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RIPPLING AND DRIFT INSTABILITIES IN THE STRAIGHT CYLINDER TOKAMAK
André Rogister

Institut fiir Plasmaphysik der Kernforschungsanlage Jiilich GmbH,
Association EURATOM~KFA

D-5170 Jiilich, Federal Republic of Germany

ABSTRACT. - It is shown that the electron and ion diamagnetic drifts
stabilize the rippling mode in the straight cylindrical tokamak model.
Parallel electron heat conduction is further stabilizing if the parameter
ng = dlnTe/dlnN is positive. This has as consequence that the mode does
not survive at temperatures exceeding, typically, 50 eV for standard
values of magnetic field and density. The collisional drift wave is found
to be always stable even when the effect of the tokamak current is in-

cluded in the calculation.

1. INTRODUCTION

Plasma transport in fusion devices is observed to be largely non-
classical. It has been conjectured that the anomalous losses arise through
scattering by plasma instabilities. There is indeed a wealth of evidence
from laser (Surko and Slusher, 1980 a and b; Semet et al., 1980; Meyer
and Mahn, 1981; Evans et al., 1983; Brower et al., 1983), microwave
(Mazucato, 1982; Equipe TFR, 1983) and Langmuir probes (Oktsuka et al.,
1978; Zweben and Taylor, 1981; Zweben and Gould, 1983) diagnostic experi-
ments that microturbulence is a common feature of high temperature plasmas.
The observed frequency w is of the order of the electron diamagnetic

frequency mz

and the fluctuation level n/N usually increases from less
than 1 7Z in the center up to 10 - 100 %Z at the plasma edge. We believe that

drift instabilities and particularly the trapped electron mode explain

satisfactorily the observed turbulence and transport in the temperature



and density gradient layer which separates the plasma core from the

edge region (Hasselberg and Rogister, 1983). This mode is, however, stable
in the cold plasma periphery and it is neceésary to look for other in-
stabilities to explain the transport there. Practically, this problem is
important, e.g. for the design of divertors.

The rippling instability, which is driven by the resistivity gra-
dient, has been proposed as a candidate in previous papers (Carreras et
al., 1982; Callen et al., 1983) but these calculations, as well as former
ones (Kadomtsev and Nedospasov, 1960; Kadomtsev, 1961; Furth, Killeen
and Rosenbluth, 1963; Hoh, 1964; Rutherford, 1979) have largely neglected
the role of electron and ion diamagnetism. This approximation fails in
the edge plasma of a tokamak as recognized by Carreras et al. (1982).

It is our aim to remedy this situation.

The most striking consequence of the introduction of electron and
ion diamagnetic drifts in the theory is that the rippling mode is stabi-
lized at temperatures exceeding, typically, 50 eV assuming usual magnetic
field strengths and densities for tokamaks.This wave frequency is approxi-
mately w = wZ(l+I.7l ne). Parallel electron heat conduction is also
stabilizing if ne>0 but can be destabilizing if ne<0.

We have extended the theoretical development to include the colli-
sional drift mode. These calculations confirm the previous results (Ro~-
gister and Hasselberg, 1979; Cordey et al., 1979; Hasselberg and Rogister,
1980), using however a different approach (kinetic versus macroscopic),
that these modes are stable within the cylindrical model. They show
further that the tokamak current is not destabilizing.

Our work thus implies that neither the rippling mode nor the colli-
sional drift mode can explain the observed turbulence in the whole plasma
layer where the trapped electron instability is absent (roughly for

Te< a few hundreds eV).



The paper is organized as follows. The plasma model and the expan-
sion technique are outlined in Section 2. The radial eigenvalue equation
is derived in Section 3 and solved in Section 4. The conclusions are pre-

sented in Section 5.

2, THE MODEL

In order to reduce the basic equations to a tractable, yet con=-
sistent form, it is useful to order the typical parameters of the plasma
and of the instability in powersof an appropriate expansion parameter.

