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THEORY OF THE RIPPLING INSTABILITY IN TOROIDAL DEVICES

Andr 'e Rogister

Institut für Plasmaphysik der Kernforschungsanlage Jülich GmbH

Assoelotion EURATOM-KA

5170 Jülich, Federal Republic of Germany

Abstract

The theory of the rippling instability is developed for axisymnetric toroidal

plasmas including ion viscosity and parallel electron heat conduction,

but assuming that the growth rate is small compared to the wave angular

frequency w = (1 4- 1 .71 n ) w . w is the electron diamagnetic frequencyo
e e e

and ne

	

(dlnTe /dr)/(dlnN/dr) . Three (in)stability regions =st be considered,

viz . (c ./Rw
o

) 2 <0 .12 where cylindrical effects dominate and the plasma

is stable ; 0 .12 «c ./Rw
o)

2 < 0 .26 q 2 where the magnetic drift destabilizes

the mode ; and 0 .26 q2 «c ./Rw ) 2 where the plasma is stable again . (The

numerical values are given for n e = 2 and T e Ti ) . Parallel electron

heat conduction is stabilizing but ion viscosity broadens the instability

domain . Under certain conditions, an important top-bottom asymmetry of the

density fluctuation spectrum may arise .
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if Te = Ti and n e = Ul i = n » 1 ; this simple result dose, hourever, not

account for the stabilizing rote of electron heat conduction and ion

viscosity ; these are considered in the text.

The paper is organized as follows . The two-fluid equations are

simplified in sections 2 and 3 via the introduetion of a sealing appropriate

to the conditions prevailing in the plasma edge on the one hand, and to

the rippling instability an the other hand . These reduced equations are

solved order by order in section 4 . Given the complexity of the complete

eigenmode problem - which retains ion parallel viscosity and electron and

ion parallel heat conduction

	

the various asymptotic limits which can

be considered are discussed and solved in section 5 . Section 6 concludes

with a Brief summary and a table showing the instability and stability

regions in terms of the relevant dimensionless parameters w
o
T . and (e ./Rw

o'
1 2 .

11 . SCALING CONSIDERATIONS AND REDUCTION OF THE TWO FLUIDS EQUATIONS

In order to reduce the two fluids equations (Braginskii, 1965) to

a traetable and yet consistent form, we order the variable characterizing

the plasma on the one hand and the rippling mode on the other hand in

powers of an expansion parameter . lt is convenient to assume hexe that

vei
me a

	

2

	

a.,
m

1
a

	

R

h ere 2i is the ion gyrofrequency, ai e e i /2 i the ion Larmor radius, andw

a the minor radius of the plasma . Since the rippling mode is localized

and its radial mode number is much langer than its poloidal mode number,

we also scale

-i. e ln. f

	

ik r a 1. u 1

	

a i b . e ln f =- ik,a .

(5)

(6)
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where r is the radial variable, 8 the poloidal angle, f a fluctuating

variable (e .g . density, electrostatic potential, temperature, velocity

component) and p, respectively b = nxp, is the unit vector normal to the

flux surface, respectively is the unit vector binormal to the field line.

Under these conditiohs it narr be showh that

a i i'1

	

Be

a r
e In ?

	

-.2--

	

In

	

0 ( ,,4 ) ,, {u ff
B

	

'äE3

fiere BIM

	

1 accounts for those poloidal variations induced by the toroidal

geometry . The correction 0(h will be explicited later on . We note that

there results from the scaling considerations (5-7) that

(c . Ile71n ')/v
11
. . 1- (c e rloV In f)/vei '1-, 1,

w± T . U u)

	

T . 1- w

	

T . 1- 1.
e

	

0 1

These relations imply that the parallel length scale of the instability

(i .e . in the direction of the magnetic field) is of the order of the

parallel mean free paths and insures that ion viscosity will not be deleted

by the scaling procedure . To start wich the reduction of the fluid equations,

it is also necessary to choose a normalization of the amplitudes of the

density, temperature, potential (4)), and velocity fluctuations . We assume

-9-
„Tee/T n/N % t /T

	

u/c

	

X
J .1

where X 4- 0 is the linearization parameter which will drop out from the

(linear) analysis of the instability . We note also that the theory of the

equilibrium shows that

p .vj

	

4 cs ,

b . V
p . 7PJ

.ß .N')

	

2c sJ

	

(	
ejN

(7)

(8)

(9)

(10)

(11a)

(lIh)
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where -P' vVis the equilibrium radial electric field that we shall omit

in the following for it has no impact an the mode structure and growth

rate (it merely yields a frequency shift) . The equilibrium pressure P j

and density N depends only an the radial variable r, or more generally an

the flux surface coordinate

	

(see later) up to order

	

inclusive.

Experimental evidence and theory further show that

Cle
n . Ve = 0 51em
	 E + 0(p) '\, c

S
e

n . V
-)-
i

	

pes

where E l) is the driving toroidal electric field . In view of the scaling

a/R

	

33 , E l) is independent from both

	

andx (the generalized poloidal

coordinate) in Iowest order . Eq . (12a) permits also to scale this driving

field .

