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r(z,- == -r(z, 1 

concerns 11 

(1.1/2). Ifwe 

as 

== 2 a 
z 

e 

(1. 2) ,. 

w(z, :::: -r(z, ) f 

one 

r, r
t 

are 

(2.2 ) 

w (z, ::::: 0 1 

(z, 
1 ) :::: - e 

(2.21 

(1 • 1/2) we jus t n (2. 

s 

/2 

to 

to 

Z==O • Let us 

assume 

(2. ). 

as to 

2. -2.9, 

ues at 

or 

t 

(2. 

a 
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In r to s on of 1 

of (2.10 ) 

we must 

t a 

recurrence name 

(A) 
::::: (-1) A a{A) (2 3 ) aQ., Q., 

(A) > 0 • 

. (2. 2 (2.8) re 

(A) 
:::: l: L: 1 ) l: l: C(l1V) (v) 

an , 
m>o n>o >0 v>o mn 

1 

(ll ) 
:::: [2(Q.,-A)+11[2(n-V) a( )+ (n+1 ) a(l1-nl 

m m J 

+( 1 ) [2(n-V) a(1l-1) + (n+1 ) (11) 1 
m J . 

s are in s 
(K) 

I k < 1 it I are , 
a(A» 0 if (0) > 0 Q., . 

( . p (z) (2.7), we 

(0) 
Q., (Q,) :::: (-1) , 

(2. 

00 9-
(0, ) :::: (9-) 

S (9-) 
, we conc 

I 

(2 • 1 , we 

t (o,t>1 Ir(o, ) I , (- TI TI 2' < t < 



(t,z) 

is ss E , 

• 2.5 

It 

- 75 -

curve t;, (t) 

R :::: I r I I 

(2.19) 

or 
(;;=0. 1 , 

R I 

to E , re 

(1.1/2) 

a 

4.7 • 

curve c;; ( not 

, 
es (2. 1 ) an 
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0: 
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Cl 
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( 0.1) 

(convergen ) 
~ (t) 

2.0 

( ) 

1.0 

2 t 

• 2.5 : 
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• 1 

most cases 

1 t=1 I 

to resert to . In 

a common 
next 

we method 

(1.1/2) f we 1 

tem of two 

z will 

s 11 e 

s two. 

,_Llt 

us assume 

ever (see ) . If !J.z !J.t are 

te 
t . From we 

must z € [ ,b] , 

b := a + n !J.z 

us si seme ca1 



n 

A 

I see 

1) 

- 79 -

use 

-4 -3 
, f 8 t= 10 , 8 Z ::::: 5 .. 10 

000 f b :::: 154 • 

a neces 

s 

rt(Z,o) 

1. 

1) (see e. g. [24] 1 

I a) • 

s 

[25], p. 68). 

2 

b 

(Z, over a 
(1. ) 

, one roust 

,b] 

b>c , c 

z 

t 

r-



cons 

s 

p. 454). 

can 

an 

It 

terms 

~t 

s 

t,z 

(2.10) 

(z) == 

~z are 11 j 

v = 

. As a 

to 

we must 

(3.1) 

(see Ames [17] I 

tone) 

converted 

boundary 

the solution 

z :::: +4 , say. 

( 1 . 1 / 2) 1 as c an seen 

(2.10). 

-z 2 e 

s 

TI (2 - 1) 
2 -z e 

(z) 

+ 0 ( ) , 

a 

(2.1) I 
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The 

are exact 
C 2.1) 

-4 -4 10-3 ] -3 
t t [* 10 ] r t [~jo ] [* 10 J z 

0.5 1.339690 1.3 692 0.267833 0.267834 

1.0 1.343855 1.343882 0.5367 0.5 712 

1.5 1.3 95 1.350934 o. o. 1 

2.0 1- 1 1 1 • 54 1- 2 1- 1916 

2.5 1. 37 1. 37 9 1.3 944 1.3 41 

3.0 1.3 273 1- 79 1. 6433 1.644868 

In exact 

t(z,t) == Q1 (z) + 3 (z) I 

(3 ) 

z assumes I Z ::::: -4 • 

If (3.2) are set 

ons near 
z :: 

same so 

1) For t>1 

2. 
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3.2 

I • (1.1), it 

• ( 1 • 1) was in 

In with the commonly used 

more 

two 

I.4.4 of 
I 

I. 

u 

, we set u=p and v==-m, 

mare 

For 

If we 

uns 

are 

i 

u (z, t) ::::: r t (z, t) 

v (z, t) ::::: r (z 1 t) z 

system 

d (~) == (1 ;u) 
d 

z 

to 1 

1 
2 

u{z,o) -z /2 == e 

v(z,o) :::: 0 , 

[25 ], p. 63) • 

res ts 

t ~ 3.5 its 

to i 
will seen 

we 

, 

, 

(~) 

(1.1). i 

(3.2) • 

res 

[26], p. 262, or 

of s 

to 

v 

p 

(3.3 ) 

s. 

tz 

, as 



at z;;;::: k t Z, :::: n 8t I 

cre 

(n+1 ) 
+ 

+ 

(n+1 ) 

(n+1):= (n) + 

• ( .3) can 

(n+1 ) 

- 83 -

) 
1 

f(z,t) . 

:= Cl (2 U v\ 
zu) I 

(3. can 

(n+1) 
=: (n) + (n) 

z 1 

11 ter. 

same as 

. 3.3 

25%. 

s 

• 5 • 

u en>] k-1 

(n)]} 
1 J 

occurrence 

(see e. g. 

(3.3), one can 

u(z, 

(3. 

( 3 • ) 

(3.4c) 

(3.5) 

. (3.4a). 

