )y = D (3.29)

The introduction of this "model T-matrix" will be useful in our

further investigations.
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4. The Direct Break-Up Process

As mentioned above, we mean by a direct break-up the process
where the deuteron disintegrates directly under the influence
of the nuclear optical model potentials (including the Coulomb

part).

4.1 Treatment in the Prior Formalism of the DWBA

In the prior form of the DWBA we have to calculate the matrix
element (3.5). In order to illustrate the difficulties in the
evaluation of this matrix element, let us take a simple example :
we neglect the neutron-target interaction \Ln and restrict our-
selves to pure Coulomb distortions in the deuteron-target and

proton-target interaction. We obtain the following matrix element

("pure Coulomb break-up") :

«) Cose , iq""ﬁﬂ ze® 2’82 €y g .
-Ei =< gf(rp,,)e F;"—n qu(?dﬂ)i(rﬂp> . (4.1)

We attempt to evaluate this six-dimensional integral by choosing

?;“ and -r;a as integration variables. All other choices seem
less favourable, because it would involve using addition theorems
for Coulomb (or even optical model) wave functions. Now we ex-
press 'r;n and -F“P in terms of -V;»a and 'r;a :

Tn="a +EP and F:f"’ Z(ER_?PG) (4.2)
)
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(where we have chosen mg» M, for simplicity's sake). The

neutron plane wave can most easily be expressed in our integra-
tion variables. By choosing a suitable form of the

deuteron wave function (e.g. a Hulthén wave function for an
S-state deuteron) a convenient expansion in the integration co-
ordinates ?pn and Ela can be found. The final formula in par-

tial wave decomposition is given by :

A dp-drltls (67, ( A A
T;?" & Nu (lﬂf)ZZl F e"(“v‘)‘qu(%))&t 't 'L"'L‘a'z

pln Lo L2 A7
ldipln
14?9.2

i (L‘o la A (L-n La L2-> ld Lzl){"d Lp tﬂa YLP"" (4.3)
0 00/\o oo0/\0 0O/ (L L2 wo(%‘in)
mzx talan '
(fRLdL ln /RLdL,.tn (-ﬁ'))

Here we have introduced the tensor product of two shperical har-

monics (so-called bipolar harmonics) by

lpin

Lamy (q?;é") = [ Y"P""P (QAP) ® Ln‘mn(qn)]ld mq
Z< LP Me In my ’ L ”M>Y"me(q p)YnY')n(qm)

MP mn

(4.4)

Using the incident-beam coordinate system, in which the z-axis
. . . . => > >
is defined by the direction of (}d and the y-axis by qu 9["

we have

) = 2 ld+4
Yta'md (44) V T 5,“’0 (4.5)

and therefore
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‘P ln tpln

ORHED i (e, 4v) = Z(lf Mo Ly m, |14 0 (4.6)
Ycr,-m.. GP)O)Yl'n L™ (9") é>J

where QP and Op are the scattering angles of proton and neutron
in the center of mass system and é is the difference between

their azimuth angles.

The radial integrals in eq. (4.3) are defined by

KR‘M tf:( o) = gdr&n J12(29ntan) 1. ('7& Gatan)-
; Ra (2ia tan) fdﬁm J.a (2inra) (ia- '}n)jh(anpnﬂ'a—r(‘?p,?p’ﬁﬁ) (4.7)

oQ
, . «), . .
+ Aq (2retyg) ffb}h ha (Lia ’}a) (rdn'rpﬁ)J¢4 (QanB)T (?P)QP'?’“)}
fig
The second integral in eq. (4.3), defined as eq. (4.7) but with

0o, replaced by (5 s leads to a very small angular dependent finite-

range correction and can therefore be neglected.

In our numerical attempts we managed to calculate the radial inte-
grals reasonably accurately and fast, but the ensuing sums over the
L -values turned out to be fraught with difficulties. Partial can-
cellation effects show up, and the convergence is extremely poor.
We definitely considered such a calculation as too time-consuming
to be practicable. We want to note that the introduction of
"distortion" into the neutron wave function can be handled in a
simple way only in the region outside the nuclear interaction
(where it is also most important); there a Sawaguri-Tobocman-type
of addition theorem [73] is available, leading to an expression

quite similar to eq. (4.3).
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To overcome the difficulties by calculating the Coulomb part
of the prior amplitude two approximations have been introduced
in the literature [12, 13, 27] : firstly a multipole expansion

for the potential difference in (4.1) is used, giving

P fu) = 2@l - ) 2e{ A0 - A=

L y |Ga-4fel  Yan
- 26 { 0p-212) (5, ~ am (4.8)
6(2@9- the) ( r -Zr L% A
+ 47le mZ‘:"M ( £ Vir/z)"“ dn> Ylm(ﬁﬁ)ylm(r"")}.
=7 ma-

Expression (4.8) can be approximated, using ¥, « fy, -+ bY
1 K
-»> > ~ 2 2 2]5 Z "e * A A
-~ e —
?(r"m Fan) 3 s e er (rdn)YAr(r"P)- (4.9)

This so-called "dipole approximation" will be well fulfilled
because the main contribution to the radial integral comes, due
to the short range character of the neutron-proton interaction,

from [ypa> Y“P . Naturally, one can also take into account

higher terms in eq. (4.8).

The second and more serious approximation consists of replacing
the DWBA final state in eq. (4.1) by X,%(ﬁa)'@:)(ﬁﬁ) , where VX%.(-YZR)
is now an optical wave function for the unbound final deuteron
moving in the field of the target nucleus and @:)Cﬁ,",) a neu-
tron-proton scattering wave function (to be used with incoming
wave boundary conditions). This wave function may be interpre-
ted as a Coulomb excitation of the initial bound state of the

: =)
deuteron into an unbound scattering state ®y G:P)

Introducing both approximations in the prior matrix element
(4.1) we get for the pure Coulomb break-up an expression which

is very similar to the one given by Mullin and Guth in their



perturbation treatment [12]. This approach was followed by Gold
and Wong [13]. They calculated numerous examples of break-up
cross-sections. The matrix-elements occurrirg in their treatment
are well known in the theory of Coulomb excitz2tion [74]. Ribicky and
Austern [27] refined the prior treatment of the break-up pro-
cess by taking into acount all Coulomb and nuclear interactions
exactly. Again, the radial integrals occurring in Coulomb exci-
tation theory can be used to speed up the numerical calculation.
Although the authors were able to show that the nuclear inter-
actions are very important and are never negligible they found
even in their refined model no agreement between theory and ex-
periment, especially for low deuteron energies. They explain

this disagreement by the bad descripticn of tne final state.

Indeed, using this prescription the nuclear and Coulomb field
of the target nucleus act on the center of mass of the neutron-
proton system in the final state, which is surely a bad appro-
ximation : while the theoretical results are symmetric in the
neutron and proton energy, the corresponding experimental va-

lues show a pronounced asymmetry.

Finally, we conclude that either the nurericzl]l treatment of
the prior form of the DWBA, using egs. (4.3 - 4.7), is very
cumbersome or the approximations used to make such a cal-

culation feasible are too poor to be acceptia: .o,
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4.2 Treatment in the Post Formalism of the_ DWBA

In the post-form of the DWBA the T-matrix we have to calculate

is given by eq. (3.4).

In order to calculate the corresponding matrix element in strip-
ping reactions to bound states it is customary to use the so-
called zero-range approximation.:
> | -
Vap (Frp) By (P = Do S(Rp) | (4.10)
where the zero-range constant o - 123,5 MeV fm3/2 is related

to the asymptotic normalization N of the deuteron wave function

by

_ N ae . o_ _E 1
Do = ow :Do with D= zmnp\lc?ﬁ?oc . (4.11)

By using this zero-range approximation we get for the T-matrix

(1‘) 3 €)%, > e (:) 4
Sd 7 F1dg (X3, ()

(4.12)

where the integral has to be understood in the sense discussed

above.

Neglecting all spin-orbit interactions in the nuclear distor-

tion we get by using (3.9) :

 Ld+in+l L(O" (Md)+Otp(ne)) A A #
T = Domy 21 e T Gl

o Lap (4.13)
<Ld ln Lf’> YLPL“(A A rR nuc )
0O 0 0 ld 0 qrr;qﬂ) Ld.ln‘,fa )

with the radial integral over the nuclear optical model wave

functions of deuteron, neutron and proton, respectively
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’RZ‘:LLP = Sd" %u(w) £1,(4a1 XLP(QP'r) ‘ (4.14)

o

These radial integrals can be calculated by using the integra-
tion technique of Vincent and Fortune described above. Never-
theless, due to the large numbers of angular momenta contribu-
ting to the sum the calculation of (4.13)would be quite cum-

bersome. The computing time can, however, be greatly reduced

if the T-matrix is split up in the following way :

T = Dof Mee + GEf Q) (e 1,00 o (GTua)*Gilye)
Ldlntp

ld In LP lflu A A nuc o
< o 0 o) Q(Lao (QP;Q" (Qlu,.lp_’Rtu.,t‘)

(4.15)

(o]
where the radial integrals {RLA inlp are given by

ol = S"‘*i('u;%f)Jln(%"')}:r(?r»9(?“) . (4.26)

ldintp %3+ Ge

If [y (=Ld) ln or LP) is larger than L:ax (= 10) then the opti-
cal model functions ?(,,x are pure Coulomb or Bessel functions,
respectively. Therefore, the terms in the sum in eq. (4.15)
vanish and we are left with the calculation of the "pure Coulomb
term" Mpc defined in eq. (3.29). This matrix element also
appears in the theory of the bremsstrahlung process and was
expressed by Sommerfeld [75J and Nordsieck [76] in terms of

hypergeometric functions and is given by E‘,Q, 10, 25, 26] :

- L (nasne) . :
Mpc _— r'(4+w‘¢) r(’“’”}f’) IPC ) (4.17)
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with

d .
Tec =" igilnw da {QBC\) x, (—tq,(,-tq”'ll- gm)}
- -] 3o ()

A
dBQ) "
—an )'A=O z.{{ ("qu e ; 4, g(O))} ,

where we have used the following definitions :

(-Y'dY’P);FA (4-(';,‘)4—{1)“2; f(o)) (4.18)

2 - ”)d 2 > (l)

B = q———'ﬂfffﬂ-,,,,ﬂ) (427 fa-20q0) " (¢ +2490-209,) "
(4.19)

g = 4 =% = G ) (4.13b)

and

) 4 (g TR -2 MG 29D

a) = £
! (9% 2834-226a)(¢°+29 -21gp) (4.20)

Since ig(dﬂ is for many actual cases greater than unity, a
suitable analytic continuation of the hypergeometric function

has then to be used [77] . (Note that §“ﬁ <0y,

As mentioned above, expression (4.17) is - multiplied by Do -
just the expression given by Landau and Lifshitz in their treat-
ment of the direct break-up reaction [7] (cf. also the critical
discussion of this work in ref.[S] ). In those days computers
were not so widespread. Therefore, those authors gave suitable
approximations for the different possible cross sections obtai-
nable from eq. (4.17) which may be valuable for an estimate of
the cross section. Using a saddle point approximation for the

hypergeometric functions in (4.18) valid for nu'qpi>4 we have
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according to Landau and Lifshitz :

d®o _ :tgj El gi85 -TS e.21)
d 2pd2dEs By T2 2" g .

where we have used the following abbreviations (changing the

authors' notation) :

E e . 2 .
S.: So + 4 -Ei— + Sz\:—:El:SlYIzen fsagp + SQGPES\M& C0$§) (4.22)

with
e |
So= ;é—; arcian \(-42?%- - [l'Qrc'lau‘H; ) wkere D*%— ) (4.23)
and
VT acdan\EL AW (4-30)
= (A-v)% el Yy A+v)* (4-v) ’ (4.24)
g = —-——-————QW 53= W*——]z J 4.25
2 (a+v) ’ (\Z+¥t-v) -
S = 4\ (4.26)
YT (s o)D) ' '

Integrating over the angles we get :

oo g ) _s_s_s}
99 - oy e gy elvei )
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and for the energy distribution of the neutron :

3 - %E" $4

dE, = W ) (4.28)

and where the total cross section is given by

6 ,__:D?- « VRna Sp TaSe
tot © f&i 2_9/{ 8’4% . (4.29)

Tables for the total cross section are given in ref. [8] .
Although our calculations showed that the approximations (4.21 -
4.29) are only fulfilled within 10%to 50% in general, they
display the correct dependence on the physical parameters, e.g.
we obtain from eq. (4.28) for the energy of the neutron, where

the cross section is maximal :

t Eq
Ef = — . (4.30)
2nd S4

Furthermore, we have the possibility to estimate the order of

magnitude of the break-up cross section due to the Coulomb field

of the nucleus.