With this information in hand one can show that the projection of

the curl of the momentum equations along the direction of the magnetic

field are

,

	

-„,-
miN (fit + Vi . V) 1)-7 b-u

b7

	

-±

	

1

	

--

	

VB

	

->p . 7A0,i - e i p-7N b . 7e - e

	

-
2N b .u . b°

	

+ V-(NuB

	

c

	

13

	

i )

n . V (Nn°ui) +

	

nVi)

	

2(P .er1 3,i )

+

	

± 2

	

Dn

	

1 -
r3tli(p .7)

	

(

	

+

	

P` i p . VN +

	

. g . en - A.°e

	

t

	

N

	

N

	

1

	

i )

	

+ n
i,i (p . V)

3
b . ui

	

(13a)

(12a)

(12b)
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The parallel momentum equations are

-+
m .N (- + V

	

(n . u
i

	

t

	

1

n . 7 (p .+e .Ne - 0 .71 Nt
t

	

e

-+

	

-+
+ 2 (f')-v n i 3 )

	

) + 4n
. 3

b*7B 5 . e (A-11i )

	

2n i,3 f;-e 1''1 . e (C . u i )
,

	

,

and

+ 4

	

(P*7)
2

( n °u-) (19a)

0 = - n-7 (p e + eeNe + 0 .71 Nt 2 )

m e e

	

-.>

	

3 e

	

,

	

20 .51

	

N n .(u -u .)

	

n n°Ve	-- N n.V1e_

	

-n-VA0,e (I9b)
T e

	

e

	

2 Te	3

We haue included terms of order

	

in the last equation because the solution

of the lowest order equation (first term ----, 0) is unknown up to a function

independent from the poloidal variables 0 or x.

Finally the ion and electron hegt equations are (the Iatter up to

order p) :

->

	

-)-

	

+

	

+

(

	

-

	

- Ti

	

(fit + V
i . 9) n + ui -7N-Ft +

	

.e t i +

cT .

	

4-
5

	

-+

	

VB+ 7ei3 h(VTi x Vn - 7N x 7t i - 27t i x	 N)
B

(20a)
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and

c

	

,-

	

-+ b- VB

	

-+

	

_
-

	

p .VN b7 -

	

2N b . u

	

+

	

(n e ) - h . V(n-ue )
B e

V• (nVe ) -- fl

	

(n n-V
e

)

Here, A0,i is defined by

-+

A0,1
.

	

-3n 0,

	

E- .-›-7(II .÷uj)

	

b °'' b°u i

	

i.7 . u

and n ,i , n 1,i and n3,i the three viscosity coefficients defined by

Braginskii (1965) :

3P

	

P
= 0 .96 1) .i .

n1,i

	

102 .

	

r1 3,i

	

2 2
i.

1 1

The velocity components b .uj and p-uJ are given by

(13b)

(14)

(15)

1

	

2 (p
,. .4 V-) 2

	

, t' °'
1 +

	

a .

	

..11

	

c
2 B ej N i

	

;+7

+ e N(lb)

	

(16)

+

	

-3--

We also nute trat in lowest order the terms m .N V . .7 -V b . ui and

p,
,„.

	

->
2(f)' . V n 3,i ) b . V

	

. V b . u cancei in Eq . (I3a) . Further considerations an

the viscosity tensor are given in Appendix . The typical time scale is w* :

d t

	

1Ü3

	

(1)

	

(17)

and the divergerice of the flo g is given by

-r-

	

-+
V . uj = -

	

u . 7N --

	

V .. Vn
N

	

N
3

at
(18)

.--›
since, according to (16), b•u j % AcB , but 5-u

	

0,c 8 .
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and

3

	

-4 -4

-
2

N

	

(3t + V
e . V)t e + ue . VTe

- r-

	

.-->-

	

.4-

1
- T

e L

(- + Ve -V) n+u e . 7N)
-

cTe

	

-+ -+ VB

	-

	

-4
= 8

	

- 0 .71
B

FP
e

(u
e

	

+ p
e

V
e

. n 11
Ne

	

e

where the parallel and perpendicular heat conduction coefficients are

given by

+ -

	

n°(VTe x Vn - VNxVt

	

2Vt x

	

N)
2 eeB

	

e

	

e

	

B
5

(20b)

P .T 1.1
x

	

3 .9
x , 1, M .S2

2.T1 1 1
m

(21a)

P T

l ,

	

3 .16	 e	 e (21b)
m
e

Equations (13) through (21) represent a considerable simolification over

Bragisnkii two-fluid equations . They are still very general however ; it

has, for example, been shown previously (Rogister, 1984) that they can

describe both the rippling mode and the collisional drift mode . A more

restricted scaling, and further simplifications, are thus given in the

next section along with a specific representation of the mode structure

and of the V operator.

111 . MODE REPRESENTATION AND REDUCED SCALING

In general axisymmetric geometry, the modes can be represented by

series of the form (Rogister and Hasselberg, 1985)

f(Ii),x,1))

	

exp(i24) f z ( ,x)

	

(22a)

fz(V),X)

	

exp

	

-1Z

	

v(X

	

) dx
. .

e mm

	

X 0

4-1) 2,,m , 11) 1 ,x)

	

(22b)
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if the "quasi modes " fzm are localized in the vicinity of the rational

surfaces T 2„rn defined by,

-°z v(x,Ip z,m ) dx/2u =

	

/£, (23)

where the m's are integers akin to poloidal mode numbers ;

	

is the toroidal

mode number . Hence the introduction of two"length" scales 1)-e z,m and

(Connor et al . (1979) haue shown that

	

enters the theory only in higher

orders ; the 1ti l dependellee will be of no interest here .) .4i, x, and

	

are

respectively the flux surface coordinate, the generalized poloidal variable

(also suited for arbitrary cross sections), and the toroidal angle . The

corresponding gradient operator can take the different forms.

