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Talk Overview

Including isospin breaking effects in lattice calculations

e Reminder of why QCD with Ny =2 or 241 or 2+1+1 is so practical
e Reminder of what Dashen says and its implication on schemes
e Options for treating QCD+QED on the lattice

o Mature calculations: spectroscopy and quark masses

o Conceptual challenges: decay constants and matrix elements

e Summary from FLAG: € = 0.7(3) leads to m,/mg = 0.50(3) [in MS at 2 GeV]
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Setup (1): overall pathway

e QCD with Ny =2 or 241 or 24+1+1 straightforward to simulate via HMC/RHMC.

e Input quantities (My; M, M, ...) must be corrected for isospin breaking, and
correction must account for both QCD (m, #mg) and QED (a>0) sources.

e Systematic treatment initiated by Dashen's theorem (1969) which says:

AZ_:}: — A}Y(i and AZ&'O — A}/(O :0

e FLAG_10/13/16 discuss corrections to Dashen, suggest to use input values
M,P™® = 134.8(3)MeV and Mg"™® = 494.2(4) MeV

for iso-symmetric lattice calculations (error must be propagated).

e Frontier: Treat QCD+QED on the lattice, even though this implies subtle
field-theoretic issues ( f not well defined; mgy/ms is RGIl, m,/ms is not).

This is relevant for attaining per-mille level accuracy (cf. muon g—2, ...).
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Setup (2): light quark mass ratios in ChPT

£2) and higher order Lagrangians contain only Bmq, Bms, which are scheme- and
scale-invariant quantities [RGI]; with myq = (my+mg)/2 [isospin limit] the LO says:

This implies M2, — M?%, = O([my—mg]?) and M., — M7, = B(m,—mgq) < 0 and

KO —
o MZ2F? =32m,, with = —(uu) = —(dd) = —(5s) (lim,,_0) |GOR]
2 M2 M? _ :
o B = 2%; = m8+f§nu = msﬂnd [Weinberg]
o 3M; =4Mj — M; [GellMann Okubo]
Quark mass ratios as determined from phenomenology (no handle at quark masses):
My M Ms/Ma  Ms/Muyg
O(p?) 0.55 20.1 25.9
O(p*) | 0.55+£0.04 18.9+0.8 24.4+1.5
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Setup (3): FLAG notation details

Notation: . means observed/PDG mass, - means QCD part, .” means QED part, and
Mp = Mp+ M7, (splitting not unique) implies A7, = M2 — M2 = 2MpM 7+ O(a?)

e Physical/observed pion mass splitting:

e Express self-energies and mass differences through it:

e In this notation, the self-energies of the charged particles are given by

where € parameterizes violation of Dashen's theorem (“e = 0")

¢ = (A}(i AT~ AT+ Ago) /A,

e Determination of mg,_ s based on the masses of 7%, 70 K+ in QCD is equivalent
to a determination of €_o, €0, €, and hence e. FLAG scans large body of literature
(both lattice and non-lattice) and recommends specific values for €_o, € 50, €, €.
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Setup (4): FLAG suggestions for ¢_o, €50, €, and ¢

FLAG scans large body of literature (both lattice and non-lattice) and recommends
€0 =0.07(7), €x0=0.3(3), €, =0.04(2), € =0.7(3)
which, with naive error propagation, amount to the self-energies

MY, =47(3)MeV, M7 =0.3(3)MeV |, M7, — M7, = 4.4(1) MeV
M), =25(5)MeV, ML, =04(4)MeV , M), — M}, =2.1(1) MeV

and to the pure QCD meson masses

M+ =134.8(3)MeV, M_o=134.6(3)MeV , M.+ — Mo = +0.2(1) MeV
M+ =491.2(5)MeV, Myo = 497.2(4)MeV , Myt — Mpo = —6.1(4) MeV

from which the aforementioned corrected (iso-symmetric) input masses follow as

_ N _ 1 - N
MPYYS = Ny = 134.8(3) MeV , MEMS = \/ (M7 + M7y) = 494.2(4) MeV
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BMW_10 example (1): quark mass computation

1. Choose observables to be “burned”, e.g. M., My, Mq in Ny=2+1 QCD, and get
“polished” experimental values, e.g. M, =134.8(3) MeV, Mg =494.2(4) MeV in
a world without isospin splitting and without electromagnetism [FLAG_10/13/16].

