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Abstract:

Some aspects of resonant vibrations of self-intersti-
tials in the 100—dumbbell configuration in fcc-metals are
discussed by extending previous calculations of Zeller et al.
and Schober et al. Employing a simple defect model with nea-
rest-neighbour interactién the local frequency spectrum of
the defect is calculated showing several localized modes
and low-frequency resonant modes. The change in the total
density of states due to the defects is expressed as the
derivative of a generalized phase shift which is used to
calculate the change in the lattice specific heat due to single
interstitials. An appreciable increase of the specific heat is
observed giving a peak at 9-10° K in ACV/CV for Cu. Inelastic
neutron scattering away from the one~phonon lines is proposed
as a method to observe the resonant modes induced by self-
interstitials. The model calculation in Cu shows that the
well defined resonant modes due to dumbbell vibrations,

especially the peak corresponding to resonant E_-mode, have

g
appreciable intensity and could presumably be detected in
neutron scattering measurements. The effect of di-inter-

stitials on the phonon dispersion in Al is also discussed.



1. Introduction

The éhysical understanding of point defects in metals
is of central importance for many technolegical problems.
Therefore the investigation of defects in metals has
attrected considerable attention. Point defects can be
classified as substitutional impurities, vacancies and
interstitials. The present study concerns the‘vibrational‘

properties of self-interstitials in fcc-metals.

The infroduction of point defects in an otherwise pure
host crystal can significantly change the vibrational proper-
ties of the crystal. New characteristic modes localized near
the defects may appear whese frequencies can be estimated by
w2 = fE/M, where fE is.the Einstein force}constant of the
defect apd M is the defect mass. Two different kind of modes
can occur: 1) Localized modes due to a light defect mass and/
or due to defects strongly bound to the lattice. These modes
have frequencies above the maximum freqﬁency ©rnax of the
ideal lattice,VZQ Resonant modes, with frequency‘w<<wmax,; |
due to a heavy defect mass and/or due to defects weakly bound

to the lattice.

For self interstitials in fcc metals the distance between
the interstitial and its neighbours is considerably smaller
than the nearest neighbour distance in the ideal lattice. Thus
there is a strong repulsion between the atoms in the defect
region and consequently the force constants are appreciably

larger than the ideal lattice nearest neighbour force constant



and one expects localized modes /1,2/. In a computer simu-
lation of copper Scholz and Lehmann /3/ have found that the
100-dumbbell’ vibrates both with high-frequency localized modes
as well as low-frequency resonant modes. The simultaneous
occurence of both kinds of modes for a single defect is

guite unusual and cannot be understood by the Einstein formula
w2 oY fE/M. It can be explainecd, however, by the strongly
compressed lattice around the interstitial /4/. These reso-
nant modes are quite important in understanding the physical
properties of the irradiated metals. They explain the large
experimentally observed changes in the elastic constants /5/.
They lead to drastic changes in phonon dispersion curves /6,7/,
and in the low-temperature lattice specific heat /8,9/. They
cause large thermal displacements of the interstitial atoms
/8,9/ (see also Ref. 10 and sections 4-6). The present report
is an extension of the work of Zeller and Dederichs /8,9/ and
Schober et al. /7/. Especially we will evaluate the changes of
the specific heat due to interstitials which have been recently
measured by Monsau and Wollenberger in electron irradiated Cu
crystals /30/. Following a suggestion of Schilling /47/ we
further calculate the "diffuse" one-phonon scattering in the
viciniﬁy of‘the resonance frequency, for g-values away from
the phonon-line. Here one expects an incoherent, i.e. dis-
persion free, intensity which as a function of frequency is

Lorentzian around the resonance frequency.

The outline of this report is as follows: In section 2

we discuss the general theory for the interstitial defects,



the Green's function for the ideal lattice and the defect
lattice is introduced. The connection between the Green's

function and the local density of states is discussed.

In section 3 we study the vibrational properties of the
100-dumbbell  in an fcc lattice with a simple nearest-neighbour
model. The local frequency spectrum of the dumbbell is calcu-
lated‘which shows that the interstitial virtually vibrates
only with high-frequency, localized modes and low—fréquency
resonant modes /8,9/. A new localized mode withlﬁg symmetry,
hitherto nét reported, has been found just above the maximum -

frequency of the ideal lattice.

In section 4 we ‘discuss the change in lattice specific
heat due to defects. The change in the density of states, which.
enters the calculation of specific heat change, is expressed as
derivative of a generalized phase 'shift which is determined by
the quantities restricted to the defect space of the single
defect. The calculated lattice specific heat in Cu with low
concentration of single interstitials shows an anomalous increase

with a peak in AC/C_ at 9-10°K.

In section 5 we discuss the additional "diffuse" inelastic
one-phonon neutron scattering due to a low concentration of
100-dumbbells in Cu. Away from the main one-phonon line we find
well defined peaks corresponding to the resonance modes Eg, A2u
and E,. Especially the Eg peak has appreciable intensity and

can hopefully be observed in future experimental measurements / 48/.



In section 6 we have'studied the effect of di-interstitials
in fcc metals on the phononldispersion curves. The calculated
frequency shift of the transverse (100) phonon in Al shows a
resonance behaviour at wavevector ¢z = 0.1 (v = 0.88 THz),

a result coroborated from the local frequency spectrum of

the di-interstitial. The calculation highlights the impor-
tance of di-interstitials and other small clusters in under-
standing the perturbed phonons in n-irradiated metals. The
different resonance frequencies of the various small agglome-
rates are expected to smear out the sharp.resonance structure

obtained in the calculated results for single interstitials /7/.



2. General Theory of a Lattice with Interstitial Defects

The lattice dynamics of imperfect lattices has been.
discussed widely: and several reviews on the subject are
available . (see e.qg. /2, 11 - 14/). We felt it necessary
to include some of the relevant material only to make this
report self contained. We first discuss the lattice Green's

function which is basic to the whole theory.

2.1 Perfect Lattice Green's Function

In the harmonic approximation the equation of motion
of an atom in the direction i at site m (for a monoatomic

lattice) is given by
m“m — mmn 7}, .
M &% (t) +%Cbij SJ({Z)-—

where M" is the mass of atom m and S?(t) is its displacement.

(2.1)

The ¢?§ are the coupling parameters giving the ij component
of the force constants between the atoms m and n. In the

general case it is more convenient to work with the dynamical

D JM"‘"Cb” JM

Assuming a harmonic vibration of frequency w, the equation

matrix

(2.2)

of motion (2.1), in terms of the dynamical matrix, is written

as _
. 2 . - .

T [ DY = Wi e [ ST=0

ny

or in matrix form

| (w?*) S =0 ,
- (2.4)



where

| | | | »
[ (W*) = m/’/Z (_D _ &)Zl ) M 2' (2.5)
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The Green's function is defined as the inverse of the

matrix E(mz)‘ _‘4
.GI‘((‘“)) = [ L(QZ)J : m ot
or ;_ 1 gi(“) g»j () (2.6)

Gij (V)7 TFpa we —(wrieff 7

where g?(a) is an element of a unitary matrix which dia-
gonalizes the dynamical matrix so that the equation (2.4)
is transformed into an eigenvalue equation

(D - w ) g(o) =0 .

(2.7)

Here £(u)'s are the eigenvectors and wi are the éigenvalueS‘
of the dynamical matrix D. The infinitesimal positive quantity
¢ has been introduced in (2.6) to ensure causality, i.e., the
so called retarded Green's functions are used. The eigenvec-

tors ¢£(a) satisfy the usual orthonormélity and éiosure con-
e n
T T (B = bup
mi | .
n :
7 g’z.m(o(‘) 'gj (x) = 51J ‘ (2.8)
[~ &

ditions:

In the‘special case of an ideal lattice all masses are equal
(Mm = ﬁ) and the coupling parameters have translationél sym-
0
metry. Thus in the ideal lattice the eigenfunctions £(a)'s
are plane waves and can be labelled by a wavevector K and a
polarization index o ol M
% m 1 1‘KB. (2.9)
g’. (E&G') = €?i (E&Cr) < )
1 jrq >

where ei(gc) is the eigenvector of the dynamical matrix



belonging to the normal mode (ko) and N is the number of
atoms in the lattice. Thus the ideal lattice Green's

function is given by v
n

. m
0 o e;(Ks) €;(ks) 1K(R-R)
G (W)= —— 2 > - . € (2.10)
“J MN ke Wke —(W+i€)> ) .

where’wko are the eigenfrequencies. In the ideal lattice -
since 8 is real and symmetric - the polarization vectors can be

chosen as real so that

£(k) = T(-k) and Ois = Wpp

The exponential in (2.10) can be replaced by cos K - By;n,

therefore
Om-n "(M“‘n) : °-m-n .
0 . —_
le:.v.m(w) =(x 1] (W) = G i (W) =G .i(w). (2.11)
1 .
Using the identity

A = P pimbex)
x-1€ x | |
we write the real and imaginary part of the Green's function as

n
£ r() 5, &) mn (2.12a)
2 = Ke il -

Wy J

mn 1
. L. (W) = = P
lle (;'LJ ( )“ © 2

- w*

(2.12b)

mmn T " ™ N ) -
L Gri g ()= g Sgm @ 2 369 § () $lag-o)

- - I;nmlc;%j% ("QJ) .