-1
a

	

-1

	

-I 3

4; e

	

e
x

h
x

	

x
+e

x

h

3

	

-

	

1

	

3

	

1 3
= 2 RB

	

+ e
x 3TJ

	

x JBx 3x

	

R 3O
(24)

-1 3 - -- )1B

	

4 +

	

h-I L- + 25-b- h-I
x 3x

	

B

	

B

	

x Dx,	B

B

where J is the Jacobian of the transformation . We recall that

vEBh
X

/ B
X

h

We introduce the refined scaling

ai p-V 2.n fz,m 1-, 4

1

/'

and obtain

(25)

(26)
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x

	

_ (x,W)

	

v(xoP2,,m) :]} f£, .9-4)z,m,x)

	

(27a)

1 ;

	

p
2/3 ,

fi- r exp (ite) f i (e,x)3

	

exp { iZE4)-
B

x

exp(i2.4) f 2, ( q),X) 3
B

v(xt,2,,ra)dxI B
h
x
-lexp fi2,

,x

X o°

2
x

	

i2,
2

v(tp,x)

	

-i
x

	

v (x,0

	

v(x,1)2,,m)p f 2,,m ( -11)£9m ,x)
B

1 ;

	

u
5/3 g

where we have indicated the relative order of the various contributions

considering that ly-11,i ,m) 1., ,-'/3 a as implied by (26) . We shall

introduce later the notations

(28a)

B
k li =

	

alp
av(x,0

B
x

hx
- I

Noting that the distance between neighbouring rational surfaces is

A2, 1 h (

	

-21r/£h
1

	dx av(x,)/4 % u -l ai

4-

» (p°7 2„n f m

we concluce that the toroidal coupling between the quasi-modes

(£,m+1), (i,m),

	

is negligible (na overlap) : we are therefore entitled

to consider the various terms in the series (22b) independently .

(28b)

(29)
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We now rewrite the two-fluid equations, simplified according to (26),

up to the order requested by the solution procedure, and indicate the

relative order of magnitude of the different terms . We obtain

eB

,1

1/3 ;

-3-

	

-- -

	

-+ b . 7B

	

c0

	

t + N n .V(nue) + r1 .Ve fi-7n

	

2Nb .ue

	

B-

	

B p .7Nb*el

1 ;

	

1 ;

	

1 ;

	

0
1/3

;

	

1;

1/31 ;

	

0

	

;

	

1 ;

	

1 ;

	

1 ;

	

1;

m
-9-

	

-3-

	

0 -+- 11-7 (p e

	

2 - A

	

+ eeNZ9 + 0 . 7) Nt e ) + 0 .51

	

n-(u -u .) + n n . Ve

	

e

	

3 0,e

	

Tee

	

e 1

	

;

	

1 ;

	

1 ;

	

11 ;

---

mit 3t-7 b
. . = c----1	

3t + N
1-1J7

	

- 2SN . J	
i B

	

2/3

	

1/3

	

;

	

1 ;

	

1 ;

	

0

	

;

-eip .7N b• J¢

	

B p .VA0 .

	

n3 (ß .7

	

V . u i + n . n .u )

	

(30)

11
2/3

(31)

3 -

	

hB

	

+
mir' 37:n . ui - 2

	

-
-e
B

	

p . 7 nu = -n . 7 (p1

	

3
.

	

2
- A0,i

	

ei Ne - 0 .71 Nt e),

	

(32)

3 t e
2 T

	

e
e

n (33)

b . 7BA0,i = -3n0,1.

	

11 . V(n . u
i )

	

b . u
1
. - 3 V-u

3

1/3
1 ;

	

0

	

1;

-3-

	

.3-

p . u
c

	

-b . V)

(121J

	

0,

	

6
1. J

+ e
J
N)B ej	)

b.uj

	

P'

	

1 ;

	

1 ;

	

1 ;
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t .

	

cT .

	

e .0

	

cT .

	

A

(
3

1 -
n
-'. ) - 1 -

p-VN 3

	

1) .7

	

1

	

1 . V N 3
(_

2 1
n , H) b .e		 e

	

2 T .

	

N

	

eiB N

	

2 1

	

T .
1

	

B 3 ei

	

N

	

1

1

cT i
. b• 7B „_

	

!

	

tt 1
.

°5
e .B B
	 .	 	-t t

.

	

X
T - 11"V	uv-

)

cT

	

-)-

	

3

	

_ , ee0

	

cT

	

e P 'VN

	

e b-7B

	

t e
eB N

	

2 ne-1)

	

' T	3

	

P"e

	

e

	

--T

	

e

	

e

4/3

i,. ..) J)

	

-

	

3
(fit + 11-V

	

- 4) ( e--
t

	

e r1

	

2 Te

	

N

t

xe

	

t

	

= B 11 , 7 f-

	

' 11

	

- 0 .71

	

B

	

N' 11 e

	

-+

	

P
u -u .) + -n•

	

e 1

	

P
e

e
(37)

where nj = p-UnTj / p-7£nN.

The solution of these equations order by order is tedious but straight-

forward . We shall thus proceed, in the hext section., as briefly es possible

by omitting detailed comments.