In the neighbourhood of the Coulomb barrier a simple estimate of
the influence of the nuclear distortions on the break-up cross

section is possible by using the so-called diffraction model [4].
Applying this model we replace the nuclear wave functions in the

radial integrals (4.14) by their asymptotic values and simulate the
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nuclear distortion in the deuteron and proton channel by intro-
. —

ducing the factor VQM Q"P in the partial wave sum (4.15).

According to the strong absorption model [78, 79] we write

B 1)
a= (4+ Lfél) ® (4+¢XP<%%» (4.31)

where | stands for ly and lp respectively. The parameters (AL
and A may be related in this model to the physical parameters
entering in the reaction (e.g. lo can be related to the angle
ec » Wwhere the deuteron or proton elastic scattering cross
section deviates from the pure Rutherford cross section by
the relation l.°==‘q c+g % ). Since, however, it is not clear
whether the deuteron or even the proton is a strongly absorbing
particle [4] we will use this model only for an estimate of
the nuclear distortions. (Nevertheless, it was shown in
ref,. [29] that the theoretical results based on this model are
in very good agreement with experiment). Naturally, a careful
treatment of the break-up reaction above the Coulomb barrier,
calculating eq. (4.18), should use optical model wave functions
extracted from elastic scattering experiments.. Such calculations

were performed by Lang et al. [25] , who use optical potentials

of the usual Woods-Saxon form :

UCH = Uclr- Vo fle)= i iy 2000, w(xu)
dXs ) (4.32)

with

Xi-4 .
[(x)= (44 e ) Xiz= = (4.33)
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and where ¢ is the well-known Coulomb potential of a uniformly
charged sphere. The deuteron optical model parameters they used were
the ones given by Perey and Perey [§0] and for proton and neu-
tron they used parameters given by Wilmore and Hodgson [él] .
Calculations along the same lines were done in ref. [82]  Where
also energies far above the Coulomb barrier were considered.

The calculations at energies close to the Coulomb barrier show
very good agreement with experiments presented in ref. [25] .
Even at higher energies (17 MeV-deuterons incident on Pb) the
agreement between experiment and theory is quite satisfactory,
as can be seen in fig. 2 in a typical case. In these calcula-
tions effects of non-locality of the optical potentials were
taken into account just in the same way as has usually been done
for bound state stripping reactions, i.e.every scattering wave
function occurring in the radial integral (4.14) is multiplied
with the corresponding non-local correction function (see ref.
[4,4pg.ll4} ). However, it turned out that this correction is
completely negligible in the energy region of interest. On the
other hand, including finite range effects by multiplying the

integrand in (4.14) with the finite range correction function

(83, 4]

-1
A(r) = {4 - == (Ven (r) *Vna(")"\éﬁ(r)""Bd)}

R (4.34)

gives a small but non-negligible correction, leading to an even
better agreement between experiment and theory. Furthermore,

these jinvestigations show that the break-up cross section is
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quite sensitive to the optical model parameters which have been
used, particularly to those of the neutron. Keeping the well-known
optical model parameter ambiguities in mind it is therefore neces-
sary to perform experiments in the sub-Coulomb energy region to

have a clean test of the DWBA approach to break-up reactions.

As was discussed before, the case where the energy of the in-
coming deuteron is below the Coulomb barrier is of special inte-
rest since this sub-Coulomb break-up allows a clean test of the

reaction mechanism.

It is well known from sub-Coulomb stripping reactions to bound
states that the contributions coming from the nuclear interior
are largely supressed and we are therefore allowed to use only
the asymptotic scattering wave functions, i.e. Coulomb wave
functions [72] . Furthermore, we claim that we can also use

the asymptotic neutron scattering wave function, given by (cf.

eq. (3.10» :
FrnCan, 1) ~ Fivie = fon i) + O, By (gures) | (4.35)

where the elastic partial wave scattering amplitude O&dﬂ is

connected with the phase shift Sﬁh and the S-matrix element %nm

of the elastic neutron target scattering by :

| julﬂ Z':(yl“‘l"

OJ.MLM =le Sint J.uln- % <e "4)""%(5’]‘“&"4) . (4.36)
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In order to see how good the replacement (4.35) really is, we
plot in figs. 3, 4 the quantity :
3 ~er* ”* . -
[ 0 X @y )
GR) = —2R f ?: ¥ . (4.37)
3 eF 5 OF, » ("
2 (F) Az (V)
Jar g A0 g,

(For further details see ref. [82] ). It can be seen that for
lower energies (see fig. 3 for Eq = 12 MeV) contributions from
the nuclear interior are completely negligible, while for higher
energies. (see fig.4 for Eyg4 = 18 MeV), a small but non-negligible
contribution from the nuclear interior shows up. Nevertheless,
even for energies well above the Coulomb barrier (Ey2 20 MeV)
the contributions are quite small, due to the strong suppression

by non-locality and finit-range effects,

For a more accurate treatment of the neutron wave function we ap-
proximate the post-form T-matrix element (3.22) by

- s cye* A Sl
i = Sd (oo Xg;(rph):FLM(rf’ﬂ) q‘d(rf"‘), (4.38)

with the "form factor" :

{.M (f;n) = jdsrup X%::Cl;:g) Vnp(f-zp) uL(r’lf) YLH (?'nfb)

= MLZ o Y:mu (44):
Un My (4.39)
: jd top {juinGe, na)\{tnm,.(ﬁa)vuf(r‘:f,)u,_(r.,f,)Ym (fe)

The great simplification of the T-matrix (4.38) occurs since we

introdu i i i ]
ced an approximation first proposed by Dar et al, L84, 8%

for sub-Coulomb stripping to bound states., These authors claim

that the small effects due to the "polarization" of the deuteron

can be simulated by replacing the argument in the elastic scatte-



- 41 -

ring deuterom wave function CXZ(&) by cX-a (ri,a) . We
will show later on whether this statement is correct or not and
use it for the moment as a prescription. For our further cal-
culation we use the general additon theorem of Sawaguri and

> >
Tobocman 73] for an arbitrary function &(h-”}_) :

. L4+LL“A Ly Lz VY[l L,
ﬁ.(h‘f’?z. FZ ( )(0 0 O)Ylm(n)ylm(rz

blalz Ma M m
™ mym,
(4.40)
Pk K 4o, Ceri) o, Chr Jd r Jt(hr)th( )fi(?)
and obtain (cf. ref. |86] )
x A x A A A
'_'FLM (F,:R) = 4T Z '-'L+Lq.-2ln Ynm"(qn)YLzmzcrpa) ?_Lzl.n
lam,
ln My
(4.41)
L L In)/L L2 tn> 'Ll-z
(M m, m,.)(o 00 ZJ"‘" (7’9) !
where the radial form factor is given by ¥)
2 ( n
ZJLt fen) = \[‘ gdhh fulkren Be (h)j oK {ju , ) (4.42)
with
HL UQ) = gdrnp f,,:, J.L(kﬁp)v”f’ (r“f’) uL(r"P) v (4.43)

*) Some word of caution is necessary for the use of the general

addition theorem (4.40). For "Physical" wave functions, regqular

at the origin, this theorem can be well applied; however, for
)
singular wave functions like hl (an)

the change of the integration order implied in eq.

it can not be used since
(4.42) is not

allowed in this case.
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Using the Schrddinger equation for the bound deuteron we can

write :

1 2 2
nL(h) = —2—- (h'f’(xc) Uq_(h) )

.44
- (4.44)

where the Fourier transform of the radial deuteron wave function

is given by
o0

U, (k)= Sdr r*{ (Ru (r) |

(4.45)
)

The radial form factor (4.42) can be more simplified by regar-

ding only the s-state of the deuteron. Assuming a Hulth# wave

function for the bound deuteron we immediately get :

Do @ (pro)*®
e R ) (4.46)

po (\Q) =

and for the radial form factor we obtain :

2in = ) n°<o>{ b, iBren) fdx (g 0., (B0

. ) (4.47)
i [ X" g 0K i) |
o '

For the sake of simplicity we assume for the moment that the
neutron-target interaction can be described by a complex square
well as given e.g. by Feshbach et al. [87] :

V'nH (Vnn) = = e('Rn"YnR) (Vnﬂ"’ CER)

/

(4.48a)
with

Vin= #2MeV | \ha- 0.03Ven avd Rn= 445 R5 . (4.48b)

In this case the neutron wave function for (A 41%, is given by
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FJ'nbn (ﬂ") r"“) = K"“ ‘J."n (¥eu Fnn) ). (4.49)

with

\2E (Ve 1en)

) (4.50)

and where now the constant K;,"and the phase shifts in eq. (4.35)

are determined by the matching condition at r.,s = ’Rn .

Using this simple wave function in eq. (4.42) gives
2 ) =0o 00 Kuy i (k1)
JutntRI=Ro ) Ky, fiy, WnTpn

+ o) Kay R L g R0 )
- Ip ln(tﬁRﬂ)Jtn(qun> for rac®

(4.51a)

and

o In (rpﬁ) = no(q“) (Jtn (Qu rn) t anl,n "ltn (qu'?"?»

(4.51b)

+ Rolga) Kin RE ﬁ 2 ren) (40 o, GRa) o )
1B JulifRa) Jl"(mzn» for f¥Rn

Neglecting the small correction terms in (4.51b) and the inte-
rior part of the radial form factor (4.51la) we get the simple
form factor already discussed in ref. [28] . In this ref. we
used the asymptotic wave functions from the beginning and we

obtained with the help of the well-known addition theorem for

the Hankel function [83] :

_..ln »* A A a.sum.
Foo (B) ~ 4T o)) L Yomalh) lamGon [, G o)

(n 0 (4.52)
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In fig. 5 we have plotted the approximate radial form factor
used in eq. (4.52) and the exact radial form factor (4.51).
It can be seen that the approximate form factor agrees very
well with the exact one for pg R 'Pn . According to our dis-
cussion above only this part contributes to the T-matrix ele-

ment in the sub-Coulomb region. Combining now (4.52) with

eq. (4.38) we obtain [ 28]:

T = (4—1') Ro (Qn)Z‘ - Y‘n’“n(q'")<M‘*"’"" le'M+

tnm )
o nfin/,  (4.53)

where

Lﬂm.' Sd" x" (")JL (q,r)Y;,.m“(r) X-' Cr)

(4.54)

and

Miwe = [t X @ Ko gV ® Xg, @

(4.55)

Expression (4.53) can be rewritten by splitting up again the

plane wave part of the neutron scattering wave function as

)

T;‘C = (411_)3& no(Qn) { MPC. + %— Oj"‘" -rl::}

(4.56)
with

n

.-Ln Z A +
by b YLhm(Qn) Mtnmn
Mn

(4.57)

This is the extremely simple expression describing the sub-

Coulomb deuteron break-up. With the help of a Hulthén wave

£ ,
unction for the bound deuteron we get, according to eq. (4.46):
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2 B pd® _ _fet0)
e +gn '1+(3§)2 (4.58)

Ro (9,,.) =

where

$°o d 3/2 wo l
Po)= = (1+%)7 = danpsle = do |
(AN A (4.59)
For low neutron energies where q  is small, we have Ro(gn)=2Ro(0)
and therefore the modification due to the finite-range of the
neutron-proton interaction is quite small. This gives us fur-

ther confidence in the zero-range approximation used betore.