I 

on . (3.4) 

res of 

tem (3.3) is 

7], 
1) • 

a f 



i. . 

ose 

A 

- 84 -

term, eosi 
a ss s 

tz [ 25] f or Ames [ 17), . 458,4 ) . If we 

(n) (3.5) (or (3.4 ) 

(n+1) 

an 

~[ (n) + ;) 
mean 

u 
:::: 

n 

1 
, 

two 

~[ (n) + (n) 
1 

to 

D + 2 d 
Z 

( 

eons 11 

2 
D = 

(3.6) I 

n 

term, a 

reasons 

soon. 

as (3.3) 

e to 

1 

a 

f 

1 

, (3.5) 

] + 
l.i.t ... } , (3.6) 

z 

v(n) 
k I 

5 ], p. 

oeeur, but 

( 3.4) on 

-3 5 -10 D=0.125 I 

l.i.z 

to (3. 1 ), a 

on 

11 

63) . 

r 



As a 
U(n) 

j/, 

res 
V ::;:: 

to 

and a 

is 

In 

s s 

we 

ts 

N 

t < 3 

t=1 . 
can 

1 

[ 26]) • 

- (n) 
Uj/, 

tem 

N-1 
:= l: 

(n+1 ) 
:::: 

(n+1 ) 
::: 

(n+1) 
j/, 

(n+1 ) 

:::: 

1 

e 

IA (j) 1<1 • 
j/, -

. 

- 85 -

wave 

of (3. ) 
-4 llt :::: 10 

were exact 

For V :::: 10 a 

kj/, ( 

tant 

(n) + 

1 llt [ (n) 
+ 1 

:::: I 

1 

i 

A (j) :::: 1 + s 
j/, 

(n) 

llz 

(n) 1 
1 J 

t 
z 

5 -10 -3 

::::: 

trans 

necess 

I 

trans 



.3 

Note 

no 

s 

at 

86 -

( j) I 1 . However, 
9v 

I 

, 

.9 and t=1.0 

of 

2.9 

between 5 

2.9/10 

accurate. 

are 3.1. 

and 2.10 e ous 

and 6 1 P 
c z=o are 

3.2, 

fz(z,t) 

of • 2.2 2.3, 

t=1.0(o.1)2.o. a 

ft(z,t) 1.3 

ft(z,t) 
.1)2.6 over z .4 
os ZE[-2.83,-2.74]. 

see b 
.34 an s .79 . 

ft(z, in • 3.4 over 
[ - 4,4]., [0 f 2 .3 J • I t can 

4 

) . 



00-04 
OELZ: 500-02 

RE5ULT5 

P05l 

-4 
-3. 
-3. 
-3 
-3.60 
-3. 

40 

T 0.90 

GAMMA 

.12058212320-03 

.17907302400-03 
o 26333240540-03 

.38346638950-03 

.55299891 90-03 

.78991434940-03 
0.1 172954580-02 
0.15656004690-02 

. 732957870-02 

.29889892720-02 
40732904690-02 

.5500933931 

.73623308950-02 

OG OT 

0.13427995920-03 
0.19960123160-03 
0.29398680870-03 
0.42967725740-03 
0.61956994950-03 
0.89746323640-03 
0.12601324930-02 
O. 7742242570-02 
0.24777735960-02 
0.34333709810-02 

.47221196160-02 

.64485037340-02 

.87462386640-02 

OG Dl 

T 1.00 

GAMMA 

0.13401530120-03 
0.19904411630-03 
0.29274364210-03 
0.42637957890-03 
0.61504575990-03 
0.87873486560-03 
O. 2436301040-02 
0.17436419140-02 
0.24222090230-02 
o 33343750040-02 
o 45491358220-02 
0.61520241240-02 
0.82478396470-02 
0.10963329460-01 
O. 4449427890-01 
0.18882323470-01 

.24462063630-01 

.31406505590-01 

.39937821 
o n"Qn"-,,, 

.62513832730-01 

.929051 

OG OT 

0.13438545220-03 
0.19982460940-03 
0.29434621780-03 
0.42960346290-03 
0.62140104040-03 
0.89101449510-03 
0.12668922010-02 
0.17668592560-02 
0.26009779920-02 
0.34752662430-02 
0.47965225770-02 
0.65786369880-02 

89699234770-02 
12163576550-01 

0.16407068660-01 
0.22011671400-01 
0.29354298630-01 
0.38860771370-01 

.50951468900-01 
65929263600-01 
93813033880-01 

.10418263050+00 
1261591 

o 4859376850+00 

19064488820+00 
208914! 

0(; 02 

0.53670598400-03 
o 77762690350-03 
0.1 150874190-02 
0.15827352360-02 
0.22238604470-02 
0.30935210790-02 
0.42608804310-02 
0.58117634090-02 
0.76513740060-02 
0.10507062440-01 
0.13930929800-01 
0.18301867110-01 
o 23826267610-01 
0.30735996210-01 

39281053310-01 
0.49712511270-01 
0.62248135350-01 
0.77015686820-01 
0.93954229560-01 
0.1 270267460.00 
0.13249991 

15219698990+00 
7044648100·00 
960141 

,9803656910+00 

00 
-...J 
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3.4 

. We so 

zE[-6,6] tion (1. 

2 TI 
cos 8 Z 

to a f rent 

• (1. 1) over 

r t (z, 
1 2 TI :::: 4" cos 8" Z I z E [-4,4] , 

(3 

rt(z,o) :::: 0 I z I > 4 • 

r t (z f t) shown • 3.5 over 

zE[-6,6] , tE[0,1.6] . A on 

tween t=1.6 t==1.8 . 