IV . SOLUTION OF THE TWO-FLUID EQUATIONS

We first recall that n-Vlnf =

	

a /~X+i1 1 where the second contribution

is of order , 2 /3 with respect to the first one . The parallel electron

momentum equation, Eq . (33), thus reads at order g 0 :

1

	

(p (0) + e N (0) + 0,71 Nt (0) ) =
x

	

e

	

e
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where we now define f = f (0) 4

	

f (1 ) +

	

The constant of integration

which will appear hexe is obtained by considering the x average (defined

by

	

dx) of Eq . (33) at order , 2 /3 . Hence

(0)

	

(0)
A- 071 Nt (

Pe

	

A- ee

	

e0)	N0

	

= 0

Applying the same procedure to the electron he gt equation, we obtain

1

	

(o)
t

	

0
x e

(the constant of integration which should appear an the right--hand siele

raust vanish because of periodicity requirements) at order p0 , and

313

	

(0) - n(0) Tedx

	

(-3- Nt

	

)

	

iw (
3
- n -1) ee No-(0)

	

= 0

	

t

	

2

	

e

	

e 2 e
o

at order p ; we have male use of the identity (JB) -1 W 1,e /Dx = 0 which

Nolds (up to order p) because of the a/R

	

p expansion (Eq . 5) . Hexe

cTe
P*7N

	

eTe* .

	

2,
ee B N

	

- e e

is the electron diamagnetic frequency which is rigorously independent from .x

From Eq . (31) we obtain at order 11 0 :

e e (°)
,3B dx

	

n(0)

	

lwe Ne	 )	0 T

	

o

	

e

which eiases the system of lowest order equations . Combining these results,

(38)

(39)

(40)

we obtain
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r

	

(0)

	

0--,-E
3

3
+ iw* (1 + 1 .71 ne)'J

	

JE dx n
t

o

and

	

JE dx (Nt (e0) - n
e
n (0) Te) -=, 0

	

(42a)

or, alternatively

-TB d x L(l + 1 .71 n e ) n ,
-i Te

	

eeNe(o
)J ..+- 0 .

	

(42b)

Equations (38), (39), (41) and (42a) or (42b) yield the lowest order solution.

Equation (41), together with the definition (40), is the corresponding

dispersion relation.

Consider now Eq . (33) at orders p' ,3 and 11 . lt yields:

1	 	
p (1) + e Ne (l) + 0 .71 Nt (1) )

	

0
'JE 3x

	

e

	

e

	

e

(p (1) + e Ne (1) ,. 7,o»
+ 1

2x0 .51 7ei,e,t (0)
e

	

e

	

e

	

2

	

tc li T eT e

	

e

m

	

(0)

	

(o )

	

(0)
= i 0 .51	 	 JE dx E N(ll -tat .

	

V I	/

	

JE dx
kre	, e

	

,e J

rohere

	

= n . . The electron heat equation in turn yields

1

	

3

	

(1)
JE 3x e

(41)

and

(43)

(44)

e
n -1) eNO (l) + a

	

Nt (° )

	

(° ) T )
'e

	

e

	

3t j	2

	

e

	

e
- 3

	

3

	

1)
_ -jT-

	

Nt e	n (I) T e) - i
o

and

+ k X 1 t (0) -1

	

o
,e e -

Fror. Eq . (31) at order ui/3 we obtain:

JEdx

	

-(1)	 3	
n(1) + at

3
n

(0) _ iwe* N T

	

= o,
0

	

e
(45)
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which, combined with the previous equation, yields

	

-TB dx

	

(Nt
e
(l)	nen(1)Te)

	

2 2
to

	

k11 x l,e t(e
0)

Eliminating further e (l) and t e	from Eq. (43) and removing the secularity

from the result (see, e .g ., Frieman and Book, 1963) leads to

--

	

+

	

(1+1 .71n
e
)3	J8 dx n (I) = 0e

0

+

	

''l n e )

	

JE dx n (0)

e

dX rN (1L.4(0)e - u (0 ).)
+(1

	

2 .)
n(0)

	

,ee

	

' 0

	

(47)

lt remains to eliminate

	

E dx

	

o

	

u m(0i» . This quantity enters inJ ,

Eq . (33) which has already been used up and in the difference between

(31) and (30) . We thus obtain

=0

	

(46)

and

+ 0 .51 w

a.

	

(o 0
:T -F( _ N(u1,

)
e

	

u (l ,i ) + n (0) = 0 (48)
e-

in lowest order (p°) and

1

	

- 4- 2(p .7
2 .

	

t
JE

	

(0)

	

N (° )

	

1 A (0)- 0,i
)dx (pi	+ ei

	

3 0,1

(0)

	

(0)

	

(0)
e H

e

	

.

	

r--

	

-

	

L N(t21

	

u H .)

	

V+ n
C

	

11 > 1-
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JB dx b .7B - 2 (p » + ei N(D (1) ) + 1 -3 A (I)B

	

i_

-+ 2 JB dx (e. II , ) (0)

273

	

_

	

at order

	

. We have noted that

B b .7B (0, 1) .i; =

	

B-<B>

	

-+

	

((,!)+eN(0,1)

	

e e

	

B dx

	

- B- u e

	

X

	

e

	

e c

	

= 0 (50)

	

in view of a/R

	

on the one hand, and of (43) and (44), or (38)

	

r

	

2

	

r
and (39) on the other hand, Hore <13> =

	

dxejBdx.

Equation (49) Shows that one raust now consider systematically the

ion dynamics . The latter is complicated by the parallel viscosity _The A.

0 iterm in Eq . (35)11 . The poloidal variation of t i(0) , A0, , and n (0) results

fron the following equations : (i) the ion heat equation at order u 0 :

	3

	

m 1 X9
1

P
o

	

xr .w

	

c i

	

2-

	

(o)

	

+ --	 (JBw .

	

o

	

)

	

Nt 1.

