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Abstract

Wereportonrecentadvancementsofthesyntheticdiagnosticmoduleinthepostpro-
cessingpartofofthe3Dkinetic(neutralparticle)transportcodeEIRENE(www.eirene.de).
Wealsoreviewandupgradetheunderlyingatomicheliumdatabase,resortingtothemost
recentversionoftheGoto-Fujimotocollisionalradiativeheliumcodeandarecommended
referencecrosssectiondatasetfromaninternationallycoordinated(IAEA)evaluationac-
tivity.
Usingboththeupgradedtransportcodeanddatabase,wethensimulatethepenetra-

tionofandradiationfromheliumusedforbeamemissionspectroscopy,exemplarilyfor
theconfigurationalsetupattheWendelstein7-Xstellarator.Thisallowstoanalyseand
evaluatetheapplicationofthediagnosticindifferentplasmabackgroundsandwithdiffer-
entatomicmodels.Wesimulatefully3Dresolvededgeplasmabackgroundswiththefluid
edgeplasmaMonteCarlocodeinthreedimensions(EMC3)coupledtoEIRENE.Thesen-
sitivityoftheentirediagnosticconcepttotheunderlyingatomicdataset,whichisthekey
foraquantitativedeterminationofelectrondensityandtemperatureprofiles,isdiscussed.

Keywords:syntheticdiagnostic,Hebeam,collisional-radiativemodel,EIRENEcode,Wendel-
stein7-X
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1 Introduction

Thisreportaimsatimprovingtheheliumbeamemissionspectroscopy(BES)[3]−anactive
(invasive)diagnosticforthedeterminationofelectrondensityandtemperatureintheplasma
edgeofmagneticfusiondevices. Beforeitiscompletelyionized,neutralheliumcanpene-
trateseveralcentimetersintotheplasma[5]becauseofthehighionizationpotential(24.6eV).
Theexperimentalsetupisdescribedin[6].Itispossibletoobtainahighspatialandtemporal
resolutionoftheemittedradiation.Thedeterminationofplasmaparametersfromheliumline
emission,however,stronglyreliesontheavailablecollisional-radiativemodel(CRMorCR
model)andtheunderlyingrawatomiccollisioncrosssectiondatainit.

ACRMconsistsofasetofcoupledrateequations(1)fortheelectronicstatepopulationdensity
distributionofoneormultiple,atomicormolecularspeciescoupledtoaplasma.Thereby,it
determinesthecollisional-radiativebalanceforgivenplasmaparameters.Theradiationemis-
sionprofileforanytransitionlinethendependsonthelocalpopulationdensitydistribution.It
isoftenpossibletoreversethecalculationandtodeterminetheplasmaparametersfromspec-
troscopicmeasurements:wehavetoobserveatomictransitionsforwhichthemodelisbijective
intheparameterrangeofinterest.

ForaCRM,atomicpropertiesmustbemeasuredorcalculatedquantum-mechanically.These
aree.g.energylevels,transitionratesbetweenthemandionizationrates.However,takingas
muchaspossibleintoaccountincreasesthecomplexity.Atrade-offmustbefoundbetween
completenessandconveniencewhichresultsinmultipleapproximations.CRMsheavilyrely
ontheavailableatomicdataandtheapproximationsmadeintheirprocessing.

ValidationofaCRMagainstexperimentsiscomplicatedfirstlyduetotheoftennon-homogeneous,
sometimeseveninstationaryplasmaconditions,butalsoduetouncertaintyinboththeunder-
lyingatomicdataandthemeasuredparameters. Ourapproachistoimplementasynthetic
diagnosticintheestablished3DtransportcodepackageEMC3-EIRENE.Thisallowstotestthe
CRmodelonawellcharacterized,simulatedbackgroundplasma.

ThereexistcomprehensiveCRMsforheliumforquitesometime,probablystartingwiththepi-
oneeringworkofTakashiFujimoto1979,sothatwedonothavetocompileourowndatabase.
Decadesago,meta-stablestateresolvedcondensedeffectiveratecoefficientshavealreadybeen
producedbyFujimoto’sCRcode[2](aprogramwhichsolvestheCRMnumerically)and,inthe
eightiesofthelastcentury,thesehavebeenparametrizedfortheEIRENE[7]code−aMonte
Carloneutralparticletransportsolver. WewillrefertothisatomicdatasetasF1979. But
Fujimoto’scalculationwasoriginallymeantforapositive-columnplasmaanddidnotinclude
magneticfieldeffects.ArevisedandupgradedheliumCRmodelandcodewerepublishedby
Goto[1]−referredtoasG2012,becausethelatestcodeversionstemsfrom2012.Itincludes
recent,internationallyevaluatedatomiccrosssectiondataandthesinglet-tripletstatemixing
duetothespin-orbitinteraction.TheCRmodelisdescribedinsection2.Section3dealswith
theunderlyingatomicdatabase.Themagneticfielddependence,asaresultofthestatemixing,
isinvestigatedinsection4.

TheresultsoftheCRmodel,socalledcollisional-radiativerates,canbecomparedandutilized
bytheHYDKINwebpage[8]−anonlineatomicdatabaseandsolverforreactionkinetics
publiclyexposingandprocessingalltheatomic/moleculardatausedinEIRENE.Thisisthe
topicofsection5.TheindividualatomicdatausedbyGoto’scodewerealsomadedirectly
accessibleforthatwebpageanditsonlineCR-equilibriumsolver.
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SinceEIRENEisoftencoupledtoplasmafluidcodes(likeB2[9]orEMC3[10]),weareinter-
estedintheplasmaresponsetotheneutrals.Thisisdescribedinsection6.

HistoricallydifferentCRmodelsareappliedindifferentexperiments.Foroursyntheticdiag-
nostictooltobedirectlycomparabletorealexperimental,westudytheobservablesresulting
fromG2012insection7-thesearelineintensityratiosasfunctionsofplasmaparameters.A
comparisontothoseobtainedinanearliermodel,alsoderivedfromFujimotosoriginalwork,
byBrix[3]isgiven.Wealsostudyhowlineintensityratioschangeifweselectdifferentatomic
databasesoraltertheCRmodelapproximations.

Section8describesthesimulationoftheheliumbeaminEIRENE.Incontrasttotheexperi-
mentalapplicationoftheCRmodel,asyntheticdiagnosticcanbetestedonasimulatedplasma
background.Manyeffectsaffectingthediagnosticcanbetakenintoaccountonebyone,such
as3Dtransport,non-equilibratedmeta-stablestates,oropacity.

Finally,section9describestheimplementationofthesyntheticdiagnostic. Analgorithmis
presentedwhichutilizesthesyntheticdiagnostictoevaluatetheapplicationofthediagnosticin
specificconditionsatWendelstein7-X(W7-X)inGreifswald−currentlytheworldslargest,
optimizedstellaratorexperiment.
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2 Collisional-radiativemodel

Thischaptermostlybuildson[1]and[11].Thestartingpointforthispresentworkisthesetof
linearordinarydifferentialequations(ODEs)

dn(p)

dt
=− ∑

q=p

C(p,q)ne+∑
q<p

A(p,q)+S(p)ne n(p)

+∑
q=p

{C(q,p)ne+A(q,p)}n(q)+{α(p)ne+β(p)+βd(p)}nine. (1)

Itdescribesthetemporalchangeofthepopulationdensityofneutralhelium.n(p)isthepopu-
lationdensityofastatep=n2S+1L,determinedbytheprincipalquantumnumbern,spinSand
angularmomentumquantumnumberL.q<pmeansthatqliesenergeticallylowerthanp.

Intheseequations,A(p,q)isthespontaneoustransitionprobabilityfromptoq(orEinstein’sA
coefficient),C(p,q)andS(p)aretheratecoefficientsforelectronimpacttransitionandioniza-
tion,andα(p),β(p)andβd(p)aretheratecoefficientsforthree-body,radiativeanddielectronic
recombination,respectively.neistheelectrondensityandnithehydrogen-likeHe

+iondensity.
Allratecoefficients(butnotA(p,q))haveanelectrontemperature(Te)dependency.

Figure1:Energyleveldiagramofheliumatomconsideredinthecalculation.LinesusedfortheBESare
implied.Thelabels1,3F+denotethelevelswhichrepresentallthestateswithL≥3.Courtesy:[1].

InFigure1theenergyleveldiagramisgiven.Forconvenience,onlyalimitednumberoflevels
isconsidered-whichishoweverrelativelylargecomparedto[3].InG2012[1],levelsupto
n=26areincluded,wherebylevelswithn≥21areassumedtobesimplygivenbytheSaha-
Boltzmannequilibrium[2,eq.(3)]

3



n(p)=Z(p)nine, where Z(p)=
g(p)

2ωi

h2

2πmkBT

3/2

exp
χ(p)

kBT
. (2)

There,g(p)isthestatisticalweightofthelevelp,ωiisthepartitionfunctionoftheions,χ(p)
istheionizationpotentialandothersymbolsasusual.Note:χisrelatedtotheenergylevels
E(p)inFigure1viaχ(p)=24.59eV−E(p).

Severallevelsaregroupedtogether:Forsmalln,levelswithL≥3arebundledtoasinglelevel
F+.Forn≥8,theorbitalquantumnumberisnotresolved.Thelevelswithn≥11areapprox-
imatedbythehydrogeniclevelshavingstatisticalweightstwicethoseofhydrogen.Intotal,
thereare65levelsconsidered,6ofwhicharegivenby(2).

Thesetislinearsinceaplasmabackgroundisassumedtobefixed:electrondensityne,electron
temperatureTe,andhydrogenlike(helium)iondensityniaretakentobeexternallygiven.The
frequentlyemployednormalisationtoaconstanttotaldensity,const=ntot=∑n(p),summed
overallstatesp,whichproducesanon-linearcouplingbetweenthepstates,isalsonotmade
here.Therefore,withp,q∈[1,65],itcanbewritteninvectornotationas

ṅ=M(Te,ne)·n+Γ(Te,ne,ni), where (3)

Mpq=






C(q,p)ne+A(q,p) ,ifp=q

−∑
j=p
C(p,j)ne−∑

j<p
A(p,j)−S(p)ne ,ifp=q

andΓp=[α(p)ne+β(p)+βd(p)]nine.

2.1 Reducingthedimensionality

Equation(3)canbesolvedviae.g.eigenvaluedecompositionorLaplacetransformation.But
inpractice,thecomputationaleffortcanbedrasticallyreducedsincethetimescalesforthe
developmentofdifferentatomicstatesareverydifferent.So,ifdiagnosticswithfinitetemporal
resolutionareused,andnoprocessesotherthanthosein(1)arerelevantonfastertimescales,
someofthestatescanbeassumedstationary.Thevectorspaceofncanthenbesplitinthree,




ṅP
ṅQ
ṅS



=




MP MPQ MPS
MQP MQ MQS
MSP MSQ MS



·




nP
nQ
nS



+




ΓP
ΓQ
ΓS



, (4)

wherenSisgivenby(2)andhencėnS=0.WeassumeṅQ=0andimmediatelyderive

nQ=−M
−1
Q (MQPnP+MQSnS+ΓQ), (5)

ṅP=(MP−MPQM
−1
QMQP)nP+(MPS−MPQM

−1
QMQS)nS+ΓP−MPQM

−1
QΓQ (6)

=MeffnP+Γeff,

whichreducesthedimensionoftheODEsystemtothedimensionofthePspace.Inthelast
stepwehaveusedthatbothΓandnSareproportionaltoniandhencerepresentasource.

Amoreformalderivationisgivenin[12].ItyieldsacriterionforthevalidityoftheCRM
dependingonthechoiceofthePandQspaces.
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2.2 FormulationI(“meta-stableresolved”)

Takingonlythegroundandthetwometa-stablestatesintothePspace,henceassuminġn=0
foralltheotherstates,eq.(5)canbewrittenforastateqas

nQ|q=n(q)=r0(q)neni+r1(q)nen(1
1S)+r2(q)nen(2

1S)+r3(q)nen(2
3S). (7)

rj(q)arecalledpopulationcoefficientsanddependonTeandne.Thesubscriptsj∈{0,1,2,3}
standfortheion,thegroundstate11S,andthemeta-stable21Sand23Sstates,respectively.For
thePspace,hencep∈{1,2,3},eq.(6)becomes

ṅP|p=
d

dt
n(p)= ∑

j=p,j=0

kjpn(j)ne−kpn(p)ne+k0pnine. (8)

Noticethattheconstraintoniondensityniin[1,eq.(25)]isonlyvalidinaclosedsystem.
InEIRENE,itisusuallyadditionallymodifiedbyplasmatransport(onlargertimescales)and
othercollisionterms.

Thek’saretheCRcouplingcoefficientsandaregivenexplicitlyintermsofthepopulation
coefficientsin[1].From(6)weseethat(Meff)pp=−kpne,(Meff)pj=kjpneandΓeff|p=
k0pnine.

2.3 FormulationII(“meta-stableunresolved”)

Ifthequasi-steady-state(QSS)assumptionalsoholdsforthemeta-stablestates,theymaybe
alsomovedintotheQspace.ThePspacebecomesonedimensional-itisthemostsimple
choice.Theexcitedlevelpopulationisthengivenby

nQ|q=n(q)=R0(q)neni+R1(q)nen(1
1S). (9)

R0(q)andR1(q)arealsocalledpopulationcoefficients.Theyareassociatedwiththerecombin-
ingandtheionizingplasmacomponent,respectively.Thetimeevolutionofthegroundstateis
writteninthereducedformas

ṅP=
d

dt
n(11S)=−

d

dt
ni=−SCRn(1

1S)ne+αCRnine. (10)

SCRandαCR
†aretheCRionizationandrecombinationratecoefficients,respectively.SCR,

αCR,R0(q)andR1(q)canbeobtaineddirectlyfrom(5)and(6)orfromk’sandr’saccordingto
expressionsgivenin[1,eq.(31-38)].TheyarethereforefunctionsofTeandne.

2.4 Singlet–tripletwavefunctionmixing

Accordingto[1],correctionsintheCRmodelduetomainlythespin–orbitinteractionmustbe
incorporated.Theinteractionleadstomixingbetweensingletandtripletfine-structurelevels
n1LLandn

3LL.Theiractualwavefunctionsareexpressedas

Ψ(n1LL)= 1−ω2Ψ0(n1LL)−ωΨ
0(n3LL), (11)

Ψ(n3LL)=ωΨ
0(n1LL)− 1−ω2Ψ0(n3LL), (12)

whereΨ0denotesthewavefunctionforthepureL−Sfine-structurelevel.Themixingcoef-
ficientω,calculatedby[13],issignificantforlevelswithL≥3.Fortheselevels,theL−S

†NotethatαCRcontainsallrecombinationprocesses,notonlythethree-bodyrecombination.
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couplingschemeisinappropriateandthej−jschemeshouldbeusedinstead.

However,GotoenablesustosticktotheestablishedL−Sschemebyapproximatelymanipulat-
ingthetransitionratecoefficientsinstead.Forexample,theionizationratecoefficientbecomes

S(n1L)=(1−ω2)S0(n1L)+ω2S0(n3L), (13)

S(n3L)=
ω2

3
S0(n1L)+1−

ω2

3
S0(n3L). (14)

Sinceω=ω(B),theratecoefficientsbecomefunctionsofthemagneticfield.Theconsequences
willbediscussedinsubsequentchapters.

2.5 Densityandtemperaturevalidityrange

Theinitialatomicdata(reactionratecoefficients)dependonlyontemperature.Thedensityde-
pendenceintheCRcoefficientsappearsbecauseofthereductionoftheCRmodeldimension.
Hence,aslongastherequiredassumptionsarevalid,thereisnolimiteddensityrangeforthe
model.However,atsmallandathighdensities,itisreasonabletosimplifythemodelbyassum-
inganequilibrium-whichisdensityindependent.Adetaileddescriptionofdifferentequilibria
isgivenin[14].

Atlowerdensity,ne 1014m−3,threebodyrecombinationisnegligible,sothatelectronim-
pactionizationisbalancedbyradiativerecombination.Radiativedecayistheonlysignificant
de-excitationprocess,balancingelectronimpactexcitation.Thisleadstothesocalledcorona
equilibrium,whichisalsopresentinthecoronaofthesun.Infact,atlowenoughdensitiesCR
couplingcoefficientsarefoundtoautomaticallycollapsetothesecoronavalues,constantinne.

Ontheotherhand,athigherdensity,ne>>10
22m−3,radiativeprocessescanbeneglected.This

alsoleadstoadensityindependentequilibrium,thelocalthermalequilibrium(LTE).Typically
(e.g.forhydrogen),CRcoefficientsarestoredfor1014m−3<ne<10

22m−3,andaconstant
densitydependenceisassumedoutsideoftheinterval.Whilethisistrueatsmalldensities,we
stillobserveasignificantdensitydependencearound1022m−3−hence,thermalequilibrium
isstillnotreachedthere.Accordingto[15,eq.(4.2.6),page122],thenecessaryconditionfor
LTEinatransparentplasmaisne[cm

−3] 1.4·1014
√
kBT[eV]χ[eV]

3.Itsscalingwiththethird
poweroftheionizationpotentialχmayexplainwhyLTEisreachedathigherdensitiesfor
heliumthanforhydrogen.However,accordingtotheformula,LTEforhydrogenatne 1022

m−3isonlyestablishedatT 0.8meV,indicatingthatthisestimatemaybetoorestrictive.

ThetemperaturevalidityrangeoftheutilizedCRmodelisdifficulttospecify,becauseitcon-
tainsmanyatomicdatafromdifferentsources.Theirindividualvalidityrangemustnotoverlap
andwehavenoqualitymeasurefortheusedextrapolations.In[1],themodelisusedfor
Te∈[0.1,10

4]eV.However,electronimpacttransitioncrosssectionsareimpreciseat 0.1eV
(seechapter3.2.3).Therefore,cautionisrecommendedinthelowtemperaturerange.

In[1],noerrormarginsarespecified.Thisisunfortunateforexperimentalapplication.But,
consequently,wealsomadenoattemptstopropagateuncertaintiesinEIRENEsimulationsin
thispresentwork.Nevertheless,errorpropagationfromF1979[2]toG2012[1]bysensitivity
analysisimplementedinHYDKIN[8]isthetopicofchapter7.5.

