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Higher-dimensional Wannier interpolation for the modern theory of the

Dzyaloshinskii-Moriya interaction: Application to Co-based trilayers

Jan-Philipp Hanke ∗, Frank Freimuth, Stefan Blügel, and Yuriy Mokrousov

Peter Grünberg Institut and Institute for Advanced Simulation,

Forschungszentrum Jülich and JARA, 52425 Jülich, Germany

We present an advanced first-principles formalism to evaluate the Dzyaloshinskii-Moriya interaction (DMI) in its

modern theory as well as Berry curvatures in complex spaces based on a higher-dimensional Wannier interpolation.

Our method is applied to the Co-based trilayer systems IrδPt1−δ/Co/Pt and AuγPt1−γ/Co/Pt, where we gain insights into

the correlations between the electronic structure and the DMI, and we uncover prominent sign changes of the chiral

interaction with the overlayer composition. Beyond the discussed phenomena, the scope of applications of our Wannier-

based scheme is particularly broad as it is ideally suited to study efficiently the Hamiltonian evolution under the slow

variation of very general parameters.

1. Introduction

Embedding the basic ideas of spintronics into future infor-

mation technologies relies crucially on our ability to control

and manipulate efficiently the magnetic state of nanomagnets,

for example, by utilizing relativistic effects. In this context,

the so-called Dzyaloshinskii-Moriya interaction (DMI)1, 2) ex-

periences revived prominence as it can stabilize chiral mag-

netic textures in inversion-asymmetric crystals with spin-orbit

coupling.3) The DMI facilitates in particular the formation of

topologically non-trivial magnetic skyrmions,4–7) and assists

the current-induced ultrafast motion of domain walls.8–12) Re-

cently, the magnitude of the interfacial DMI was shown to be

tunable in multilayers of Co in between heavy metals such as

Pt and Ir,13–15) which holds bright prospects for the observa-

tion of small skyrmions at room temperature.

A commonly pursued approach to predict from ab initio

the magnitude of the DMI is to perform non-collinear cal-

culations of spin spirals with wave vector q, where spin-

orbit coupling is added as a small perturbation.16–18) Then,

the chiral interaction manifests in the q-linear part of the dis-

persion E(q). Alternatively, the DMI can be extracted from

derivatives of the spin correlation function,19) intrinsic spin

currents,20) a tight-binding band representation,21) or from

multiple-scattering theory.22) Some of these approaches re-

quire notably heavy computational frameworks associated

with non-collinear spin structures or the full-relativistic Kohn-

Korringa-Rostoker method. Others rely on limiting cases for

exchange and spin-orbit interactions, rendering the accuracy

of the results for DMI in materials that include heavy met-

als such as the aforementioned multilayers questionable. In

contrast, a Berry phase theory was developed in Ref. 23 that

evaluates the DMI solely from the electronic structure of the

collinear ferromagnetic ground state with self-consistent spin-

orbit coupling. This Berry phase formalism is also referred to

as modern theory of DMI.

Here, we promote an advanced first-principles scheme that

is ideally suited to describe efficiently the DMI in the modern

theory based on the ferromagnetic state with magnetization

direction m̂. Our method facilitates the accurate prediction of

DMI and the intimately related spin-orbit torques for a wide
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community of researchers that work routinely with the Wan-

nier interpolation. As an example, we apply our method to the

Co-based trilayers IrδPt1−δ/Co/Pt and AuγPt1−γ/Co/Pt, where

we uncover an intricate interplay between the overlayer com-

position and the chiral interaction. By emphasizing the cor-

relations with the electronic structure of these systems, we

analyze the microscopic origin of the DMI and identify its

anisotropy with the magnetization direction.

2. Theory

Modern theory of DMI The DMI can be quantified by

the so-called spiralization tensor D(m̂) reflecting the change

of the micromagnetic free energy density F(r) due to chiral

perturbations ∂m̂(r)/∂r j, which assumes up to first order in

magnetization gradients the form23)

F(1)(r) =
∑

i j

Di j(m̂) êi ·

(

m̂(r) ×
∂m̂(r)

∂r j

)

, (1)

where êi is the ith Cartesian unit vector, and r is the position.

We focus in this work on the DMI in ferromagnetic systems,

for which the magnetization direction m̂ exhibits only a weak

dependence on the position r. Thus, an expression for the spi-

ralization tensor can be obtained if the free energy change due

to small spatial oscillations of the magnetization direction is

equated with the free energy change according to Eq. (1).

We define the torque operator T = m̂ × Bxc based on the

exchange field Bxc, and the velocity operator in crystal mo-

mentum representation, ~v(k) = ∂k(e−ik·rĤeik·r), where Ĥ is

the single-particle Hamiltonian of the ferromagnetic system.