	

2

	

äx -

1
= i Ein ( ° ) Ti + (3 - n

1
.-)

	

(eeNe (° ) + 3 - A0
1 .2

	

w o

	

, -

(ii) a proper combination of the parallel ion momentum equation and of
-*the ion continuity equation whlch yields (V .÷ui

)(0)

P
1

	

c i

	

2

	

(0)
(i w n l - 3 w

) + 2 (	 .-) -1 A
o

	

o,lo o,

w
=

	

«1 +1, 71n ) n (0) T
e

+ e
e

Ne (0)

	

(Nt (0)

	

w

	

e

	

(0)T
i )3o

I

	

2

	

(o)
- 3 (-JB	 7--

	

+ Nt i(0) + e iN0

	

(52)(0) )
WX ) (n

	

T i0

» (51)



and (iii) a straightforwärd consequence of Eqs . (30) and (32)

ee (°)

	

c.
e e ä 2 -, ( 0 ) A0

(n

	

(

	

--)

	

in

	

( 1 + Te )

	

N t;-0)(0)

	

w

	

+ 2

	

(53)

o

N	
Te

	

JI3w

	

äx

	

T

	

T .

	

3 T .
o

To complete the set o IGwest order equations, we note that the relatioh

e NO (° )

	

n (0) T - 1 .71 ne
e e

JI3dxn (° ) T
e

/ i3I3dx (54)

follows from (38, 39) and (42a) . These relations can be oombineci to yield

a sixth order ordinary differential equation of the form

3

	

32k

	

(0)

	

(0)

	

we

	

')(2k äx2k n

	

n

	

+

	

e eN T
e

0)

-
k=l

	

o

w e

= - (n(°)

	

<n (0)
wo

Since the solutions of the homogeneous equations do not have the required

periodicity, we conclude that

n (0) = <rl (0)

	

9

e e ( ° ) /T = e <e (° ) >/T = °(w /w* )n (0) /N
e e e e o e

(0)t .

	

/T . = <t (. 0) >IT . = n .n
(0) 1 ,

(0)
A . = 0
0,1

t(0)

	

(0) >/T = n n
(0) /e /T e = <t e e e

.±

	

We note also that u I
0).

	

(7*u

	

1

	

i) (0)

	

0

(1)

	

(1)

	

(1)
We now proceed to elimlnate t i , A0 i , n

	

, and 13 (1) from Eq . (49).

1/3
The ion hegt equation yields at order

	

.

(55a)

(55b)

(55c)

(55d)

(55e)
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r b-7B
t

--3

	

mix11,i wo

	

c i.

	

27	(1)JBdx	 -
-7 1+

	

P'

	

(Jw 3x

	

N i

o

*

	b .VB - (1)

	

3

	

i

	

(1)

	

(1)= i

	

JBdX

	

n

	

Ti	( i -1 )

	

(e Ne

	

+

	

A

	

--1
e

	

3 0,1 --J

cT .

	

-›-
.->- f

	

h+7R 9

	

(d-%),

	

- 5 --
e .B

	

p . V 9 JBdx (-

	

) Nt : - ' .
0

A proper combination of the parallel ion momenturn equation and of the

	continuity equation at order

	

shows that

(56)

ion

5eP
1

	

ei

	

)2- 1-
A (1)(1)

3 w ) + 2 (
	
JBw 3x

	

0,1o

	

o0 0,

->-
b . VB

JBdx

	

B (i

*
( 1 )n

	

T . + w e N)e
( )

	

-1 (Nt0 )
1

( » Ti
1

	

wo e

	

wo

	 ei3 (JB	 	 2 (n
(1)

w-
3
x-)

	

Ti + Nt .° ) + e i Ne ) )l
0

Fron Eq . (30) at order

	

one obtains after elimination of u 0) (the

latter is given by the parallel ion momentuni equation):

b-VB

	

T

	

c
JBdx	 	 + (1 +

	

) (JBwo Xe

->-
b . VBJBdx	 j3

(57)

(I)
b . VB

	

e ee
	c

	

3JBdx	 - w
B

	

w

	

T e

	

( ,lB o 3xo

0)

	

A
(1)ti

	

2 0,1
T

	

3 NT
1

	

i

	

-
= N

+ 2
cT

7B,
)
2 1

w e .B

	

,lBdx (
b
-

B
	(p (. o) + e

T

	

i N (° ) )
10

(58)

Instead of Eq . (57), one may prefer
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4-

	

P

	

w
dx b .VB (i

	

-91 1, Jl)JB

	

.

	

B

	

n

	

3 w

	

0,1o o,l

	

o

1 .7Ineb•ÖB

	

wi
JBdx	 -2 1+1 .71n n

	

T i - w (Nt (1) nin (1) Ti ) 3

e

	

o

	

cri

	

1

	

,13 . eB,2 , .(o)

	

-(0),p-7

	

JBdx ( B 9 t. P
W e .B

	

i iNo 1

which is a linear combination of (57) and (58) . As concerns the operator

(c ./JBwo )Vh, we note that for circular cross-sections we have the identity

-*

	

2

	

b « VB

	

b . VBJBdx

	

= - JBdxB X 2

	

B

ii x is identified with the poloidal angle . We note also that, according

to Eqs . (43) and (44) :

(60)

b « VB (1)e N

	

J .Bdx

	

-	 0e

	

B
b .VB (1) TJBdx	 B rt

	

e (61)

We now combine Eqs . (47) and (49) to obtain

n 0 .51 Vlgew-e ) n (° ) T2 e

	

2k li r e c e

e

+ 0 .51	 2 e	
°2

	

(1+n .)T . + (1 + 1 .71ne ) T -	( . e) 2 n (°)

X11 e c e

	

w c .