From F . 3.5 it at 

z=+4 not 

r 

In S 3.2 we want to a 

not in if 

t==o . to stress 
of t, we 

y 1 ( :::: u( , t) 

If we 

== v( , t) 

Y 3 (t) :::: 

we can set 

two 

t 0 ( . ) 
z . 
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1 

(3.8) 

2 

z ( I t) 

, ) z{ t} 

z< 

ents tem 

(3.8) • 

If :::: o , 1,2,3 (3.8) , 

t) ::::: 0 , i :::: 1,2,3 . 
(3.7), we +4 

I ) 0 , 

I' 0 I 

0 I 

u( I zero 



4 

4. 1 

In 

roe 

a 

s 

of 

of 

- 95 -

we want to a 

reverse, 

[ 28] , 

A 

wri as 

an 

t , 

roust 

+ 

+ 

, 
1 

(4. 1) 

us assume 

Cl 

1 

1 

X 

+ a + 

+ + 

on x,y,u,v 

, x 

u(o,y) ::::: (y) , 

v(o,y) :::: , 

can 

+ :: 

a 

b 

) :::: 0 

not 

case. 

4. 
I 

. If (4.1 



an 

k( 

a curve y:::: k( 

s 

to x 

- 96 -

in (x,y) 

x y , 

on x on 

curve is 

• If F(x,y) is 

curve 

d F(x,k(x») :::: a~ + k' (x) aF • 

d Ci + k I ( ::::: 
X 

e 0 e curve k( 

to (4.4). curves y :::: ( x) 

s 

::::: A. (x,y,u, i ::::: 1 ,2 (4.5) 1. I , 

(0) :::: I 
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means 

k~ (0) :: A. (o,y I 
.... ~ 0 I { } 

must e curves 11 

(4.2). S two curves 11 

cross i s at 

. (4.5) (4.7) serve to a most 

( 4. 1 ) 

me {[29 ], see Sauer [24 J I 

tz [25 ], . 23, ]) . 

(x,y) 

(j) I 

two 

C1 
s 

(see ) . 



y 

11 roeans at 1 

two 

c net. It 

j) roust not 

new 

( x) + (x -

y x) :::: + (x -

9 

, 

,y. , 
J 

f 

cs 

ces 

to 

e 

) 

) 

X 

can 

(i) 

c. 

I 

of 



It 1 

It 

we have 

net 

success 

on 
row cons 

== 

:::: 

N 

1 

( 4. 7) 

a 

9) we 

a 

[ A1 

, 

) + 

) + ( 

- 99 -

+ "2] 1 , 

4. 

- "2 + ( ) 
1 2 1 . 

(4.7) • 

(4.7) means to 

c 

) I 

4. 
( ) , 

curve, 
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4.2 

Un 1 now our were 

linear tem (4.1). rf, however, are 

1 we are to more e 

s , two cases 1 

a) coe , ( 4 • 1 ) on x y 

, 
b) ,bi ( 4 • 1 ) on u v 

on tem is , i.e. h 1 
- h - 2 0 . 

cases more 1 now. 



e 
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e 

t ::::: 0 

1 
i :::: -

a 

i 

(4.11) 

(4.10), ac < 0 . 

, 

I + C :::: 0 I 

net (x,y) 

i ( 4. 12) 1 we (4.6) 

a 1 + [b -

+ + ] 
. (4.11/14) 

(4.1), 

(4. 14) are 

rst we can s Massau net 

ca or numer 

(4.3) 
are 

::::: 1 ,2 , (4.11) 

are 

::::: 1,2 (4.12) 

can as 

(4.13) 

es. 

h 1 ' h 

::::: h 
1 

(4.14) 
::::: h 

of Sauer [24 ], p • 94. 

f 

a Massau 

is 

moreover can 

f 



If 

can 

- 1 

(4.13) can 

is most 
cons 

= (x,y) t i == 1,2 

as new 

s trans 

(see 

case 

n 
+ g{[;;,n, 

so 

, [31 L 

, == 

(4.10) is 

0 

s 

1 

I a r 

(4.13) 

n s 

(4.1 11 

. 123),i.e. r-

. (4.15) 

, e.g. if 

is, if h 

. (4.15) will 

4.2.2 

a 

For 

(4.7) 

t 

case 

e 

tem (4.1) are 

u,v on 

we must 

e 

we meet 

of 

case 

ons 

[ 17 J , p. 

net 0 (u, 

( 4 • 1 ) 

coe 

, we now 

from (4.7). 

re 

common 

11 

u( s 

35) • 

s 



S 

vle 

t us cons 

a + 

a,b,c 

(4.14) 
s 

. (4. 14) can en 

::::: -
1,2 

(4.11) 

::::: -
1,2 

::::: 

1,2 

- 1 

+ C 

on I 

4.2. 1 , we 

• (4.11/12), 

= 0 1 

, 

are zero on 

as 

[b + a , 

A 2,1 

A1 ,2 

res 

::::: 

1 ,2 , 1 

me ans are n 

(4.16) 

U ::::: 

same 
t 

(4.17) 

(4.18) 

(4.19) 

1" 

ne 

(see Sauer [24J, • 95). In 

are 1 

u as 

(4.17) we easi 

au,2 + I + C ::::: 0 1 4.20) 

net u, s 



- 1 

a s to . (4.13) 

case. 