We choose here
L APV DALY A, (1)

To illustrate this scaling, consider the plasma edge of a standard tokamak

with B = 4 Tesla (toroidal magnetic field), a = 20 em (minor radius),
Te = Ti = 102 eV (temperature) and N = 1013 cm—3 (density). We find

T, = 2 x 10—6 sec. (Braginskii's collision time, Braginskii 1965), Qi =
4 x 108 assuming Hydrogen (ion gyrofrequency), cg = 107 cm sec_1 (ion
sound speed = (Te/mi)l/z), a, = 2.5 x 10—2 cm (ion Larmor radius); hence
\)ei/Qi = ai/a = 1/800 (We do not differentiate yet between the wvarious

equilibrium length-scales: a, R (major radius), Ls (shear length), nei-
ther between the magnitude of the poloidal and toroidal fields By and B
since q v 1 (safety factor)). The mass scaling is merely introduced to
easily differentiate between the electron and ion behaviour across and
along the magnetic field.

We also order the components of the equilibrium electron and ion

flow velocities with respect to the sound speed. The perpendicular mo-

. (o)
mentum equations show that i x U

7= 0 where j 1s the particle species

(i = ions; e = electrons), and



VP
-~ —)'(1) _ E J
nxU;’ = 5 EE—- (2)
where ﬁESE/B. We assume the velocity along the field to be of order of
the sound speed. Hence we write
q
- -+
g T 2y o e fa, (3)
e i em
e
In connection with (1), Equ.(3) implies that
e EoL
e RE) 4)
e
E, is the applied toroidal field, q; is the electric charge (qi =-q, = e),
and PJ is the kinetic pressure. The gradients are here of course in the
radial direction p.
We anticipate that the modes
8 (f,£) = © (x) exp (-iwt + im@ - ilf) (5)

are localized around the rational surfaces defined by 1lq(r) + m = O and
have a radial width of order a, = cS/Qi. The derivatives in the directions
of the magnetic field and the binormal b = @i x p are thus

AV = ik]|= ikgx/L_, (6a)

where Ls = —(B/Be) (dlnq/dr)_1 is the shear length and x~a is the distance

from the rational surface, and
(6b)

where ke =m /r. To allow parallel electron heat conduction to play a



role, we require
~ 22
w v (X[le /[ N) (@-V) (7N
3

where XH R = 3,16 NTeTe/me. To allow electron diamagnetism to have an
s

influence on the dispersion relation we also impose

w v ow® (8)

% . . : -1 _
where W} = ke c T, / q ByLy is the diamagnetic frequency (LN d1nN/dr).
The scaling relations (1), (7), and (8), imply that we take

keL ol (9
There follows that w ~ Av_, and kjL ~ A. We note also that kA N Al/z

el ]l H m.f.p.

which justifies the use of macroscopic equations to describe the instability
\km.f.p. is the mean free path).

It remains to assess the role of magnetic fluctuations. They usually
appear through the parallel component of the vector potential and are
to be taken into account when mach v kHQ. Normalizing the perturbed
potential to Te/e (i.e. eQ(O)/Te ~ u, U = linearization parameter; similarly

n(0) (o) (o)

~v uN, £t “nwuT and u "~ ugs) and noting that the perturbed velocity
along the field is uff) “ Teﬁ|e®/me ~ cseé(o)/Te, Ampere's equation implies
that this condition is satisfied when B~ 1 where B is the ratio of kinetic
and magnetic pressures. This is orders of magnitude larger than the actual 8
at the plasma edge. We therefore neglect the role of magnetic fluctuations
in deriving the eigenvalue equation.