2. For a given bare coupling 3 (yields a) tune bare masses 1/k,4, s such that the ratios
, assume their physical values (in practice: inter-/extrapolation).

3. Read off or determine bare via AWI and convert them (perturba-
tively or non-perturbatively) to the scheme of your choice (e.g. MS at u=3 GeV).

4. Repeat steps 2 and 3 for at least 3 different lattice spacings and extrapolate the
(finite-volume corrected) result to the continuum via Symanzik scaling.

Depending on details, step 3 can be rather demanding [RI/MOM, SF renormalization].
Below, guided tour using plots from BMW-collaboration [arXiv:1011.2403,1011.2711].
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BMW_10 example (2): final result for ratio m/m,gq

In QCD ratios like mgs/m.,q are renormalization group invariant (RGI),
hence step 3 in this list is skipped (detail: we invoke aa and a? scaling).
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Final result mg/m.q = 27.53(20)(08) amounts to 0.78% precision.
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BMW_10 example (3): final results for m, and m,q

Good scaling of m,"} (4 GeV) out to the coarsest lattice (a~0.116 fm):
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Conversion with analytical 4-loop formula at 4 GeV and downwards running in MS:

RI(4 GeV) 3.50377(%)(49) 96.4(Ti)(1.5)
RGI 4.624(63)(64) 127.3(1.5)(1.9)
MS(2GeV) | 3.469(47)(48)  95.5(1.1)(1.5)

RGI/MS results (table 1.9% prec.) need to be augmented by a ~ 1% conversion error.
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BMW_10 example (4): splitting m,, with input from n — 37

The process  — 37 is highly sensitive to QCD isospin breaking (from m, #mg ) but
rather insensitive to QED isospin breaking (from g, # qq), and this is captured in Q.

Rewrite the Leutwyler ellipse in the form

1 _4 (mud>2 Mg — My,
B My myq + My,

Q2

and use the conservative estimate @ = 22.3(8) of [Leutwyler, Chiral Dynamics 09]
together with our result mg/m,q = 27.53(20)(08) to get the asymmetry parameter

Mg — My,

s = 0.381(05)(27)  «— ma/ma = 0.448(06)(29)

from which we then obtain these individual m,,, m4 values:

RI(4 GeV) 2.17(?(7)11)(10) 4.84(73761)(12) 96.4(Ti)(1.5)
RGI 2.86(05)(13) 6.39(09)(15) | 127.3(1.5)(1.9)
MS(2GeV) | 2.15(03)(10) 4.79(07)(12) | 95.5(1.1)(1.5)
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Dashen theorem (1): EM-effects in ChPT

R. Urech and R. Baur extended the chiral Lagrangian to include electromagnetic

effects; usual power counting rule is extended to read p* ~ m ~ e?.

FE

2

Ly = (d“UTd U+ xU'+x'U)
d,U = S#U —i(vy + a,)U +iU(v, — a,)
vy = QA,+---
Q = 5 diag(2,-1,-1)
X = 2By(s+ip)
s = diag(m,, mg, m;)
Fr = F[140(my))
1, ._
By = —F—g({}|uu|ﬂ) [1+ O(my)]
F e
1 0 1 + + Vv v e v [TRS Y.
ﬁ’?f + :!ET?E mw K \1 ‘CE Eﬂ(Vw + } zﬁ{vpu[u y U ]}
oo va| T e |
K~ K" —?23‘-'}3 ) 2 22
1y ot 1 1y
:,.-'l'fpfr,u + :,-’I'E'I'"'"EFV p:;u K;:— l\ % - UF“ =y FP‘ u .
_ Fp', = # (" +a”) - 0" (v* £a") — i £ o, v” £ a”]
V. = P 1 pﬂ + 1 W K*D R.L
w ol VI Ve w o= wutdiUut = ot
Hﬁu K p _?EWSI“"’ / U = u?
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Dashen theorem (2): leading order in ChPT

Dashen theorem follows from LO graph in ChPT (full line is 7% or K*):

Dashen theorem is in chiral limit, it receives corrections from finite quark masses.
Studies with finite m, suggest that corrections are large or may be large.