As S 4.2.1, we cuss 

are . For a 

c 

net can now once in , 
(x,y) . (4.19) , 

are not n 

to 

If (4.20) can 

constants 11 

. Let n (4.20) s e 
constants, 

:::: Cu, i = 1,2 , 

a (u, , 
constant. s 

name emann i i 
can as v , 
once 

x,y 
u,V as 

n (see . 35) • 

I 1 
I 

t of 
so 



- 1 

4.3 

We want to se to 
. (1.1). If we set ( 1.1) 

tz zz 
:::::: 0 . 

t z 

x y , a on w . (4.16) 

a :::::: 1 , b :::::: -v , c ::: , 

(4.2 

u,2 - r - :::::: 0 (4.21) 

1 u( d' 

s ) . 

s two 

u(s, + 1 4 
::: s , 

1 
(4.2 

v(s, f) :::::: + 
S 

u(s,n) :::::: ns + .1 
6 

s4 , 

v(s,n) .!l 1 s2 :::::: "3 s 
, 

F,: n , constants 4.21 I re-

ter s can 

res to 0 < s < 00 (see 

want to cuss .2 

f t i 

1..
1

1.. 2 0 ( • 1), or 

I.. 1 ,2 = -v + f 
4. 

u>o 



- 1 

(1 .2) 

(see , we assume 

are 

+ 1 s~ j ::::: ::::: 
"3 , - J 

+ 1 3 k ::::: 
3 

(6 t;) 1/3 < s < 00 , 

s we 

1) 

on on 

I 

1 , ••• , N , 

1 , ••• , N I 

u o , 

, serve to 
1) 

n 

(4.24) 

es as weIl, 

I 
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- 1 

(see 

u( == 

In case we v>o 

n<o , now v<o. 

curves I 

reasons of 

ze, 

(u,v) . (1. 1 ) 

1) 

v==o t==o (as (1.2)), 

n>o are 

of 

2) f n<o must 

to (4.2 ). res 

• 4.2 

11 

are to 

are 

it 

s 

. 4. 1) • 

exc 

new curves, 

u<o.1 

use 

to a 

(4.22) 

ces s 

s two 

(v>o v<o , 
, g. 4.2) • Note u<o 

. (4.21) 

-, -) I (+,+) I (-,+)} 

. ,-

x>o f 

me 

next s 

I 

::::: 

(+, • ) 

3 
2" 

3 
2" 

H x) is 

} 

H (v) I 

H ) I 

x<o . 

a 

n) 

u 

. 4.2, 

u>o , 0 , v>o 1 V 

u<o , 0 I v>o }, 

to f 

Tl , 

, i. e. H==1 

1 

11 cus 

. } 

d 



1 

N 
N 
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4.4 

was 

1.3.3 . will seuss now. 

In , we set 1/6 (1.37). 

(1.3 

u(z,o) 8 1 2 I z I < 4 ::::: 
"3 - - Z I 6 

u(z,o) ::::: 0 I I z I > 4 

Note now z ::::: 12 9 , is 

ent eons 

3 1/6 , . (1. 3 

u(z,t) 8 
t) 3 1 t)-2 2 ::::: 

6" z 3 (4.2 

v (z 1 t) 1 
t ::::: z ( . 

to (4.5) (4.23) , s es (t, z) 

:::: -v + (4.26a) 

(4.25) , 

(z t)2 _ 2zz t t + 2 
1 6 ( t) 3 z ::::: 

(4. 

must d 

1 
ean 

I as 1 

u=o 

In ease . (4.2 

z ( ::::: + 4 t 



- 111 -

2) u :::: 3 . . 
ease . (4.2 ) to 

z (t) =: + 4 t)-1/3 . (4.28) 

I if we assume 

z(t) e( 
a 

= , 

. (4.2 to 

t) [aC 2) ( t)2 - (a-1) ( 1)] :::::: 1 6 ( 3 

In two 1 3 
a=-1/3 I (4.2 28) 
are ) . 
In g. es are 

on z f 

== -4 + ( 1) 0.1 I .e.==1,. •• ,81 , 

es ue, are 

(4.26a) z ) ::::: z.e. . at z(o) = +4 

on not neees s ter-

are (4.2 28) (note . 4.3 on 

z>o ) . 

outer es (4.27) 

(1.3 ) 

(4.28) s 

eones one 

e ee g. 4.3) • 



1 

"'''01''' 
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or 
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As can 
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ere are N 

[-4,0], 

, ) = [-4 + 

(N-1 ) h = 4 . Here 

(1.1/2) 

(4.29) 

(u, 

ons (1. 2 ) are 

, ) = 

us 

• (4.17) 

1)h,oJ 
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n 

scuss more 

I 

z 

, 

Massau cons as 

(1.1/2). 

11 construct nets 

on z 

k 1, ... ,N, (4.2 

However, 

z E [- ,4] 
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It 
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d 

e 

ean 

as 
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i 
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ts 

s . 4.9 

MEIS 

net 
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f Esser, , Herrmann [28 ] ) 

SMITH me . S 

FORTRAN 

are con-

11 

I 

to c 

t to 

a cross 

rst 25 rows 

(1.1/2), nex=1 • 1) • 

. 377, 

s , is a Massau 

(t, z) 

T are so-

t 

Sect 4.5 . 

(1.1/2) was s 

nts h 

z E [-4,4]. s 

s, z 

s 

SMITH me 

nce 

c net in 
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weIl as on 

us 

4.2 (see 

z=- are 

cases 

sau 

a 
, i 

of one 

ls 





-4.0 CPU[sec 

o. 1 24 5.3 7 0.57 

o. 5.321 06 19.137334 46.53 

o. 1. 29 5.43 21.40 

NEX=1 ) o. 1 1.425 5 5.3256 19.183 85.36 0.70 

.01 .4249445 5.3211 19.13776 84.931 1 m 2.92 

o. 1 .4271 5.28 12.34 

o. 1 1.4249445 5. 1 1 19. 1 .87 0.87 

0.01 1.4249423 5.32109424 19.137 1 m 19.21 

MEIS 0.5 1.4 6. 12 0.09 
-" 

o. 1 1.4282 5.48 42.85 0.28 
N 
0'1 

0.01 1.42529 5.337 19.65 16.58 

.001 1.424977 5.3227 19.186 27 m 6.21 

.5 1.435 5.51 18.88 66. 0.10 

0 1.4271 5.356 19. .95 0.19 

0.01 1.42516 5.3245 19.129 84.52 6.79 

0.001 1.424964 5.32143 19.1365 84.8 10 m 23.94 

4. : Va t at on t s. 
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. 1.1c), a s 

For s 

curve 1; (t) 1 

was to curve 

te 

onset 

as 

resu 

[36 ], p. 264) • 

to 

A 

ALGOL 
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- 1 

A1.1 

a 's 

me . 342,343. In s we 

want to so 

re 

u v :::: af 
z 

set. 