We now take the curl of the perpendicular momentum equation and
form the scalar product of the result with the unit vector @i in order

> > . . . .. . .
to draw V'(Nul? for later insertion in the continuity equation. We obtain

to lowest significant order:



C A > a A
v (NuJ+nUJ) =-3gt (VNxV® vnxEk) ——-—JB sign q; e ber
-1 3 > 2 ) A
Uy gt UV g by (10)

g.; meNA > > é N Bte
i 2 Q1T 93x
e e

(o) n(0) <I>(0)

. S e
In these two equations, b.u, n, &, and te stand for b-u , s

b

and téo). We note that ﬁ-ﬁgo) = 0,
~ 2 (0)
-~ 'VP.
’+(O) _S -~ (0) P ]
bru™’ = ¢ (p-ve + qjN ) (11a)
and g,gp(b)
~>(1) _ _c = 2 (o) J
pruy ’ =- 5 (b-Vo +—-———qJN ) (11b)

The electron inertia term in Eq. (10) is of course negligible.
The parallel component of the electron momentum equation leads to
T

= - _e ~ 3
N(ue uiﬁl +n (Ue Ui) = 2 _ nv (qu¢ + P+ 0.71 N te)

8

l—3|r1-
o

3
+ 5 N (Ue Ul)” (12)
e
where the last term arises from the perturbation of the plasma resistivity.
Summing up the parallel electron and ion momentum equations, one obtains

also

3 = P-4
miN CSE + Ui V) uii = - Qv (pe+pi). (13)

Equations (10) to (13) have to be combined with the continuity

and the heat equations. Charge neutrality implies



2 P P t

-1 3 > > 0 1 _ PN e e
Qi (_B—E + Ui V) —7 (v + ﬁ) = 2 TeQe (n-v) (o + a—ﬁ + 0.71 E—)
9X 1 e e
3 B - >
7‘(Ue Ui)” c Te n Vte. (14)

whereas the ion continuity equation becomes

M _C e . Baua 1 3 7=
5t - B [:n (VNxV® anﬁ) + E;‘Bx b-r
B T Rt e B PR SIS e
i 5t | i 2 N it T Ui
90X 1
P_*P.
A~ 22 e 1
(n-v) Y :] (15)
i

It remains to consider the heat equations. We obtain to lowest sig-

nificant order:

3 . = Cﬁ'_v).Pe > 3 c 3 s
(ﬁ + Ue°v - —(?I;—ﬁﬁ—— b-V) (-Z- Nte—nTe) + B (Tep'VN - 7 Np‘VTe) b-ve
> > ~
=-T 3+ 4, (16)

where we define the electron heat flux as

> _ _ ~ é_ € A > _ ~ > ~
q, = 0.71 [?e (ue ui”l + P, (Ue Ui)” n > Tt nx(ue ui) X“,e nsvt 1a

e
e e
_ ->
Kle V]t

(17a)

Other terms appearing in the definition of Braginskii have been taken
care of in the left—hand side of Eq. (16). We note also that ée is the per-

turbed electron heat source. A similar equation holds for the ions with



i . ~ iz
q. = - X 1 $ti n - xi_ViFi. (17b)

i
(these terms actually yield contributions formally of order A]/Z -1/2

and X
to the equations).
Although Eqs. (11) to (17) are simpler than the original fluid

equations, further reductions are necessary to arrive at concrete re-

sults. These will be considered in Section 3.

3. DERIVATION OF THE EIGENMODE EQUATION

In order to proceed efficiently, we need to introduce further re-
strictions on the scaling. We shall introduce two assumptions each of
which has a broad range of validity under the conditions prevailing at

the edge of a Tokamak plasma.