Clearly

G(w) = G"K[_‘-w> . (2.13)



The real and imaginary parts of the Green's functions are
not independent of each other but related by the Kramers-

Kronig relation

o0

Re(;l(w)z%_jo Ao p l

= T G(w?D) . (2.1
— W

(/9]

2.2 Connection between density of states and Green's functions

The same site ideal lattice Green's function at site m is

0 e'(K6)€r(Ko’
C;Wn (w ) "*—_73_2: 9 )
RE Wy —(w+ie)?

Making use of the orthonormality condition for the polarization

(2.15)

vectors we can write

MZC-, o (w)—{:"j——— S%nwzg(w“ - w* )

e 2.16)
ﬁN 20 élg-(w’“ C“) w>o. 1Y

Summing over all the lattice sites we get

-
—

o
IMZG’LL(&)) ‘-——’;Zg(wks‘w) __.ZI_. (w) (2.17)
3 ZMQJKG . Mw ’
whére Q(w) = Eo Fy (mko-w) is the total density of states in the
ideal lattice, i.e.,_fhe number of frequencies in the interval
(w,w+dw). Egqn. (2.17) shows that the total density of states
can be expressed as the sum of the imaginary parts of the same
site Green;s functions over all the sites. Thié suggests the
way to define in a non-ideal lattice the so called local den-

sity of states of an atom m in i-direction by
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, 20M” mm
M) = T . (W)
Zi (W)= — mlngg € (2.18)
2
= 7 | 7)), w>o.
=4

We note that
S 2

rool,w 2% (@) = ) | g:(“” =1

(o) oL 2 (2.19)
i.e. the distribution ZT(@) is normalized with respect to
W Z?(w) gives thevnumbér‘éf ffequencies’in the interval
(w,w+dw) multiplied by the square of the amplitude of atom m
in i-direction. Z?(m) is the quantitative measure of the num-
ber of modes contributing‘to’the vibrational behaviouf of
atom m. In a defect lattice ZT(m) will in general be different

for each atom and each direction.

Often the moments of the imaginary part of'the masstrans—
formed Green's functiong (w) (=/M G(w) YM) can provide already
useful information regarding the frequency spectrum without

calculating the Green's function explicitly,

1 [de? (2] Tm Yy = [de? @2) S (D - )

Thus the zeroth moment (n=0) gives the normalization for ZT(w)

(2.20)

if we take the mi-matrix element of egn. (2.20) while the se-

cond moment of ZT(m) is

o PP > _m o Cb'wl"“_
(w2 = g dw W 23(W) =D, = -_I;’}w_t‘ (2.21)
o

giving the Einstein frequency of atom m in i-direction.
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The concept of a local density of states is quite use-
ful in the context of defect lattice dynamics. We will see
in section 3 that the local spectrum of a defect completely
describes the vibrational behaviour of the defect atom.

It is paricularly useful for calculating those vibrational
properties which do not depend on correlations of different

atoms. For instance the thermal displacement squared of an

atom is
» - 77 (w) |
{(S% )2>-,- = So dwm R Gt (Rw/2kT) . (2.22)

The total spectrum of the lattice can be expressed as
the sum of the local frequency spectra of all the N atoms

of the lattice
™ - w2
Zlw)y=) 2i(w)=3 2 [F;60] Slao-w). (503
mT mi O<’
Using the orthonormality of E?(a) we get

IN ‘ |
Z(w): ;4&[“—&"‘”) with deZ[w):3N. (2.24)

It may be noted that all the thermodynamic properties of
the crystal can be expressed in terms of the total spectrum
Z(w) and consequenfly in terms of the local freduency‘spectra

of all the atoms (see section 4.1).

2.3 Green's Function for the Defect lattice

In matrix form the Green's function for the defect lattice

may be given by (see egn. 2.6)

((D—sz)(;(w): 1 (2.25)
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while that of the ideal lattice is given by
o
: ) O » — .
(P-Pw)G(w) =1 |

(all the quantities pertaining to the ideal lattice are

(2.26)

denoted by an upper index O, e.qg., 8,«8 etc.) In general

the coupling parameters @ and the mass M of the defect
lattice differ from the quantities B and R in the ideal
lattice. In the case of vacancies and interstitials also the

total number of atoms are different.

For a substitutional defect, the coupling parameters
around an impurity atom are changed in addition to the mass
change at the impurity site. In general, the change‘in coup-
ling parameters far away from the defect is negligibly small
and only changes in the coupling paraméters between the defect
and its immediate neighbours are considered. Then the Green's
function for the defect lattice is evaluated in terms of the
ideal lattice Green's function ana the "perturbation" which

is strongly localized in space.

We write eqn‘(2.25), aséﬁming only one impurity atom; as

o]

(b - B4 V@) Gl =4

or

G w) = &) =G @ VD GO aam

, ) o 2
with v(w):cb___q) .—(M’M)w
and — qD - A M &Jz'

0 -1
é(w)::(CE"‘sz) .

(2.28)
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Egqn. (2.27) can be directly solved for G(w) to give

() o 1

—— 4 e
R A R -

An equivalent expression for G(w) can be obtained by inser-

ting expression (2.29) into the right side of egn. (2.27b)

G(OO) = CO-. - (3‘ t(cu)é, ! (2.30)
1
1+ GV g

Thus the Green's function is given in terms of the ideal

with

Jc(w)':»

lattice Green's function and the t-matrix which is restricted
to the defect space spanned by the defect and its immediate
neighbours. In order to calculate t(é) we have only to invert
the finite matrix (1+8V) with dimension 3n, if n is the number
of atoms affected‘by the perturbation. The use of group theory
by exploiting the point symmetry of the impurity can further

reduce the problem{

‘An alternative formulation of the defect problem has been
proposed by Krumhansl and Matthew /15-16/ which is particularly
suitable for interstitials where additional degrees of freedom
are introduced in the lattice. The method provides a direct des-
cription of the local vibrational properties of the defect - in
the sense that the.description has a simple Einstein-oscillator

like structure.

We introduce projection operators on the different sub-
spaces of the lattice. Thus we take a projector P. pertaining

to a central subspace C consisting of the defect and its immediate



- 14 -

neighbours (in most cases the defect alone), a projector Po

pertaiming to the rest lattice R of. all other atoms, so that

=t , Pe=Pr , Ret+Pe=1 . can

The subspace R can be further split up into a neighbour region
N, consisting of all atoms which are either directly coupled
to the central region or for which force constants are changed,

and into an unperturbed subspace U of host atoms

(2.32)

®

PR: PN+PU , pC'+PN+PU

We use these projector operators to partition the coupling

matrix as

d= pcq>pc+ pcch +Pkcb e t RO P 230

or in matrix form

| o | G dDCN :Z‘- | |
d) = CS;C Cb(_R = _CPNC (DNN | CBN_U_ o (2.34)
ke Prr O | C&uN. b / -

Here ¢CC is the Einstein coupling of the central region when the

rest lattice is in the frozen state, ¢RR is the coupling of the
atoms in the rest lattice while the defect is fixed, and ¢CR
describes the coupling of the defect with the neighbours in the

rest lattice. In the unperturbed region U the coupling. constants

are unchanged, i.e., dno = C% N amd 'Cbu\) - &Uu R

Similar to the coupling matrix @ we write the Green's function

and mass matrices in the partitioned form

G_‘ - C‘\'IC.C GCR M <MCC
» Gre Girr ; O Mgp - (2.35)

By inserting the partitioned form of the Quanﬁities in'eqn. f2.25)
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we get : :

(d)CC —_MCC COZ)C-,CC + d>CRG"R‘C:4'

Pre Giee T (Prr — Mer wZ)GRc?O (2.362)
PrcGer + (¢RR“MRRCU?')G|QQ:4
(Fcc - Mcc W) Giert CpungQ -':70.

(2.36b)

Egn. (2.36a) couples the Green's function Gcc(w) of the
defect, i.e. the displacement of the defect due to a unit force
on the defect, with the Green's gunction GRC(w), i.ef, the atomic
displacements in the rest lattice due to'a force on the defect.

Similarly eqn. (2.36b) describes the coupling of the Green's
function for the rest lattice GRR(w) with the Green'svfunction .