Now e s of (A1.3) are g 

-v + 2u , 1. 4) 

means 1 2) is if u<o. 

(4.18) Sec (u, v) 

1 
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1 ,2 

or, 1 .4) I 

U ::::: vu l - 1 u,2 • 1. 5) 

(see [18], p. 31) 

1 

u{ 1 2 ::::: cv - c 1. 6) 

e 

u( 1 
'2 

So .6) c I we 

1 • 3) • 

11 as new we 

set ~ ::::: c
1 

, n (A 1.6 f we 

set trans 

u, ::::: V + .7 

n(u, ::::: v -

u(~ n) 1 
~n :::: '2 I 

v(F;,n) 1 
::::: 2(F;+n) 

t;u 
1 

F;v 1 + v 
::::: :::::: -

W W 

1 1 
v 

:::: = -
W W 

W ::::: 2 . 

( 1 3) 

ts 

u, on t,z ) I tem c trans 
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trans 

(see e. . Ames [171, . 35) • 

to t , we 

u :::: u(z, 

v :::: v(z,t) 

1 1 
:::: = -D D 

1 • 10) 

1 1 
= :::: U , 

D D z 

D :::: 

(A1.1o), tem 1.3) can now trans to 

tem 

+ + ::::: 0 , 
(A1.11) 

= 0 

1 ) 

u,v 

t is same 

1 ) 
trans one to trans a 1 

to its normal i 

[ 31] f . 123) • In our case e on t (A1.11) 

-se r 

+ z + z + .2z ::::: 0 , uv uu u 

t(u, 

11 e trans 
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- n zn + t;;2 - n2 
:::: 

zn + t;; n :::: 

If we s 

rst to 

zn :::: -n f 

same 

:::::: -~ 

s 1. 13) ves 

:::: -n I 

:::::: 

res is ecause 

can 

s 
s 

two 

ste 

f 

From 1) I 

f ) 

are 

s z 

(A1.13). It 

1. 15 I 

,n := F' GI 

:::;: 

n 

I 

0 , 
• 12) 

0 . 

t;; f a 

1.1 

1.1 

• 4 

1 14 
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to 

z{~/n) =: F(~) - I(~) + G(n) - I (n) • (A 1 .1 

s .16) cons 

(A1.12). 

rw."",u",,... I was to • (A1.2) r (z,t) • 

In new ~,n ,r(z,t) roust s 

or 

f 

n 

z 

::::: r 
z 

::::: 

r 
z 

v( 

I 

, n) I f
t 

=: u(s,n) : 

S 
::::: n) s pli (~) + 1 ~n pl!(~) 

2 

1 ~2 ( s ) :::: , 

s 

f :::: 1 
(n) • 

to , we set 

<pI ( ::::: F(~) 

I ( :::: G(n) 

1 • 17) 

+ 11'1 I ) 1 
'V - '2 

1 2 + nltJ· (n) - - n 
2 

z(E;;, ) :::: <pI (E;;) - "(E;;) +ltJ'(n)-

t(E;;,n) :::: (~) +ltJlI(n} , 

"(n), 

(A 1 • 1 

(A 1 • 1 

1 • 18a) 

1.1 

(A1.18c) 
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s • 18) roust now 

(1.9), as [17] I p. 68. . 21 . 
t 

two . (1.9) , 

as 

to 1.2) 

ant t are 

-t , we conc 1- 8) 

e can a 

• In ana to . (1.1/ 1 

1. 

(z,o) 0, 

We want to u =:: .2 

u<o , 1.12 

f(z) o}. 

For t=o we 

1 f u :::: 
"2 

v =:: l( 
2 

z ( :::: ) I 

i.e. invers f ( ) . 

t=o . ( 16a) 

o :::: F I l;: - GI 

G ( l;: ) 1 
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constant (A 1 • 1 

- 2 '(t;:) + k , (A1.22) 

.20) • s f 

F{t;:) . 

of F (t;:) we 1 rst te 

z{ ,n) , t(t;:,n) • . U\1.1 (A1.21) 

z( , ) := F( ) - I (t;:) + F (n) - nF ' (n) + k , 

w (A1.22) 

z( ) 
1 [ (0 + (n) ] 1 .2 3a) , ::::: '2 

es z(t;:,-t;:) ( ~) ! s (A 1 .2 even E; • 

Ins .2 1 • 13) to 

1 
I (~) ::::: 

1 
I (n) ::::: 

f n 

1 
E; 

1 1 n 1 t( ,n) ::::: J I (l;) 
'2 J I (1; ) + const ?;; 

1 r; -z;; , if 

t(~,-~) ::::: 0 , we 
t;; 
J (A 1 .2 
n 

u == /2 

construct 
s For a of s ,n o , 

I ) 

v( 1 = '2 

set 
I , 
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we 

sue at 

== -4 + (n-1)h I 

(N-1) 
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must s 

If we Zen, 

1.2 

Z(n, "" + 

T(n, 1 
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As an we 

( 1 . 1/2 , as 
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to 

"" ±[2 n 2 
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(n I 
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net (t, z) 

1 assume 

n ::= 1, ••• ,N f 

n :::: 1, ••• 

> 0 

), i.e. 