MeVei L§

(a) — << 1, 7 << 1’ (183-)
L
S

and 9
mv .

eei s

m.w 2

LN

~od (18b)
i
where w is the complex wave frequency. We note that w is either larger
or of the order of the diamagnetic frequency as shown by the calculation.
®)  $-0. p-V, ﬁ-ﬁJ AV << b-U. bV (19)
so that ﬁ-% = 1 w§ (1+nJ), where ny = (dlnTJ/dr)(dlnN/dr)_l, as can be seen
from Eq. (2) and the definition of w?.
These relations permit considerable simplifications listed below.
(1) Comparing the ratios of the (ﬁ-V)2 terms and of the 82/8x2 terms
in Egqs. (14) and (15), we obtain after reduction:
(ﬁ'V)Z_ MeVei

: 1 (Eq. 14);
82/3x2 . m @

(Eq. 15) (20)



which implies that one could neglect either the (fi-—V>)2 term in Eq. (15)
or the 82/8x2 term in Eq. (14), the latter approximation leading to the
drift branch, the former to the rippling branch. The ordering (20) should
however be reexamined in the eventuality that the dispersion relation of
the rippling mode yields approximately qu® +p, 0.71 Nte = 0, which
would tend to reduce the disparity between the ratios in (20) and hence
between the absolute values of the radial turning points. As this may be
the case (depending however of the plasma parameters and of the mode
number) we shall retain the two branches simultaneously in the following
calculation. By balancing the 32/8x2 term and the (ﬁ~$)2 term for both
the rippling and the drift branches we obtain that the absolute value of

the linear turning point is bounded from above and below according to

v L2 X L2

eel s w2 t 4 s W (2

e S s DO 55 e @1
1 LN W [ LN w

(ii) We can now estimate the effect of the parallel electron heat con-

duction in Eq. (16) by comparing XH e(ﬁ-V)Zte and the. We find
’

a 2
1/2 * X“ e(n-V) mw Ly s
< 2 —

W <1
i wN v mv ., L
e el S

(22)

o

o

pde

o |
e
€ 'E

Note that for the rippling branch, lee(ﬁ-g)z/wN is strictly of the

order of (as/xt)2 if qu® >> p, * 0.71 Nte, i.e. if w>>w¥®. Therefore,

in this limit and in the framwork of the fluid model (xi/a§>>1), parallel
electron heat conduction cannot play a significant stabilizing role.
Previous estimations of this effect using resistive magnetohydrodynamics
were thus inconsistent. Since we allow the upper bound in (22) to be

larger than unity, it is necessary to retain here the X“ o term.
’
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(iii) The effect of perpendicular electron heat conduction can be estimated

as

2 2
mevei N w* XL. 0" /ox < MeVei 1/2 N w®
m, w ET-ZT- wN v m. w ) L. w 23)
1 S 1 S
and is always negligible.
(iv) We estimate also that (see Eq. 16)
Q Ui
e . dlile << 1 (24)
w*qu® w®

(assumption b). Hence the electron heat source is negligible.
v) The role of parallel ion heat conduction is negligible. The effect

of perpendicular conduction is bounded from above by

2 2
X g 0/ < Ciyl/2 (me“ei)ll Eﬁ‘g_ (25)
wN m, m, w L

and will be neglected althoug this implies strictly a further hypothesis.

(vi) 1In Eq. (15) the term cﬁ-(%hxf)/B is negligible. Indeed

A~ (VnxB) Bolg MeVei " MY, e
1. 2 5.2 VB L. me o << 1 (26)
Qi Nwd“d/ox% N i w
since B L /BL AV I
(vii) The ratio of the term 3b'¥/3x to the finite Larmor radius term in
Eq. (15) is
-1 7>
q aber/ox mVoi
<< 1 . (27)

av]
T3 ;
o INpple/oxt T4

(viii) We note finally that the ratio kIU /w is bounded from above

[lse

as follows:



The right-hand side of this inequality is always smaller than unity in

11

qul,e <Yle w. 1/2 Ntz
ST T )

the plasma edge layer.

and

where

and

£ = x/a§ In Eq. (30) we have treated the finite Larmor radius (f.l.r.)

term and the sound term by expansion, i.e. we have approximated n by

We can now rewrite Eqs. (14), (15), and (16) as follows:

2

A2 8~ ibe? @-A-1,71 ¢t ) - agft = 0
2 e e
9t~
3% 3*
w 2 w -
fi=——e-\f Az—a—i+A EZ{——e—[HT (1+n.)]\f+t}
(] ag w 1 e
3# 3*

2= we\F 2 .~ Ye 2
(1+1.86 ibgD)t_ =n —Y + 3 @ - —\N) - 0.47 ibg" @-¥
we have defined the following dimensionless parameters:

' _ =1
Ml2s Cets e

A

w;‘f/ We

Egs.