Dashen theorem ignores (replace e~ — ¢ and et — q):

e photons connecting u <+ d or d < @ within 7 e > > e

e photons connecting u <> @ or d <> d within 7
e photons connecting u <+ 5 or s <> @ within K+

e photons connecting d <> 5§ or s <> d within 7" et « « e

0

Such effects are captured — at least in part — by higher orders in ChPT (with photons),
built into finite parts of higher-order chiral counterterms !
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Dashen theorem (3): corrections in ChPT

R.Baur and R.Urech calculate effect at order O(e?m,,), based on resonance

saturation estimates for higher-order low-energy coefficients.

Y
il EFNW"LLLL‘ where i: ip + g

a)

d)

Within this framework they reach the conclusion that corrections to ¢ = 0 are small.
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Dashen theorem (4): Dashen scheme by QCDSF

QCD+QED renormalization intertwined (1Pl quark self-energy with 1 gluon-loop
and 1 photon-loop); mass anomalous dimension depends on electric charge.
M*(ab) = M?*+ a(bpa + dpup) + c(dmy + dmg + dm,)

+ Boz(dm + dmi + om2) + Br(dp2 + op5) + B2 (6pta — Ops)?
+ BeM(e2 + €2+ €2) + BEM(e2 + €2) + B3 M (eq — €)?

+ "m M(e2om, + e3omg + egc’ims) + 7 M (€20 1tq + efdps)
+ "}2 M(eq — Eb) (Ot + Ops) +v3 (€5 — €5) (Opta — Opts)
+ "14 Men +eq+ €5)(pa + Opts)

+ 1M (eq + e3)(eudmy + egdmy + edmy) .

QCDSF specialty: Dashen scheme [arXiv:1508.06401, 1509.00799] where, starting
from a flavor breaking expansion, quark masses of charged quarks are rescaled
(renormalized) to give equal slope as for (fictitious) neutral ¢ state.
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QCD+QED (1): compact versus non-compact QED

e Compact QED:
Fundamental object is gauge link U, (z) = P{exp(—ie f;jLﬂ A(s)ds)} and

everything expressed in terms of gauge-invariant objects, e.g. Wilson gauge action

=8 3 {l—cos(Bu(@)} =B 3 {1 = Re(Uy())}

x,u<v T, u<v
in which rescaled field 6, (z) = eA,(x) takes values in | —m, 7 |.

e Non-compact QED:

Fundamental object is gauge field A, (z + %/l) which takes values in | —o0, 00 |.
Electromagnetic backgrounds must be fixed to some gauge (e.g. Lorenz gauge).
Technical issue: Compact QED has bulk phase transition at 5 ~ 1.01

Conceptual issue: QED is likely trivial (as signaled by Landau pole at 1-loop),
though running over practical mass scales on the lattice is ridiculously small.

Phenomenological efforts for QCD+QED tend to use non-compact QED formulation.
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QCD+QED (2): pioneering works

In standard Ny = 241 lattice studies two sources of isospin breaking are ignored (up-
down mass difference, electromagnetic). Since they are both small, it would appear
reasonable to include both of them a posteriori, by reweighting the configurations.