	

--)-
= -0 .51 ie	 .v

	

JBd-x b *'B B. E 2 (pi(1) + ein° » + 1-3 o,iL
k2rece a

i

Equations (56), (58-62) together with (55a-e) form a complete set . They

are still cumbursome to solve» We shall thus consider in the next section

the various asymptotic limits.

I .71n, 2

	

e

	

2(
t i	3 1+1.71n e

	

11 1,

3Bdx (62
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V .

	

MODE STRUCTURE AND GROWTH RATE IN TEE VARIOIJS ASYMPTOTIC LIMITS

The First order response obtained in section IV is characterized

by only two independent dimensionaless Parameters : w T . and
o

	

i /qRwo ) 2 .

We shall thus consider the following asymptotic Limits.

(A) w T . « 1

	

,

	

(c ./qRw ) 2 , (e ./Rw ) 2 , 1

	

0 1

	

1

	

0

	

1

	

0

(B) o
.

	

1

	

,

	

(c ./qRw ) 2 « 1 , (c ./Rw
o)

2

We justify this choice as follows . Case (A) allows one to treat the transition

between the essentially cylindrical solution - (c ./R.wo)2«p and the

magnetic drift dominated solution (i c ./Rw
o)

2»i- .n the one hand, and

.
the transition between the regimes where the Ions are able r- c .hRw o )

2
»1

or unable F- c 1qRwo ) 2 «17 to travel a fall connection length qR in one

wave period an the other hand . Case (8) allows to study the transition

between the non-viscous (w T .«I) and viscous (w T . » l) solutions in a
o 1

	

o

regime where the mean free path is still smaller than the connection

length (c .T ./oIR«» . Bitlee we know that wave damping prevails in the

cylindrical Limit (Rogister, 1984), we haue allowed here (e ./Rw
o)

2 -, 1,

implying that q2 is considered as a lange number ; this procedure is

justified to the extent that q � 2 in the plasma boundary of a Tokamak.

We note finally that the dimensionless parameter (e ./Ew
o

)
2

will enter via

the "driving" terms in Eqs . (56, 58, 59).

	

T . « 1 ;

	

(c ./qRw )2

	

(c . /Rar
) 2

	

1.

o

	

o

	

o

The solution of Eqs . (56, 58, 59) is:

(1)

	

( 1 )

	

(1)
A

	

t

	

cT
1 1b' 7 B

	

o
'
Ii 1-	 --

	

„

	

jBdx ( b- ;B) 2
(63)

J
JBdX	

B L
,

	

'TT-: ;

	

e 1 13 w
o

where

(A)

(0)

(64a)
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TeL

cil

	

4

	

+ (1+1 .71n )

	

(1 .71n+I .5n i )

	

i --111 3

	

+ n i

	

e T

	

e

T

	

c
.71 n e - (1+1 .71n

e
) (1 + 2:) (qmm )

e

lo (64b)

= 2 (1+1 .71n e ) [11 + n i + (1+1,71n e
an

(64c)

T
= 1 .71 ne -

	

(l+I .711 e )(1 + Tim)

	

(1 :71n
e

+1 . 5n .

The eigenvalue equation (62) thus reads :

(64d)

-- A(ö 2 hZ 2I ) -- B(y/w 0 ) z 2 0,..,o, =n (65)

rohere we haue introduced the definitions

(13 . Te
e

	

1 -
A

	

La
n

(l +
T
-) + a

wo

T
(T+)

	

(J+171) }i

	

e T
i

e
(66a)

c<2 ( 1 b . VB 2
w o

k 2a c..T
e e

B (66b)
o5lw

o

3 neue
	 vriea iC =

,	
2 w

	

woo

Heye

	

= x/ai is a normalized distance measured from the rational surface;

k11
=

	

l(1,311 /'h‹ and

(66c)

(66d)+
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the latter definition where (11)e is the radial average, implies that we

treat the parallel electron heat conductivity by perturbation : proceeding

otherwise would indeed be very cumbersome.

The solution of Et' . (65) - which, it is worth noting, is valid for

2
arbitrary cross sections if (ci /qRw o) «1 - is of the form

(o)
n

	

,x exp Ei_ 0 1/2 (+,5) 2 72

wich (y/wo ) = (-C/2B) (-C/2A)1/3, 5

	

(-C/2A)-1/3, and 0
1 /2 = 8 -2

. lt can

be shown that there is no instability if A is negative, i .e . if cylindrical

_
effects

	

the second term in (66a) dominate over toroidal effects (the

first term in (66a)) -- . Assuming e .g . n e = n i = 2, Te = T i , and

(c i /qRwo) 2«1, this oecurs if (c ./Rw
o

) 2 >0 .117 . Indeed A is then given by

14 .3
A

		

1 .68

	

(66c)Rw
1-3 .84(c ./qR4J

o
)

	

wo

Neglecting now cylindrical effects, A is also negative rohen. (e i /qRwo >0 .261,

i .e . if the Ions are able to travel a fall connection length in one wave

period . For circular cross-sections the growth rate can be rewritten as

2
2Ti	, !/3 me rie h5
l e 2/3

0 .35

	

(A

	

)T

	

m.
e

	

i
1-1-1 .71e

e
1,
N

2

	

1

c .