(29-31) will be solved in the next section in successive degress

of complexity.

I - W) /e, T = I/T, Ee =t /T, n =n/N, ¥= eo/T_,

(20)

(29)

(30)

(31)

(32a)

(32b)

(32¢)
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4, SOLUTION OF THE EIGENVALUE EQUATION

4,1 The Rippling Mode

We first neglect the role of parallel electron heat conduction
(b~0) in Eq. (31) and neglect the f.l.r. and sound terms in Eq. (30).

We obtain n = wL{Vw and Ee = neﬁ. Eq. (29) yields

22242 I = (1+1] “Jo T " Jw)E f=
A ;gz ibg” [ (1+ .7lne) we/w_] - ang (we/w)£ =0 (33)

The solution is of the form

f =¥ (0) exp [-@1/2 (E+5)2/2] (34)
where C)]/Z = 6—2 = (ib+p)1/2 and § = —ia+new2/2b+pw; here a+ = a/A2,
b+ = b/A2, and o = 1 - (1+1.71 ne) w;/w. The dispersion relation is
. 2 *
bt 037 = @t o w2’ (35)

with the constraint -w/2 < arg C)l/z = arg(—p2w2)<n/2 which states that
the eigenfunctions are spatially bounded. There are three limiting cases
to consider.

*
(a) In the limit w >> Wys Eq. (35) yields

2,2
F5/2 [kgascs!le(Ue—Uinl/cs
/

2 3/2
4 Ln (2 To mi/me)

= +2>/2 5 |n] Tl P (36)
R T 2L /7
n R
where we have defined the resistivity length scale Ln = =2 LN/3 Ng»
and T = —iw. The parameter S = TR/TH has its usual meaning with R = 4ﬂr2/wl

as the resistive diffusion time scale and Ty = r/vA as the hydromagnetic
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time scale. v, = B/(Mmei)l/2

dispersion relation for tearing modes (Furth, Killeen and Rosenbluth,
1963; Callen et al., 1983).

To quantify the assumption that T >> w§, we divide both sides of

#5/2

- and obtain the condition

the equality by w

2 2
9 n7 mwv . L, (U -U,)
e ,eei (3/278 ‘e 1
6 ) T, 2z b

S

=z

e

which upon insertion of the parameters of Sec. 2 and the assumptions

that L. = 200 cms, LN = 5 cms, V/Zeff = 1 volt (loop voltage/effective

S
charge) from which there follows that (Ue-Ui)”/cS =T A;/Z/N, leads to

2 m—3/2 AT]/Z N—1/2
e 1

-7/4 B3/2

0.35 n T >> 1.

The units are (T) = 100 eV, (N) = 1013 cm.-3 and (B) = 40 kG. When the
inequality (37b) is reserved, we conclude from Eq. (35) that either

p >0 or A~ 0, i.e. either

*
w wg (1+1,71 ne)

[]

%
or w we (14n.).
; (1+n2)
We now analyse these two possibilities.

b)) w

w? (1+ni) + iT, T << w. The solution is still given by

o s * * - ,
Eq. (35) where 6§ = 1anewe/2bpwi (1+ni) and p 1+(1 +1.7lne)/T(l+ni).

is the Alfvén speed. Eq. (36) is the standard

(37a)

(37b)

(38a)

Hence 62 and therefore ()]/2 are negative and there are no bounded solutions.

c) w = w: (]+1.71ne) + il, TI'<<w. Here § = -anew:/ZbF and (I‘/w)3

- b+(anew§/2bw)4 (here w w: (1+1.71 ne)). Hence the roots

I = [éxp (iin/3),—i] X (b-rw:‘})l/3

- stable - corresponds to a bounded solution.