L B I B |
1.06 —

PACS-CS has long experience with reweighting - K’ to K" propagators |
. . . . 104 - -
in the quark mass; they used reweighting in

Mg to shift M, from 156 MeV to 135 MeV. ' HHHHHHH HHHH |

In arXiv:1205.2961 they extend this approach | }H\H ]
to account for QED effects and the up-down %[ HH
quark mass difference; they find Myo0 > M[j([- 0.96 :

0 5 10 15 20 25 30

Pioneering publication for QCD+QED on the lattice is Duncan et al, Phys. Rev. Lett.
76 (1996) 3894-3897 [hep-lat/9602005].
Continuation by RBC/UKQCD Phys.Rev. D76 (2007), Phys.Rev. D82 (2010) 094508.

Still, there remain issues relating to finite-volume corrections, see e.g. Hayakawa Uno,
Prog.Theor.Phys. 120 (2008) 413 and Portelli et al, PoS LATTICE2011 (2011) 136.
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QCD+QED (3): survey of options — part 1

Gauss law forbids states with non-zero total electric charge in 3D box with periodic
boundary conditions, since surface-integral is just zero:

Q = j4(f, t) d3£13 — 8[€Ek(f, t) dgiﬂ =0
T3 T3

Something must be done, and for a summary of the various options tried in the lattice
community | draw on

1. If A,(p) is photon field in Fourier space, the constraint A,(0) = 0 defines QED7..
QED7;, does not have a transfer matrix with a regular perturbative expansion.
QED< 1, has been used in the electro-quenched study BMW_16 (see later).

2. The QEDgp prescription restricts eA,(0)/V to the interval |—m/L,,7/L,[. In
QEDgr charged two-point functions are non-local in time, the existence of a transfer
matrix seems unlikely. QEDgr has been used by QCDSF in many instances.

3. The constraint AH(G,m) = 0 for any p4 (equivalently for each timeslice) defines
QED/, originally advocated in Hayakawa Uno, Prog. Theor. Phys. 120, 413 (2008).
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QCD+QED (4): survey of options — part 2

QED/, has a transfer matrix, but non-local terms spoil renormalization of composite
operators. QEDy, was used by BMW_14 (baryon mass splittings) and Roma-Soton.

4. QED with a massive photon is a consistent QF T, albeit gauge-invariance is broken.
This scheme is referred to as QED,,, it has two IR regulators (m and L). Care
must be exercised to make sure that the two limits are taken in the right order.

5. QED with C-parity violating boundary conditions in the spatial directions is a
perfectly co.nsllstent QFT, too. Flavor IS %“?"7,;‘?"' RN /Yw..-ﬁ-ﬂxﬁ\}?
broken, albeit in a purely local fashion. The
respective flavor mixing is exponentially
suppressed as L — oo, and absent in
the renormalization of composite operators.
QED¢ allows a gauge-invariant description
of charged interpolating operators.

All these approaches are equivalent if the L — oo limit is take before any other limit
(large-t limit in 2-point functions, continuum limit, massless photon limit). In general
the infinite-volume limit does not commute with the other limits.
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BMW_16 example (1): electroquenched setup

BMW_16 [arXiv:1604.07112, 1702.00309] uses quenched QEDrr (k, = 0 mode
removed) on top of dynamical Ny = 2+ 1 QCD configurations (Symanzik gauge
action, csw = 1, 2HEX, 5 lattice spacings, M2 down below physical value).

Physics: Tune 5 parameters to their physical values, sc.

Lattice: Tune 5 observables to their physical values, e.g. M = 5(M}. . +M;.—M?,),

Mii, AM3z = Mffi — MIQ(O, , scale-quantity ( or

SN—D |

Kaon splitting is interpolated to physical values of M7, M2, e by means of the
separating ansatz AMjz = Cg(M?, M7, a, L)em + Ex (M2, M3, a)om.