Following the detailed derivation in Ref. 23, we find that the

spiralization at finite temperatures T amounts to

Di j =
1

NV

∑

kn

[

f (Ekn)An
i j(k) +

1

β
ln

(

1 + e−β(Ekn−µ)
)

Bn
i j(k)

]

,

(2)

where N is the number of k-points, V is the unit cell volume,

f (Ekn) is the Fermi distribution function with the band en-

ergy Ekn, β = 1/(kBT ), and µ is the chemical potential. The

intrinsic scattering-independent nature of Eq. (2) is mediated

by the quantities An
i j

and Bn
i j

hinging on matrix elements of the
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torque and velocity operators:

An
i j(k) = −Im

∑

m,n

〈ukn|Ti|ukm〉〈ukm|~v j(k)|ukn〉

Ekn − Ekm

, (3)

and

Bn
i j(k) = −2Im

∑

m,n

〈ukn|Ti|ukm〉〈ukm|~v j(k)|ukn〉

(Ekn − Ekm)2
. (4)

Here, the |ukn〉 denote the lattice-periodic parts of the Bloch

wave functions |ψkn〉 = eik·r|ukn〉. In order to elucidate the

deep geometric origin of Eq. (2), we rewrite the torque op-

erator as gradient of the Hamiltonian with respect to m̂, i.e.,

T = m̂ × ∂m̂Ĥ, and represent the magnetization direction as

m̂ = (cosϕ sin θ, sinϕ sin θ, cos θ)T using the azimuthal angle

ϕ and the polar angle θ shown in Fig. 1(b). Then, an alternative

expression for the spiralization at zero temperature is obtained

in terms of derivatives of the wave functions with respect to

the crystal momentum and the magnetization direction:

Di j =
1

NV

occ
∑

kn

[

An
i j(k) − (Ekn − EF)Bn

i j(k)
]

=
êi

NV
· Im

occ
∑

kn

[

m̂ ×

〈

∂ukn

∂m̂

∣

∣

∣

∣

∣

hkn

∣

∣

∣

∣

∣

∂ukn

∂k j

〉]

,

(5)

where hkn = Hk+Ekn−2EF with Hk = e−ik·rĤeik·r, the sum is

restricted to all occupied states, and µ was replaced with the

Fermi level EF. The Berry phase expression (5) of the spiral-

ization is strongly reminiscent of the modern theory of orbital

magnetization.24–26) It is therefore tempting to refer to Eq. (5)

as the modern theory of DMI, which has a manifestly geomet-

ric contribution originating from the adiabatic Hamiltonian

evolution of the ferromagnetic system under slow variations

of the crystal momentum and the magnetization direction.

To model the effect of disorder, the Kubo linear-response

theory of the DMI spiralization in the clean limit23) can be ex-

tended to include a constant band broadening Γ, which yields

Di j =
1

2πNV

∑

kn

∑

m,n

Im
[

〈ukn|Ti|ukm〉〈ukm|~v j(k)|ukn〉
]

×

{

Ekn + Ekm − 2EF

(Ekn − Ekm)2
Im ln

Ekm − EF − iΓ

Ekn − EF − iΓ

−
2Γ

(Ekn − Ekm)2
Re ln

Ekm − EF − iΓ

Ekn − EF − iΓ

}

. (6)

Note that the sums are not restricted to the occupied man-

ifold but have to be performed in principle over all elec-

tronic states. In the clean limit of Γ → 0+, the second term

in Eq. (6) vanishes such that the Berry phase expression (5)

can be recovered. Since 〈ukn|Ti|ukm〉 → (〈ukn|Ti|ukm〉)
∗ and

〈ukm|v j(k)|ukn〉 → −(〈ukm|v j(k)|ukn〉)
∗ under time inversion,

the DMI spiralization is apparently even with respect to mag-

netization reversal.

Relation to spin-orbit torques Remarkably, the modern

theory establishes an intimate connection between DMI and

antidamping spin-orbit torques that are exerted on the mag-

netization due to the interplay of the spin-orbit interaction

and an applied electric field E. As we shall see below, these

torques are in fact linked with the antisymmetric exchange

interaction just like the anomalous Hall effect is related to

the orbital magnetization in periodic solids.23, 24, 27) The anti-

damping spin-orbit torques are ascribed to the non-trivial ge-

ometry of the mixed phase space of k and m̂ in terms of the

so-called mixed Berry curvatureΩm̂k
i j

of all occupied states:23)

Ωm̂k
i j (k) = −2êi · Im

occ
∑

n

[

m̂ ×

〈

∂ukn

∂m̂

∣

∣

∣

∣

∣

∂ukn

∂k j

〉]

. (7)

In linear response to the electric field E, the antidamping

torque T = τE is characterized by the torkance tensor τ,

which is determined by the sum of the mixed Berry curva-

ture (7) over the Brillouin zone:23)

τi j = −
e

N

∑

k

occ
∑

n

Bn
i j(k) = −

e

N

∑

k

Ωm̂k
i j (k) , (8)

where e > 0 is the elementary positive charge.

3. Method

3.1 Higher-dimensional Wannier functions

Derivatives of the wave functions with respect to both crys-

tal momentum and magnetization direction need to be evalu-

ated in order to calculate from first principles the spiraliza-

tion Di j and the torkance τi j according to their Berry phase

expressions (5) and (8), respectively. This has motivated us to

develop an efficient generalization of Wannier functions28) for

higher phase-space dimensions by performing Fourier trans-

formations not only with respect to k but also with respect to

additional parameters λ (for example, the angles ϕ and θ) en-

tering the Hamiltonian. In the following, we briefly review the

main aspects of these higher-dimensional Wannier functions

(HDWFs). Detailed discussions can be found in Ref. 28.