(anew:/me)4/3 of which only the last one
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We conclude that in the absence of parallel electron heat conduction
and finite ion Larmor radius effects, the rippling instability disappears
if the inequalities (37a) or (37b) are reversed, i.e. if diamagnetic
effects are important. Typically, this occurs when Te 2 50 eV. We now
investigate the role of finite xH’e and f.1l.r. in case (c) above.

Eq. (38a) implies that the second term in Eq. (33) can be balanced
only if p o ¥ - 5 - 1.71 Ee -+ 0. The effect of parallel electron heat
conduction and f.l.r. will thus enter first through this term when
b£2 v T/w<<] [Ef. Eq. (31):], respectively when either 82/852 or cgsz/w<<1
[Ef. Eq. (30i]. The normalized electron temperature fluctuation then be-

comes, up to first order in T/uw:
N Ye e 2 o~
b =n =4 - 1.05 in = bg" + 2 (G - =) (39)

(We note that 1.05 bgz = (2/3) 2 /N ). The eigenvalue equation (29)
| AlLe

thus yields

2 w¥ ¥
2 3% 2 r e . 2 .o~ Y
A gz— + bg [(Z)-‘F 1.80 ]’]e ‘—;—bg )‘f + 2.141 (n —'U'J—\P):I
g
-aEne;—‘f=0 (40)

It is clear from this equation that parallel electron heat cnduction is
further stabilizing (if ne>0). It can further be shown that the term
(ﬁ—d;f/w) is negligible as long as b<£2> <<1 as assumed in the derivation

of Eq. (39) and (40) [(<£2>)!/?

being the characteristic width of the
wave functioﬁ]. Indeed the second term in the right-hand side of Eq. (30)

yields, in (40), a contribution of order b<£2> when compared with the

first term; whilst the last term of Eq. (30) yields a contribution of order
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. . " 2 2
mevei/miv when compared, in Eq. (40), with 1.80 ne(we/w)bg “ﬁ When b<g™>
is larger than unity, Eq. (40) is no longer valid and one obtaims the

drift branch.

4.2 The collisional drift branch

2 . . .
If b<g™> >>1, the temperature fluctuation is, in lowest order,

*

2 w
téo) = -0.47 i ————‘—’é—-——?(—g -nd (40a)
1+1.86ibg
. ~ * ~ &
Eq. (29), whevre we write n = mé{/w+(n-wé?/w) and treat the second term by
expansion, yields in lowest order:
w = ¥, (41)

Let w =w:+ir, F<<w:. Then, from Eq. (40a), téo) = 0, and from Eq. (31):

2., % D .
) _ (n=0.47bE°T/w) Y = 0.47ibE" (A=w*{/w)

e

5 3 (40b)
1+1.86 ib g

in the denominator, the first term is retained to insure proper behaviour

as £ » 0, Introducing in Eq. (29) yields:

2 . -1
22, 2y Ig, Lusi@me! g

5 T=o. (42)
3 We 1.06ibE“+2.86

In the denominator, we have neglected two terms: l/ibF,2 and 0.47 iat;

~-1/2 /2<<]'

. 2 2..1/2 1
indeed here <€ > n ¢ N LS/LN, and a(<g™>) N [:(Ue—Ui)H/cs:](LN/LS)
In the limit a -+ O, this equation reduces to the drift wave eigenvalue
equation derived in (Rogister and Hasselberg, 1979; Cordey et al., 1979;
Hasselberg and Rogister, 1980) and admits stable roots only. We shall brief-

ly review this case and give a hint that the term arising from the plasma



current [ﬁe(a/b)g_]:] can be treated by perturbation methods; we then pro-
ceed with the perturbed eigenvalue problem.
a) Effect of the electron thermal conductivity.