Gog(w). From egn. (2.36) the Green's functions G and

cc’ GRR' GCR

G,~ are easily determined. The result is

RC
A =1
Gicc =_<¢cc"¢cgclrzz¢gc””ccwz) . (2.37a)

| A | 2 1
GirRr :,( ¢R_R"¢RC Glcc’ Pcr — Mretd ) (2.37b)

. e |  (2.37¢)
Giere = —G\RRcbch-\cc o | |
A /
G\(;R = —Gee q}c cGirr = G’Kc (2.374)

. - _ 2,-1 .
where G'Rc is transpose of GRC‘ GRR = (¢RR - MRRw ) describes

the vibrations of the atoms in the rest lattice when the inter-

stitial is fixed and GCc = (¢-MCCw2)-1 describes the Einstein
(w)

vibrations of the interstitial. The Green's function GCC

determines the local vibrational properties of the interstitial
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which is more easily elucidated if we put it in terms of the

"effective force constant" /17/ ¢eff

Poc (@)
Gee =

1 A |
Pec-Per a th@ aC™ Mcawz‘ dfécjc (w)- Mec

(2.38)

Clearly the egn. (2.38) has the form of the Einstein approxi-

eff
cc

coupling of the defect when it is embedded in the lattice. The

mation for the interstitial region where @ is the éffective

-~

correction _¢CR GgrRr @#_ . to the Einstein term ¢Cc’des¢ribes‘the

RC
effect of the dynamic relaxations of the atoms in the rest

lattice. GCC(w) is easily determined once GR is known. For

R
the present case of an interstitial the subspace R contains all

the atoms of the ideal lattice and GRR can easily be calculated in

terms of the ideal lattice Green's function 8 by

)

é\RR: 6 -G VerGre = G -Gté (2.39)

2
with y )
- ‘ — 0\, 2
t = Vke 14 G Var tan, Ve = Cbkk“g’(’“k&“")“’

‘ Z VAN

b
as the perturbation is confined to the neighbour subspace N. In

the calculation of t one has to invert a matrix of dimension 3

times the number of perturbed atoms in Subspace N."

The Green's function GRR is especially useful for the inter-
stitial problem since it gives the vibrations of the host lattice
in the presence of the interstitial by eliminating the additional
degrees of freedom due to its presence. The elimination of the
interstitial coordinates leads to an effective coupling between
the lattice atoms. Again the expression for Ggr (egn. 2.37b) has

the simple Einstein oscillator like structure. The term



~

—¢RC GCC ¢CR represents t?e interstitial reaction to the
lattice system. Thus GRR describes the collective motion of
the lattice giving the perturbed phonons of the defect lattice.

G

RR Can be calculated by the standard Green's function method

1 o] (=)

o _ — _ _g7 2 (;
CB_-P%‘OZ* Verr GG R» RE

if we add to the perturbation V

Ger=

(2.40)

rr the interstitial induced inter-

action between the host atoms

~ ‘ A\ L
Ver = Vegr "’Cpﬂc Grce CDCR

' (2.41)
In terms of the t-matrix GRR is given by
o © ~ o | | (2.42)
Gy RR — G-GtaG
- RR O ~
1+ G Ve

Compared with the standard Green's function method, the advantage
of the present method lies in the fact that the Green's function

GCC(m) of the defect is described by an Einstein-type force con-

eff
CcC

defect. However the numerical effort is the same in both cases.

stant @ (w) which gives the locai vibrational properties of the
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3. Vibration of 100-dumbbell in fcc-metals

' The most stable structure of self—interstiﬁials in fcc-metals
seems £o be the 100-split configuration (dumbbéli). Récent'dif—
fuse X-ray scatter;ng experiments of Ehrhart; Haubold and
Schilling show the 100-dumbbell to be the stable interstitial
configuration in Al and Cu /18—20ﬁ elastic = relaxation measure-
ments in Al /21/, magnetic relaxation measurements in Ni /22/,
and elastic constant measurements in Cu and Al /23,24/ also
confirm this structure. Numerous computer calculationsb/10,25/
also lead to the same configuration. The 100-dumbbell configu—

ration is shown in fig. 1.

3.1 Defect model

For an understanding of the resonant vibrations of the
dumbbell the coupling constants for a central potential V(r)
will be considered. Fér two atoms at distance R one obtains
a longitudinal force constant f, = V"(R) for displacements
parallel to R ("spiral spring") and a transversal force con- -
stant £, = V'(R)/R for displacements prependicular to R ("leaf"

or "bending spring"). For the ideal lattice the nearest neigh-
bour force constant, £, = f? is the most daminant force constant, e.g.,

in ﬁu}xxystalsi; is usually a
factor 10 larger than all other force constants - and f, can be

neglected in the first approximation. However, in the compressed
region of the interstitial both the force constants become much
more larger and f, can not be neglected. From computer simulation
/10/ typical values for the force constants between the two
dumbbell agoms are f,= 7fﬁ and £, = -0.6 fﬁ and between one of

the dumbbell atoms and its nearest neighbours are fy = 4 fﬁ
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and £, ~ -0.3 fﬁ. Thus as a result of the strong interaction
the lbngitudinal force constant f, is very large while due tc
 the repulsion of atoms £, is always negative and becomes
comparable to fﬁ which represents the restoring forces of
the ideal lattice. Such a negative bending spring can be
visualized as being produced by a compressed spiral spring
which is unstable against the displacement 'pfependiCular’

to the spring axis.

To discuss the vibrational behaviour of the intersti-
tial we consider the following model with nearest neighbour
interactions (fig. 1). The defect is described by a wvacancy
at position (0,0,0) and two interstitials at (0,0,+d). The
coupling between the two duﬁbbell atoms is represented by a
spiral spring f, and a leaf spring £, while F, and F, repre-
sent the interaction of a dumbbell atom with its four nearest
neighbours. The vacancy is described by zero coupling constants
to its neighbours. All other coupling constants are the same

as in the ideal lattice and longer ranged force constant chan-

ges are neglected.

The coupling parameters for the defect model described
can be calculated using the tetragonal symmetry of the 100-

dumbbell /9/

(ood ,00-d) . O Q
Cp - - 0 3(]_ o
©c o0 Hi

© (10,0000 £ 0
=-2(§° £ o

o O O
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ARG 0 0
o Fu‘*&“'d‘)z (‘frﬁm‘d»)
O (ArF)l-d) Fyb-df+F

Cb(oﬂ,ood) y

T T+ (1-d )

(110 ,0 00) |
(o - o | (3.1)

Due to the transversal springs this model is nét rotatioﬁally
invariant. But more complex models with additional transversaly
springs between the nearest neighbours to restore the rotational
invariance yield similar results /8f9/. Thus in the following
calculations we use this simple model-without rotational

invariance.

3.2 Local Spectra and Resonant- and Localized Modes

The resonant vibrations of the defect can be best des-
cribed by the Green's function Ggg(m) which is the dynamic res-
ponse of the defect, i.e. its displacement in the i-direction
due to a unit force with frequency w acting on it in the
i-direction. The imaginary part of the defect Green's function

gives the local frequency spectrum of the defect (Egn.(2.18))

. 2Mw . o
2‘%(@\): = Lon gz () (3.2)

i.e. the frequencies with which the defect vibrates in the
i-direction. For the calculation of the defect Green's function
with the help of equations (2.38) and (2.39) we have to invert

39 x 39 matrices as 13 aﬁoms;'i.e., the vacancy and 12 neighbours
of the vacancy and the interstitials are involved in the change
of force constants.'The‘site symmetry (point group D4h) of the

defect can be utilized to decompose the total representations into
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irreducible rgpresentations»/zs/:
3A49 + ZA'Q_% + 2 54% + 3 BZ‘}"“ 4—E9, +A4ZL

(3.3)
+ 4 AZu =+ 2‘5414 +2 Boyw + 6E4

Out of these the displacements of the dumbbell atoms involve
only in four diffe?ent representationsv(Ajg, Eg, Lo Ew .

The dumbbell atoms mové‘parallel to their axis in the A-type
modes and prependicular to it in E-type modes. Only the even

modes (A ,Eg)VStress the éprings f” or £, between the dumb-

1g
bell atoms. As a result the "breathing mode" A

» | 19 leads to
localized modes whére‘relatively wéak leaf springs are not impor-
tant; wheféas the three other modes ine rise to resénant'or
loéalized vibrations depending on whether the motion of-the
neighboﬁriné atoms is in phasevor out of phase with the dumb-
bell atoms. The four force constants £y, £,, Fy, and F, are
fitted‘t04computéf simulation rééults by means of the two

sum rules for Z?(;)'{seé eqn.’(2.20))

ot =]