I 

e 

2 1 2 
) , 

as 
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I 

es 

T(n , 
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m<n 11 ass easi 

Dawson's (see e.g. of ) ; 

we 

T(N,1) ';;:': .837931585388 

e eone. g. A1.1 

net (t I z) es 1 • 

are 

. A1.2 -rt(z,t) over same ,( t, z) 

p as g. 3.4 g s 

. (1.1). s .2) , as . (1.1), 

not i 11 now ean f 

we want to of 

s eons . One easi ns 

j -

1 ::::: (n- E,) , 1 .25) 

- n) '(E,) ren) (A 1. 6) 

1.8) (A123), 

u:::: E, n/2 0 1 A1. 

never . But (A1.2 it on 

f I ( I (E, ) :::: , 
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::::: 

or j=o case. o 
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( [13], p. 69) or . g. 

S [37], p. 87) f 

occurs c 

(u, [13], p. 68). Ins 

) . 
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zero 

) f:. 0 I 
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(1.9) was so . It seems most 

same 

z,t 

t . More 

out 

te 

to (1 • 8) 

1 see 

f 

s 

e s 

, if eoef 
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• (1.8) we 

on (1. 1 ) now 

r - :::: 0 , 

(u 1 

u 

:::: 2 ar 
z 

ar = 1 V :::: 

tem 

+ 

== -v + 
1 ,2 

it 

1 12 

• 4) 1 

2v 
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s es 

ar 
z 
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, 

I 1 1 2 
U :::: -vu + 2 u . 

s 

5 

eons 

:::: 0 , 

2) s 

see 

• 1 ) 

.2) 

.4 

f 
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an cons c . 

to cu so 

.7) 

.5) i 

.8) 

a .5) 
1) 

I s -c -s I . ( .6) 

we can res ct s 

es .6) are in • 4. 1 
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true 
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or 
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15 1 ) 
1 ( 2 3 n( :::::: 51 - 51) . • 1 ) 

1 r5t to e 

an , d51/a~ , eh oeeur • 14) • 
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== D 5 
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we 

k :::::: [36( 2 + 
2 1/3 

) ] 

roots 3 ,n::::: 

d 11 enter 

If ( .18) is • 15) , 

3 3 
- "4 k 

can 

Wi 

1/3 
+ . )1/3 1n , 

1 3 
. ) 1/3 

- 1 

In we s s 

1 
( 1 + b . 

I s case out to more 

x :::::: t; + 

y :::::: 

• 19) 

1 ,2 1 not to 

ts. 

c 

.2oa) 

.2 

s .2oa) 

correct 

on to ( . 2 ) . 

(A2.2oa) can 

roots 

use 

.2 
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as new 

( 1 ) 1/3 1/3 + y1/31 ::::: 

J I 

.22) 

s (1) 
1/3 

[1/3 1/ :::: x - y , 
1 

(1) 
s1 as 

Now it was 4.3 

t; n to . More 

, case t; > 0 , n < 0 to exc . If we set 

x ::::: r 1 

<P E [ 0, ] on, 

(x 1/ 3 ) E [0 J . 
me ans 

1/3 + 1/3 2 Re x 3) > x y -

1/3 1 3) 2 Im 3 
0 -i(x - y - I 

(1) (1) 
0 or 0 , s, . 

s s 0 . 

If we . 16 

.21 ) , we 

1 3 3 1 t + x Y 

a 

[ 1], 

as a i 

x. 



i 
+ 2 ) • 

• 2 we 

1 f (1) + s~1)J < 0 , 

(2 a s 

I we 

1 r s (1) 
L 0 

(1) J s1 I 

s 

1 [ (1) + s(1)l 0 s s 
0 1 J 

root, too. 

.23) to 

trans 

ts to new 

3 

1 1 
.24 ) - 2" 0 . 

y 

more . ( .23) , 

. ( .24) no 

1 on interest for 

ons s . ( .23) • 
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IMPLICIT REAL-16 IA-H.Q-Zl 
DIMENSION AISO.51 I 

- 163 -

OATA A/2550~0.OO/,ZERO/O.OO/.ONE/l OO/.EIGHT/B.QOI 
(ALL MASKE 
WZWPl '" ONE/OSORTIEIGHT-OATAN ONEI J 

INITIALIZATION 

LMAX 50 
IMAX '" LMAX ... 1 
A! 1 • 1 I '" WZWP I 

C RECURSION 
C 

o 

o 

00 50 LL 1,LMAX 
LL-

I .E. 0 
FAK 
FAK 
00 40 

ION 

, I 



100 
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SUBROUTINE MESHIJJL.JJR.NO.a.INEU.NR.R.JL.JR.NP.P.ISSD.EPW.NORMAl. 
1 BSD. KONT • III I 

IMPLICIT REALBBIA-H.D-Zl 
DiMENSION OI4.NOI.RI4.NRl.PI12.NPI 
LOGICAL eSO.NORMAL 
ISO" ISSO 
IF IBSDI GOTO 100 
IIL • JJL 
IIR .. JJR 
lL • JL 
IR " JR 
GO TO 110 
IIL-JJR 
IIR .. JJL 
IL .. JR 
IR - JL 