We define
m \)ei LS (Ue-Ui)H
’

a
B vy Y m. w L. ¢ (45a)
N s
mv . L
1 1/2 8
T A / T, ° (45b)
b m. w¥ N
ie
L
1 S.1/2
c N
Solution of Eq. (42) by matched asymptotic expansion is possible if
. e 1/2 w0 1/2
g1<<g2<<g3, i.e. if (mevei/miwe) (Ue Uinl/cs<<] and (mevei/mime)
(LS/LN)]/2<<1. We assume also £1<<1 and of course £3>>1.
In the range O §_g<<g2, Eq. (42) reduces to
2
2.86 A% —"-’—%h [1.71 + ia/b)e '] n ¥ = o. (44)
98
This equation is amenable to confluent hypergeometric differential equa-
tion, but a series expansion suffices since 51<<1. We have
$=[1,@ +ge1(9 n|g|T+0,eT,(0) (45a)
2 2
T, =1+ (g/2) £-0.10 (n /M%) £ + ... (45b)
2 2
T, = 1+ (g/3) € = 0.30 (n /A7) £ + ... (45¢)
g = -i (n_/2.86 A”) (a/b). (45d)

up to order gz. In the limit &, 6<<£<<f,, where matching is sought with the
1 1 2



solution in the domain £1<<£<<£3, the g terms can be neglected which shows
that the effect of the current on the dispersion relation can be treated
by perturbation: the essential reason for this is the localization of
the corresponding term.

In the range O§§<<£3,Eq. (42) yields (neglecting the small role of

the current):

2 82" 0.60 ne?

=0 (46a)
352 1+0.37ib£2

which can be converted into a hypergeometric equation

2

z;(1-z ) + —-(1— a\f+ —-S(s 1)‘( (46Db)
Bz 1 :
1
where z, = -0.37 ibg2 and
s(s-1) = 1,62 ine/Azb. (46¢)

The solution of Eq. (46b) is of the form

1/2 1-
2/ F(5>

.
]

N[ W

H z]) (47) -

Nofn

where the F's are hypergeometric functions (Abramowitz and Stegun, 1965).
Finally in the range £2<<£§?, Eq. (42) is approximated by
2
2 374,

8&2

A 29 -3 —‘%4’ ~1.62 i (ne/b)g—‘z\f =0 (48a)
e

which can be transformed into the confluent hypergeometric equation

ZB_Z_Q_+E(S+ )—z:[ --}-[(28+1)+ I jQ=0 (48b)
2 b22 2 “ Aleu*

1/2,.2 1/2

S
where z, = i(cl/%ﬁ)gz, and ‘P= g exp(-i ¢ £7/2A)Q. We note that c =
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Iﬁl (1 1F/2w ). For I'>0 (by analogy with the definition of the

Landau contour (Landau, 1946), the solution is evanescent at large x if

* , * 1/2 1/2 .
we>0 (if we<0, one has to replace c by =-c ). The solution of Eq. (48b)
is
1 1 T
Q=1U [}— (2s+1+ ), s + 5 2z :] + 0 M [: (2s+1+ s
4 A cw 2 4 A/Ehg
+ L ] 49
s+ 53z, (49)

where M and U are the two Kummer's functions (Abramowitz and Stegun, 1965).

As g -+ o, Re z, > + «© and M(a,b;zz) =T (b)Irl(a) zg—b e 2 which

diverges. Hence 63 = 0. In the same limit U(a,b;zz) = z;a. As £<<£3, i.e.

as z, - 0, on the other hand, one has

1 1 1/2 * 1
Bhff s 1/2 1/2-5 T [:f - s +-Z (2s+1+]/Ac / we):] I'(s+ iﬁ

=g r2a [ 172 = T
7 (2s+1+7/8c "0 ) ] TG -

£ =)

where s—-1/2 = - [:(1/4) + 1 1.62 ne/Azbjl/2 and the T(x) are gamma functions.
Considering now the asymptotic behaviour of the hypergeometric functions F

for £>>£2, i.e. z, > », we have

-1 s+1
_ r&H ré&o r(— -s)
31n¢ _'E + 2 (0.37 iby1/2S C% ey 2 ) 25
T'(s- E) F(_'j) r(i- 59
for the symmetric mode (82 = 0) and
ré&) r(+ &) r@ -s)
1y _ s o 1/2=s 1 2 20 2 -2s
se =7+ 2 (0.37 ib) G -s) R $ ...