%
. dw wz'Z—O.L,-_(‘&«‘) :dﬁ‘i/m , (3.4)

od _ ( 1 _d o dd
< {3>1 - jo cle 'ZO‘?_Z’—,;(‘*-’) =MG;;00) , @5

The first term M<w2> gives the Einstein force constant ¢?g,
which can' be calculaﬁed directly from the relaxed configuration
and the known interaction potential V(R). Since the spectrum
Z?:(m) is weighted by w2, #3% virtually determines the high
frequencies of the localized modes. The second term %<;%» is

is the static response Ggg(m=0) of the defect. Thus <l;>

w
virtually determines the low frequency resonant modes.
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The local spectrum of a dumbbell atom in Cu has been
calculated with the specific choice of the four force con-

stants

il

N o
:{—“ = Q.14 j)(’” ] F“ =5.55 JC,,' (3.6)

| 6 o | [ _
‘JLJ_: —0.66 75” , FL:—Q.\gO}// (3.7)

which are obtained in computer simulation by Zeller /27/
using a Morée potential.‘In the calculation the aistance
between the dumbbell atoms is chosen as 2d = 0.5a (a=lattice
constant) in order to get angles similar to that in the real
structure. For the calculation of the perfect lattice Green's
function for Cu a modified Gilat-Raubenheimer method /28/

has been used; To obtain the perfect lattice phonons ﬁe use a
sixth neighboﬁr axially symmetric model /29/ derived from
Born-von Karman fits to the measured phonons in neutfon
scattering experiments. The calculatéd local‘frequency spec-—
trum is plotted in fig. 2. Group theo;y has not been used to
decompose the Green's function and perturbation matrices. We’
obtain three different resonant modes (Eg, Asyr Ew and five

different localized modes (A1g, A,,» Egp Ew A,_). The fre-

1g
quencies of the resonant modes are

wE‘}:/].oé | &)AZ'“':LBD) wE‘“:z.Z% (3.7)

Yes b} yes Yes

and that of the localized modes are
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—

Arg - Aru L E3 _
IJ\)Lo% = 7.42 > Wioe = 9.16 > _(A)x"c =10.02 >
Ew

2

_ : Mg 8)
W, = 10.21 OO =42.26 . = 3.

All the frequencies in egns. (3.7) and (3.8) are given in
THz. The motion of: the dumbbell-atoms are indicated by arrows
in fig. 2. Our results are essentially identical with the .
earlier results of Zeller /9/ and Dederichs et al. /10/. As -
a slight modification we obtain a second localized mode with
A1g symmetry having a frequency wloc=7.42 just above'the'

band edge ©ax = 7.31 of the ideal lattice. These deviations

are due to some slightly different values for the coupling

parameters of the defect and of the ideal lattice.
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4, Lattice Specific Heat

4.1 Frequency spectrum and Thermodynamic functions

In the harmonic approximation the thermodynamic func-
tions are additive functions of the normal mode frequencies
and as a result, they can be expressed as averages over the
frequency spectrum. For example the internal energy of the

crystal is given by
E =7 €(wx,T) = Jduw Z(@) £(0T) ) @

wheré :
_ hw Rw |
flew,T)= X° + R (4.2)

is the energy of a single oscillator of frequency w, k is
Boltzmann constant, T is the absolute temperature and Z(w)

the total frequency spectrum of the crystal given by

3N
Z(w) :Z1J(w.- W) =20 Ty § ey (-9
=

with D = A d)—L‘

NI
The second equation follows since mé are the eigenvalues of
the dynamical matrix D. In eqn. (4.3) the trace can also be
performed in the real space representation. Then the total spec-
trum Z(w) can be expressed in terms of the local spectra Z?(w)

for each atom m and direction i as discussed in section 2.2.
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(4.4)

Z(w) = sz {m 1|6 (wiD)|mi) = ZZ (w)

with

Z1w) = BT ) = 80

— * . 2 —1
M) = 1 D~ (w+ie) [
For a disordered crystal the thermodynamic properties are

therefore determined by the configurational averaged Green s

functlons

<16‘-’(‘”)> <‘/—— G--(w)JM y .

For a low concentration ¢ of point defects we need only to

consider changes in E(V,T) linear in c:

E(v,T) = E (V,T) + Nye(V,T) ',- (4.6)

where e(V,T) is the formation energy and Nd = ¢N is the total
number of defects. Thus for the temperature dependence of these
quantities we need the change AZ(w) of the total spectrum

linear in c¢. From the exact equation

Z(w)”‘ ZwTY Im'?(w)‘; 2‘7%0”[*"{‘23(&)) (4.7)
— 4w T(w) 4 (w) |

‘we obtain the change in the total spectrum as

AFlw) = NOLAZ(M 'V—Nd Inﬁ{?@){:[w)y{a)} (4.8)

where the total T-matrix is approximated by the sum of the
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individual t-matrices. Thus the vibrational contribution

to the/formation energy e is given by
e(T) = jatw AZ(w) E(w,T) a9

where AZ(w) is the change of the spectrum Z(w) due to a

single defect.

4.2 Change in Density of States AZ(w)

The calculation 6f.changes.nuthermodynamic quantities due
to defects can be carried out if the change in the densiéy of
states is known. For a low concentratioh of defects the\change _
AZ (w) of the total spectrum is equal to the number of défects
N, times the change AZ(w) due to a single defect (egn. 4.8))
which itself is given by

AZ(w)= Y {§(w-w)-C(w-dy)}

’ < _

- Zﬁedp T {4@) £(w) 9@} ,,

(4.10)

—

where mé and 8a are the frequencies of a crystal with a single .
defect and of the id‘eal lattice, respectively and 5’1 (w) and
gp(w) are the corresponding Green's functions. Due to the in-
finite range oflthe Green's functionf}??(m) egn. (4.10) is not
suitable for actual calculations. However we can use the

following relation

«Qj,(w) 4}(&)) = SB—CSZ’Q;(L«))" | (4.11)

to get AZ(w) as
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(o]
AZ(w) = —L TnTr tlw) 99%@‘)
= AT T LW 9___45[?:.'3(@ . 4a12)
m R d

Here, due to the finite range of the t-matrix the summation is
restricted to the few sites in the perturbation region. Another

expression for AZ(w) can be obtained if we note the following

expression for t-matrix

tw) = AD 1 5 (4.13)
1+ H(u)aDd |

where AD is the change in the dynamical matrix D. Inserting

this in (4.12) one obtains

where in writing (4.15) Tr 1ln ... = ln Det... has been used.
Eqn. (4.15) is interesting in as much as one need not calculate

the t-matrix by inverting the matrix 1-+94w)AD.

Yet another expression, quite analogous and more useful for
actual calculations, can be obtained in terms of the Green's

o
function G(w). Starting from egn. (4.10), we have

. .2 o . |
1 e m(D~- = o (D - (w+i€) )1(4.16)

. o
since %[w) - { D -—-(M«F'LE)Z}
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Now the first term can be expressed as
s N2 .
Tv In (D - (w+1€) ) = In Det (D - (w *26)7‘)

= An {"Dey't —4{;‘- 'Dei'.[d)—-M(m.+‘ié)2)} ] (4.17)

Due to thé derivative %E' the mass determinant drops out and

eqn. (4.16) reduces to

]

AT == & & Ty g (6P Grors]

B gl

A
1

(

T T An } Gy (w) (- Miwrie)?) 3

(o}
___:r'lT é%JTyImZn{4+G,[w) V[w)} (4.18)

= -1 1 D 0 _
777} mf""“é.(‘v)'l/(w) aw(g"‘”‘/"*’))f (4.19)

Whereas the egqns. (4.15), (4.17) in terms of D and @ are quite

analogous, eqn. (4.19) differs form the analogous eqn. (4.12),

as in (4.19) V(w) also has to be differentiated. The foregoing
results can be further simplified by using the site symmetry

of the defect.

Like the local spectrum Z?(w) the changed frequency spec-
trum AZ (v) obeys some simple sum rules. If the defect does not
introduce additional degrees of freedom into the lattice (sub-

stitutional impurity) we have

_fotw AZ(w) = O B (4.20]
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Thus the positive and negative contributions cancel

each other. The second moment is given by

Lwt) = jd,uu WA Z-(w) :.Z AD:'_?

o WM 0
= Z i ___d),; L (D_—-?:n (4.21)
mi M™ mqm™ .

Thus <w?> gives the difference between all Einstein fre-
quencies In the defect and ideal crystal lattice. For the
case of vacancies and interstitials the sum rule (4.20) is

not valid. Instead for an interstitial we have
. ()
jdw A ZW) = Jd,w {éé[w-wd)_zcg[@_wd,)}___ 3 (4.22)

since the interstitial introduces three extra degrees of

freedom into the lattice. Likewise for a vacancy we have -3.
L , o)

In these cases the matrices @, @ and G, 8 ‘are of different

dimensions. Starting again from eqn. (4.18) we have

A2(w) = -4 & T § Ty don (O Mwtie])
— Ty don (b= M (wri€)’) |

_ _ 42 L ReflO-MldO® ]
‘.- T oo Det | Gg—ﬁ(w-f-ie)'-’—l .

For an interstitial (#-Mw?) has the structure (see sec. 2.3)

| | CPCC%M“J'L, d)ca

b- Mw?* = 5
Prc  pe— Mw?