Orthogonality problem Let us assume that the Hamil-

tonian Ĥ depends on an additional abstract parameter λ.

Then, the eigenstates are Bloch states |ψkλn〉 = eik·r|ukλn〉

that carry explicitly a dependence on this parameter, i.e.,

Ĥ|ψkλn〉 = Ekλn|ψkλn〉, where the Ekλn denote the band en-

ergies. However, the eigenstates at λ and λ′ are not necessar-

ily orthogonal since the Hamiltonians at different values of

λ are in general completely independent. This orthogonality

problem obstructs using directly Fourier transformations of

the usual Bloch states with respect to k and λ to construct

HDWFs.28) To naturally generalize Wannier functions to the

multi-parameter case, we have to first restore the orthogonal-

ity by introducing an auxiliary space ξ as the reciprocal to the

parameter space of λ. Thus, instead of taking the usual Bloch

states, we consider in the construction of HDWFs orthogonal

states |Φkλn〉 in the higher-dimensional real space (r, ξ). We

define such states as the products of the physical Bloch states

and an auxiliary orbital |ζλ〉:

Φkλn(r, ξ) = ψkλn(r)ζλ(ξ) . (9)

The required orthogonality of the product states |Φkλn〉 is en-

forced by imposing the condition 〈ζλ|ζλ′〉 = Nλδλλ′ , where

Nλ denotes the number of discrete λ-points. One particu-

larly useful choice to satisfy this condition is the Bloch shape

|ζλ〉 = eiλ·ξ |ρλ〉, where |ρλ〉 is lattice periodic in ξ. As a con-

sequence, the full product state (9) is an eigenstate of the

Hamiltonian H with the eigenvalue Ekλn, and assumes the de-

sired Bloch-like form |Φkλn〉 = eik·reiλ·ξ |φkλn〉 with the lattice-

periodic function |φkλn〉 = |ukλn〉 ⊗ |ρλ〉.

Localization in real space Discrete Fourier transforma-

tions of the orthogonal product states with respect to k and

2
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λ can then be employed to define HDWFs as a meaningful

generalization of Wannier functions:28)

WRΞn(r, ξ) =
1

NNλ

∑

kλm

e−ik·Re−iλ·ΞU(k,λ)
mn Φkλm(r, ξ) , (10)

which are labeled by the orbital index n, the direct lattice vec-

tor R, and the additional lattice vector Ξ. The latter is con-

jugate to λ like the direct lattice vector R is conjugate to

the crystal momentum k. Aiming at a maximal localization

of these HDWFs, we determine uniquely the unitary gauge

transformations U(k,λ) in Eq. (10) through minimization of

the real-space spread Ω of HDWFs that is given by the exten-

sion of the Marzari-Vanderbilt functional:28, 29)

Ω =
∑

n

(

〈W00n|r
2|W00n〉 − 〈W00n|r|W00n〉

2
)

. (11)

Here, we introduced the higher-dimensional position operator

r = (r, ξ)T combining the position vectors r and ξ.

In order to minimize systematically the spread (11), we

have extended the wannier 90 program,30) which expects the

following two matrices as a basic first-principles input. First,

the overlaps 〈φkλm|φk+bk λ+bλn〉 of the periodic parts of the

product states at neighboring points in the (k, λ)-space serve

to calculate centers and spreads of HDWFs. Second, the pro-

jections 〈Φkλm|pn〉 onto localized trial orbitals |pn〉 mark the

starting point for the iterative spread minimization. Using our

adapted version of wannier 90, we are able to construct a sin-

gle set of maximally-localized HDWFs from the electronic

structure given on a coarse uniform grid of (k, λ)-points.28)

3.2 Higher-dimensional Wannier interpolation

Multi-parameter Hamiltonian After generating a single

set of HDWFs via the modified maximal-localization proce-

dure, we compute the periodic parts of Bloch-like functions:

|φ
(W)
κn 〉 =

∑

R

e−iκ·(r−R)|WRn〉 = |u
(W)
κn 〉 ⊗ |ρλ〉 , (12)

which are said to belong to the Wannier gauge (W). In order

to imitate for clarity the well-known terminology of the usual

Wannier functions, we adopt here a simplified notation by in-

troducing κ = (k, λ)T as combined higher-dimensional vector

of the crystal momentum and the additional parameter, and

similarly R = (R,Ξ)T for the direct lattice vectors. Because

of the short-ranged hoppings 〈W0n|Ĥ|WRm〉 between HDWFs,

H(W)
nm (κ) = 〈φ

(W)
κn |Hk|φ

(W)
κm 〉 =

∑

R

eiκ·R〈W0n|Ĥ|WRm〉 (13)

defines an efficient interpolation of the Hamiltonian matrix at

any desired point κ, even if this point is not contained in the

coarse grid used for the construction of the HDWFs. Applying

to Eq. (12) the unitary matrix V(κ) which diagonalizes the

interpolated Hamiltonian (13) at every point κ, we find the

eigenstates |φ
(H)
κn 〉 of this Hamiltonian as

|φ
(H)
κn 〉 =

∑

m

|φ
(W)
κm 〉Vmn(κ) = |u

(H)
κn 〉 ⊗ |ρλ〉 . (14)