Using eq. (4.56) the numerical treatment of the sub-Coulomb
break-up reaction reduces to the calculation of the three-di-
mensional integral eq. (4.55). The pure Coulomb matrix element

rﬂpCiS, using eqgs. (4.17 - 4.20), easily obtainable. Such a

+
closed analytical expression for P4l"m" is only available

if ln=wmnw= O . In this case we have [89,28]:
K
=3 (e +ne)
M: = .\E’]?e . . F(4+i'q¢) [A+ine)
> g (Grg-4)

gi=(qurqul”) ™
333V ~9n

: . (4.60)
' q!z_si +a")2 7? 2‘}:‘(_6214-{!] .4.-&) )
(3a-G0)*~9n A+
with
~ i * Q
3 - 4949 sun” & . (4.61)

(qu-9¢) ~ 9
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The use of this simple expression not only reduces the computing
time further but also gives us a simple description of the beha-
viour of the break-up reaction at low neutron energies. Using
the well-known low energy behaviour of the phase shifts (see e.g.

ref. [90, vol.I, pg.392] ) ¢

'8 l" A ( 'R fln"’"
LW . 0, ~ 4 -G _{GnRn

2§ o~ —> 4 4.62
e SH’[SL“ in SL” ln Ln+ qb“ (ZLH):- (21"1_4)!! ) ( )
where @h denotes the quantity

A - d,(r wiv /d

9, = lim —ﬁ——r (4.63)

qvt o lnln

and the expansion [7f]

(2.ln Qla-A)
. (4.64)
(q” l‘n‘f" FOY q r <<4 /

we see that only the s-wave contributes in the low energy limit.

o (gr) = in _(gur) =

Therefore we have

@)
' ~ NTE OO +
T{‘L T :Do { MPC t ‘I_‘ﬁt Moo }

(4.65)
Furthermore, with [77]
ln
L (gur) = JQL_\:L
Jn s @l +A)1 for  Gor A .66
we conclude that for an<<4

~ A °
Mpc = Moo (4.67)
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From eg. (4.60) one derives the general relation

Moo = € sm€ M (4.68)
where
y= ma log ﬁﬂi&'ﬁ—ﬁp + vlploﬁ—gd?—(ﬁeiiﬂ-)-z

(94-) Q4 -(gp-gn)’ (4.69)

In the limit of Q"~>O we therefore finally obtain :

TP = Vol Do Hgo(q:o){/l + 923 7%}) (4.70)

where Qo is the usual scattering length *).

If, in general, phase shifts with (n>0 contribute to the T-matrix
element, it is not possible to obtain such an easy closed expres-
sion as eq. (4.60). Therefore, we perform a partial wave expan-

sion in the incident beam coordinate system, leading to

ld-lp L(ﬁd( ) +O0p( ))
Mtﬁmu (LHB L‘n Z_ qd P vp \{(-P -Mp <6F'O)
Lalp (4.71)
ld LnLP (td ln Lp ),}2+
(0 0 0/\0 Ma-Nn Winlp )
with

?L: ntp = (ﬁ;‘) S}dr Fua (4, gar) ﬁ?"-(an)ﬁf,(%qfr) . (4.72)

©
A similar expansion of Pﬂtnﬂh leads to the same expression ex-

cept that ﬂ{t il is to be replaced bY’RLdLl , defined in
eq. (4.16) and where

(R:dmp= :Re(RLLnLP) '

*) This result can be compared with the results of the Watson-

(4.73)

Migdal theory [91, 92] .



- 48 -

while, in principle, the calculation of the integrals eq. (4.72)
can be performed by Vincent and Fortune's integration technique,
an introduction of the methods used in the theory of Coulomb
excitation [74] leads to a rather drastic reduction of compu-
ting time. In this theory it has been shown that such integrals
can be calculated exactly by means of generalized hypergeometric

functions with two variables, so-called Appell functions [93] .

Writing [77]

. L"
L‘h 4 L2y (L )' -n
(%r) - e Amtnl: -2
Zr £~ ! (Ln‘ﬂ)! ( L%T) ) | (4.74)
we get
o~ ln-1
o L Z (Ln+n) i

(thlnlp i‘_:no.r{ 'i’ N (n- (2(.2’) t)(.

) (4.75)

-n-4 ,i2
where the integrals J-((ML; are defined by
!

-n-1,i2 4 lﬁr
)(’Ld,l.p = E Sdr +ta(74 Qd) nH {P(ﬂr,%) (4.76)

and where

% = + ik with
9 >0 (4.77)
was introduced to make the integral (4.76) well behaved for

further analysis. It is €asy to see that no numerical compli-

cation arises from taking the limit K-> O, which is in striking

contrast to the direct numerical integration of (4.72) after

having introduced such a convergence factor [§8]
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The integrads (4.76) are quite similar to the integrals occur-

ring in the Coulomb excitation and sub-Coulomb transfer reac-
tions to bound states [94] . While the first ones are obtained
by setting 2= O , the latter are given by gn= 0. Using the

results of refs. [74, 94, 32] we can write

-n-4lz ~L(qa+mp) |l"(td+4+i7l74ﬂ|l’(tp+4+inf.)l
Late ~ © (Zlg#A)! (2lp+)!

(La+lp+1-n)!

+ (94-9p+2) * (x)ul(-g)LP laviemns2 (4.78)

. :FZ(LoH- lp=n+2, Ld+'1+ﬂqd,tpf4-iqf,;2ld+l’2(1,+2. ; X,g)/
with

22d ~29;
X= o ) ) 47 qi_gotz (4.79)
-G +2 Gd~%e

The F,-function can for le+lg|<4 be calculated by its power

series :

‘ +1N ,) m.n
T, B ) xy) = Z WX y".  (4.80)

Since, due to the kinematical condition (3.26), this power se-

ries does not converge, we must use a suitable analytic conti-

nuation. This can be done in an especially simple way if

Ld"'LpiTl (so-called "maxiﬁlal matrix elements"). In this case

we get (for further details see refs. [74, 94, 3%) :
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I
R S ('S Aringl (ﬂ)‘*’u%;“z o ¥
Lptn,tp \V(Lp+ﬂ+4+lr)d)l 44

]((:;:“4))} T, (-an+d Lot A-(gp | +4+(r)f, ~n+d=§ )-—nrhfﬁ.; u,v)

M-l (lprnt 4~ H)J)Jed"-u)i%'m‘ (4.81)
P lp+d-in

+

' +z (-n+ 14§, lptn+1-id, Lp*r4+ir)fl. n+4 +I§,—n+4+L§:; u,v)

[en+i§) (lptn+4+7a) (émv)—igm
M (lpt1+ing) :

'E(mﬂ-i%’ Lot ntd+iny, lpt1-inp; a+d-(§ ,-nt4-i§; U,“)})

with
-Qp—2 d—Qp+2
w= ) U—“--%—i%"—— ) (4.82)
2G4 Qd
and

€=M~ . (4.83)

Expression (4.81) is well suited for a numerical treatment since

the first Fz- function is only a polynomial and the other Fz-func—

tions can easily be computed from their series expansion (4.80)
—“‘ ] k%

The other "maximal matrix elements" JQT (NP can be obtained

from eq. (4.8l) by the general symmetry relation :

n-4,ie -n-4,12
JU i Lp O, M 5 44, 9p) = ‘KLP,M (‘QP,’?J %,94) .

(4.84)

In some special cases other analytic continuations may woixk even

better, e.g. using Olson's Fp~-function [@5, 9%} r as was shown

in ref,. [?2] .
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If =0 (L4=LP'L) eq. (4.81) can be considerably reduced further,

leading to the important special case [§4, 3%]

\)Cl.jll,& = ACCA+ing T (i 4+ inp) (o) <5}I—Q _3 )17"(1 +G,42 >i'lal
z

|
(2ie) U+ %-gp -
~E¢ _ (4.85)
\ € — Y (LM-{?]d) L+4+[7]P; 2142 .xo)/
(9a+gp) - ‘
where
Xo = L* .

(qd‘grr)z"zz (4.86)

In ref. [32] we have shown in detail how the "non maximal matrix
elements" necessary for the evaluation of 'Rthq% using eq. (4.75)
can be calculated with the help of recursion redations. All

these recursion relations are contained in the general relation
X4 CLPH Zld. Jpt1 T X2 C(d ZLd—UP ~ X3 CLdH z—Ld-t‘l)LF =Xy CLP %u,LP—4

( M + X, T4 _x, Ndgd —x Z]e&f:)
Tl “Tetd T Zia,tp

P ! (4.87)

(x4 + X4) gdr utd(’ld/%r) dﬁC:) utf,(%?‘,r)

+ (% (Lp+4) +Xald —Xa (ld+4)—xslp) jdr Uiy (nd, %L") uLP(qP qpr)

o

with

>Q

ZL&,LP = gd.r u"d('qd’q‘“’) I(l(r) uLP(qp' ?Pr) ) (4.88)

where L%CQ qﬁ is the regular or irregular Coulomb function or
1

a linear combination of them and h(r) is any analytic function

so that the integral (4.88) is convergent.

Furthermore, we have used the definition
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CLV-: @v&iﬁ“—' with v=dp . (4.89)

The X; are arbitrary quantities, satisfying the condition
Xat Xzt Xzt X4 =0, (4.90)

By giving appropriate values to these numbers we can eliminate
from (4.87) the unwanted matrix elements and derive numerous
recursion relations. So we can construct relations for the
"maximal matrix elements" and other ones which allow the cal-
culation of the "non-maximal matrix elements” from the "maximal
matrix elements". By using these recursion relations in the back-
ward direction with asymptotic starting values the numerical pro-
cedure is very stable. Since furthermore only four (!) maximal
matrix elements have to be computed directly in order to norma-
lize the matrix elements obtained from the recursion relations,
this method allows a very quick computation of all the radial
integrals necessary to calculate P4&,m‘. We do not want to go

into further details of this procedure but refer the reader to

ref. [32] .

Finally, we mention the semiquantal approximation of the T-
matrix eq. (4.56). This approximation consists of replacing

only the radial integrals in eq. (4.71) by their semiclassical

limit.

Using the well-known WKB approximatioms for the Coulomb func-

tions and neglecting rapidly oscillating terms we get
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+ +
(RLd,lmLP IL“E‘(&' §, &',3) ) (4.91)

A4
344 Gp

with

IL:F (QI§,§)19) =

T i(Yesinhw+§w)
4
Z_de e Q (+ecoshw) -

A rane BN B (4.92)
coshio+ e+ i Ve smhw)

L

Here, we have introduced the quantities

= 47: (71“'79) ) 8= 4nlc ) a"é’ ) Q‘=:'2'_<9fd+q-[=))

/ = -
€= ac(ga-¢p) , p=lp-l, (4.93)
4
g = V/H “?L:‘) , L= 2larly)
The integral "+L‘ converges because of the rapid oscillations
~in

at infinity. From the numerical point of view it is useful to
change the integration variable (w by w+ [,QZTTC . Since the inte-
grand has no poles between the two contours we obtain

— __T‘.‘ +00 —%IE hw +i
Lop 59,00 = 465 fawe ™" gtheiesinms).

— (4.94)

@) . is(nhw-f&-VE?:A Coshw t

k. (gU+iesinhw)) :
A+ (&sinhw .

The integrand now behaves at infinity like exp (-%_(ii’-g) € ew) .
From the kinematical condition (3.26) it follows that ‘SI >Q
from which it becomes obvious that the integral (4.94) converges
rapidly. The inequality §l>g holds for any reaction where the
projectile mass is smaller than the target mass, as is usually
the case. For §'< Q . which occurs in the opposite case, the

contour of the integration has to be suitably deformed. The
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/ . .
divergent case §=g cannot occur for kinematical reasons.

In fig. 6 we have shown the accuracy of the semiclassical ap-
proximation of the radial integral for a special example. From
this it can be seen that this method can also be well used for

a fast and rather accurate computation of the T-matrix element.

After having described in detail how to calculate the T-matrix
in the sub-Coulomb energy region we are now able to compare cal-
culated theoretical differential cross sections, using the de-
finition (2.16), with experiments. For this purpose we have
chosen very accurate coincidence measurements by Lang et al. By
calculating the theoretical cross section only the phase shifts
of the elastic neutron-target scattering have to be known. It
is very important that only these model independent parameters

enter into the sub-Coulomb T-matrix.

In this context it is interesting to compare this result with
the plane-wave theory of continuum stripping reactions given by
Lipperheide [50] . He found that the cross section depends on
the off-shell scattering amplitude of the neutron~target scatte-~
ring. Therefore, the strong Coulomb distortion brings, so to
speak, the scattering amplitude completely back to the energy

shell.