6



3 Atomicdataanddatabaseselection

3.1 Elementaryprocesses

Inthissection,theunderlyingatomicprocessesfortheCRmodel(1)arebrieflyexplained,
referringto[11].Thecollectionofdatadescribingtheseprocessesquantitativelyissubjectof
chapter3.2.

Notethattwodifferentnotationsareinuse.Inbrackets,weadoptthespectroscopicnotation
from[1]:(q,p)=(q→ p)meansatransitionfromqtop.Insubscripts,weusethealgebraic
notation:xpq=x(q→ p),withanarbitraryquantityxdependentonthattransition.Ifan
electronicstatepliesenergeticallyhigherthanstateq,wedenoteitbyp>q.Theexcitation
fromqtopcanbedenotedby or ,andtheinversede-excitationby or .

3.1.1 Spontaneousemission

Spontaneousemissioncanbeunderstoodasstimulatedbyelectromagneticvacuumfluctuations.
Therefore,thedecayrate(orEinstein’sAcoefficient)fromastatepintostateq,

A(p q)=
2ω3qp
3hε0c3

g(q)d2qp, (15)

mainlydependsontheelectricdipolematrixelement(ordipolemoment)

dqp= p|-er|q=-e Ψ∗p(r)rΨq(r)d
3r. (16)

Here,ΨqandΨparewavefunctionsandristhepositionvector.ωqpistheangularfrequency
oftheemittedradiation.g(q)isthestatisticalweightoflevelq,andothersymbolsasusual.

Often,adimensionlessparameterisusedtocharacterizethecouplingoftheatomtoelectro-
magneticradiation-theoscillatorstrength

fqp=
8π2mHe
3h2e2

∆Eqpg(q)d
2
qp. (17)

mHeisthemassoftheheliumatomand∆Epq=|χ(p)−χ(q)|=∆Eqpistheenergydifference
betweenthestatepandq.

3.1.2 Collisionalprocesses

AllotherprocessesintheconsideredCRmodelcanberegardedaselectroncollisions.Hence,
theycanbedescribedbycollisionalcrosssections

σpq(E)=
2πV

v
ρ(E)|q|H|p|2 (18)

accordingtoFermi’sgoldenrule[16].Here,ρ(E)isthephasespacedensity,Htheinteraction
HamiltonianandVthenormalizationvolume.vistherelativevelocityofcollidingparticles,
butforHe-e−collisionstheheliumvelocityistypicallynegligible.Therefore,E=12mev

2isthe
kineticenergyoftheelectron.

ForaMaxwellianvelocitydistributionoftheelectrons

fM(v)=4πv
2 m

2πkBT

3/2

exp−
mv2

2kBT
, (19)
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theratecoefficientsarecomputedbyaveragingaccordingto

σv(T)= σ(v)vfM(v,T)dv=2
2

πm
(kBT)

−3/2
∞

∆E
σ(E)Eexp−

E

kBT
dE. (20)

E∈[∆E,∞),where∆Eisthethresholdenergyfortheprocess.Forexcitationandionization,it
isequaltotheenergydifferencebetweenthestates(∆E=Epq),while∆E=0forde-excitation
andrecombination.

3.1.3 Detailedbalance

Forsomeprocesses,thecrosssectionsmaybemorecomplicatedtoobtain:forinstance,the
three-bodyrecombination,sinceitinvolvesthreereactionpartners.Theprincipleofdetailed
balancecanbeusedtosimplifythederivationandreducethesizeofthedatabaseinhalf.In
thermodynamicequilibrium,forwardandbackwardreactionsarerelatedvia

σpqvnqn
a
e= σqpvnpn

b
e. (21)

Letusassumew.l.o.g.q<p.σpqvistheratecoefficientforthereactionq pandσqpv
fortheinverseprocessp q.Actually,forthethree-bodyrecombinationα(q)=σqpv=

σ3bqpvv,whereσ
3b
qpisaveragedovertheMaxwelliandistributionsofbothelectrons.qis

anatomicstateandpanionstate.Theratecoefficientαcanbeobtainedfromtheelectron
impactionizationratecoefficientS(q)=σpqvwitha=1andb=2.Using(2),thisresultsin
α(q)=S(q)·Z(q).

Forallotherelectroncollisionprocesses,a=b=1.nqandnparegivenby(2),hence

σpqvg(q)=σqpvg(p)exp(−∆Eqp/T). (22)

Thedetailedbalanceprinciplecanbealsoderivedforcrosssections.Whilemorecumbersome
forthree-body-interactionslikeionizationandrecombination,itisstraightforwardfortwo-
body-interactionslikeexcitationandde-excitation:first,weapply(20)to(22).Noticethatthe
integralsareidenticaluptothelowerintegrationlimit:∆E=0forp qand∆E=Epqfor
q p.BysubstitutingE=E−∆E,wederivefortheexpressionundertheintegral

σpq(E+∆Epq)g(q)(E+∆Epq)=σqp(E)g(p)E,∀E>0. (23)

3.1.4 Collisionstrength

TheexcitationcrosssectionisoftenrepresentedviathecollisionstrengthΩ(x)=Ω(E/∆Epq),
[4],

σpq(E,∆Epq)=
πa20

Ry
g(q)EΩpq

E
∆Epq

forE≥∆Epq

0 forE<∆Epq
(24)

withcollisionenergyE,energydifference∆Epq,RydbergenergyRy=13.6057eVandBohr
radiusa0.Inserting(24)into(23)andsubstitutingx=E/∆Epqresultsinthedetailedbalance
forcollisionstrengths

Ωp q(x+1)=Ωq p(x)∀x∈[0,∞). (25)

Inserting(24)into(20)gives

σvp q=C1·C2(T,q)
∞

1
Ωp q(x)exp−x

∆Epq
T

dx, (26)
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withC1≡πa
2
0Ry·2

2
mπandC2(T,q)=∆Epq/g(q)(kBT)

3/2.

Notethate−xdecreasesmonotonicallywithx,sothatnearthresholdvaluesΩ(x≈1)cangive
averyimportantcontributiontotheintegral(dependingonΩ). Withincreasingelectrontem-
peratureT,e−x/Tfallslessquick,sothatthecontributionofΩ(x)atlargerxbecomesmore
importantathighertemperatures.

Fortheinverseprocess,using(25)andx=x+1,weobtain

σvq p=C1·C2(T,p)
∞

0
Ωq p(x)exp−x

∆Epq
T

dx (27)

=C1·C2(T,p)
∞

0
Ωp q(x+1)exp−x

∆Epq
T

dx (28)

=C1·C2(T,p)
∞

1
Ωp q(x)exp−(x−1)

∆Epq
T

dx (29)

=exp
∆Epq
T

g(q)

g(p)
σvp q (30)

=
Z(q)

Z(p)
σvp q (31)

withtheSaha-BoltzmannequilibriumvaluesZ(p)givenbyequation(2).IntheCRcode[1]
expression(29)isevaluatedforde-excitationσvq pbynumericalintegration,andthecorre-
spondingexcitationratecoefficientσvp qisthenfoundfromrelation(31).

3.2 DatabaseG2012[1]

Insection3.1wehavediscussedhowreactionratesinequation(1)relatetoelementarypro-
cesses,radiativeandcollisional,whichmustbedescribedaccordingtothelawsofquantum
mechanics.Thequantitativetheoreticalcalculationorexperimentalmeasurementofthesepro-
cessesisnotsubjectofthepresentwork.Instead,werelyontheworkofotherauthorswhohave
compiledatomicdatabases(ofoscillatorstrengths,crosssectionsetc.)forpublicusage.The
CRmodelG2012byGoto[1]containsacompletecollectionofatomicdatafromanumberof
databases.Duetoitssize(of65energyeigenstates)itisquiteheterogeneous.Inthefollowing,
wewillbrieflydiscussthecollectionandpointoutitsprosandcons.

Oneoutstandingadvantageofthedatasetisitscomprehensiveness:duetothelargenumber
ofenergyeigenstates,withprincipalquantumnumberupton=26,inclusionofrecombination
processesandabroadrangeofvalidity,ithasawidescopeofapplication.Thisisimportantfor
amulti-purposecodesuchasEIRENE.Nevertheless,limitationswillbepointedout.

TheatomicdatasetisbaseduponthepredecessorCRmodelF1979[2].Infact,boththemodel
structureaswellasapartofthedatabaseremainthesame.Amongthesedataarethehydrogenic
approximationforn>10,radiativeanddielectronicrecombinationrates.Fortherecombina-
tionrates,issuesarediscussedinchapter6. Mostotherprocesseswerereassessed.Dataare
stillinsufficientforhigherexcitedstates(n 5).Theimportanceofhighn−statesisshownin
chapter7.2.Fortunately,scalingrelationscanbeusedforsomeofthem.

Thespontaneoustransitionprobabilities,incorporatedfrom[13],arestoredinformofoscillator
strengthsfpq.
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Notethatbothradiativeandelectroncollisionprocessesareaffectedbythesinglet-tripletmix-
ing(seechap.2.4and4),newlyincorporatedinthepresentmodel[1],ascomparedto[2].

Twodifferentbasicatomicdatasetsareavailableforelectronimpacttransitions:onecontains
fitsofcollisionstrengthsfromthereportbyRalchenkoetal.[4],whichisbasedonCCC-89†

[17]calculations,benchmarkedandinternationallyevaluated. Wewillrefertothisdatasetas
R2008.Theothersetcontainstabulatedcollisionstrengthandcrosssections,whichhavebeen
providedprivatelyby[18]. WewillrefertoitasV2005. Unfortunately,noreferencenora
publicexpositionofthisdatasetexisteduntilnow.WemadethesetaccessibleattheHYDKIN
webpage[8].

3.2.1 Ionizationcrosssections

AtthetimeofFujimoto’soriginalwork[2],experimentalcrosssectionswereonlyavailablefor
the11Sand23Slevels,whileforothersthehydrogenicapproximationwasadopted.Itisthere-
forenotsurprisingthatnewerdataarequitedifferent:Figure2depictsthedifferencebetween
bothmodels[1]and[2]forn≤
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Figure2:Relativedifferenceinionizationratesbetween[1]and[2],∆S/S=SF1979/SG2012−1.Hori-
zontalaxiscorrespondstodifferentinitialstatesp=S̃nL,with̃S=SforsingletandS̃=Tfortriplet.

InourcurrentmodelG2012,theinternationallyevaluatedandrecommendedcrosssectionsby
Ralchenkoetal.[4](R2008)areadoptedforn≤4viaanalyticfitsoftheform

σp(E)=
10−13

χ(p)E
A1(p)ln

E

χ(p)
+
6

∑
i=2

Ai(p)1−
χ(p)

E

i−1

(cm2). (32)

†convergentclosecoupling(CCC)methodimplementing89coupledstates(CCC-89)
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Here,E[eV]isthekineticenergyofthecollidingelectron,χ[eV]theionizationpotentialfor
statep,andAiarefittingcoefficients,storedinanASCIIfile.For5≤n≤7,theclassical
scalinglaw

σn1,3L(E)=
χ41,3L
χn1,3L

2

σ41,3L
χ41,3L
χn1,3L

E (33)

isapplied.Thisexplainsthe(approximate)periodicityinfig.2.Thehydrogenicapproximation
iskeptforn≥8.

Thegroundstateionizationcrosssectionagreeswellwiththeoryandexperimentaldata,andso
theratesarequiteequalinG2012andF1979codes.Buttherewasalonglastingdebateabout
the23Sionizationcrosssection:whiledifferenttheoreticalcalculationsagreedwellamong
themselves,“therehasbeenonlyoneexperimentspanningasignificantenergyrange,per-
formedmorethan40yearsago[19,numberdifferentinoriginal]andwhoseresultsarein
sharpdisagreementwiththemostaccuratecalculationsperformedoverthepast20years”[20].
AccordingtoGénévriezetal.[20],thiswasduetothedifficultyoftheexperimentalsetup.They
recentlyrepeatedthemeasurementofthatcrosssection,andthesenewexperimentalresultsnow
agreeandfullyconfirmthetheoreticalCCC-89calculations.Althoughnotveryexplicitfrom
thetext,thedatasetR2008[4]wasfortunatelyalreadybasedonthetheoreticalCCC-89calcula-
tions,includingionizationfrom23S.Thisexplainsthehugedifferenceintheresultingreaction
ratesS(23S)between[1]and[2](seeninfig.2),sincethelatterusedtheoldexperimentaldata
from[19].

3.2.2 ElectronimpacttransitiondatasetV2005[18]

TheuseroftheCRcodeG2012[1]mayswitchbetweenthedatasets,butthedefaultmodelac-
tivated(sinceMarch29,2012)wasV2005[18].Itwasthereforeretainedformostcalculations
inthecurrentwork.

OnelargebenefitofthedatasetV2005isitscomprehensiveness:itcontainsexcitationcolli-
sionstrength/crosssectionsforinitialni≤5andfinalnf≤6,whichareintotal567transitions
(disregardinginverseprocesses,obtainedthroughdetailedbalance).

Additionally,anextrapolationtonf=7withC(ni,nf=7)=C(ni,nf=6)·
6
7

3
isapplied.For

othertransitions,theoldF1979model[2]isretained.

ThedataarestoredonanenergygridbetweenEmin≈∆E=∆EpqandEmax≈500eV.Onav-
erage,25gridpointsareused,althoughupto73forsomegroundstatetransitions.Excitation
ratecoefficientsarecalculatedaccordingto(26):integrationstartsatEmin,Ω(x)isinterpolated
linearlybetweengridpoints,andforEmax<E<∞anextrapolationisemployed.De-excitation
ratecoefficientsarecalculatedbythedetailedbalance(22).

ThefirstgridpointEminatwhichΩisstoredisnot∆E,hencexmin=1.Sinceintegration
startsatxmin,itcanberegardedaseffectivethresholdEmin=∆Eeff.Thevaluesoftheeffective
thresholdenergiesforalltransitionsinV2005arelistedintable1.Numericaluncertaintyisa
possiblereasonforthedeviation,sincelargerxminareusuallyencounteredforsmall∆E,buta
systematicdeviationisalsopossible.

Theexacteffectonthereactionratesduetoxmin=1isdifficulttoestimateuniversally.The
thresholdregionisimportant,sincetheexponentialfactorintheintegral(26)ismaximalthere.
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Table1:Normalizedeffectivethresholdenergiesxmin=∆Eeff/∆EintheV2005[18]dataset.

xminrange numberoftransitions
0.96-1 138
1-1.1 271
1.1-1.5 122
1.5-2 11
2-3 10
3-10 2
10-100 10
≈177 1
≈6770 2

However,theenergyinterval,wherethediscrepancyoccurs,israthersmall.Therefore,weex-
pectnolargeimpact,aslongasΩ(x)stays“reasonable”inthatinterval.“Reasonable”means,
theintegraloverthatintervalmustbesufficientlysmallcomparedtothewholeintegral.

Thelargestdrawbackofthedatasetisthelackofareliablereference,meaningthereisno
estimateforitsvalidity.Toenablefalsifiabilityofthecurrentwork,thedata(crosssections)
weremadepubliclyaccessibleattheHYDKINwebpage[8].

3.2.3 ElectronimpacttransitiondatasetR2008[4]

DuetothelackofaclearreferenceforthedefaultmodelV2005[18],wedecidedtoswitch
backtoelectronimpacttransitioncrosssectionsfromR2008[4]†.Thisseemedeasyonfirst
sight,sincetheoptionwasalreadypre-programmedintheCRcode(routine’ralchenko.c’).But
itturnedout,therehadbeengoodreasonswhythisoptionhadbeende-activated.Theissues
werefoundandcured,nowallowingtheutilizationofthefulldataset.Theissuesarediscussed
inthischapter.Additionally,theoriginalcrosssectionsfrom[4]weremadeaccessibleatthe
HYDKINwebpage[8].

ThedataarebasedontheCCC-89method[17],whichyieldscrosssectionsfordiscreteener-
gies.Foracompactrepresentationoverthewholeenergyrange,includingproperhighenergy
asymptotics,analyticfitfunctionsareadaptedinR2008[4]forthethreeexcitationgroups:

(i)Dipole-allowed(∆S=0,∆L=±1)

Ω(x)= A1ln(x)+A2+
A3
x
+
A4
x2
+
A5
x3

x+1

x+A6
, (34)

(ii)Dipole-forbidden(∆S=0,∆L=±1)

Ω(x)= A1+
A2
x
+
A3
x2
+
A4
x3

x2

x2+A5
, (35)

(iii)Spin-forbidden(∆S=0)

Ω(x)= A1+
A2
x
+
A3
x2
+
A4
x3

1

x2+A5
. (36)

†Inthecode,originally,thedataset’R2000’[21]wasimplemented,laterexchangedbyV2005.
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Thesefitexpressionsweresupposedtobeconvenienttointegratetoratecoefficients. Note,
however,thatintheroutine’ralchenko.c’oftheCRcodede-excitationratecoefficientsare
calculatedfirstaccordingtoeq.(29).Excitationratecoefficientsarethencalculatedfromthe
detailedbalanceforrates(22).

ThedatasetR2008coversalltransitionswithni,nf≤4,whichare171intotal(disregarding,
again,inverseprocesses).Hence,itislesscomprehensivethanV2005butfullyreproducible.
Forni≤3and5≤nf≤7,thescalinglaw

Ωpq
E

∆Epq
=

4

nf

3∆Epq
∆E4q

Ω4q
E

∆Epq
(37)

isapplied.Itmeans(byabuseoflanguage),thatinsteadoftheunknowncollisionstrengthfor
thetransitionq→ p,p=n2S+1f L,thecollisionstrengthforp=42S+1Lisevaluated,butwith
thecorrectthresholdenergy.Itisthenscaledbythethresholdenergyandtheprinciplequantum
numberratiocubed.Forothertransitions,againtheF1979[2]modelisretained.

Unfortunately,itturnedoutthatthedatautilizedbytheroutine(fitcoefficientsA1−A6
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)havenot
allbeenexactlythosefromtheRalchenkoetal.[4]papereither.Theirsourcesintheoriginal
codearedepictedinFigure3.

Figure3:CrosssectiondataoriginallyutilizedbytheCRmodelG2012[1]inthe’ralchenko.c’routine.
Axeslabelscorrespondtostatesp=S̃nL,with̃S=SforsingletandS̃=Tfortriplet.Eachsquareisa
transitionbetweenthestateontheverticalaxisandthestateonthehorizontalaxis.Thesymmetryis
duetodetailedbalance(22).Thereferencesare:F1979[2],R2000[21],R2008[4],others-noknown
reference.