Here, |φ
(H)
κn 〉 and |u

(H)
κn 〉 =

∑

m |u
(W)
κm 〉Vmn(κ) are said to belong

to the Hamiltonian gauge (H), in which the Hamiltonian is

diagonal such that

〈φ
(H)
κn |Hk|φ

(H)
κm 〉 = 〈u

(H)
κn |Hk|u

(H)
κm 〉 = Eκnδnm . (15)

Berry curvatures We discuss now the generalized Wan-

nier interpolation of pure and mixed Berry curvatures in

the abstract phase space spanned by k and λ. The proposed

scheme will be analogous to the case of conventional Wan-

nier functions in Ref. 31 in that all quantities are finally

evaluated within the Hamiltonian gauge. However, while the

scheme in Ref. 31 is restricted to the Berry curvature in mo-

mentum space, we are able to study by means of the higher-

dimensional interpolation additional curvatures that drive in-

triguing geometric phenomena such as the antidamping spin-

orbit torques given by Eq. (8). We start from the well-known

expression of the Berry curvature matrix

Ω
(H)

nm,αβ
(κ) = ∂αA

(H)

nm,β
(κ) − ∂βA(H)

nm,α(κ)

= −2Im〈∂αu
(H)
κn |∂βu

(H)
κm 〉 ,

(16)

where A
(H)
nm,α(κ) = i〈u

(H)
κn |∂αu

(H)
κm 〉 is the Berry connection ma-

trix, and ∂α = ∂/∂κα with κα as αth entry of κ. The total Berry

curvature of all occupied states is given by

Ωαβ(κ) =
∑

n

f (H)
n Ω

(H)

nn,αβ
(κ) , (17)

with the occupation numbers f
(H)
n . On the one hand, pure

Berry curvatures are obtained if ∂α and ∂β refer to the same

derivative type. We may recover from Eq. (17), for exam-

ple, the pure momentum Berry curvature that gives rise to the

anomalous Hall conductivity. On the other hand, if α and β

refer to distinct variable types, we obtain mixed Berry curva-

tures, which determine magneto-electric coupling effects and

the DMI in clean systems23, 32, 33) if the abstract parameter

λ plays the role of the magnetization direction (cf. Eqs. (5)

and (8)).

The Berry curvature (17) can be accessed by taking

the derivative of the wave functions |u
(H)
κn 〉 defined through

Eq. (14):

∂α|u
(H)
κn 〉 =

∑

m

∂α|u
(W)
κm 〉Vmn(κ) +

∑

m

|u
(W)
κm 〉∂αVmn(κ) . (18)

Introducing for every matrix object O the abbreviation Ō(H) =

V†O(W)V , we can rephrase the second term above since

∂αV(κ) = V(κ)D
(H)
α (κ), where

D(H)
mn,α(κ) =



























H̄
(H)
mn,α

Eκn − Eκm
, n , m

0 , n = m

, (19)

which follows from standard pertubation theory in α. In the

previous definition H̄
(H)
α = V†∂αH(W)V with H(W) given by

Eq. (13). Consequently, Eq. (18) assumes the form

∂α|u
(H)
κn 〉 =

∑

m

∂α|u
(W)
κm 〉Vmn(κ) +

∑

m

|u
(H)
κm 〉D

(H)
mn,α(κ) . (20)

Due to the adopted notation, the wave function derivative is

formally identical to Eq. (26) of Ref. 31 providing crystal mo-

mentum derivatives. However, we emphasize that the above

equation is generalized to the higher-dimensional case, and

thus allows us to extract wave function derivatives with re-

spect to both k and λ. Based on Eq. (20), we may carry out

analogous algebra as in Ref. 31 using the identity

A(H)
nm,α(κ) = Ā(H)

nm,α(κ) + iD(H)
nm,α(κ) (21)

3
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to arrive at the final expression for the Berry curvature:

Ωαβ =
∑

n

f (H)
n Ω̄

(H)

nn,αβ
+ i

∑

nm

( f (H)
m − f (H)

n )D(H)
nm,αD

(H)

mn,β

+
∑

nm

( f (H)
m − f (H)

n )
[

D(H)
nm,αĀ

(H)

mn,β
− D

(H)

nm,β
Ā(H)

mn,α

]

,
(22)

which provides access to pure or mixed Berry curvatures, de-

pending on the explicit physical nature of the variables that

are associated with the indices α and β.

To evaluate by means of generalized Wannier interpolation

Ω̄
(H)

αβ
(κ), Ā

(H)
α (κ), and D

(H)
α (κ), the corresponding quantities are

needed first in the Wannier gauge. From Eq. (12), Eq. (13),

and the choice 〈ρλ|∂αρλ〉 = 0 it follows that

H(W)
nm,α(κ) = i

∑

R

Rαeiκ·R〈W0n|Ĥ|WRm〉 , (23)

A(W)
nm,α(κ) =

∑

R

eiκ·R〈W0n|rα|WRm〉 , (24)

Ω
(W)

nm,αβ
(κ) = i

∑

R

eiκ·R(Rα〈W0n|rβ|WRm〉

− Rβ〈W0n|rα|WRm〉) .