2
m12,77A

(w

	

) 2 ixe

	

11
N c i

+1,71n e ' o
i

	

2 ' 1, V
M T

	

s 1,eei

Finally we note that the parallel ion heat conduction disappears

from the solution . We stress that Eqs . (63, 64) imply that there is a

(first order) top-bottom asymmetry of the density and ion temperature

(67)

c .

(68)
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spectra . This question has been treated in more details elsewhere

(Rogister, 1985) with a simpler, but less complete, scaling which how -

ever emphasized this aspect of the instability.

.2

	

2
(B)

	

0
T .

	

(c 1
/q,iü

0
) «1

	

'c 1 /Rw0 )1

The solution of als . (56, 58, 59) is

(1)

	

(1)

	

(1)
-+.

b e VB

	

Ao,l
.

	

t
1
.

	

n-
,lBdx	

B

	

Ti -Ti ''-N-

(0 )
cT .

	

Yk

	

h-VB
B

2 n1 -1

	

f;-v

	

JBdx (

	

) 2 n-.

	

(69)
e:13

	

,S ,1

	

0 K

where

Y

1 .71n e+1 .5n i	T e

	

2
TA . = 3 { Yn

	

1+1 .71ne

	

+ 3 .42 ne Ti _ n
i )

-
e 6 T 1'

1+1 .71n ) r- l-hn .+(i+1,71n ) 2 -

	

--.-10
	e

	

e Ti	3' n i 1 ,

	1 .71n e+I .5n .

	

p .

	

IbSr~ -l

	

T.

- 	 1
t

	

n

	

1+1 .71n

	

(1-3i	
e

	

w n1 o,1 ) -

	

(3 .42ne - n i

	P

	

T

(1-3i	 ) + 6 (4- n .-1) LI+n i +O-H 71n

	

e

T . (70h)

	

5ni

	

2

	

e

	

w
1
.n

	

.
o,l

T
2 l+L7Ine - i+n„I-(1+I .71ne ) T-7-:-_21 .71ne

	

1

2 w
±
-

	

-
8 A = '5i

	

i =

	

-

	

- 3i
wo

	

wJ-)o,1

(70a)
1

Yn

The eigenvalue equation is similar to (65) with Eq . (66a) replaced by
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T
(1+1 .7!ne

1

and (66b-d) remaining unehanged- Let

A

	

Ale

lt is shown in Appendix B that the bounded solution(s) can be expressed

in the form

GJ/3 -W3
2AI

	

e

	

sign C.

wo !C 4/3 I2A11-1/3 - ;ct'/3
e2

,1/2

	

-2

Requesting Re 0 > 0 (convergence) implies

	

37

	

< q5 < 3n

	

or

	

(ii) - 15r 9(i) -

	

4

	

4

	

4

	

< - 4

which generalizes the condition obtained in the absente of viscosity.

The mode is unstable in the first esse and stahle in the second . The

situation is represented in Fig . 1 . We note that ion viscosity enters at this

order) exclusively via the genuine toroidal contribution in Eq . (71).

In order to assess more concretely the rote of this viscosity, we

have calculated A for T e = T
1 and n e = 1 = 2 . We obtain

(71)

(73)

(74)

(75)

( 76)
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*

	

.

	

*
14 .39 + 0 .39 (w .i

	

/P.
2_ )

2 - i 5 .39 w .n

	

./P .

	

c
1 o,l

	

o,l 1

	

1 ) 2(--=-

	

- 1 .68

	

(77)

1 + 0,19 (wn
o

./P 1.)
2

	

o
1

	

, l

This result shows that modes which would be stable in the absence of

viscosity (cosp = -1, sin(f, = 0) can be destabilized by viscous effects

when cos becomes larger than

	

Similar results have been obtained

with the tearing mode (Schep, 1985) . The condition cosl)<

	

reads

presently

1 .68 + 0 .32 /p ) 2. i

	

.

	

- 5,39 (w n

	

./P .)o,1

	

o
( 2-

	

>

	

(78)
Rt.,2o

	

14 .39 + 0 .39 (w .rl o	/p)2,l

	

1

We finally rote that ion he gt condnctivity has again dropped out

of the problem, and that Eq . (68) giving the growth rate still applies

with A replaced by Eq . (71).

Vl . CONOLUSION

We have shown that in the absence of viscosity three different

regimes of stability raust be considered for the rippling mode:

(c ./Rw
o

) 2 « 1

	

(i)

(c-/qRwo
) 2 « 1 « (c ./Rm

o
) 2

1 «

	

./qRw
o)

2 .

The First limit essentially coincides with the cylindrical model and is

stable . The mode is unstable in the second regime, the destabilizing effect

arising fron the radial magnetic drift . Stability is recovered in the

third limit implying that the magnetic drift is not destabilizing when

averaged over a full connection length.

A

c .
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The effect of viscosity can be treated meaningfully via the

two-fluid model only in cases (i) and (ii) where it enters via the

toroidicity-induced contribution . Its rote is rather subtle and it can

rnodify an otherwise stable situation into an unstable one.

Table 1 summarizes the situation, giving the precise limits for

Te = T i and ne = n i = 2.

The real wave frequency is in all cases approximately

wo = (l+I .7Ine ) we .

Finally the top-bottom asymmetry of the density fluctuation spectrum

has been considered in another paper (Rogister, 1985).

TABLE I

2
= 0 .12 (c/Rw

2
= 0 .26 , 2(c_ Rwo

Stahle

Additional damping by

parallel electron heat

conduction.

als . (68, 66a, 66e)

Stable

w
o
T .

	

Additional damping by

« 1

	

parallel eleetron heat

conduction.