(4.24)
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o o L] (3 3
The matrix (¢-Mw2) can be enlarged by adding a unit matrix
N | 0 0 o o
in the interstitial subspace so that the Det(@-Mw ) remains

unchanged:

1 0 "
PRI P I
(B-—Ma): 0 cﬁ_,s,wz)G‘cﬁ_,&,wl OW‘ (4.25)

Using expresssions (4.24),(4.25) in egn. (4.23) for AZ(w)

we get

AZ@)z=— g $= Tm In Det | Glw)(P-Mw?)|  (4-26)

o .
where G( )(¢-Mm2) has the structure

| ¢cc‘Mw2 | Cbcla

)

G (d-Muwr) =4 o | (4-27)
T, PRC 1+ \
Pe M o? P M w? RR

. [»]
W Veor = @rp - Pre

The frequencies of the normal modes which are perturbed
by the defect are solutions of the equation

N .
D(w) = 0 , (4.28)

where B(DO): .Det‘Go\(w)(cb‘ MCOZ)’ .

For\frequencies W We have localized modes which give rise to
§-function contribution to the total spectrum. Due to normali-
zation of AZ(w), in cése of substitutional impurity, a corres-
ponding amount has to be missing in the band mode region

(O,w . ). If for some frequency inside the band mode region

the equation
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Re D(w) = O

(4.29)

has a solution then AZ(w) has a resonant character near this
frequency w3
2w Y w
AZ(w) = T ,. 2 . 22 2
(W ) 47202
T S(w-Wy) i Yilwy

i.e. the Lorentzian can be replaced by a §-function in case of

(4.30)

sharp resonances (low damping).

It should be mentioned that sharp singularities are ob-
served /14/ in AZ(w) at the»critical frequencies of the host
lattice and that the low c-expansion is not valid at the c;i-_,‘
tical points. However, fo; the calculation of the thermodynamic
functions such an expansion is sti;l valid, since due to the ,

integration over w the singularities are no longer important.

4,3 Phase Shift

If we introduce a generalized "phase shift" (= times

the 1ntegrated den51ty of states) by

—Imb(w) |
B(w) = ’Coun ( = S () (4.;1)

the expression for the change in density of states AZ(w) (egn.

(4.26)) becomes .

B(w)
AEW) = % ";w

- (4.32)

4V
It should be pointed out that the determinant D(w) is restricted

to the perturbation region spanned by the defect and atoms
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directly affected by the perturbation and can be calculated by

the standard Green's function technique just as egn. (4.19).

The contribution of localized and resonant modes to the
change in the density of states AZ(w) can be easily understood
if we consider the nature ofvthe generalized phase shift Q(w).
As is clear from egn. (4.31) that ©(w) is a continuous func-
tion of w except for jump discontinﬁitiéé at isolated fre-
quencies where ReB(w) = 0 and ImB(m) ='O, i.e.; for v > wy . .-
Evidently such jumps occur at the frequencies of the localized
modes. It is not hard to see that a jump discontinuity at a

frequency w, in the integréted density of states leads to a

2
&~function sihgularity in the derived function AZ(w), i.é.,
~ the change in density of states AZ(w) has a 6-fuﬁction peak at
each v,. Near resonance frequencies, where ReD(uw) becomes zero
and ImB(w) is small, 6(w) shows a similar sharp increase which
is however smeared out over the width of the resonance. The

derivative AZ(w) then shows a Lorentzian behaviour (eqn. 4.30).

The calculated phase shift for the 100-dumbbell in Cu
with the model described in the sectioﬁ 3;1 is présented in
fig. 3. Figure 3 shows sharp increases at frequeﬁcies correspon-
ding to Eg, A2u and Eﬁ resonant modes. While fqr E_and Eu
foubly degenerate modes) the jump is §2w, for A2u it is A7
Thus the gain to the phase shift due to the resonant modes is
A57 but a sharp depletion is observed near Wy SO that the
phase shift at the band edge is n~-67. This is due to the near
resonances (antiresonance) near the band edge. Above.wmax we

get upward jumps due to the localized modes. Apart from the

localized modes discussed in the section 3.3 two additional
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localized modes at frequencies 8.16 and 8.21 THz are ob-

tained where eqn. (4.28) is satisfied. These modes are due

to vibrations of the neighbours of the dumbbeli while the
dumbbell .itself remains at rest. Again the double degenerate modes
Eg and Ey lead to jumps of 27 whereas the other single degenerate
modes give jumps of m. In total all the localized mode contri-
bute 971 to e(m) so that 6(») = 37 in agreement with the sumrule

(4.22) for a single interstitial.

4.4 Change in specific heat

‘The lattice specific heat at constant volume can be cal-

culated from the internal energy:

C (T)- ( | (4.33)

a’T

| 2 E(w,T) - ca K w
:30&02() ~ , £(w,T)= ==+ SRl

| 2 _
kfodwsz)(z‘—?) oat (e $~4)2

2
= kS olw Z(w)(?ﬁ') Cosech (7_k-r) ORI}
The change in the specific heat due to defects is
-y ="M M" | EwWY,. 527 huw (4.35)
ACV‘(T): Nd’ksod'w AZ(w)( _l—ﬁ) COSQC%[IFT‘ ] .

Substituting A% (w) from egn. (4.32), the change in specific

heat in terms of the phase shift is

) 2kT

AC, (T) = NoLkS dw dO,LQ(u,) 9.k‘r) Cose 1‘;_(3_%).(4'36)
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Integrating eqn. (4.36) once by parts we get

ACV(T) = - 2._:%.1‘ so olw B(w) Cosec e ( ;_EE%'))

(D) cth (£2))

(4.37)

It should be noted that the relevant dynamics of the imper-
fect crystal is contained in the function 6(w) and the inte-

gration in (4.37) is straightforward once 6(w) is known.

The calculated values of ©6(w) (see fig. 3) have been used
to calculate the change in latticé specific heat of Cu’due to a
low concentration c of statistically distributed 100-dumbbells
(single interstitials). The relative change ACV(T)/CCV(T) as
a fuhction of temperature is presented in figf 4, A peak at
9-10° K is observed. At this temperature an enhancement factor
of 68.5 is seen so that for a concentrationlc = 10-4’of intersti-
tials the relative increase in the specific heat is expected
to be 0.7 %. Such an anomalous increase in specific heat is due
to the low-frequency resonant modes Eg, A2u and E; which directly
involve the motion of the dumbbell atoms. The contributidns of
the high frequency localized mode is'negligible. Considering
only the contributions of the three dumbbell resonances (Eg, A2u,
Eu) Zeller and Dederichs /8/ have predicted a 1 % increase in
the specific heat for the same concentration. Recently Wollenberger
and Monsau /30/ were able to measure the change of the specific heat
of Cu after electron irradiation at 4.2 Kand observed a tempera-
ture anomaly with a peak at about 12 K being in qualitative agree-
ment with our calculations. A similar anomalous increase of the
lattice specific heat due to resonance modes is well known for’

heavy substitutional point defects in metals /31,32/.
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5. Resonant Scattering of Neutrons by Self-interstitials

5.1 Theory of Neutron Scattering

The theory of neutron scattering from perfect as well
as from defect lattice has been discussed by many authors
(see e.g. /12,14/). The differential cross section for the
scattéring of neutrons per ﬁnit solid angle pér'unit out-

going energy in the first Born approximation is given by
P2
G | K P K oyt )
= 23 7 pi(T) [LFIZ ane” " 5y 2
: 5 2> |
if

d,_(ld.co Kt
. . Ei"E:f- (5.1)
S(w+ - ) |

b

where X, and Ke = K; - K are the inial and final wavevectors

of the neutron, respectively and

_ B £ 2 2
) = tz‘"'Ef -:.;—n[_,gi -Ky) (5.2)

is the energy transferred from the neutron to the crystal
(energy loss), m being the mass of the neutron. The initial
and final states of the crystal with energies Ei and E. are
denoted by li;>and [f)& respectively, and pi(T) is the sta-
tistical weight of the state [i). Here £n = Bn + §F is the
instantaneous position of the atom n and a, is the scattering
length of nucleus n. The differential cross section can also

be written as a Fourier integral over time dependent correla-

tion functions (Van Hove /33/)

A% Ky « -iK(R™-R") (5.3)

- mmn
dadw ~ Ki mne ' Am OQn S [.‘.(_,&J)
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with

mmn _{dt it _1K.S®) i}_(_,gﬁ(o)
E; (.EL/QJ> "‘5 JZTT e <:f3 e :>T

. . mn
In the harmonic approximation the correlation functions S

L

can be further simplified due to the following identity /12/

M | . M | A ( K ‘S’m 2
<é"L K (f) 21. _K_S (0)> - e ) < n.> >>'T' —:’i <(-£§'n)},>r
= o
(K .SWIK.S)>

T (5.4)

Expanding (5.4) in terms of the time dependent correlations
<K -§F(t) 5.'§n(0)>T the first term describes the zero-phonon

or elastic scattering
=6 )

m
dadw elastic

where M™ is the Debye-Waller factor of atom m. All other terms

1
™
)
g
®
m -
o
~
e
\—

involve one or more phonon excitations and represent the in-
elastic scattering processes. The hextixmm, i.e. the one-

phonon scattering, in which we will be interested in the fol-

lowing, is given by

- ~1K(R=R™
d2dw Jone-phonon ™ M (5.6)

PP f“dfe <K s KStay

—

The integral in (5.6) can be expressed in terms of the Green's

function G(w) /14/

2t

0
Jdte ¢sie) s> =2k (ne) L, Gy fe) (57

KT_., -
where n(uw) = (e fu/ 1) 1. Using this the one phonon scattering

is expressed as (further onwards the suffix "one-phonon" is
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dropped) . m
dadw ™ Ki T 4 ghwlkT mn (5.8)

o » MK mn
In the case of spin- or isotopic incoherence one has to average
the scattering intensity over different spin states or isotope
distribution on various sites which are assumed to be indepen-
dent. | ‘ |

_12 , — - _ : )

A O = Om Cgm_n + Om O (1 & mm

Clqa,(le + ( Clyn —_ Ziqm,:>é;n¢qx .