Wecouldnotfullyidentifywhydifferentexpressionswereusedforgroundstateexcitation.
However,thefitswereveryclosetotheonesin[4],sothatwenowsimplyreplacedthemby
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thepresumablyimprovedonesfromR2008,seeFigure4foranexample.Fortwotransitions,

Figure4:CrosssectiondataoriginallyutilizedbytheCRmodelG2012[1]inthe’ralchenko.c’routine
forthegroundstateexcitationtop=21S,bluecurve,and(improved)fitfromR2008[4](redcurve)for
thesametransition.

markedinlightgreeninFigure3thedatabaseupdatefromR2000[21]toR2008[4]wassim-
plymissedout,andsowenowupdatedthesedata.Thesechangesdidnothaveanysignificant
impactonlineintensityratios(inchapter7.3).Hence,onlyoneclassofdifferencesbetween
thereference[4]andtheactualCRmodelremained:theni=nf=3andni=nf=4transition
collisionstrengthswerenotusedatallintheCRmodel,theolddatafromF1979[2]werekept
instead.Alsothisissueisnowresolved,aswewilldiscussnext,sothatnowthefullR2008
dataset,foralltransitions,ismadeavailableintheCRcode.

Itturnsout(seechap.7.3)thatthisdifferenceinthel-mixingcollisionswithinn=3andn=4
states,infact,isquitesignificant.Therefore,westartedanalyzingindividualcollisionstrength
fits,aswellastheirnumericalintegration.Theconclusion:somefitsshowanunphysicalin-
creasewith1←x,closetothethreshold.Moreover,theappliedintegrationroutineseemstobe
notoptimalfortheproblem.Thecombinationofbothissuesmadetheiridentificationdifficult†.

Wecontactedthefirstauthorof[4](Y.Ralchenko,NIST),whoconfirmedthatthefitsfortransi-
tionswiththesmallestthresholdshaveapoornear-thresholdbehavior.Infact,forthetransition
33D→31D(with∆E≈0.4meV)recentlythecollisionstrengthuptothethresholdwasrecal-
culated,andanewfit,basedonthatdata,behavesverydifferently(seefig.5)[22].

In[4]itwasactuallyalreadyrecommendedtousetheoriginal(discrete)dataforthelowest
energies,atleastfortheseverylowthresholdprocesses∆E 1eV,ratherthanthefits.Unfor-
tunately,theoriginaldataseemtobenotavailableanymore.

Anotherpossiblesolution(proposedbyRalchenko[22])wouldbetosimplyapplyalinearex-
trapolationfromthelastvalidpointat0.1eVdownto∆E(i.e.tox=1)wheneverthethreshold
energyissmallerthan0.1eV

Ω(x)=ax+b,∀x∈[1,x0),x0=0.1/∆E

†MaybethisisthereasonforthechangefromR2000[21]totheV2005[18]datasetintheG2012CRcode?
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Figure5:Collisionstrengthfortheelectronimpacttransition33D→31D,withlineary-scaleontopand
logarithmicy-scaleatthebottom.R2008fit[4](NIFS,black)iscomparedwithnewerdata(CCC,green)
andanewerfit(red)[22]. WhenproducingtheR2008fit(NIFS),datahadbeenonlyavailabledownto
0.1eV(i.e.startingatreducedenergyx∼250forthisparticularprocess)[22].

withaandbfixedbyΩ(1)=0andΩ(x0)=ax0+b(continuity). Thisseemsreasonable,
becausewewouldnotexpectasignificantcontributiontotheintegralfromthissmallenergy
intervalanyway−exceptifthecollisionstrengthisordersofmagnitudetoolarge.

Besidesunphysicalnear-thresholdbehaviourofthefits,therewereconvergenceissuesinthe
numericalintegration,evenfortransitionswithseeminglycorrectfits(comparede.g.toV2005
datatables[18]).Inthe’ralchenko.c’routine[1],theintegrationalgorithmforequation(29)
is’gsl_integration_qagiu’fromtheGNUScientificLibrary[23].Itisapowerfulgenerictool
foradaptiveintegrationoninfiniteintervals:first,theintervalinmappedfromx∈[1,∞)onto
t∈[1,0)viax=1+(1−t)/t.Then,theintegraliscomputedviaadaptivebisection(Gauss-
Kronrod21-pointintegrationrule)supplementedbytheWynnepsilon-algorithm.

TheconvergenceissuescouldbebypassedforTe<200eVbyadjustingthelinearextrapolation
beyondthephysicallyjustifiedlimit.Forthetransition41D→41F,x0=0.6eV/∆Ewasnec-
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essary,andforthe43D→43Ftransitionx0=0.192eV/∆E.This,withoutanyextrapolation
forothertransitions,ledtoFigure17.Additionally,wecouldapplytheextrapolationforall
othertransitionsforwhichx0=0.1eV/∆Eexceedsthevalueone,exceptfor4

3F→41F.For
thelatter,∆E≈2µeVandthefitlooksfinestartingalreadyfrom1meV,sothatwesetx0=1
meV/∆E.ThisledtoFigure18.

However,theabovecorrectiveprocedurestilldidnotworkuniversally(i.e.foralltransitions)
forTe>200eV.Thissuggeststhatthegslintegrationroutineisinappropriateforthetask,
aslongasitisapplied,withoutmodification,forallthreetypesofprocesses(dipole-allowed,
dipole-forbidden,spin-forbidden)mentionedearlier.Duetotheirfundamentallydifferenthigh
energyasymptoticbehavioursthisisalsotobeexpected.Asymptoticallycorrectanalyticalex-
pressions,oneforeachofthesethreetypesofprocesses,arealreadyimplementedincaseof
the(tabulated)V2005datatables,forthehighenergyrangecontributionsbeyondthelastdata
point.ButthesearenotjetavailableinthecodewhentheR2008datafitsareused.

Ontheotherhand,foramulti-purposecodelikeEIRENE,coverageofawideparameterrange
withonesingledataformatishighlypreferabletoavoidalargenumberofspecialcasedata
sets,whichwouldmakethedatabaselesstransparent.Therefore,wereplacedtheintegration
routinefortheR2008database.

WenotethatitispossibletofullyexploitthepresenceoftheBoltzmannfactorintheintegral
byutilizationoftheGauss–Laguerrequadrature[24].First,werewriteequation(29)as

σvq p=C1·C2(T,p)
∞

1
Ωp q(x)exp−(x−1)

∆Epq
T

dx

=C1·C2(T,p)
∞

0
Ωp q(x+1)exp−x

∆Epq
T

dx

=C1·C2(T,p)
T

∆Epq

∞

0
Ωp q x̃

T

∆Epq
+1 e−x̃d̃x. (38)

Thesolutionfortheintegralin(38)canbeapproximatedvia

σvq p≈C1·C2(T,p)
T

∆Epq

n

∑
i=1

Ωp q xi
T

∆Epq
+1 ·αi, (39)

withGauss-Laguerrenodesxi(i-throotofLaguerrepolynomialLn(x))andweightsαi.Asin
theHYDKINonlinetoolweusen=64.Gauss-Laguerrenodesandweightsarealsogiven,
forexample,in[25].Theresultingintegrationprocedureturnedouttobefarmorerobustand
givesveryreasonableresults,althoughwehavenotcarriedoutanintegrationerrorestimate,
e.g.byvaryingthenumberofGauss-Laguerrenodesto16and32spotchecksforaccuracyand
Richardsonextrapolation.

NearthresholdlinearextrapolationisalsoappliedfortheaboveGauss-Laguerreintegration
procedure,forthenodesxi

Te
∆E+1<

0.1eV
∆E .Sincex1isfixedforagivennumbernofGauss-

Laguerrenodes(e.g.,tox1=2.24×10
−2forn=64),theconditionisequivalentto∆E<0.1

eV−x1·min{Te}.TheresultinglineintensityratiosareinexcellentagreementwiththoseofFig-
ure18.TheratecoefficientsCaswellascollisional-radiativeratecoefficientsk,SCRandαCR
couldbeobtainedforTe∈[0.3,10

4]eVandweremadeaccessibleattheHYDKINwebpage[8].

Interestingly,theaboveGauss-Laguerreintegrationalsoworkswithoutcorrectionofthefits
below0.1eV.TheresultinglineintensityratiosareevenquiteclosetothoseofFigure18.This
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mightbeduetothefactthatΩ(xi)isnowonlyevaluatedatdiscretepointsxi,mostlyavoiding
thespuriousnearthresholddivergenceofthefits.Nevertheless,atverysmallTetheeffectfrom
spuriousfitscanbeseeninsomeindividualreactionratesCwithsmall∆E(atHYDKIN):
whiletheintegratedreactionratescontainthelinearnearthresholdcorrectiveextrapolation
incollisionstrengths,wehavealsostoredtheoriginalcrosssectionsfromfitsinR2008[4],
withouttheasymptoticnearthresholdcorrection.ThereforMaxwellianaverageintegralsfrom
therealtime(online)evaluationcanthusbeslightlydifferentatverysmalltemperaturesand
thresholds.

3.2.4 Conclusiononatomicdata

TheheliumCRmodelG2012appearstobewellsuitedfortheapplicationintheexperiment,or
initssimulation.Itslargeadvantageisthat(alargepartof)itsunderlyingatomiccrosssection
databasewasinternationallyevaluatedandtodayprovidesa“goldenstandard”. Wehavere-
viewedtheremainingissues,andwereabletofixthemostimportantones.Theremainingopen
pointsarewellknownandcould(andshould)bereexaminedbytheatomicphysicscommunity
infuture.

Issueswiththeradiativeanddielectronicrecombinationratesarediscussedinchapter6.Fortu-
nately,theydonotconcerntheheliumbeamdiagnostic,sincerecombinationcanbeassumedto
benegligiblewithintheHeliumbeamthere.

Owingtotherecentwork[20],remainingdiscrepanciesbetweentheoryandexperimentcon-
cerningionizationcrosssectionscouldberesolved-confirmingthetheoreticalCCCdata.
Therefore,thedatafrom[4]appeartobetrustworthy.Similardataforhigherprinciplequantum
numberstatesaredesirable,theirimportancewillbedemonstratedinchapter7.2.

Fortheelectronimpacttransitioncrosssections,wehaveimplementedarobustintegrationrou-
tineforthereactionratecoefficients,allowingfullutilizationoftheR2008dataset[4]ina
broadparameterrange.Flawsofthefitexpressionsforcollisionstrengthsatenergies 0.1eV
wereidentified,sothatwecurrentlycannotrecommendutilizationofthedatasetbelow2-5
eVtemperature,untiltheverylowthresholdprocesseshavebeencorrected.Infact,in[4]itis
recommendedtousetheoriginal(discrete)CCC-89datainthecriticalenergyrange-butthese
dataappeartobe,unfortunately,lost.

Alternatively,theV2005[18](tabulated)databaseisavailableinthecode.Infact,itwasprob-
ablyusedformostpartsinthepastandalsointhepresentwork,mainlybecauseareliable
integrationofR2008datawasaddedonlynow.Itwasalsosignificantlymorecomprehensive.
Certainly,duetothelackofanyreliablereferenceregardingtheoriginofthedata,nowusage
ofthefullR2008dataisrecommended.

Sincecorrectatomicdataareessentialfortheapplicationintheexperiment,wecompareresult-
inglineintensityratiosfromR2008transitiondata[4]tothepreviouslyactivatedmodelV2005
inchapter7.3.However,resultsfromchapter9shouldnotdependontheunderlyingdataset,
aslongasthetransportcalculationsandsyntheticdiagnosticareselfconsistentwithrepect
tothedataused.Thisisthecase,ifthesamedataareusedbothinthebackwardcalculation
(plasmaparameterreconstruction)andintheforwardcalculation(syntheticspectrageneration).

Toensure“falsifiability”ofthecurrentwork,allunprocessed(crosssection)dataweremade
publiclyaccessibleattheHYDKINwebpage[8].
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4 Effectofthemagneticfield

InGoto’sCRmodel,transitionratecoefficientsvarywiththemagneticfieldduetothesinglet-
tripletwavefunctionmixingintroducedinchapter2.4.ThisdependencepropagatestotheCR
coefficientsandpopulationcoefficients.CRrateandcouplingcoefficientsareplotted,forrele-
vantplasmaparameters,inFigure6,normalizedtotheirvalueat0tesla.Note:inthischapter,
V2005electronimpacttransitionratesfrom[18]wereused.R2008[4]datamaychangethe
numbersalittle,butsincethemixingitselfdoesnotdependonthedata,theoverallbehavior
shouldbethesame.

Figure6:DependenceoftheCRrateandcouplingcoefficientsonthemagneticfield,normalizedtotheir
valueat0tesla.PlasmaparametersareTe=200eVandne=10

20m−3.

Aresonance-likebehaviorisobserved,withpeaksat0T,2.4T,4.2Tand7.3T.Thepeak
positionsareindependentofplasmatemperatureanddensity,buttheirmagnitudesdovarywith
both.

FortheCRratecoefficientsSCRandαCR(formulationII),nosignificantchangecanbeob-
served:SCRvariesforlessthan1%,αCRhasa1%peakat0teslaanda4%peakat7.3tesla.

CRcouplingcoefficients(k’sfromformulationI)aremuchstrongerinfluenced:thecoupling
ofthetripletmeta-stablestate23Stothesingletmeta-stable21Sandgroundstate11Sissignifi-
cantlyreducedbythemagneticfieldbetweentheresonancesandenhancedat7.3T.

ThetemperaturedependenceoftheoffsetbetweenB=0TandB=1TisdisplayedinFigure
7forafewCRcouplingandpopulationcoefficients.AtTe>200eV,theresonancessaturate.
Thereductionofthek31coefficientisrelevantalreadyatafeweV.Themagneticfieldeffect
onthepopulationcoefficientsR1(3

1S),R1(3
3S)andR1(3

1D)iscomparativelysmall,espe-
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ciallyatTe<50eV.Thesearerelevantfortheestablishedheliumbeamdiagnostic(seechapter
7).StateswithhigherorbitalquantumnumberLaremoreaffectedbythesinglet-tripletstate
mixing,hence,populationcoefficientsofsuchstates(R1(4

1F)
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Figure7:TemperaturedependenceoftheoffsetbetweenB=0TandB=1TforCRcouplingand(form.
II)populationcoefficientsatne=10

20m−3.

InFigure8,dependenceofthe(form.II)populationcoefficientsandtheirratiosonthemag-
neticfieldisdisplayed,normalizedtotheirvalueat0T.AtB<4T,thedensitysensitiveratio
R1(3

1D)/R1(3
1S)changesforlessthan10%evenatTe=200eVbecausebothcoefficientsbe-

comelarger.ThetemperaturesensitiveratioR1(3
1S)/R1(3

3S)changesforupto40%athigh
Tebecauseoftheoppositesignofthetripletpopulationcoefficientoffset.Alargeresonanceis
observedat7.3T.IncontrasttoFigure7,herethesingletpopulationcoefficientsalsochange
atTe<5eV,leadingtoadensityratiochangeof15%andtemperatureratiochangeof30%at
4eV.Atlowerdensities,themagneticfieldeffectissmaller.

Inconclusion,differentaspectsoftheCRmodelrequiretheconsiderationofthesinglet-triplet
statemixing:itisnegligiblefortheCRratecoefficientsinformulationII,butnotforthepop-
ulationofhigherstatesinthisformulationandgenerallynotforformulationI.SCRandαCR
areprobablyunaffectedbecausetheycombinethesingletandtripletstatedynamic,whilethe
mixingonlyleadstolinearcombinationofinitialsingletandtripletrates.

Luckily,thereisnearlynovariationwiththemagneticfieldinbetweentheresonancepeaks.
ThiscanbeusedtoomittheexplicitB−dependence. Especiallysmallerexperimentswith
0.2<B<3.7T,includingthestellaratorW7-X,cansimplyuseatomicdataate.g.B=1T,
sincetheeffectoftheresonanceat2.4Tisverysmall.
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Figure8:Dependenceofthe(form.II)populationcoefficientsandtheirratiosonthemagneticfield,
normalizedtotheirvalueat0tesla.PlasmaparametersareTe=200eVandne=10

20m−3.

InexperimentswithB>3.7T,likeITER,itmaybenecessarytotakethemagneticfielddepen-
denceintoaccountexplicitly.
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5 EvaluationofatomicdataviaHYDKIN

Condensedcollisional-radiativecoefficients(withbothV2005[18]andR2008[4]setsofelec-
tronimpacttransitioncrosssections)weremadeaccessibleonlineattheHYDKINwebpage
[8].There,theycanbecomparedtotheoriginalF1979[2]data,ADAS[26],etc.Thepage
alsocontainsasolverforreactionkinetics,withwhichthedatacanbedirectlyutilized.E.g.,in
combinationwithanadditionalmodelforthehydrogenlikeheliumions[27],theycanbeused
for0Destimationsofconditionsinheliumplasmas[28].

Besidesthat, Weger[29]hasimplementedaflexibletoolatthewebpagefordimensionre-
ductionofmasterrateequations.Itcanbeusedtofurthersimplifythecalculationsformore
complexplasma-chemicalprocesses.Thetoolgrantsitsusershighflexibilitybyallowingthem
todecideaboutthePandQspacedimensionduringruntime.Acriterionforthevalidityofthe
choiceisalsogiven.

ThetoolisalsoabletoreproducetheCRcoefficientsfromtheCRcode[1]frominitialatomic
dataused.Thefullystateresolveddatathereforwerealsomadeaccessibleatthewebpage.
Hence,theusercanchoosetouseform.IorII,ordefineanyotherPspace.

5.1 Testparticlecouplingcoefficients

TheMonte-CarlocodeEIRENE[7,9]trackssocalled“testparticles”:theymaybelongtodif-
ferentspecies.Thereby,foraphysicalparticlewithmultiplepossible(quantum-mechanical)
states,eachtrackedstatewouldbelongtoadistinctspecies.Ontheirtrajectories,testparticles
undergochemicalreactionsforwhichtheprogramrequiresreactionrates:fromtheinitially
trackedstateintoeverypossiblefinalstate. Thismeans,theparticleschangetheirspecies.
Hence,thereactionratesmustspecifytheinitialandthefinalspecies.