Here, we generate the phase shifts by an optical potential of
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the Woods-Saxon form, egs. (4.32, 4.33), given by Becchetti and
Greenlees [97] . This potential describes very well the elastic
scattering of neutronson heavy nuclei. 1In addition, our calcula-
tions show that the potential of Villiers et al. [98] which is of

the Gaussian form gives also nearly the same results.

As a first example we show the energy dependence of the break-

up reaction on gold. In fig. 7 the energy-integrated coincidence
Cross section is compared with our theoretical results showing

a very good agreement. Two sets of neutron and proton angles
have been chosen, Oy = 40°, GF = 60° and 6, = 40°, Gp= 80°
with a coplanar geometry (§==(f5. The predictions of the pure
Coulomb theory of Landau and Lifshitz are also shown to empha-
size the importance of the neutron-target interaction. Indeed,
even at very low energies this interaction can never be neglected,
because it reduces the pure Coulomb cross section by about 25%-
50%. This strong influence of the nuclear interaction is in
agreement with the results of refs. [25, 27] . In fig. 7 it can
further be seen that at higher energies the nuclear deuteron-
nucleus interaction shows up and can, around the Coulomb barrier,

be described in a simple way by the diffraction model approach.

To show in more detail that our sub-Coulomb theory is able to
explain the data quantitatively, we have compared in’ fig. 8 the

theoretical angular dependence of the break-up cross section at

. . . o
Ey = 10,5 MeV on Au with experiments. Agaln we see that th

pure Coulomb theory gives a rough estimate of the cross

section. Furthermore, the small influence of the deuteron-target

interaction taken into account by the diffraction model approach
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can be seen especially at backward proton angles, where the

deuteron comes nearest to the target.

Finally, in figs. 9 and 10 the excellent agreement between expe-
riment and theory is shown for two coincidence spectra at diffe-
rent neutron and proton angles for Ey = 12 MeV on Au . Of
course, a triple differential cross section is the most crucial
test for the T-matrix itself, so that we checked the high accu-
racy of the DWBA predictions. This may be the most important
reason to study the sub-Coulomb deuteron break-up, since no free
parameters enter into our expression. Therefore, we are able to
test both the relative accuracy as well as the absolute accuracy
of the DWBA. This is in contrast to the usual DWBA formalism
for stripping reaction to bound states, where the so-called
spectroscopic factor is adjusted by comparing the experiment
with theory, making an absclute test of the DWBR impossible.
Keeping in mind that the experimental results may have an abso-
lute error of about 10%15% [26] and that the theoretical calcu-
lation may also have an error of about 5% due to some small cor-
rections (see below), and to the uncertainty of the neutron-
target interaction we have at least the result that the DWBA-
amplitude for deuteron induced reactions is correct within about
15%20%. This gives further confidence in the extraction of
spctroscopic factors in stripping reactions to bound states.
More accurate measurements at even lower deuteron energies will

lead to a further clarification of these points.
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On the other hand, taking the accuracy of the DWBA as manifested
we can extract from sub-Coulomb break-up reactions some new in-
formation on the neutron-target phase shifts. Indeed, as was
also shown in ref. [25] ;, this neutron-target interaction has a
strong influence on the differential cross section. In fig. 11
this dependence of the cross section on the optical model para-
meters for the neutron-target interaction is shown. Hereby, we
have used the complex square well of Feshbach, Porter and Weiss-
kopf for simplicity's sake. As another illustration of this de-
pendence we show in fig. 12 the energy-integrated break-up

2
cross section on l97Au and 08P

b. Using the optical potential
parameters of Becchetti and Greenlees [97] the small A-dependence
there leads to differences of up to 20% in the cross section,
while the Z-dependence is negligible. This effect does not ex-
plain the characteristic strong variation of the break-up cross

section for different target nuclei observed for the first time

by Nemets et al.[éZ] , but using a potential which take specific

shell effects into account will naturally give rise to such lar-

ger differences.

5. Small Corrections

As we have seen above, the sub-Coulomb break-up provides us

with a clean test of the DWBA. To make such a test more effec-

i in de-
tive all the small corrections which we have neglected 1

riving eq. (4.56) should be carefully investigated.
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One approximation which we used in this context was the neglect
of a spin-orbit force in the neutron-target interaction, which
meant that the quantity CQAJA (see eq. (4.36)) became in-
dependent of jn. 0Of course, it is not difficult to give up this
approximation. We have recalculated the differential cross
sections shown above by adding to the potential (4.32) a spin

orbit term of the form

i _ \/ A d ‘(.Xso.) > >
\/50 Cr) = \(50 r "ixs‘; L-s (5.1)

The results, which we do not show explicitly, are practically
the same as those obtained before. While at large neutron ener-
gies some small influence of V. (r) shows up, this effect can
hardly be observed experimentally because the cross section in

this energy region is very small.

5.2 Polarization of the Deuteron in the Coulomb Field of the Nucleus

.y — T ——— T —— —— —— - — " ————— ——t— — W T ———— - — ———— —— S - T — T — S —— — " T —

In the DWBA it is assumed that the internal wave function of the
deuteron remains unchanged along its path. But, of course, when

a deuteron comes close to the nucleus, the electric field of that
nucleus will polarize the deuteron, pushing the proton away from
the nucleus. This causes T = 1 admixtures in the internal deu-
teron wave function. Estimates of the magnitude of these admix-
tures were given by Griffy [99] and Drachmann [100] using an
adiabatic approximation. A more careful investigation in the case
of sub-Coulomb stripping to bound states by Gibson and Kerman [5]

gave much less dramatic effects than what was found in ref. [99] .
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Dar, de Shalit and Reiner claimed in their treatment of sub-
Coulomb deuteron stripping that these "polarization" effects

can be simulated by replacing X‘%(aﬁ) by VX:%(?;,;) . Indeed,
this "ansatz" describes a deuteron where the proton has a larger
probability of staying away from the nucleus than the neutron.
In order to investigate how well this "ansatz" takes the pola-

rization into account, we write for the full wave function

( ) - ~N
q:)(ﬁﬂ”rzp) = Xi(ma)(@dmp) + §¢(r“";r"P)} . (5.2)

~
According to refs. [5, 101, 102, 84:‘ éd, is given in first

order perturbation theory by

(5.3)

with

= £ '7'3___':@.2(4*0“”))__3,——— 24 Blip+ ool 5
g‘*(r"P)_ Tn? <Zf§¢ 'té(.ZoHl—lo)z yf(ﬁougo)z( e FOPW"P)(S 4

)

where we have neglected the slight influence of the D-state of

the deuteron.

k-u
Restricting ourselves to the case of the pure Coulomb break-up

the T-matrix can now be written as

) —_ - (5.5)
-rf'i = I + (POL
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with

Toor= <°'X()(rpa)8 Vnp(rnp)J x (a) Q (Yda,ﬁr» , (5.6)

Instead of solving this six-dimensional integral exactly we use
the so-called "local WKB approximation" or the "local energy
approximation" (LEA) which has been shown [4, 103—106] to be a
highly successful approximate procedure for the finite range in-

tegration in bound state stripping reactions. Thus, we write

& © o i? ey o
CXJ;P(F;;) = X <ch rﬁf—’) ’ Z};<rdn)
o - ~ WPQ’P? X» (Y&n) (5.7)

—
where we have replaced the momentum operator V; , differentia-

N . g c udih
ting with respect to Yy in Xq’;(rdﬂ)' by the local momentum

of the wave function at the point tan

G

q'pr Crdﬁ) = <%§f (Ef’ __VPH (Yaﬁ))) . (5.8)

Assuming that [104]

b . G

(}Pr qf, J (5-9)

we have

- > -
L<®~fnp TQnrdﬂ) i

< X-* rdg‘ e IVHP(E:P)ICX‘(‘;%(ﬁ:n)@d<6n’—r‘:P)>)
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with
— A - -~
& - 3 (& ~%er) (5.11)

Evaluation of eq. (5.10) gives :

. 2 —\ Yz
-l;ol = < mnp g”—ul Ho(Qr)I (Qr)
x ~t?"r&9 +
; (C}n jd fan X;’ ('Tm y- dn X() (QH (5.12)
dn
Hereby we have introduced
00 “‘twr
IP(Q,) = (@2+Qf) go(r r 41(er) S 9a (1) . (5.13)

v}

This integral can be calculated analytically leading to

La) = (p+ar) { .,Z;(g& l(w"nluo) +W(2 ’L(pmflo)

(5.14)
+ ({3+0()1(F1”n/.10))> ’eo(ﬁ “)z &(@)*O(?T(F))}
The integrals
a -Xr o
;}{3 (X) = gdr d,‘(er) e r ) (5.15)
can easily be expressed by elementary functions [77] Expan-
ding eq. (5.14) in ( %/p) we get
%.
T Q0 + 35 (pQr)
J‘P<Qr)"\" 2Qk(&+l+& 2 zo ﬁ
X ( {511’ Qr )
(5.16)
N 1Qrp

« (F+@)
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As is shown in fig. 13 the approximation (5.16) is valid in

the energy-region of interest within 0,5%.

Assuming that the main contribution to the radial integral (5.12)
comes from the vicinity of the classical turning point, the in-

fluence of the polarization can be estimated by

_—C) 2 > >

AT = Tzl = g 4 1Mnp E“‘z G _ Gelw | (5.17)
Tec o2& o (RS p§n

Since in the no-recoil approximation Gpr = 0, and thus Q= %?J

we easily find that in break-up reactions on heavy nuclei the
contributions of the polarization are always smaller than ~1%.
To calculate this effect more precisely we can perform a partial

wave expansion of eq. (5.12) leading to

: _ g bl (6,00, 4600
Tu=-i28 I aa) T ) ) L ¢ 10 187

P
ld tnlp F
' " (5.18)
GLdlan (epien/ @) p[@:tn‘,p )
where
- (lu)

GLdLnLP(eP/in@> —ngL(f mmlnm}‘m (Gn @)rnm"((ﬁn @)YL me (QP O)

'ngYuOCSz)YLPm,,(sz)Y;m(Jz)Yi.,mn(fz) (5.19)

000

L 4 Ly L\2
LA RCRE) RN ol Iy o
)

and

PQL p
— 1

. = — T (n A .n(n
lble — gyq jdr hd(?d)‘%dr)JL’_r}__ 1, (T ger)  (5.20)

V)
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, o po
Since the radial integral ’RthtP can easily be calculated

using the methods outlined above, expression (5.19) is well

suited for a numerical treatment.

In figs. 14, 15 we show some model calculations in the no-recoil
approximation based on eq. (5.18) for different angles and ener-
gies. As can be seen the polarization is very small and these

calculations are in good agreement with the approximate formula

(5.17).

Now we want to see if this small polarization effect can be si-
mulated by the ansatz described above. Therefore, we have com-
pared the pure Coulomb break-up cross section (eq. (4.56) with

O&dha 0 ) with (5.5). The two six-dimensional integrals occur-
ring on the right-hand side of eqg. (5.5) (c.f. eq. (3.28) and

eq. (5.6) ) were now calculated by using the LEA-method. Defi-

ning the multiplication factor tr by

- >
= : 5.21

Gor tr- % ) ( )

(5.8) that 14.M-0.25 - 0.75 in the sub-Coulomb

we find from eq.

energy region. The results of fig. 16 where we have again

plotted the relative deviations of the cross sections show that

indeed a very good agreement between the two T-matrices egs.

(4.56, 5.5) can be achieved if the recoil ist taken approxima-

tely into account in the LEA with t,20,5.

In conclusion we have the result that the polarization of the

deuteron is a small effect and can be approximately described

by the ansatz of Dar et al. [84] y
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5.3. Influence of the Deuteron D-State

At a first glance the D-state of the deuteron seems to lead to
the most important correction compared to the other "small ef-
fects". The deuteron in the loosely bound D-state might dis-

sociate more easily than in the S-state.

Having established the high accuracy of the sub-Coulomb T-matrix
(4.56) this effect can be calculated immediately. Inserting the
general form factor (4.41) in (4.38) we obtain in the sub-Coulomb
energy region:
+) n
-I}L = (q—h‘) (ﬂo(qn)'f nz(%n) { f’c +Z Aﬂlﬂ—lzn }

(5.22)

v

For the coincidence cross section we get the result

_ e\ . ( Ba(gn) )2
(d,ﬂpdjzndEn e otsz,:djlndtn <4+ (Ho (gn) ) (5.23)

Therefore, including the D-state of the deuteron leads only to
a simple overall shift of the cross section. This is in agree-

ment with corresponding results in bound state stripping reac-

tions [}05, 1061 .