Thus we have a "coherent scattering" given by (5.8) with a's

(5.9)

i

replaced by coherent scattering lengths Em which corresponds
to the interference of the waves scattered by different nuclei
involving in this eqn. and a "incoherent scattering" deter-

mined by (ai - Ei) without any interference term where each

nucleus scatters independently:

j::—fd - Z(a"”_a“"') S (K w) (5.10)
w R

For the perfect crystal the coherent one phonon scattering

egqn. (5.8), contains the Fourier transform of the Green's

functlon Imgmj, which can be obtained from eqn. (2.10)‘

. R™- o

™ .
:—M—Zei“ﬁ"’)ed (5.11)



- 38 -

Thus for the perfect crystal the coherent scattering cross

section is

-

CLJlJLuJ T Kion ks

-{(n(wgo-) +1) E(w-wy) + N(Wyq) 5(w+w5s)} (5.12)

where all the scattering length a, are replaced by the coherent

scattering length a of the crystal and similarly all Debye-

-mm
Waller factors e * are equal. The first term mé(w-wKo) des-

cribes the energy-loss processses of the neutron with excitation

of one phonon with energy hm](o while the second term repre-

sents the energy gain processes with absorption of one phonon.

It may be observed that the coherent scattering ms(ﬁz-wzkb)

is peaked at frequencies O1eg and can be used to determine the

dispersion law of the crystal vibrations.

The incoherent one-phonon scattering is essentially given

by the spectrum of the ideal lattice

S mm T ‘
Imcl a ) (W) = z ({wl) g » for cubic crystals.

Thus we obtain
incoh
— 21\ —
d*s ) _ Kt R (@ -a)e K
- Ki2M% w (5.13)

d-adw Ao 2 )

1 .
where Z(|w|) = N é: 8 (w=w, ) is the normalized frequency spec-
g

trum of the crystal. Thus through the incoherent scattering the

frequency spectrum can be directly determined.
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It may be noted that the incoherent scattering is structure-
less as function of K and the multiphonon contributions to the
coherent scattering have no strong selection rule like one
phohon pfocesses. Thus the peaks corresponding to one—phonoh
coherent écattering are éasily distinguished against the other
components and the inéoherent scattering which prbvide more of

less a structureiess background.

If we ignore the incoherent scattering due to spin and/or
isotopic incoherence the one-phonon scattering from the defect

lattice will be given by the configuration average of the eqn.

(5.8)
d*s _ Ky & 1 5 sik (R™R™)
Andw ~ Ki T _ g RWIkT (5.14)

1 n
: 1) ,
-—MM mm . “Mv,l
Q€ R K Im G (@)K Ome TR >
because now the quantities within the sigh < > are fluctuating
and the average has to be taken over all possible configuratidns
of the defects. Since the thermal displacements are usually small,
e_MK ¥ 1 is a good approximation for the Debye-Waller factor.
Further we assume all scattering lengths to be equal a, = a. Then
the cross section is directly given by the average Green's func-

tion <G(w)>:

2
A6 Kt & g* 3 ~LK(R2 Ry (5.15)
_—=_ n -— - ™M
dadw  Ki w4 _ghejk ;n—,ne Ki Il G - (DD K;,
,i (3
J

Due to the presence of defects the phonons of the crystal are per-
turbed and the coherent peaks are given by the poles of the

average Green's function <G(w)>. If for a particular dynamical
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structure of the defect , i.e., the defect mass and the
changed force constants there is a resonance mode, the fre-
guencies and life times of phonons with frequencies near that
of the resonant mode are considerably affééted. Such resonant
perturbation of phonons has been widely‘investigated experi-
mentally as well as the theoxeﬁically in dilute alloys /34-41/
as also in crystals with interstitials /6,7,42-45/ (see aiéo
sec. 6). However also for K values away frcm the phonon-line
w=wo(5) an appreciable intensity due to resonant modes should
appear if the frequency w nearly coincides with the resonance
frequency. Schilling /47/ has recently suggested to study thié
“diffuse“ one-phonon scattering due to the resonance modes of
self-interstitials. One expects an incoherent, i.e. dispersion
free, intensity which is proportional to the concentration of
defects and as a function of frequency Lorentzian around the
resonance frequency. We have therefore performed model calcu-
lations to study this "diffuse" one-phonon scattering due to
109—dumbbells.'In the next section we will discuss the effects

on the phonon-line itself.

5.2 "Diffuse" One-Phonon-Scattering due to Self-interstitials

For the case of interstitials the Green's function for

the defect lattice may be expressed as

G=Ggp tGpe + G +.Gee

. (5.16)
The scattering cross section due to first term is given by
2~ \Got
d_i ) " Kf £ 0t e—iij(&miﬁ_"" (5.17)
w —_— o = — ] + 7. T |
dn Ki T q_ g kalkr =" K¢ m(@i.(w))k.
ij J Jﬁ
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where a is the coherent scattering length of the host lattice.
This part of the scattering is purely coherent. We recall that the
GRR(w) represents the perturbed phonon field of the rest lattice
(host space) in the presence of the interstitial where the defect
coordinates have been formally eliminated. Both the damping and
shift in the normal mode frequencies of the lattice will result.
This aspect will be dealt with in the next section, for the
moment we are interested in the additional scattering due to

J interstitial only. To this end we write the Green's function

Gpg 25 (ean. (2.42))
O D ~ 0 (5.18)
Gea=C -G TE | -

where ¥ is the total T-matrix of the host system. By averaging
(5.18) we see that <Gpgr”> is determined by the average T—matrix,

since @ is independent of the defect distribution

<G‘RR> = é‘ - é‘ <ﬁi>é‘ © o (5.19)

For a low concentration of defects when the defects are
assumed to be non-interacting, the total T-matrix is approxi-
mated by sum of the individual t-matrices (T = gta) the average

of the T-matrix can be written as

» 7 M
<°["> = Cj[l{? ) (5.20)

where c is the atomic concentration of defects and where sum
over n goes over all the N lattice positions which can be

occupied by a defect. Thus
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mn B ») mm /‘”/"‘-Dhn
<G|RR{3 (Cu)>::G (cu)_-cz G ,(w)t- i G‘J'/[w)

/L

1. J R ‘ o

i ‘M'm >

= M Mw) ~eN Z, Gt 2 & i | 7 G
"l«J 7".7.','
| (N

' : ' ‘
The averages of the Green's functions GCR' GRC and GCC can be

similarly evaluated, the result in the dilute limit is
(>} o ~ © .
<G> = (G + Ny (—Gf& '+G‘RC+GCR+G‘CC>) (5.22)

where %, GRC etc. refer to the single defect. Egqn. (5.22) allows

the separation of additional scattering due to defects which is

given by
dt« \1 k. . =2
=S85 r_ A" Ng — 1K (R™ R
d‘“““) Ko T granr L. © “LRTRD
n,

J
T (-6 G +GrctGeptGeo) KiK. (5:29

Carrying out the Fourier transform we obtain

2 4
a6 ) _ Kt & Nda Z (K.elks))(K. e(ks))

1 ~6G / 1
. I?n —_ 5 {: (ES)(Q)
[ Y (wK,-[ch)) [ ,"’ -[&)+ié)2>
4 X5
_ G (ke — 1 2l
1 (w %—{w +ef) M (e :_g?:'f "(w*ze)&)G'CR ?