Incontrast,therateequation(8)describesthedensitychangeofastatepbycertainsource
termsandalossterm−butthelosstermdoesnotspecifythefinalstate.However,thelosses
mustbalancethesources,hence

kp=∑
j=p

kpj. (40)

Thesubscriptsj,l∈{0,1,2,3}standfortheion,thegroundstate11S,andthemeta-stable21S
and23Sstates,respectively,andp∈{1,2,3}.Hence,thelosstermcanbeequivalentlysplit
intothreereactionrates.Moreprecisely,wereplacethelossratekpwiththeionizationratekp0,
notpresentinequation(8).BothEIRENEandHYDKINgetasinputthesereactionrateskjl,
whichdescribethereactionsbetweentwospecies.

5.2 Dataformat

Accordingtochapter4,theatomicdataforHYDKINwereproducedatB=2.5T.Therefore,
theyarevalidforB∈[0.2,3.7]Tandsuitedforallmedium-sizedfusionexperimentswith
B<3.7T,inparticularforW7-X.

5.2.1 Fullystateresolvedreactionrates(1D)

AlthoughHYDKINisabletocalculatereactionratesfromcrosssectionsandthedetailedbal-
anceprinciple,thefullystateresolvedheliummodelincludesthousandsofreactions,anda
simplerdataformatwaschosenforthetemperaturedependentreactionrates:theywerestored
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ona(decadic)logarithmictemperaturegridforTe∈[0.3,10
4]eV.Inbetween,theyareinterpo-

latedexponentially(i.e.linearinterpolationonalog-logscale).ThevalueforTe∈[Tm,Tm+1]
betweentwogridpointsmandm+1isgivenby

σv(T)=σvm
σvm+1
σvm

T−Tm
Tm+1−Tm. (41)

Theerrorofsuchaschemeisdifficulttoestimateforunknownfunctions.Theinterpolation
isexactforexponentialfunctions.Butforσv∼exp(−aT),theerrormaybecomelargefor
smallerTe.Thegridshouldthereforebenottoosparse.Inourcase,100pointswerechosen.

Outsideofthestorageinterval,thelastvalueiskeptbyHYDKIN.Certainlythismustbere-
placedbyaproperphysicallycorrectextrapolationscheme,inthefuture.

5.2.2 CRcoefficients(2D)

Forform.IandII,theCRcoefficientskij,SCRandαCRdependonbothTeandne.Theywere
thereforestoredona2Dgrid.Topreservetheuniformityofthedatabase,theADASADF11
formatwasused.ItiswelldocumentedontheOPEN-ADASweb-page[26].Betweenthegrid
points,dataareinterpolatedaccordingto(41)inbothdimensions. NotethatinADF11,for
boththegridpointsandtheCRcoefficientsthedecadiclogarithmisstored,asopposedtothe
1Ddataformat.Outsideofthestorageinterval,anexponentialextrapolationschemeisusedby
HYDKINforTe.Forne,thelastvalueiskept,henceaconstantrelationisassumed.

5.3 ComparisonwithoriginaldatasetF1979[2]

Naturally,thenewCRcoefficientsfromG2012[1]shouldbecomparedtotheirolderversions.
Fortransitioncrosssections,theV2005[18]datasetwasusedhere.However,thedifference
betweenV2005andR2008[4]isgenerallysignificantlysmallerthanthedifferenceswhencom-
paredtoF1979.

Weobservethelargestrelativedifferenceforthek32rate:athighertemperaturesitchangedby
morethanoneorderofmagnitude.Comparingtoothercouplingcoefficients,wefindk32has
littleinfluenceonthedepopulationof23S.Butitchangesthepopulationof21S:allcoefficients
forthepopulationof21ScanbecomparedinFigure9.

Otherk3xcoefficientschangedless,butalsonoticeably.Thisinfluencesthepopulationof2
3S,

whichisimportantforspectroscopy.

Atsmallerdensities(ne<10
20m−3),thechangeoftherecombinationcoefficientsk0xandαCR

isremarkable:αCRisplottedinFigure10forbothmodels.

WeshouldpointoutthatthecoefficientsfromtheCRcodeF1979[2]werefitted,forusein
EIRENE,bypolynomialfunctions

lnσv=
8

∑
n=0

8

∑
m=0

anm(lnTe)
n(lnne)

m, (42)

insteadofstoringthemonagridforinterpolation.Butthefitsforrecombinationhadapoorer
quality,witherrorsupto22%†.ThisprobablyenhancesthedifferenceseeninFigure10:thefit
functionflattenstheextremaandslightlyoscillatesaroundtheactualpath.

†Thisisbecauseofthepronouncedextremaatlowerdensities.Theextremaoccurduetothecombinationof
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Figure9:CRcouplingcoefficientskx2forreactionsx→He(2
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Figure10:CRrecombinationcoefficientαCR(form.II).Calculatedatne=10
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5.4 Linearsensitivityanalysis,erroranduncertaintypropagation

Theequilibriumsolutionforthecollisional-radiativemodeldoesnotdependoninitialcondi-
tions.Itisratherdeterminedbythereactionrates.Forhelium,thesecanbecalculatedabinitio.
However,uptonowthereisnoabsolutecertainty,especiallyforhigherexcitedstates.The
selectionandevaluationofthequalityofadatasetiscomplicatedbythesizeofthesystemof
equations:with65includedstates,thereare4225reactionrates,whichoriginatefrommultiple
ratecoefficientsduetodifferentincludedprocesses.Thismakesasystematicapproachneces-
sary.

Thesimplestmodelwhichallowssuchanalysisisthelinearerrorpropagation:forasmall
changeinthereactionrates(orgenerallymodelparameters)κi,thechangeofthepopulation
densityofstatekisapproximatedby(thelinearthermoftheTaylorseries)

∆nk=∑
i

∂nk
∂κi
∆κi. (43)

Eq.(43)alreadyallowsthestudyofpropagationoferrorsinspectralmodels.Buttohaveabetter
assessmentoftherolesofindividualparameters,itisadvisabletowriteitindimensionlessunits:

∆nk
nk
=∑
i

κi
nk

∂nk
∂κi

∆κi
κi
=∑
i

ςki
∆κi
κi
. (44)

In(44),ςkiiscalledthesensitivityofstatektoparameteri.Relativechangeofthedensityin
statekisgivenbyrelativechangeofallparametersκiandthecorrespondingsensitivities.The
ςki(t)forall8776parametersintheHeCRmodelcanbecalculatedanalyticallybyHYDKIN
forahomogeniousplasmaasafunctionoftime[30,8]:theyarederivedanalyticallyfromthe
explicitsolutionof(1).Thisallowstoquantitativelyidentifymostimportantparametersina
CRmodel.

Whilefixederrorswithknownsign,e.g.realchangesbetweentwosubsequentmodels,maybe
explainedwith(44),thetreatmentofuncertaintiesrequiresanadditionalthought. Wemayas-
sumethereexist“real”parametersκiwithfixedvalues.Calculationsormeasurementsofthese
parametershaverandomerrors,sothattheyarenormallydistributedaroundthe“real”values.
Consequently,uncertaintiesofarecommendedsetofκi,obtainedfrommanymeasurements
andcalculations,leadtoanuncertaintyofpopulationdensitiesaccordingto

∆nk
nk

2

=∑
i

ς2ki
∆κi
κi

2

. (45)

Alinearapproachisjustifiedaslongasthe∆κiaresmall,andaslongastheparametersκiare
mutuallyindependent.Thisiscertainlynotthecase,e.g.detailedbalancerelatesthedirect
andinverserates. Forexample,electronimpacttransitionratesarenotindependent,since
C(p,q)Z(p)=C(q,p)Z(q). Certainly,infuture,correlationsamongstthedifferentreaction
ratesshouldbetakenintoaccount.Foramoredetailedmodel,see[31].

differentrecombinationprocessesintoαCR.Inprinciple,theprecisioncanbedrasticallyincreasedbyseparate
fittingofdielectronicrecombinationandothers.Itispossible,sincetheCRMislinear.
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6 Electroncoolingrates

Often,EIRENE[7]iscoupledtoaplasmafluidcodelikeB2[9]orEMC3(edgeMonteCarlo
3D)[10]todescribethecouplingoftheplasmatoneutrals.Itactsthenasasource(andsink)
ofthefluidduetoneutrals,e.g.duetoionization(andrecombination)-calculatedwithaCR
model.

Italsoprovidesasource(andsink)forthefluidenergyandmomentumduetotheexchangewith
neutrals.Here,onlyelectroncollisionsareconsideredforhelium:sinceme mi,momentum
exchangecanbeneglected.Thechangeinenergyisexpressedwiththeelectroncoolingrate
density

W=∑
p

χ(p)S(p)nen(p)+∑
q=p

χ(q)−χ(p)C(q,p)nen(q)

−χ(p)α(p)n2eni+Wβ(p)neni+Wβd(p)neni. (46)

Ithasthedimension“energypertimeandvolume”.pandqareherebyenergystatesofthe
heliumatomasin(1)andχtheionizationpotential.Wβ(p)andWβd(p)aretheratecoefficients
associatedwiththeradiativeanddielectronicrecombinationintostatep.

Thefirstthreetermsin(46)arestraightforwardtoexplain:

•Anelectronloosesχ(p)thermalenergybyionizinganatominstatep.

•Itloosesorgainsχ(q)−χ(p)thermalenergythroughacollision,dependingonwhether
itexcitesordeexcitestheatom.

•Inthethree-bodyrecombinationprocess,oneelectronrecombineswiththeatom,while
theotheronegainsχ(p)thermalenergy.

Theremainingtwotermsarelessobvious.Theywillbediscussedinthefollowingsection.

6.1 Coolingduetoradiativeanddielectronicrecombination

Inbothcases,energyisemittedviaphotons−butnotonlythebindingenergyχ(p).Thefluid
alsolosesheatequaltothekineticenergyofthenowboundelectrons. Wecanexpressβand
βdwith(20).Theaccording,ensembleaveragedcoolingratecoefficientsaretherefore

Wβ(p)=Ekinσβ(p)v=
1

2
me σβ(p)v

3fM(v)dv, (47)

andsimilarlyforWβd(p)withσβd(p).

Now,lookingatequation(19)wenotice

∂fM
∂T
=
mv2

2T2
−
3

2

1

T
fM

andtherefore
∂σv

∂T
= σv

∂fM
∂T
dv=

Ekinσv

T2
−
3

2

1

T
σv, (48)
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hence(lnbeingthenaturallogarithm)

Ekinσv=
3

2
Tσv+T2

∂σv

∂T
= σvT

3

2
+
∂lnσv

∂lnT
. (49)

Wecanthereforeexpress(47)as

Wβ(p)=T
3

2
+
∂lnβ(p)

∂lnT
β(p), (50)

arelationwhichiswidelyusedintheEIRENEcodeforelectronenergysinktermestimation.

6.1.1 Dielectroniccooling

IntheatomicdataG2012[1],wehave(withRy=theRydbergconstant)

βd(p)∼T
−
3
2exp

χ(p)−3Ry

T
⇒
3

2
+
∂lnβd(p)

∂lnT
=
3Ry−χ(p)

T
, (51)

andthereforesimply
Wβd(p)=3Ry−χ(p)βd(p). (52)

6.1.2 Radiativecooling

Thedependenceoftheradiativerecombinationontemperatureismoredifficult.Therefore,
anotherapproachwastaken:theratewasfittedlogarithmicallybyaneighthorderpolynomial

lnβ(p)=
8

∑
n=0

an(p)(lnT)
n. (53)

Thefitwaseasilydoneusingnumpy.polyfit†,withmeanerrorbelow5·10−6andmaximalerror
of1%.Itisthensimpletoderive

Wβ(p)=T
3

2
+
8

∑
n=1

an(p)n(lnT)
n−1 β(p). (54)

However,itturnsoutthatoftenWβ(p)<0aboveacertaintemperature.Forsomestatesp,
thezeropointtemperatureisevenbelow10eV.Thisisnon-physical,becauseallquantitiesin
(47)arepositive:sincecontinuumelectronshavepositiveenergy,weexpectcooling(andnot
heating)iftheyarelost.Theensembleaveraginggiveswrongresultswhen

∂lnβ(p)

∂lnT
<−
3

2
. (55)

Apparently,thecrosssectiongradientsaretoosteepforhighertemperatures.Assumingonly
moderateerrors,wesetWβ(p,T)=0insuchcases.However,averificationoftheatomiccross
sectionsisneeded.

†NumPyisapackageforscientificcomputingwithPython,seehttps://docs.scipy.org/doc/
numpy/reference/generated/numpy.polyfit.html(lastvisitedon28.03.17).
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6.2 CoolinginformulationIandII,comparisontoF1979[2]

6.2.1 Derivation

Havingtheexpressionin(46)fullydefined,wenoticethatitdependsontheheliumpopulation
(andion)density.Hence,asolutionfortherateequation(1)isrequired.Naturally,wewantto
usetheapproximatesolutionsfromformulationIorII:weinsert(2)forn≥21(Sahastates),
forn<21andq/∈{11S,21S,23S}weuse(7)inform.Ior(9)forq=11Sinform.II.Weobtain

W=WI0neni+W
I
1nen(1

1S)+WI2nen(2
1S)+WI3nen(2

3S) (56)

informulationIand
W=WII0neni+W

II
1nen(1

1S) (57)

informulationII.

Explicitly,inform.Ithecoolingratecoefficientsare

WIj=∑
p

χ(p)S(p)nerj(p)+∑
q=p
n<21

χ(q)−χ(p)C(q,p)nerj(p) forj∈{1,2,3}, (58)

andWI0=∑
p

χ(p)S(p)ner0(p)+∑
q=p
n<21

χ(q)−χ(p)C(q,p)ner0(p)

−χ(p)α(p)ne+Wβ(p)+Wβd(p)+∑
q=p
n≥21

χ(q)−χ(p)C(q,p)neZ(q). (59)

Inform.II,WII0
∧
=WI0withR0(p)insteadofr0(p),andW

II
1
∧
=WIjwithR1(p)insteadofrj(p).

6.2.2 Temperaturedependence

ThecoolingratecoefficientsforbothformulationsareplottedonatemperaturescaleinFigure
11.Note:forelectronimpacttransitionrates,thedatabaseV2005[18]wasused.Ioncooling
W0changesthesignatlowTe(belowthe“resonance”)andhighneduetothree-bodyrecombi-
nationheating.Themeta-stablecoolingratesWI2,3alsobecomenegativeatlowTe.Therefore,
(inthelogarithmicplot)wedisplaytheirabsolutevalue.

Theincreaseoftheioncoolingathighertemperaturesisunexpected,sincetheratesfalloff
exponentially.Accordingtochapter6.1.2,wesetWβ=0aboveacertaintemperature,sothat
thecausecanonlylieindielectronicrecombination.Thisindicates,thatthedielectronicrecom-
binationdatamayalsobeinappropriateforhighertemperatures.

WenoticethatW0 Wj∀Te>1eV.Hence,ioncoolingisonlyimportantifni nj.

Further,wenotethatWII1≈W
I
1∀TeandW

II
0≈W

I
0∀Te>10eV.Thisisbecausen(2

1,3S)
n(11S)holdsformostnearequilibriumsituations.ThusformulationIIisaveryappropriateap-
proximation.Yet,sinceW2,3>W1∀Te>1eV,formulationIshouldbeusedinnon-equilibrium
cases.

6.2.3 ComparisonwithoriginaldatasetF1979[2]

Sincethemodelin[1]isanupdateof[2],itisnaturaltocomparethetwo.Ingeneral,the
differenceissmall:forTe>10,weobservea5%differenceforW0andW1,and20%forW2and
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Figure11:CoolingratecoefficientsinformulationsIandII.ne=10
20m−3.W1,2,3arenearlyconstantin

ne.W0varieswithneatsmalltemperatures,becauseofthen
2
edependencyofthree-bodyrecombination.

Forelectronimpacttransitionrates,theV2005[18]databasewasused.

W3.Thesingletmeta-stablecoefficientisplottedinFigure12.Wedonotexpectanychangefor
plasmacoolingcalculationsbecauseW0andW1areusuallythedominantcoolingprocesses.

Animportantnoteisfurther,thatthesinglet-tripletstatemixingimplementedinG2012[1]
doesnotseemtonoticeablyaffectthecoolingrates.W3changesthemostby2%at7.3T,but
otherwisethedifferenceisbelow1%.

6.3 Radiativelossrates

Similarlytothecoolingrate,wecandefinetheradiativelossrate

Wrad=∑
p
∑
q>p

χ(q)−χ(p)A(q,p)n(q)− (
1

2
mev

2+χ(p))(σβ+σβd)v . (60)

q>pmeansthatstateqliesenergeticallyhigherthanstatep.Thesecondtermaccountsforthe
photonsmentionedinchapter6.1.Note:Wrad<0.Likethecoolingrate,itcanbecomputed
usingformulationIorII,hence

Wrad=W
I
rad0
neni+W

I
rad1
nen(1

1S)+WIrad2nen(2
1S)+WIrad3nen(2

3S) (61)

and
Wrad=W

II
rad0
neni+W

II
rad1
nen(1

1S). (62)

Duetoenergyconservation,theplasma’sthermalenergychange(cooling/heating)mustbe
balancedbychangeoftheinternalstate(atomicleveltransition)andradiation.Thisalsoholds
inthereducedformulations,hence

Wi=∑
j=i

[χ(i)−χ(j)]kij−Wradi. (63)
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Figure12:Singletmeta-stablecoolingratecoefficientinformulationI,byFujimoto[2]andbyGoto[1].
ne=10

20m−3.InG2012[1],forelectronimpacttransitionrates,theV2005database[18]wasused.

Inform.II,SCRandαCRaremeantbykij.

Forsmalltemperatures,W0andW
I
2,3maychangetheirsign.Thisisunfortunateiftherates

shouldbestoredlogarithmically.Therefore,−Wrad0,2,3isstoredinstead,whichisequivalentdue
to(63)andalwayspositive.