C--------- COEFFICIENTS OF THE EOUATiON5 FoR IX.YI 
110 Xl" 01 L llLl 

VI .. 012.11Ll 
X2-ol1.IIRI 
Y2=DI2.IIRI 
01 " Xl - X2 
02 " Yl - Y2 
ZI " Pll.lLl 
22 .. PI7.IRI 
IF ! .NOT.NORMALl GOTD 130 
H '" 21 - 22 
EI " DAB51Z1 I 
E2 .. DABSlZ21 
IF IOABSIHI.LE.EPWlllIE1+E21) GOTO 220 
iF IE1.GE.E21 GOTO 120 
52 • IZllllDl-D21/H 
Z2 Z2l1!S2 
GO Ta 140 

120 51" IZ2l1!Dl-021/H 
21 ,. Z1l1151 
GO Ta 160 

130 51" PI2.ILI 
52 .. PIS. IR I 

C--------- SOLUTION IX.V) OF THE SYSTEM 
EI " 5211!Z1 

50 

160 

80 

E2 " SP'22 
H : El-E2 
IF IDAB5!HI.LE.EPWII!IDA8SIEll+DAB5!E2111 GO TO 220 
lFIOM N1IDA8SISI I.OA85!Zl II.GT.DM Nl10AB51S21.0AB51Z2111 GO TO 150 
H IZI-01-51-021/H 
S2 5211!H 
Z2 2211!H 

1 22 

RII. NEU 
RI2.INEUI 
GO TO 170 

02 
01 

X2 + S2 
Y2 Z2 

H IZ2mOI-5211!021/H 
SI 51 IlIH 
21 ZII1!H 
22 = 21 + 02 
52 " 51 + 01 
R 1. NEU Xl + 
R 2.INEU : YI + Z 

CHECK OF THE DIREeTION 
HßSIIlID2-01I1!Z 
I IH.EO.D.OOI GOTO 180 
H " 1 
F H . L T . 0 . 00 I I H -I 

IF I H.EO.150 GOTO ZOO 
IF ISO.EO.DI GOTO 190 
IF H+ H.EO. SOl GOTO 190 
F ! lABS! 50 .EO.I GOTO 230 

GOTO 240 
SO I 

OF THE DlSCRETIZATION 



- 165 -

c--------- COEFFICiENTS OF 1HE EOURTIONS FOR IU.V! 
200 Xl· 013.llll 

VI .. 014. 11 LI 
01 .. PIS.llI 
EI "PI4.llI 
02 .. 1"19. IR I 
E2 .. PI10.IRI 
S t .. PIS. 1ll1ll5 t 
52" 02-IXI O!3./IRll + E2111!Yl - O!4.liRII 1"111. IR 111152 
IF INORMALl GO 10 210 
SI .. SI ... PIS.lLI-I! 
52 • S2 PI12.IRIIIIZ2 

C--------- SOLUTION IU.Vl OF THE SYSTEM 
210 21. 01-f2 

22 .. 02111Et 
H .. 21 - Z2 
IF IOABSIH1.LE.EPWIII!OABSIZl I+DABSIZ2111 GO TO 220 
RI3.INEUI .. Xl ... lEt-52 ... E2111Sll/H 
RI4.INEUI - VI - 101-52 + OZ-SlJ/H 
RETURN 

220 KONT" 2 
RETURN 1 

230 KONT '" 3 
RETURN 1 

240 KONT" 4 
RETURN 1 
END 

c 
SUBROUTINE COEFFIJ.NO.a. I .NP.P.NORMAL.SYSTEM.KONT.-l 
IMPLiCIT RERL-SIA-H.O-Zl 
DIMENSION Q(4.NQI.PI12.NPI 
LOGICAL NORMAL 
B QI1.JI 
R '" OI2.JI 
W O!3.Jl 
H Q!4.J 
CALL SYSTEMIB.R.W.H.KDNT.NDRMAL. 

o 2.013.014.023.024.034.01 .OZH.D3H.D4H. 
:2 PI1.II.PI3.11.PI4.11.P 5.1 

PI7.II.PI9.II.PII0.II.PI11.11 
IF KONT.GT.Dl RETURN 1 
IF (NORMAL RETURN 
B 0.500-1014 + 0231 
H '" 013l1!024 
R '" e-B 
W R - H 
IF W.LE.O.OOl GO TC 130 
W '" QSORTIWI 
IF (S.GE.O.DOI GO TC 
R B - W 
PI 1. I J R 
P 2.11 013 
P17. 1I '" 024 
PI 8.! I R 
GO TO 110 

100 R '" fl + W 
PI L 1I 024 
P 2.11 R 
1"17.11 R 
1"18. ! 01 
R B - 023 

F IR. GE O. J GO TO 1 
R - W 

o 
B 



120 8" R + W 
1"13.11 .. B 
PI 4. I I '" 034 
PI 9.11 '" 012 
Pll0.ll .. B 
Pi5.11 "-04H 
PI 6.11 .. 03H 
P ( 11 • I I " -02H 
1"112.11'" OlH 
RETURN 

130 KOIIIT" 2 
RETURN 1 
END 

c 

- 16 

SUBROUTINE SIVP ISYSTEM.NO.DATR.NEX.N.IROWS.EPS.50UTO.KONT. 
1 NP.P. NO.O. NF.Fl 

IMPLICIT RERL!i!SIR-H.O-ZI 
D I MENS I ON DATR 14. NO I. a 14. NO I. P! 12. NP) • F (NF I. E 14.91 • X (9) . FAC (8) . 

1 I Z 19 I. I Y (91. ! M (91. K I 5 f 91. KST {9l . KSTA (91 . JST! 91. JSTA 191 
LOGICAL BN 
EXTERNAL SYSTEM 
IF IN.LE.O .DR. NEX LE.O OR. NEX.GT 9 .OR. IROWS.GT.N .OR. 

t IRDWS.LE.O .OR. IABSIKONTl.GLl .OR. EPS.LE.O.ODI GO TO 410 
I " 2l1!lI!NEX 
I F I ND. L T . IlllN+ 1 OR. NP. L T . NEX. I 1+1 1+1 . OR. 