1 1-s
T'(s- 59 T(—f-) F(i'“ EJ

for the antisymmetric mode (62 = ), Hence the dispersion relations:

£



r [}% - s + % (28+1+F/Ac1/2w2):]

1 = = (0.37 Ab/c!/2)1/2s
T ['ZT (28+1+T/Ac “’2)
- 2
[’r EDord -9
2 2 s—1
| 1 S - ’ (503)
LTG5 T3
respectively
aijams | I TG ],
= (0.37 Ab/c '%) 1 =~ (50b)
r(s - ) I(—>)
Two limiting cases can occur:
i) Strong shear or weak collisionality limit.
1/2,1/2 1/2

If (0.37 Ab/c ) s<<], which implies s<<1 since b/c N (53/52)2>>],
_ 2 : & 2,2 .
and s = -1.62 1ne/A b = +0.81 ing (mevei/miwe) (LS/LN), the solution of

the dispersion relation is approximately

/2 ;i 0.99 !/2 n, (12 apy 112 51)

*
F/we = - Ac
for the symmetric mode. The first term on the right-hand side represents
the usual result for shear damping; the second yields a mere frequency
shift.
ii) Weak shear or strong collisionality limit.

1/2.1/2

If (0.37 Ab/c 'F)

s>>1, the solution of the dispersion relation is

Mfus = (-3 + 25) ac'/? (52)

which shows that parallel electron heat conduction is stabilizing since

Re 5<0. We note that for small s, this result does not simply reduce to
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the shear induced eigenvalue for the symmetric mode.
b) Effect of the parallel current.

We consider here the simplified equation

]:_EE__ 22 9 _ (1 + ___EL__J + H':] ex (22/2)‘f =0 (53)
822 3z * P

Ac]/zw
e

-1

where H' = ne/f'(a/bA3/2c]/4)z [:2.86 + 1.06 (bA/cl/z) zz:] -l and

z = (icl/z/A)l/2 ¢ in the domain /I'(c]/z/A) (1-1e/2) x [:— w,%ﬂ. Here
£ = T/wz —>-O+ and mz is assumed to be positive [:see the discussion below

Eq. (48b):]. The approximate equation (53) is justified only in the strong
shear limit (s - O) where the eigenfunction‘!(z) = {(0) exp (_22) over most
of the domain. The unperturbed equation admits the Hermite polynomials

]/zw:) = =2 n. Since

Hn(z) as eigenfunctions with the eigenvalues (1+T/Ac
the perturbation is antisymmetric, one has to proceed to second order to

obtain the perturbed eigenvalue. The result is

’

1 + ——T7§—; = 2 [:J dz exp(-zz) H'H H :]2/[:2n J dz exp(—zz) H2
Ac we n °on °
J dz exp (—22) Hi:] (54)

for the fundamental mode, which shows that the perturbation yields a
mere frequency shift. Retaining only the first term (n = 1) in the sum,

one obtains for example

3. CONCLUSIONS
We have shown that introduction of the electron and ion diamagnetic

drift in the theory of the rippling mode leads to complete stabilization
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at temperatures above, typically, 50 eV. Parallel electron heat conduction
is further stabilizing if Ne = dlnTe/d1lnN >0, but is destabilizing if
ne<0. The collisional trapped electron mode is also stable in the straight

cylindrical model, even if the tokamak current is retained in the equations.
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