6.3.1 Verificationofthecode

Relation(63)wasusedintheoriginalF1979code[2]toverifytheimplementation.Atleastfor
formulationII,italsoholdsinthenewimplementationinG2012[1].Besides,theresultswere
comparedbetweenthecodes,usingthesameatomicdata,andwerefoundtoagree.Therefore,
theimplementationisverified.
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7 Applicationtobeamemissionspectroscopy

7.1 LineintensityratiosfromformulationII

Thegoalofthebeamemissionspectroscopy(BES)istodetermineplasmaparametersTeand
nefromtheradiationemittedbythebeamduringionization.Theobservedlineintensity(in
photonspersecond)foratransitionp→qisgivenby

I(p,q)=n(p)A(p,q)V(dΩ/4π) [11]. (64)

V(dΩ/4π)istheobservedplasmavolume.ItdependsontheangledΩgivenbytheoptics.To
makethediagnosticlessvulnerabletothecalibrationoftheopticalsystem,itisconvenientto
useintensityratiosbetweenneighboringlines

RI=
n(p1)A(p1,q1)

n(p2)A(p2,q2)
. (65)

Ideally,onefindstworatioswhichpredominantlydependononlyonedifferentplasmaparam-
eter.Acommonchoice,proposedby[5],is

RTe=
I(728.1nm)

I(706.5nm)
=
n(31S)A(31S→21P)

n(33S)A(33S→23P)
(66)

and

Rne=
I(667.8nm)

I(728.1nm)
=
n(31D)A(31D→21P)

n(31S)A(31S→21P)
. (67)

SinceA(p,q)isconstantinTeandne,importantforthedeterminationoftheseparameters
isactuallytheproportionalityton(p1,Te,ne)/n(p2,Te,ne). Thepopulationdensitiescanbe
computedusingequations(7)or(9).However,thereforthePspacedensitiesmustbeknown.
Theycanbeobtainedinasimulation,e.g.usingtheEMC3/EIRENE[10]code,butinthe
experimentusuallyadditionalapproximationsareused:

•Quasi-steady-stateisassumedforthemeta-stablestates,allowingtouseformulationII.
Thisisoftenjustifiedwithlongenoughcameraintegrationtimes,butcanbecomedifficult
ifadditionaleffectsonsmallertimescalesmustbeconsidered.

•Ionizingplasmaisassumed,allowingtoneglectR0(q)neniin(9).Thisisjustifiedfora
heliumbeaminthehydrogenscrape-offlayer(SOL)plasma,sinceR0<<R1inawide
parameterrangeandaccumulationofHe+ionsislimitedbytransportlosses.However,
itmightbeaprobleminarecombiningdivertorplasma,whereR0≈R1.

Theseassumptionsallowustowrite

RI=
A(p1,q1)R1(p1)

A(p2,q2)R1(p2)
. (68)

Ineq.(68)eventhegroundstatedependencecancels.Thismeans,thesolutionisdetermined
onlybythesystemoflinearequations(SLE)-itiscomputationallyundemanding,butalsocom-
pletelystationary.AneasywaytorelaxthisconditionistoincorporatetheQSSassumptionfor
thegroundstateintotheSLE.

Becauseoftheaboveassumptions,wecansetR0(q)=0ineq.(9)andαCR=0ineq.(10).The
solutionfor(10)isthensimply

n11S(t)=n0e
−SCRnet (69)
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andwithitfrom(9)follows
ṅ(q)=−SCRnen(q). (70)

ThisconclusionisvalidifformulationIIwiththeaboveassumptionscanbeusedandn(11S)is
givenby(69).ItissimilartotheassumptionbyBrix[3,eq.(2.12)].But,itisnottrueforeq.
(68)sincethegroundstatedependencecancelsthere.Thebehaviourin(70)canbeenforcedfor
theintensityratiosinthesamewayasin[3]by

M→M+SCRne. (71)

TheresultsofG2012CRcodeinformulationIIarethenthesameasfrom[3,eq.(2.13)].Only
then,assumingeq.(69)isvalid,thelineintensityratiosgivenby(68)arecorrectlycoupledto
thegroundstate.Incontrastto[3,eq.(2.12)],byusingSCRinsteadofS(1

1S)theprocedureis
alsovalidbelow10eV.
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7.2 Resultsandcomparisonto[3]

Figure13:LineintensityratioscomputedfromG2012CRmodel[1]atB=2.5T,formulationII,modi-
fiedbyeq.(71).Solidline−RTe=I(728.1nm)/I(706.5nm),dashed−Rne=I(667.8nm)/I(728.1nm).
Forelectronimpacttransitionrates,thedatabaseV2005[18]wasusedinG2012.

InFigure13,thetemperatureanddensitydependentlineintensityratiosRTeandRneareplotted.
Theywerecomputedaccordingtochapter7.1inthesameplasmaparameterrangeasin[3].The
magneticfieldissettoB=2.5T,accordingtotheconclusionsdrawnfromchapter4forW7-X.
Forelectronimpacttransitionrates,thedatabaseV2005[18]wasusedhere.

Asignificantdiscrepancy,comparedtoFigure14from[3,fig.2.4],isobserved,especiallyin
RTe.AtB=0,itwouldbeevenalittlelarger.Omittingthecorrectionfromequation(71)would
leadtoslightlybetteragreement.In[32]itisreportedthatmodel[3]mayunderestimatethe
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plasmaparameters,comparedtoanewerCRmodelbyMuñozBurgos[33],duetodifferent
atomicdata.

Figure14:Lineintensityratiosfrom[3,fig.2.4].Solidline−RTe=I(728.1nm)/I(706.5nm),dashed
−Rne=I(667.8nm)/I(728.1nm).

Thediscrepancybecomesevenlargerifweconsiderthesamenumberof29atomiclevelsasin
[3].SincehigherLstatesaregroupedtogetherinourmodel,weincludethefirst27statesup
ton=5.ThisleadstoFigure15:atRne=7.5andRTe=0.5weseeafactor3differenceinTe.
TheonlysignificantdifferencetoFigure14aretheatomicdata.

Theseresultsdemonstratetheimportanceofhighernstates.Infact,addingsubsequentnshells
onebyone(fromn=5ton=26)continuouslyturnsfig.15intofig.13.

Fromthisweconcludethatthedeviationinatomicdatabetween[3]andnewerCRmodels
mayhavebeenunderestimatedduetoadditionaleffectsincorporatedinthose.Especially,the
inclusionofhighernlevelsin[1]seemstopartiallydisguisetheimpactofneweratomicdata.
Omittingthecorrectionfromequation(71)(whichisnotrecommendedforBES)andincluding
singlet-tripletstatemixing(recommended)further(coincidentally?)reducesthediscrepancy.

TocalculateRTeandRnewithoutknowledgeabouttheactualgroundstatepopulationdensity
weassumedionizingplasma. Asignificantrecombiningplasmacomponentisactuallyvery
unfavorablefortheBES:inFigure16,lineintensityratiosareplottedforapurelyrecombining
plasma.TheycanbecomputedbyexchangingR1(p)byR0(p)in(68).ThedeterminationofTe
andnefromsuchspectrabecomesveryimpreciseorevenambiguous,becausethelineratiosare
notorthogonalanymore.Todeterminewhethertherecombiningplasmacomponentbecomes
important,theactualpopulationdensityofgroundstateheliumcomparedtoheliumiondensity
mustbeknown-itcanbedeterminedbyasyntheticdiagnostic,butmaybedifficulttomeasure.
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Figure15:Lineintensityratioswithonly29heliumstates,comparedtoFigure13.Solidline−RTe=
I(728.1nm)/I(706.5nm),dashed−Rne=I(667.8nm)/I(728.1nm)

50 100 150 200

Te[eV]

5

10

15

20

n
e
[
1
01
8
m

✁

3
]

0.
0
4
5

0.
0
5
0

0.
0
5
0

0.
0
6
0

8.000

11.000

12.000

1
3.0
0
0

13.500

.

Figure16: LineintensityratiosfortherecombiningplasmacomponentR0(p). Computedfrom
G2012CRmodel[1]atB=2.5T,formulationII,modifiedbyeq.(71). Solidline−RTe=
I(728.1nm)/I(706.5nm),dashed−Rne=I(667.8nm)/I(728.1nm). Forelectronimpacttransition
rates,thedatabaseV2005[18]wasusedinG2012.
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7.3 ResultswithelectronimpacttransitiondataR2008[4]

Asdescribedinchapter3.2,resultsobtainedwithelectronimpacttransitiondataV2005[18]
arenotsatisfyingsincewecouldnotobtainareliablereferenceforthem.Instead,recently,we
wereabletoreliablyintegratethefullsetofcrosssectiondataR2008[4]andwerecommendto
usethemintheexperimentalstudies.Theimpactofthechoiceoftheunderlyingdatabasecan
bewelldemonstratedwithlineintensityratios,andhence,thisisdoneinthissection.

Asdescribedinsection3.2.3,thefirststepwastomakethecompletedatasetfrom[4]integrable.
ForTe<200eV,thiswaspossiblewiththepre-implemented’gsl_integration_qagiu’routine
[23]byapplyinglinearextrapolationwithx0=0.6eV/∆Eforthetransition4

1D→41F,
andx0=0.192eV/∆Efor4

3D→43F.Theresultisdepictedinfig.17,withalogarithmic
densityscale.SuchaCRmodelwouldnotbeapplicableintheexperiment,becauseitisnot
reversibleatallforTe<30eV(duetothenon-monotonoustemperaturedependenceofthe
’density-dependent’lineratio).

Figure17:LineintensityratioscomputedfromG2012CRmodel[1]atB=2.5T,formulationII,modi-
fiedbyeq.(71).Solidline−RTe=I(728.1nm)/I(706.5nm),dashed−Rne=I(667.8nm)/I(728.1nm).
Forelectronimpacttransitionrates,theR2008[4]databasewasused.41,3D→41,3Ftransitionrates
modifiedbelow1eVtoallowintegrationwiththe’gsl_integration_qagiu’routine.

WhileinvestigatingthebehaviorofthelineintensityratiosinFigure17,wefoundtwo’bugs’
intheCRmodel:theelectronimpacttransitioncrosssectionswereindeedcorruptedatE 0.1
eV,andtheintegrationroutine’gsl_integration_qagiu’fromtheGSLlibrary[23]wasnotopti-
malfortheirintegration.Therefore,wehaveappliedalinearextrapolationforthefitsbelow0.1
eV,andhaveimplemented64-pointsGauss-Laguerreintegration.Thisisdescribedinchapter
3.2.3inmoredetail.TheresultinglineintensityratiosaredepictedinFigure18andaremuch
bettersuitedfortheexperimentalapplication.

34



50 100 150 200
Te/ eV

100

101

102
n
e
/ 
1
01
8
m

3

0.
2

0.
3

0.
4

0.5

0.6
0.8

1.0

1.
2

1.
6

2.0

2.4

1.5

3.0

4.5

6.0

7.5

9.0

10.5

Figure18:LineintensityratioscomputedfromG2012CRmodel[1]atB=2.5T,formulationII,modi-
fiedbyeq.(71).Solidline−RTe=I(728.1nm)/I(706.5nm),dashed−Rne=I(667.8nm)/I(728.1nm).
Forelectronimpacttransitionrates,theR2008[4]databasewasused.Collisionstrengthfitswerecor-
rectedbelow0.1eV.Forintegration,Gauss-Laguerrequadratureissuggested. Sameresultscanbe
obtainedwithGSLintegration(notrecommended)−

50 100 150 200
Te/ eV

100

101

102

n
e
/ 
1
01
8
m

3

0.
2 0.3 0.4

0.5

0.
5

0.6

0.6

2

4

6

8

10

12

butminoradditionalchangestofitsarenecessary
(seechapter3.2.3).

Figure19:Lineintensityratioswithonly29heliumstates,comparedtoFigure18.Solidline−RTe=
I(728.1nm)/I(706.5nm),dashed−Rne=I(667.8nm)/I(728.1nm).
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ThedifferencetoCRmodel[3](betweenFigure18and14)inRTeisnowsmaller,comparedto
whendatasetV2005isused(Figure13).ButthediscrepancyinRneisnowlarger:lookingat
ne≈10

19m−3,wehaveRne≈7infig.14(from[3,fig.2.4]),Rne≈6infig.13(G2012withC
ratesV2005)andRne≈5infig.18(G2012withCratesR2008).Whichoneisclosertoreality
cannotbedeterminedinthepresentwork.Itisdifficulttodetermineintheexperimenteither,
sincemanyotherfactorscancauseadeviationfromtheory,too.

ThediscrepancyinRnebetween[3,fig.2.4],G2012withV2005dataandG2012withR2008
databecomessignificantlysmaller,ifinthelattertwoonlythelowest29energyeigenstatesare
retained.However,Figure19demonstratesthat,alsowithelectronimpacttransitionratesfrom
[4],thereductionofthenumberofenergyeigenstatesmessesupthetemperaturedependentline
ratioRTe.

7.4 LineintensityratiosfromformulationI

Iftheassumptionsforform.IIarenotfulfilled,amorecomplicatedmodelmustbeused.Itis
oftenobservedinplasmaswithsmallercollisionalitiesthatthetriplet-meta-stablestateisnotin
equilibrium[3,2,33,34]-whichinourCRmodelcallsfortheuseofformulationI.

Unfortunately,evenifrecombinationisnegligible,thegroundstatedependencedoesnotcancel
inthiscase:

RI=
A(p1,q1)

A(p2,q2)

r0(p1)neni+r1(p1)nen(1
1S)+r2(p1)nen(2

1S)+r3(p1)nen(2
3S)

r0(p2)neni+r1(p2)nen(11S)+r2(p2)nen(21S)+r3(p2)nen(23S)
(72)

≈
A(p1,q1)

A(p2,q2)

r1(p1)+r2(p1)n(2
1S)/n(11S)+r3(p1)n(2

3S)/n(11S)

r1(p2)+r2(p2)n(21S)/n(11S)+r3(p2)n(23S)/n(11S)
. (73)

ApartfromTeandne,thismodelnowhastwoadditionalparameters:relativepopulationdensi-
tiesofthemeta-stablestates,n(21S)/n(11S)andn(23S)/n(11S).Sinceinform.Iweexplicitly
statethatthemeta-stablestatesarenotinequilibriumwiththegroundstate,theseratiosarenot
easytodetermine.Therefore,theresultscannotbeillustratedasinsection7.2.

7.5 Identifyingcrucialtransitionsviaerrorpropagation

Thesensitivityanalysisintroducedinchapter5.4canbealsodoneforlineintensityratios.
Thisisindependentofapproximationswhichleadtoform.IorII,sinceHYDKINcomputes
sensitivitiesςkifromananalyticsolutionof(1).ThecorrelationbetweenA(p,q)andthepop-
ulationdensitieswouldmaketheapproachtricky.ButtheuncertaintyintheEinstein’scoef-
ficientsisverysmall,comparedtothoseofelectronimpactprocesses.Therefore,weassume
∆A(p1,q1)/A(p1,q1)≈0.Then,wesimplyapplythechainruletoeq.(65)anduse(44):

∆RI
RI
=
n(p1)

RI

∂RI
∂n(p1)

∆n(p1)

n(p1)
+
n(p2)

RI

∂RI
∂n(p2)

∆n(p2)

n(p2)

=∑
i

(ςp1i−ςp2i)
∆κi
κi
. (74)

In(74),thecorrelationbetweenn(p1)andn(p2)wasalsoneglected.Thepropagationofuncer-
taintiescanbecalculatedvia

∆RI
RI

2

=∑
i

(ςp1i−ςp2i)
2 ∆κi
κi

2

, (75)
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butwasnotundertakensofarduetotechnicalreasons.

Onepossibleapplicationofsuchasensitivityanalysisistheinvestigationofdifferencesbe-
tweendifferentmodels:itallowsustotrackthedifferencesintheexperimentalapplication
(lineintensityratios)explicitlybacktoindividualreactionrates.Thisisdemonstratedherefor
theCRmodelsF1979[2]andG2012[1].

AtTe=175eVandne=10
19m−3wehave∆RTe/RTe=(RTe,F1979−RTe,G2012)/RTe,G2012=

0.77.Nowwecalculaterelativesensitivities∆ςi=ς31S,i−ς33S,iandthedifferencesinreaction
rates∆κi/κi=(∆κi,F1979−∆κi,G2012)/∆κi,G2012.Investigatingindividualtermsitellsusabout
theindividualreactionrates,responsibleforthedeviation.Here,wefocusonionizationrates,
becausetheyhavechangedmostsignificantly(seechapter3.2.1):infact,thesumoveri
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infig.
20accordingto(74)alreadygives0.67.

Figure20:SensitivityanalysisatTe=175eVandne=10
19m−3.∆ςi=ς31S,i−ς33S,iisscaledbyafactor

10.i=S̃nL,with̃S=SforsingletandS̃=Tfortriplet,isonthex-axis.∆S/S=(SF1979−SG2012)/SG2012.

Theanalysisrevealsthat0.48ofthedeviationinthetemperaturedependentlineintensityratio
(62%)iscausedbytworeactionrates:theionizationfrom23Pand23S.Another0.19come
togetherduetootherionizationrates,mainlyinthetripletsystem,asshowninfig.20.The
remaining0.1areduetootherreactionrates.

NotethatthesensitivitieswerecomputedwithreactionratesfromG2012withV2005.Thelin-
earapproximationdemandsonlysmall∆κ/κ,whichisnottruehere.Sincewithsignificantly
differentreactionratesalsothesensitivitieschange,ourapproachmaygiveimpreciseresults.

Nevertheless,itappearstobehelpfulincomparingdifferentCRmodels.Thedifferenceto
model[3],discussedinchapter7.2,maybeinvestigatedinthisway,too,ifthemodelcouldbe
obtained.
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7.6 Inverseproblem:Teandnefromlineintensityratios

TheCRmodelprovideslineintensityratiosforgivenTeandne.Ultimately,thediagnosticis
appliedtoobtainelectrontemperaturesanddensitiesfrommeasuredlineintensityratios,RmTe
andRmne.Hence,intheexperiment,theinversecalculationhastobeperformed.

Moreprecisely,wehavetofindTeandnesuchthatRTe(Te,ne)=R
m
Te
andRne(Te,ne)=R

m
ne,

whichisarootfindingproblem.Similarasin[1],wecanalsoformulatethisasaminimizing
procedure:thefunctiontobeminimizedis

f(Te,ne)= 1−
RmTe

RTe(Te,ne)

2

+ 1−
Rmne

Rne(Te,ne)

2

. (76)

Conveniently,thefunctiongivestherelativedeviationbetweentheoryandexperiment,provid-
ingameasurefortheobtainedprecision.Forminimizing,weusethealgorithmfromtheGSL
library’gsl_multimin_fminimizer_nmsimplex2’[23],sinceitdoesnotrequireagradient.