1 NO.LT.2l1!INEX+l+INEX-l ) lI! I ) .OR. NF.LT.l+jll!IN-ll J GOTO 410 
NEX! .. NEX - 1 
K '" 1 
! " NEX 
JL " 1 
00 100 M=l.NEX 
I V( I J '" K 
K K + K 
IF (M.EO.NEXl GO TO 100 
I ! - 1 
JL '" 4l1!JL 
VHK JL-l 
FRCI I1 = l/VHK 

100 IZIMI K 
NEY '" K 
00 110 M=l.NP 
P( 2. MI 1 00 
PI8 M .00 
P!6.M 0.00 

1 0 P!12.MI '" 0.00 
1 

KLANG NEY 
= -NEY 

00 120 M I.NEX 
JSTA!Ml 
K + KLANG 
KSTA MI '" K 

MM = KLANG ( M j 
IMI M I IMN 

IMM'" MM 
EPW " 10. OOlllEPS 

2l11KONT 
KONT 0 
NL ND 

OllER ROWS 
00 400 NZ=I.1ROWS 
NL 
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KSfll11 .. I( 

140 JSTIMI. JSiAIM! 
C--------- COEFFICIENTS ON iHf INITIRL CURVE 
150 I" I ,.. t 

ISS .. 15 + I 
KMAX .. 0 
00 190 M-t.NEX 
I< .. 1<151111 
KMAX • KMRX + KLANG 
IFIM.GT.11 GO TO 160 
CRLL COfFFIISS.ND.ORTR.K.NP.P.BN.SYSTfM.KDNT.&S90J 
KL .. I< 
GO TC ISO 

160 00 170 J .. t.ltO 
170 PIJ.I<I. PIJ.Kll 
180 1<" K + IllMI 

IFIK.GT.KMAXI K. K - KLANG 
190 1<1511'11" I< 

IFII.lT.NEVl GO TO 150 
KMAX .. 0 
JMAX '" 0 

(--------- lOO? oVER DIFFERENT MESH WIOTHS 
00 290 MEt.HEX 
IlM '" IllMI 
1'1'11 '" IVIMI 
IMM '" IMI111 
JLRNG 111M + IMM 
KMAX '" KMAX ,.. KLANG 
JMAX JMAX + JLANG 
KSTART KSTIMI 
JSTRIH '" JST I M I 
ISS'" IS 
K '" 0 

F 15 IVMl 220.210.200 
ZM -

'" ISS + NEY -

IMM 

IZM 
+ ZM-

230 - KLANG 

J J - JU!lNG 

MASSAUJ 
240 

KR KR KLANG 

JSTART - JLANG 

.KR.NP P. I 

SQ.EPW.BN •. FALSE .. 
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IFIM.LE.1 I GO TO 270 
CALL COEFFIJR2,NO.O.KL.NP.P.BN.SYSTEM.I<ONT.&3901 
IFIK.LE.21 GO TC 240 

C--------- REMAINING MESHES IGRAGGI 
00 260 l-g.1< 
KR .. KL 
KL '" KL ... t 
IFIKl.GT.KMAXI KL KL - KLRNG 
JR '" JR1 
JRl .. JR2 
JR2 .. JRl ... t 
IFIJR2.GT.JMAXI JR2" JR2 - JLANG 
CALl MESHIJR2.JR.NO.O.JR2.NO.O.KL.KR.NP.P.lSO,EPW.BN,.FRLSE .• 

1 KONT.&390J 
IFII.GE.IZMI GD TC 270 

260 CALl COEFFIJR2.NO.O.KL.NP.P.BN.SYSTEN.KONT.&3901 
GO TO 240 

C--------- LAST MESH ISTRBILIZATIONI 
270 CALL COEFFIJR2.NO.O.NP.NP,P.BN.SYSTEM.KONT.&3901 

Jl JR2'" INM 
IFIJL.GT.JMAXI JL" JL - JLANG 
00 280 J=1.4 
OIJ.JLl .. O.5DO-IOIJ.JLJ + OIJ.JR211 

280 OIJ.JR21" 0.5DO-IO!J.JRl I'" OIJ.JR2JI 
CALl MESHIJL.JR2.NO.O.M.NEX.E.NP.NP.NP.P.ISD.EPW.BN .. FALSE .. KONT. 

1 &390 I 
290 CONTINUE 
C--------- EXTRAPOLATION 
300 FX" 2-NEX 

00 360 J=:1.4 
IF INEX.GT.l1 GOTO 310 
DATR I J. 151 '" EI J. 1 I 
GOTO 360 

310 00 320 K=t.NEX 
320 X(K) '" EIJ.KI 

00 350 K=l.NEXl 
JR '" NEX K 
VHK .. FACIJRI 
00 330 I=i.JR 
XA '" X { 1+1 I 
o '" [XA - XII Il-VHK 
XN '" XA ... 0 

330 XIII XN 
VHK DMAXlIDABSIXAJ.OABSIXNII 
FEH OR8S 01 
IF IVHK.GT.FEHJ GD TO 340 
FEH 1.00 
GO TO 350 

340 FEH" FEH/VHK 
350 CDNTINUE 

OATAIJ.ISI .. XN 
IF IFEH.GT.FXI FX FEH 

360 CONTINUE 
370 FIlS '" FX 
380 JR '" NZ 

[ALL SOUTD INL.NO.DATA.NF.F.JR 
IF IKDNT.GT 0 RETURN 
GO Ta 400 

390 NL" 15 -
GO Ta 380 

400 CONTINUE 
RETURN 

10 KONT '" 
RETURN 
END 
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