2500 1 Subtle: In QEDTL finite-volume effects are poly—

TR
S W - 1 nomial (no gap), for charged scalar particles first

>
@2000_ | two terms are structure-independent and read
4@1500_ = a=011fm |
- LZawin 1 M(L)  2.837... {H— 2 1 T T)}
o eestsi 1 M(oco)  M(oo)L L M(oo)L"" 5.674... L
0w a6 80
/1. [MeV]
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BMW_16 example (2): anlysis and results

To avoid dealing with a renormalized dm, the LO relation

AM? = M3, — M3, = 2B20m + O(mydQem, Muddm, aly,, Gemdm, 0m?) is

used, where M2 Mc%d,BQ have been determined before; this gives the more
practical relation AMj = Cr (M2, M7, a, L)oem + D (MZ4, M2, a)AM?.

- $T
PN Z . . . . . .
e S et Combining this relation with lattice data and
3 E femnim S8 s using the physical AMZ gives AM? at the
T e =3 Gl =g N [ =3 =4 . . . .
Mz MV« meg ME, M/ = m. physical point. Since By is known, the latter
o - can be converted to om. With the separation
3 52 ke 5 -
2t R— S S e AM7 = Cgaem + Dg2Bsdm in hand, one can
sa Cinmien S e determine the correction to Dashen's theorem.
WA Me T« ma MR MePlam
A M2 — A M? ¢ A M2 — Ao, M2
QEDM g — AQepM; 6 AQEDM g — Aexp My
€ = ~ = 0-73(2)Stat(5)latt(17)qQED

AM? AexpM?
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Conceptual challenges (1): Rome-Southampton approach

e The decay amplitude ™ — ¢ is infinite at O(em) due to IR divergences.

e The physical quantity is the decay rate of @ — ¢ plus an arbitrary number of
undetected soft photons (energy below detector resolution AFE) in the final state,
with only one photon at O(aemn).

e The RM123-SOTON collaboration proposes a smart method to split the decay
amplitude into a universal perturbative part and a non-universal structure-
dependent part.

Convenient starting point is insertion of both 0m and EM-operators in iso-symmetric
QCD correlation functions, tantamount to a perturbative expansion in O(dm, Qem ),
originally proposed by the same people.

@ EE O

(a) (b) (c) (d) (e)

- 4 . . @ i
FIG. 1: Fermionic connected diagrams contributing at O(e®) and O(mg—my) to the IB corrections to meson

masses: exchange (a), self energy (b), tadpole (¢), pseudoscalar insertion (d) and scalar insertion (e).
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Conceptual challenges (2): Rome-Southampton approach

Crucial ingredients for RM123-SOTON calculation of I'(AFE) with AE ~ 30 MeV:

o Finite volume regulates IR divergences.

o Calculation of the finite structure-dependent part of m — (v + 0,

o Structure dependent part of m — fv + 1, is shown to be negligible.

o Universal part of m — ¢v[~| calculated analytically in 1/L and log(L).
o Finite-volume corrections to structure dependent part vanish like 1/L?.
®)

First numerical data available [J.Phys.Conf.Ser. 800 (2017) 012005].
035 ry .o +
[m) ] [m) ]
* .
[T nE] [m] & o & .
~ 0ms | E.- i i EE , _ LR o EE ]
. . . 1 ¢ »
:E. [EENFI e - 4
-5 ot m ]
0E15 " am
i
S ] K > vl /o > W] |
005 L L 1 1 . po Lo 0 4w 4y 1
a1 oz 03 0.4 0= O.h ol 02 0.3 od 0.5 (X1
r-l_._ [Gew] L (G
Figure 3: Results for the corrections dR, (left panel) and dRy - = 6 Ry — dR. (right panel) obtained after the
subtraction of the “universal” FV terms computed in perturbation theory (7). The full markers correspond to the

lattice data corrected by the residual FV corrections obtained using the fitting function including the chirel
log. The dashed lines represent the results in the infinite volume limat af each value of the lathice spacing, while
the solid lines are the results in the continuum limif. The crosses represent the values SRE"® and §RU'™ at
the physical point. The shaded areas correspond respectively to the values 0.0176(21) and —0.0112(21) at 1-sigma

level, obtained using ChPT {see Refs. [T0\[11)).
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Summary from FLAG