(25)

Clearly, the hoppings and the matrix elements of the gener-

alized position operator in the HDWF basis are necessary to

calculate the desired quantities. These matrix elements are ob-

tained by inverting Eq. (13) on the ab initio mesh. This yields

for the hoppings

〈W0n|Ĥ|WRm〉 =
1

Nκ

∑

κ

e−iκ·R
[

U(κ)†EκU
(κ)

]

nm
, (26)

where Eκ is a diagonal matrix containing the ab initio band en-

ergies, Nκ stands for the number of κ-points on the coarse grid,

andU(κ) is the maximal-localization gauge of Eq. (10). Like-

wise, the higher-dimensional position matrix is found from

inverting Eq. (24) on the coarse mesh:

〈W0n|rα|WRm〉 =
i

Nκ

∑

κ

e−iκ·R〈φ
(W)
κn |∂αφ

(W)
κm 〉 . (27)

Using for the wave-function derivative in Eq. (27) the finite-

difference formula29)

|∂αφ
(W)
κm 〉 =

∑

b

wbbα|φ
(W)

κ+bm
〉 + O(b2) , (28)

where b connects neighboring κ-points and wb are appropri-

ately chosen weights, we realize that the higher-dimensional

positions (27) are determined by the overlaps at neighboring

grid points κ and κ + b, i.e., 〈φ
(W)

κn
|φ

(W)

κ+bm
〉 that enter already in

the construction of maximally-localized HDWFs.

DMI spiralization To elucidate the higher-dimensional

Wannier interpolation of the spiralization Di j, we exploit

the analogies with the orbital magnetization noted earlier. A

gauge-invariant formulation of the Wannier interpolation of

orbital magnetization at zero temperature exists,34) and we ex-

tend this scheme here to evaluate Eq. (5) based on HDWFs.

In the beginning, we rewrite the spiralization Di j as the sum

of a local circulation Dlc
i j

and an itinerant one Dic
i j

that read

Dlc
i j =

êi

NV
· Im

occ
∑

kn

m̂ ×

〈

∂uκn

∂m̂

∣

∣

∣

∣

∣

Hk − EF

∣

∣

∣

∣

∣

∂uκn

∂k j

〉

, (29)

Dic
i j =

êi

NV
· Im

occ
∑

kn

m̂ ×

〈

∂uκn

∂m̂

∣

∣

∣

∣

∣

Eκn − EF

∣

∣

∣

∣

∣

∂uκn

∂k j

〉

. (30)

Defining the κ-dependent operator P =
∑occ

n |uκn〉〈uκn| and its

complement Q = 1 − P that project onto the manifold of the

occupied and unoccupied states, respectively, we introduce

the “geometric” objects

Fαβ = Tr
[

(∂αP)Q(∂βP)
]

, (31)

Gαβ = Tr
[

(∂αP)QHkQ(∂βP)
]

, (32)

Hαβ = Tr
[

Hk(∂αP)Q(∂βP)
]

, (33)

where dependence on κ = (k, m̂)T is implied, and Tr de-

notes the trace over the whole electronic Hilbert space. In re-

semblance to the orbital magnetization,34) the two parts (29)

and (30) of the spiralization can then be expressed as individ-

ually gauge-invariant properties of the ground state:

Dlc
i j =

êi

NV
· Im

occ
∑

kn

m̂ ×
(

Gm̂k j
− EFF m̂k j

)

, (34)

Dic
i j =

êi

NV
· Im

occ
∑

kn

m̂ ×
(

H m̂k j
− EFF m̂k j

)

, (35)

where the short-hand vector notation F m̂k j
, for example,

stands for the geometric quantity of Eq. (31) with ∂α = ∂m̂

being the gradient with respect to the magnetization direc-

tion m̂ and ∂β = ∂k j
as the derivative in the jth component

of the crystal momentum. As a side remark, we note that the

torkance (8) characterizing the antidamping spin-orbit torques

assumes within this framework the alternative form

τi j =
2e

N
êi · Im

occ
∑

kn

m̂ × F m̂k j
. (36)

By plugging the definition (31) into this expression and using

that Im Tr
[

(∂αP)P(∂βP)
]

= 0, it is straightforward to ver-

ify that Eq. (36) is indeed equivalent to Eq. (8). Similarly,

we may prove the equivalence of the two different sets of ex-

pressions (29)–(30) and (34)–(35) for the local and itinerant

circulations of the DMI spiralization tensor.