M (wy
+ éo’a’(,ﬁ/w) ] (5.24)
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! k?' oA _Mn 11(
“( w) Zez(“ff)e ~{GCC¢CR CgbCRGf} e ejlks)
‘ J Ke
0,5 Ck({) -— ,_. 11 f[KﬁJ
G (Kw) Ze e Gcc -.[w)e | QJ = .)(5.25)
Y

Hereveqns.h(2.37), (2.39)_for G and GRR have been used.

rc’ Ccr
For high symmetry directions (100), (110) and (111) and away
from the phonon line (w#wko) the additional scattering can thus

be written as

A6 \1 ke i% az - 5
dodw/ = T 1 - & BelkT NuZ | K. eke)]
6
[- L s Tm t (K ,)
‘\9‘2(&)!;;-—&)1) .
- 0 L Im(ch(Klw) +Gcg(‘—<—/w,)>

The first term\containing Im%c(g}m) gives the contribution of the
host lattice system and is évidently the additional scattering due
to the interstitial reaction to the host system. The last term
represents the contribution of the interstitial atoms while the
second term (mixed terms) results from the coupling of the inter-
stitial atoms and lattice system. It is noted that the first term
in egn. (5.26) diverges for w?=w?, . Thus the present theory is.

only valid away from the one-phonon line, i.e., if Iwz—wzkbl >>

8to(_]g’,w). Near the one-phonon line one has to sum up the "most
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diverging" terms leading to a low-concentration approximation

for the self energy which is discussed in section 6.1.

5.3 Model Calculation for 100-Dumbbell

We have calculated the additional scattering of neutrons
due to 100-dumbbells in Cu with the defect model described in
section 3. With this model the calculation has been performed
for the three major symmetry directions using expression (5.26)
considering only the energy gain processes for neutron. At
first the temperature factor has been ignored and then it has
been calculated at 25° K. The neutron scattering intensity to
be plotted (figs. 5-18) corresponds to the quantity within

24

bracket in (5.26) and is in units of 10-“". To obtain the in-

tensity in units of the atamic scattering cross section one has

h
43R

m

to multiply the plotted intensity by a factor

Ko o) | 2.

(a) (X,0,0)

We present the neutron scattering intensity as function
of frequency for the longitudinal mode K = (0.4,0,0) ~e = (100)
in fig. 5 and for the transverse modes (0.4,0,0) - (010) and
(0.8,0,0)-(010) in fig. 6 and 7 where the temperature factor
{n(w) = (ehw/kT-1)_1} has not been included. In the case of
transverse polarization (figs. 6,7) we observe well defined
peaks at frequencies which correspond to the familiar E yr A2u
and E , resonant modes as obtained in the local spectrum of the
dumbbell whereas in the case of longitudinal polarization (fig. 5)
we get only two peaks corresponding to A2u and E, resonant modes.

This sho 1i i
ws that the librational mode Eg does not couple to the
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longitudinal polarization while all the three modes E s Ayl
and Eu couple to the transverse polarizations. It is seen that
the intensity in the case of the longitudinal mode is very
small as compared with the transverse case. Further figs.
6 - 7 show that the intensity of the Ey-peak is high compared

to the A and Eu modes. This shows that the Eg mode couples

2y
much more strongly than the others which is not hard to see

in view of the fact that the A and Eu modes correspond to

2u
translational motions of the dumbbell.

. In figs. 8, 9, the intensity at 25° K is presented for
(0,4,0,0) - (010) and (0.8,0,0) - (010). It may be seen that
the intensity of the peaks is considerably reduced due to the
thermal factor n(w), for instance, the peak intensity correspon-
ding to the Eg mode is reduced by a factor of m%. Naturally
this reduction in intensity is more severe in the case of A,
and E, so that at 25° K only the Eg peak remains while the
peak corresponding to Ay remains in the form of a hump in

fig. 9 and the peak due to E; mode is almost absent.

b K,K,0

Fof this direction the intensity only for the transverse
polarizations is presented as the intensity for the longitudinal
polarization is comparatively small. The neutron scattering in-
tensity is depicted for the (-110) polarization with K =
(0.5, 0.5, 0) in fig. 10 while for the (001) polarization it is
plotted in figs. 11, 12 for K = (0.4, 0.4, 0) and (0.8, 0.8, 0),
respectively. Again the temperature factor has been ignored. It

is observed that the E, mode does not couple with the (-110) po-

larization (fig. 10) while all the three modes couple with the
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(001) polarization. The intensity at 25° K is preSénted in:figs.
13, 14 for (001) polarization with K = (0.4, 0.4, O) and

K = (0.8, 0.8, 0), respectively. The peak due to Eg mode remains
while the peak due to Aztlhas negligible intensity and the Eu

mode is practically absent.

(¢) (K,K,K)

Again ignoring the temperature factor n(w) the scattering
intensity for the longitudinal polarization with K = 0.5 is
given in fig. 15 while for the transverse ease with K = 0.5,

e = (-110) it is plotted in fig. 16, while only Eg_mode is
present in the case of longitudinal polarization, all the three
modes couple the transverse modes. Contrary to (KOO) and (KKO)
in (KKK) the peak correspondingto-ukaA?urmxb has more inten-
sity than the Eg-peak (fig. 16). In fig. 17 we plot the inten-
sity at 25° K for K = 0.5, e = (-110). The intensity of-dmaAZu

mode is comparable to the Eg-peak in this case.

To see the K-dependence of the intensity we plot the
intensity ofvthe Eg-mode fbr the transverse polarization in
all the thréé‘difection§,~Fig. 18, shows the K-dependence of
the Eg-peak intensity of (K0O)-(010), (KKO)-(001) and (KKK)-
(-110), respectively. Ih order to see the relative contribution
of different terms injexpression (5.26), table I shows the total
scattering,ythercontriﬁutions due to the lattice system, due to
mixed terms and due to the interstitial space for different K-
values in the case of (KOO)-(010). It is observed that the
peak intensi§¥ ihéreases at small K-values but at higher K-

values the vé;iatibn is slow (fig. 18). From the table I we see
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that the contributions from the host space and the mixed terms
decrease with increasing K while the contribution from the

" interstitial space increases so that near the boundary of the
Brillouin zone almost all the intensity comes from the inter-
stitial space. That the contribution of the interstitial space
is maximum at the boundary of BZ is evident if we notice that
dd

for Eg-mode-G

tion cos (X-(d-d)) = -1 (dumbbell axis in x-direction) so that

(w) = -Gdd(w) and at the boundary in (KOO) direc-

d
the contribution fram the impurity tem is 4G d(w) i.e. maximum.
We hope that this "diffuse" one-phonon scattering due to inter-

stitials can be experimentally observed /48/.
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6. Effect of Di-interstitials on Phonon Dispersion Curve

The effect of dumbbell interstitials on the phonon dis-
persion curves of Cu and Al have been studied by Wood and
Mostoller /6/ and Schober, Tewary and Dederichs /7/, res-
pectively. These authors have predicted a resonant pertur-
bation of (100) transverse phonons in these metals. However
very detailed neutron scattering experiments of two groups are
not conclusive: Nicklow et. al. /42,43 / have studied phonon
dispersion in Cu after (n,y) irradiation. They find a resonant
like shift of the (100) T phonon line centered atK = %1(0.1,0,0).
However in addition to the shift they see a strong structure
in the phonon line, especially a shoulder at higher frequencies
which also remains after annealing up to room temperatures. The
origine of this peak, presumably due to intersitital type dislo-
cation loops, is not understood. Nevertheless the measured shift
of the phonon line, especially its annealing behaviour, shows
the features as expected for a resonance mode. Béning et. al.
/44,45/ has measured the dispersion in Al after neutron irradiation.
Contary to the results in Cu, no resonance behaviour is found. Also
here the interpretation of the measuremehts is not clear. One
possible (and in our opinion the most likely) explanation re-
sults from the different irradiation conditions: After neutron
irradiation, one expects in Al only a rather small percentage
of single interstitials and large admixtures of small aggregates
(di-interstitials, tri-interstitials, etc.). While all such
multiple interstitials show a similar softening of the elastic
constants /46/, they should have quite different resonant modes
and frequencies so that the strong frequency dependence of the

shift in resonant frequency could be wiped out for a mixture
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of multiple interstitials. To illustrate this point we have
therefore calculated the effects of di-interstitials on the

phonon dispersion.

As pointed out in the last section the phonons in the
defect crystal are given by poles of the Fourier transform
of the average Green's function <G(w)>. For the calculation
of the average Green's function it is conveniant to introduce
an effective change I(w) of the coupling matrix of the ideal

lattice,

1 o o
(G‘@» R T Giw) = G T ) (G¥> (6.1

Averaging restores the translational invariance of the crystal
and consequently <G(w)> or I(w) has all the symmetries of the
lattice. Thus the eigenfunctions of 8 + I may be taken to be

plane waves and the problem for the defect crystal is reduced
to that of an ideal lattice. The remaining problem is the de-

termination of the so called "self energy" I(w).

The average Green's function <G> may be also given by

(see egn. (2.30))

L Gw) )y = (31 (w) -é,(w) <T(w)>@,(w) ,

(6.2)

Comparing (6.1) and (6.2) we get
st =76y 2T(G-GLTIG) . 6

Solving for I we obtain
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T(w) = {T(w)D> L
| | 1= G Ty - 69
The self energy is frequency dependent and complex giving
o
rise to damping. Similar to @, I(w) has the periodicity of
the lattice and is a symmetrical matrix

mM-n "t m :
— T L (6.5)
2V =TT =T

4

mMn
]

Thus the Fourier transform <G(w)> exists

—1 |
G DKy = [P(r)+Z(K,w)—-FeP] | (6.6)

For high symmetry directions (100), (110) and (111) the polari-
zation vectors e are determined by symmetry alone being inde-
pendent of |K| and v and the same as in the ideal lattice. That
is
. . 2 9 . o
(GWKw) = 2 1€k |G (Kw)  (6.7)
o} _ N : _
with

(GY (Kw) = [ M by +ZCk,w) - Fer ]!