TeandnearetheonlyparameterstobefittedinformulationIIwhenrecombinationisneglected.
InformulationI,therelativemeta-stablestatedensitiesareadditionalfreeparameters(seesec-
tion7.4).Theycanbefitted,too,asin[34].However,itisnotclearwhetherthefitisuniquein
thefourdimensionalparameterspace.Instead,aforwardcalculationinEIRENEcanbeused,
whichwillbediscussedinsection9.3.

UncertaintypropagationintheinversecalculationshouldinvolveBayes’theoremandissignif-
icantlymorecomplicated.Commonly,MonteCarloproceduresareapplied,seee.g.[35].
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8 ThermalHebeamsimulationwith(EMC3-)EIRENE

Inthissection,thesimulationofaheliumbeaminhydrogenplasmaisdescribedandtheunder-
lyingEIRENEmodelisintroducedbriefly.AcomprehensivedescriptionofEIRENEisgiven
inthemanual,availableat[7].TheEMC3(edgeMonteCarlo3D[10])modelisnottouched,
becausewedonotconsidertheeffectoftheHebeamontheplasmainthisframework.Hence,
EMC3“only”providesinputparameterslikeTe,Ti,ne,nionagridandthevesselgeometry.

8.1 EIRENEmodel

8.1.1 Boltzmannequation

IntheEIRENEmodel,theneutralgasisdescribedbythephasespacedensityfunction,inshort
“pdf”,f(r,v,t,s):risthepositionvector,vthevelocityvector,tisthetimecoordinateands
referstochemicalspecies,includingdifferentinternalquantumstates.Ittellsusthenumberof
particlesofspeciessinthephasespacevolumed3rd3vattimet.Letuswritex=(r,v,t,s).
Observablequantitiesare“moments”or“responses”off(x),

R=<f|g>= dxf(x)·g(x), (77)

withanappropriatedetectorfunctiong(x).Forexample,thenumberdensityis

ns(r,t)= d3vf(r,v,t,s). (78)

Thepdff(x)canbefoundbysolvingtheWangChang-Uhlenbeck(WCU)equation-asemi-
classicalBoltzmann-typeequation,whichincludeschemicalreactions,particlesplitting,ab-
sorptionetc.Itisalinearmasterequationwhenallowingcollisionsonlybetweentwodisjunct
classesofparticles:“test”particlesand“bulk”or“background”particles.Thereby,theback-
groundparticlepdffb(x)isassumedtobeknownandremainsfixed.Theequationforanelastic
collisionbetweenasingletestparticlespeciessandabulkparticlespeciesbisthen

Dstfs(r,v,t)=
∂

∂t
+v·∇r+

Fs(r,v,t)

ms
·∇v fs(r,v,t)=Qs(r,v,t) (79)

+ d3v d3V d3Vσsb(v,V→v,V)v−V fs(v)fb(V)

− d3v d3V d3Vσsb(v,V→v,V)|v−V|fs(v)fb(V),

withtestparticlemassms,volumeforcefieldFs(r,v,t)andexternalsourceQs(r,v,t).The
crosssectionσsb(v,V→v,V)times|v−V|isthereactionratefrompre-collisionvelocities
v,Vandpre-collisionpdffs(v)fb(V)intopost-collisionstate.Bothcrosssectionsarerelated
viathedetailedbalanceprinciple.Thevelocitiesarefurtherconstrainedviamomentumand
energyconservation.Forinelasticcollisions,usuallythespeciesschangesandthereisakinetic
energyreleaseorcost.Bothtypesofcollisions,elasticandin-elastic,leadtosourcesforpar-
ticle,energyandmomentumforthebulkspeciesandtheirdistributionfb(moredetailsinthe
manual[7]).

Thesecondtermontherighthandside,thesecondrow,maybewrittenas

δfs(v)

δt gain

= d3vCsb(v→v)|v|fs(v), (80)
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withthecollisionkernelC[7].

Inthethirdtermontherighthandside,fs(v)canbetakenoutoftheintegral,allowingusto
writethethirdrowas

δfs(v)

δt loss

=Σt(r,v,σsb,fb)|v|fs(v)=:Ψ(x), (81)

withthetotalmacroscopiccrosssectionΣt[1/cm],whichistheinverselocalmeanfreepath.

Thisallowsustowriteeq.(79)as

∂

∂t
+v·∇r+

Fs(r,v,t)

ms
·∇v fs(r,v,t)+Σt(r,v,σsb,fb)|v|fs(v)= (82)

d3vCsb(v→v)|v|fs(v)+Qs(r,v,t)

8.1.2 Transportequation

Inthecommoncase,forneutralparticlesinafusionedgeplasma,∂/∂t=0andF=0canbe
assumed.Then,forthetransportfluxΦ(r,v,s):=|v|·f(r,v,s)wededucefrom(82)

v

|v|
·∇rΦ(r,v,s)+Σt(r,v,s)Φ(r,v,s)=Q(r,v,s)+ d3vC(r,s;v→v)·Φ(r,v,s). (83)

Thesolutionto(83)withtherighthandsidereplacedbya“delta”-pointsourceatx=(r,v,s)
istheGreen’sfunction

G(v,s;r→r)=e−α(v,r,r)·H(Ω(r−r))·δ(Ω(r−r))·δ(Ω(r−r)), (84)

withHeavisidestepfunctionHandtheopticalthickness

α(l)=
Ω(r−r)

0
dlΣt(r+lΩ)=

l

0
dlΣt(l). (85)

Here,Ω=v/|v|istheunitvectorinthedirectionofparticleflight,Ω andΩ aretwofurther
unitvectorssuchthatthesethreeformanortho-normalbasisatr.listhedistanceforafree
flightstartingfromrtothenextpointofcollisionr=r+lΩ.

Multiplyingeq.(83)withGandΣt(non-vanishingcollisionality,i.e.Σt=0everywhere,as-
sumed)andintegratingoverrresultsinthelinearnon-homogeneousFredholmintegralequa-
tion(FIE)of2ndkind[7]forthe(pre-)collisiondensity

Ψ(x)=S(x)+ dxΨ(x)·K(x→x). (86)

ThetransitionkernelKisusuallydecomposedintoacollision-andatransportkernel

K(r,v,s→r,v,s)=C(r;v,s→v,s)·T(v,s;r→r). (87)

ThetransportkernelT(v,s;r→r)=Σt(r,v,s)G(v,s;r→r)describesthemotionoftestpar-
ticlesbetweencollisionevents.Inafinitemedium,

T(l)=
Σt(l) ·e−α(l) ,ifl<lmax
δ(l−lmax)·e

−α(lmax) ,ifl≥lmax
, (88)
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withdistancelmaxtothesurfaceatwhichthetestflightshallbestopped,e.g.acellboundary.

Forelasticcollisions,thecollisionkernelcontainsthenewvelocitydistributionv,giventhe
incidentvelocityv.Forinelasticcollisions,italsocontainsthenewspeciesdistributions,
giventheincidentspeciess.Itcanbefurtherdecomposedinto

C(r;v,s→v,s)=∑
k

pkCk(r;v,s→v,s),pk=
Σk
Σt
, (89)

withpkdefinedastheconditionalprobabilityforacollisiontobeoftypek.Themeannumber
ofsecondariesforthiscollisionprocessisgivenby

ck(x)=∑
s

d3vCk(r;v,s→v,s). (90)

In(86),theinhomogeneity

S(x)= dxQ(x)·T(x→x) (91)

is,excludingnormalization,thedistributiondensityoffirstcollisions,whereastheintegralterm
describesthecontributiontoΨfromallhighergenerations.

8.1.3 SolutionbytheMonte-Carlomethod

Itisimportantthatf(x)andΨ(x)canalsobeinterpretedasprobabilitydensityfunctions.
Hence,Ψ(x)canbefoundbyaMonte-Carloprocedure. AdiscreteMarkovchainwithhis-
toriesωn=(x0,x1,x2,...,xn)isgeneratedforeachtestparticle,withxnbeingthefirststateafter
transitionintotheabsorbing(limbo)statexa.x0istheinitialstate,sampledfromQ.x1issam-
pledfromQT.Thetransitionprobabilityforxj→xj+1issampledfromK=C·T. Machine
generated(pseudo-)randomnumbersareconvertedintonumberswithdistributionsQ,Tand
C.Thelengthnofthechainωnisarandomvariableitself.Itcanbeshown[7]that

R= dxf(x)·gf(x)= dxΨ(x)·gc(x)
!
= d(ω)Xg(ω)h(ω)=E(Xg), (92)

withh(ω)beingtheprobabilitydensityforfindingachainωfromtheMarkovprocessandXg
anestimatorforthedetectorfunction.Theexpectationvaluecannowbeapproximatedwith

E(Xg)≈
1

N

N

∑
i=1

Xg(ωi), (93)

bycomputingNtestparticlehistories†.ApossiblechoiceforXg(ω)isthe“collisionestimator”

Xc(ω
n
i)=

n

∑
l=1

gc(xl)·
l−1

∏
j=1

c(xj)

1−pa(xj)
. (94)

Itevaluatesthefunctiongcatthepointsofcollisions.Thefactorsintheproductaccountfor
particleabsorptionandmultiplication:c(x)isdefinedin(90)-theindexkisdroppedbecause
differenttypesofcollisionsarepossibleatdifferentcollisionpoints-andpa(x)istheabsorption
probability.Otherestimatorsarealsoemployedfrequentlyandaredescribedinthemanual[7].

TheMonte-Carlomethodalsoprovidesanobviousestimateofitsprecision:theempiricalvari-
ance(validforlargeN)

s2N(Xg)=
1

N(N−1)




N

∑
i=1

X2g(ωi)−
1

N

N

∑
i=1

Xg(ωi)

2


≈σ2(Xg). (95)

†Theindexicountstestparticles.Theirspeciesmaychangeduringtheflight.
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8.2 Sourcespecification

AnimportantpartofthebeamsimulationisthespecificationofthesourcetermQ(r,v).The
geometryofthesetupisdisplayedinFigure21:heliumisinjectedthroughoneormultiplegas
nozzlesandobservedwiththeendoscopes,withthegoaltoreconstructTe,neatthedivertor.
Whilethefigureshowsthelowerdivertor,wesimulatethebeamattheupperone,sincehelium
experimentsareperformedthere[32].

Figure21:Gasinletsandobservationgeometryforspectroscopyinalowerdivertor.Courtesy:[36].

Whilethecomputationalimplementationisdescribedinpart2.7ofthemanual[7](“inputblock
7”),theactualexperimentalparametersareextractedfrom[32,37,38].Theseare

•capillarynozzlesdiameter∅,

•positionsandorientationofthegasnozzles,

•particleflux,

•particlevelocitydistributionand

•beamangulardistribution.

TheywillbediscussedinsubsequentsectionstogetherwithconsequentialEIRENEinputpa-
rameters.

8.2.1 Spacialsourcedistributionandparticleflux

Thediameterofthecapillarynozzlesis∅=0.6mm[32],whichissmallerthantheendoscope
cameraresolutionof∼1mm[36].Therefore,wedescribetheHesourceinEIRENEasapoint
source,neglectingtheuncertaintyduetounderestimationofinitialsourcesize(inmmrange).
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Thelocationofthevalveswasobtainedfromtheengineeringdesignofthesystem[37]:the
centralnozzleentranceisplacedatrπ=(271.2,−463.8,101.1)cm,withtheoriginofthe
coordinatesatmachinecenter.Thedistancebetweenneighboringnozzlesis2.55cm.The
directionofbeampropagationisgivenbytheorientationofthecapillaries,whichisêπ=
(0.094,−0.144,−0.985).

Letusdescribethespacialsourcedistributionincommonlyusedcylindricalcoordinates:radial
distancefromthemachinecenterR= x2+y2,toroidalangleϕandheight(frommachine
center)z.ThelocationofthevalvesthenisR=537.3cm,ϕ=300.3◦andz=101.1cm.

Notice,thatthedirectionofbeampropagationliesinthepoloidalplane:thepoloidalnormal
vectoriŝeϕ=(−sin(ϕ),cos(ϕ),0)=(0.86,0.50,0),hencêeϕ·̂eπ=0.0085andtheanglebe-
tweenthetwoisnearly90◦.

SinceEMC3-EIRENEonlysimulates1/10ofthemachine(seechap.8.4),amapofthegas
injectionsystemintothecomputationaldomainisnecessary.Itresultsin
êπ=(0.167,0.0455,−0.985)andϕ=12.32

◦.

Notealso,thatrπhastobeinsidethevessel:sincenoentranceisspecifiedthroughthedivertor,
particleswouldbereflectedfromitotherwise.Theuncertaintyinthedivertorboundarylocation
andthepointsourceapproximationcanleadtoaslightlyoutsidelocationofrπ.Therefore,it
mayneedtobeshiftedinsidethestartingmeshcell,whichinthecurrentworkisontheorder
of<0.5cm.

TheparticlefluxissettoṄ=1.5×1019atoms/saccordingto[32].

8.2.2 Velocityandangulardistribution

Inthecurrentsetup,athermalHebeamisusedwithameanvelocityofvth∼1.5km/s[32].
Unfortunately,toourknowledge,thereisnouniquedefinitionofameanvelocityforathermal
velocitydistribution.Weassume,thatthecommonlyencounteredrelation

3

2
kBTHe=

1

2
mHev

2
th (96)

ismeant,hencevthistherootmeansquarespeedoftheisotropicMaxwelliandistribution.Then,
THe≈0.03eV=75

◦C,whichisclosetotheoperationallimitofthevalveof80◦C[38].

Sincewewanttomodelthethermalexpansionofthegas,anisotropicvelocitydistributionis
notappropriate.Instead,weusetheone-sidedMaxwellianfluxdistribution(seemanual[7]
chap.1.5.1)

Γ(v)=Γ(v1)Γ(v2)Γ(vπ), (97)

Γ(vπ)=
2

v2T
vπe
−v2π/v

2
T,vT=

2kBTHe
mHe

,vπ>0, (98)

Γ(vi)=
1
√
πvT
e−v

2
i/v
2
T,i∈{1,2},vi∈(−∞,∞). (99)

Here,vπisthevelocityin̂eπdirectionandv1,2,πareorthogonaltoeachother.Hence,weuse
theorthonormalbasisvectorŝe1,̂e2,̂eπ.
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InsteadofsamplingfromΓ(v),vπisobtainedfromΓ(vπ)andthepolarangleagainst̂eπis
sampledfromaGaussiandistributionwithzeromeanvalueandstandarddeviationα.Indeed,
accordingto[38],thegasdensityperpendiculartothebeamaxishasaGaussiandistribution
withthehalfangleofbeamspreadα≈20◦†.Physically,theangleisdeterminedbyelastic
He-Hecollisions,thecapillarywidthandlength.

8.3 Relevantatomicprocesses

Acrucialingredientinneutraltransportmodelingistheatomicdatabase:itdefinesquantita-
tivelytheallowedprocessesforthemodeledatoms,molecules,ionsandthebackgroundspecies.
Hence,itdeterminesthecollisionkernelCandthetotalmacroscopiccrosssectionΣt.Thedata
includeinteractionpotentials,crosssections,reactionrates,populationcoefficientsetc.The
EIRENEdatabase(e.g.Amjuel)canbedownloadedviathe“A&MData”sectionatthehome
page[7]andviewedonlineattheHYDKINwebpage[8].

ThedefaulthydrogenmodelincludestheneutralatomH,bulkionH+,moleculeH2andmolec-
ulartestionH+2.Forhelium,typically,onlythegroundstateatomHeandbulkionHe

+are
trackedexplicitly,whileotherquantumstatesarecoupledtothetwoimplicitlyviatheeffective
CRionizationandrecombinationratecoefficientsSCRandαCRfromformulationII(seechapter
2.3).Untilnow,theseratecoefficientswereobtainedinanEIRENErunfromtheevaluation
ofdoublepolynomialswithcoefficientsimportedfromtheAmjueldatabase.Thecoefficients
wereobtainedthroughfitsfromtheCRmodelF1979[2].

Inthiswork,thenewerCRmodelG2012[1]isused,withanappropriatetreatmentofthemag-
neticfield.TheADASADF11tableformat[26]isusedinsteadofthefitstoallowflexible
exchangeofthedata.ContrarytoHYDKIN(seechap.5.2.2),noextrapolationschemeisim-
plementedsofar.Thisremainstobedone,referringtochap.2.5.

Further,itisinvestigatedwhethermeta-stableheliumstatesmustbeincludedexplicitly.To
allowthis,CRcouplingcoefficientsweretabulated.NotethatEIRENEexpectsoneinputfile
perreaction-therefore,insteadofusingthe“resolved”ADF11QCDformatformeta-stable
cross-couplingcoefficients,eachcoefficientisstoredinanownfile.

Currently,ionizingplasmaisassumed(astypicalforthediagnostic),andrecombinationisne-
glected.Hence,inform.IItheonlyreactionisionization.However,inW7-Xthediagnosticis
appliedtothedivertorregion.Indetachedconditions,volumetricrecombinationmaybecome
necessarytoconsider.Toallowsuchstudies,bothionizationandrecombinationratecoefficients
weretabulated.Since(69)isnotnecessarilyfulfilled,(71)wasnotincorporated-thisallows
smalldiscrepanciestotheexperiment(<10%[3])inthehightemperatureregion(Te>100
eV),butisbettersuitedforlowtemperaturedetachmentconditions.

Thereare,inprinciple,processesinaHe-HplasmaapartfromthoseintheconsideredCR
model:chargeexchange,formationofmolecules,elasticscattering,radiationtrapping,quench-
ingetc.Somecanbeconsideredirrelevant(forthecurrentexperiment),e.g.chargeexchange
shouldbenegligibleduetothelowHe+concentration(chargeexchangerateswithhydrogen
ionsareextremelylow).Others,e.g.formationofHe-Hmolecules,werenotinvestigatedso
far.TheinfluenceofsuchprocessescanbereadilystudiedinfuturewithEIRENEthankstoits

†Note:withdistancezfromsourcealonĝeπ,thestandarddeviationoftheGaussiangasdensitydistribution
perpendiculartôeπisσ=z·tanα/

√
2ln2(see[38]).
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genericchemistryhandling-providedappropriateatomicdataareavailable.