For each quantity FLAG provides [see http://itpwiki.unibe.ch/flag]:
e complete list of references
e summary of essential ingredients of each study (/N¢, action, ... )
e averages for “mature” quantities (separately for each Ny)

e pressure on reader to cite original papers

FLAG_10 covers:

1. light quark masses 1M, My

2. Vs and V4 via decay constants and form factors
3. chiral low-energy constants (LECs)

4. kaon bag parameter Bx

FLAG_13 In addition:

5. D-meson decay constants and form factors
6. B-meson decay constants, form factors, and mixing parameter
7. strong coupling constant

FLAG_16 provides update.
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Chiral extrapolation:

Mz min < 200 MeV

200 MeV < My min < 400 MeV
B M, min > 400 MeV

Continuum extrapolation:
3 or more lattice spacings and (amax/@min)* > 2.0

2 or more lattice spacings and (amax/Gmin)> > 1.4
B otherwise

Finite-volume effects:
[ M min/200 MeV]? - exp(4
(M min/200 MeV]? - exp(3
B otherwise

Mw,mianaX(Mﬁ,min))
M.

<1
W,mianaX(Mw,min)) S 1

Renormalization (where applicable):

non-perturbatively

any-loop perturbation theory with reasonable error estimate
B otherwise
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e strong inconsistencies (for given Ny) only among red results

e all green points (for given N;) reasonably consistent

phy

e m> " and mPs depend only mildly on Np¢; ratio essentially N¢-independent

e reasonable consistency with non-lattice results
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Some works use parameterizations of mass splittings which constrain €_o, €50, €, €.

* DuncanEichtenThacker_96, within Ny = 0 QCD, use a parameterization which
amounts to €,, = 0 ab initio. FLAG converts their findings to

+* RBC_07, within electro-quenched Ny = 2 QCD, fixes the quark masses via the

physical masses of 7°, K=, K; they find the rather small value M}, — M}, =

1.443(55) MeV. Blum_10, an update in electro-quenched Ny =2 4 1 QCD, finds
M., — M), =1.87(10) MeV. The latter value corresponds to

* MILC sets €.0o =€x0 =€, =0 and e =1(1) or e = 1.2(5) in MILC_04, MILC_09.
Subsequently, MILC determines this coefficient, finding

* BMW determines € in electro-quenched Ny = 2 41 QCD, finding

* RM123, using operator insertions in Ny = 2 QCD, finds

x QCDSF, using dynamical QCD+QED, finds [one a only, stat. error].
x 17 — 37 decays, along with dispersive techniques, yield ¢ = 0.70(28).
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. FLAG considers the following values a sound summary of all available information

€0 = 0.07(7), exo =0.3(3), €m = 0.04(2), €= 0.7(3)

. FLAG starts from the LO formula in ChPT

r2 r2 r2
My Lo M2 — M2+ M2

2 2 2
mq MZ,— MZ, + M2,

which, upon using the physical masses and linearizing the corrections, turns into

and hence amounts to m,,/mg = 0.50(3) in QCD (or in MS at 2GeV).
Accordingly mq >~ 3.5 MeV is split into m,, >~ 2.3 MeV and my ~ 4.7 MeV.

. This rules out m,, = 0 within QCD by 170, no matter how elegant it would be ...
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Summary

e In ChPT isospin-breaking in pion mass is quadratic, ,
while such breakings scale in general (e.g. in nucleon mass).

e In ChPT electromagnetic isospin-breakings affect only the charged mesons, i.e.
M)y =M., >0and M, = M., =0 ["Dashen’s theorem” < ¢ = 0].

e The QCD/QED-isospin-breakup is, in general, scheme and scale-dependent. In
joint theory only same-charge mass-ratios are RGI quantities, e.g. mg/ms.

e Reasonably mature lattice calculations suggest ¢ = 0.7(3), i.e. sizable corrections,
see e.g.

e Conceptual issues with decay constants; many interesting strategies and results,
see e.g.

Thanks to the BMW collaboration and the FLAG consortium.
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