Naturally, the incoherence of the S- and D-state contributions
is a consequence of the neglect of any spin-orbit interaction.
At higher energies where such interactions are not negligible

both contributions have to be added coherently.
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Since now the influence of the deuteron D-state has been redi-

ced to the simple factor in eq. (5.23) we will calculate the

ratio gz(Q“)/ Ro(()(n) by using the internal wave functions of the
deuteron. (The integrals HL($0 are formally equal to the cor-
responding expressions defined by Johnson and Santos in ref.[lOé] .

We will therefore closely follow their treatment).

Expanding RL(Qn) given in eq. (4.44) about Q;=O we obtain

':bo kz ‘
HGC(n) = o (1- o(%) ) / (5.24)
with
@ - ‘ B
o = — — T {(«? iuo(n =T = Xd o(r),
¥ g g ?99,,,0 G AU .2

This zero-range constant can be rewritten as

Dos :D?; _NQ&QS (A—Lo)

ﬁi; (5.26)
with
2 (& I_u__'_)
L= o Sdr ¢ (€7 - g . 5.27)

(o]

Using the Hulth2n description of the deuteron yields the usual

zero-range constant eq. (4.11). For the"D-state integral®we

have

A2 (ga) = 331_2_—0 Gn (4"' O(%)), (5.28)
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with

D= Lim (Q; u-o(Qn)) uaz(‘,}n) (5.29)

qu>0 4
= o an g (4-Ly) (1-Lo)
and

o0

5 b/ . _ ua(p)
Lo = & lar v (IR Ge0l - G, )

= (5.30)
A5

o
The constant D2 is roughly related to the quadrupole moment

Ch of the deuteron by

D v @ Q= 0.38 fm . (5.31)

A calculation of D2 using McGee's wave function gives L}OG]

D, = 0,488 fmz. Using eqs. (5.24) and (5.28) leads to :

. - 2
B o g gn = 0.5 gn (5.32)
Do(qn)

In order to check this approximate formula we have calculated
this ratio exactly by using the Hulthé&n wave functions given in
eg. (3.18). As can be seen in fig. 17, (5.32) is valid up to
large values of 9[71 (Bn) . Furthermore, the ratio is quite in-
sensitive to different values of the hard core radius tf and

the D-state probability q% .

In the energy region of interest)%mis quite small (an 0,2)
and therefore the D-state can be almost neglected, giving only

a 1% shift of the cross section in the most infavourable case.
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While at energies above the Coulomb barrier this simple treat-
ment of the D-state is no longer valid, it seems reasonable that

even there the D-state has little influence.

The energy of the break-up neutrons lies in a range form zero
to several MeV. It is well known that in this energy region
compound nucleus (CN) formation plays an important role. Here
we want to estimate compo%ld nuclear effects on the break-up
cross section. We write as usual the S-matrix of the neutron-
nucleus elastic scattering as a sum of an energy averaged part
<SL,,7 , described by an appropriate optica]_\fnodel and a fluc-

tuating part F‘Hn (with <F,> = 0):

So= <S> + 1, . (5.33)

Then we get [30] *3

2 T
— AT M+ A2 ST
d2pd 2a0lExy

2

(5.34)

13
A CRED T T
th"u

Therefore, the CN contributions can easily be calculated by

applying the Hauser-Feshbach—Wolfenstein theory [107, 108] .

*) Note that the fluctuating part drops out in the interference

term.
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m
The statistical assuptions of this theory are generally fulfil-
led for heavy nuclei and neutrons of several MeV. Using the re-

sults of ref. [109] , we can write in the absence of direct re-

actions and for small absorption:

—_y =V % 1.t W &y
L0
Here we have relabelled the fluctuating part of the scattering

matrix as ?213, where c describes a channel for the formation
of a compound system with spin and parity denoted by J)and c'

describes one of the decay channels. Furthermore, we have limi-
ted ourselves to a zero-spin target, for simplicity's sake. The

transmission coefficients tL in (5.35) are given by

t = 4"&'—]2, (5.36)
and the quantity W,/ is the usual level width fluctuation cor-
rection. The sum over Ly is performed over all open channels for
the decay of a compound nucleus state with spin | and parity

&) . Furthermore, we have assumed that there are no level-level

and channel-channel correlations.

Finally, we can write for the positive constribution of the fluc-

tuating part:
A ji_ — % _ TN —nx
% £, <:an+t-,,; > o W

tnin
o4 Z to | T ® \ (5.37)
“ ln % th{l, bobn
n

In figs. 18, 19 we have shown the CN-contributions for the reac-

. 208 2
tion Pb(d,pn) 08Pb. As can be seen for Qn= 40°, GP = 60°

the pure Coulomb term dominates and the contribuion of the CN

is very small in this case. On the other hand, for 6, = 350,
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QP =-60o the pure Coulomb term is relatively small and nuc-
lear interactions are dominant. Therefore, as expected, the CN
effects show up in this case. Although the agreement between
our theory and the experimental result is good, more accurate
data in the lead region are needed to justify a detailed compa-

rison of the theory with experiment.

6. Semiclassical Model

For sub-Coulomb stripping reactions to bound states a simple
semiclassical description has been shown to work very well [94] .
Therefore, it is tempting to use such a description [ild] also
for our sub~Coulomb theory of break-up reactions. Due to the
close analogy of the two processes, it is easy to adapt the
semiclassical formalism describing bound state stripping to

include break-up reactions.

Using the method developed in refs. [111, 74, 94, 110] the re-

sults of the semiclassical approximation can be written in the

so-called focal coordinate system as e
Mo (0) = (83 “XZ (7 fiotn @) Youma ) Xga
(6.1)
2 45 F00p) Yoomn (%,7°9) Linma (560, §,5,9).

Gn

. . T de-
Here the semiclassical integral 1y,  is the same one as

fined in eq. (4.92) except that the Hankel function in the in-

tegrand has to be replaced by the full radial neutron wave func-

tion. 1In the sub-Coulomb energy region we can use (4.35). In-
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0
troducing the integral :Ih,m” obtained from (4.92) by repla-

cing the Hankel function by a Bessel function, i.e.

_—
Toon = & ( Tioma) (6.2)

)

we get
o — +
ILMMn = tﬂ ‘M'n + OJ"['" "{' LM Ma @ (6 - 3)

The semiclassical limit (6.1) can be most easily obtained from
the DWBA expression by using the partial wave expansion (4.71)
with the semiquantal prescription for the radial integrals.

The sum over the partial waves is approximated by an integral
where the spherical harmonics and the Clebsch-Gordan coefficients
are replaced by their asymptotic values corresponding to large
values of the angular momentum. This integral is then evaluated
by using the saddle point approximation. (For a detailed des-

cription of this procedure we refer the reader to the literature

[74, 04, 111]).

The semiclassical expression (6.1) can be derived also by using

a wave packet description of the process. As was shown by

Broglia and Winther [112] these wave packets then move on a mean
classical orbit, averaged over the initial and final trajectories,

where the eccentricity g is connected with the scattering angle
of the proton by
Ao sne
e = Sin >

(6.4)

Finally, the symmetrized Rutherford scattering amplitude

in (6.1) is given by
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fc(ep) = —9‘7: g exp {Zt(oa(q)-c-r)l.oge)} . (6.5)

Transforming expression (6.1) from the focal coordinate system
to the incident beam coordinate system we immediately obtain
for the differential cross section :

_d%e %3 dfioMa G 0P L[
‘*(u)#-#ﬁ—w% q{dlmlm

dQ-P d.Q.n dEn

5 @) Y, (E0) (3 F ) o
inmn m )
.ILﬂm (Ez ?, %I/g) ,

This expression can be further simplified by introducing a

rotation

Yy (o, ) % Yo (0n, E-8) iy (B)

(6.7)
with _
(oS = — SinOn sind
Sl‘no(cas(s= Cas Bn , Snol anﬁ = $m©bn Co&§ (6.8)
Using eq. (6.7) we get =
Lo__ .y (5) dipems ge Al IRF
Jo . Jdo AF. 173
OUZdendEn Q"an 94 . (6.9)
‘ ' _ }
D 1 Ym0 Yo (£ ) TumE 5,829
ln Mmn

This is our final result describing the break-up of the deuteron

in the semiclassical approximation. We note that the semiclas-

sical description only refers to the charged particles in the

entrance and exit channels, while the neutron in the continuum

is still treated quantally.
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Before applying the semiclassical method to experimental data

it should be clarified whether or not it gives an accurate des-
cription of the reaction as compared to the exact quantal treat-
ment described above. In ref. [113] it was shown that indeed

the agreement between the semiclassical and quantal expressions

is surprisingly good. As an example we show in fig. 20 the de-
viation E(G,%)g”g/q> of the semiclassical cross section

from the quantum-mechanical break-up cross section as a function
of the Coulomb parameter Tl for several values of Q . In gene-
ral, the difference between both methods is less than 1§2%. The
dependence of this difference on the other parameters is rather
small as was shown in ref. [113] . At a first glance this may
seem surprising, because e.g. the relative change of mass during
the reaction is %’ =% and not, as had to be assumed in ref. [112]
much smaller than 1. But since the relative changes of the other
parameters (E and L) are also quite noticeable, all these effects
may roughly compensate so that the notion of an averaged trajec-
tory is still essentially correct. Moreover, if such a mean clas-
sical orbit is not a good approximation, i.e. if the errors of

the semiclassical description may be large, the cross section is

very small and therefore the large errors in the semiclassical

treatment become difficult to observe.

More formally, the high accuracy of the semiclassical method
for break-up reactions can be well understood by applying the

"redistribution theorem" of Breit and Daitch [114] . This theorem

states that the quantity T= is a measure for the accuracy of

S|io

the semiclassical '
method. Although q in our case is only about 5,
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the parameter Q connected with the neutron energy in the
continuum is rather small at the maximum cross section where

En®0. Therefore, T is also small and the semiclassical
approximation works well (for further details see ref. [lli] ).
Indeed, a recalculation of the coincidence cross sections shown
in figs. 7 - 10, using the semiclassical model, gives practi-
cally the same results as the quantal treatment (cf. ref.[il3] ).
The accuracy of the semiclassical treatment becomes even better
if integrated cross sections are considered. This is shown e.g.
in fig. 21 for the model calculation.zpePb(dvpﬂ)xm?b)where the
neutron is not observed. For this case we obtain from eq. (6.9)
by integrating over Gn}@:

0y (Z) Bapem Qe 2RI
d2pdEn (%) Q*Gn G4

Z | Y., E0)TmE5s S z.

inwn
This very simple expression allows a fast calculation of this

(6.10)

cross section and those obtained from (6.10) by integrating

over angle or energy. In figs. 22 - 25 we have shown some exam-

ples for such model calculations. A quantal treatment of these

cross sections - leading practically to the same results -

needs much more computing time.

We applied our semiclassical model only to the sub-Coulomb

energy region. Above the Coulomb barrier the well-known dif-

ficulties of describing the imaginary part of the optical po-

tential classically may destroy the simplicity and accuracy

of the semiclassical approximation.
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Beside the numerical advantages of the semiclassical method, it
gives us a simple classical picture of the breék-up reaction :
the charged particles are moving on classical orbits while the

neutron is "radiated off" along the trajectory. This classical
idea is also in good qualitative agreement with the conclusions
which can be drawn from fig. 24 : from the most probable proton
(neutron) energy E?*(Eﬁ*)one can determine a "break-up radius"

according to rather crude classical arguments, based on energy

considerations, given in ref. Lls] as

.’R - ze’ (6.11)
B —1 A L] -
Ea-Ba-2E¥

This should be approximately equal to the average classical tur-
ning point

Ret = Qe (1t€) . (6.12)

Indeed, for Ed = 9 MeV we find with E3¢=10.75 MeV, that

Rex 22 fm= Roy > 18 fm.