OneprocesswhichdefinitelytakesplaceistheelasticscatteringofHeatomsonprotons.It
wasactivatedinthecurrentstudyandisdescribedinthefollowingsection.Afterwards,the
relevanceofradiationtrappingandquenchingisbrieflydiscussed.

8.3.1 Elasticscattering

Theprotonpressureclosetothedivertorisconsiderableduetotheirhightemperaturecompared
toTHe.Thisleads,dependingonp-densityorequivalentlyne,toabroadeningoftheHe-beam.
Sincetheinnerstructureofatomsisnotaffectedbyelasticcollisions,theydonotconcern
theCRmodel.Therefore,theycanbeeasilyincorporatedintothesimulationinEIRENEby
utilizationofthecorrespondingreactiondatafromtheAmjueldatabase:interactionpotential,
crosssectionandreactionrate.Theresultingbeambroadeningwillbediscussedinsection9.

8.3.2 Radiationtrapping

Sofar,wehaveassumedthatanyradiationemittedbytheheliumatomsimmediatelyescapes
thevolume:wehaveincluded(spontaneous)radiativedecayintheCRmodel,butnoradiative
excitationorionization.Considerationofthelatterwouldrequirethetreatmentoftheradiation
field,coupledtotheheliumbeam,whichmakesthemodelandthereforethediagnosticsignifi-
cantlymorecomplex.However,thereareindicationsintheliteraturethatitmightbenecessary
[39,34].Inthefollowing,wewanttoestimatetheimportanceoftheeffectforthecurrentwork.

Inahomogeneousmedium,wecouldassumeaconstantabsorptioncoefficientκ.Then,the
propagationofradiationthroughtheheliumbeamforasinglemodeinonedimensionisde-
scribedby

dI(x)=−κI(x)dx[11], (100)

withthesolution
I(x)=I0·exp(−κx). (101)

Thedimensionlessquantityτ=κxiscalledopticalthickness.ForaDoppler-broadenedtransi-
tionp→qitcanbeestimated,atthelinecenter,accordingto[40]by

τ=5.4·10−9fpqλ
µ

THe
n(p)x, (102)

withoscillatorstrengthfpq,linecenterwavelengthλ[cm],scaledmassµ=mHe/mp≈4,beam
temperatureTHe[eV],densityoftheabsorbingstaten(p)[cm

−3]andbeamdiameterx[cm].

Theplasmaiscalledopticallythinifτ<1[40].Nowletusestimateτforthecurrentwork:
re-absorptionofphotonsfirstbecomesrelevantforthegroundstate,sinceitspopulationisor-
dersofmagnitudegreaterthanthatoftheexcitedstates. Withtheabovespecifiedsourceand
anelectrondensityof∼3·1013cm−3infrontofthelimiter(5·1013cm−3upstreamplasma
density),wefindmax(n(11S))=6·1013cm−3.

ForTHeweassume0.03eV,theinitialbeamtemperature.Notethatthebeamiscooledthrough
itsexpansionandheatedbytheplasma,anditisnotinthermalequilibrium,sothatitisdifficult
todefineacorrecttemperaturehere.
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Infollowingchapters,itwillbecomeevidentthatxisoftheorderofafewcm.Forthetransition
11S→21P,f=0.276andλ≈60nm.

Insertingallthisinto(102)givesτ≈6·x[cm]>1.Thisshows,thatalsofortheHebeamdi-
agnosticatW7-Xopacitymayalreadyplayanimportantrole.Especially,becauseevenhigher
Heliumdensitiesareexpectedintheexperimentatleastlocally.

ThiswouldmaketheCRmodelanditsapplicationintheexperimentmuchmorecomplex.
Morequantitativeinvestigationsareneededonthistopic,likee.g.in[34],tofindthecorrectop-
erationalregime.Anevenbetterassessmentwouldbepossibleapplyingtheradiationtransport
moduleofEIRENE,whichwouldenabletreatingresonanceradiationlinetransportexplicitly.
Thisliesoutsideofthescopeofthecurrentwork,sothatopacitywasneglectedhere.

8.3.3 Quenching

Byquenchingwemeanherethecouplingoforbitalangularmomentumstatesofhelium,which
wouldleadtoanl-degeneracy.Thiscanbepartlyduetothespin-orbitcoupling,discussedin
chapters2.4and4.Butadditionally,thiscanalsohappenduetoheavyparticlecollisions[41].

Heavyparticle(protonanddeuteron)collisionswerediscussedin[42]inordertoestimatetheir
importancefortheCRmodel[3].ItseemedthattheeffectonlineintensityratiosfromaHe
beamisminor,especiallyatlowertemperatures,andsoitwashenceforthneglected.

Unfortunately,inanarbitraryplasma,theeffectisdifficulttoaccountfor,sinceitmakestheCR
modelalsodependentonheavyparticledensityandtemperature.Usually,theparametersare
onlyestimated.But,theycanbeobtainedbyEMC3-EIRENE,sothatwithappropriateatomic
dataforp-Heinelasticcollisionstheeffectmaybetakenintoaccount.Thiscouldallowto
betterquantifyquenchingfortheHeCRmodel.Althoughitseemstobeunimportantforthe
parametersstudiedin[42],itmaynotbenegligibleinadifferentparameterrange,e.g.athigher
densities,orforadifferentexperiment,whichonemaywanttomodelwithEIRENE.

8.4 BackgroundplasmaandgridfromEMC3

AlthoughtheEMC3modelisnottouchedinthisreport,itscouplingtoEIRENEiscrucialto
providemeaningfulplasmaprofilesinthecorrectgeometryfortheHebeamsimulation.Two
coupledEMC3-EIRENErunsindivertorgeometrywerecarriedout†toprovidetestcasesfor
thecurrentwork:onewithPSOL=10MWheatingpowerandneLCFS=5·10

13cm−3up-
streamdensity(highdensitycase),andonewithPSOL=1MWandneLCFS=5·10

12cm−3

(lowdensitycase).Thetotalplasmaenergyisnearlythesameinbothcases,sothattheymainly
differintheneprofile-seefig.22.Otherparameters,includingtransportcoefficients,arethe
sameasin[28].ThisturnsouttobeagoodtestbedforformulationsIandIIoftheCRmodel.

Tosavecomputationalresources,EMC3-EIRENEdoesnotrunonatoroidallyperiodicgrid.In-
stead,itutilizesthefive-folddiscretesymmetryofW7-X-“themagneticfieldisinvariantunder
rotationaroundthez-axisby360°/5=72°”[43].Anadditionalreductionofthecomputational
domainbyafactor2ispossibleduetostellaratorsymmetry[44]:atthepoloidalboundary
planesofthe36°domain,particlez-coordinateand̂eϕ-velocityaremirrored.

†ManythankstoDr.MichaelRack.
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Figure22:Backgroundplasmaparametersinfrontofthe W7-Xdivertor,inthepoloidalplanewith
ϕ=12.32◦.Left-ne[cm

−3],right-Te[eV].Top-highdensitycase,bottom-lowdensitycase(see
text).Whilethetemperatureprofileremainssimilar,electrondensitychangesbyanorderofmagnitude.
ne=Te=0behindthedivertor.

Itturnsoutthatgridresolutionisacrucialissueforstudieslikethecurrentone:while1/10
ofthewholemachinehastobesimulatedtofindequilibratedplasmaprofiles,theHediag-
nosticisappliedtoasmallregionandneedslocallyafineresolution-theendoscopecamera
resolutionisbetterthan1mmaccordingto[36].Thisreallycallsforalocalmeshrefinement.
EMC3providessuchanoptionthroughtheintroductionofdifferenttoroidalzones,inwhich
thetoroidalgridresolutionmayvary.However,thatsolutionisnotperfectsincetheHebeam
isalsostronglylocalizedpoloidaly.Besides,theapplicationwasnotpossiblesinceEMC3lies
outsideofthescopeofthecurrentwork.

Therealsoexists(indevelopment)anoptionforthistaskinEIRENE:eachtrilinearhexahedron
intheEMC3gridcanbedevidedintosixtetrahedraintheEIRENEgrid.Theresultingmesh
couldbefurtherrefinedlocally.However,alocalrefinementin3Dwithoutdrasticdistortionof
thegridisachallengingtaskandwasnotundertakensofar.Infuture,afinelocaltetrahedron
meshmaybetheidealsolution.

Atradeoffbetweenglobalgridresolutionandruntimeofthecodewasmade,whichledto
poloidalresolutionof∼3mmandtoroidalresolutionof0.5°≈̂5cm.Thetoroidalresolution
isstillveryunsatisfyingandleadstoartifacts,whicharediscussedlater.

Unfortunately,acasewithevenhigherupstreamdensitycouldnotbeobtainedinsatisfying
resolutionduetime.Thisforcesustopostponetheapplicationofthediagnostictotheexperi-
mentallyimportanthighdensitycasetofuturework.
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Figure23:200Hetestparticletrajectoriesinform.II(onlyionization).5·1013cm−3upstreamdensity,
10MWheatingpowercase.Theredcirclemarksthenozzleentrance,bluecross-ionizationpoint.

8.5 Resultingtestparticletrajectories

Withtheabovespecifiedinputparameters,Monte-Carlohistoriesωni=(x0,...,xn)canbegen-
erated.i∈[1,N]countstestparticles.EIRENEprovidestheoptiontowriteoutexplicitlyphase
spacepointsalongtheMarkovchain:forarbitrarilymanytestparticles,includingcoordinates,
velocitiesandspecies,xj=(rj,vj,sj).Thereactiontypeatanycollisionpointisalsogiven.

Thisoptionenablesustocheckindividualstepsinthesimulation.Italsoallowsustoperform
manualstatisticsonthesehistories,withouttheuseofestimators.

Notethatiftheonlyallowedprocessisionization(form.II),thehistoriesaretrivial:n≡1,
s≡He(11S),ri,j=0≡rπ,|vi,j=0|∈Γ(vπ).Atri,j=1,particlesareionizedandthehistoryends.

InFigure23trajectories,hencepositionspacecoordinatesof150suchMChistoriesareplotted.
WhiletheEMC3gridisalignedwiththemagneticfieldtosimplifychargedparticletracking,
neutralparticlesinEIRENEarenotinfluencedbyanyfields.Therefore,theytravelonstraight
linesbetweencollisionsandaresimplytrackedin3DCartesianspace,wheretheoriginmarks
themachinecenter.Theredcrossmarksthenozzleentranceatthedivertor,wherethetrajecto-
riesstart.Fromthemeandistancebetweentheredandthebluecross,themeanfreepathλcan
beestimated.Here,itisroughly

λ=
vπ
neSCR

, (103)

correctedfortheinhomogeneityofneandSCR.

Thehalfangleofbeamspreadcanbeestimatedby

ασ=
1

N

N

∑
i=1

êπ·
ri,n−ri,0
|ri,n−ri,0|

2

, (104)
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Figure24:200Hetestparticletrajectoriesinform.II+elasticp-Hecollisions.5·1013cm−3upstream
density,10MWheatingpowercase.Theredcirclemarksthenozzleentrance,bluecross-ionization
point.Notethedifferentscalesontheaxescomparedtofig.23.

whichmeanswefindthestandarddeviationofindividualtrajectoryangleswithmeanangle0.
Inthecaseofpureform.II,thisobviouslycorrespondstoα=20◦.However,elasticcollisions
noticeablymodifyασ-thecorrespondingtrajectoriesaredepictedinFigure24(withdifferent
axesthaninfig.23).Theeffectisrathersmallinthesmalldensitycase,thereασ≈24

◦.Butin
thehigherdensitycase,ασ≈35

◦!Thismeans,thebeamisscatteredsignificantlyforne>10
13

cm−3.

Forus,theimportantresponse,orobservable,istheresultingHedensityintheplasma,since
itisneededasinputfortheemissivity†.Itisestimatedforeachgridcellfromωnibytracking
thetimeofflightofparticlesthroughthem.Hence,althoughindividualMChistoriesareknown
verywellinrealspace,somespacialresolutionislostonatoocoarsegrid.

InformulationII,theonlytrackedspeciesisHe(11S),sothatn(11S)istheheliumdensity.In
formulationI,si,j=0=He(1

1S),butHe(21S)andHe(23S)emergeduetoelectroncollisions.We
havetodistinguishthenbetweengroundstateandmeta-stabledensities.

†AlthoughlineratiosareHedensityindependentinform.II,emissivitiesofsinglelinesarenot.

49



9 Syntheticspectroscopy

Inthecourseofthepresentwork,theEIRENEpostprocessingdiagnosticmodule,previously
limitedtohydrogenicspecies,wasextendedtotreatarbitraryspecies-providedappropriate
atomicdataareavailable.Themodulewillbeshortlyexplainedinchapter9.1.Asapossible
application,weproposeanalgorithmfortheevaluationoftheapplicabilityoftheheliumbeam
diagnostic:

1.SimulatetheheliumbeamwithEIRENEforagivenplasma,includingmeta-stablestates,
elasticscatteringandotherrelevantprocesses.

2.Applycollisional-radiativemodeltoobtainemissivityin3D.

3.Constructsyntheticcameraviewswithlineintegrals.

4.Reconstructtheplasmaparametersfromthesyntheticviews,usinganexperimentally
applicablemodel.

5.Improvemodelifnecessary.

Step1wasshowninchapter8,italreadycantellaboutbasicpropertiesofthebeam-plasmain-
teraction.Chapter9.2demonstratessteps2and3.Thethirdstepelucidatestheapplicabilityof
agivencamerasetinthe3Dgeometry.Step4ispresentedinchapter9.3,buttakingashortcut
aroundstep3-allowingtoseparategeometricalfactorsfromthereconstructionprocess.Hence,
weuseemissivityratiosinsteadofintensityratios.Thereconstructionprocedureisdescribed
inchapter7.6.Itisappliedforeachpixelindividually.Step5islefttofuturework.

SincethefullsetofelectronimpacttransitioncrosssectionsfromtheR2008database[4]be-
cameavailableintheCRcodeonlyrecently,seechapter3.2.3,V2005data[18]areusedinstead
here.Althoughchapter7.3pointsoutasignificantdifferenceintheapplicationtotheexper-
iment,weexpectnoimpactontheresultsfromthepresentchapter:incontrasttotheline
intensityratios,thedifferenceinabsolutelightintensitybetweenthetwomodelsisnotaspro-
nounced.Andaspointedoutinchapter3.2.3,thereconstructionprocedureisnotaffectedeither,
aslongasitisselfconsistent.Infuture,usageoftheR2008databaseisenvisaged,forboththe
syntheticemissionevaluationandtheplasmaparameterreconstruction.

9.1 Thesyntheticdiagnosticmodule

Thesyntheticdiagnosticmoduleconsistsmainlyoftwoparts:calculatingthe3Demissivity
profileandcalculatinglineofsightintegralsforthecameraview.Thestartingpointisthe
heliumdensitynHe(r)onthethreedimensionalgrid,obtainedviaanestimatorappliedtotest
particletrajectories.Themodule’sinputincludes:

•Numberandcoordinatesofthelinesofsight.Thecoordinatesaredefinedthroughtwo
pointsinCartesianspace.

•Definitionofobservedtransitionsp→q,includingtheirnumber,wavelength,Einstein
coefficientAandthresholdenergy∆E.

•Correspondingdatasetsfortheobservedtransitions. Here,weusepopulationcoeffi-
cients†,tabulatedvsdensityandtemperatureinaformatsimilartotheADF11ADAS
format(seechap.5.2.2).

†Note:asinputforEIRENE,populationcoefficientsaredefinedindimensionlessformasratiosR̃(p)and̃r(p)
ofexcitedstateequilibriumdensitytotheir“parent”density,i.e.,heretothegroundstateandmeta-stabledensities,
forformulationsIIandI,respectively
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Comparedtotheextensiveintensity(64),emissivityistherelatedintensiveproperty,givenby

ε(r,p→q)=n(r,p)A(p→q) (105)

foratransitionp→q.n(p)istheexcitedstatedensityandAtherelatedEinsteincoefficient.
TheexcitedstatedensityisgivenbyeitherformulationIorII(chap.2.2or2.3).

Inform.II,neglectingrecombination,theemissivitybecomes

ε(r,p→q)=R1(Te(r),ne(r),p)ne(r)n(r,1
1S)A(p→q), (106)

andwecanassociateheliumdensitywithgroundstatedensity,nHe=n(1
1S).

Moregenerally,inform.I,

ε(r,p→q)=r1(r,p)n(1
1S)+r2(r,p)n(2

1S)+r3(r,p)n(2
3S)ne(r)A(p→q). (107)

Here,wehavetodistinguishbetweengroundstateandmeta-stabledensities.FortheHebeam,
therecombinationtermcontainingtheiondensityisneglected,sothationizationprovidesa
particlesink.IntheEIRENEpostprocessingroutinestheelectrondensityfactorsarealready
containedincoefficientsR̃and̃rreadfromitsexternaldatabases

Then,forisotropicemitters,thelightintensityI[photons/s/cm2/rad]forindividualcamerapix-
elsiscalculatedvialineintegrationfromthecamerapostionacrosstheplasma

I=
1

4π

P2

P1
dsε(s)=

1

4π∑k
∆skεk, (108)

whichisequivalenttosummationofemissivitiesingridcellskalongthelineofsight,weighted
bythedistance∆skactuallygoingthroughthecell.Internally,thesumisevaluatedbytracing
virtualparticlesalongthelineofsight.Thesameequivalenceoflineofsightandviewcone
integralsisalsousedin[45].Unfortunately,asatisfactorytoroidalgridresolutioncouldnotbe
achievedinthecourseofthiswork,limitingthequalityofthesyntheticdiagnosticreconstruc-
tion.

9.2 Cameraviewsandemissivity

Usingthesyntheticdiagnostic,weareabletosimulateendoscopecameraviewsattheupper
divertorforthesetupdescribedbyO.Neubaueretal.[36].Thebackgroundplasmawasspeci-
fiedinchapter8.4andshowninFigure22.

Thereisonlyonehorizontalview(meaningperpendiculartotheHebeam,whichstartsatthe
upperdivertorplates),throughwhichtheheliumbeamscanbeobserved−M51_J_3535:the
cameraislocatedinmodule51,portJ,and’3535’specifiestheangleofthefirstmirror. A
syntheticimageofthe706.5nmlineintensity(onalogarithmicscale)isshowninFigure25.
Thefive’steps’correspondtobeamsthroughfivedifferentgasnozzles,injectedsimultaneously.
Duetothelowtoroidalresolution,gridcellsarehighlyelongatedinhorizontaldirectioninthe
image.