In order to obtain an approximation for I in the dilute limit

of small concentrations we use the approximation (5.30) for

<T> in (6.3)

Z =C Zié}L- 1

= . 1-@1c§t“
= et + ¢ § 4o (6.8)
~ M . . o N M
o C%{ = NDL(f'} with 4t>"‘,ﬁ§—;1£ ,

For the Fourier component Zo(g,w) of the self energy we have

in the dilute limit



- 51 -

K ___.L'l( [RW—RM)
2: (Kw) = C e - -
— 5 .._—L'kgm .
- C KR p
& €lks) f:j e'j(@o’) el*@
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= 4%k, w) . | (6.9)

is
s _ Ky 5 TN
dadw K T 4_ e‘kw/kTZ‘_ eks)|'T.. (G Ck w)
—k 4 Na* | 2
=z 2 4_éwk_r§ | K. €e(Ks)
| (6.
| _ Zg[lg,w) 6.10)
{ M(wes-a?) + =7 L‘/“’)f-f-ffz(kw)}
where (6.11)

>

2324'+2ZZ
0
For the ideal lattice we get only intensity at w? = mzKo'
in the defect crystal also the major intensity is expected

near these ideal phonon lines and we put

P (K w) =% “C K cf)& ) (6.12)

Thus the ideal phonons given by

~ 6( &é—f‘wz) oY & = C\o)&[

are replaced by Lorentzian lines

— ngk w) (6.13)

(8 2+ Tk bu) M) + (251, Be0)
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Evidently for a low concentration of defects the shift

in the phonon frequencies is given by

c 18/, ,0
2 02N _ =6 = (K, Wis) (6.14)
(W= Wy ) —24 oy Al 2ﬁ&3g(f4 ;K
and phonon width by
4 o o C 6 o (6.15)
')jaf - - 25;1 — T T oo 1%2 [éé/ 116')

6.2 Model for Di-interstitials in Al

The most stable di-interstitial in fcc consists of two
parallel (100) dumbbells on nearest neighbour sites /46/. A
nearest neighbour model for the interstitial-host interaction
is considered. The defect is described by two vacancies at
(0,0,0) and (1,1,0) and four interstitial atoms at (0,0,4d),
(1,t,84) (0,0,-d) and (1,1,-d). The defect space consists of
the four interstitial atoms whereas the host space N consists
of 20 atoms, i.e., two vacancies and their nearest neighbour

lattice atoms.

The coupling parameters are given by a spiral spring f}
and a leaf spring fl between the dumbbell atoms of the same
dumbbell, by spiral and leaf springs fﬁ and fi between the
nearest dumbbell atoms of different dumbbells and by springs
fﬁ and fi between a dumbbell atom and its nearest neighboufs.
The vacancies are described by zero coupling to their neigh-

bours. We use the following force constants obtained in com-

puter simulation by Zeller /27/ for a Morse potential.
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£} = 7.0681 £° £1 = -0.8751 £0
£2 = 1.2809 £§ £2 = -0.0982 £ (6.16)
3 4.8577 £9 £3 = -0.0763 £9

iy
i

To restore the rotational invariance:of the 1attice‘additional
leaf'springs equal to -0.24859 fﬁ.between certain neighbours
has been introduced. Like the single interstitial the distance
between the dumbbell atoms is set as 2d = 0.5 a. The ideal
force constants for Al were taken from Nicklow et al /49/. The
ideal lattice Green's functions are calculated with the modi-

fied Gilat-Raubenheimer method.

6.3 Shift in transverse (100) phonon

For a statistical distribution of the three dumbbell direc-
tions the frequency shift for the transverse (100) phonons is
calculated using expression (6.14) where to(g,w) is replaced
by £°(K,u) refering to the t-matrix t of eq. (2.42) for the
interstitial case which itself is averaged over the dumbbell
directions i.e.

lad

¢ o~
.t (K/w):%Zti(_V:/w) ) (6.17)

0

q

. -4
The calculated result with a concentration c = 8.10 x 10

is presented in fig. 19 along with the shift caused by single
dumbbells calculated earlier by Schober et al /7/. The experi-
mental result from Bdning et al /44/ is also presented along
with the calculated results taking a ratio of 3 to 1 between
single and di-interstitials (fig. 19 ¢). The calculated result

for the di-interstitial gives a sharp resonance near ¢g¢= 0.1
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compared to the single interstitial resonance at ¢ = 0.16.
The calculated local frequency spectrum (not shown here)
of the di-interstitial shows a sharp resonance peak at

v = 0.86 THz. This resonance has 82 symmetry and is thought

g
to be a composition of the E,; and Al modes of the single.dumb—
bell /46/. Fig. 3c should demonstrate what effects can occur

for a mixture of small interstitial agglomerates as e.g.

present after neutron-irradiation. Each a§glomeraté7will show
sligthly different resonance frequencies which.are présumably
sémewhat higher for the larger agglomerateé. Due to theiaveraging
over the different aggomerates thé resultinglfrequency shift
Aw(K) may well be rather structureless as has been found éxéeri—
mentally /44,45/. While our present calculations for the single
and di-interstitial do certainly not;nxnna”that this is thé case,

they nevertheless demonstrate that such an interpretation of

the experimental results cannot be excluded.
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Peak intensity in Eg mode for (KOO) - (010) mode

Intensity
K
Total Lattice term kMixed texrms Impurity term

0.2 7.030 2.140 4.69 0.206
0.3 3.893 0.367 3.185 0.341
0.4 3.313 0.149 2.653 0.511
0.5 3.026 0.083 2.244 0.699
0.6 2.779 0.055 1.837 0.887
0.7 2.501 0.040 1.404 1.057
0.8 2,164 0.031 0.941 1.192
0.9 1.760 0.028 0.454 1.278
1.0 1.289 0.026 -0.045 1.308
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Figure Caption

Fig. 1:

Fig. 2:
Fig. 3:

Fig. 4:

Fig. 5:
Fig. 6:
Fig. 7:
Fig. 8:

Fig. 9

Fig.10:

Fig.11:

100-dumbbell configuration in fcc

Local density of states of 100-dumbbell
(--- = spectrum of ideal lattice)

Generalized phase shift 0(w) (v times integrated
density of states)

Temperaturezdependence of relative change
ACV(T)/bCV(T) of the specific heat due to a
concentration ¢ of 100-dumbbells

Scattering intensity for K = (0,4,0,0), e = (100)
without temperature factor. (K is in units of 2n/a)

Scattering intensity for K = (0,4,0,0), e = (0,1,0);
without temperature factor. (K is in units of 2w/a)

Scattering intensity for K = (0.8,0,0), e = (0,1,0);
without temperature factor. (K is in units of 2u/a)

Scattering intensity for K = (0,4,0,0), e = (0,1,0);
at 25° K. (K is in units of 2n/a)

Scattering intensity for K = (0,8,0,0), e = (0,1,0);
at 25° K. (K is in units of 2n/a)

Scattering intensity for K = (0.5,0.5,0), e= (-1,1,0);
without temperature factor. (K is in units of 2n/a)

Scattering intensity for K= (0.4,0.4,0), e = (0,0,1);
without temperature factor. (K is in units of 2r/a)
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Fig. 12: Scattering intensity for K = (0.8,0.8,0), e = (0,0,1);
without temperature factor. (K is in units of 2+w/a)

Fig. 13: Scattering intensity for XK = (0.4,0.4,0), e = (0,0,1);
at 25° k. (K is in units of 2n/a)

(01011)1

Fig. 14 Scattering intensity for K = (0.8,0.8,0), e
at 25° K. (K is in units of 2n/a)

Fig. 15: Scattering intensity for K = (0.5,0.5,0.5), e = (1,1,1);
without temperature factor. (K is in units of 2rn/a)

Fig. 16: Scattering intensity for K = (0.5,0.5,0.5), e = (-1,1,0);
' without temperature factor. (K is in units of 2n/a)

Fig. 17: Scattering intensity for K =(0.5,0.5,0.5), e = (-1,1,0);
at 25° K. (K is in units of 2n/a)

Fig. 18: Peak intensity in the Eg—mode for
(a) (x,0,0); e=(0,1,0)
(b) (X,Xk,0); e=(0,0,1)
(¢) (K,K,K); e=(-1,1,0)

Fig. 19: shift of the (100) transverse phonon
(a) due to single-interstitial
(b) due to di-interstitials
(é) due to a mixture of 75 % single intersititals
and 25 % di-interstitials
along with the experimental results /44,45/

.I_<_ = '?_;‘(C'olo)
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