7. Stripping into the Continuum

—————--——-——-.-—-————-——-——.--

The theory of deuteron break-up developed above lends itself in

a natural way to a treatment of stripping reactions into the con-

i
tinuum (unbound states). 1Indeed, such Processes are in most ca-

sés practically the same asabreak-up reaction, the presence of

an unbound state or a resonance can straightforwardly be accounted
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for. According to Wigner [115] » the rapid variation with
energy in the phase shift of the neutron target scattering
corresponds to a time delay, i.e. an intermediate state

B= (n*")res is formed for a certain time.

As discussed above we mean by a stripping reaction into the

continuum the process

d+R — p+ an\\r+ha‘n3 , (7.1)

where the decay modes of the subsystem B=RA+n are not detec-
ted. We require that the energy of the system B is above the

threshold for neutron emission*).

Since only particle p is detected, we have to sum over all
decay channels of B . This corresponds to the type of "inclu-

sive reactions" well-known in high energy physics.

Here, we are especially interested in the direct reaction me-
chanism, where the wave function of the transferred particle
with respect to the target nucleus plays the key role. In bound

state stripping this essentially means that all the many body

aspects of the process are hidden in the phenomenologically

*) Below that threshold, the usual DWBA formalism [@] applies.

Of course, even in this case of stripping to a bound state, the

system can still be unstable with respect to emission of other

particles than the transferred one, but this is considered
irrelevant for the usual DWBA formali
is unstable with respect to decay

with respect to decay into

sm (e.g. the reaction

7Li(d,n) 8Be, where 8Be
into two K -particles, but stable
p +/Li ).
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introduced spectroscopic factors which are determined in prac-
tice by fitting a theoretical angular distribution to experi-
ment. In the case of stripping to unbound states the relevant
quantity will be the phase shift of neutron-target elastic

scattering, which has a direct physical meaning (see also

ref. [116] ).

Let us first consider explicitly the case wherethe only open
decay channel of B is back to A (groundstate) + n . Already
there most of the important features can be observed. In this
case we can immediately apply our formalism of d-break-up

where we assumed A to be inert. The result for the cross section
in the general multichannel case is proportional to I, , the
neutron partial width of that resonance, as was shown in ref. [116].
It does not depend on the fact that B may decay into channels
other than A+n. In this chapter we want to discuss important
limiting cases of the break-up amplitude.

Starting from the formula for the cross section of the kine-

matically complete process A+d-»A+p+n we obtain the cross

- N —
section 40/ 0.2pdEn  for the inclusive type of reaction

A+d —> p+ anything by integrating over the angle of the unob-

served neutron, since there are no other channels present in

this model. To avoid further complications we introduce the

zero~range approximation for the moment and assume that the

radial neutron wave function (3.14) depends only on jn and (n



- 77 -

We have
—-Q:—d2 = Sdﬂn d36
dﬂPdEn OLQPd.QndEn
(7.2)
- gdggm, %0 2 Jg+1 1 ' 2
FEw) gd 2t m"JlmzliMJ""‘"", )
with
e WY L oY (Y
MJ,,L,,,,M jd rX%.P( I;Mn(r)Y,m(r)’qu(r). -

The radial part of the radial neutron wave function is denoted

again by £htn(ﬂ . Here we find it convenient to divide

it into three parts :
Hm () = B(Ra-D U, M
* Q(Y‘Pn){jm(an) + nln ﬁﬂ (Qnr)}

(7.4)

where 1Qn denotes the distance for which the nuclear potential

has become negligibly small. The first term denotes the wave

function inside the nuclear potential (see below). The second

term denotes the free wave, the third term is the scattered

wave which depends only on the phase shift of the neutron-

nucleus elastic scattering. According to this decomposition

we split the T-matrix into three parts :

< . (o]
qu.cnm,. = Njnlu'm" T Mwm” Jintn an i (7.5)

Naturally, in general all three terms will be present, but it

is interesting to examine qualitatively various limiting cases,

where one or the other term is dominant.
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-—————————_———————-———————-————— - - —— Y T G ——

In the case of sub-Coulomb transfer reactions or heavy ion
transfer reactions generally characterized by strong absorption
the extreme smallness of the distorted waves in the nuclear in-
terior makes the contribution due to M j:lnmn small. Therefore,
we can neglect it and we are left with a discussion of the
second and the third term, which depends only on the model-=

independent phase shifts.

The relative importance of Mf,.m,, and M:,.m.. given by the quantity

V‘ln'm“ M\MMu

Mlmmu
r-values which contribute most to the distorted wave matrix ele-

, will depend on the ratio of J'l and l«?;)“ for those
Azl

ment and on the "degree of distortion" of the initial and final
+ ©
state scattering wave functions x and X,;* .* In the plane
wave limit, it is easy to see that Mt,.m.,= 0 (for Ry, = 0) because
r=e -~ - .
%+ Gpt 9n » which follows from energy and momentum con-
servation. Therefore, we have :
[ Gy T
0 r
M. = \d ¢ ™" ; Y
by g € J‘n(an) lmwm, (Y)

o0

= If'lt. L YLn'WIa (é\'dp) gdl" VZJ.L”(qur)J“m(?"r) =0

(7.6)

where - (7.7)

- —»
Gap = % .
Despite its unphysical features it seems instructive to study
the case of pure Coulomb distortion. The charge Z of the

target nucleus measures the"degree of distortion". Treatingonly

* ,
) Note that in the case of a resonance, the phase shift

oe % i
goes through */2 , therefore Ouin  is of order unity in the

region of a resonance.
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the case Lly= my=0 we can use the analytical formula eq. (4.60)

which leads to

(o]

Voor [ e

00

- i'_i‘y _ |§
2'4 e l = |S“2I) (7.8)

with ¥ defined in eq. (4.69).

In fig. 26 the ratio \/oo is given for Ed = 10 MeV and 12,5 Mev,
respectively, as a function of Z for various values of En .

Voo is zero for Z = O and increases with Z , later on it os-
cillates. It is expected that for other values of l, the zeroes
of \/imm”1 lie at different values of Z . Of course, in realistic
cases, nuclear distortion has to be taken into account and in
general the ratio Vthmn shows a kind of "penetration behaviour" :

for large values of X= q,..r it will tend to unity, whereas for
X« 1 we have the expansion
. m in+1 2w +1

im&) o X x F— RSN x .
Nw®)  Qin+)! Qin-4)* Qin-4)Y (2Lt (7.9)

From this it follows that for small values of x (corresponding

+
to low neutron energy) and large values of bns ML“.,,," is com-

-
pletely dominant over M(,“-mw . Therefore, the scattered term

dominates, and we have for the partial cross section :

df- . ‘ 2
L i, 2 M)
My

dRe ok, (7.10)
~ Ot Z } MI::Mn lz
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This formula exhibits the "parallelism" of the (d,p) cross
section with total neutron elastic scattering, as was first
observed by Fuchs et al. [34, 35] in the reaction 15N(d,p)
(unbound) . Later on this parallelism was tested by Huby et al.
DJJ, 118] for the reaction 12C(d,p)13c (unbound) . Analyzing
experimental data of Darden et al. [58] they found that relation

(7.10) is indeed very well fulfilled.

It is very interesting to note that high ln-values are weighted
more in a stripping reaction as compared to elastic neutron
scattering. This is easy to understand physically, because the
neutron is transported through the centrifugal barrier by the
deuteron with high energy. This fact can be expressed by intro-

ducing the "stripping enhancement factor" L37] in eq. (7.10):

d,zﬁ'l‘ngn = ( n

dSlpdEn Ojotn W ) (7.11)
with

ERTERIE - Rl DAL DR,

To get a qualitative feeling for the behaviour of this stripping

enhancement factor we may express it analytically after intro-

ducin lane @ by
g p waves for 5(’4 ’ X-gsr and the "Butler cut-off

+
radius" R, in Pﬁmm“ to simulate the nuclear distortions :

X3 X @ = oG-rye

) (7.13)
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This leads to

T hrdi 2 3, 2 + 2
+Ln(qﬂ; Qd,?(o) = %_"#52%‘3 % Qn mnDD !I;n (qulq"jP°)] , (7.14)
with -
—£&i -
I« Ro) = lim Sdr e ¥ (qa")ﬁ;‘:( o)
bn qu) q"/ ° crot 3 Jhn P ?'
Ro . + \ (7.15)
= ?_}2:&(;; (O((,a (t:u(Q"%)Jg: (QPd’Po)‘ QnHL:,/("?‘nf‘\)o) J ty,(?pdp")).
(g
Furthermore, we can write
Ir=I8 4 oI (7.16)

)
where Jlﬂ and JIZ denote the real and imaginary part of
]l+ (corresponding to a Bessel- and Neumann-function in

n

the integrand).

It is well known from the Butler theory for stripping reactions to
bound states that the cut-off radius R, has to be taken larger
than the nuclear radius and may be Ln-dependent. Applying this

. 15 16
model to resonances in the reactions N(d,p) N (unbound) and

24Mg(d,p)st (unbound) leads - although it is surely very crude -
to a surprisingly good agreement between theory and experiment,

as can be seen in figs. 27 and 28. In these two figures the in-

© i . or-
fluence of the matrix element Ph“m" is also included. Accor
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ding to the discussion at the beginning of this chapte
this should be most important for low L,, -values and low
neutron energies. Naturally this correction term depends on
the background phase shift 8‘;::“ . For the important case
of 6““‘::": 0 the factor lIJ,,lz in eq. (7.14) has to be re-

J n
placed, in the Butler approximation, where I(’ and I, are
n n
2

n 2 -
real, by | T, '~ ]I/,

n gn
The experimental data of figs. 27 and 28 were taken from
refs. |:119] and [120] respectively, where similar fits are
given. We note that the correction due to My, m, is im-

portant only for the In= 1 case.

While"parallelism" seems to be the rule, exceptions to it
have also been observed (see ref. [35] ). We give three

possible reasons for this.

First, in the case where the spin of "core A" is different from
zZero, a mixture of different J'-,, and |y, values may contribute to

a given resonance. This can easily be seen in the general for-
> -

mila eq. (3.22). There we have Jp=Ja+ jn and }’,,JLT”% which

gives the summation limits of

tity 61 oln 18 weighted with the stripping enhancement factor

jn and (n . Because now the quan-

according to eq. (7.11), the stripping cross section dzo./dJZPdEn

may have a different shape as compared to the total elastic scat-

tering cross section 6:2 O"J
.iﬂ\n

nin »
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As a second reason, there may be interference with the smooth
quantity Ml:nnn leading to a change in the resonance shape
(called spectator effect in ref. [37] ). Again, this special
effect can be qualitatively estimated in the framework of the
"Butler cut-off approximation", as was done in ref. [37] . More
generally, we may write, neglecting the part M wbmm, for the moment :

?EST Z MG 2 M3, M O M ]

(7.17)

The first term gives only rise to a structureless background,
while the two others vary rapidly with energy. To investigate
in more detail the energy behaviour of the resonance line

shape we assume that Sjnlm is real for simplicity's sake and
for the moment we decompose ,:,m" - in analogy to eq. (7.16) -

in *

. M‘"
M‘m'ﬂ'n ln‘mn T inmn (7.18)

Then we can write

Z l Cos 6‘“&” M(«wmn S(YI J"l" lnY"n

d.Q‘.) d Eﬂ Mn

2

(7.19)

From this we get, omitting the structureless background term :

z H .
dd O~ Wy, sin 28 $in* &1 ) (7.20)
20 dk
£ n

L .=: °
*) Of course, M{“m,. = 1 l,mn
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where
R{Z Mo Mamd}
2 M M 0.2

™Mn

th

X v 2 2L,
The term thﬁnQdadﬂ changes the "on-shell' form SV"‘th: of
the resonance in a characteristic way. We assume the following

one-level Breit-Wigner formula for the resonance phase shift :

(0) . [
S = &, + acton ——
Jﬂtﬂ J""Y' J(E,R—En) (7-22)

where I,)-'::\n and ER denote the width and the position of the re-

()
sonance and the background phase shift is given by Ojuin - Then

we may write :

d’c: 4 2 (. @ " ® i |2
de’d-En ~ 41"52' 3 Z ‘ SQW&J’""" M"’"m"~CO‘ Untv Ln'ﬂn\

Mn

(%) n
+ CoSQjutn Ml“m")

© \ X/ 0O .
+ 3 '(J \R& mz ( Sin j(::,Mam"wﬂg:,.:,Mfm) (S‘“ gjun Mlim..
n

(7.23)
. © J (©) " 2
TZ l Sin Jntn Man""- (’e’ssjnln Mln‘rﬂn, }
Mn /
with
gz lgEn"E‘R)
r.'.‘m ) (7.24)

showing in more detail the energy behaviour of the resonance

line shape.