Noticehowtheemissionfromdifferentnozzlesoverlapsinthisview.Intheexperiment,recon-
structionoftheemissionprofileisonlypossiblebytomography,withanadditionalendoscope
intheL-port.Thisprocedurecanbesupplementedbythesimulation,wherewehavetheemis-
sionprofileonthewhole3Dgrid(althoughabettergridresolutionisdesirable).Forexample,
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Figure25: Syntheticimageofthe706.5nmlineintensity(logarithm)fortheendoscopeview
M51_J_3535.BackgroundplasmaobtainedwithPSOL=10MWandneLCFS=5×10

13cm−3.Five
beamsinjectedsimultaneously,p-Heelasticscatteringincluded,formulationII,recombinationneglected.

thecontributionofeachgridcellalongthelineofsighttotheintensityofanypixelcanbe
viewed-demonstratedinFigure26.

However,inthesimulationwehaveevenmorefreedom:unlikeintheexperiment,wecanplace
thevirtualcameraatanypositioninthesimulationspace-eveninsidethehotplasma.This
allowsustotakepicturesdirectlyoftheemissioninthepoloidalplane,asdemonstratedin
Figure27.There,sinceweareinthepoloidalplane,wecanassignphysicalcoordinatestothe
axes.Thedivertorisclearlyvisible,limitingtheplasmavolume.Thefiveheliumbeamsare
nowclearlyseparable,startingatthedivertorandpropagatingintotheplasmanearlyinparallel.

Onepossibleapplicationofthesyntheticdiagnosticistoestimatetheapplicabilityoftherealdi-
agnosticindifferentplasmascenarios.Inthecurrentwork,wewereabletotestitintwocases:
highandlowdensity.Figure28comparestheheliumemissioninbothsimulations.Fromhere
informationcanbealreadyextracted:thebeampenetrationreducessignificantlywithhigher
electrondensity.Theexactdistancedependsonthecontrasttolerableintheexperiment.Addi-
tionally,ascalculatedinchapter8.5,thebeambecomesratheracloudathigherdensity.

Unfortunately,thelowtoroidalresolutionimpairsthequilityofthepictures:itisthereason
forthe’bulkiness’ofFigure28.Thebeamspreadsradiallyduetotoroidalgridcellcurvature,
whichmakesfurtherevaluationdifficult.Integratedcameraviews,however,arenottheonly
waytoextractinformationontheheliumemission−the3Demissivityprofilecanbeprinted
intheoutputaswell.Figure29comparestheemissivityinthetwodifferentdensitycases.To
separategeometricaleffects,furtheranalysisisbasedonpoloidalemissivityprofiles.

WhileFigures25-27usedformulationII,Figures28and29werepreparedinformulationI.
Thedifferenceisnotnoticeablewiththenakedeyeinsyntheticcamera(oremissivity)views,
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Figure26:Emissivityprofilealongthelineofsightforapixel(i,j)≈(140,70)inFigure25,withvertical
indexiandhorizontalindexj.Duetomemoryshortage,theemissivitywasobtainedinasimulationwith
only20×20pixelsinsteadof200×200,makinganexactcomparisonbetweenthefigurescomplicated
(memoryoptimizationisneededhere).Nevertheless,theintegralovertheprofileprovidestheintensity
foragivenpixel(inthelowerresolutionsimulation).

butiscrucialforcorrectmodelingoftheexperimentatlowerdensity,asdemonstratedinthe
nextchapter.ThisisthefirstexampleofhowaforwardcalculationinEIRENEcansupplement
theexperimentalmodel.
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Figure27:Syntheticimageofthe706.5nmlineintensity(logarithm)inthepoloidalplaneatϕ=12.32◦.
Virtualcameraisplaced1mawayfromtheplane.BackgroundplasmaobtainedwithPSOL=10MWand
neLCFS=5×10

13cm−3.Fivebeams,injectedsimultaneouslyatthedivertor,propagatedownwards.
p-Heelasticscatteringincluded,formulationII,recombinationneglected.Here,thetotalparticleflux,
forfivebeams,isthesameasforasinglebeamsimulation,unlikeintheexperiment.

Figure28:Syntheticimageofthe706.5nmlineintensity(decadiclogarithm)inthepoloidalplaneat
ϕ=12.32◦.Virtualcameraisplaced1mawayfromtheplane.Left-PSOL=10MWandneLCFS=
5×1013cm−3,right-PSOL=1MWandneLCFS=5×10

12cm−3.p-Heelasticscatteringincluded,
formulationI,recombinationneglected.
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Figure29:Decadiclogarithmofthe706.5nmlineemissivity,log10(ε[1/s/cm
3]),inthesamepoloidal

planeasinfig.28andwiththesamesimulationparameters.Contrarytolineemissionintensity,emis-
sivityisanintrinsicquantityandthereforecontainsnogeometricaleffects.
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9.3 ReconstructionofTeandne

ThischapterdemonstratestowhatextentthereconstructionofTeandneispossiblefrommea-
suredRmTeandR

m
ne,accordingtochapter7.6.Here,weintendtofocusonatomicratherthan

geometricaleffects.Therefore,lineintensityI(64)isreplacedbyemissivity(105)inequations
(66)and(67).Inotherwords,thereconstructionisbasedonFigure29insteadof28.Todemon-
stratethefirstsimpleversionofthe’diagnosticevaluationalgorithm’,theforwardcalculationis
performedinformulationI,whilereconstructionreliesonformulationII.Thenecessarymeta-
stabledensities(seechapter7.4)areavailableintheforwardcalculation.Theinitialplasma
profilesaredescribedinchapter8.4.

TheresultforthehighdensitycaseisdemonstratedinFigure30. Wefocusontheaxisin
beamdirection-theverticalaxis. Hence,fortheviewasinFigure29(left),theverticalTe
profileisplottedatR=537.85cm.Thedivertorisatz 101cm(theoffsetintherecovered
profilebehindthedivertorisduetotechnicalreasonsandcanbeeasilyavoided).Becauseofa
finitepenetrationdepthofthebeam,theinitialprofilecannotberecoveredwherenoradiation
isemitted-below94cm. Otherwise,thereconstructionworkswellwithsufficientlymany
MonteCarlotestparticlesintheforwardsimulation,justifyingformulationIIhere.Noneofthe
variancereductionmethodsinEIRENEareactivatedinthisexample.Thesameisobservedfor
ne
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Figure30:Tereconstruction(accordingtochap.7.6)inthehighdensitycase(PSOL=10MWand
neLCFS=5×10

13cm−3)fromsyntheticHebeamdiagnosticalongverticalaxisz(divertorat 101cm).
ϕ≡12.32◦andradiusfixed.NisthenumberofMonteCarlotestparticlesintheforwardsimulation.

However,thenumberoftestparticlesrequiredforapreciseforwardcalculationoftheemis-
sivity-whichallowsprecisereconstruction-isratherhigh.Thecomputationof109particle
trajectoriesrequires8computationalhoursonasingleprocessor,butthattimeisreducedsub-

56



stantiallyifthecodeisruninitsMPI-parallelizedmode.Alsoconventionalvariancereduction
methodsavailableinEIRENEcoulddrasticallyreduceN,butthishasnotbetriedhere.Incon-
trast,9·105particlesandtheiremissionarecomputedinafewminutesonasinglecore.Since
thenoiseinFigure30israndom,suchasimulationcanstillbeusedforquickestimatesofthe
emission.

Theruntimeofthesyntheticdiagnosticitselfdependsonthenumberofvirtualpixels(linesof
sight)ratherthantestparticles.For100×100pixels,ittakesaroundthreeminutes(onasingle
core).Hence,forpre-computedHedensities,additionaldiagnosticrunscanbeperformedmuch
quickerifseparated.

Thereconstructionisrunforeachpixel.For104pixels,ittakesaroundtwohoursonasingle
coreuntilf<10−8ineq.(76),butonly20minutesoneightcores.

Comingbacktothephysicalproblem:atne>10
13cm−3,formulationIIsuffices.Theprecise

reconstructionindicatesthatinfactmeta-stablestatesofheliumarenearlyinequilibriumwith
thegroundstate,intheforwardtransportcalculation.Thesituationisdifferentatne 2×1012

cm−3:asalreadydiscussedbyBrix[3,chap.2.5.1],themeta-stabledensityissignificantly
differentfromtheCR-equilibriumthere.ThiscanbeseeninFigure31:assumingequilibrated
meta-stablestatesinformulationII,electrontemperatureisoverestimatedatz 98cm.The
effectissignificant,sinceitisindependentofthenumberofMCtestparticlesintheforward
calculation.Infact,accordingtoFigure22,ne 2×1012cm−3atz 98cm.However,necan
bereconstructedcorrectlyforallz
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Figure31:Sameasfig.30,butforthelowdensitycase(PSOL=1MWandneLCFS=5×10
12cm−3).

Ontheotherhand,becauseofthelargerpenetrationdepth,Teandneprofilescanberecon-
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structeddeeperintotheplasma. Thereconstructionperpendiculartothebeamaxisisless
interesting:itworkswellwithenoughtestparticles,butforlowNnoiserisessignificantlywith
distancefromtheaxis.

9.4 Discussion

Inthischapter,wehavediscussedtheextendedsyntheticdiagnosticmoduleinEIRENEand
theresultswhichcanbeobtainedwithit.Inconclusion,theapplicabilityoftheHebeamwas
evaluatedatallfivestepsofthesuggestedalgorithm:

1.Thebeamwassimulatedusingtheatomicdatabaseimplementedin[1].Infact,wefind
theexplicitinclusionofmeta-stablestatesinformulationInecessaryatne 2×1013

cm−3,asalsoearlierdiscussedbyBrix[3,chap.2.5.1].Theincludedelasticp-Hescat-
teringallowstheestimationofbeamdivergence.Furtherinelasticprocesses,asdiscussed
inchapter8.3,aswellasrecombination,mayhavetobeincludedinfuture,too−espe-
ciallyfortheexperimentallyinterestingmaximumdensitycaseatne 1014cm−3.

2.The3Demissivitywascalculatedandcanbeaccessedintheoutput. Weperformed
reconstructionofplasmaparameters(step4)usingemissivityratios,whichallowssep-
arationofgeometricalandatomiceffects.Avoidanceofspuriousgeometricaleffectsis
especiallyinterestingonnon-isotropicallycoarsecomputationalgrids:itallowstostudy
atomicbeampropertiespreciselyinthepoloidalplanewhilesavingresourcesintoroidal
direction.

3. Wewereabletocalculatesyntheticendoscopesignalsaswellaspoloidalcameraviews
andthecorrespondingemissivityprofilesalonglinesofsight.Thiscanhelpwiththe
adjustmentofthediagnosticintheexperiment,especiallyfortestingoftheforeseento-
mographicreconstruction.However,foraprecisecomparisonwiththeexperiment,two
thingsmustbeimproved:afinertoroidalgridresolutionmustbeachievedand,fortrace-
ability,thefullelectronimpacttransitiondataR2008[4]mustbeused.Thelatterhas
onlyrecentlybeenachieved,seechapter3.

4. Wehaveperformedthereconstructionofinitialplasmaparametersfromemissivitypro-
files. WhileemissivitywascalculatedinformulationI,formulationIIwasusedforthe
reconstruction−allowingthestudyoftheequilibrationofHemeta-stablestates.Signifi-
cantdifferenceisfounddependingonplasmadensity:athigherne,∼2×10

13cm−3,the
emissionisstronglylocalizedclosetothedivertor.FormulationIIissufficienthere.On
theotherhand,reconstructionofthetemperatureprofileisnotpossibleassumingequili-
bratedmeta-stablestatesclosetothedivertoratne 2×1013cm−3.Thisimpliesashift
oftheapplicationregiondependingonplasmadensity.

5. Whileimprovementoftheexperimentaldiagnosticliesoutsideofthescopeofthecurrent
work,itwasundertakenin[33]and[34]forinclusionofmeta-stablestatesandin[34]for
inclusionofradiationtrapping.Theforwardcalculationimplementedheremaybeused
toverifysuchelaborateprocedures.

Sofar,wewerenotabletoanalyzetheexperimentallyinterestingmaximumdensitycase,
withne 1014cm−3infrontofthedivertor.Thismainlyrequiresaconvergedsteady
stateplasmasolutionbutposesnochallengetothesyntheticdiagnostic.

Sincetheobservedtransitionscanbefreelyselectedinthecodeinput,thesyntheticdi-
agnosticmodulecanbeeasilyextendedtootherspectrallines−onlythecorresponding
populationcoefficientshavetobestoredinadatabase.
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10 Conclusionandoutlook

Thegoalofthisworkwastodevelopanumericalsimulationoftheheliumbeamdiagnostic
forthestellaratorWendelstein7-Xandtherebyevaluateitsexperimentalapplication.Forthis
purpose,thecollisional-radiativemodelasimplementedbyGoto[1]wasre-examinedandits
results−CRcouplingandpopulationcoefficients−cannowbeutilizedbytheEIRENEcode,
replacingtheretheearlierHeliumCRdatabasebyFujimoto[2].Thesyntheticdiagnosticmod-
uleofEIRENEwasextendedtomoregeneralhandlingofspeciesandtransitions,allowinga
moreflexiblepost-processingevaluationofspectralemission.

TheeffectiveCRcoefficientsaswellasthecompletelystateresolvedatomicdatahavebeen
madeaccessibleattheHYDKINwebpage[8],sothattheymaybecomparedforvariousex-
perimentalsituations.Usingthesolveratthewebpageandthedimensionreductiontool[29],
wewereabletoreconstructthesolutionofG2012forthemeta-stableresolvedandunresolved
effectiveCRcoefficientsfromtheunderlyingcompletelystateresolvedatomicdata.Theeffec-
tiveratecoefficientswerecomparedtothosealreadyusedbyEIRENE,producedbytheolder
Fujimotocode[2].Thedifferencesbetweenthetwocanbetracedbacktoindividualatomic
transitionswiththehelpoftheonlinelinearsensitivityanalysistoolofHYDKIN.

Wehavefoundsignificantdifferencesduetoneweratomicdata,dataparametrization(fitsvs.
tables)andthemagneticfieldeffect.ForWendelstein7-X,theexplicitmagneticfielddepen-
dencecanbeomitted:onlyacorrectionofthe(Te,ne)−dependentdatawasrequired.However,
thiscorrectionisnotsufficientforhigherB−fieldmachineslikeITER.

Wewerenotabletoidentifyareferenceforelectronimpactexcitationdatainoneofthetwo
availableatomicdatasets(exceptaprivatecommunication[18]).AlthoughthedatasetV2005
[18]isappealingduetoitscomprehensiveness,werecommendtheusageofR2008[4]instead.
Itsfullimplementationwaspreviouslyhinderedbyacombinationofpoorlowenergyasymp-
toticbehaviorofsomefitexpressionsnearthresholdandtheintegrationroutine.Theseissues
havebeenovercome,allowingnowusageofthecompletedataset.Forcomparison,crosssec-
tionsfrombothdatasetsareaccessibleatHYDKIN[8].Bothdatasetsweremadeavailablefor
EIRENEbysupplementingitsexternaldatabases.

Throughoutthiswork,wenowfullyutilizetheinternationallyevaluateddataset[4].Never-
theless,itremainsunreliableatverysmalltemperaturesduetothepoorbehaviorofsomefits
atverylowenergies.Additionally,chapter7indicatestheimportanceofhigherexcitedenergy
eigenstates,forwhichnoevaluateddataareavailable.Hence,theheliumatomicdatabasestill
showspotentialforimprovement.

Wedonotexpectatremendousimpactontheoverallbehaviorofheliumplasmasandimpuri-
tiesduetothenewdataintransportsimulations,sinceCRratecoefficientsandcoolingratesin
thecondensedformulationIIwerenotsubstantiallyaffected.Yet,thechangeinthepopulation
densitydistributionmaybecrucialfortheinterpretationofspectroscopicdata.

ComparingtheCRmodelbyGoto[1]totheonebyBrix[3],wefindonlymodestconsensus.
Thisisnotsurprisingconsideringmultiplerevisionsof[3],e.g.[35,42].Surprisinglythedis-
crepancybecomessignificantlylargerifwereducethenumberofenergyeigenstatesinmodel
[1]tothoseusedin[3]−whichindicatestherelevanceofupperexcitedstates.Thisalsoques-
tionstheempiricaladjustmentofindividualatomiccrosssectionsinthereducedmodelbyBrix
[3],which,apparently,empiricallycompensatedtheabsenceofthehigherexitedstatesinthe
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model,atleastforcertainexperimentalconditions.

Applyingatomicdatatotheinterpretationofbeamemissionspectroscopyrequiresmultiple
approximations. Wenaturallytrytouseaslittledataaspossibletomaketheapplicationfast
andtransparent.However,thevalidationofsuchareducedmodelintheexperimentisdifficult,
sincethemeasuredplasmaisalsolargelyunknown−exceptifitwasmeasuredwithotherdi-
agnostics.Uncertaintyreductionthroughcomparisontootherdiagnosticswasundertakenby
[35].Incontrast,withtheimplementationofthesyntheticdiagnosticinEIRENE,weatleast
canverifytheconsistencyinaCRmodelonaknown−simulated−plasma.Asafirstexam-
ple,wehavedemonstratedwhenitisavalidapproximationtoassumeequilibratedmeta-stable
statesfordatainterpretationandwhenthisisnotthecase.

Infuture,goingtodetachedplasmaconditions(highdensities),theeffectofrecombinationcan
bereadilystudied.AdirectimplementationofthemodelinEIRENE(withoutpriorparametriza-
tion)isforeseen.Thisshouldallowtostudytheeffectofopacityquiteexplicitly,incontrast
to[34],aswellasphotonreflectionatwallsurfaces,takingadvantageoftheexistingphoton
transportmodule[7].Givencorrespondingatomicdata,inelasticheavyparticlecollisionscan
bestudied.Otherspectrallinesandabsolutelineintensities(proposedby[35])canbestudiedas
furtheroptionstoimprovethediagnostic.Additionally,thiscomputationaltoolmightbeuseful
tosupportthecumbersomealignmentofthediagnosticintheexperimentatW7-X,whichcan
beespeciallydifficultinastellarator.
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