Eqs . (68, 66a, 66e)

Unstable

if damping by parallel

electron heat conduc-

tion permits.

Eqs . (68, 66a, 66e)

	

T .

	

Region of instability extended

	

Outside the scapeo

	

1

	

according to Eq . (78)

	

of fluid theory.

Additional damping by parallel

	 <n/,/	

electron heat conduction .
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APPENDIX A.

The stress tensor (Braginskii 1965) can be written in the form

-÷
n = no

	

H 1,2

	

3,4

wh er e

1Ho

	

(il.',tl

	

-3 1) A0 ,

A0 = -3no ('il°ul

(A-1)

(A-2a)

1

	

.-)-
7 . U)

	

(A-2b)

3,4

	

n 3 (Pp - bb) pb : w 4-

	

n 3 (pb

	

£e) (ei3-'a) : w

(--
4 (pn

	

np) bn : W

	

pn : W

	

(A-3)

1,2
-e--,,-

(pp-bb) (5P-bb) : W - n i eß-Q)

4-*
n 2 (ef-i-f-ef) eh'." :

	

n2(k)leo-i°I'£)£i'1 : w

<

	

-9-

Here U = V

	

Xu is the total velocity (equilibrium A- fluctuating) and

W is the tens.or

++

	

->-)-

	

2 -<
W 71J

3
- 1 7U

The coefficients no ,n l and n 3 are given in Ecl . (15) and n 2 = 4 n 1 ,

= 2 n 3 .

(A-4)

(A-5)
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We are interested in

Eie x

	

= (f3 .e

	

s . ei3°

-3:-

	

-->. *-4-
- (1) .7 f ß-vb .r,) ev : ri

-3.-

(b ,. Vpen - -i3 .'7b'h')

	

-.--3-

b7 :
-E--

(A-6)

Up to the order requested in the text:

n «
- 7 x

	

H 344 )

-3--

•v 1 3 e .7b . 5	v *b)

P
3

ph :

	

e .e) (ee - £ü) :

P
2

	

+--)-

	

--

	

)

	

b ., 7 (h 3pb : w)

	

f3 .v
2

	

(je-bb) : W h eh' : W) }

3

-c--3-
b . 7p . b

	

b . 7 (n 3 pb : W)

	

-2-p . V

P2

	

P

-3- f-n b .Vp .b +7•p),) pb : W
-e--+ - p

. v
-*

(n 3pb : W)

	

ID -v ri 3 (pp-bbb .7

	

) : W_
2

1

	

p

	

p

..e . 7b-p p • 7(ne- w)

3

where we have indicated the order of magnitude of the various factors.

Introducing the commutator

LD3 (pp-bb) : W ,	

(A-7)
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,

	

-+
5- 7 1:0° 7 - b .7 p .7 = 5 .7 b* p -- b .7 p-b

	

(fi-v b . n

	

b . 7 fi-A' ) fl . V

	

(A-8)

and the identity

--a--

	

-

	

-9- -+

P' v p*u

	

b-u

	

yy » v R 'U + (u-v p . u 4' n , v p"-n)

+

	

n
,

.+7b . n) b . u - n -u +

	

, +
+ (p-V

	

- n . 7B

n1 + +

	

1 +
u . 7N --

	

VVn - N 7 . V -
t

3

+ 4-
V . u (A-9)

one obtains

,4-

a* EV x (7 .11 34 )

n 4 p .7
-->- n

.V p-V
-* n

. u

	

n3(p- .7
-3-

)
2

=

---)-

	

-3,-

2(fi .vn3)

	

b=v b . u

	

(4-10)

3
rohere all the terms are of order .g 3n

3
c

s

One can similarily show that up to the same order,

+
- i1 . 7 neu.)

fi .

	

9 x (v
-3-
I1

2
3 b- u-' (A-11)
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APPENDIX B

Substitution of the solution (67) into the eigenvalue equation (65)

shows that

wo ,
y -7

-
-u

2B

= (-C/2A) 1 /3 9

0 1/2 = Ts -2

If A =

	

is easily shown that 8 -1 can take one of the three values

= sign C C/2A1
1/3

e .-i/3

	

ei7/3 ,

	

e-ill/3-

whatever the sign of C . The solution will be convergent (Re e 1/2 >0)

if, respectively

711

	

21)
2 kH

«

	

2 kif

2(

	

11
2 kn

	

-h

	

+ 2 kH
3

	

2

7Tf+ 2 kH

	

- 2(p
- -

	

2 kll
6

	

3

	

6

The argument of the growth rate

Y = - wo

	

1C/2A1 1/3 e-L'O/3 L_+e iU/3 -iH/3
2B

	

-19 +e

	

(B-3)

(B-2)
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where w0 /2B>0, is accordingly bounded as follows if k = 0:

11 11

	

11
(stable)

4 3 3

	

4

311 4 511< -

	

(mstaoie) (B-4)
4

	

,

11 4 ;1 11- 4 < - 3 -- 3 - < (stable)

where we have

have instead

indicated the stable and unstable solutions . If k = 1,

	

we

311 4 11 5H
4

< (unstable)

11
(stable)

4 3

311 < H < 511
(unstable)

4 3 3 4

Therefore the solution can always be written in the form (73-75) with

the stability regions given as in Eck . (76).
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FIGURE CAPTION

Fig . I . Phase angles

	

for which the mode is stable (discontinuous Line)

or unstable (continuous line) . An unstable and a stable mode

can coex s . See Equation (16) tor the ranges of definition of

01,stable Mode
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