Although Fαβ, Gαβ, and Hαβ can in principle be evaluated

under any gauge, we aim at calculating these phase-space

properties in the Wannier gauge (W), which turns out to be

a convenient choice. To simplify the notation, we suppress

from now on the superscript that was used before to indicate

the Wannier gauge. The projection operator onto the occupied

manifold spanned by the M Bloch-like states, Eq. (12), reads

in this gauge P =
∑M

nm |φκn〉 fnm〈φκm|, where the non-diagonal

matrix f is obtained by rotating the diagonal occupation ma-

trix f (H) into the Wannier gauge via V†(κ). We define also

g = 1 − f , where “1” denotes the identity matrix in the con-

sidered M-dimensional subspace. In strong formal analogy to

the derivations in Ref. 34 for the orbital magnetization, we ar-

rive at the following expressions for the phase-space objects

that underlie the DMI spiralization:

ImFαβ = −
1

2
Re tr

[

fΩαβ
]

+ Im tr
[

f AαgJβ + f JαgAβ

]

+ Im tr
[

f JαgJβ
]

, (37)

4
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ImGαβ = −
1

2
Re tr

[

fΛαβ
]

+ Im tr
[

f H f Aα f Aβ

]

+ Im tr
[

f (JαgBβ − JβgBα) + f JαgHgJβ
]

, (38)

ImHαβ = −
1

2
Re tr

[

f H fΩαβ
]

− Im tr
[

f H f Aα f Aβ

]

+ Im tr
[

f H f (AαgJβ + JαgAβ + JαgJβ)
]

, (39)

where all ingredients depend on κ, and tr stands for the trace

over the Bloch-like states, which we distinguish from the trace

Tr in Eqs. (31)–(33). The matrices H, Aα, andΩαβ in the Wan-

nier gauge were already defined in Eqs. (13), (24), and (25),

respectively, based on hopping and position elements of the

HDWFs. Furthermore, we introduced in the above equations

Jα = iVD
(H)
α V† with D

(H)
α defined in Eq. (19) as well as the

additional matrices

Bnm,α =
∑

R

eiκ·R〈W0n|Ĥr
′
α|WRm〉 , (40)

where r′ = r −R, and Λαβ = i(Cαβ −C
†

αβ
) with

Cnm,αβ =
∑

R

eiκ·R〈W0n|rαĤr′β|WRm〉 . (41)

In contrast to the higher-dimensional Wannier interpolation of

Berry curvatures, matrix elements of Ĥr′ and rĤr′ in the ba-

sis of HDWFs are required to evaluate the DMI spiralization

tensor in periodic systems. Inverting the Fourier transforma-

tions in Eqs. (40) and (41) on the coarse κ-grid, we arrive at

explicit expressions for these matrix elements:

〈W0n|Ĥr
′
α|WRm〉 =

i

Nκ

∑

κ

e−iκ·R〈φκn|Hk|∂αφκm〉 , (42)

〈W0n|rαĤr′β|WRm〉 =
1

Nκ

∑

κ

e−iκ·R〈∂αφκn|Hk|∂βφκm〉 . (43)

If we make use of the finite-difference formula (28) to

express the derivatives of the wave functions, we realize

that Eq. (42) is determined by the band energies and the

overlaps 〈φκn|φκ+bm〉. However, the matrix elements of rĤr′

given by Eq. (43) rely on new information encoded in over-

laps 〈φκ+b1n|Hk|φκ+b2m〉 of the Hamiltonian between states at

neighboring points κ + b1 and κ + b2. Even though they do

not enter directly in the construction of HDWFs, these quan-

tities are relevant as they enable us to perform the higher-

dimensional Wannier interpolation of the DMI spiralization.

Therefore, we have implemented their computation from first

principles in the FLEUR code.35)

Velocity and torque operators Alternatively to the previ-

ously discussed methods, the torkance τi j and the spiralization

Di j can be obtained by interpolating explicitly the velocity

and torque operators, followed by calculating (3) and (4). This

amounts to performing the higher-dimensional Wannier inter-

polation of the matrix elements 〈u
(H)
κn |∂αHk|u

(H)
κm 〉, where ∂α dif-

ferentiates with respect to either the crystal momentum or the

additional parameter λ, which grants access to the torque op-

erator if λ = m̂. By virtue of the Hellmann-Feynman theorem

and Eq. (21), it follows that

〈u
(H)
κn |∂αHk|u

(H)
κm 〉 = H̄(H)

nm,α − i(Eκm − Eκn)Ā(H)
nm,α . (44)

Based on the matrix elements (44) of the generic adiabatic

interaction ∂αHk, the interpolated velocity (∂α = ∂k) assumes

the form

~vnm(κ) = 〈u
(H)
κn |∂kHk|u

(H)
κm 〉 = H̄

(H)

nm,k
−i(Eκm−Eκn)Ā

(H)

nm,k
, (45)

and analogously for the torque operator (∂α = ∂m̂):

T nm(κ) =

〈

u
(H)
κn

∣

∣

∣

∣

∣

m̂ ×
∂H

∂m̂

∣

∣

∣

∣

∣

u
(H)
κm

〉

= m̂ ×
[

H̄
(H)

nm,m̂
− i(Eκm − Eκn)Ā

(H)

nm,m̂

]

(46)

The higher-dimensional interpolation of Eqs. (45) and (46)

relies only on the hoppings (26) and the positions (27) in

the basis of HDWFs but not on the matrix elements of Ĥr′

and rĤr′. Nevertheless, we find that Di j obtained through this

approach agrees well with the full scheme discussed before,

which interpolates the DMI spiralization in close analogy to

the modern theory of orbital magnetization.