It is interesting to compare this energy behaviour with a for-

mula given by Fano. In ref. lei} he treats the interference

of a discrete autoionized state with the continuum. This

gives rise to characteristically asymmetric peaks in the ex-
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citation spectra of inelastic electron scattering on atoms;
they can be parametrized in the following simple form (cf.
ref.[lZl, eq. 21] ) ¢

_d's, (gey)

do de A+y* (7.25)
where 9, can be regarded as a real constant in the energy
region of interest. Generally , this simple form does not hold
in continuum stripping but has to be replaced by a slightly
more complicated expression. Using Cauchy's inequality, it
is easy to show that the energy behaviour of the resonance

line shape given by eq. (7.23) can be parametrized as *

—de _1{'+219_lcos‘,0lj + 1gl* _ lg+3|" 7 26
d,SlPd,En /,.Hdz 44.31 ) (7.26)

i.e. the real quantity 9 in eq. (7.25) has to be replaced by

the complex quantity 9:.— 'Q‘ e‘so , which can be easily found by

comparing eq. (7.26) with eq. (7.23). In the special case of

the Butler approximation, we have ¥=0, i.e. the Fano formula

eq. (7.25) applies.

The third reason for the change of the resonance line shape

< ss
may be that M i Ln cannot be neglected. In order to discu

*) We note that the general form (7.26) can also be achieved

in the more complicated "model-dependent case" (see below) .
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this term, a good knowledge of the optical model wave func-
tions in the initial and final channel and the neutron reso-
nance wave function is needed. The problem of choosing reliable
optical model wave functions is the same as in bound state
transfer reactions or in the direct break-up reaction above

the Coulomb barrier (see above), so we discuss here only the

choice of the resonance wave function.

Various different models can be applied to determine wave
functions near a resonance. One method would be the real
Weinberg formalism, as has been discussed by Cole et al, [122]
They compare,in a suitable interaction model, their solution
with the exact solution, i.e. that of a coupled channel method.
This method will now be described in some detail., The radial
wave function J:h&ﬁ) defined in eqg. (3.14)* is then ex-

plicitly determined by the following system of radial equations

{123]
2 'Sif = Lyltnrd) 3
(2 (S e

(7.27)
= Z nMJ)Jn an ){ / l)(r)

.jul wl

. . . 3
where the single particle potentials V&Mﬁxk) and the coupling

potentials V ' ,,(r)

inind), PR are determined by the specific

*)
Assuming for simplicity's sake that (hsb'tﬂ’t" and that

ﬁhﬂm depends only on J=J4. an additional index A is

introduced to distinguish different channels with the same

angular momentum quantum numbers
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microscopic model chosen. Let us assume that the resonance is due
to a "bound state embedded in the continuum" (BSEC) (cf. ref. f124]L
In a simple two—channel model (one closed channel, corresponding to
the BSEC (A=1) and one open channel (A=2)) the coupled egs. (7.27)
can be conveniently written in matrix-form:

¥ <g_’ iy amo)(h ), <m<r>-e+eo-gn Vaa(r) >(£« )

ape N A Voulr)  M-E/\B/ .28
where later on Aﬂﬁﬂ has to be identified with the radial wave
function 4%ilm « The energy Eoc is a constant chosen es-
sentially to shift the resonance to the desired position and

£ is a bound state eigenvalue in the potential V4(r) . Since
the specific form in which the BSEC is coupled to the conti-
nuum is in general poorly known, we investigate two extreme
cases for such a coupling. This will give us a feeling of the
freedom which one has in the choice of the resonance wave func-

tion. So we assume real square well potentials for \k(ﬂ :

Vi(p) = - ©(Ro-1 Vi , =12, (7.29)

For the coupling potential we take an extreme "surface" type

of coupling ("model SC"), defined by
Viz ()= Vaulr) = C1- 8(r-Ro) (7.30)

and, on the other hand, a "volume" type of coupling ("model VC"),

i.e.

Vip (0 = Var () = Ca ©(Romr) (7.31)

ese coupled channel models in closed

It is possible to solve th
[125, 126] . In the

form. The details are worked out in refs.
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case of "model SC" the result can be described in very simple
terms. While the S-matrix elements for the asymptotic part

of £&L" are easily found by the matching condition at r = RO,
the resonance wave function for r { RO can be factorized to a

very good approximation in the following way :
Lo (Enj1) = a(En) Yjuin () - (7.32)

The energy dependence of the resonance wave function is de-
termined by
— { Inlw
l J‘ﬂ'n €
a(En) = - (7.33)
" ) - 2 -y 2
\FP;“ (‘f(En“t‘R) f‘jnln)

where q%n is the usual penetrability factor, and the shape of

the wave function is essentially given by

UJ;tln (v) = M . (7.34)

Jin (Kn’Ro)

Here Ky, 1is the wave number in the nuclear interiqr, eq. (4.50),
which is approximately constant over the resonance energy re-
gion., We can see that the wave function becomes largest for
En = E®, therefore, the contribution of }%ﬁm"h tends to make
the resonance line shape symmetric even if the background

©)
phase shift 3Lma is different from zero,

As an example we consider again the reaction 15N(d,p)lGN(unbound)
which was measured at E, = 12 MeV by Fuchs et al, [34, 35] .

We are especially interested in the behaviour of the resonance
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line shape at E, = 3,454 MeV., The corresponding elastic

scattering shows a resonance line shape which corresponds

to a background phase shift of 3un” —-% . This asymmetric

line shape becomes symmetric in the (d,p)-spectrum if the

stripping angle is increased from 9P= 7,5° to QP = 30°,

This can be seen in fig. 29, where also a comparison with

our model calculations ("model SC") is given, The difference
between the different model calculations can be seen in fig.30,
where "model SC" is compared with "model VC"., Note that both
models give rise to the same phase shifts. As a third curve,

the "cut-off model" is shown, where the contributions arising

from the term Fﬁénﬁm are entirely neglected. This example

may serve to show what kinds of conclusions can be drawn

from the study of resonance line shapes. However, it should

be noted, that for a careful analysis the zero-range approxi-

mation used here, should be refined in order to take finite-

range effects into account. This can of course be done, e.g.

in the manner discussed in chapters 4.2 and 4.3.

We define the cross section of stripping to an unbound state

by an integral of Cff?&;z?den over the energy interval of

the resonance considered. The smooth background should be

. I3 Iy . l.
subtracted, This is schematically illustrated in fig. 3
Here we assume that we deal with non-overlapping resonances.

verlapping resonances we refer the reader

[116] and Rufner and

(For the case of o

to the papers of Vincent and Fortune

Sevgen [i27]) Again,we assume the Breit-Wigner resonance
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formula (eq. 7.22). The "model-independent case" becomes
simple, since the phase 8“L"(En) is the only rapidly va-
rying function in the energy interval over the resonance.
Therefore, we can easily carry out the integration over

the energy. For the resonant partial wave we have

d 6; ! g ( d*6; jrin d’s Tty (110N~ resonant ) )
———Jr—n = dE - T
dslp " \ depdEn olszp dEn
2
~ A © tE g? %ﬂY’ln |n1u 2:]3‘1’4 bo
o -2-‘-00526,‘“ C?Itt") .h‘l 2Jﬁ1’4 th""f (7'35)

: %_‘Mtnmn r

where the smooth part due to the background phase shift

has also been substracted. Hereby we have used that

ER+ Ag +00
- S w) - . . .
dEy. ( Slle SJ"("‘ Sin S‘j"(") >~ -(fn:n (s.nzé]u(,,‘ Siv JJnln)
Ex- A —0o (7.36)
T (o)
= Z rJ"n‘-vl CDSZ Snln )

where we have assumed that the width r}"‘m is much smaller

than the integration interval 2AE”. Note

doj
that b‘"AQ_ defined in eq. (7.35) can also become nega-

o) —
tive, e.g. in the case of a background phase shift SQ”L" X

where the resonance manifests itself as a dip in the spec-
trum, Of course, at the point where 6“‘"% is zero, some

correction due to the non-vanishing contribution of ML:m,,

should be applied. This can easily be done in the manner

described above,

*) Of course, it is very easy to generalize eq. (7.36)
to the case, where r’ ~ AE
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In stripping reactions to unbound states, described by

eqg, (7.35), it is in principle not necessary to introduce

the concept of a spectroscopic factor, However, in order

to have a convenient measure of the ®single particle strength"

of an unbound state, a spectroscopic factor 3’ may be defined

by [1231 JR: G;m'/ v , where ﬂ: denotes the single
2
particle width which is defined by [l4= 211"Kd: and 5@

is the Wigner limit,

Although eq. (7.35) can be calculated by existing DWBA-codes
and using the integration technique of Vincent and Fortune,
a semiclassical treatment of the reaction may again lead to

a deeper physical insight. In the sub-Coulomb energy region

eq. (6.10) leads immediately to :

2 Jhatd
A 3z gy (3] Steme o (EE 0 B

2
f 2 (7.37)

Z(Ym O, mile 5,580 .

Due to our sub-Coulomb condition we have replaced the zero-

2 2 A _
range constant 3}; by the form factor Do(qn)/Q% o The sim

ple semiclassical expression (7.37) shows the great similarity

between stripping reactions to unbound states and to bound

states, All the kinematical relations valid in the latter

case are also valid in stripping reactions to unbound states

[ilO] . As an example, we have given in fig. 38 some model

208 09
calculations for the reaction Pb(d,p) Pb (unbound) to

show the strong Q-value dependence well known from bound

In this case we have chosen Ln = 2 and

stripping [;Zé]
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‘iﬂn= 1 keV. More important is the above mentioned
Lh-enhancement in unbound stripping reactions which can be
seen directly in figs. 33 and 34. There we have chosen q;h1=
constant = 1 keV to show this enhancement more clearly. We
emphasize that this choice means that the corresponding re-
duced widths Xﬁﬂn depend on lnx according to the relation
Gﬁm=2ih.&ah. The neutron penetrability q{n behaves like
(ann)mm/(ﬁln—ﬂ!! for low neutron energies and since this fac-
tor is approximately cancelled by the term originating from
the Hankel function, all [,-values are weighted similarly.
This is not so for neutron scattering and therefore stripping

reactions to unbound states should be well suited for the

study of resonances with large |n-values.

Of course, at higher energies of the deuteron again "model-~-

dependent" contributions from the nuclear interior will show

20

up. As an example we have calculated the reaction 8Pb(d,p)

209Pb(unbound) at Eg = 12 MevV and have made a comparison with
the experimental results of Ellegard et al. [130] . The op-
tical potentials chosen are again those of ref, [Bi] « For
the description of the resonance wave function we choose a
BSEC with the two extreme coupling potentials described above
(for further details see ref, [125] ). As can be seen in

fig. 35, some small effects of the nuclear interior show up

but they are rather insensitive to the specific coupling po-

tentials. (Note in this context that in the direct break-up

process at this energy the nuclear interior can safely be neg-

lected since it is not enhanced by a resonance behaviour of the

wave functions), The shape of the angular distribution turns
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out to be quite insensitive to the &f and the |y value of the
resonance, the value of ﬁ;h, determines the absolute value of
the cross section. In fig. 35 we have chosen J,= 3, lu=%
and Eiln = lleV. Going to energies higher than 12 MeV the
contributions from the interior will become larger, allowing

possibly some more specific statements about the resonance

wave function,

8. Comparison and Connection of Various Theories on Continuum

Stripping

Numerous papers have appeared on continuum stripping during
the last few years. All these papers may be conveniently

divided into two categories :

(i) The unbound state is treated as a continuum scattering state.
(ii) Some kind of "wave function for an unbound state" is defined
which has properties similar to a bound state wave function.

This wave function is then usually introduced into the DWBA
matrix element.