4. Results

Computational details We apply the Berry phase theory

and the higher-dimensional Wannier interpolation to gain in-

sights into the DMI spiralization in the Co-based heterostruc-

tures IrδPt1−δ/Co/Pt and AuγPt1−γ/Co/Pt, which comprise in

total nine atomic layers as shown in Fig. 1(a). Using the full-

potential linearized augmented-plane-wave code FLEUR,35)

we performed self-consistent density functional theory cal-

culations of the electronic structure. Starting from the experi-

mental parameters for the lattice structure of Pt/Co/Pt, we re-

laxed the interface layers and kept the resulting ionic positions

fixed among all systems. Except for Co where the muffin-tin

radius was set to 2.23 a0 with a0 as Bohr’s radius, we chose

the muffin-tin radii of all atoms as 2.29 a0, and employed a

plane-wave cutoff of 4.0 a−1
0

. While we treated exchange and

correlation effects within the generalized gradient approxima-

tion, similar results can be obtained when using the local den-

sity approximation to density functional theory. To account

for the effect of substitutional alloying of the top Pt layers

with Ir and Au as controlled by δ and γ, respectively, the sim-

ple yet predictive virtual crystal approximation36) was used.

Based on the calculated electronic structure on a coarse mesh

of 8×8 k-points and 8 different angles θ that sample [0, 2π),

we used our extension of the wannier 90 program28, 30) to con-

struct a single set of 162 HDWFs out of 228 Bloch bands, with

the frozen window extending up to about 2 eV above the cor-

responding Fermi energy. The higher-dimensional Wannier

interpolation was subsequently applied to Eqs. (5) and (6) in

order to integrate efficiently over 1024×1024 k-points in the

full Brillouin zone.

Dependence on the overlayer Figure 2 depicts the com-

plex electronic structure of the perpendicularly magnetized

heterostructures Ir/Co/Pt, Pt/Co/Pt, and Au/Co/Pt around the

Fermi level along high-symmetry lines in the hexagonal Bril-

louin zone. While the symmetric band structure of Pt/Co/Pt is

the same at k and −k, the band dispersions of both Ir/Co/Pt

and Au/Co/Pt are different around the two valleys K and K′

as a consequence of the lack of spatial inversion symmetry. In

the latter trilayers with out-of-plane magnetization, the DMI

spiralization is described by an antisymmetric tensor due to

the three-fold rotational symmetry around the axis normal to

the film, which amounts to Dxx = Dyy = 0 and Dyx = −Dxy.

We present in Fig. 1(c) the variation of the only non-trivial

entry Dyx upon altering the composition ratio of the top lay-
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Fig. 1. (Color online) (a) Crystal structure of the heterostructure, which comprises in total nine atomic layers, including the Pt(111) substrate, the ferromag-

netic Co monolayer, and the overlayers X. (b) The magnetization direction m̂ of the Co atoms is represented by the polar angle θ and the azimuthal angle ϕ. In

this work, we consider the case of ϕ = 0, i.e., the magnetization direction is specified by the single angle θ. (c) Dzyaloshinskii-Moriya spiralization Dyx as a

function of the overlayer composition in IrδPt1−δ/Co/Pt and AuγPt1−γ/Co/Pt, respectively, where the magnetization is oriented perpendicular to the film plane.

While the solid red curve corresponds to the clean limit, the thinner lines include the effect of disorder due to a finite band broadening Γ of 25 meV, 100 meV,

and 300 meV. The spiralization is given in the units meVa0/uc, where a0 is Bohr’s radius and “uc” stands for the in-plane unit cell. (d) Energy dependence

of Dyx in the clean limit for the various alloy concentrations that are marked in (c) by arrows. The energy scale is relative to the corresponding Fermi level.

(e) Anisotropy of Dyx with the polar angle θ in the inversion-asymmetric heterostructures Ir/Co/Pt and Au/Co/Pt.

ers by substitutional doping of Pt with Ir or Au. Remarkably,

the DMI spiralization displays a complex non-monotonic de-

pendence on the alloy composition, and even reverses its sign

near δ = 0.25 that corresponds to moderate doping with Ir.

In the regime of strong doping, for which either γ ≈ 1 or

δ ≈ 1, the systems with Au-rich overlayers exhibit larger

values of Dyx as compared to the Ir counterparts. Overall,

our results for the Co-based heterostructures demonstrate that

proper electronic-structure engineering, for example, via al-

loying provides an efficient tool to tailor magnitude and sign

of the DMI in trilayer systems. Finally, we remark that in-

cluding the effect of disorder by means of a constant broad-

ening Γ = 25 meV of the energy bands smoothens the curve

in Fig. 1(c) but hardly affects the qualitative behavior of the

DMI spiralization.

In order to identify the fingerprints of the underlying elec-

tronic structure that manifest in the DMI spiralization, we dis-

play in Fig. 1(d) the variation of Dyx with the position of the

Fermi level for selected composition ratios. The computed os-

cillatory behavior is strongly reminiscent of the energy de-

pendence of the anomalous Hall conductivity and the orbital

magnetization in thin films.27) The peak structure in Fig. 1(d)

can be ascribed to the positions of the 3d states in Co and the

5d states of the heavy metals as well as to their mutual hy-

bridization. Since the 5d states of the spin-orbit active over-

layers shift towards lower energies when moving from Ir to

Au, also the major features of the DMI spiralization tend to

be at lower energies. When these states hybridize with other

orbitals, the intricate shape of the DMI curve is modified ad-

ditionally. As the relevant d states are not accessible at higher

energies, the value of Dyx is strongly suppressed above 1 eV.

By monitoring the momentum-resolved distribution of the

spiralization over the Brillouin zone, we uncover in Fig. 3 the

microscopic origin of the DMI and compare it with the mixed

Berry curvature Ωm̂k
yx of all occupied bands given by Eq. (7).

These objects measure the torque-velocity correlation and as

such naturally do not follow the rotational symmetries of the

considered systems Ir/Co/Pt, Pt/Co/Pt, and Au/Co/Pt in mo-

mentum space since they differentiate only with respect to

a single component of the crystal momentum. As a conse-

quence, the calculated distributions of these quantities at k

and −k are generally not at all linked by symmetry. How-

ever, owing to the preserved inversion symmetry, the case of

Pt/Co/Pt marks an exception for which the DMI spiralization

and the mixed Berry curvature at opposite crystal momenta

are both exactly inverted, leading to a consistent cancella-
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Fig. 2. (Color online) Electronic band structure along the high-symmetry lines of the two-dimensional hexagonal Brillouin zone (see inset of the middle

panel) in the three stochiometric heterostructures of (a) Ir/Co/Pt, (b) Pt/Co/Pt, and (c) Au/Co/Pt. The energy scale is relative to the corresponding Fermi level.

In all of these cases, the Co layer is magnetized perpendicular to the film plane, which corresponds to the polar angle θ = 0.

Fig. 3. (Color online) Distribution of the mixed Berry curvature Ωm̂k
yx (top) and the Dzyaloshinskii-Moriya spiralization Dyx (bottom) of all occupied

bands in the hexagonal Brillouin zone for the three stochiometric heterostructures Ir/Co/Pt, Pt/Co/Pt, and Au/Co/Pt. The Co monolayer in these thin films is

perpendicularly magnetized. In the labels, a0 denotes Bohr’s radius and “uc” stands for the in-plane unit cell. Note the logarithmic color scale.

tion and thus no net effect. In contrast to Ωm̂k
yx that is sharply

peaked in narrow regions, the distribution of Dyx displays a

more rich texture with crucial background contributions aris-

ing from broad areas of the Brillouin zone. Remarkably, the

total DMI spiralization is determined by the integral of large

but strongly varying local contributions in momentum space,

which renders electrical currents a promising means to pro-

mote drastic changes of the DMI spiralization mediated by

the induced non-equilibrium population of the states.

Anisotropy with magnetization direction A major bene-

fit of the modern theory of DMI spiralization is the readily

accessible dependence of this response tensor on the mag-

netic orientation of the ferromagnet. The higher-dimensional

Wannier interpolation is designed to fully exploit this asset.

Whereas the crystal symmetries dictate that the spiralization

is an antisymmetric tensor for m̂ perpendicular to the film, this

holds no longer if the magnetization points along a generic

direction. In the case of a constant azimuthal angle ϕ = 0,

however, the element Dyx remains by far the most dominant

7
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component in the studied Co-based trilayers. The dependence

of Dyx on the magnetization direction represented by the polar

angle θ in Ir/Co/Pt and Au/Co/Pt is displayed in Fig. 1(e). Al-

though the DMI spiralization varies with θ in both materials,

the anisotropy is much more prominent for the Au/Co/Pt sys-

tem as compared to the case of the Ir overlayers. In the former

heterostructure, the original value of 26 meVa0/uc for Dyx is

reduced considerably by about one quarter to 20 meVa0/uc if

the magnetization direction resides in the film plane instead

of being oriented perpendicular to it.

5. Summary

We present an advanced first-principles technique to evalu-

ate the Dzyaloshinskii-Moriya interaction (DMI) in its mod-

ern theory as well as Berry curvatures in the mixed space

of crystal momentum and magnetization direction based on

a higher-dimensional Wannier interpolation. This generic

method can be used to study the Hamiltonian evolution un-

der slowly varying parameters in various fields of physics.

Here, we apply it to understand the microscopic origin of the

DMI and its anisotropy in Co-based trilayers IrδPt1−δ/Co/Pt

and AuγPt1−γ/Co/Pt. Studying the dependence on the over-

layer composition, we demonstrate that both magnitude and

sign of the DMI in these ferromagnetic heterostructures can

be tuned by means of electronic-structure engineering. In par-

ticular, we anticipate characteristic sign changes of the spi-

ralization to manifest in systems with moderate Ir concentra-

tions, which we proclaim as promising materials for experi-

ments to investigate in more detail.
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