Theories of category (ii) may be more directly related to the
corresponding bound state stripping; they are, however, special

cases in the more general type of theories in category (1),

which we will mainly discuss here. Before doing this, let us

briefly describe some work of group (ii) which shows very in-

teresting mathematical aspects. Zel'dovich [i3i] showed how

to introduce a suitable normalization of an exponentially de-

caying state described by a wave functhmm?ﬂn by performing
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the following limit

2 -E&f

Lim 50"’ ¢ Xee - (8.1)

£->0+
This idea has been used by Berggren [132] who has shown that
norms can be introduced for Gamov states such that many analo-
guous mathematical properties are shared by bound states and
complex-energy eigenstates. This method was applied by Bang
and Zymanyi [451 to stripping to unbound states. They treat
the reaction 2°%pb(d,p) 29%pb(unbound) as an example. This
approach was further pursued by Coker 1}4] who analyzed the

36,38 37,39

reaction Ar(d,p) leading to neutron resonances in Ar.

Another approach was described by Schlessinger and Payne [49]
who use a resonant wave function which was introduced by Coester
and Schlessinger [133] . This function is square integrable

and is an exponentially decreasing function of v+ outside the
range of the potential. Thus, this method may be used in exi-
sting DWBA codes simply by replacing the bound state wave func-
tionby a wave function which has to be constructed in a some-
what unconventional way. The authors calculate the cross sec-
tion for the 160(d,p)l70(unbound) transfer reaction to the re-

17
sonant 5.08 MeV state of O. Their results agree to order

rv@ig with other methods.

Practically all the work in category (i) is based on the post-
form of the DWBA originally given by Huby and Mines [38] o

Working directly in configuration space has become convenient
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since the introduction of the complex integration method by
Vincent and Fortune [Aé] . Thus, all these approaches are
similar in spirit, they only differ in their emphasis of
certain properties of the wave function of the transferred

particle,

Cole, Huby and Liu [122] calculate the contributions from the
interior region; they introduce the Weinberg method to con-
struct the wave function for the resonant state,while Barz et al.
[?2€luse the coupled channel formalism, In principle, all

kinds of microscopic reaction theories could be used to com-
pute the wave function of the resonant state. The drawback

of such an approach could be the model dependence and, from a
practical point of view, the fact that most of the resonances
occurring in real nuclei are too complicated to be described

in that way (for example, 06 —unstable states would require a

theoretical treatment where 4 nucleons are in the continuum).

The introduction of the "on-shell" or "peripheral" approximation

[?8,37,116,1Hﬂ simplifies the whole problem considerably and

makes it model independent. The only "input” is the phase shift

of the elastic scattering of the transferred particle on the

target nucleus. Furthermore, the most important features are

reproduced. Of course, this method would fail if the contri-

butions from the interior are very important. However, in the
particularly "clean” situations of sub-Coulomb or heavy ion-
transfer the conditions for this approximation are very well

n used
fulfilled. The "peripheral” approximation has also bee
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implicitly by Sharaf [54] who constructs a diffraction

model and obtains analytical expressions for the distorted
wave integrals. He obtains good agreement with experimental
data for the reaction 92Mo(3He,d)93Tc leading to various un-
bound states. The agreement is not quite as good for the
lGO(d'p)l705,08MeV reaction, probably, according to the author,
because the deuteron or especially the proton are not strongly

absorbing particles.

Another approach is considered by Bunakov [45—45] who used

wave functions of the (A+n) state for real energies and adopted
Schrédinger's equation to transform to the prior form the part
of the integral in which the particle n is beyond the nuclear
force range. As a result of this transformation a surface

term arises. This term is considered in Bunakov's treatment

as giving the dominant contribution.

In an attempt to circumvent the convergence problem of the
post~form DWBA, Noble [ﬁ3] advocated a momentum space approach.
The distorted waves are written in momentum space in terms of

the off-shell two body scattering amplitudes in the following
way

- — -
LRYNT(Eerie)lR >

Y—g (R) = SCk-R") +

Thus the usual zero-range DWBA expression can be rewritten as

- )

I . dshAd%kz LT % @ > -
{ SS Y_{qr (ka)qu“ (hz)%d(hrrhz) . (8.3)
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Inserting (8.2) one obtains seven terms (ignoring the vani-
shing 8 -function term) which contain no divergent integrals
but merely Cauchy singularities, which are straightforward

to handle numerically, according to the author. However,

this method has so far not been applied in practice, It seems
to be more cumbersome than a direct evaluation of the matrix
element in y -space, especially when the Vincent and Fortune
integration method is used. An approach similar in some respect
to the one in ref. [ 53] was given by Lipperheide [50] who
started directly from a graph technique*. In the plane-wave
Born approximation, a relation of the stripping cross section
to the imaginary part of the off-energy shell forward amplitude
for elastic scattering on the target nucleus is established,
using the off-energy-shell optical theorem. This clarifies in

a nice way the relation between transfer into the continuum
and elastic scattering, and is intuitively very appealing. How-
ever, it is not clear whether these off-shell amplitudes can
really be extracted unambiguously from a comparison with the
experimental data. A method to calculate these off-shell matrix

elements in the frame of R-matrix theory has been given in refs.

[51,52]. E.g. in the plane wave limit given by

P ()= S0g) e YpRo=SE-R), e

the cross section can be expressed in terms'of the "half

*) The graph technique has also been used by Dolinsky and
coworkers [}5—5?] in their peripheral treatment of stripping

reactions to unbound states.
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g fnd — g
off-shell matrix element defined by < 94-Ge [ TEWI Gn e
as can be directly seen from egs. (8.2) and (8.3). However,

switching on the distortion makes this simple relation invalid.

9. Conclusion and Outlook

We have presented here essentially the DWBA expression for the
break-up of the deuteron in the post form. A comparison of
this theory with experiment, especially in the sub-Coulomb
energy region, where the test is most meaningful, shows very
good agreement. This gives us confidence in extending the
theory to stripping reactions to unbound states., Features
like the “Ln-enhancement" and the "parallelism" are now well
established; the observation of resonance line shapes is a
potential tool for the investigation of resonance wave func-

tions. This will necessitate more detailed experimental and

theoretical studies,

Especially interesting is the application of the general for-
malism to projectiles other than the deuteron [ﬁ34] . As far
as neutron transfer is concerned, it is necessary to have pro-
jectiles with low neutron binding energy because of Q-value
requirements,. 9Be will therefore be a favourable candiate.
However, in general, the kinematic effects are expected to be
the same as in deuteron induced reactions. Charged particle

transfer reactions, on the other hand, often have negative
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"optimal Q-values" [129]  which favours transfer to unbound
states [135, l3é] « The theoretical description of these
processes is important and can be given in this framework.'
Naturally, the transferred particle should be transferred
"as a lump", whereas many additional complications will arise

if unstable systems, like two protons, are transferred.
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Figure Captions

Comparison of a full DWBA calculation for the deuteron
break-up on 208Pb at Ed = 17 MeV and Ep = 11 MeV with the
experimental results of ref. [18] . The cross section is

shown as a function of the neutron angle Op (for fixed 6= 400) .

The effect of finite-range is shown separately.

The function G(R) eq. (4.37) is shown for the break-up reac-
tion on Au for Ed = 12MeV, Ep = 8 MeV and E&n = 20° for dif-

ferent proton angles. (Note the scale !).

Same as in figqg. 3 but for Ed = 18 MeV and Ep = 13 MeV.

----- Liy
The exact and approximate radial form factors ZJ-"“ (r) eqgs. (4.51,

4.52) are shown for E = 0,5 MeV and L =L, =lp = 0. The real

and imaginary parts are given separately.



Comparison of the exact and the semiclassical radial in-
tegrals (cf. eq.(4.91) ). The real and imaginary parts are

given separately.

Energy dependence of the break-up reaction on Au . The
differential cross section d‘zo-/dflp d 2n for two neutron-
proton angle combinations is shown as a function of the deu-
teron energy. In dashed lines, the predictions for pure
Coulomb break—-up are given, and in the dot-dashed curve the
m- Bu interaction is included. The solid line includes also
the nuclear deuteron-target and proton-tat@&EX2SFHE experimen-

tal points are taken from ref. [26] .

Proton-neutron angular correlation for the break-up reaction

on Au at E4 = 10e5 MeV as a function of the proton angle ©p

(for fixed ©n = 40°).

Fig. 9
Comparison of our calculation for the deuteron break-up coinci-
dence cross section on Au at Eyg = 12 MeV with the experimental

results of ref. [24] « A coplanar geometry was used and the

neutron and proton angles are ©p = 20° and Ep = 50°,

The same as in fig. 9 but for On= 20° ang Gp = -60°.



- III -

The dependence of the break-up cross section on the optical

model parameters for the neutron-target interaction.

197Au and 208Pb at E g

The deuteron break-up on 9 Mev, ;= 40°,

The "polarization integral" I%(Gh) eq. (5.14) and its appro-
ximate value eq. (5.16) is shown as a function of the recoil

momentum Qr .

The deviation between the coincidence cross section which
includes the polarization effect and the one which neglects
this effect is shown as a function of E, for different pro-
‘ton angles. The neutron angles are &, = 20° and 6, = 110°

resp.;Ed,= 9,5 MeV.

The deviation between the pure Coulomb break-up cross section
and the cross section which includes the polarization effect
as a function of the recoil momentum (parametrized by tv).
The neutron energy is 0,5 MeV; Eq = 9,5 MeV and 11 MeV, resp..
The neutron angles are 6y = 20° and &, = 800, resp.. The pos-

sible range of t, is indicated in the figure.



The ratio tq?-/(q,ﬁ flo) 1is shown as a function of Qgn for two

different D-state probabilities PD (3) and three different hard-

core radii.

- U - -

Calculation of the deuteron break-up coincidence cross section

on 208Pb. The "pure Coulomb” term is shown in a dashed line,

whereas the full line was calculated according to eq. (5.34).
The compound nucleus contribution is shown separately in a

dotted line.

Comparison of our calculations with the data of ref. [18] .

The same drawing conventions as in fig. 18 have been used.

- o )
he deviation E(9,§’{3,g’1f2) between semiclassical and the

£ . .
quantal calculations as a function of 4/n1 . The quantity Q¢

has been kept fixed at 7 fm.

The break-up cross section, integrated oveér neutron angles,

for Bp = °
[ 100 as a function of the neutron energy at E4 = 9,5 MeV.

The s i
ame as in fig. 21 as a function of the neutron energy for

different proton angles.



The same as in fig. 21 as a function of the proton angle,

for diffe ®nt neutron enexmies.

The energy spectrum of the emitted protons (neutrons) in the

break-up reaction is presented for some deuteron energies Ed .

208

The total cross section of the break-up reaction on Pb

as a function of the bombarding energy.

The ratio Voo eg. (7.7) is shown as a function of the charge
Z of the target nucleus for different neutron energies. The
energy of the deuteron is E4 = 10 MeV and 12,5 MeV, respec-

tively.

Comparison of the theoretical calculation for the "stripping
enhancement factor" with the experimental results of ref. Lllg]

for the reaction 15N(d,p)lGN (unbound) ,

. 25
The same as in fig. 27 for the reaction 24Mg(d,p) Mg (unbound),

The experimental results are taken from ref, LlZO] .



- VI =~

( noo .
Comparison of the calculations using‘model SC (right-hand side)
for the reaction 15N(d,p)l6N(unbound) with the experimental

results of refs. [34, 35] (left-hand side).

Model calculations for the 15N(d,p)lGN continuum stripping
spectrum. Three different curves are shown, corresponding to
“model vC"(dashed line) ,"model sc” (continuous line) and a cal-

culation with a "cut-off" (dashed-dotted line).

20

A model calculation for 8Pb(d,p)zong(unbound) for several

different Q- values. We have chosen |,= 2 and Eg = 11 Mev.

The dependence of unbound state stripping on the angular mo-

mentum ln. We have assumed that ﬂn= const = 1 keV. We have

20

8
chosen the reaction Pb(d,p)zog(unbound)at Eyg = 11 MeV

and Q = -2,5 MeV,

The same as in fig, 33 but for Q = 3.5 Mev,



- Vi -

Comparison of different model calculations for the reaction

208Pb (d,p)zogpb(unbound) for Eq4 = 12 MeV with the experimen~

tal data of ref, 130 -
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